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Landau quantization of the m energy bands of a carbon nanotube is calculated within the tight-binding

approximation. The energy bands do not show explicit Landau levels, but they do have energy dispersion for
all values of magnetic field. The energy bandwidth shows oscillations with a period that is scaled by a cross
section of the unit cell of the tubule, which is specified by the symmetry of the nanotube.

Carbon nanotubes are of exceptional interest as one-
dimensional (1D) materials on a nanometer length scale. '
The electronic structure is especially significant in the sense
that carbon nanotubes can be either metallic or semiconduct-
ing, depending only on the symmetry of the tube specified by
a vector (see chiral vector, Ca, in Fig. 1). The magnetic
response of the electronic structure for such one-dimensional
materials with a two-dimensional surface is especially inter-
esting, and is relevant to recent magnetoresistance and
susceptibility ' experiments.

In a two-dimensional cosine band with lattice constant a,
there is fractal behavior in the energy band spectra in a mag-
netic field H, depending on whether Ha /Po is a rational or
irrational number, where Pe=bc/e is a flux quantum. ' All
energy dispersion relations are a periodic function of integer
values of Ha /Pn. However, the corresponding field is too
large (-10 T) to observe this fractal behavior explicitly. In
relatively weak fields (-10 T), we only observe Landau
levels, except for Landau subbands near E=0 in the case of
a 2D cosine band, since the wave functions near E=0 are for
extended orbits.

Ajiki and Ando' have shown an Aharanov-Bohm effect
in carbon nanotubes for H

~~
the tubule axis, and Landau

level quantization for H J the tubule axis. However, there is
a limitation for using k p perturbation theory around the
degenerate point K at the corner of the hexagonal Brillouin
zone in the case of a carbon nanotube, since the k values
taken in the direction of the tubule circumference can be far
from the K point, leading to incorrect values of the energy,
especially for small carbon nanotubes and for energies far
from that at the K point.

Here we present the magnetic energy band structure for
carbon nanotubes within the tight-binding approximation, in
which we use only the approximation that the atomic wave
function is localized at a carbon site, and the magnetic field
varies sufficiently slowly over a length scale equal to
the lattice constant. This condition is valid for any large
magnetic field, even if we adopt the smallest diameter car-
bon nanotube observed experimentally, whose diameter is 5

O

times as large as ac c=1.421 A, the nearest-neighbor C-C
distance.

When the magnetic field H is applied perpendicular to the
tubule axis, we can consider the two-dimensional vector po-
tential A for the tubule surface as

0(x(L, L=agn +m +nm,

0&y&T
(2)

where a is the lattice constant of the honeycomb lattice

(a = +3ac c), and the integer dtt being defined by the great-
est common denominator d of the two integers n and m,
as

dg=
3d if n —m is a multiple of 3d

d if n —m is not a multiple of 3d.

When we use the vector potential, the wave vector kY in the

y direction remains a quantum number of translation even in
the presence of a magnetic field (—m(kYT~ m). The wave
vectors k„in the x direction mix with each other in the pres-
ence of a magnetic field in accordance with Eq. (1). The
number of the wave vectors in the x direction is N

k,"=(2m/L)(r/N) (r= 1,. . . ,N), (4)

where N is the number of hexagons in the tubule unit cell
given by

N=2(n +m +nm)/dtt

Since we have two inequivalent carbon sites A and B in the
graphitic unit cell, we must solve a 2NX2N matrix to find
the energy eigenvalues for a given k vector.

A= (0, (LHl2 m) sin(2 m/L )x),

where L is the length of the chiral vector, Ca, (L= ~Ca~),
and the coordinates x and y are taken along the circumfer-
ential and tubule axis directions, respectively (see Fig. 1).

