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The effects of the small components of Dirac spinors, used to describe quark and antiquark wave
functions in clusters, and the Lorentz contraction of cluster wave functions associated with the
Lorentz transformation to the overall center of momentum frame are considered in the proton-
antiproton annihilation into two final state mesons. A quark-antiquark pair annihilation and
creation model in the planar picture that reproduces the principly observed final states in the nonre-
lativistic case is used. The effects are studied by taking the nonrelativistic model as a base of com-
parison. The introduction of small components in the quark wave functions has little influence on
predictions of relative ratios of annihilation amplitudes into final state mesons in the same relative
angular momentum state of the initial proton and antiproton. In contrast, the small components
give a large contribution to the absolute value of the annihilation amplitude in dependence on the
initial relative angular momentum. The effects of including the Lorentz contraction of the cluster
wave functions appear in the annihilation amplitudes of two meson final states. By using Lorentz
transformed Gaussian wave functions for the clusters, subsequent effects on the annihilation ampli-
tudes into two mesons, such as 7, pm, and pp, are studied. For a nucleon radius of (r}1)¥*=0.62
fm and a global meson radius of {r?)};*=0.50 fm, the production of two final state pions is
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enhanced upon including the Lorentz contraction effects.

I. INTRODUCTION

The nucleon-antinucleon interaction can be described
theoretically by a meson exchange interaction dominant
in the long and intermediate range and by a short range
annihilation into mesons. The first attempts to explain
the annihilation using a nonrelativistic quark model were
made by Rubinstein and Stern,! and by Harte, Socolow,
and Vandermeulen,? which, however, in their simplistic
approach failed to reproduce the experimental meson
branching ratios. Maruyama and Ueda® > have pro-
posed a new model which can explain the general features
of experimental meson branching ratios from proton-
antiproton (PP) annihilation at low energies. This model
indicates that the spatial part of the cluster wave func-
tions of the quarks and antiquarks in the proton, antipro-
ton, and the final state mesons plays a crucial role in cal-
culations that are subsequently able to reproduce the ex-
perimental data. The importance of the spatial part of
the meson wave function in explaining experimental
numbers has also been noticed in hadron spectroscopy®~®
and hadron decay and reaction® ~!! studies.

Antiproton annihilation on hydrogen can be modeled
in several ways,'? specifically by various quark models
based on the planar and nonplanar topology of the flavor
flux.>~>13722 Quark rearrangement and annihilation
models as defined by the different quark diagram topolo-
gies have evolved in the literature. Possible anni-
hilation/creation vertices considered are the scalar (*P;)
or the vector vertex (*S;). Many calculations of meson
decays have been carried out by using the scalar?’ and the
vector?* interaction. In principle it is not so obvious
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whether the same vertex can be applied in both nucleon-
antinucleon annihilation and meson decay processes,
since the structure of the color flux and the available en-
ergy scale are different. The current state of the calcula-
tional art for the proton-antiproton annihilation focuses
on branching ratios for various final meson states in com-
parison of theoretical models with experimental data.

Usually a nonrelativistic Hamiltonian approach is used
to describe the quark dynamics within the initial and final
state clusters.’” 1271 The effects of the small com-
ponent on the g7 annihilation/creation vertex have been
studied by extracting an effective ¢g annihilation/
creation vertex from the one-gluon exchange interaction
in some recent works.?° 22 However, other possible rela-
tivistic effects as contained in the small component of a
quark Dirac spinor and in the Lorentz boost of the quark
wave functions are neglected. Velocities of the final state
mesons are in the relativistic region, even for low relative
momenta of the initial proton-antiproton system. In the
PP annihilation into two mesons at rest, two pions or two
p mesons, for example, the final state mesons are moving
quite relativistically in the overall center of momentum
frame (v,/c~99% and v, /c =~60%).

The study of the relativistic effects becomes very im-
portant when considering the relation of a nonrelativistic
quark annihilation model to quark models for other had-
ron reactions or to more fundamental theories, and when
consequently discussing the physical meaning of the pa-
rameters appearing in the model. The effects would de-
pend on the scale of the available energy, or on the veloc-
ities of the hadrons appearing in the reaction. They have
to be estimated when extracting the fundamental quanti-

716 ©1990 The American Physical Society



ties from the model determining the physics of the sys-
tem.

It is the purpose of this paper to propose a relativistic
quark annihilation model that agrees with the conven-
tional quark annihilation model in the nonrelativistic lim-
it. The effects of including the small components of a
Dirac spinor for the quark wave functions are studied.
The quark momentum couples to the spin in the small
components of the quark wave function. Therefore, in-
clusion of the small components changes the spin-flavor
structure of the annihilation amplitudes. We estimate the
corrections to the spin-flavor matrix elements due to the
small components. The effects of Lorentz contraction on
the cluster wave functions are treated in an approximate
fashion. Lorentz boosts transform the large and small
components of a free Dirac particle into each other in a
well-known way.?> Here we assume that quarks in the
rest frame of a cluster are described by a Gaussian ansatz
wave function for their motion relative to the center of
the cluster. We study the effects of Lorentz contraction
associated with the Lorentz transformations from the
cluster rest frame to the overall center of momentum
frame. This follows prior studies” *° on Lorentz con-
traction effects in electromagnetic form factors of proton
clusters.

Due to kinematical reasons relativistic effects are most
important in the PP annihilation into two mesons. Here
we consider the planar 42 model with the scalar vertex
(see Fig. 1) for the annihilation into two mesons, as this
model, combined with the R3 or the 43 diagram (Fig. 2)
for the annihilation into three mesons, suitably describes
the branching ratios of the major two-body final state
channels seen in PP annihilation.!” 83!

In Sec. II a relativistic quark model including the
effects of small components for nucleon-antinucleon an-
nihilation into two mesons is proposed. The transition

A2
17 8’4’

4 I

A Y
123 654

N N

FIG. 1. The A2 diagram with two gg pair annihilations and
one pair creation for proton-antiproton annihilation into two
mesons.
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FIG. 2. Proton-antiproton annihilation into three mesons.
(a) Nonplanar diagram (R 3) and (b) planar diagram ( 43).

matrix elements of the process are presented. Section III
is devoted to construct the annihilation amplitudes in-
cluding the effects of Lorentz contraction on cluster wave
functions. In Sec. IV the results of both the relativistic
extensions are shown in comparison with the convention-
al nonrelativistic model. We summarize our results in
Sec. V.

II. THE EFFECTS OF THE SMALL COMPONENTS

In the absence of center of momentum corrections (i.e.,
without projections onto a fixed total nucleon momen-
tum) the quark cluster wave function in the nucleon
ground state is simply described by a product state of
three valence quarks occupying ls;, orbits. In defining
the individual quark wave function we take a Dirac spi-
nor wave function with a Gaussian form as*?

2
Yo(r)= —T?/_i‘_zexl) YT
V Ry (1+36%) 2Ry
X X , (2.1)
iﬁNﬂX
Ry

where o is the Pauli spin matrix and Y is a two-
component spinor. The wave function is normalized by

[dryjog, =1,

and the root mean square (rms) radius of the single quark
wave function is given by

1+36}
1+38%

(2.2)

L 12
Vi(rt)=

IR} 2.3)

There are two adjustable quantities to this wave function,
which in the case of the nucleon are the nucleon size R y
and the weight of the small component By. Following
Wong,*? the Gaussian expression is an approximation to
the 1s, ,, quark wave function in the bag. Then the value
of By is taken to be 0.36, which fits the probability of the
lower component in the bag model,*? and is also compa-
rable to the axial to vector coupling ratio for the pro-
ton.>> [The probability of the lower component is given
by 2% /(1+2B%), which for the given value of By =0.36
results in an axial charge g,/g,=1.30.] In a slight
modification to Ref. 32 the radial parameter R is adjust-
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ed to the value of 0.62 fm (compared to Ry =0.57 fm of
Ref. 32) as determined by the static properties of the nu-
cleon in a nonrelativistic model,® and therefore repro-
duces the rms size of the quark component closely when
the center of momentum motion of the nucleon cluster
wave function is removed. Figure 3 depicts the single
quark wave function given in Eq. (2.1) compared to the
MIT bag wave function.** This wave function agrees
with the nonrelativistic wave function used in Refs. 4
and 17 in the limit that 8, goes to zero, that is, when the
small component is neglected.

