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Abstract

Normal mode waves formed by SH waves generated from a line source in
an elastic plate are investigated, including both steady state and transient cases.
A remark is made on the relationship between the ray solution and normal mode
solution, the former being derived by the saddle point method, the latter by residue
calculation. The results of steadly slate excitation show that there occurs resonance
at cut-off frequencies. In the case of error-functional pulse, the variations of
relative amplitude and frequency with the time elapsed from the beginning of the
record are shown. The results show that the first antisymmetric mode has an
extremely large amplitude compared with other modes. For prescribed horizontal
distances, the motions due to the first two modes are calculated, when both the
source and the receiver lie in the median plane, TFrom these results we see
that a superposition of the first fow modes will give rather correct aspect of the
record except for the beginning of it.

Introduction

Since the first discovery of Rayleigh waves over the surface of a semi-infinite
elastic solid, and Love waves transmitted in a two-layered half space, a number of
investigators have studied the theory of free surface waves for various cases of hori-
zontally layered media. In such boundary value problems, when a simple harmonic
motion is assumed, the cigenvalues are given by component wave numbers parallel to
the boundary surfaces, and are denoted by w/c, where @ is the circular frequency, c,
the phase velocity. Although for a single prescribed frequency there is a set of infinite
numbers of phase velocity, only those with real values give propagation modes which
are usually of seismological importance, The dispersive property is usually displayed
in the form of dispersion curves in ¢,—w or ¢, 1" diagrams, where 1" is the period.

In so far as free waves are considered, it is impossibie to discuss the absolute
amplitudes of eigenmotions. Actually, it may be supposed that in each normal mode,
the displacement amplitude excited by the initial disturbances not only varies with the
frequency, but also differs according as the types and location of source. Thus, it is of
importance to investigate the excitation function of eigenmotion which will be de-
termined by various factors,

In seismology, to identify the types and mades of recorded surface waves, we must
have exact knowledge about the excitation function above mentioned and also of
particular eigenmotions of a particle. In the case of shallow water explosion, C. L.
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PERERTS (1948) first gave a very thorough theory of normal mode propagation in two
and three layered liquids,

In this series of papers, an appropriate method for layered solids will be presented
by taking up the simplest model, an infinite clastic plate bounded by two parallel
planes. The problem of a typical crustal structure characterized by two-layered
half space may be treated in a similar manner, although the characteristic equation be-
comes much more complicated.

In the present paper, normal mode waves formed by SH waves from a line source
are investigated, those which are formed by P and SV waves generated from certain
types of source will be treated in the next papers. Although the first problem is
particularly simple, the analysis given is very uscful, for it gives us a clear insight into
the eigenmotions in stratified media.

The dispersion curves of SH normal mode waves in a plate have been studied by
Y. Sard (1951).

1 Formal Solution

Consider a homogeneous isotropic plate with uniform width 2/ and infinite area,
We choose the rectangular coordinates (x, ¥, 2), so that z-axis is perpendicular to the
plane surfaces of the plate, and x, y-axes lie in the median plane.

The motion is supposed to be due to SH waves emanated cylindrically from the
line source at ¥=0, z=d, as shown in Fig. 1. Of course the motion is independent of
y, and the displacement has only y component.

Let v be the displacement, p the rigidity, and p the density. The equation of
motion is

1 0w

2y =
P vE 9t

where v,=1/ w/p is the velocity of § waves.

If a simple harmonic motion with the time factor ¢! is assumed, we have

(P2+F%) v =0,
where

Throughout this work, the plane wave solution will be used as a particular solution
of the wave equations. Generally, il the elementary solution which satisfies the
boundary conditions is found, the solution for the case of a point source can be de-
rived by integrating the elementary one with respect to two spherical angles, and the
solution for a line source, with respect to a cylindrical angle. Therefore, if we can
derive the elementary solution, the generalized solution Wiﬂ' be obtained automatically
by performing to the elementary one the integral operator which is adequate to the
type of source.

