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Abstract 
T h e  control of a dextrous manipulator mounted o n  a 
flexible structure is discussed. Using the concept of 
Reaction Null Space, the manipulator dynamics is  de- 
coupled f r o m  the base dynamics. As a consequence of 
the decoupling, feedback control gains f o r  structural vi- 
bration suppression and manipulator end-point control 
can be determined in a straightforward manner.  W e  
examine experimentally the performance of the above 
control tasks, using a planar experimental setup. 

1. Introduction 
The interest toward complex robot systems is expand- 
ing for new application areas. An example of such a 
system is a dextrous manipulator mounted on a flexi- 
ble base. In literature, such a system is known under 
the name macro-micro system [l]. Recently, research 
on macro-micro systems is gaining momentum due 
to two main prospective applications: nuclear waste 
cleanup [Z], (31 and space robotics [4], [5]. We shall 
refer to such a system as flexible structure mounted 
manipulator system (FSMS). We assume that the flex- 
ible base can be regarded as a passive structure. The 
motivation behind that is that even if the base repre- 
sents another manipulator (i.e. an “active” base) such 
as in the case of some space robot projects, it will be 
used just for relocation of the dextrous manipulator. 
Once located at the work site, the dextrous manipu- 
lator only is controlled [6] .  

Two main control subtask for FSMS have been iden- 
tified [7]: (1) base vibration suppression control and 
(2), design of control inputs that induce minimum vi- 
brations. Another control subtask can be stated as 
end-point control in the presence of vibrations [8] ,  [ Q ] .  
The second control subtask has been approached from 
different points, e.g. through the input preshaping 

technique [lo], the coupling map [4], [ll], or through 
the utilization of kinematic redundancy for base mo- 
tion control. A detailed treatment of the latter topic 
has been done by Hanson and Tolson [12]. Control 
inputs from the manipulator Jacobian null space have 
been applied, as in conventional redundancy resolu- 
tion techniques. This approach yields, however, kine- 
matic instabilities due to conflicts between the manip- 
ulator motion subtask and the base motion subtask. 

In this paper we propose a control decomposition 
scheme based on the null space of the so-called in- 
ertia coupling matrix. We call the new framework 
reaction null-space. The reaction null-space concept 
has its roots in our earlier work on free-floating space 
robots, where the fixed-attitude-restricted (FAR) Ja- 
cobian has been proposed as a means to plan [13], (141 
and control [15] manipulator motion that does not dis- 
turb the attitude of the free-floating base. Application 
of the reaction null space with relation to impact dy- 
namics can be found in [16]. In a recent study [17] we 
emphasized the fact that the reaction null space con- 
cept is general, and can be applied to a broad class 
of moving base robots. The main advantage of this 
approach is decoupling of the interaction dynamics. 

2. Background and Notation 
A detailed introduction of the ideas used in this paper 
can be found in [NI. In this section we introduce the 
equation of motion of an FSMS and the concept of 
reaction null space. 

2.1. Equat ion of Motion 

We consider a dextrous rigid n-link manipulator at- 
tached to a flexible base in zero gravity. The system 
dynamics of the FSMS is represented in the following 
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form: 

where xb E denotes the positional and orienta- 
tional deflection of the base with respect to the iner- 
tial frame', 6 E Rn stands for the manipulator gen- 
eralized coordinates, Hb, Db, Kb E RmXm denote in- 
ertia, damping and stiffness matrices of the base, re- 
spectively, H,,  D ,  E Rnxn denote inertia and damp- 
ing matrices of the manipulator, respectively, Cb and 
c ,  denote velocity-dependent nonlinear terms, and 
r E Rn is the joint torque. Hb, E Smxn denotes 
the inertia coupling matrix. The above equation is 
similar to that used in [6], [ll]. As it is seen, no exter- 
nal forces are present. Also, zero gravity environment 
has been assumed. We shall also assume that all sub- 
matrices of the inertia are manipulator configuration 
dependent only, i.e. they do not depend upon the base 
deflection. This simplifies the system dynamics con- 
siderably; such an approach was used by Torres and 
Dubowsky [4], [ll] to derive the coupling map. 