In principle, the single quark wave function of Gauss-
ian form can also be derived from the Dirac equation
with a given confining potential of Lorentz scalar and/or
vector nature.’>3¢ Work along this line, with the choice
of somewhat different model parameters, was applied suc-
cessfully to the description of the nucleon ground state
properties including the electromagnetic form factors**
and of the baryonic mass spectrum.®

A single quark (antiquark) has two components
u'” [v'"] (i =1,2) in which i =1,2 stands for the upper
and lower components in Eq. (2.1)

(1)( v(l)(r)

v2(r)

u'(r)
u(r)

Y (r)= Y (r)= . (2.4)

q

’

Therefore a nucleon cluster is described by a product of
three quark wave functions and thus is a 2°=8 com-
ponent wave function ®VX=uuVu® (i jk=1,2).
The resulting wave function is not a center of momentum
eigenstate. The Peierls-Yoccoz method™ is used to treat
the center of momentum motion problem associated with
single-body wave functions in a cluster. In this work we
use plane waves as a base for the center of momentum
motions of nucleon and meson clusters. For a nucleon
cluster wave function, describing the three quark momen-
ta as q;, q,, and g3, we obtain in momentum space

‘I’wk)(PN’Q1’Q2rQ3)=53(PN—‘ll_‘lz—‘h)

X¢§\7k)(PN,Q1,Q2»Q3) > (2.5)

fm—3l2

1.0F
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where Py and Py are the nucleon momentum and its ab-
solute value, respectively. In the Appendix the internal
part ¢%/%(Py,q,,q,,q;) is given explicitly with the center
of momentum motion being removed, following the
Peierls-Yoccoz method.*? For an antiquark in the initial
state we take

1
P = ——————
T VR B
~t.p, OT _+%
X exp | — iBy—y, , (2.6)
where Y is a two-component spinor
~ 0 . . .
X=|_; | for spin projection =+
1
=lo for spin projection=—1 . (2.7)

[The respective transformation to the antiquark state by
charge conjugation with chosen phase convention is
given by ¢, =Cy [=(—i)y’*y*J ] The initial state wave
function of an antiquark is described by a row vector in-
stead of a column vector for a quark. The resulting wave
functions for an antinucleon and a meson are

‘D([;’,jk)T(Pﬁ,q4,q5,q6)=53(Pﬁ —Qqs—q5—qe)

PR
XU (P5,q405,q)  (2.8)

and

P, (P01,87)=8'(Pa— 41— @) (P @17, (29)

where Py and p, are the momenta of the antinucleon and
meson, respectively. qu, qs, and q4 [Eq. (2.8)] are the anti-
quark momenta in the antinucleon cluster, and q; and g
[Eq. (2.9)] are the quark and antiquark momenta in the
meson cluster. The explicit expressions for ¢%/%'" and ¢

are shown in the Appendix. Here we consider the s-wave

upper

------ - lower
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FIG. 3. The single quark wave function defined in Eq. (2.1). The solid curve is the upper component and the dotted curve is the
lower component (R, =0.62 fm, B8y =0.36 and 0.5). The dashed and dotted-dashed curves are the upper and lower components of

the MIT bag wave function for a bag radius of 1 fm.
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mesons , 1, p, and o as the final state mesons. The  For single quark wave functions which have the follow-

meson size and the weight of the small components in the ing form in momentum space as

meson cluster wave function are R,, and B,,, respective-

ly. The parameter R,, is taken as 0.57 fm, which sets the

meson size to 0.5 fm.!” ~
We use the 42 model depicted in Fig. 1 to describe PP

annihilation into two mesons. Quark-antiquark (gq)

pairs are assumed to create out of and annihilate into the ‘/’E(q5) <

vacuum (3P, vertex). In the relativistic model the vertex ) o ) 3 )

is analogous to a scalar interaction for the Dirac spinors  this vertex coincides with the P, vertex in the nonrela-

of the annihilating quark and antiquark. For example,  tivistic quark mocel,

the vertex for the pair annihilation of the quark {2} and 7 BRI (). (q — (2)

the antiquark {5} in Fig. 1 is written as Y5y (@) < PRY 0 Qs =X ™ - 2.12)

l/’q(qZ)(z

X(Z)
BRO.(Z)_qu(Z) ’
BRU(S)'q_if(S)

l7(5)

(2.11)

b

Including the effects of the small components, the tran-
- _ 1 sition amplitude T of nucleon-antinucleon annihilation
Y (5)4,(2)=¢ Vadg(2 into two mesons is simply given by the overlap of the
final and initial state wave functions with the appropriate

2
- (i gyfr—1\1+i ")
=2 vS)(=1T8 ;u ) quark-antiquark (quark) pairs contracted by a scalar in-

=l teraction according to Fig. 1. The amplitude T is defined
=0 1(5) u D(2)—v2(5)1u?(2) . (2.100  as
J
igicig)t  Gigig)t Gl iy
T= fd3q1d3q,"d3q5,d3q§d3q1 . dsqu)(IT; sig) q);]‘s 4) q);l 7) Dy 3)
iy gl igih,ig

XA (=1 ’15 8] q1)<—1)‘+’45 ACATR

X(=1)'"%, ;8@ tas(—D'T8,  8a;ta— 1S, L 8ay+ap)
, 3RYR,, vo 2
=NyFagd (Py+Pgz—p,—Pg)exp —m(m“?l’ﬂ
2 1** 3RE+2R2)R}+2R2)
XA 42BN Ry (2B R ) | —— N N M_,(ByB,,) (2.13)
4228y Ry (2B AB | B(3R%Z+4R2)R2+R2) oPnb
where
2RZ(3R%+4R2)
A=LRZ+R2), B= I(VRZ:LVRZ)"’ (2.14)
N m

Here A 4, is an adjustable parameter in the model, expressing the strength of the 42 diagram. The delta functions in
Eq. (2.13) describe the momentum conservation of the spectator and annihilated/created particles during the process.
The normalization factor ¥ NNap 1S given in the Appendix. We restrict ourselves to the terms linear in the momenta Py
Or p,, Which correspond to the two transitions, L; =0, [, =1 and L;=1, /=0, where L; and [ are the relative angular
momenta of the initial proton-antiproton and the final two-meson state, respectively. With the limitation to the dom-
inant on-shell terms!” the spin-flavor matrix element M «g{BnB ) can then be written as

Mog(ByB) oo Mp 14+ (BB, W1+ (aP-a Vo p,+0P0Ta®-p )CH 1+ (ByB )W ]
+0 '0 0' .PNC(I)[1+(BNB )W(A{)
+(02.07g 3Py +03.0 VgD -Py)CY, [1+(ByB,, )W, 1+0((ByB,, ) (2.15)

where
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4R\R,,(3R}+9RER2 +2R2)

wn =— ,
W (3R2+4R2)(3R2+2R2)R}+2R})
m o L4RNR,

@ (3R2+4R2)’
” RiR,,
o= i miaoni i miaon
(3R3+2R2)(R%+2R2)
s (2.16)
y ___ 4RyR,(2R}+5R2)
M (3RZ+4R2)RA+2R%)’
N 4R\R,, (2R} +5R2)
@ (3R2Z+4R2)R2+2R2)’
R}
C{‘,')=C("£,=—

(3RZ+2R2)

In the expression Eq. (2.15) the terms containing (By8,, )"
represent the effects of the small components. Ignoring
these terms, we obtain the nonrelativistic limit of the
spin-flavor matrix elements which then agree with those
of Ref. 17. Here the terms up to the order (8y8,,)"
(n=1) are shown explicitly. The complete expression
contains second-order terms (Byf,,)? in addition, which
are included in our numerical calculation. We find that
the contribution from the second-order terms is less than
10% of the total value for an appropriate and reasonable
choice of By and B,,. Since the combined value of
(ByB,, )WY is negative, the inclusion of small com-
ponents decreases the magnitude of the spin-flavor part
of the annihilation amplitude.