First, we express the initial displacement », due to the source by plane waves of
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z the form

vy = e—v&[xshlw-f-[:—d]cosw], (1)

where w indicates, if it is real, the angle made by
the z-axis and the wave-normal of SH waves, and

may take complex values in the course of genera-
P lization to the case of a line source. Another
Fig. 1. displacement waves representing a perturbation

caused by the presence of plane boundaries may
be expressed by

vy = [Ae—ikscuaw+B gt'kzcosw] e—i&xsinw, (2)

where 4 and B are constants to be determined by the boundary conditions. When
w takes a real value, (2) may be considered to represent a pair of upgoing and
downgoing waves.

The boundary conditions that the boundary planes are free from stress are written
as

Iy

Py=p3%—0 at 2==H, 3)
where

Uy = U+, . (4)
Substituting (1) and (2) into (3), we have the simultaneous equations for 4 and B.

A—Be —2ikasw=eg ikdcosw

A—Be 21} H cos wzg—ék(a H+t-d)oosw

Thus,
p ol {8ﬁik(£cusw+ gfikwﬂ'—tﬂcosw}
o 2 sin (2 #H cos w)
()
2 . {eikdﬂosﬁ?+ e—ik(zH-}-rI)nom.-

2 sin (2 £H cos w)

Substituting (5) into (2), using (4) and simplifying the results, we obtain the elementary
solution

Ug:

—i {cos [k (z+d) cos w]--cos [k (|2—d| —2 H) cos w]} g~ ihasinmw ©6)
2sm (2 & H cos w) '

To generalize the problem to the case of a line source, we must perform to (1)
and (6) the operation (cf. Appendix 1)

vm #2410
i j. dw

(7)

—wf2— dco

From (1), the displacement #, due to the initial disturbances can be written
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L FF 2-foa |
U = V;;H ’r/ + ‘6_¢k[x5|nw+lx--d\cosm]dw p— '\/ngn(a) (k i’) {8)
—xf/2—ico
where
¥ =gt} (z—d)? (9)
When k# is large, (8) may be approximated by the asymptotic formula
Uy = ]/ " (rz/H) ettt (10)

which represents the outgoing waves from a line source, the amplitude of which is
independent of the frequency.

The solution v corresponding to the line source (8) can be obtained from (6) as
follows:

v e )2
o= VEH j- /2 [cos {& (z-+4) cosw} +cos {k (|z—d| —2 II) cos w} ] g ikesing g
T /2 deo sin (2 & H cos w)
(11)
PR . ) )
_ VkH B F sin (o' —g*)—-£98 acosa’ cosa’ | smasma’sma”} o ikrsine o,
i sina COS o i

—nf2—doo

(1)’

where a=k Hcosw, o'=Fkzcosw, o"=hkdcosw and the upper sign is to be used if
z>d, and the lower if z<d.

In Fig. 2 is shown the path of
integration 7., in which a small indenta-
tion is made to the left of the origin for
convenience sake.

The integrand in (11) has poles -
determined by the relation

ol

sin (2 Hcosw) =0. (12)

It is to be noticed that no other
singular points are present in this

Fig. 2. Original path of integration I, a
problem, but generally, in layered media particular path L’ and location
in which elastic bodily waves with various of polesin the gasel P,
velocities can be transmitted, there are usually branch points requiring a considera-
tion of Riemann surface and branch line integrals.

There seem to be two approaches to the evaluation of the integral in (11) or
(11)’. One method lies in deforming the contour so that the resultant integration

. consists of a residue integration around the poles. The other approach is the so-
called saddle point miethod, which consists of deforming the original path of integration
in such a way that the resultant contour contains the path of steepest descent, and the
main part of the integral can be obtained from the immediate neighbourhood of the
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saddle peint. This method is, of course, applicable only when certain parameters in
the exponent are relatively large.

The first method gives the normal mode solution {cf. PExeris (1948)), the second
the ray solution, each solution being available according as the nature of the
problem. The two types of solution will be discussed separately, then the relation be-
tween them will be considered. But, beforehand, the location of the poles in the w-
plane, where we put w=#--1 8, must be investigated.

2 Poles, Phase Velocity, and Group Velocity
Since w represents the angle made by the wave-normal and the wvertical if it is
real, we may put

sinw = % =0, (18)

where ¢ is the phase velocity. It may be considered that, for a given value of fre-
quency, the poles specify the eigenvalues sin w,, which are related to the phase velocity
by the equation (13).