For a chiral vector Cs=nat+na2=(n, m) (n, m are inte-

gers; at, a2 are unit vectors), the unit cell of the tubule is a
rectangle specified by C~ and a translational vector T as
shown in Fig. 1,
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Within the tight-binding scheme, the Bloch functions for
two equivalent carbon sites s (s =A,B) in a magnetic field
can be expressed as

1 ~ e
'0'(k, r)= g exp ik R+i GR y, (r—R), (6)

NR t. c )

where GR is the phase factor associated with the magnetic
field and is expressed by

GR= A(g) .dg= (r—R) .A[R+ X(r—R)]dX, (7)
JR Jo

where the integration is taken on the line from R to r. When
the Hamiltonian in the magnetic field,

.W'=(1/2m)[p —(e/c)A] + V, (8)

operates on qr'(k, r), we obtain

1 1 i e l' / e
'(k, r)= g exp(ik R) ~ p ——A +V exp i —GR q, (r—R)

2m ( c ) t Pic )

=1 e ) 1 t eg exp ik R+i —Git p ——(A —VGR) +V rp, (r R)—
Itc 2m ( c )

I' p l p2
g exp ik R+i

&
GR +V y, (r—R).

ftc ) 2m
(9)

In obtaining the last line of Eq. (9), we use the fact that (1)
the magnetic field is slowly changing compared with the
change of y, (r—R), and (2) q, (r—R) is localized at r=R.
Equation (9) is independent of the value of H and the func-
tional form of A. '

Using Eq. (9), we can calculate the matrix elements of
,W between two Bloch functions and solve the matrix to
obtain the eigenvalues. It is noted here that we will have a
term in exp[(ie/Itc)(GR —GR )] in the matrix elements, which
is explicitly dependent on r as

~R'
GR —G„= A(g)dg+4(r),

JR
(10)

where tp(r) is the flux that penetrates the triangle defined by
the three points, R, R', and r. However, we neglect this
phase factor in the integrals over the atomic matrix element
for simplicity. This approximation is valid when the mag-
netic field changes slowly compared with the lattice constant.
This approximation is consistent with the assumption that we
made above. The details of this formulation will be presented
elsewhere. '

In Fig. 2, we show the energy dispersion curves E/yp vs
the dimensionless wave vector r/= kY T/2m for a Ct,
=(10,0) nanotube at several values of the dimensionless in-
verse magnetic length v=L/27rF, where the magnetic length
8 is defined by /eh/eH, and v has values: (a) 0.0, (b) 1.0,
(c) 2.0, (d) 3.0 in Fig. 2. In the case of the 1D tubule

Cl, =(10,0), we have 40 (=2N) energy bands, some of
which are twofold degenerate in the D&0 point group. There
is no Landau level formation for the magnetic fields in
Fig. 2. In two-dimensional graphite described by two-
dimensional cosine bands, the magnetic field is constant over
the two-dimensional plane, and thus the magnetic subbands
have a small energy dispersion, which we can call a "Landau
level (or subband). "However in the case of a carbon tube,
the magnetic field is oscillating in the direction x with the
period L, and thus there is no energy degeneracy associated

with a quantum number in the direction of ky Further, in the
2D case, the magnetic energy levels depend on whether
Ha /Pp is a rational or irrational number. "When Ha /@p is
rational, that is Ha /Pp=p/q (p, q are integers), q Landau
subbands form because of the qa translational symmetry in
the direction of x for the transfer matrix element,
~ exp(ieHax/cA) between y and y+ a. The corresponding
unit cell becomes of size qa X a in a magnetic field. Thus the
unit cell in a magnetic field is a function of q and H, which
gives a fractal spectra of Landau levels as a function of H in
the case of a 2D cosine band. However, this is not the case in
1D tubes in which the total magnetic flux penetrating the
surface is canceled in the front and back surface of a tube
with the period L. Thus, the unit cell is always of length L in
the direction of x, and the number of k„vectors does not
change by changing the magnetic field. This is the reason
why we get no Landau levels over the whole energy range of
the energy bandwidth. If we take the limit of L~~, the
vector potential A in Eq. (1) goes to (0/Ex) and the number
of N becomes infinite. In that case again we should consider
the effect of whether H+3a /4$p is a rational or irrational

FIG. 1. Unit cell of a chiral carbon nanotube. x and y are the
directions of the circumference (OA) and tube axis (OB), respec-
tively. The figure is drawn for Ch

——(4,2), T=(3,—5), d=2,
da=2, L= ~28a, N=28.
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FIG. 2. Energy dispersion relations of a Cq=(10,0) carbon

nanotube as a function of y=kYT/2m for several values of the

dimensionless inverse magnetic length v: (a) 0.0, (b) 1.0 (c) 2.0, (d)

3.0, where v=L/2mÃ aud c = /eh/eH The mag. netic field H is

perpendicular to the tubule axis.

number, when considering two-dimensional Landau levels of
graphite.