In the derivation of the previous relativistic extension
of the 42 model we have also used the scalar interaction

3,1, (D=uV 1 DD —u®T(1uP(1) @217)

for the continuous quark {1} and antiquark {4} lines of
the A2 diagram as well as for the gg pair annihilation
and creation [Eq. (2.10)]. In principle another treatment
of the continuous quark (antiquark) lines has to be con-
sidered. If the continuous particles are assumed to be
noninteracting during the annihilation process, i.e., they
are ‘“true” spectators, the operators thpq for the quark
{1} and the antiquark {4} would be replaced by

1 ’ — .t ’
¥, (1%, (D=9l (1), (1)
=u”m(1’)u(”(1)+u(2w(l’)u(2)(1) i

(2.18)

In this case the overlap of the initial and final state quark
wave functions for the spectator particles is unity. Using
the same scalar operators of Eq. (2.10) for ¢g annihilation
and creation, the final result for the transition amplitude
is also given by Egs. (2.13)-(2.16) after replacing (Byf3,,)
by —(B,,B,,) due to the additional y* structure. Without
loss of generality By and f3,, in the single-particle wave
function can be chosen as positive numbers. Negative
values for By and ,, would just correspond to the Her-
mitian conjugate of the cluster wave functions, thereby
leaving the final result for observables unchanged. Thus

effectively in the formalism positive values for (By8,,)
correspond to a scalar interaction of the continuous lines
[Eq. (2.17)], whereas negative values for (By8,,) describe
the probability distribution of the “true” spectators [Eq.
(2.18)]. In the latter case the overall positive result for
(ByB. )WY leads to an increase in the magnitude of the
spin-flavor part, contrary to the previous case with a pos-
itive value for (Byf3,, ).

Both relativistic interaction forms in the treatment of
the continuous quark (antiquark) lines have a common
nonrelativistic limit when absorbing overall constants in
the strength of the annihilation, parametrized by A 4.
Thus a priori both interaction forms have rightfully to be
considered, since both result in the nonrelativistic planar
A2 model. Numerical results for the transition ampli-
tude applying both alternative definitions will be dis-
cussed later on.

III. THE EFFECTS OF THE LORENTZ CONTRACTION

We take the point of view that the cluster wave func-
tions are described by a Gaussian in the rest frame of the
cluster. In a frame where the cluster is moving the wave
function for the cluster will be Lorentz contracted in the
direction parallel to the cluster momentum.

The nucleon-antinucleon annihilation amplitude into
two mesons (see Fig. 1) that we consider can be written as

T= [d’q\d’qid’qsd’qid’q, - - - d’q¥}0 0¥, . (3.1)
The NN initial state wave function is defined as
¥, =8Py —q,— 4~ q3)¢n(Py,q1,92,q3)

X8 Py —qs—qs—q¢)d5(P5,44959¢) »  (3.2)

and the wave function for the final two-meson state is
given by

¥, =8Py =} —47)8a(Parq',q7)

X8’ (pp—aqs—a3)d4Pp. 90 qs) - (3.3)

In this section we use nonrelativistic two-component spi-
nors for the single quark wave functions as a starting
point instead of using Dirac four component spinors as
applied in Sec. II. ¢y, ¢y, ¢, and ¢g stand for the clus-
ter wave functions and are given by the large cluster com-
ponents ¢!, $2227, 321 and ¢!, defined in Sec. II,
respectively (see also the Appendix), with the Lorentz
contraction effects at this stage not being considered yet.
The extension to cluster wave functions including small
components are straightforward. Each of the cluster
wave functions in the initial and in the final state under-
goes a Lorentz contraction along their individual direc-
tions of momenta. O 4, is an operator which represents
the A2 annihilation diagram (Fig. 1), describing two ini-
tial state quark-antiquark (¢g) annihilations into and a
single final state ¢g pair creation out of the vacuum:

OAZZXA283(qu - q )53(‘12_Q4)53(Qz+Q5)0(2)'(Q2_QS)
X 8%q;+qe)o'P-(q3—qe)8%(qs+qy)a' - (q5—qy) -
(3.4)
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The nonrelativistic amplitude in Eq. (3.1) coincides with
the relativistic amplitude, including the small component,
in Eq. (2.13) in the limit that the terms depending on
(BnB,, ) are ignored in M ,5(ByB,, ). The strength param-
eter A 4, can then be related to A ,, in Eq. (2.13) by

X 43=—(ByRN) (BRI 4, -

We work in the overall center of momentum frame where
the nucleon and antinucleon have opposite momenta

(3.5)

P5;=—Py. Also, the final meson clusters have opposite
momenta ps= —p,, Where p, is not necessarily parallel
to Py.

Each of the clusters is moving in the center of momen-
tum frame. We use ‘“tilded” coordinates for those in a
cluster rest frame, and ‘“untilded” coordinates for the
overall center of momentum frame. These frames are all
chosen to coincide at time ¢t =0. For a cluster moving
with velocity v in the z direction of the overall center of
momentum frame, the cluster rest frame (tilded) and
center of momentum frame (untilded) coordinates are re-
lated by

£ (3.6)

z= z, X=x, y=y,

where m is the cluster mass, and E is the cluster energy in
the overall center of momentum frame. Since the
Lorentz contraction does not affect the coordinates per-
pendicular to the cluster momenta, in the following dis-
cussion we only consider the dependence on the z direc-
tion of a Gaussian wave function.
A wave function in the cluster rest frame is defined as

52

¥(Z)=" exp R (3.7

Usually a wave function is normalized in the rest frame
of the cluster as

1=[" azg¥z) (3.8)
so that
1/4
A= | (3.9)
mR? '

We consider such a cluster wave function in the center of
momentum coordinate z by rewriting Eq. (3.6) as

2 z?

z T (3.10)
1—v
where the velocity of light is taken as ¢ =1. Now we re-
quire that the cluster wave function is normalized to uni-
ty in the overall center of momentum frame. Then in-

stead of the normalization of Eq. (3.8), we have
1= [" dzyX2) ,

where

(3.11)

SRS S

(z)=
Y(z)=n exp SR —07)

(3.12)

For this normalization to hold, n =(E /m)!/*%. We now

Fourier transform the cluster wave function into momen-
tum space using

dg,)= f_m dz explig,z )Y(z)

21,2
=n exp _&%_U_lqzz [27R*(1—0v?)]'?
(3.13)
or
#(g,)=(mR?)"*V2 exp —RTqZZ
s 172
X exp f q? % (3.14)

When extending the above derivation to the three-
dimensional momentum space, a quark-antiquark cluster
wave function, that is, a Gaussian in the cluster rest
frame, is described as follows. The quark and antiquark
have momenta q; and q; in the overall center of momen-
tum frame, which combine to form the meson momen-
tum as

P.=9q1tq7 - (3.15)

Thus we obtain for the meson wave function [Eq. (3.3)] in

momentum space, in the overall center of momentum
frame,
S (Mt

6o(Pxq1,97)=Cqexp[ — 1R (q)—q)) ¥ 'Y
X exp{+R2v2[(q1—aq)) D]}

1/2

m

E

a

X

(3.16)

a

Here P, is the unit vector in the direction of p,, and v, is
the velocity of the meson cluster, where y'" and ¥ 7" are
the two-component spinors of the quark and the anti-
quark. C, is the three-dimensional rest frame normaliza-
tion of the wave function and the last two factors in Eq.
(3.16) show the effects of the Lorentz contraction. The
meson momentum p, is taken in an arbitrary direction,
not just parallel to the z axis. The last exponential factor
in Eq. (3.16) accounts for the contraction of the wave
function in the direction of the cluster momentum p,.
R,, is the same constant as the one defined in Sec. II,
which is related to the meson cluster size in its rest frame.
The exponential factor is always greater than unity. The
last factor (m,/E,)"/* comes from the combined effects
of normalizing the moving cluster wave function to unity
in the overall center of momentum frame [Eq. (3.11)], and
from Fourier transforming the Lorentz contracted wave
function into momentum space [Eq. (3.13)].

