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KOICHI OHTANI

Abstract—Error-rate performance of a digital FM with differential
detection in the presence of both thermal Gaussian noise and cochannel
interference is theoretically analyzed in the fast Rayleigh fading envi-
ronment encountered in the typical UHF or microwave land mobile
radio channels. The temporal correlation of the fades is included in the
performance analysis. The error probability is presented by a simple
closed form for the important situations where both effects of Gaussian
noise and cochannel interference predominate in causing errors. Finally,
a comparison with the other detection schemes, e.g., discriminator and
coherent detections, is given.

I. INTRODUCTION

IGITAL FM with a low modulation index, which is also

called a continuous-phase FSK, is considered to be one of
the most useful modulation schemes for digital mobile radio
communication systems because of its constant envelope prop-
erty and small RF bandwidth requirement. There are three
typical demodulation schemes for such signals: discriminator
detection [1}-[3], differential detection [4], [5], and co-
herent detection [6]-[10].

Though the error-rate performance of differential detection
is slightly inferior to that of coherent detection, the receiver
structure is greatly simplified since it does not require the
complicated phase-locked loop carrier recovery circuit, and
only a simple delay line with time delay equal to the signaling
interval is used to provide a direct estimate of the phase dif-
ference. It is not easy to construct a simple carrier recovery
circuit which enables one to regenerate the reference carrier
precisely and stably in the fast Rayleigh fading channels such
as UHF or microwave land mobile radio channels. Further-
more, compared with discriminator detection, differential
detection is affected little by severe delay distortions [4]
which occur in most narrowband mobile radio transceivers.
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Thus, the importance and usefulness of digital FM with dif-
ferential detection will increase in the wide area of UHF or
microwave digital land mobile radio communications. While
there are a few reports analyzing its performance [4], [5],
all of them are concerned with the error-rate performance in
the nonfading condition, and the effect of cochannel inter-
ference has never been considered in the nonfading and the
fading conditions.

This paper presents a theoretical analysis of error-rate
performance of digital FM with differential detection in the
fast Rayleigh fading environment, such asis usually encountered
in UHF or microwave land mobile radio channels. Not only
the effect of Gaussian noise present in the channel or gener-
ated in the receiver but also that of cochannel interference
caused by the geographical frequency reuse are taken into con-
sideration. Our method is an extension of Stein’s method [11]
which was used for evaluating the error-rate performance of
certain coherent and noncoherent binary communication
systems in the nonfading condition. A fairly complete solution
of the error-rate performance is given by a simple closed form
for the important situation where both effects of Gaussian
noise and cochannel interference predominate in causing
errors. Finally, comparison with the other detection schemes,
e.g., discriminator and coherent detections, is made from
various aspects.

I1. SYSTEM MODEL

Fig. 1 shows the mathematical model of a digital FM re-
ceiver using the differential detection scheme which is ana-
lyzed in this paper. It is assumed that not only the desired
signal but also an undesired cochannel interference are re-
ceived simultaneously and that both of them are digital FM
signals which are modulated by different baseband pulse
sequences with the identical signaling rate and are subject to
mutually independent fast Rayleigh fadings. Furthermore, it is
assumed that white Gaussian noise is added at the receiver
front end. After being combined, those are passed through the
predetection bandpass filter and are detected by the differ-
ential detector. The differential detector consists of a product
demodulator followed by a baseband filter. The baseband
filter is used only for filtering out the double-frequency com-
ponent of the product demodulator output, and its noise sup-
presion effect is not taken into consideration. In addition, the
intersymbol interferences caused by the bandwidth limitation
of the predetection and postdetection filters are assumed to
be negligible. The differential detector output is then synchyo-
nously sampled by using the recovered timing information so
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that the transmitted digital baseband pulses can be sequen-
tially regenerated.

