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A new method of image reconstruction for the time-of-flight positron emission tomograph
{TOF-PET) has been developed. A construction function was found to reconstruct a positron
image by directly convoluting three-dimensional sinograms. This construction function
consists of the product of the well-known function for a conventional PET and the response
function of time-of-flight measurement systemn for annihilation y rays.

INTRODUCTION

Positron emission tomography (PET) '™ enables us to ob-
tain a quantitative image of the metabolism of viable cells.
By using tracers of short-lived positron-emitter nuclides
produced by cyclotron, PET is widely applied to cancer di-
agnosis, and to studies of physiology, and of cardiac and
pulmonary functions. Now, a number of dedicated models of
PET are commercially available, and their spatial resolution
is reaching to an ultimated value. On the other hand, a new
type of PET**® in which the position of positron annihilation
is localized by the time-of-fiight (TOF) technique and ex-
pected to be much superior to a conventional type PET, is
still under development parily due to the fact that the TOF-
PET requires an extremely reliable software system to re-
construct in a limited time a high-quality image from the
multidimensional sinograms.

In a TOF-PET, the position (¢) of positron—¢clectron
annihilation is determined from

t=C(T, — T)/2, (1)

where 7', and T, are the arrival times at detectors for a pair
of y rays, respectively, and Cis the light velocity (see Fig. 1).
Accordingly, the accuracy of position (A¢) of positron—elec-
tron annihilation is limited by the time resolution (A7) of
the TOF system

At= AT XC/2 {2)

With a time resolution of several tens of picoseconds,” we
can obtain directly the distribution of positron emitter with
an accuracy of several mm without any back projection tech-
nigue. Unfortunately, the currently obtainable time resolu-
tion is Himited to several hundred picoseconds. Therefore, an
image reconstriction by back projection is still needed, even
for 2 TOF-PET, in order to obtain a position resclution of
several mm.'” However, TOF-PET has many advan-
tages,' 12 for example, the improvement of contrast in im-
age, which enables us to find a cancer in its early stage.

As seen in Fig. 2, the coincidence line of a pair of ¥ rays
is located at a distance (5} from the center of a region of
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interest { ROI) with an angle () to the fundamental axis of
ROL. In the case of TOF-PET, moreover, the position of
positron—electron annihilation (¢) is determined on the co-
incidence line. Therefore, a three-dimensional sinogram
8(¢, 5, 8) can be formed from coincident events of y rays.
As three-dimensional sinograms generally require a big
memory size in a computer system and also the construction
function for three-dimensional sinograms has not been
found, a method of image reconstruction which convolutes
directly three-dimensional sinograms has not yet been devel-
oped. Snyder etal.® have introduced a reconstruction meth-
od without using three-dimensional sinograms directly.
Most of current TOF-PET systems adopt this method for
the image reconstruction. In this method one makes a data
image, called “‘preimage” by simply back projecting three-
dimensional sinograms, then this preimage is transferred
into a frequency space with a fast Fourier transformation
(FFT), divided by a Fourier component of point-spread
function for TOF-PET. Finally, this is returned to the origi-
nal space with an inverse FFT to reconstruct a position im-
age (hereafter we refer to this method as “preimage meth-
od”). Thus the preimage is an image convoluted with a
distribution function of positron emitter ard a point-spread
function. In the preimage method, therefore, a positron im-
age defocused by the spread of TOF resolution is obtained at
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Fi1G. 1. TOF measurement for annihilation ¥ rays. The arriving times of ¢
rays at detectors (T, and T,) are measured by referring to a standard time.
The position of positron annihilation can be estimated from the difference in
the time of flights of y rays by Eq. {1). Here, L is the distance between the
detectors.
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FiG. 2. Three-dimensional sinogram. The intensity of coincident events
with TOF information, namely, three-dimensional sinogram Sz, s, &) is
obtained in a rotatory coordinate, while positron-emitter-radionuclides are
distributed with a function p(X, ¥) in the fixed coordinate.

the first stage. Because of lack of fine information on the
angle () in making the preimage, the spatial resolution cb-
tained by this method is inferior to that of a conventional
PET, but the signai-to-noise ratio of a reconstructed image is
improved due to the TOF technique.

On the other hand, the reconstruction method using di-
rectly three-dimensional sinograms can be considered as an
extension of the convolution method of conventional PET.
As compared with the abovementioned preimage method in
Fig. 3, this method is very sitnple and, therefore, is expected
to provide positron images with both good spatial resolution
and high quality. The construction fanction for convolution
in this method, however, has not been known up to the pres-
ent. In this paper, we derive the construction function for
three-dimensional sinograms, and introduce an image-re-
construction method which directly convolutes three-di-
mensional sinograms.