For a nucleon cluster wave function, describing three
quarks with momenta q;,q,, and q; in the center of

momentum frame, the nucleon momentum is
Py=q,tq,*q;. (3.17)

Using Jacobi coordinates, the spatial part of the wave
function in Eq. (3.2) is given by
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én(Py,q;,92,93)=Cy exp[ _%RKI(% —Q2)2_ %RJ%’(% +q,—2q; )]

X exp(v} {1R3[(q,—q,)-Py 2+ S RE[(q,+a,—2q5) Py P} Xy (3.18)

Ey

Here E} =P%+mp, where Ey is the nucleon energy in the overall center of momentum frame and m is the nucleon
mass. Ry is a Gaussian size parameter fitted to the rms radius of the nucleon in its own rest frame (see Sec. II). Each of
the Jacobi coordinates has undergone a Lorentz contraction in the direction of the nucleon momentum P, and hence
the last factor is (my /E) ) rather than the square root of it as in the two-body meson cluster case. vy is the velocity of
the nucleon cluster in the overall center of momentum frame. Cy is the normalization as determined in the nucleon
rest frame. Thus we can express both the two-body meson cluster wave function, Eq. (3.16), and the three-body nucleon
cluster wave function, Eq. (3.18), as a rest frame wave function times factors accounting for the Lorentz contraction
along the direction of the cluster momenta.

In this work we take into account the Lorentz contraction of the meson cluster wave functions only since the effects
from the contraction of the nucleon cluster wave functions are negligible due to the small nucleon (antinucleon) velocity
at the energy considered here. By inserting the Lorentz contracted meson wave function of Eq. (3.16) into the defining

Eq. (3.1) of the annihilation amplitude, we finally obtain the transition matrix element for PP annihilation into two
mesons as

T=N% &Py+P ) _ 3RAR, (2Py)? _3R¥Ry ( 2P )?
= A8 = - €X - 3 - > -3
NNap? N IR T Pa TP P T apa aR2) M Q3R +4R 2) Pe UM
N Y2 (3RZ+2R2NRE+2RZ) _ [ 4 "2 (B "2 [ mamg ”ZM( | 510
_ — — VgosVg) s .
AB | BGR2+4R2)(R}Z+R2) | 4 B E.Eg P
where
2 2 2 2 D 2
_ v2+v N _ _ 2R3(3R2+4R2)
R2=|1-——L|R2, A=LR}+R?%) B=—1D—""N_ (3.20)
" 2 " : " (RZ+R?2)

Here v, and vy are the velocities of the meson clusters @ and 3, and (Py ), and (Py), are the transverse and the longitu-
dinal components of Py with respect to the direction of the meson momentum p,

(PN)U:(PN'f’a)f)w (PN)J.:PN_(PN'ﬁa)f)a . (321)

The normalization factor N;V%aﬁ is defined by taking the limit Sy =/3,, =0 of N ywap @ given in the Appendix [see Eq.
(A22)]. The spin-flavor matrix element is derived as

M(Um”g)=0(2)'0(3)0(7)'1>a( 1+Z0)+ Q00 Vi
+D("5){(0(2)‘0(7)0(3)'Pa+0(3)'0(7)0(2)'Pa)(H"Z("i) )+ (Q %93 +00)2))V%)
+D{,{0?-aPa T Py(1+ZN )+ 0N, V],

+(0?0 70D Py+0P-0 Ve PP N+ZY)+(Q8 5 080V}, (3.22)
where
. 4R}(—R2 +R2)9R}+15RZR 2 +21RZRL +32RLR 2)
(H= = )
3(3RZ+4R 2 )X3R}+2R2 )R} +2R})
J— (—R2%+RX)2TRy+24R3ZR 2 —16R2R2))
@ 3R2(3R2+4R 2)? ’
— 4R}(—R2 +R2)3R3+4R2)3R}+2R 1)
(1) — — = s
V15(3R} +4R 2))X3R}+2R2)(RE+2R2)
S 8R2(—RZ%+RX)3RZ+4R2)
@ VI5R2Z(3RE+4R 2))? ’
R}R}
D= ~ ,

(3RZ+2R2)RE+2R})
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2(—R2%+RX)9RY+16R}R %2 +32RAR2 +48R2R %))

(3.23)

e Padu g+ (Ui (200 00 )2y T gy )

zh=2%=
=@ 9(3RZ+4R 2)XR2+2R2)
N N 16R3(—R % +RL)
Viv=Vo=— = 2.
15(3R% +4R ,,,) (R2+2R2)
N - Ry
Dhv=——rr e
(3RZ+2R2)
o+ ; ;
Qihw= 2 (=1 #ka(i)u,"(i)u,g(k)
iy By
] _ tu
Qlhw= 3 (—1fHol )y ‘_fLo_#k(PN)_# Loty U 20+ YAy e [ 200 + )8, T T
11y

The terms depending on Z[%), V[, Z 1, and V7, describe
the effects of the Lorentz contraction on the meson clus-
ter wave functions in the spin-flavor part of the transition
amplitude. In the nonrelativistic limit, i.e., in the limit
v,=vg=0 where R 2 =R}, these terms vanish due to
their common factor (—R 2, +R?2). Lorentz contraction
effects in the transition amplitude are formally also ap-
parent in the modified normalization by a factor of
(AB/AB )‘/Z(mamﬁ/EaEﬁ)l/z, and the altered exponen-
tial dependence on the momenta Py and p,, when com-
paring to the nonrelativistic limit.

IV. NUMERICAL RESULTS

In a nonrelativistic quark model NN annihilation data
can best be described by a superposition of two- and
three-meson transitions.!” Due to kinematical reasons
relativistic effects are expected to be more important in
the two-meson than in the three-meson final states. In
the two-meson annihilation the velocity of each meson
reaches its largest value since the two mesons possess the
largest available energy. We have shown in Ref. 17 that
the nonrelativistic model 42 (PP — two mesons, Fig. 1)
with a planar topology can explain the general features of
the experimental two-meson branching ratios reasonably
well. Presently we examine the relativistic corrections
due to the small components and the Lorentz contraction
of the quark cluster wave functions to the nonrelativistic
model A2 for PP annihilation into two mesons. The va-
lidity of a nonrelativistic quark model in a kinematical re-
gion where relativity is seemingly rather important is in-
vestigated. The subsequent uncertainties resulting from
the nonrelativistic kinematics are stated quantitatively.

The effects on the transition amplitude in the A2 dia-
gram, when including a small Dirac component in the
cluster wave functions, are derived in Egs. (2.13)-(2.16).
The probability of the small component in the
nucleon/antinucleon and meson clusters is determined
by the parameters Sy and f,,. When taking the
limit ByB,,—0 and keeping the normalization
(NNIVaBA’Azﬁ%VBm) fixed by readjusting the strength pa-
rameter A 4,, we obtain the nonrelativistic limit of the 42
transition amplitude as originally defined in Ref. 17.

[

Since the overall normalization can be adjusted by the pa-
rameter A ,,, the relevant effects when introducing small
components are contained in the spin-flavor matrix ele-
ment M 5(ByB,,) of Eq. (2.15). When the same parame-
ter B,, is used for all mesons, such factors as the normali-
zation and the explicit momentum dependence in Eq.
(2.13) do not account for any change in the nonrelativis-
tic result. In order to separate off the common momen-
tum dependence of the annihilation channels, we define a
reduced spin-flavor matrix element M(Byf,, ) by

M(BB,)=IPy|" Ipe| M (ByB,,) , @.1)
where L; and /, are the relative angular momenta of the
initial proton-antiproton and the final two-meson states,
respectively. Here we restrict ourselves to the two cases,
L;=0, If=1 and L;=1, If=0, which are the dominant
on-shell contributions.