[1I. MATHEMATICAL REPRESENTATION
OF DETECTOR OUTPUT

According to the above-described system model, the desired
signal s(r). the undesired cochannel interference i(¢), and the
additive Gaussian noise n(f) at the predetection bandpass
filter output can be respectively represented as the following
narrowband Gaussian processes:

s(t) = Re {z,(t) exp j[2nfct + &5(1)] },

i(r) =Re {zi(r) expj[2nfet + &: ()]}, (1)

n(t) = Re {z,(¢) exp j[27f.t],
where Re{-: denotes the real part of {*}. f, is the nominal
center frequency of the carrier, and ¢4(¢) and ¢(#) are the
instantaneous modulation phase changes relative to 2nf.t of
s(¢) and i(¢). respectively. Furthermore, z,(f), z(t), and z,(?)
are the mutually independent stationary zero-mean complex

Gaussian processes. Then, the differential detector input signal
e(t) is obtained as

e(t) =s(t) +i(t) + n(t) = Re {z(r) exp j [ 2nf.1]}, (2)
where z(r) is given by

z(r) = zg(t)yexpj[d5(1)] + 2y exp ()] +2,().  (3)

Since the differential detector for digital FM signals oper-

ates as a quadrature product demodulator of e(?) and e(t — T),
the detector output ¥(f) can be written as

wr) = § Re {—jz()z*(t — T}, 4
where the asterisk symbol denotes the complex conjugate and
T is the signaling period. Considering that () issampled at
some particular instant. t = vT (v =0, 1, 22, ), the sampled
output is

urT) =% Re {—jzy25*}, (5)

where z, and z, are respectively given by

|
|
BANDPASS LOWPASS
€ FILTER FiLTEr || SAMPLER
i e(1-7)
i
i

REGENERATED
DATA QUTPUT

RECOVERED CLOCK

Block diagram of digital FM receiver model using differential detection scheme.

2y =2(VT) =z,1 exp (js1) + 211 exp (joi1) + 2n1,
2y =2(v—1T) = 255 exp (jds2) + Zi3 exp (jdia) + Zn2,
(6)
where Zg1, Zsa, Zi1, Zi2s Zn1» Zn2s Ps1,> $s2, $i1, and ¢;p are
defined by z,(vT), z,(v = IT), z;(vT), z{v — IT), z,(vT),
zn(V - IT)! ¢5(VT), ¢S(V - IT)9 ¢i(VT)7 and ¢i(V - IT)! re-

spectively. Defining the new random variables {; and ¢, by

{1 =% (21 +jz2) =Ry exp (jb1), o
{2 =4 (21 —jz2) =Ry exp (j8,),

where Ry and Ry 20, —7< 6,,and 8, < 7, (5) can be written
in the following simplified form:

wT) =5 (162~ 15 B)=F R1%2 —R,?). ®)

The decision as to whether a mark or a space was sent is based
on the polarity of W(¥T). Therefore, in order to analyze the
error-rate performance it is necessary to know the joint prob-
ability density function (pdf) of Ry and Ry, p(R,, R,), when
a mark or a space was sent in s(z).

IV. DERIVATION OF p(R,,R5)

Since z,(¢), zi(t), and z,(¢) are mutually independent sta-
tionary zero-mean complex Gaussian processes, zg1, 253, 2;7,
Zi9, Zpn, and z,, become zero-mean complex Gaussian vari-
ables having the complex covariance matrix H, given by

H, =%{[a—(a))*a—<(a),]1 ., (9)

where (+);, is an ensemble average, [*]? is a transpose-matrix
symbol, and a is a column matrix defined by

zslw
s2

(10)
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Using Hy, H;, and H, defined by

Hy =3[z, = (2 0] *2s — (24 000 ] 0

[ 1 ,p;*(T):I
= 0,2 )
ps(T), 1

Hi=']2"<[zi —<zi)au]*[zi—<2i )av]t>au

1, p*(T) (11)
=02 ,
pi(T), 1
H, =%‘ ([zp —(2p dav] *[ 20 — (2 dav]thaw
1 ea*(T)
= gnZ ,
pn(T), 1
where z;, z;, and z,, are respectively defined by
251 Zi1 Zn1
z,= , = . I, = : (12)
252 Zi2 Zn2
the complex covariance matrix H, can be represented as
H, 0,0
H,={0, H, 0 |, (13)
0,0, H,

where O is a 2 X 2 zero-matrix and 052, ¢;2, 0,2 and pg(7),
(D), pp(T) are the average powers and the normalized auto-
correlation functions of s(¢), i(¢), and n(z), which are respec-
tively given by

0,20,(T) = / W,(f) exp (20 T) df.