A concept of slight absorption of a medium teaches us that we may always write

sinw=a—1b, (14)

where @ and b are positive real, if the time factor be given by ¢, Paying attention
to (14), the required roots of the equation (12) are obtained as [ollows;

w=0, 0<0<T,
2
v =sing, (15)
= nzﬂ sec d .
w=—10, >0 3
7 =—1¢ 38inh 8_ ¥ (16)
- nm
p=- sech @,
where y=~kH, n=01,238...... (17)

The poles represented by (15) are situated on the part of the real axis 0=<¢=<w/2, and
carrespond to the propagation modes. On the other hand, the poles expressed by (16)
lie on the negative imaginary axis, and give the atlenuation modes, the phase velocities
being positive imaginary. We have no complex poles in this problem. Tn both
relations (15) and (16), the set of even values of n is derived {rom the equation
sin (k H cos w) =0, while that of odd values of %, from the equation cos (k H cos w)=0.
As can be seen from (11)’, the former gives the symmetric and the latter the antisym-
metric motion with respect to the median plane, z=0.

As is well known, if the phase velocity is a function of the frequency, the energy
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of shock-type waves is transmilted with the group velocity U which is formally defined
as U=dw/d (ksinw). In our case this can be expressed for the propagation mode,

_ e . dp _.. dsech) _.
= dhsing)  “AFY) " d(tang) S0 (18)

Similarly, we have for the attenuation mode

U =iw,sinh{. (19)
If we put

U

U=4 (20)
it follows thatl _

U=7%. (21)

We note that the group velocity defined by (18) represents the speed of energy
transportation in the simple harmonic motion as well as in a transient motion. (M.A.
Bror (1958)).

The dispersive properties of eigen-
motion as given by (15), (16) and
(21) are shown in Fig. 3, in the
form of 7—y or U—y diagram, The
upper part 0<v, U<1 of the figure
represents the propagation modes, and
the lower part, where the ordinates are

taken as iv, U instead of —9,—U,
corresponds to the attenuation mode.
It can be seen that for any value of y
there is a set of infinite values for 7,

and also there is a sel of infinite values

for ¥ corresponding to a given value of Lig. 8. Dispersion curves for SH-type normal
B . mode waves in an elastic plate.

7. The fact shows that general motion Symmetric modes arve represented
due to a simple harmonic source can be by #=0, 2,4, -, gnd antisymmetric

) . : ones are by n=I1, 3, §, -+ !
represented by superposing infinite

eigenmotions, and particularly, the propagated wave motion can be expressed with a
set of finite eigenmotions of propagation mode.

3 WNormal Mode Solution

To evaluate the integral in (11)’, the original path of integration must be de-
formed so as to make a closed path. In view of the fact that the integrand is an odd
function of cos w, it is convenient to use a particular path L', as shown in Fig, 2, which
extends from w=—700 to w=m-+1oo, and is drawn in such a way that the two parts of
the path halved at the point M (f=/2, §=0) are mutually obtained by twice reflec-
tions with respect to the two lines #=m/2 and §=0. As with the case of the original
path L, we make a small indentation around M, which is ultimately made to infinitely
small after the calculation of residues,
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At the same distances from M upward and downward along the path L', the
function cos w has the sanie absolute value, bul with the opposite signs, so that the inte-
gral along the path I” vanishes. Also the inlegral vanishes along the lines joining the
paths L and I’ at infinite distances. Thus, the integral in (11') reduces to residue
integrals only. It is to be noted that the first term in the integrand has no normal
mode. From the residue calculation it [ollows (hat;

U= vs‘}“ﬂn‘kﬂs +Ts, (22)
2 _ cos (ma 5) cos (ma d) ™' ¥
{fv,} fTTvm‘/y s (mm Z) cos (mw d) e
_ (23)
1, =5ind,, , 7 =mmsech,, for v,
U,, =—isinh @, , y=mmsech,, for o,
=012, vuu o
[?ja} —2y -1 _sin [(m—4) w2} sin {(m—1) wd] e ¥
1”@ m !)m \/?
I (24)
U, = sind,, , 7= (m—%) wsecl, , foru,
9, =—isinhf,, y=(@m—§) =zsechd,, for o,
W= 12,8 & swn s
where T=x/H, d=d/H, z=z/H, &w=70n. (25)

