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We study collective phonon excitations in SrTiO3 by low-frequency light scattering. We employ
extended thermodynamics for phonon gas to construct a theoretical spectral function that is applicable
regardless of local thermal equilibrium. Our analysis reveals the temperature dependence of �N , the
relaxation time for the momentum-conserving phonon collisions (normal processes), in SrTiO3. These
results indicate that the previously reported anomalous soundlike spectrum originates from second sound,
which is a wavelike propagation of heat.
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SrTiO3 and KTaO3 have provided many interesting
phenomena that may be attributable to the large anharmo-
nicity and large zero-point motion in these materials,
which are called ‘‘quantum paraelectrics’’ [1]. In such
highly anharmonic systems, collective phonon excitation
plays an important role in energy transport, where thermal
diffusion, the ‘‘second-sound’’, or the kink-soliton wave
are thought to occur, based on molecular dynamics simu-
lations [2]. Second sound is a wavelike propagation of
entropy or temperature [3], and it must be studied carefully
because ‘‘temperature’’ should effectively modulate or
couple with many other elementary excitations. In solids,
however, second sound is rarely observed or investigated,
except in solid He, isotopically clean samples of NaF, and
Bi [4,5]; this is because it simultaneously requires both
sufficiently rare resistive (momentum-destroying) phonon-
phonon collisions (including umklapp and impurity scat-
tering processes) and sufficiently frequent normal
(momentum-conserving) ones [6]. Furthermore, the ex-
pected second-sound frequency is too low for second sound
to be observed in most dielectrics in large-angle light-
scattering experiments with visible light sources [5].
However, it has been proposed theoretically [7] that second
sound may exist in SrTiO3 because the normal phonon
collision should be rather frequent due to strong interaction
between long-wavelength, ‘‘soft’’ (low-frequency) optical
phonons, and acoustic phonons [8]. The second-sound
frequency in such a system should be in the 10 GHz range,
which is observable in ordinary light-scattering experi-
ments. More recently, an anomalous soundlike spectrum
has been observed in a Brillouin light-scattering experi-
ment in SrTiO3, and this spectrum has been tentatively
ascribed to second sound [9]. If second sound with such a
high frequency exists, a coherent or large-amplitude exci-
tation of this ‘‘entropy wave’’ might be realized by optical
methods [10], and this wave, in turn, should enable us to
drastically modulate various excitations in SrTiO3 and re-
lated materials. However, since little information is avail-
able on the normal collision rate, the existence of second
sound in SrTiO3 is still controversial, as a number of
negative reports have been published by other authors [11].

In this Letter, we present a theoretical background that
helps us understand the experimental spectra from the gas
of phonons, and we analyze the experimental data to obtain
important and novel phonon-gas characteristics, namely,
the temperature dependences of �N and �R, which are the
relaxation times for normal and resistive phonon-collision
processes, respectively. Fits of the newly obtained theo-
retical expression to the experimental light-scattering spec-
tra strongly suggest that the origin of the anomalous
doublet-spectrum is second sound.

Recently, a nonequilibrium phenomenology called ex-
tended (-irreversible) thermodynamics (ET) has been rec-
ognized as a powerful means of describing many
nonequilibrium aspects of transport phenomena [12].
From the one-dimensional ET equation of a mixture of
longitudinal and transverse acoustic (LA and TA) phonons
[13], we have recently derived an expression for the scat-
tering spectrum due to energy fluctuations in phonon gas
[14]. The result for LA phonon gas in the Fourier-Laplace
space is
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where we have assumed for simplicity an average group
velocity of phonons �c and average relaxation times �N and
�R for both LA and TA modes, and we have defined that
��1 � ��1

N � �
�1
R . In Eq. (1), the natural frequency of a

phonon gas is defined as

 !0 � �cq=
���
3
p
; (2)

with the scattering wave-vector magnitude q �
2k sin��=2�, where k is the wave-vector magnitude of the
incident probe (such as that of light) and � is the scattering
angle. The spectrum for TA mode, STA

ET �q; s�, is given
simply by interchanging the superscripts: �l� ! �t�, and
vice versa. The total spectrum is a linear combination of
SLA

ET �q; s� and STA
ET �q; s�, viz.,

 SET�q;!� � Re�p1S
LA
ET �q; s� � p2S

TA
ET �q; s��s�i!; (3)
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where p1 and p2 are weighting coefficients. In Eq. (1),
����s are continued-fraction expressions for the spec-
trum for LA and TA phonon gases, respectively, where
� represents the phonon mode either LA (l) or TA (t).
����s are recursively given as ����m � �s� ��1 �

�m�1 �c2q2����m�1�
�1�m 	 3�, with ����2 � �s� �

�1
R �

�2a
�����1

N � �3 �c2q2����3 �
�1, ����1 � �s� �2a

�����1 �

�2 �c2q2����2 �
�1, where a��� � 2, 1 for ��� � �l�, �t�, respec-

tively, and �m is defined as �m � �m� 1�=�4�m� 1�2 �

1��m 	 2� [13]. Finally, W�l��s� is given as W�l��s� �
2�N�

�1�1 � 4��l�1 �
�l�
2 =�9�N��� � !�2

0 �s � a�l�=3�� 

�s � a�t�=3� � a�t���l�1 =9�2� and W�t��s� is given by let-
ting �l� ! �t�, and vice versa, in W�l��s�. Although this
phenomenological formalism appears to deal with only
the LA-TA coupling, it can be understood that the relaxa-
tion processes of each mode toward the equilibrium dis-
tributions should effectively involve interactions with other
excitations, such as optic phonons or impurities [13].

Since Eq. (3) is too complicated to capture the physical
significance of the spectral components, we need a simpler
expression with appropriate approximations. If phonon
collisions take place frequently enough within the
observation-length scale, i.e., either �c�N � q�1 or �c�R �
q�1 holds (‘‘hydrodynamic regime’’), Eq. (3) can be well
approximated as the sum of two spectra: one arises from a
damped harmonic oscillator (DHO) of a collective, ther-
malized phonon gas and the other arises from kinetic
collisions between individual phonons. Thus, for the hy-
drodynamic regime, we have
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where we have defined �ss and �2 as
 

�ss � �2=15� �c2q2�N � �2�R�
�1; (5a)

�2 � ��1
N � �

�1
R � 1:23 �cq; (5b)

where P1 and P2 are weighting coefficients, which depend
on the strength of the coupling between phonon modes. It
is an important new feature that the ‘‘thermodynamic’’
DHO spectrum is superposed on a broader nonthermody-
namic central peak.

If �ss 
 !0, the DHO is heavily overdamped. The first
term in Eq. (4) can then be further approximated as a
central Lorentzian due to thermal diffusion, whose width
is given by �1 � Dthq

2 � �2, where Dth �
1
3 �c2�R is the

thermal diffusivity. In this case, SHD�q;!� should consist
of two unshifted Lorentzians. This phenomenon has been
actually observed in many dielectric crystals, including
SrTiO3 [15,16], but the origin of the broader Lorentzian
has been unknown in the 30 years since its first report [15].
The observed linewidth for the broader Lorentzian had
little dependence on q, and it was approximately propor-
tional to T [15,16]. These features can be explained in
terms of Eq. (5b) with the fact that the phonon-collision

rate ��1 is proportional to the number of thermally excited
phonons. It is worth noting that the two-phonon difference
light-scattering mechanism, which was previously pro-
posed as the origin for the broader central peak [15], can
be shown to be a special case in the ET description of light
scattering [14].

If �ss <!0, the DHO is underdamped and exhibits a
resonance at a frequency
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This is the ‘‘second-sound’’ resonance [2], and entropy
now ‘‘propagates’’ at a velocity slightly slower than
�c=

���
3
p

. Equation (4) shows that the second-sound spectrum
must be generally accompanied by a broader central
Lorentzian with a width of �2. Note also that the widths
of the broad central Lorentzian and that of the second-
sound doublet are not independent: both linewidths are
essentially determined by four common parameters, �N,
�R, �c, and q.

We measured the temperature dependence of the low-
frequency light-scattering spectra in SrTiO3 in the tem-
perature range of 295 to 6.4 K with q-vector (jqj � 6:0

107 m�1) set parallel to the crystalline [100] direction in
the high-T cubic symmetry [16]. The recorded spectra are
reproduced in Fig. 1 at a higher resolution than in Ref. [16].
It is clearly seen that, for relatively high temperatures, the
spectra consist of two Lorentzians centered at ! � 0. As
the temperature decreases, the narrower component broad-
ens while the broader one narrows [16]. This can be
explained from the expressions for �1 and �2. Although
the crystal was not oriented under 105 K, at which SrTiO3

undergoes a structural phase transition from cubic to
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FIG. 1 (color online). Temperature dependence of the low-
frequency light-scattering spectra in SrTiO3 from 6 to 295 K
(log-log plot). ‘‘LA’’ and ‘‘TA’’ denote longitudinal and trans-
verse acoustic phonons’ Brillouin lines, respectively. The inset is
a semilog plot for the spectra below 72 K. Each spectrum is
appropriately scaled for visual clarity. The solid lines are fits of
Eq. (3).
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tetragonal symmetry, our sample exhibited a clear doublet
spectrum superposed on a broad central Lorentzian. As
reported [9,17], the observed broad doublet had a charac-
teristic of soundlike excitation; i.e., the frequency shift was
linearly proportional to q. In addition, the observed line-
width of the broad doublet has been reported to vary as qp,
where p is a constant close to but smaller than 2 [17].
These two aspects for the shift and the linewidth are in
good agreement with Eqs. (6) and (5a), respectively.

