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. Chapter TTT Equations of Motion and Energy.

The equations of motion when the velocity is not very large are
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and the total work done at the boundary of the elementary volume (W) is
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where T is the kinetic energy.

Replace the stress components in the last part of this expression, which expresses the
elastic internal energy and the dissipation of energy by strain components, we get
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If the strain components are given as fum.nons of ¢, this equation has the form
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Integrating this equation by . remmdmg that if # = ¢ =0, E must be zero, we get
E =2 + udp*+ e'“’f{(k’ﬂz + p'p*) — a(ag* + ,uc;b*)} e'sdt .

The first two terms of this equation express the elastic internal energy, the last term is,
therefore, the dissipation of energy.

§ 2. In equation (3.1), the right hand side is transformed, by replacing the stress compo-
nents by strain components, in the form
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If the external force is negligible, (3.7) becomes
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If the acceleration is negligible in (3.7) we get
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where & is the external force and v the displacement.
In equatiun (3.8), if # =0, then we get
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Take the divergence of displacement in all terms of (3.8), then we get
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These equations (3.10) and (311) are important as the fundamental equations for wave
motion.

If @ =0 in equation (39), we get
ofa -

§ 1. Put
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where v is the displacement potential, ¢ the scalar quantity (scalar potential)and divA =0
(A the vector potential), then we get '
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In like manner, we express the extenal force & by
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Then equation (3.9) is transformed in
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The particular solutions of this equation can be obtained by writing down the particular
solutions of equations
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Now & can be expressed in forms of type (4.3) by putting



68

S, T. NAKAMURA

ol [fz o

|

o+ 2 avayaz
= e --41;fff(.s?’grad—}_)du,
_—fff E3 r ;(3’))”@’%’ s TR B neh (4.;)
M=Tf;fff(x'§é-(i Z’%(%))dﬁc’dy’dz,
Nk f f f = (5 X’s—y(%))dx’dy’dz',
o A =%fff(ﬂ'grad%—)dv,

where & (X',Y",Z') denotes the external force at any point x, ¥, 2z within a volume 7
» is the distance of this point from x, v, z and the integration extends through 7

We now pass to a limit by diminishing all the linear dimensions of T indefinitely, but
supposing that f f f X' dx'dy'dz has a finite value
Put
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then we have
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Putting these in egaution (45), we get
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where F, G, H are tne components of the vector potential A
The solutions of these equations are
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Put C; =C,= C; = C, =0, then we get
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The corresponding forms of #,v,w, the components of displacement are
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The stress components corresponding to these strain components are
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§ 2. Let a force P/h be applied at the origin in the direction of the axis of x and let
an equal and opposite force be applied at (4, 0, 0) and let be %k diminished indefinitely
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while P remains constant. The displacement is
ou oy Gw
(pZf, P2, P2 | S ———— (417)

ax dxX

Such a force are described a double force without moment.
If three double forcs without moment be applied at origin with their axes parallel to the
axes of co-ordinates and specified by the same quantity P, the resultant displacement is
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In (4. 18),(4. 19) and (4. 20)
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Hence-the stress components are given by
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The stress components on a spherical surface with its centre at origin are, thus. given by
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Therefore the stress component is perpendicular to the spherical surface with its centre

at origin and its maganitude is given by

(IU‘ + = )f )d)v(”")
( + ’)t)R’ i ey < e L EC (4.26)

§ 3. We suppose the centres of dilatation as discussed in § 2 are distributed along the

