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Theoretical Studies of a Simulcast Digital Radio Paging
System Using a Carrier Frequency Offset Strategy
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Abstract—In a multistation simulcast digital radio paging system, each
base station transmits the same RF signal simultaneously with the resulting
efficient frequency utilization and simplified receiver design. In this system
a paging receiver in the overlapping area receives several RF signals
transmitted from different base stations. When frequency-shift keying
(FSK) is used as a modulation method, experimental test results have
already shown that the timing of each RF signal should be synchronized as
closely as possible, but that the carrier frequency of each transmitter
should be set following a certain offset assignment. The signal transmission
performance in a multipath fading environment can then be markedly
improved. The cause of this improvement effect is theoretically analyzed. It
is clarified that the improvement effect is caused by transforming the
probability distribution of time-averaged signal power.

I. INTRODUCTION

ANY mobile telephone and personal paging systems re-

quire signaling simultaneously from multiple transmitters.
This type of signaling is often termed the simulcasting tech-
nique, in which the same baseband information is simulta-
neously broadcast over a multistation transmitter system oper-
ating on a single nominal-carrier frequency. Many simulcasting
techniques concerning the analog voice transmission have been
proposed and introduced in the actual systems [1]. Recently,
radio paging systems using digital signal transmission tech-
niques are also being studied in order to obtain increased capac-
ity, receiver miniaturization, improved grade of service, and so
on [2], [3]. In this case the whole service area is generally
divided into many subareas, i.e., radio zones having an individ-
ual transmitting base station due to restrictions in transmitting
power and antenna gain. In such a radio paging system, it is
desirable for each base station to transmit the same RF signal
simultaneously in order to obtain efficient frequency utilization
and simplified receiver construction. A paging receiver in the
overlapping area of such a simulcast system receives several RF
signals transmitted from different base stations.

It might be intuitively understood that the timing of each RF
signal being transmitted and the carrier frequency of each trans-
mitter should be closely synchronized in the whole service area.
In case of FSK being used as the modulation method, experi-
mental test results have already shown that the timing of each
RF signal should be synchronized as closely as possible, but the
carrier frequency of each transmitter should be set following a
given offset assignment (2], [3]. When the center frequencies
are set under an optimum offset assignment, the signal transmis-
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sion performance in the multipath fading environment can be
markedly improved. The cause of its improvement effect has
never been theoretically analyzed. This paper gives a theoretical
analysis of its improvement effect.

II. MATHEMATICAL REPRESENTATION OF
COMBINED SIGNAL

Let us consider that a person with a paging receiver is moving
at a constant speed in the overlapping area between two adjacent
zones, and that binary frequency-shift keying (FSK) signals
modulated by the same baseband pulse m(¢) are simultaneously
transmitted from two base stations located far away. Although
both FSK signals have identical frequency deviation $4fy, their
center frequencies f; and f> are not synchronized but are set
under a certain offset assignment. These FSK signals are com-
bined and received by the paging receiver. Therefore, the
system model is as shown by the block diagram in Fig. 1.

As the signal transmission from each base station to the
paging receiver generally follows multiple random paths, multi-
path fading phenomenon occurs on each of the received FSK
signals. Such a multipath fading phenomenon can be repre-
sented by a narrow-band Gaussian process having a Rayleigh
distributed envelope and a uniformly distributed phase [4].
Considering that the transmission paths from each base station
to the paging receiver are different from each other, the multi-
path fading phenomena associated with the received FSK
signals are mutually independent. Therefore, the received FSK
signals e (¢) and e, (¢) are given by

t
e (1) =x,(t) cos {21rf1 t+2nlfy / m(§) di]

t

m() d§

—yl(t) sin ‘277f1t + 277Afd /

t
e, (1) = x,(t) cos {27'rf2t + 2nAfy / m(§) df ’

t
— () sin <2nf2t + 27Afy / m(§) dél (1)

where the baseband modulation pulse m(r) with repetition
period T is given by

m(t)= D, ang(t—nTp) )