020(T) = / Wi(F) exp (j21fT) dF, (14)

oo

0n20n(T) = [ W (F) exp (j2nfT) df.

— oo

where Wg(f), W{(f), and W,(f) are the equivalent baseband
power spectra of s(), i(¢), and n(¢), respectively.
Define a new column matrix b by

(15)
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Since (6) is a linear transformation, z; and z, are also zero-
mean complex Gaussian variables whose complex covariance
matrix Hy is given by

Hy =4 ([b—<b%u]*[b — (b ay] s

1, p*
= g2 ,
e, 1

(16)
where g2 and p are respectively given by
g2 = 0‘2 + Uiz + on2’
02p =052p5(T) exXp j(¢s1 —¢52) (17)

+0204(T) (exp j($i1 = $i2) dav + 0n20n(T).

Since the sampling instant of interest, t = vT (v = 0, %1,
12, ), is perfectly locked to the timing phase of ¢,(¢) and the
timing sources of ¢g(¢) and ¢;(¢) are asynchronous, p in (17)
becomes

02p, =0,2p,(T) exp (jmgm) + 02 p(TIR(T)

+6,20,(T) for mark,
o%p =
02p_ = Uszps(T) exXp (—jm,rr) + Oizpi(T)Rl'(T)
+6,2p,(T) for space, (18)

where R;(T) is given by [12]

) sin m;m
Ri(T) = (exp j(pi1 —i2))av = ¥ cos mm + .
m;m
(19)

and m, and m; are modulation indices of s(¢) and i(¢), which
are respectively defined by

my =241, T, m; = 24£T, (20)
where Af, and Af; are frequency deviations of s(¢) and i(f),
respectively. By letting the complex Gaussian variables z; and
Z9, given by (6) and (7), be written in terms of their real and
imaginary components,
(21)

7y =Xy +jyy, 23 = X9 +jya,

their joint pdf is obtained as

P(X1,¥1,%2,¥2) = exXp _%[b_w)av]t

(2m)% det H,

Hy,=1[b —(b ), 1%}, (22)
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where det H, and H, 1 are the determinant and the inverse
matrix of H,,, which are respectively given by

det H, =0%(1 —|p ?), (23)
1 [1 s —p*]
Hyl=——" . (24)
21—l |, |
From (15),(23),and (24),(22) can be written as
) 1
x ’ !x ’ =
D(X1,¥1, %2, Y2 (2ot —1p )
exp ‘_—1‘—[X12 + 5,2
202(1 —1{p 1)
+x32 + ya% —20c(x1%2 +¥1¥2)
— 2p4(x2)1 —x1y2)]] ' (25)

where p, and p, are the real and imaginary components of
p, respectively.

Using (7) and (21), the relationship between xy, ¥;, X3,
vg and Ry, 81, Ry, 6, can be written as

X1 =R1 Ccos 61 +R2 C0502,

Y1 =R1 sin 61 +R2 sin 92,

Xo =R1 sin 61 —Rz sin 62, (26)
Yo =—Rqcosfy + R, cos 0.
with Jacobian
0(xq1, Y1, Xo,
(*1, Y1, X2, ¥2) = 4R,R,. 27)

0(Rq, 01, Ry, 03)

Consequently, from (25)-(27), the joint pdf of Ry, 01, Ry,
and 6§, can be derived as [13]

p(Rlx 91: R2’ 92)

4R1R, 1
Qrot(1—1p1?) 02(1 —1p %)

’ [(1 _ps)Rlz + (1 +pl)R22

exp[—-

207

Integrating (28) with respect to 8; and 85, the joint pdf of
R, and R, is then obtained as the following joint Rayleigh
distribution {14] :

_ 4RiR,
P(R1»R2)—m
’ (1= p,)R12 + (14 p,)R,2
cexp {—
o2(1—1p1?)
20.R 1R, '
I —————
0[02(1 —lp m]’ @

where () denotes the zeroth order modified Bessel function
of the first kind, which is defined by

10(5)=2_lﬂ‘/_n

n

exp [£ cos Y] dy. (30)

V. ERROR PROBABILITY

Assuming that the probability of mark transmission in s(r)
is denoted by p and that the events of mark and space trans-
mission in s(¢) are respectively represented as “M” and “S,”
the net error probability P, is given by

P =p / dR, / PRy, Ry | “M”) dR,
0 0

+<1—p)/ dRZ/ Pp(R1,R3 1SRy, (31)
0 R

1

where p(Ry, Ry 1 “M”) and p(Ry, Ry 17S”) denote the condi-
tional joint pdf’s of R; and R, for mark and space trans-
mission in s(¢), respectively.