In Table I the spin-flavor matrix elements |M(Byf,,)|?,
which solely depend on the product Byf,,, are shown for
the two cases, ByB,, =0 and Byf3,, =(0.36)%. The nonre-
lativistic limit of the matrix elements is given by setting
BnB,, =0 and corresponds to that of Ref. 17. Numerical
values for the spin-flavor matrix elements of Ref. 17 are
slightly different from the values of Table I in the case of
initial S wave, since in the previous paper we have made
the approximation that the small term in Eq. (2.15) pro-
portional to C(3, is ignored. This term yields a minor
contribution by less than 10% of the total value. By
defining the ratio of relativistic to nonrelativistic spin-
flavor matrix element

M (ByB, )12
|M(ByB, =0)?’

_IMByB,IT
t(BnB, )= !M(BNﬂm=0)12 =

(4.2)

the effect of the small components is estimated. The ratio
t(ByB,,) is approximately the same for all meson chan-
nels with the same relative orbital angular momentum of
the initial proton-antiproton state
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‘ =0.362)~0.86 for L,=0 changes in the radii parameters Ry and R,,.
(BrBrm ) The dependence of the ratio t(Byf,,) on the small
~0.70 for L;=1, (4.3)  component parameters (Byf,,) is displayed in Fig. 4. As

as seen in Table I. The result is insensitive to sizable  already discussed in Sec. II, positive values for (Byf,,) in

TABLE I. The effect of the small component on the spin-flavor matrix element M ,5(ByB,,) of Eq.
(4.1). The matrix elements in the nonrelativistic limit (8yf,, =0) and in the case of ByB,, =(0.36)* are
shown in the second and third column, respectively. The ratio of relativistic to nonrelativistic matrix
element ¢ (ByBy)=IM .5(ByBm)|* /|1 M o5(ByB,. =0)* [Eq. (4.2)] is given in the fourth column. The
dependence of ¢ [ByB,, =(0.36)*] on Ry and R,, is also shown.

| M o5(BnBr =0)|? | M 15[ BxB. =(0.36)*]|2 t[BnBm =(0.36)%]

Ry 0.62 fm 0.62 fm 0.62 fm 0.50 fm 0.62 fm 0.62 fm

R, 0.57 fm 0.57 fm 0.57 fm 0.57 fm 0.50 fm 0.40 fm
l!S0

PP 1591.1 1359.1 0.85 0.87 0.85 0.85

0w 530.4 453.0 0.85 0.87 0.85 0.85
l]Sl

pT 2700 23439 0.87 0.88 0.86 0.86

on 900 781.3 0.87 0.88 0.86 0.86
31Sl

pT 2946.5 2516.8 0.85 0.87 0.85 0.85

wp® 2946.5 2516.8 0.85 0.87 0.85 0.85
3351

A 345.0 298.3 0.86 0.88 0.86 0.86

ptp~ 25579 2188.6 0.86 0.87 0.85 0.85

om’ 762.2 647.2 0.85 0.86 0.85 0.85

o°n 762.2 647.2 0.85 0.86 0.85 0.85
llPl

pT 60.56 41.81 0.69 0.69 0.69 0.71

on 20.19 13.94 0.69 0.69 0.69 0.71
3]1)1

ptp” 112.16 77.43 0.69 0.70 0.69 0.71

o°n 56.08 38.71 0.69 0.70 0.69 0.71

om® 56.08 38.71 0.69 0.70 0.69 0.71
ISPO

T 817.62 569.26 0.70 0.70 0.70 0.72

pp 272.54 189.75 0.70 0.70 0.70 0.72

m 272.54 189.75 0.70 0.70 0.70 0.72

10} 90.85 63.25 0.70 0.70 0.70 0.72
IJPl
13P2

PP 392.45 271.32 0.69 0.70 0.70 0.71

[310) 130.82 90.44 0.69 0.70 0.70 0.71
33P0

n° 60.56 41.46 0.68 0.69 0.69 0.71

wp° 20.19 13.82 0.68 0.69 0.69 0.71
SJPl

pT 224.31 155.25 0.69 0.70 0.70 0.71
33P2

wp°® 158.27 109.20 0.69 0.69 0.69 0.71
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FIG. 4. The effects of the small components on the ratio of
the spin-flavor part in Eq. (4.2): t(BxBn)
=|M 5 ByBo)1*/|M 45(ByB.,, =0)|>.  The typical channels,
L,— 7w, pr, and pp, are shown, where L, is the relative angular
momentum of the initial nucleon-antinucleon state. Negative
values of (ByB,,) correspond to the case of Eq. (2.18). Here
Ry=0.62 fm and R,, =0.57 fm.

Eq. (2.15) correspond to interacting, continuous quark
(antiquark) lines in the A2 transition (labeled by 1 and 4
in Fig. 1). In the case of negative values for (By8,,) the
connecting quark (antiquark) lines describe true, nonin-
teracting spectator particles (the single quark wave func-
tion overlap is normalized to unity.) The indication of
the positive value (0.36)% in Fig. 4 is just meant to point
out quantitatively the physically relevant case, i.e., where
this particular value of Syf,, reproduces the probability
of the lower component in the bag model. Equally well a
negative value has to be chosen when considering nonin-
teracting spectator particles.

The two-meson transitions from initial S and P wave
are affected differently when considering the (ByfS,,)
dependence. In the region where Byf,, >0 S-wave an-
nihilation into two mesons is enhanced with respect to
P-wave annihilation. For Byf3,, <0 the two-meson tran-
sitions from P-wave annihilation become stronger than
from S wave when comparing to the nonrelativistic limit
(ByB,, =0). The relative weight of the two partial wave
amplitudes depends on the sign of (Byf3,,), i.e., on the
treatment of the continuous quark (antiquark) lines (in-
teracting or noninteracting). The initial state P-wave an-
nihilation decreases with increasing (8y/3,,) more rapidly
than the S-wave annihilation. For a physically reason-
able value of Byf,, =(0.36)> (which corresponds to a
center of momentum uncorrected axial charge
g 4 /8y =1.30), assuming a scalar interaction for all quark
(antiquark) lines, the enhancement of S-wave relative to
P-wave annihilation is by a factor of 0.86/0.7=1.2.

The change of the absolute value of the spin-flavor ma-
trix element for a selected partial wave when including
the relativistic small component can be recovered by
readjusting the strength of the 42 annihilation interac-
tion A, in Eq. (2.13). Therefore, effects of the small

component on the quark wave functions do not change
the results of the meson branching ratios in initial states
with the same relative orbital angular momentum. How-
ever, the relative weight of the annihilation amplitudes of
the initial S and P waves is modified to the order of 20%.
When considering, especially quantitatively, the physical
meaning of the strength parameter A ,,, relativistic
corrections become very relevant and necessarily have to
be included in the model. In order to obtain further pre-
dictions for the partial annihilation cross sections of the
final meson states one has to take into account the initial
state interaction and the corresponding background from
the three-meson annihilation of the proton-antiproton
system.

In the work of Green et a the so-called rearrange-
ment topology for the transition of the NN system into
two mesons is considered, where one ¢g pair in the initial
state is annihilated and none in the final state are created.
In the present work we consider the annihilation model
A2, which in the nonrelativistic approach can explain
the experimental annihilation data best.!” In the relativ-
istic extension of their model, by including a small com-
ponent, Green et al. employ two- and three-quark cluster
wave functions which are not explicitly center of momen-
tum eigenstates of the total cluster momentum. In the
present approach a projection technique is applied to
construct cluster momentum eigenstates in order to
guarantee translational invariance. These center of
momentum corrections are generally known to be large,
therefore a proper treatment of this problem is essential
when including relativity. Despite these obvious
differences in the model approaches employed in the
present paper and by the authors of Ref. 22, in a wider
sense parallel results are obtained. Green et al., con-
clude that the relativistic extension of the P, vertex
yields minor contributions when comparing to the nonre-
lativistic limit in the specific partial wave of the initial
state. Accordingly, we conclude that the introduction of
small components in the quark wave functions has little
influence on predictions of relative ratios of annihilation
amplitudes in the same relative angular momentum state
of the initial pp system.