n=—o
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and x;(#) and y;(¢) (i = 1, 2) are mutually independent stationary
zero-mean baseband Gaussian processes satisfying the follow-
ing relations:
x1(Day = @1(Day = X2 (DPay = P2 (tPay =0
(O (£ Yy = P1EW1 @ 2 TVey = 01701 (1)
(x5 (x5 (t £ Ty = P2 (W2t £ TVay = 027 05(7)
1 (Y1 £ ey = X1 (O y2(t £ 7Pgy
= (Oxa(tE )y =0
X201t £ gy = X2(O)y2 (8 £ Dy
=010y 2(t 2 1Py =0 €))

where (- ),, denotes the statistical average. Furthermore, o is
the average power of ¢;(f) and ¢;(r) is the autocorrelation
function of x;(¢) and v;(¢). Assuming for an example that an
antenna having an omnidirectional pattern in the horizontal
plane is used as the receiving antenna and that the vertically
polarized parts of the incident waves are uniformly distributed
with respect to azimuth angle, ¢;(7) is given by [4]

01(1) = 2(1) = JoQnfp 1 71) G

where Jy(+) denotes the zeroth order Bessel function of the first
kind and f is the maximum Doppler shift frequency given by
the following relation at movement speed v and carrier wave-
length

fp = v/ (5)

Because the FSK signals e, (¢) and e,(t) are combined at the
receiving antenna, the total input signal e(r) received by the

e (1) Recewving
Antenna
g
e Output
RN P1L]] utey
FM
Decoder
Receiver

Calling Signat

Paging Receiver

Block diagram of digital radio paging system.

paging receiver is given by
e(t) = ey (1) + e5(0). (6)

Substituting (1) into (6), the combined input signal e() can be
represented as

e(t) = x(t) cos {Zﬂfct + 2nAf, /t m(§) d‘;’]

t
=y sin‘ 2mf .t + 2nAf, / m(§) dél @)

where f, is the equivalent center frequency given by

fo=(01%f1 + 02%£2)/(0,% + 032). (8
Furthermore, x(¢) and y(f) are given by

x(r) = %1 () cos (2ndfy2) — ¥4 (1) sin (2nAf, 1)
+x,(1) cos (2nAf,1) =y, (1) sin (2nAf,2)
(&) = =x,(t) sin (2nAf2) + 4 (1) cos (2mAf, 1)
— x5(£) sin (A, 1) + y,(7) cos (2mAfyt) ©)

where Af, and Af; denote the equivalent offset frequencies given by

ah=H—T
Afy =f, = f.. (10)

Assuming that the center frequencies f; and f; of the two FSK
signals are set under the following offset assignment condition:

H—h=4f 1y
equivalent offset frequencies f; and f, are given by

Afy = (022 AN/(0,% + ?22)

Af; = (0, 8D/(01% + 057). (12)

As x;(t) and y;(?) (i = 1, 2) are four stationary independent
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zero-mean baseband Gaussian processes satisfying (3), x(z) and
v(t) become mutually independent stationary zero-mean base-
band Gaussian processes satisfying the following relations:

(X(Day = Y(Day = 0

(x(D)x(1 £ gy = P(OP(t £ oy = Ry(7) (13)

()Yt 7Py =0

where R, () is the covariance function of x(r) and y(¢) given by

Ry() = {0, 2 cos 2mAf;7)

+ 052 cos 2nAf, 7)o Rufp I 7). (14)

Therefore, the combined signal e(¢) can also be represented as a
narrow-band Gaussian process having a Rayleigh distributed
envelope and a uniformly distributed phase. Comparing (13)
with (3), it is obvious that there exists only the difference
between their covariance functions. Letting 7 be zero in (14),
the following relation exists:

Rs(0)=0s2=012+022 (15)
where o, denotes the average signal power of the combined
input signal. This means that the average power of e(¢) is given
by the sum of the average power of ¢, (¢) and e, (#). Furthermore,
it is confirmed that (13) is equal to (3) by reducing o, or ¢52 to
zero in (14). This means that the combined signal becomes one
of the received signals when either of the received average
power values is extremely small. The covariance function of the
combined signal is shown in Fig. 2.

II1. RECEIVER MODEL

After being contaminated by additive thermal noise n(z), the
combined signal e(?) is detected by the paging receiver shown in

Covariance function of combined signal.