Subscripts s and a show respectively the symmetric and antisymmetric motion with
respect to the plane z=0, and »;, v, represent the propagation modes, 7,, #, the at-
enuation modes. The symmetric motion expressed by (23) corresponds to the case
n—=2m in the relations (15) and (16), the antisymmetric motion (24) to the case
=2 m—1 in the same relations. The summation must be carried out for all the pos-
sible modes determined from a prescribed frequency.

It is to be noted that (23) and (24) may be considered as the series expansion
of the displacement in terms of normalized orthogonal eigenfunctions. The reciprocity
relation between the source and receiver may be suggested from a general property of
Green’s function, by use of which the problem can be solved otherwise easily.

In the sequel, we will restrict the problem to the motion at relatively large dis-
tances from the epicenter. Then, the attenuation modes need not to be considered,
since these modes are damped out exponentially with the horizontal distance. We
will denote by £, and 35, the symmetric and antisymmetric types of propagated
mode, respectively.

To discuss the amplitude it is convenient to write it in terms of a paramenter &

as follows;
30 0
9 © 8,1 " } 1 (0t - En %) R 26
{ } }/ T m {Q,z m -uti ﬁm) 3 ( )
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0., — V'cos @,
i 3%}

= R e cos (m &) cos (mrd)

(27)

Oun — Vcos O,

b = e omy, sin {(m—4) 7 5} sin {(m—4) J} R

where @, ,, and @, ,, represent the excitation function ol respective modes for steady
state waves. They consist of three factors, that is, (1) the factor due to the location of
receiver cos (mmZ), sin {(m—1/2) xz}, (2) the factor due to the location of source
cos (mmd), sin {(m—1/2) wd}, (3) the relative amplitude of each mode, v/ cos 8,,/{V2m sin
Oy Vicosh,, /[V2m—1 sind,]. The factors (1) and (2) vary with the mode number 2,
but are independent of the frequency. Whereas, the relative amplitude of each mode
varies with both the frequency and the mode number through the relations

1 Veosb, . Vaw
Vem sinG,  Vyi dmin

__1  Vcosb, _ Vo
V2Zm—1 sind,  Vyr—2m_1)pt,

for 5+

(28)
for X,,—.

Since the radiation due to the line source (10) is uniform in all direction, and is also
independent of the frequency, the effect due to the source is not introduced.

The factors (1) and (2) are respectively shown in Figs. 4 and 5, and the relative
amplitude (3) in Fig. 6. Tt is seen from Fig. 4 that the symmetric and the antisym-
metric motions have respectively a loop in the median plane, a node on the boundary
surfaces, and both have always loops on the boundary planes. Fig. 6 shows that re-
sonance occurs at cut-off frequencies, and for a prescribed frequency, the amplitude
Increases with the mode number although the differences are small except near the cut-

i cos {mmd)
5 I 7 ot
L0 40 7 [ sinf(m-+4)md
b= P AN, i } /2°
- m=/,
g N
I 0 ‘ 0
m=2
=40 ~40
=40 0 L0 o 0 10
— o5 (T E) e sm[(mmzi)uz}

Fig. 4. Effect of the location of observing
point, or amplituds distribution. Fig. 5. Effect of the location of scurce.

Zi 1 cos (mwd)
Ty b sin{(m—4) v d}
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it
5k
a4 ¥
5,
<40
/!
5
= 2 P S T
==
Tig. 6. Relative amplitude
Zri Ag= 1 i_cis_?ﬂ Bi= = 1 . +/con O |
" PN Zm sin by, i & N Zm—1 singy,

off frequencies. Tt is shown that the relative amplitude of & becomes zero,

4 Ray Solution

On the path L in Fig. 2, the imaginary part of cos w is not zero, so that the
absolute value of e-f4kHcosw ig less than unity. Therefore, in the expression (11),
the factor 1/sin (2 % H cosw) can be expanded in the power series of g-f4kHeosw,  We
thus have a different expression for the displacement as follows;