.. THEORY

When a positron is emitted from a radionuclide and en-
counters an electron, a positron and electron pair is annihi-
lated and two ¥ rays are emitted in the direction of 180° to
each other. The position of positron—eleciron annihilation
vertex is obtained by measuring the time of flight of ¥ rays
along the coincidence line . Thus, we can get the distribution
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of positron-emitter radionuclide p(X, Y) from coincident
events of the annibilation y rays S(¢, 5, 8) (see Fig. 2). The
intensity of S{¢, s, 8), however, does not directly reflect the
density p(X ,Y) because the current accuracy of TOF tech-
nique is not that good as to determine the position of annihil-
ation within the error of several mm. The intensity S(¢, s, 4)
is given by the convoluted integral between the density
p(X, Y) and the response function 4(7) of TOF measure-
ment system

S(t, s, 8) :f

with

X' =t'cosf—ssinf and Y =¢'sin +s5cosb.

o
dt’'h (t —1tHp(X', YY)

- et

(3}

Hereafter, we call the intensity S(¢, 5, ) a three-dimension-
al sinogram.

In the case of conventional PET,'* a positron image can
be reconstructed by convoluting the sinograms S(s, @) with-
out TOF information and is given by'®

1
XY =—
o } 5

T Jo
withs =X cos & 4 Ysin 8, and

- oo
20(8) = —— f dic |k le
27 J_ '

+ oo
def ds' S(s', O)go(s —s)  (4)

(3

We predict a formula similar to Eq. (4) for the case of the
TOF-PET'®

T -+ oo
p(X,Y) :—1—- def ds' S(t, 5, B)grop (5§ —5')
2‘.‘7‘ 8} — o
(6)
with
s=Xcosf + ¥Vsiné and t= — Xsin& 4+ ¥Ycosb.
(6"

Now we derive the convolution function grqg (5) as follows.
The density p(X, Y) can be considered to be a set of
points which have a strength of p; at the position of (X, ¥}

P Y) =3 p8(K, — DO8(Y, — V),

where 8 (X) is the Dirac delta function. In the present calcu-
lation, therefore, the generality of theory is kept by replacing
p(X, Y) with the Dirac function §(X)8(Y) in Egs. (3), (4),
and {6). We obtain

SUN3(Y) =-——‘—f 46 g,(5) 7
27 Jo

,5,8}

Jds fas si1,5,8) groe (5 8
Fic. 3. Image reconstruction methods for
TOF-PET; P(kyk,) is the point-spread
function of TOF-PET in the frequency
space. {a) Preimage method. {b) Convolu-
tion method.
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and

i T
5(X)8(F) :—-:--f 0 gror ()h(2). (8)
27 Jo

On the other hand, the response function 4(¢) of TOF-
measurement system obeys a normal distribution and is ex-
pressed by

1 in2
(i) = — | ——
() At T

where At is given by Eq. (2) with the FWHM of TOF mea-
surement. Now, we assume that Az is independent of s, 8, and
t and the function grq (5} can be expressed by

8ror (5) = g:(5) XA(s), {10)
where the function g, (s) will be determined later. Substitut-
ing Eq. (10) into Eq. (8) and using the relation of Eq. ('),
Eqg. {8) becomes

n2

(Ae)or

n2 1
= df .
(A)r 2n j: £:(5)

This equation coincides with Eq. (7) except for the factor
In 2/(As)*7. Thus we obtain

m(Ar)?
n2 2o(5).

As a resuli, the convolution function of TOF-PET
gror (5) is found to be a simple product of the response func-

e—(z/At)”an, (9)

5(X)§(Y) — e—[(X2+ Yz)/(At)E]InZ_E__J‘ degl(s)
27 Jo

g:(s) = (i1}

tion of TOF A(t) and the convolution function!”'® of a con-
ventional PET g,(s)
Ar)?
gror (5) = TAD g (5)h(s). (12)
In2

We have previcusly measured’® the response function
h{#} of TOF measurement using BaF, scintillators and
found that A(¢) has the form of the Gauss function, the
FWHM AT is constant for the axis along the coincidence
line (¢ axis) and also that AT is independent of the geometri-
cal arrangement of BaF, crystais. However, AT is a function
of 5 and § as each detector has different responses to the time
resolution, so that Eq. (12) cannot be directly applied to Eg.
(63.

Now, Ar denotes the value of Ar averaged over S and 4,
and §(t, s, 6:At) means the sinogram with the time resolu-
tion Az. Then from Eqgs. (3) and (9), the three-dimensional
sinogram S{¢, s, 6, Af) can be expressed by

In2
T

80z, 5, A1) = L
Az

><wa dr' e W i/ailin2, g yry,
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By expanding the exponential term of the right-hand side
into a series of (Ar — At¢), this equation is approximated by

S(t, s, ;A7) = S(1, 3, G;A1)

2 2 . "
_(an < a5, sZH,AZ) At ~__A,z‘= (13)
2In2 ot* At

Thus, we can construct the three-dimensional sinogram with
an average (Ar) of TOF-time resolution from the sinogram
Sit, 5, B;A1) and the second-order differential coefficient
3381, s, 8;A1) /31 ? and we can use the convolution method
of Egs. (6} and (12) for sinograms with the average value of
Az,
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