In fitting the formula Eq. (3) or Eq. (4), we set the value
for �R as a known parameter, estimated from the relation
�R � 3Dth=v2

D, where vD � 5400 m=s is the averaged
sound velocity generally employed in Debye’s model [3].
The temperature dependence of Dth was measured sepa-
rately [16] by the impulsive stimulated thermal scattering
technique [10]. The values of Dth so obtained were already
confirmed to be consistent with the published values [16].
Thus, five parameters were adjusted in the fitting: for
Eq. (3), �N , �c, p1, p2, and Cbg; for Eq. (4), �N , �c, P1, P1,
and Cbg, where Cbg is a constant background. We could
better fit the spectra observed at 6.4 and 15 K if we replaced
the constant background with an appropriate inelastic
structure [9] arising from first-order Raman scattering by
a softened transverse optic phonon mode [18]. The ob-
served spectra have been quite well fitted by both Eqs. (3)
and (4) in the temperature range below 100 K. At higher
temperatures, the experimental spectra were better fitted if
we distinguished the sound velocities and the relaxation
times for LA and TA modes in the ET expression instead of
regarding them as common ones. Below 100 K, the repro-
duced spectra for the two expressions in Eqs. (3) and (4)
almost indistinguishably coincided with each other above
�20 K, although only slightly different values for �N were
obtained. Below 20 K, however, systematic deviations
between the two models occurred, and the obtained values
for �N were significantly different at 6.4 K.

Figure 2 shows the temperature dependence of ��1
N

obtained in the present analysis and that of ��1
R obtained

in the previous work [16]. Below �50 K, ��1
N gradually

deviates from ��1
R , seemingly giving rise to a frequency

window for second-sound observation (the region between
the lines for ��1

N and ��1
R in Fig. 2). The fact that the fitted

�N , �c, and the known �R simultaneously satisfy Eqs. (2)
and (5) implies the high reliability of our analysis. In fact,
the values obtained for �c ranged from 3600 m=s at 6.4 K to
5900 m=s at 50 K, which are quite reasonable compared
with vD � 5400 m=s. The value of �N can be roughly
evaluated from the Gurevich-Tagantsev relation [7],
�U=�N � �1=2, where �U and � are the umklapp scattering
time and the dielectric constant, respectively. Replacing �U
with �R, which is smaller than �U in general, and substitut-
ing the known value for � (�103�4 for T � 20 K [19]), ��1

N
is expected to be on the order of 1012 rad=s or less for T �
20 K; this does not contradict our result.

We also show in Fig. 2, the second-sound frequency,!ss,
and the linewidth, �ss, estimated, respectively, from

Eqs. (6) and (5). It is seen that several temperature ranges
may be defined according to the relation between !ss, ��1

N
and ��1

R : (I), T > 70 K; (II), 40 & T & 70 K; (III), 20 &

T & 40 K; (IV), T & 20 K. Region I (T > 70 K) corre-
sponds to the case of heavily damped second sound, i.e.,
thermal diffusion regime, and the observed spectra consist
of two unshifted Lorentzians as we have shown in Fig. 1.
The fitting result was not sensitive to the value of �N in this
temperature range, and no value for ��1

N is shown. The
values obtained by fitting Eq. (3) with different values of c
and � for the LA and TA modes to the observed spectra
yielded reasonable values of ��l�R and ��t�R [20], for which an
averaged value for �R was calculated as ��1

R � 1=��l�R �
1=��t�R . �1 � Dthq2 was reproduced from the relationDth �
1
3v

2
Dq

2�R. In Fig. 2, ��1
R and �1 so obtained are plotted as �

and 5, respectively; these values are in good agreement
with the known values. In region II (40 & T & 70 K), the
second-sound window begins to open up slightly, but the
second sound is still overdamped (or nearly critically
damped) because !0 & �ss, resulting in the round, non-
Lorentzian, quasielastic peak shown in Fig. 1. In region III
(20 & T & 40 K), we see that ��1

R < !ss < ��1
N , and we

are now in the second-sound regime although the window
condition is not as genuine as the classical one, viz., ��1