The effects of the Lorentz contraction on the cluster
wave functions as derived for the transition amplitude are
calculated by using Egs. (3.19)-(3.23). At the low values
for the center of mass energy considered (T,
<150 MeV), the two mesons in the final state are moving
quite relativistically while the nucleon/antinucleon can
still be treated nonrelativistically. The respective nucleon
velocities (¢ =1)

I 22

vy=0.23 at T, =50 MeV

=0.38 at T_,, =150 MeV , (4.4)
are considerably smaller than the corresponding meson
velocities v, and v given in Table II. Therefore, the
effects of the Lorentz contraction are taken into account
for the meson cluster wave functions only. In Table II we
present results for the ratio of relativistic to nonrelativis-
tic transition amplitude
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TABLE II. The effects of the Lorentz contraction in the transition L,—ss at T, =50 MeV
(Py =218 MeV/c), where s is one of the s-wave mesons. The ratio w(v,,05)=|T|*/|Tyonl® [Eq. (4.5)]
is shown where T, is the nonrelativistic limit (without Lorentz contraction) which is obtained by set-
ting v, =vg=0in T,,(c =1). The partial contributions from the spin-flavor part and the spatial part to
w(v,,vg) are also shown. The product of the two numbers results in w(v,,vg). The symbols (§ =0)
and (S =1) specify the spin singlet and triplet production. In the initial P state the values in both spin
states are the same.

Mesons a,B T pT pp
Da 953 MeV 802 MeV 579 MeV
velocity v,,vg 0.989,0.989 0.722,0.985 0.601,0.601
(momg/E Eg)'"? 0.145 0.344 0.799
(Ry=0.62 fm, R,,=0.57 fm)
S—ss
w(vg,vg) 2.00 1.15(5=1), 1.065 -0, 1.16(s=1), 1.15(5—¢,
spatial part 1.23 0.82 1.03
spin-flavor part 1.63 1.415-y) 1.30(5-0 1.12(5=1), 1.12(5=¢,
P—ss
w(vy,vg) 2.04 1.13 1.17
spatial part 1.23 0.82 1.03
spin-flavor part 1.66 1.38 1.13
(Ry=0.50 fm, R,,=0.57 fm)
S—ss
w(v,,vg) 1.36 091(5=1) 0.855-¢ 1.12(5=1), 1.12(5—¢,
spatial part 0.74 0.61 0.98
spin-flavor part 1.83 1.495-1), 1.395=0 1.145-y), 1.13(5=¢
P—sss
w(v,,vg) 1.58 0.96 1.16
spatial part 0.74 0.61 0.98
spin-flavor part 2.13 1.57 1.18
(Ry=0.62 fm, R,,=0.50 fm)
S—ss
w(v,,vg) 1.10 0.92(5-1), 0.855-¢, 1.10(5 =), 1.10(5-¢)
spatial part 0.73 0.68 1.00
spin-flavor part 1.51 1.36(5=;), 1.25(5=0 1.1Ls=y), 1.10(5=0)
P—sss
w(v,,vg) 1.07 0.88 1.10
spatial part 0.73 0.68 1.00
spin-flavor part 1.47 1.29 1.11
(Ry=0.62 fm, R,,=0.40 fm)
S-—ss
w(vg,vp) 0.43 0.61(5-1) 0.575-0, 1.00(s=1), 0.995-0)
spatial part 0.32 0.48 0.93
spin-flavor part 1.35 1.26(5—1), 1.175-0, 1.08(s=1), 1.07(5=0)
P—sss
W (vg,vg) 0.41 0.57 0.99
spatial part 0.32 0.48 0.93
spin-flavor part 1.27 1.18 1.07
ITre] |2 . . :
w(v,,vg)= W (4.5)  butions to w(v,,vg) are from the ratio of the spin-flavor
non

parts |M(v,,v5)/M(0,0)|? of Eq. (3.22) and the ratio of

at an energy of T, =50 MeV. T, is defined as the par-  the spatial parts

tial wave amplitud_e .of.Ti.n Eq. (3.19) and Tpon as the ap- T(vg,vp) T(0,0)

propriate nonrelativistic limit of T, for vanishing meson
o o re . . M(v,,vg) / M(0,0)

velocities, i.e., v, =vg=0 in T,,. The respective contri-
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of Eq. (3.19). The product of these two ratios yields the
value for w(v,,vg). The dependence of w(v,,vg) on the
geometrical parameters Ry and R,, is due to a complex
interplay of the spin-flavor coefficients and the energy-
dependent normalization factors. Results for w(v,,vg)
are shown for selected two-meson channels (77, pm, and
pp) in annihilation from relative S and P waves as calcu-
lated for several nucleon/antinucleon and meson radii
determined by Ry and R,

Lorentz contraction effects are most important in the
two-pion final state, since the meson velocity almost
reaches to the speed of light (v, ~0.99). As a result, due
mainly to the increase of the spin-flavor part, the two-
pion production is enhanced by a factor of 2 as compared
to other channels containing vector mesons at cluster size
parameters of Ry =0.62 fm and R,, =0.57 fm, as used in
Ref. 17. A decrease in either the nucleon or the meson
radius from these original values leads to a reduction of
the ratio w(v,,vg) for a given meson channel. The more
massive the meson channels are, the weaker this effect is.
Since only the meson wave functions are Lorentz con-
tracted, a reduction in R,, has a quantitatively stronger
effect on w(v,,v5) than an equivalent decrease in Ry. A
change in the geometrical factors Ry and R, also
influences the relative weight of the considered meson
channels. Large numbers for either one of the cluster ra-
dii, as in the range of values used, lead to an enhance-
ment of the two-pion annihilation amplitude. A choice of
small Ry or R,, has the opposite effect. For the inter-
mediate values of Ry=0.62 fm and R, =0.50 fm,
Lorentz contraction is negligible on a 10%, level. The
partial wave dependence of the relativistic transition am-
plitude in comparison to its nonrelativistic limit remains
unaltered within ~10%, i.e., w(S —ss)=w(P—ss) for
the cluster radii and annihilation channels considered.

The energy dependence of the ratio w(v,,vg) for the
original choice of Ry and R,, in Ref. 17 is depicted in
Fig. 5. Clearly, for increasing energy Lorentz contrac-
tion effects will be more important, i.e., the enhancement
of the two-pion channel becomes stronger. Again, the
partial wave dependence of the annihilation amplitudes
as described in the nonrelativistic limit remains nearly
unchanged when including the energy-dependent Lorentz
contraction mechanism.

The lightest meson, the pion, due to its Goldstone bo-
son character, is known to have an internal quark struc-
ture which is considerably different from that of other
mesons.’” The rms radius of the g component of the
pion wave function is quoted to be smaller than that of
the other s and p-wave mesons [(72)1/2<0.4 fm (Ref.
37)]. The smaller pion radius consequently introduces a
suppression of the two-pion annihilation amplitude due
to Lorentz contraction effects. However, the two-pion
production makes up only a minor part (~0.3%) of the
total annihilation of a proton-antiproton pair into
mesons. Therefore, the inclusion of the Lorentz contrac-
tion in an originally nonrelativistic 42 model for the
cluster radii of Ref. 17, with the pion radius possibly
smaller, does not change the general features of the
meson branching ratios.

2
[Tret |
ITnon.|2
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100 Lpp
% 50 100 150
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FIG. 5. Energy dependence of the Lorentz contraction effects
on the ratio w(v4,0g)=|Tr|?/|Tyonl? as a function of center of
mass energy T ., . Here Ry=0.62 fm and R,, =0.57 fm.

The application of the Lorentz boost to the meson
wave function introduces an altered dependence on the
meson momentum p,, into the transition amplitude. Con-
sequently the angular dependence of the exponential fac-
tor in T of Eq. (3.19) will be changed when inserting the
boost effect. Qualitatively Lorentz contraction enhances
the backward production of mesons in the transition am-
plitude (as seen relative to P, in the overall center of
momentum frame), again with the effect being strongest
in the lightest annihilation channel, the two-pion final
state. Therefore, predictions for the differential cross sec-
tions of the two-meson final states will be sensitively
affected. In order to obtain quantitative results for the
differential cross sections in the two-meson production all
partial wave amplitudes, including distortion effects due
to initial and final state interaction, have to be taken in
interference. A more elaborate analysis, which is beyond
the scope of the present paper, is necessary to study the
apparently strong influence of the Lorentz boost on the
differential cross sections.