Fig. 3. The paging receiver. using an energy detection scheme.
is composed of a pair of bandpass filters with a square-law enve-
lope detector, a baseband difference circuit, and an integrate-
dump circuit. In this receiver, which signal is transmitted is
decided in accordance with the following quantity

i Tb/2
I=

= {vm(®D — v} dt
Ty J_1y02

(16)

being positive or negative. In (16) v,,(1) and v, (¢) denote base-
band outputs of the square-law envelope detectors. The center
frequencies f,, and f; of the bandpass filters are set equal to the
mark and space frequencies given by

fm =F. t &fa

fs=rc— Afg. (17)

Furthermore, considering that the power spectra of the received
signals are given as shown in Fig. 4. the bandwidth B of each
bandpass filter is set as

B=2f, + Af (18)
in order to pass the combined signal without distortion. In (18)
Jf» = 1/T,, denotes the signaling frequency.

In the above-mentioned receiver model the additive thermal
noise n(?) is a stationary zero-mean white Gaussian noise with a
uniformly distributed power density Ny. Then, both bandpass
filtered noises n,,(f) and n,(f) can be represented as stationary
zero-mean narrow-band Gaussian processes given by

(1) = (1) cos 2nfint) — By (2) sin (2mf,,0)
ng(r) = ns°(#) cos (2mfer) — ng’(¢) sin (2nft) (19)

where n, (£), n,* (1), n (1), and n (1) are mutually independent
stationary zero-mean baseband Gaussian processes satisfying
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Fig. 3. Block diagram of paging receiver model.

Fig. 4.

the following relations:
(M (Oav = N (ay = (NE(Eay = nF(E Ny =0
(SO S £ TVay =N (N (£ ey = Rp(7)
(ndOnE( £ 1Py = n(Ong’ (£ £ TPy = Ry(7)
(NS ON (@ £ TVay = (O 0t £ ey
=y’ OnSE )y =0
N Onm’(t £y = (nFONS (@ £ oy

= <nms(t)n ss(t 7Py =0 (20)

where R, (1) denotes the covariance function of either bandpass-
filtered noise process n,,(¢) or n;(f) and is given by

, sin (7Br)

Ru(r) = 0n (nBr)

(21

because a bandpass filter with rectangular characteristics is
assumed. In (21), g,? denotes the noise power of the bandpass-
filtered noise process and is given by
0n2 =R, (0) =NyB. (22)
In the above-described receiver model, errors occur in the
following two cases.

Case 1: In spite of the mark signal being sent, the decision
of e, < ¢ is made.
Case 2: In spite of the space signal being sent, the decision

of ¢, > €, is made.

In the above situation, ¢,, and ¢, are the time-averaged power

Power spectrum of combined signal.

values for the two bandpass filter ouptuts and are given by
1 Tpl2
et |
Ty J_1y)2
1 Tp/2
wt |
Ty L1y)2

Therefore, the error probability P, can be calculated from

{Um()} dt

{vs(®)} dt. (23)

P,=p Prle,<e | “m”] +(1—p)-Prle, >e€l*s”
(24)

where p is the probability that mark signal is transmitted. Fur-
thermore, Pr{e,, < ¢ | *‘m’’)and Pr[e, > ¢, | *‘s’’] denote the
probability of occurrence of case 1 and case 2, respectively.
Because they are equal to each other, (24) can be represented as
P, =Pr [ <€ |“m”] =Pr[ey >e|s7]. 25)
Accordingly, the calculation of error probability P, is per-

formed assuming that the mark signal is sent. Then, considering
that ¢,, and €, are given by

1 Tpi2
€m = / {e(®) + n,,(D)}? ar

Ty 71,02

1 Tpl2
€= / {ns(t)}2 dt
Ty J_1y)2

(26)

and that the three narrow-band Gaussian processes e(?), n,,(f),
and n,(#) are mutually independent, ¢, and € are mutually
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independent random variables. Therefore, the error probability
P, as represented in (25), can be calculated from

Pe=[ ‘/Sf(em)dem]f(es)des
0 0

where fle,,) and fle;) denote the probability density functions of
en and €,, respectively. Consequently, it is necessary to cal-
culate fle,,) and fle,).