When the magnetic field increases, the energy dispersion
of each tubule energy band becomes narrower (see Fig. 2)
because of magnetic interband interaction between different

k bands. This narrowing is easily seen in the case of zigzag
tubes for which the chiral vector Ci, is expressed as (n,0).
For a general chiral vector, the narrowing also occurs. How-

ever, it is difficult to see this effect, since the energy disper-

sion curves with different symmetries can cross each other in

a complicated way. This fact implies that the effective mass

of the electrons increases with increasing H, and this effect
might therefore be observed in a cyclotron resonance experi-
ment. The magnetic field scale, over which the bandwidth

decreases, depends on L, or the tube diameter. If the tube

diameter is sufficiently large (200 A), the phenomenon
should be observable in available laboratory magnetic fields

(5 T).
The total energy bandwidth decreases with increasing

magnetic field (see Fig. 2) and these oscillations in band-

width are found not to depend on kY. The reason for the lack
of kY dependence is that kY is a quantum number independent

of H. The interband mixing effect between different k val-

ues is sensitive to kY. However, when we apply higher mag-
netic fields, the total energy bandwidth is found to oscillate
as a function of H, as shown in Fig. 3. The energy at

kY=O is plotted in Fig. 3 as a function of a dimensionless
magnetic field (L/27r+ /md for the three tubules Ci, = (a)
(20,0), (b) (20,20), and (c) (9,9).The bandwidth oscillates as
a function of (L/2m+ /7rd for these three tubules. It is,
however, stressed that the oscillations are not fully periodic,
but rather the "period" and oscillation amplitude are chang-

ing with increasing magnetic field.
The main oscillation can be explained by the magnetic

(L/2@i) Ind

FIG. 3. The energy at k =0 as a function of a dimensionless

magnetic field (L/2m+ /md for a zigzag tubule (a) (n, m)
=(20,0) and two armchair tubules of different diameter (n, m)
= (b) (20,20) and (c) (9,9).

factor appearing in the transfer matrix elements, in which

the matrix elements between k~ and k~ are proportional to
—J~ v i(q), where J„(q)is the nth Bessel function and q is
expressed as

L ~
2 2sinmh XL/~ L

q= 5Y —= f(~b Y) (11)
~2~ ~

AX (2m

in which AX, b, Y are the nearest-neighbor distances along
the x and y directions. There are three possible nearest-

neighbor sites which should be summed in the matrix ele-
ments. From Eq. (11), the energy dispersion is a function of
the product of the dimensionless magnetic field (L/2rrg
and a factor f(bX, AY) which is related to the symmetry of
the tube. In the case of Fig. 3, the curves show that for the

high symmetry zigzag tubes (n,0) and armchair tubes (n, n),
the energy dispersion relations may be scaled by
Jo[(L/2m+ c/dj (where c is constant). For more general

(n, m) chiral fibers, we can see the same shape of oscillation
as in Fig. 3. However, in the general case, the scaling factor
depends on the tubule symmetry and the scaling factor is not
always equal to d, the highest common denominator of
(n, m)

It is interesting to see for a semiconducting tube (20,0)
that the energy gap at the Fermi energy EF=0 is oscillating
between the zero-field band-gap value and 0 as a function of
magnetic field. This means that the semiconducting tube can
be either metallic or semiconducting with increasing mag-
netic field, dependent on the H values. This phenomenon
was already pointed out in the case that the magnetic field is
parallel to the fiber axis. ' This result, however, is not found

in the k p perturbation theory calculation when the magnetic
field is perpendicular to the tube axis. The oscillations in Fig.
3 can be found only when we consider the symmetry effect
of the carbon nanotube, which gives rise to a finite number

of wave vectors in the k direction. This phenomenon can be
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seen also for metallic tubes if we select only those kY values
which cross the K points. It is noted here that all k, values
with a fixed kY are mixed with each other. If a given kY value
does not cross the K point, it is generally impossible to
achieve the E=O condition with any mixing of k„values.