Substituting (29) and (30) into (31), letting R,/Ry = u,
and calculating the two integrals in (31) with respect to Rg
firstly, Y secondly, and u finally, the error probability P,
is given by

+ l=—p | — Pg—
2 VI—=p. 2|’
(32)

where p.. and p,. denote the real and imaginary components
of p. defined by (18), respectively.

) In particular, when W,(r), W(f), and W, (f) in (14) are as-
T 2pcR1Ry sin (6, —62)]‘ : (28) sumed to be even symmetrical with respect to f,then p,(7),
pi(T),and p,(T)are real functions. Equation (32) becomes
1 CAp (T) sin mgm
po==|1- —1. 6y

r sin m;m 2
(TA+T+A)2 - I:I‘Aps(T) cos mym + Ep,-(T) <cos m;m + ’ ) + Apn(T)]

m;m
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where I' and A are the average signal-to-noise ratio (SNR) and

the average signal-to-interference ratio (SIR), defined
= oaz/anz» A= alz/aiz- (34)

Especially when the cochannel interference is not present,
that is, when A = o0, (33) reduces to

PeA—)oe
1[
=—|1
2

Furthermore, by letting I' = = in (35), (33) reduces to

P _1 |- P, (T)sinm,m 36
B T—p@yot mupe | 09

_ Tp(T) sinm,m
{(I' +1)2 —[[py(T) cos mym + pn(T)] 21212 |

35)

€ Ao 7

which corresponds to the error probability due to random FM
noise.

For the particular case of m, = m; = 0.5, which corresponds
to the case of minimum-shift-keying (MSK), (33), (35),
and (36) are respectively given by

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL, VT-28, NO. 3, AUGUST 1979

VI. NUMERICAL CALCULATION
In order to analyze the error probability numerically, let
us assume that W,(f), W,(f),and W,(f) in (14) are respectively
given by

0,2
—_—, | f1<fp,
2 1/2
w=| " (a1)
0, 1f1>fp,
0,‘2
—,  |fI<fp,
2 1/2
Wi(f) = m(fp f2) 42)
0, [ f1>fp,
0n2/8B, |f1<B/2,
Wan(f)= (43)
0, | f1>B/2,

where fp is the maximum Doppler frequency and. B is the
bandwidth of the predetection bandpass filter. Equations (41)
and (42) mean that the fading phenomena appeared on s(z),
and i(t) are the fading phenomena which are usually encoun-
tered when the vehicle having a vertical dipole antenna is

1 TAp (T
Pe:z 1= FP( ) 21172 |’ (37)
(TA+T+ AR~ [; pi(T) + Apn(T):l
1 Tps(T)
=11 38
Ferra 2 |:1 {(r+1)? "Pnz(T)}”Z:| ' (8)
1
PeI"A—-)eo = 5 (1 =0, (D). (39)

Especially when p,(T) =01in (38), P, is given by

A—x
,  _DO-e@p+1

= 0
fA=e 2AC+1) 40)

This is identical to the Voelcker’s result [15] which was
obtained for binary phase-shift-keying (BPSK) with differential
detection for the case of neglecting the cross correlation be-
tween the consecutive noise samples. Considering that dif-
ferential detection for MSK signals is equivalent to that for
BPSK signals when the noise correlation can be neglected, it
is clear that (40) is equal to Voelcker's equation (21).