We shall make a final assumption to ignore the non- 
linear velocity-dependent coupling terms contributed 
by the base deflection rate x b .  In this case, the base 
dynamics (derived from the upper part of Equation 
(1)) is 

HbXb f DbXb + K b X b  = -F, (2) 

where F = [ f denotes the disturbance re- 
action forceftorque induced from the manipulator mo- 
tion only. This reaction is represented in the base 
frame as follows: 

tT ] 

r W T c m  1 

(3) 
where r, ,  denotes the manipulator center of mass po- 
sition, I , ,  w J ,  m3, rj stand for the inertia matrix, 
angular velocity, mass and center-of-mass position for 
link j ,  respectively, and w = m3.  The expression 

C ( I J w ,  + m3rJ x T J )  denotes angular momentum 
7 = 1  

_ I -  

and imposes a nonholonomic constraint. On the other 
hand, the upper part of Equation (3) denoting the 
reaction force, represents a holonomic constraint. Un- 
der the assumption pointed out earlier, namely that 
the inertia coupling matrix Hbm is regarded to be in- 
dependent from the base coordinate 2 6 ,  Equation ( 3 )  

'Generally, m = 6 (n 2 m). 

can be rewritten in t e r m  of manipulator generalized 
coordinates, as follows: 

3 = Hbme + Hb,(l. (4) 

This shows some similaxity to a free-floating system. 
Note also that Equation (4) can be integrated: 

c I= Hb,6. ( 5 )  

This integral has been called the coupling momentum 
of FSMS [18]. 

2.2. Reaction Null-Space and Reactionless Mo- 

From Equations (4) and (5) it is apparent that the 
manipulator will not induce any reaction to the base 
if and only if the coupling momentum is conserved 
(C =const* F = 0). Let us assume that n > m 
holds, which denotes a, kinematic redundancy con- 
dition with respect to the base motion task [14]. 
Then, at  a manipulator configuration 6 such that rank 
Hbm(ij) =max rank Hbm(6): 

tion of FSMS 

e 
1. Zero reaction is achieved with the joint acceler- 

ation 

8, = -HzmHb,l) + ( E  - H;,Hbm)< (6) 

where H;, E Rnxm denotes the Moore-Penrose 
generalized inverse of the inertia coupling ma- 
trix, E E !Rnxn stands for the unit matrix, 8 
and < E Rn are arbitrary. 

2. Coupling momentum conservation is achieved 
with the joint velocity 

e, = H,+,Z + ( E  - H ~ + , H * ~ ) c  (7) 

where C denotes again an arbitrary vector, and 
E =const. 

This follows from the fact that 8, and 6, are gen- 
eral solutions of Equations (4) and (5), respectively. 
The condition for maximum rank of the inertia cou- 
pling matrix is in fact a controllability condition, as 
discussed by Spong with regard to passive-joint ma- 
nipulators [19]. Below we refer to the maximum rank 
case as well-conditioned inertial coupling; otherwise 
the configuration of the FSMS will be characterized 
as ill-conditioned inertiai! coupling. 

The expression P R N S  = ( E  - HtmHbm) appearing 
in both Equations (6) and ( 7 ) ,  stands for the projector 
onto the null space of the inertia coupling matrix. This 
null space is called the reaction null-space of FSMS. 
The reaction null space is not zero, because we in- 
troduced the kinematic redundancy condition n > m 
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Figure 1. The experimental FSMS TREP. 

above. We note, however, that also other assumptions 
can be made, which would assure the existence of this 
null space [18]. 

It is apparent that, with zero initial coupling mo- 
mentum, zero reaction is obtained with the velocity 
i)fi~s = P R N S ~ .  We are interested in the component 
6 , ~ s  especially from the standpoint of integrability. 
At each manipulator configuration 8, the columns of 
the null space projector P R N S ( 8 )  induce a smooth 
co-distribution [20] in joint space. If at  the given 
configuration the inertial coupling is well-conditioned, 
then the co-distribution is nonsingular. According to 
Frobenius' theorem, a distribution is completely inte- 
grable, if and only if it is involutive. Involutivity can 
be examined via Lie brackets on the columns of P R N S .  
If such involutivity can be established, then the reac- 
tion null space component of the joint velocity will be 
integrable. The integral of ~ R N S ,  if it exists, is called 
the set of reactionless paths of an FSMS. The r e x -  
tionless paths guarantee decoupling between the base 
dynamics and the manipulator dynamics. We note 
that these paths differ from the minimum-disturbance 
paths of the coupling map [4]. The main advantage 
of the reactionless paths is that they can be generated 
on-line, without using a graphical tool. Unfortunately, 
integrability cannot be always guaranteed. The only 
case when integrability is guaranteed, is that of a one- 
dimensional distribution ( i e . ,  n - m = 1). Neverthe- 
less, in some important practical cases the system can 
be recast to  fit into this category. 

3. TREP: An Experimental FSMS 
In this section we shall introduce the experimental 
setup of our FSMS called TREP, and derive its an- 
alytical model. The experimental setup consists of a 
small 2R rigid link manipulator attached to the free 
end of a flexible double beam representing an elastic 
base (Figures 1 and 2). The manipulator is driven by 
DC servomotors with velocity command input. 

The TREP FSMS is modeled according to Figure 

Figure 2. Photo of the experimental FSMS 
TREP. 