/2449 oo
. j/kH r i [ S g_m[xsinw+ [4nH—(H-2)4-(H—d)) cosw]
i /2o ne=0)
i E g iklrsinet (4mH—(H-2)—(H-d)} cos]
m=1
. i g iklrsinwt (4p Hp(H-2)~(H-d)) cosw]
p—1
i E g—ife[xsinw+ {4qH - \H-5)4-(H-d)} Cosw]] dw . (29)
g=0
If we put
R,sinf, =% R,sind, =x
R,cos 0, =4nH+(H—2)+(H—d)), R,ccsb,=4mH—(H—z)—(H—d)),
(30)
R,sind, =% } R sinf, =% }
Rycos@,=4pH+(H 2)-(H d)), Rycos0,=4qH—(H—2)+(H—d) )},
(1,29) can be written as
/24 ico - o
v VRH I [ 3 g ihRycostm—ty) | 31 -k Rpcos(w—0y)
T —w/2—fco n=0 =1
T g - thRpeos (w—ep) 4 E} e—ikxqcos(w—eq)]dw_ (31)
=1 g=0

If we assume that kR, kR, kR, kR,)}1, the method of saddle point can give
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approximate values for the integrals in (31).
Consider, for example, the integral
7/ 2}-f 00
= e—-t'k Ry cos (w—8,) dw. (32)

—w/2—i
The saddle point becomes w—6,, from the
relation (3/6 w){cos (w—0,)} = 0, and the
path of steepest descent is determined
from the equation I [—ikR, cos (w—0,)] L
= const=—FkR,, to be cos (¢—40,) cosh § r

=1. In Fig. 7 are shown the saddle = 55 e w8
point S (w=#6,), the path of steepest /w,e,,)
descent I, and the original path of

integration L. Convergency of the in-
tegral along L, is secured by the relation

Im [COS (w—f),,)] = sin (@—¢,) sinh § < 0. Tig. 7. Saddle point S, and the path of
steepest descent L,

rald

In the vicinity of the saddle point,
we may put w=f,+pe”/t, and the integral (32) can be evaluated approximately
as

Tyt — I 1!/41 ik Ry —(1/2) k Ry p2 dp__ V 2w g—{khﬂf-w/fh (33)

By virtue of (32), an approximate value for (31) becomes

_ 3 Ifd-l oo g—ikpﬂ on g—ikRi” co e skﬁ’p o qu:l
- ]/ |:r:-=0 Vlf /}.[ +1J§11'/R;7H +ﬁ§1 “/Rﬁ/‘[j i E‘ \/R.;,/I{ (34)

Referring to the relations (30), we can identify the respective terms under the
four summing notations in (34), with the direct or reflected bodily waves. Obviously,

Tig. 8. Ray paths of some reflected waves (34).
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the reflection coefficient at the {ree surfaces is unity. Some ray paths are indicated in
Fig. 8. In (30), R,, R,, R;, R, represent the distances of the ray path of respective
waves, and @, @, 0, 0,, the angles between the rays and the vertical.

5 Relation between Normal Mode Solution and Ray Solution

In the normal mode solution (26), the summation is taken over s, which implies
the mode number, i.c, a number showing the order in series of decreasing ecigenvalues
9, for a prescribed frequency. (Fig. 3) On the other hand, the ray solution indicates
the summation over the numbers of reflection of rays at a boundary surface. (Fig. 8)
Although the physical meaning of the summation indexes are different from each other,
it can be shown that the normal mode solution is derived directly from the ray solution
it the frequency is relatively large.