IF'AJoQRafpT) sin myn

moving through the multipath propropagation field with a
constant speed [16]. Furthermore, (43) means that the ideal
rectangular bandpass filter having a center frequency of £, and
a bandwidth of B is used as the predetection bandpass filter.
From (14), p,(T), p;(T), and p,,(T) can then be obtained as

ps(T) = pi(T) =Jo(2nfpT),

)= S0.ED)
() == o

(44)

where Jo(*) is the zeroth order Bessel function of the first
kind. Since the bandwidth of the predetection bandpass
filter is usually set as BT = 1, p,,(T) reduces to zero. There-
fore, (33), (35), and (36) are respectively given by

1

= , 45

Fe 2 : 1 sinm;m\ |2 |1/2 @5)
(TA+T + A2 —T2J,2Q2nfpT)| Acosmem + > cos m;m + —
im
1 IVo(2ufp T)sin mym

PeA =—|1- 0( fD ) § - ) (46)

-2 {T +1)2 —T2J52(2nfpT) cos® mn}1/2
P _ 1 Jo(z'ﬂfDT) sin m,m (47)

T.A= Ty {1 —Jo2Q2nfpT) cos? m,m}l/2 |’
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In particular, by letting m, = m; = 0.5, (45)-(47) are respectively given by

TAJo(2nfpT)

1
=3 [ LT TA T T AR — (o2t T)}1/2:| ’

|

1
r e =5 11 JC7foT)].

1
P, =—]1
A 2[ r+1

P

A few examples of the calculated results of (45)-(47) are
shown in Figs. 2-4, respectively. From Fig. 4 it is found that
the error probability due to random FM noise can be mini-
mized by setting the modulation index of s(¢), m,, equal to
0.5, which corresponds to the well-known MSK. The optimum
value of m, = 0.5 is also correct for minimizing the error
probability due to only Rayleigh envelope fading, when
fpT =0 and A~ in (46). Considering that the signal space
discrimination between mark and space can be maximized in
the case of m, = 0.5, the above result can be easily understood.

VII. COMPARISON

As previously mentioned, digital FM signals can be detected
not only by differential detection but also by discriminator

_ ToQnfpT)

(48)

(50)

or coherent detection. It is an important problem to compare
the error-rate performances of these detection schemes. While
the error-rate performance of discriminator detection in the
fast Rayleigh fading environment has already been obtained by
the authors in the presence of cochannel interference [17],
that of coherent detection has never been obtained since the
tracking behavior of the carrier recovery circuit made of a
phase-locked loop has not yet been perfectly analyzed in the
fast Rayleigh fading environment of interest. Therefore, we
concentrate on the comparison of the error-rate performances
of differential and discriminator detection schemes.

When the ideal rectangular bandpass filter of BT = 1 is
assumed to be used as the predetection filter, the error prob-
abilities of discriminator detection corresponding to (45)-
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1x16° These are the respective error probabilities of the two detec-
tion schemes when the cochannel interference is not present
in the quasi-stationary slow Rayleigh fading environment.
Equations (54) and (55) suggest that the error-rate perform-
ance of differential detection is slightly superior to that of
discriminator detection unless m, & 0.558.

Fortunately, in the sepcial case of m, = 0.5,1i.e., MSK, the
error probability of coherent detection in the quasi-stationary
slow Rayleigh fading environment, i.e., fp T = 0, can be easily
obtained as

, 1 1 riz
CA== ) (T + 1)1/2

=-—  for coherent detection, (56)
4T

5r [AVERAGE SNR P —~e
hvsRAez SIR:A —e

OF ERROR: Pe

» 1pT=0.05
E Ll
é since the detection mechanism is equivalent to that of the well-
§ . | known binary phase-shift-keying with coherent detection [9].
I By letting m, = 0.5 in (54) and (595), the error probabilities of
1x10 1 the other two detection schemes in this special case are respec-
st tively given by
1 1
2t Pey = — = ——for differential detection,
2C+1) 2r
16t (57
f,T=0.005 1 r
5t PE A—oo =7 l -
: 2 (T + 1)L2(T + 4/3)1/2
2t
. ) A X . . 0 . N X =——  for discriminator detection. 58
T o7 63 6% 05 05 97 oF o3 12r (58)

MODULATION INDEX : mg

Fig. 4. Error probability of digital FM with differential detection due
to random FM noise.