axis of z from origin to z = —oo. The displacement is given by integrating the equation
(4.22) from z =0 to z = —co. The result is
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For this displacement, the components of strain are as follows:
_ _Pfm) . . . MW i <P S |
i == %r(x4~a+)afl°g(z 'r)_4w(x'+2u)lr(z r)y  r(z+r)[’
. Dym) T 2 pym  PukR) il Y i i
e"”ﬁ4rr(7\,-+-2u)ylog( i dr(a +2p) ! 7z + 1) Tz )
~ Pym) Dy(m) 2.
o = iy £ 2p) DR 0BT T — e oy
py(m) o o Dylm) ¥
e = gt T S (F ) = = s
_ B(m) ¢ e __®my  x
e"'j T2z (A 21) az‘axlng(” Fri= 2w (N +2u) v '
<D, (m) o _ ®y(m)  x(z -+ 2r)
€t = 22 (A + 20) va'og(z ) = 2N - 2u) Az 4 or)
=0,
20, — 20, 20, =0,
And the stress components are given by
. %y _u_ A P iy )
0 X—W}“%lﬁmuﬂ?h(urymlyu)?mpjﬁii
(‘a ) ) " 2a(A + 2p) i OBLETEI=" g e 2 ) 7’z - r)
R PO i B
(G’ +_j )Y =('u s EJE jq’ﬁ( ") (_"“d log (2 {,r>:(|u el ot ](]L-Fju_) f__i""' £
S e Y 27(n +2u)  oF : 2ﬁ(x-;2gq iz +r)
( 5 (,u e ——-j(l),,(m) - {,u. = = 'd),.(m
S i e = Za4r)= —— . .
@ ot )z T 27N 4 21 ] h‘g" J 27(\ -+ 2;.:) ?’*f '
( 5 (u'—!—p:%jtlm(m_) - ' (p- ,w }qr,.l m) -
B+ 1= _27(h +2u) oz g (a+7d = = 2#(\ + 2u) 7
o (y, T )q)p(m) o ' {0 1 ; S, (m)
(a o o= er(l +2u) D2l BgCd i == 27 (N + 21) 2

73
----- (4.27)
(4.28)
__x
ri(z+r))
e
(2 r)}




74 ST NAKAMURA

. L' ue D:‘ jt[:,.('m) sy (Ll- Rl )(1)1.(;:1)

Wz - 27)
(CI =k '};)X'v == X

ot . Vo o AWZ - &Y )
2iCn 2 Ty B Y= —— e
At a surface of a hemisphere, for which » is constant and z is positive, these give rise

to tractions
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Or the spherical surface is subject to a traction whose magnitude is
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§ . We consider a visco-elastic body to which forces are applied in the neighbourhood

of a single point on the surface.

We take the origin to be the point at which the load is applied, the plane z = 0 to be the
boundary surface of the body, and the positive direction of the axis of z to be that which
goes into the interior of the body.

The local effect of force applied at the origin being very great, we suppose the origin
to be excluded by a hemispherical surface.

The displacement in visco-elastic body subjected by a force applied at the origin paral-
lel to the axis of z can be easily written down from (4.13),
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The corresponding stress in the body being given by, as (4.15)
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The displacement given by (4.32) can be maintained in the body by tractions over the
plane boudary, which are e.\;pressed by the equations
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The displacement expressed by (4.27) could be maitained in the body by the tractions
ovVer the plane boundary, which are expressed by

[ 5 (.u +ou |(Ju:(m) N ]
@+ =) Xe = — 2ﬂ(l+2ﬂ‘) Pl !
.{,w +,L Icp,,(m) » \ PPN . 175
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and by traction over the hemisphencal boundary. thich are expressed by equations(4.30).
The resultant of the latter is a force

’

(,Uv -+ }-‘-' )(I)H (m)
= x+2y L (4.8T)
in the direction of axis of z

If put ¥ (m) = —2P,(m). then the state of displacement expressed by the sum of the
displacements (4.27) and (4.32) will be maintained by forces applied to the hemispherical

surface only and the displacement is given by the equations
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Or the displacement expressed by the quations
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are maintained by a force
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These are the generalized furms of BOUSSINESQ's equations.
§ 5. As an example, we put
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Similarly putting ! instead of m in @,(m), we get
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uBt. -
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§ 6. Most important case of (4.39) in geophysical problems is to estimate the value of

w0 on the plane boundary or at 2 = (0. We get

Hhah = — Mo 1) .

daur
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If the budy subject to a distributed tractions, P is a function of x', ¥ and ¢ and we have
Wiy = — 4:,?, f[ ([—)—"f;—[-)-— HEUG 5 v ro v pemmmanrne oGk 46)
where the integration is extented over the all arca in which the tractions are distributed.

If, for example, the body subjects to constant traction over a circular area of radius
R with its centre at origin, F and accordingly P are constant over the area and zero

outside of it. We get, therefore, in this case

. Bt
m—f%%f f pdfdp —. T . )
o (rid-p* —2rpcosd )*

Wemg =

This can he evaluated by using zonal harmonics, and we get
D) (1R, 1 1 1R 3 _1_ 1 38K
=

W= “p R 12 r " 282782746 ~
5 1 1 3 5 K 1 _
t Tt ey Tor >k,
and DD 11 2 1 1 3 7
Weed = “ppuR 1 2 2R 248 R
1 1 3 5 % o e
=4 2 . 4* "6*"1-6 'Rr; - } Tor r<KR.