Returning to (29), if the summation indexes of both the second and third sums
are replaced by the negative numbers, and the same letter »# is used in cach sum, we
have the formula,

e /244
4 = '\/k {{ ' [G—i k [xsin (e f) cosw] E: e-iy n —1—:3_” [xsinw— (e+f) cos w) i E-i'y::
w —wf2—ico n=_0 f=—1
+g—ik[£siuw+(s+f)cos;y] cf: giny _rg-—ik[xsinw—(e—f)eosw] % 6~--in.-y] dw (35)
n=1 #=0 '
where
e=H—z, f=H—d, y=4kHcosw. (36)

Using the Poisson sum-formula (cf. Morsg and Fresasacu (1953)), we can write

& e VEx & pfima
gt ¥ Al ' 37
:EU v m}m ( y S ): ( )

where I¥ (ny) is the Fourier transform of f(ny)=e~"". We have the relation

F(ny):#j f(yv)e—ﬂ“‘*ycaq-=7§?i.?j eIt g (38)

At any point on the path L in Fig. 2, Re (cos w) is not small, so that, if y is large, Re (y)
becomes relatively large. Thus the integral in (38) may be written formally as
2w 8 (2 v+7y), where § is the delta function. Accordingly, one obtains

F@muly)=v2zys2mmnty). (39)
Substituting (39) into (37) yields

Nem=92z 3 S@muity). (40)
#=0 M=—oa

Similarly, one obtains
X e =2z 3 S @mu—y). (41)

7e=—1 =00
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Substituting (40) and (41) into (35), it follows that

P /2t dc0 )
v=4 3 vy J l (2m -t ) cos (k e cos w) g~ hl¥senwtfeosu]
et —w/2—ico
+8 (2m w— ) cos (ke cosw) a""f‘[”""""‘fmw]] dw ., (42)

Since no singular point is present in the integrand in (42), the path L may be
shifted to the right by an amount of #/2. Then (42) becomes

i

I v’y ’_ (2m+y) e” @ E (2m—y) eik-’r“’”J cos (ke cos w) e~ FFSmw oy |

m oo
(13)

If we put 2m =7+ p=", where - sign is to be used in the first term of the integrand,

— sign in the second, (43) is transformed as

= 2 [0 [23man -
V= m}_mj- [V’jz sin ©0 (Rfcosw)cos (kecosw) e” ] (44)

Using the relation

(8]

[ rvsman—ro), (45)
we have from (44)
- o _ —ihxa/ [ _ga z
_,T;,‘ I \/ —cos(gke)cos(gkf)e -t (46)
where g=mn/2rRH, 6,,5:2, gym+0, E,=1, ifm=0,

By virtue of the relation (15), it follows that

Y= VsV,

3 Vcos b, ) o
.—2]/ oS (mo Z) cos (moard) e TR En®
7 mnﬂ Vo sin ,0 ( ) cos (. )

_9 /2 ¢ V'cos B,
71‘.’ m=1 1/2 W— 1 sin gm

sin {(m—§ m z} sin {(m—4) 7 @] o= tn= 1/ wtan Oyx

(47)

The expression {47) coincides with that of the normal mode solution (26), pro-
vided only that the summation in the latter is carried out for all the normal modes.
Since this situation may be realized when p is large, it may be said that the normal
mode solution can be derived from the ray path solution if the frequency is large, Of
course, when y is not large, the approximation by the saddle point method becomes in-
accurate, and the equivalency ol the two kinds of solution is no more valid.

6 Aperiodic Solution

In the preceding sections we have obtained the steady state solution due to a
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line source with the time factor ¢®’. Now we will discuss an aperiodic case in which
the primary waves are shock type. Generally, if the time variation of the displace-
ment due to primary waves is given by the function

el

. 1 iwl I /
j(t)?—“m; _Df ‘F(o)dao, (48)
where F(w) is the Fourier transform of f(f), then the aperiodic solution corresponding
to (26) is given by

1

5 Jln;F () V5 4 . (49)

We will consider the case in which f{f) is given by

F{t) = et/ (50)

where @ is a parameter to specify the time interval in which an appreciable amount of
displacement occurs.

In view of the expression of the initial displacement (10), it is convenient to use,
instead of (50), the function

f(t) — 2/2a2 w/4d . (51)
Since the Fourier transform of f(f) is
F () = q g™ ®08/2-=td, (52)

the initial displacement ¥, for the aperiodic case is obtained from (49) and (52), as
follows;

_ i —azm2/2—¢/4él: 2 iml—!‘kr-}«xﬂfi]d
Yo v;wf “e }/ﬂ(f/H)‘* “

—00

_ 2 J'mfaZmz/zfa/u 2 iwt-ikrra/ti | g z]/ 2 (t—1/v5)2/2 at
ay 2 Re - [1/;(@5 ] “=Y zu/m°