It is important to note here that we neglected the Zeeman
term (Hg o p,z) in the present calculation for simplicity. Lin-
Chung and Rajagopal pointed out that the oscillation of the
magnetic moment as a function of magnetic field (Aharanov-
Bohm effect) is significantly affected by this spin-
paramagnetic contribution when the magnetic field is along
the tubule axis. The Zeeman effect should also be taken
into account in the present calculation when the magnetic
field is perpendicular to the tubule axis. %hen the interaction
for the hopping matrix element is spin independent, as in our
simple tight-binding calculation, each magnetic energy band
is split into spin-up and spin-down bands by +Kp,z, where
we assume g=2 and o.= 1/2. Here the direction of the spin
is defined along the direction of the magnetic field and we
imagine that an electron transfers from one atomic site to
another without changing spin direction. If the Zeeman split-
ting of the energy bands is larger than the energy gap near
the Fermi energy, then the electron and hole Fermi surfaces
form in the Zeeman-split energy bands. Such large magnetic
fields could make a semiconducting tubule become semime-
tallic. Since the energy gap of a semiconducting tubule does
not depend on tubule chirality, but is inversely proportional
to the tubule diameter, ' we can estimate the magnetic field
corresponding to an energy gap Eg=2p&H (for Eg=0.275
eV and d, = 100 A), obtaining H-2300 T. Thus the small
oscillation of the energy gap observed in the semiconducting
(20,0) tubule may still be observed when we include the
Zeeman term. As for the case of metallic tubules, the Zee-
man term would affect the magnetic susceptibility, as dis-
cussed by Lin-Chung and Rajagopal. The competition be-
tween the Zeeman term and the lattice geometry (or lattice
potential) is not simple for the larger diameter tubules and
higher magnetic fields, and a more detailed treatment of this
effect will be reported elsewhere.

In the case of the armchair nanotubes (20,20) and (9,9)
the energy levels in the first period of the magnetic field are
identical to the energy dispersion for these tubes in the di-
rection of kz in the case of K=0. In such a high symmetry
case, we can see that application of a weak field corresponds
to a shift of the k vector in the T direction (see Fig. 1). It is
not easy to see this relation for a general chiral tube.

Such large oscillations might be observed in carbon nano-
tubes with very large diameters, since the period is basically
proportional to the inverse of the square of the diameter (in
the case of Fig. 3, the period is proportional to the inverse of
the diameter, since da is the order of I.). For example, in the
case of a (74,74) tube whose diameter is 100.4 A, the first
node of the oscillation corresponds to 470 T, which is still a
very large field value for an experiment. However this is the
worst case, since the tube with a large d has the highest
symmetry. If we take the lowest symmetry case with d=1
and with a tubule diameter d, in A., and we assume that the
symmetry factor f(b,X,AY) is —1, the first mode occurs at a
field of 2X10 /d, T which is only 2 T for a d, value of
-100k

As seen above, for a given diameter d„the symmetry
factor f(bX, AY) in Eq. (11) is essential for determining the
period, since we can see that the tubules (20,0) and (20,20),
whose diameters differ by a factor of g3, have the same
period. Further, the difference between the highest symmetry
case and the lowest symmetry case are on the order of 2 for
d, = 100 A. Thus, the observation of this oscillation may pro-
vide a tool for determining the chirality of a carbon nano-
tube. Furthermore, the oscillation of the total energy of the
m bands could give rise to a large oscillation in the magnetic
susceptibility. It is noted that these oscillations are different
from the usual de Haas —van Alphen oscillations, where the
period of oscillation is proportional to H. Furthermore, the
oscillations in the density of states and in the effective mass
of the 1D carbon nanotubes at the Fermi level would give
rise to interesting phenomena in the magnetoresistance at
very low temperature. In the experiments, the effect of mul-
tilayers would tend to cancel the oscillation from tubules of
different diameters and symmetries. A large diameter single-
wall carbon nanotube would therefore be preferable for ex-
perimental study. A more detailed report on the properties of
the magnetic energy band structure for carbon nanotubes will
be presented elsewhere.
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