(27)

IV. CALCULATION OF fle,,) AND fle,)

As both random processes e(?) + 7,,() and ng(z) are stationary
zero-mean narrow-band Gaussian processes with covariance
functions R,(7) + R,{(r) and R,(7), the problem of calculating
Re.n) and fe;) can be reduced to the common problem of
calculating the probability density function fle,) of a time-
averaged power ¢, given by

1 Ty/2
0wt |
Ty J1y)2
where u(t) is a stationary zero-mean narrow-band Gaussian
process represented as

{u()}? dr (28)

u(t) = £(r) cos (2mfy1) — n(?) sin (27fy 1) (29)

where f; is the center frequency corresponding to f,, or f; and
£(#) and n(f) are mutually independent stationary zero-mean
baseband Gaussian processes satisfying the following rela-
tions:

E(ay = M(Pay =0
E(OE(E £ TNay = NN £ TYay = Ry(7)
EOMt £y = 0.

In the above equation R, () denotes the covariance function of
£(1) and n(r) and is given by

(30)

Ry(r) + Ry(1),
Rp(T),

foru(t) = v,,(t)

Ry(m) = for u(r) = v ()

(31)

where R (7) and R, () are given by (14) and (21), respectively.
Substituting (29) into (28) and neglecting the double fre-
quency term, the time-averaged power €, is given by

1 Tpl2
€u =" / Em+n*}dr. (32)
Ty Tp/2
Mutually independent stationary zero-mean baseband Gaussian
processes £(f) and 7(¢) can be represented by Karhunen-Loeve
expansions [5]:

)

5D = 2 b0

v=1

- (33)
1) = 20 n,6,(2)

v=1

91

where o, (1) (v = 1, 2, -++) denotes the orthonormal eigenfunc-
tion of the following Fredholm-type integral equation:

Ty /2
() = /

—Tp/2

R, — 1), (r)dr. (34)
Furthermore, ¢, and 1, (v = 1, 2, -+*) are mutually independent
zero-mean Gaussian variables with the variance of A, where A,
> 0 is the eigenvalue corresponding to the eigenfunction ¢,(9).

Substituting (33) into (32) and using the following relation
with regard to the orthonormal eigenfunction ¢, (¢),

/’Tb /2

—Tpl2
the time-averaged power ¢, can be represented as the following
truncated series:

As ¢, and 7, are mutually independent zero-mean Gaussian
variables with the variance of A,, each ¢, is chi-square dis-
tributed with two degrees of freedom. That is, its probability
density function fle, ) is given by

1, forv=u

(35)

v, (Do (D dt =
Y w0 [O, forv#u

=

2 &+,

(36)
2Tl: v=1

1 €uyp
exp | — , fore, =0
flew ) ={ \JTy) l A/Ts) “
0, fore,, <O0.
(37)

Therefore, the characteristic function C e, Uw)ofe, isgivenby,
14

Il

Con U1 = [ fleu)exo Goe,) e,

1
= . 38

Because ¢, is the total sum of ¢,,, as shown in (36), the
characteristic function C, (jw) of ¢, is given by

ceuwrﬂceu Gy =] — L

39
I ®
Accordingly, f(e,) is given by [7]
1 =]
f,(eu)=;' / Ce (jw) exp (—jwe,) dw
__i /—“ ﬁ exp(]weu)d
21 L v=1 1= }wo\u/Tb)
S - o/ T }
3 exp { :u/O\/ b) . fore,>0
v=1
RN | e W (40)
uFv
0, fore, <O0.
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Thus the problem of calculating f(e,,) and f(¢;) can be reduced to
the problem of calculating the eigenvalues for the following
Fredholm-type integral equations:

Ty/2
N, E) = / (Ry(t =)+ Ro(t =)} (r) dr
Typ/2
@1)
Ty/2
Ao, (0) = [ [Ra(t = D}, (1) dr. (42)

—-Tp/2

Assuming that both of the received average signal powers o,2
and 0,2 are equal to each other, that is,
012=022=0s2/2. (43)

then the equivalent offset frequencies Af; and Af, given by (12)
are
Afy = &f; = Af)2. (44)