(53)

The caleulation of (53) shows that the aperiodic source can be derived by per-
forming the operation

sy 2 Re[ critigo, (54)
7T
0

to the expressions for a simple harmonic source. Accordingly, the same operation
yields the aperiodic solutions V¥, V, as

{FV;} =a]/g ReJmc"“awafz“/*‘{zs}dm. (55)
a- 0 a

If we use non-dimensional quantities, (55) can be written
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Vs . 2 - o Gy 2ii (7,07, %) @
{va}*z'/?“("g?)%ﬁ 7 ) (50

(Go] _ 1 feos (mmwz)cos (mmd) a2
LG,,} Vi {sin (m—%) 7 2} sin {(m— ) msf}} i’ (57)
f 048 =@l—y05) = (7i-£7), (58)
I=t/(Hp), a=afHp), E=yi=2L, (59)

where the subscripts m in 9, £, are omitted hereafter.

When we consider the case #, £ 3> 1, the integral in (56) can be evaluated ap-
proximately by the method of stationary phase. A contribution to the integral from
the immediate neighbourhood of the stationary point of the function j can give
approximate value of the integral, since the contributions from other parts of the path
are cancelled by interference. (cf. PERKERIS (1948)).

The stationary point 7, of the function f is determined from the relation

. =0, (60)

The function f can be expandcd in power serics in the vicinity of the stationary point as
& 1 1 o
f=(yd— fox)_ (Eo) Zu "“6— (E)WWQ’W (Eo) But— ... .. » (61)
where #=y—7,, and the dots over £ indicate successive differentiation with respect to
7. The suffixed factors are to be evaluated at y=y, I the slowly varying terms
G, G, are approximated by tlheir values at y=79, and are taken out from the
integrand, it follows that,

{ } 2]/ 9 EZ}R&[{ }Bc(?uyﬁzﬂz)‘.‘ o172 Fyue1/3% ad1/128ut— . ]Rdu:|
ﬂ

"

o —o0
- Togaf{Gonscin/ T ol £ B B )

(62)
where - sign is to be used if £, < 0, and — sign if £ 0. Inourcase, £can be cal-
culated as

e _ @ (tand) _ g, (63)

£= ay*  d(secd)?
which is always negative, so that -I- sign must be used.
Taking the first term in the bracketed one following e=*/¢ in (62), and rctaining
the second as a correction termi, we have

Vs /2 & 1, sy [€O8 (m %) cos (m 7 d) e E
{Va} W %3 %-ﬁ . {sm {m—%) =z} sin {(m— )m?}} €03 (ol —£o7) -

(64)
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The condition of the validity of this approximation is expressed by

%[— 5 G, G }<< L. (65)
Eo* 8

The condition (65) means that (64) is valid when the horizontal distance of the re-

ceiver is relatively large, and the time is sufficienily removed from that which is as-

sociated with the maximum value U =1 of the group velocity.

The analysis above given is summarized as follows; in the case of shock-type waves,
principal energy is transmitted with the group velocity, and for specified values of
%,  and , the approximate value ol the displacement is given by (64), and this ex-
pression is characterized by the frequency which corresponds to the group velocity
determined from the relation (60).

The parametric representation of (64) is given by

_ 4V§_a - "V/Sina{; —1/2(am wsec 8)2
Vo Vi % Vamcosh,©

« cos (7 E) cos (m mw d) cos [sin @, —m w tan 0, %]

v o— 42 a Vsin@, 172 (alm —1/2) wsec 09)2
= '\/E_ I '\/2'??4’— 100330

. sin {(m—%) w z} sin {m—1}) w d} cos [sin 0, i—(m—4) w tan 6, %] (66)

This expression is useful for numerical calculation. The condition (65) can be written
also in terms of 4. For this purpose, we write