Due to the approximate treatment of the Lorentz con-
traction we have to remark on the normalization of the
cluster wave functions. According to Eq. (3.11) we re-
quire that the wave functions of the moving clusters are
normalized to unity in the overall center of momentum
frame. Thus in momentum space we obtain an energy-
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dependent factor of (m/E)'/? in the wave function of

each meson cluster as shown in Eq. (3.16). Such a factor
is essential and gives a large contribution to the annihila-
tion amplitude as shown in Table II. Due to the lack of a
covariant formalism of the A2 annihilation model, this
factor will in general be frame dependent. Hence the en-
ergy dependence of the cluster wave functions is defined
by the particular Lorentz frame where we choose the nor-
malization. The relativistic Lorentz contraction effects in
application to the electromagnetic form factors of the nu-
cleon were investigated by Mitra et al.?’ and Stanley
et al.?® Following the original suggestion by Licht
et al.,* the frame adopted in these calculations is the
Breit frame, the center of momentum frame of the ingo-
ing and outgoing nucleon. The proper choice of the
frame together with suitable symmetry arguments of the
form factor definition?’ yield the correct scaling behavior
of the form factors at large g%. In choosing the center of
momentum frame in the two-meson annihilation, the cal-
culation presented here is consistent with the previous
works applying a Lorentz contraction prescription to a
nonrelativistic quark model.

V. CONCLUSIONS

The conventional study of the proton-antiproton an-
nihilation mechanism consists of a nonrelativistic quark
model with a suitably defined dynamics. Particularly in
the phenomenology of the two-body annihilation the non-
relativistic planar 42 model succeeds in describing the
experimental two-meson branching ratios reasonably
well. However, proton-antiproton annihilation into two
mesons at rest or in flight takes place in a kinematical re-
gion where a priori relativistic effects are expected to play
a considerable role.

By taking Dirac spinors for the single quark wave
functions we define a relativistic quark annihilation mod-
el, which agrees with the planar 42 model in the nonre-
lativistic limit. The introduction of a relativistic small
component in the wave function leaves results for
branching ratios within the same initial partial wave (S
or P) unchanged when comparing to the nonrelativistic
limit. The relative weight of the transition amplitudes for
initial S- and P-wave annihilation is modified to the order

of 20%. The sign of the relative change in the ampli-
tudes depends on the treatment of the continuous quark
lines in the A2 diagram.

Following earlier studies we apply an approximate
treatment of the Lorentz contraction to the NN annihila-
tion. Depending strongly on the nucleon/antinucleon
and meson sizes, Lorentz contraction affects the relative
weight of the produced two-meson channels when com-
paring to the nonrelativistic limit. The partial wave
dependence of the relative production strength of a
specific annihilation channel remains essentially un-
changed when introducing boost corrections. For the
originally applied nucleon radius of 0.62 fm and the glo-
bal meson radius of 0.50 fm in Ref. 17, which corre-
sponds to the size parameters of Ry=0.62 fm and
R, =0.57 fm, Lorentz contraction effects tend to in-
crease the production of the light-meson channels. Espe-
cially the two-pion production will be enhanced as com-
pared to other channels containing vector mesons. How-
ever, it should be noted that the possible assumption of a
strongly reduced pion radius will result in a suppression
of the pionic channels when including the Lorentz boost
in the nonrelativistic 42 model.

Presently we concentrate on estimating relativistic
effects to the meson branching ratios, as originally calcu-
lated in the nonrelativistic 42 model of Ref. 17. The
corrections are maximally of the order of 20%, such that
the nonrelativistic approach is a rather good approxima-
tion when discussing branching ratios in the NN annihila-
tion mechanism. In general, the relativistic extensions
presented here will introduce an energy dependence into
the transition amplitudes which can be studied when
deriving the corresponding shortrange annihilation po-
tential. When discussing other observables, such as the
characteristic energy and angular dependence of
differential cross sections in the two-meson final states,
relativistic effects are possibly quite sizable.
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APPENDIX

The internal wave function ¢\/*(Py,q;,4,,q3) (i,j,k =1,2) of a nucleon cluster as originally defined in Eq. (2.5) is
given explicitly in the following. The center of momentum eigenstate of the nucleon cluster is projected out by use of
the Peierls-Yoccoz method.>? A nucleon cluster is described by a product of three single-quark wave functions

DYR, 1y, 1p,1r5)=u(r; —R)u(r,—R)u¥(r;—R) , A

where R is directed to the center of the cluster and r; is the position of the ith quark. The Dirac spinor component
u'Y(r;) is defined in Eq. (2.4). The product wave function of Eq. (A1) is not a center of momentum eigenstate of the nu-
cleon cluster. ®Y/*(R,r,,r,,13) is decomposed into components of plane-wave eigenstates ®YK(Py,1,,1,,1;) Of the
center of momentum with a weight factor @, (Py) as

YR, 1y, 11y)= [d Py exp(iRPN)E—:(pN(PN YOWK(P 1,01 (A2)

where Py, Ey, and my are the nucleon momentum, energy, and mass, respectively. The inverse relation is
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11

—_— f d>R exp( —iRPy)OY¥(R,r,,1,,1;) . (A3)
(27)® @n(Py)

OWR(Py, 1,1,y 13)=
@n(Py) is defined by the plane-wave normalization condition
> fa' rd3ryd3r <1>,\/" (P'y,1y,T,,13) DR PN,rl,rz,r3)—(21T)383(PN—PN)— . (A4)

i,j,k my

In momentum space the projected center of momentum eigenstate is given by the Fourier transformation:

DY (Py,q1,95,q3)= fd3r,d3r2d3r3 expliqr; +iqyr,+iqsry) @YX (Py, 1, 151;) . (A5)

1
(27)°)
By use of the definition of ¢%/*(Py,q;,q,,q;) in Eq. (2.5) we finally obtain

(8R1€]ﬂ3/2)3/2 1 EN 1
(2m)(1+36%)*? (27) my @n(Py)

o' (Py,41,92,05)= exp(— LR PR)

(2)

X exp[ — 1R (q;— @)’ — LRA(q;+a,—2q;) ] Py, (A6)

(8R3m3/%)3? 1 Ey 1

N 2
(2m)e(1+3B3)Y? (2m)® my @n(Py)

exp[ — LRy Pi]

¢(A}12)(PN"11’(12"13)=

X exp — iR} (01— @)~ R} (Q1+ 9,295 1By Ry)o g X Py, (A7)
(SRI%,’T}/Z)B/Z 1 EN 1
(2m)8(1+3B% )2 27)* my @n(Py)

d’ 122)(PN’Q1’(12’Q3) exp( —%R,%,P,%,)

X exp[ — tR}(q1— Q) — 5 RA (a8~ 203 By Ry 0 Va0 a2 (A8)
(8R§;1T3/2)3/2 1 EN 1
2m)8(1+3B%)*2 2m)® my @y(Py)

¢222)(PN’ql’q2’q3) exp(_%RIZVPI%I)

X exp[ —1R{(q;—q,)*— L RA(q;+9,—2q;)* 1(ByRy o'V-q0Pqu0 P qux"xPx? . (A9)

We label the three quark momenta in the nucleon as q, q,, and q;. x'” and ‘" are the two-component spinor and the
Pauli spin matrix of the ith quark. We define

1 (B aR:m |
ox(Py)= —i exp(—LR2P}) 3” [1—6ay+20a}— 203 +(4ay—$a? + Qa3 )(RyPy)
+(Laf — 18953 ) RyPy)*+ a3 (RyPy )12, (A10)
where
BZ
ay=——"—. (A11)
4+68%