R �
!ss � ��1

N [6]. In region IV (T & 20 K), we see that ��1
N

tends to become slower than !ss. This means that local
thermal equilibrium cannot be established within the rele-
vant scales of space and time. In this temperature range
(IV), therefore, the macroscopic expression Eq. (4) is not
valid, providing the seemingly incorrect values of ��1

N
obtained by the fit of Eq. (4) for the low temperatures,
namely, 6.4 K and 16 K (shown by � in Fig. 2). In contrast,
the ET-fitted ��1

N easily cuts across!ss at around 16 K, and
��1
N becomes even less frequent than !ss at 6.4 K. This

10
9

10
10

10
11

10
12

10
13

10
14

A
ng

ul
ar

 F
re

qu
en

cy
 (

ra
d/

s)

4 5 6 7 8 9
10

2 3 4 5 6 7 8 9
100

2 3

Temperature (K)

SrTiO3
  ωss    by  ET

 1/τN  by ET

   Γss   by ET

  1/τN  by DHO

 1/τR   from Ref.16

 Dth q
2

  from Ref.16

 1/τR  by 2 Lorentzians

 Dth q
2

 by 2 Lorentzians

IIIIIIIV

FIG. 2 (color online). Temperature dependences of the normal
(��1
N ) and resistive (��1

R ) phonon relaxation rates. Legend is
shown in the figure. The temperature regions are labeled I, II,
III, and IV according to the definition in the text. The second-
sound regime corresponds to region III. All the lines between the
symbols are guides for the eye. The dashed horizontal line at
�2
 1011 rad=s represents a constant qvD=

���
3
p
� !0.
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indicates that ET is applicable even when local thermal
equilibrium is violated [12]. Accordingly, the broad dou-
blet cannot be ascribed to second sound in its strict sense.
This is, however, just an issue of observation, and second
sound itself should exist down to even lower temperatures
because the frequency window seems to be open for tem-
peratures below 6.4 K. Since it can be shown that the ET
spectrum asymptotically becomes equivalent to the two-
phonon difference spectrum as �R, �N ! 1 [14], the spec-
trum in this nonequilibrium regime may be roughly stated
as arising due to two-phonon difference light-scattering.

Next, we discuss the reported directional dependence of
the quality of the broad-doublet spectrum [9,21]. This
anisotropy of the broad doublet has also been a point of
controversy, because isotropic second sound cannot ex-
plain such anisotropy. In our opinion, however, it can be
interpreted simply in terms of elastic anisotropy. In fact, we
see that �ss in Eq. (5a) contains a quadratic dependence on
�c, which depends strongly on the crystalline direction. �N
and �R also exhibit strong directional dependence, leading
to an effective anisotropy in phonon density. The present
one-dimensional ET analysis can be applied for q in any
crystalline direction with appropriate values for �c, �N , and
�R for the relevant direction. As can be expected from
Fig. 2, different combinations of �c, �N , and �R can change
the size and position of the second-sound window relative
to the frequency !ss, leading to a change in the quality
factor of second-sound resonance, or even to the violation
of local thermal equilibrium, depending on the crystalline
direction.

Finally, we discuss the absorption length of the observed
excitation and a possibility of a localized second sound in
small regions. A length ��1

ss � vss=�ss, where vss � !ss=q
is the velocity of the second sound, corresponds to the
distance at which the intensity of the second sound de-
creases to 1=e. For our results in temperature region III,
��1

ss s were estimated to be 30, 45, and 85 nm at 40, 30, and
20 K, respectively. These values are only several times
larger than the reported sizes for the ferroelectric micro-
region (FMR) in SrTiO3 [22], and the temperature depen-
dence of ��1

ss is reminiscent of that of FMR [22]. Thus, it
may be considered that the second sound in SrTiO3 is
localized around FMRs, which should contain sufficient
numbers of normal phonons [7].

In summary, we have derived the expression for a light-
scattering spectrum in interacting phonon gas from the ET
equations of Dreyer and Struchtrup [13]. We have success-
fully fitted the spectral expression to the experimental
spectrum from 295 to 6.4 K in SrTiO3 in a unified manner,
and we have revealed the temperature dependence of �N in
SrTiO3. From the measured values of �N and �R, we have
shown that a frequency window for the observation of
second sound gradually opens up below �40 K. Finally,
we have concluded that the broad doublet spectrum at
around 30 K arises from second sound. Below 20 K, second
sound in a classical sense, i.e., as a ‘‘wave of entropy’’,
cannot be defined well for the employed value of q because

entropy is not defined locally for the observation scales of
space and time.
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