B d*¢ _ d%(tang) _ 3cos'l
 dy* d(secO) sin® ¢ )
o @& _ a*(tang) _ 3 (cos”f+4cosPl)
dy*  d(sccd)t sin’ @
Substitution of (63) and (67) into (G65) gives
tano < 57 (68)
o} If this condition is violated,

tan ¢ or y must be very large. But
in this case, the integrand in (56)
becomes very small on account of
the factor @ e~ ®7%2 so that this
case needs not to be considered.
o Thus, the calculation of Airy phase
becomes unnecessary. Figs, 9, a,
b, c. show the variation of relative

amplitudes a;, @, of first few modes

with 7,
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Fig. 9, b.
Tig. 9. Relative amplitude in the case of shock-type waves.
where
BV'SINO, - 1/2amrsec gl #@V/sin &, —1/2[a (m—1/2) wsec 04]2
Oy= —————n— 8 4 Oy=——F———> ¢
VO m cosd, Vom—1 cos b,

(1,69)
and 7, is the frequency satisfying the relation Uf==#&. The inserted small figure in
Tig. 9,a represents the error-functional pulse from the source. Fig. 9, a corresponds
to the most sharp pulse from the source, and Figs. 9, b and ¢ correspond to less sharp
pulses in order. As the amplitude of ¥} always vanishes, this mode is omitted. In
Figs. 10 and 11 are shown respectively the variation of amplitudes e, a,, and the
frequency y,, with the factor (£—#,) /¢, where ¢, is given by x/v,. The behaviours of the
curves in I'ig. 11 are not changed for any value of @.

In Fig. 12 are shown the motions due to the first two modes when the source and
the receiver lie in the median plane (z7—d— 0), the horizontal distances of the receiver

g3

Fig. 10. Variation of the relative amplitudes o) and o, with
(¢ —2p) /'ty where fy=x/v,.
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\ =10, m=|

S WIMAA A s

Fig. 12, e

= /0, m=2

Fig. 12, d
Tig. 12. Calculaled records for ¥} and 2, when both the source and receiver lic in
the median plane. Figs. 12, a, b correspond to =5, Figs. 12, ¢, d to ==10.

being x=>5 and 10. These figures show that the normal mode solution is inadequate for
the precise prediction of the first arrival, but at later stages, a superposition of the first
few modes may provides rather correct aspect of the record.

7 Concluding Remarks

In the case of simple harmonic motion, there occurs resonance at ent-off fre-
quencies, as shown in Fig. 6. But, when we assmue a source which radiates waves of
varied amplitude in azimuthal directions, a new factor in the relative amplitude will
be introduced, and there might be cases where the resonance above mentioned dis-
appears,

In shock-type waves, the relative amplitude becomes the largest in I mode,
which suggests the existence of predominant antisymmetric motion.

In the earlier stage of the record, especiallv at the beginning of it, the superposition
of component motions due Lo respective modes becomes practically impossible owing
to the ever increasing [requency, so that we must resort to the ray solution. But, in
later stages, since the relative amplitude decreases considerably with increasing mode
number, a superposition of first few modes may provides rather good aspect of the
record.

If the formula (35), from which originales the ray solution, is obtained, the
normal mode solution can be found directly from this formula when the frequency is re-
latively large. This result may be useful for the problems of other layered media, in
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which the formula equivalent to (35) can easily be constructed.

Appendix
1. An Integral Representation of H,® (kr).

The Hankel function of the second kind and zeroth order can be written

co—nf2 1

.2 —=__ 1‘ g—i:coshm'dwr, 1
¥ e
—~oosmf2 1

provided that |arg z| <=/2 (cf. WaTson (1922))
Putting w'=i(w—40) in (1), we have
e
Hy® (3) = ——-I g acos(0=0) g oy (2)
T
—nf2

If we put w = p+1¢, the condition of convergency, [cos (w—6)]<0 can be expressed
by

g>0, #wt+8>p>46 } @)
g<0, O>p>—mil
Since the integrand in (2) has no singular point, the path may be shifted to the left by

an amount &, so that

1 /24 ioo )
HU{ZJ (z) — j e—ncns{w—ﬂ}dw . (4}

L —n/2—1ico

In this expression, the convergency of the integral is secured by the relation (3).

If we put
a=Fkr, rsinfd=x, ycoel =|z—d| (5)
it follows that
/24100
By P L [ qtimtimsandionnsl og (6)
" -2 —400

This expression may be considered to be a superposition of plane waves.
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