3. The parameters of the manipulator and the base 
are presented in Tables 1 and 2, respectively. Since 
the elastic base has been designed as a double beam, 
the reaction torque can be neglected as a disturbance. 
This is also the case with the reaction force component 
along the longitudinal axis of the base. Thus, we shall 
consider just the reaction force along the so-called low 
stiffness direction, which coincides with the x axis of 
the elastic-base coordinate frame. This means that 
m = 1. Since the manipulator has two motors ( n  = 2), 
the reaction null space is one-dimensional, meaning 
that there is one nonzero vector in the reaction null 
space. Recalling the derivation in the previous section, 
it should be apparent that the inertia coupling matrix 
of this model can be determined from the equation for 
the velocity f:m of the manipulator center of mass, 
projected onto the low-stiffness axis. This is written 
as 

where h b m  = [ h b m l  

matrix, with 
h b m 2  ] denotes the coupling 

hbml = -(mlZ,l + m2Zl)sin(B1) - m 2 Z g 2  sin(& + 0 2 ) ,  
h b m 2  = -m2Zg2 sin(& + &). 

The reaction null space vector becomes then 

A zero initial coupling momentum will be conserved 
with any joint velocity parallel to the reaction null 
space vector. This vector induces a one-dimensional 
co-distribution in joint space, which, with well- 
conditioned coupling, is integrable. Consequently, the 
set of reactionless paths of the system can be obtained. 
This set is displayed in Figure 4. 
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Y (high stiffness direction) 1 

Elastic Base 1 1  
Figure 3. The model of TREP. 

Table 1. Manipulator link parameters 

4. Control Law Derivation 
The derivation of the control law follows in general the 
derivation presented in [18]. However, we have to take 
into account that the motor drivers of TREP admit a 
velocity command input. That is, we shall not make 
use of the lower part of the equation of motion (1) 
which involves the joint torques. 

As shown in [MI, because of the dynamics decou- 
pling ability of the reaction null space, it is possible 
to design the base vibration suppression control loop 
and the end-point control loop independently. 

4.1. Base Vibration Suppression Control 
From the base dynamics Equation (2) and the reaction 
dynamics Equation (4), we have 

m b X b  -k k b x b  -k h b , b  = -hbme 

Table 2. Elastic base parameters 

length 
hight 
thickness 0.0007 ml 

L .  

I beam interval 11 0.1 lml 1 
tip mass m b  11 0.795 [kgl 
stiffness k b  )I 77.9218 [N/ml 

-0.2-0.15-0.1-0.a15 o 0.050.1 0.15 0.2 
x [ml 

Figure 4. Reactionless paths of TREP. 

where X b  denotes the deflection of the base from its 
equilibrium point. The natural damping of the base 
has been neglected. Also, the nonlinear term c b  has 
been represented just by the component h b m b .  The 
form of this equation is the same as that for vibration 
suppression control of a flexible link manipulator [21]. 
Therefore, we can propose a similar control law: use 
the command input vc I= 8: 

. .  
V c = h t m , ( g f X b  - h b m e )  (11) 

where gf is the control gain for base vibration sup- 
pression. Under the assumption of well-conditioned 
inertial coupling, which LS expressed as h b m  # O T ,  the 
closed-loop system becomes 

With a proper (positive) g f  we obtain a damped vi- 
bration system, and hence, vibration suppression will 
be guaranteed. 

Finally, we note that the pseudoinverse htm ensures 
the most efficient (in a least-squares sense) inertial 
coupling between the ba,se and the manipulator [18]. 

4.2. Composite Control 
The base vibration suppression control law is generally 
of the same form as that proposed by Book and Lee for 
FSMS [6], and by Uchiyama and Konno for a flexible 
link manipulator2 [21]. A s  noted by those authors, the 
control law (11) can be superimposed to a manipulator 
joint-space nonlinear control law, provided the gains 
are selected with special care [6]. Considering a reac- 
tion null space component of the form bn, b denoting 

'In their case, the left pseudoinverse had to be used, however. 
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an arbitrary variable, the composite control law is: 

i t , = h t m ( g f l i b  - kb,b) + bn - Gdb. (13) 

Because of the orthogonality between the two terms 
htm(e)  and b n ,  it is clear that they will not influence 
each other. Therefore, with the above composite con- 
trol law, there is no need to consider special feedback- 
gain design strategies. As far as the term -Gdb on 
the r.h.s. of Equation (13) is concerned, it should be 
noted that, in an idealized FSMS without energy dis- 
sipation, base vibration suppression loads the manip- 
ulator with nonzero coupling momentum. After sup- 
pressing the vibration, this momentum would be con- 
served, and hence, the manipulator would “float” con- 
tinuously. This is avoided by means of the joint damp- 
ing component - G d e .  The idea is similar to the idea 
behind the well-known direct velocity feedback control 
of flexible structures’ vibrations [22]. Magee and Book 
[23], [24] used a direct velocity feedback control loop 
for an FSMS, which was motivated by the need of ex- 
t ra  damping and to obtain a transfer function with no 
finite zeros. Sharf [25] used a switched joint damp- 
ing term, after vibration suppression has been com- 
pleted. We must also note here that the problem of 
the “floating” manipulator cannot be solved by intro- 
ducing additional kinematic degrees of freedom; the 
end-effector could thereby come to  rest, the internal 
links, however, would continue to “float .” 