Therefore, the covariance function R, (7) given by (14) becomes

Ry(r) = 6,% cos (nAfrWo(2nfp | 7). (45)
Substituting (45) and (21) into (41) and (42),
Tp/2
Ne, ) = / l: 0% cos {mAft — 1)}
~Tpl/2
*JoQafplt—1))
, Sin {nB(t — 1)} m
el LU CLINNCD

sin {#B(t — 1)}

Tp/2
NS () = / ]%S(T)df- (47)

—Tp /2 {nB@t— 1)}
Denoting a, 4, v, z, and {as
o= AfTy, B=fpTy, Y = BTy,
z=1t/T,, ¢=1/Ty, (48)

(46) and (47) are represented in the normalized form:

1/2
v ‘pvm(z) - /

—1/2
, sin {myz —§)}
{my(z =}

1/2 sin {my(z — )}
>\vs VS - n2
@) [1/2 [a {my(z — O}

[0,2 cos {ma(z — O}o(2n8 | z—¢ 1))
:I%m ®)ag (49)

j' 0, () dS. (50)
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Assuming that the average signal power of the combined input is
much higher than the noise power, that is, o2 >> 0,2, (49) is
approximately given by

1/2
Wram@~ [ Lo cos rage— 1)

~1/2

"Jo(2mB 1z = ¢ DN]w,™ (§) dS. (51)
Furthermore, assuming that the maximum Doppler shift fre-
quency is much lower than the signaling frequency, that is, § =
fpT, << 1, the Bessel function included in the bracket of (51)
can be approximated as

JoQuBlz—¢ D~ 1, for—1<z, §‘<%. (52)
Therefore, (51) can be represented as
1/2
Wrar@ s [ 102 cos fraG =106 4.
—1/2
(53)

Eigenvalues A, for this integral equation can easily be solved
in the closed form

_ 5 sm ()
>\ - % (as Tb) (ﬂa) ‘
m_ 12 _ sin (ma)
M= @) |1- = ]

(54)

Eigenvalues A,* for (50) have already been solved by Slepian,
Pollak, and Landau [7]-[10] and are given by

2
(1)<27 1>] w=1,2,3,)

(55)

V=0, Tp)r |{R

where R,/! (¢, x)} denotes prolate spheroidal wave function of
the first kind. Considering that the bandwidth B of each band-
pass filter is set as in (18), the parameter v, included in (55), is
given by

y=2+a (56)
Therefore, (55) is rewritten as
2
4
NS = (042T)2 + @) { Ro, <5 (2 + ), 1> }
. (V= 1’2,3’.-.). (57)

Using (40), (54), and (57), the probability density functions
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fle.,) and f(e,) are given, respectively, by

o exp (=2, /o2 1 + sin (7a)
0,2 sin (ma) A o

flem) = —exp (_Zem/fsz‘l '—M‘>:| s
o
fore,, =0
0. fore, <0 (58)
3 {—’GS/G,, 24 u(a)}
2 expa ,
7 ontay@ [T 11— {44,
=1
fle)= v (59)
foreg, =0,
0, for e, <0,
where A, (a) is given by
- 2
A()=(Q2+a) ROV(1)<E(2 +a), 1> }
"'(V= 1,2’3’...). (60)

Using (58) and (59), f(e,,) and f(¢,), when the normalized offset
frequency « is a parameter, can be calculated as shown in Figs.
Sand 6.

V. CALCULATION OF THE ERROR PROBABILITY

Substituting (58) and (59) into (27), the error probability P,
can be represented as

Pe=/ Feg)
0

< exp {—€5/0,° A4, (@)}

— de; (61)
177 on24u@ [T 11— {4u@yd, @)1
u=1

uFEy
where F(e,) is given by

F(eg) = / sf(em)dem
()

1.[ [ (o }
=1-—= +1
2 | sin (na)
/ .
* exp <_2€s/0s2 l 1+ M (Tra) })
/ o
—I . = __ 1’ exp (—2&/732‘ 1= sin ("Q)D} .
sin (7a) ’, na

(62)
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Interchanging the integration and summation functions, (61)
can be rewritten as