Comparing (56)-(58) it is found that coherent detection has
the best performance for MSK transmission in the quasi-
stationary Rayleigh fading environment. The required values

of average SNR for obtaining the error probability of 1 X
(47) are respectively given by [16]

o L[ PAGm V2 fpT) 1)
“2[ CAFTH+AMDAD+ (V2 foTR] + T + (N2 fpTR) + NWEfpT P2 |
s L[, rem/N2 fpT) -
Arm o @ DVRCI N2 TR + WE TR |
P _l_ 1 — (ms/ﬁfDT) (53)
el A—o 2 {1+ (m,/\/ffDT)z}llz '
A. Error Probability due to Rayleigh Envelope Fading
Assuming that the fading rate is much smaller than the signaling rate, i.e., fp,7 = 0 in (46) and (52), Pe, . of the two
detection schemes are respectively given by
1 I sinmgn 1
Poy =71~ : 5 | ® —————for differential detection, (54)
2 {T+ 1)?2 —T?2 cos? m,n}t/ 2T sin2 m,m
1 V3I'm 1 1
P, =—11- : el == 1+ for discriminator detection. (55)
A== 2 (T + 1)1/2(1 +3Tm,2)V/ 4T 3m, 2
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10—3 are 24.0 dB, 27.0 dB, and 27.7 dB for coherent, dif-
ferential, and discriminator detection schemes, respectively.

B. Error Probability due to Random FM Noise

From (47) and (53) the error probabilities due to random
FM noise caused by the random phase change in the fast
Rayleigh fading environment are respectively given by

1 TffD T 2 . . .
Por g ET (T for differential detection,
' 2 \sinmgm

(59)
1 [foT\? ) .
PeI-'A_,°° = -2- < - > for discriminator detection,
‘ (60)
where the approximation formula
Jo(z)=1—(2/2) (61)

was used for the derivation of (59). From (59) and (60) it is
found that the error-rate performance of differential detection
is inferior to that of discriminator detection irrespective of the
values of the modulatin index. In the special case of m, = 0.5,
i.e., MSK, the error probability of differential detection is
nearly equal to 2.5 times that of discriminator detection. This
curious result can be understood from the fact that the dis-
criminator, whose detection mechanism is considered to be
equivalent to that of a differential detector using the delay line
with the infinitesmal time delay, is able to track the fast phase
change more quickly than the differential detector in the high
SNR and SIR conditions. In order to clarify the error-rate per-
formance of coherent detection in such a condition, it is neces-
sary to solve the tracking behavior of the carrier recovery circuit.
While this is one of the most important problems which
should be solved in the future, a qualitative comparison can
be made. Since the reference carrier is usually recovered from
the received digital FM signal itself by the use of a narrow-
band phase-locked loop with decision-directed channel meas-
urement, its tracking behavior against the fast random phase
change, i.e., random FM noise, is considered to be inferior to
that of the reference carrier recovered by the delay line in a
difference detector. Thus, the error-rate performance of co-
herent detection in such conditions may be inferior to that of
differential detection. Therefore, it is concluded that the co-
herent detection has the worst performance compared with
the other detection schemes.

C. Error Probability due to Cochannel Interference

By letting I'>eo, fpT —~ 0, and m; = m; = min (45) and
(51), the error probabilities, when the cochannel interference
predominates in causing errors, are respectively given by
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Therefore, it is concluded that the error-rate performance
of differential detection is slightly superior to that of dis-
criminator detection unless m 2 0.5.

VIII. CONCLUSION

The error-rate performance of digital FM with differential
detection in the presence of not only thermal Gaussian noise
but also cochannel interference has been theoretically analyzed
in the fast Rayleigh fading environment encountered in the
typical UHF or microwave land mobile radio channels. While
the effect of intersymbol interference caused by band restric-
tions has been neglected, the fading spectrum effect has been
taken into consideration. The error probability is presented by
a simple closed form which is useful for the system designer of
digital FM land mobile radio communication systems. Though
the cochannel interference has been assumed to be a single
digital FM signal, the above analysis may be easily extended to
the case when the multiple cochannel interferences are pre-
sented. Furthermore, it may also be extended to the case when
the cochannel interference is an analog FM signal.
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