The fact that the reaction null space is one- 
dimensional, shows that there is only one degree-of- 
freedom left for the end-point control. This degree-of- 
freedom is realized as any desired (scalar) acceleration 
along the reactionless path. In practice this means 
that even very high velocity/acceleration would be ad- 
missible, as long as the motion does not deviate from 
the current reactionless path. 

In our case, however, the composite control (13) 
cannot be applied directly because the motor drivers 
of TREP admit velocity commands. This problem is 
solved by integrating the control. Thereby we assumed 
h b m  to be constant, which is justified if one considers 
the fact that xb can be regarded as a “fast” variable. 
This means that the nonlinear term &-e, and hence, 
the nonlinear coupling in general (i.e. the whole term 
c b )  is ignored. The approximate integral form of the 
composite control (13) becomes 

where G d  = g d E ,  6 = bg;’. It is apparent that the 
reference reactionless path (determined by the integral 
in Equation (14)) is tracked under position feedback 

control, making use of the gain gd. Note that such 
representation was possible, since 6 can be chosen ar- 
bitrarily. 

5. Experiments 
We have conducted a series of experiments for vibra- 
tion suppression, reactionless path tracking and com- 
posite control. In all the experiments, the initial con- 
figuration was the same: the arm was extended and 
aligned with the flexible base (01 = 02 = 0) .  

5.1. Vibrat ion Suppression 
This experiment was performed at a fixed configu- 
ration, coinciding with the initial configuration men- 
tioned above. The control law (14) was used, where 
the integral was replaced by the joint angles values of 
the fixed configuration. The position control gain was 
selected to be relatively small: we used gd=20 s-l. 
The vibration gain was chosen as gf=24 s-’. An ar- 
bitrary external force input W;LS applied. Figures 5a 
and 5b show the results for the cases with and without 
vibration suppression, respectively. The effectiveness 
of the vibration suppression was confirmed. 

5.2. Reactionless Motion 
The same vibration suppression feedback gain was 
used (gf=24 s-’). The position feedback gain was 
increased to gd=50 s-l. The reactionless end-point 
reference path is shown in the upper part of Figure 6. 
This path is generated on-line, by the integral term 
S & d t  (cf. Equation (14)). The (scalar) velocity on 
the path was determined from the variable 6, which 
was designed as a fifth-order spline function of time. 
In order to verify the possibility for an arbitrary choice 
of 6, we performed the motion on the same path twice, 
with different velocities (called fast and slow). The 
lower three graphs in Figure 6 show the results. It is 
seen that almost no base vibration is excited in both 
cases, and in spite of the significant difference in the 
joint velocity. For comparison, Figure 7 shows a point- 
to-point motion path (in fact, just joint two rotation) 
with the same boundary conditions as in the previous 
motion. The base vibrates significantly. 

5.3. Reactionless M o t i o n  and Vib ra t ion  Sup- 

The same reference reactionless path as in the previous 
experiment was used, which was tracked however in a 
cyclic manner. After accelerating the arm smoothly, 
the variable 6 was kept constant as 6 = 30. During 
the tracking, an external force was applied to the sys- 
tem. Figure 8a and Figure 8b display the results in 
the case with and without vibration suppression con- 
trol, respectively. In the first case, we see that base 

pression 
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vibration is very effectively suppressed, and the joint 
motion continues to track the reactionless path. In the 
case without vibration suppression, it is interesting to  
note that the vibration of the base is not “disturbed” 
at all through the joint motion. This clearly demon- 
strates the dynamic decoupling ability of the control. 

6. Conclusions 
In this paper we applied the concept of reaction null 
space based control of FSMS [16]-[18] to our exper- 
imental FSMS. We proposed a simplified control law 
and examined its performance in a vibration suppres- 
sion task, a reactionless end-point control task and 
combined motion control task. In all cases the perfor- 
mance of the system was satisfactory. The design of 
the control gains is not critical since the two tasks are 
totally decoupled. We observed also a robust behav- 
ior with respect to model parameter variation, which 
can be explained with the same reasoning. In another 
work [26] we proposed and examined a reactionless 
path planning technique for the FSMS, and compared 
it to the coupling map [4] path planning technique. In 
a future work we plan to introduce more degrees-of- 
freedom attached to the flexible structure and to de- 
velop a real-time control system for reactionless tele- 
operation. 
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