Pezz :

o4, IT 11 - (4, @)au@)]
b
* f Fle,) exp {—es/onzAv(a)} de;. (63)
0
Therefore, the error probability P, is given by
P.=2, — 1
N | NERZ NN
b
_ A,
_t_Js_2 2 1_sinz(rroz) +a _c_ri 4 2'
o3 oy 5 A+ {4 4,@)
(64)

Using (64), the variation of P, versus signal energy to noise
power density ratio e,/Ng, which is denoted by

€s/No = (052 Tp)/No = (6526,2) * (2 + ), (65)
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Fig. 7. Error rate performance with offset frequency as a parameter.

can be calculated, as shown in Fig. 7. Furthermore, the varia-
tion of P, versus « can also be calculated, as shown in Fig. 8.
From those results, the following concluding remarks are ob-
tained.

1) Anoptimum value exists innormalized offset frequency a=
AfT, which minimizes the error probability P,.

2) The optimum value of a & 0.55 is not closely dependent on
the signal energy to noise power density ratio €,/N,.

3) Unless the normalized offset frequency is out of the range
0.5 < a< 1.5, the error rate performance degrades little
from the optimum performance.

4) In case of the optimum setting, the improvement effect for
€,/Ny is about 10 dB for the error probability of P, = 1 X
10 -3, when compared with the case of ¢ = 0. The
physical meaning of this improvement effect will be
explained in the following section.

VI. PHYSICAL MEANING OF THE IMPROVEMENT

Let us consider the case wherein the offset frequency Af is
much lower than the signaling frequency f, = 1/T,, thatis, a =
AfT, << 1. In this case the combined input signal e(t) given by
(7) can be regarded of nearly constant value during a time slot
T,, because the multipath fading phenomenon, which occurred
on e(?), is assumed to be quasistationary Rayleigh fading. That
is, the maximum Doppler shift frequency f, is also much
smaller than f,. Then, the envelope of e(s) during a time slot
becomes a Rayleigh distributed random variable. Therefore, if
the signal power ¢, is much larger than the noise power 0,2,
that is. g >> g¢,°. the time-averaged power ¢,, given by (26)
becomes a random variable, which follows an exponential dis-
tribution law. This is proved by the curve of & = 0 in Fig. 5.
Considering that the error rate performance is closely dependent
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Fig. 8. Error rate-versus offset frequency.

on the probability distribution of €, it is reasonable that the
curve of a = O in Fig. 7 be nearly equal to the well-known error
rate performance for an FSK system using an energy detection
scheme in the quasi-stationary Rayleigh fading environment.

Letting the offset frequency be increased from the above
case, the combined input signal e(7) during a time slot T, cannot
be regarded as a constant value. Therefore, the time-averaged
power €,, becomes a random variable, which follows a different
distribution law from an exponential law. As shown in Fig. 5,
the probability distribution of €,, becomes a sharper distribution
with small variance, such as the Gamma distribution. This
means that the fading dynamic range of ¢, is reduced by the
averaging effect. On the other hand, the probability distribution
of ¢, does not vary from that of the quasi-stationary case.
Therefore, the error rate performance can be improved by in-
creasing the offset frequency.

When the offset frequency is excessively increased, that is, «
= AfTy, > 2, the probability distribution of ¢,, varies little from
the above sharper distribution. However, that of ¢, becomes a
broader distribution with large variance, compared with the
above two cases, because the bandwidth B of the two bandpass
filters given by (18) is widened for distortionless reception.
Therefore, the improvement effect is reduced. It has already
been shown that the same improvement effect also occurs in an
FSK system using an energy detection scheme in a fast
Rayleigh fading environment [11].

VII. CONCLUSION

An improvement effect occurring in a multistation digital radio
paging system, using an FSK with energy detection scheme and
a camrier frequency offset strategy, has been theoretically
analyzed. The improvement effect is caused by the fact that the
probability distribution of the time-averaged signal power is
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transformed in company with the increase in offset frequency.
However, if the offset frequency is excessively increased, the
noise power is increased, because the bandpass filter bandwidth
must be widened. Therefore, the offset frequency must be set
equal to an optimum value.
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