The factor exp(— LR PF) in the expression of @y cancels the identical factor in ¢4/ such that the center of momen-
tum motion in momentum space is represented by the 8 function in Eq. (2.5), which corresponds to a plane wave.
The corresponding internal wave functions of the antinucleon cluster in the initial state are given by

(8R§/77'3/2)3/2 1 ﬁ 1
2m)S(1+38%)%% (2m) myg @n(Pg)

¢ (P5,9005,96) = exp(— 1R} P%)

X expl — {R7(a, s/~ R}(a4+a5 =296 P 1T X T By Ry 0 000450 g ,
(A12)

(8R3 3/2)3/2 1 E}v 1
(2m)%(1+3B3 )2 (2m)® my @n(Pg)

¢ (Py,q4,9506)= exp(—L+R4P})

X exp[ — 1R} (qs—q5)*— 5RE(qs+qs—290)* 1% ¥ 7 OBy Ry 20 ¥ -qu0 ) qs (A13)
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(8R3,n_3/2)3/2 1 E- 1
U2t p_ o aeq0)= N N exp(— LR} P%)
o5 ~>9495 96 (27)6(1+%B%v)3/2 (27) my @y(Py) P N°N
X exp[ —$R (94 =95 — R 3(q4+q5—2¢) ])((‘”T (S)T B Ry)o¥-q,, (A14)
(8R317'3/2)3/2 E-
)t = il Ll — VP2
% (P%,44,95,9¢) = — exp(—LiRNPS)
¢N ~>94:95.96 (2#)6(1+%B%v)3/2 (217_)3 my ¢N(Pﬁ) P 6 "N N
X exp[_%RKI(‘h—QS)Z—T%RI%I(Q4+q5_2q6) I )((WX(Wr . (A15)

In the case of the meson the factor Ey /my (for the baryon) in the normalization condition of Eq. (A4) is replaced by
2E ,, where E , is the energy of the meson. The internal wave functions of a meson cluster are written as follows:

(4R27r)3/2 2E
8 P = ‘ oy P T RAPL) exbl IR} (@ =@ 1B R XY 0 ar, (ALO
(4R2 )3/2 1 2Ea B
b (Par 1,97 =~ 38 ) eulpd) exp(—1R2p3) expl — 1R (a,— a7’ 1B, R, oV qx T o " gy
a a
(A17)
(4R27)*? 1 2E,
8 panan) = 0 T 3B2) (27) @alpa) exp(—4Rnp%)expl —R:(q =) X 7T, (Al8)
(4R2 )3/2 l 2E
6P Q17 = T2 @ g (p“ s exp(—{R7p%)expl —iR7(4 =7 1B R )0 R T (A19)
b1 a a
Here we define
<pa<pa)=(—21—)§\/?ﬁ exp(—LR2p2)2R2 7)Y /*[1—6a,, +15a2 +2a,,(1—5a,, (R ,,p, *+al(R,p, )12, (A20)
T
where
2
a,= B (A21)
4+6B%
By using the above notation the normalization factor N NNap appearing in Eq. (2.13) is written as
[ BRZmP2 1 Ey exp(—IRZP}) (4R27)*?  2E, exp(—iR2p2Z) )2
NyNag™ 614 3@2 \3/2 3 ma (Pv) 314382 3 ( (A22
2m)°(1+3By )% (2m)° my PniEFy 2m)(1+3B6;,) (2m) PalPg)

*Present address: Department of Physics, Faculty of Science,
University of Tohoku, Sendai 980, Japan.

tPermanent address: Physics Department, University of Geor-
gia, Athens, GA 30602.

1H. R. Rubinstein and H. Stern, Phys. Lett. 21, 447 (1966).

2J. Harte, R. H. Socolow, and J. Vandermeulen, Nuovo Cimen-
to 49A, 555 (1967).

3M. Maruyama and T. Ueda, Nucl. Phys. A364, 279 (1981).

4M. Maruyama and T. Ueda, Phys. Lett. 124B, 121 (1983).

SM. Maruyama and T. Ueda, Prog. Theor. Phys. 73, 1211
(1985).

6N. Isgur and G. Karl, Phys. Rev. D 20, 1191 (1979).

7C. Carlson, Phys. Rev. D 27, 1556 (1983).

8C. Carlson, G. Kogut, and V. R. Pandharipande, Phys. Rev. D
27, 233 (1983); 28, 2807 (1983).

9R. Sartor and FI. Stancu, Phys. Rev. D 34, 3405 (1986).

10A . Le Yaouanc, L. Oliver, O. Pene, and J. C. Raynal, Phys.

Rev. D 8, 2223 (1973); 9, 1415 (1974); 11, 1272 (1975).

UF, Lenz et al., Ann. Phys. (N.Y.) 170, 65 (1986).

12A. M. Green and J. A. Niskanen, Prog. Part. Nucl. Phys. 18,
93 (1987).

I3A. M. Green and J. A. Niskanen, Nucl. Phys. A412, 448
(1984); A430, 605 (1984).

14H. Genz, Phys. Rev. D 28, 1094 (1983).

15C. D. Dover, P. Fishbane, and S. Furui, Phys. Rev. Lett. 57,
1538 (1986).

16M. Maruyama and T. Ueda, Prog. Theor. Phys. 78, 841 (1987).

17”M. Maruyama, S. Furui, and A. Faessler, Nucl. Phys. A472,
643 (1987).

18M. Maruyama, S. Furui, A. Faessler, and R. Vinh Mau, Nucl.
Phys. A473, 649 (1987).

19A. M. Green, J. A. Niskanen, and S. Wycech, Phys. Lett.
139B, 15 (1984).

20M. Khono and W. Weise, Nucl. Phys. A454, 429 (1986).



42 RELATIVISTIC EFFECTS IN PROTON-ANTIPROTON . . . 731

21E. M. Henley, T. Oka, and J. Vergados, Phys. Lett. 166B, 274
(1986).

22A. M. Green, J. A. Niskanen, and S. Wycech, Phys. Lett. B
172, 171 (1986); A. M. Green and J. A. Niskanen, Mod. Phys.
Lett. A 1, 441 (1986).

23R. Kokoski and N. Isgur, Phys. Rev. D 35, 907 (1987).

24E. M. Henley, T. Oka, and J. D. Vergados, Nucl. Phys. A476,
589 (1988).

25K. Fujimura, T. Kobayashi, and M. Namiki, Prog. Theor.
Phys. 43, 73 (1970); 44, 193 (1970).

26A, L. Licht and A. Pagnamenta, Phys. Rev. D 2, 1150 (1970);
2, 1156 (1970).

27A. N. Mitra and I. Kumari, Phys. Rev. D 15, 261 (1977).

28D, P. Stanley and D. Robson, Phys. Rev. D 26, 223 (1982).

29W. Glockle, Y. Nogami, and I. Fukui, Phys. Rev. D 35, 584
(1987).

30A. Buchmann, W. Leidemann, and H. Arenhével, Nucl.
Phys. A443, 726 (1985).

3IT, Gutsche, M. Maruyama, and A. Fissler, Nucl. Phys. A503,
737 (1989).

32C. Wong, Phys. Rev. D 24, 1416 (1981).

33G. L. Strobel and T. Pfenninger, Phys. Lett. B 195, 7 (1987).

34T. De Grand et al., Phys. Rev. D 12, 2060 (1975).

35R. Tegen, R. Brockmann, and W. Weise, Z. Phys. A 307, 339
(1982); R. Tegen, M. Schedl, and W. Weise, Phys. Lett. 125B,
9 (1983); N. Barik, B. K. Dash, and M. Das, Phys. Rev. D 31,
1652 (1985).

36N. Barik and B. K. Dash, Phys. Rev. D 33, 1925 (1986); M. G.
do Amaral and N. Zagury, ibid. 26, 3119 (1982).

37v. Bernard, R. Brockmann, M. Schaden, W. Weise, and E.
Werner, Nucl. Phys. A412, 349 (1984); V. Bernard, R. Brock-
mann, and W. Weise, ibid. A440, 605 (1985).



