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We study how to probe the anomalousCP-violating couplings of the top quark withg, Z, andg in the t t̄

threshold region at futuree1e2 colliders. These couplings contribute to the difference of thet and t̄ polariza-
tion vectorsdP and to theCP-odd spin-correlation tensordQi j . We find that typical sizes ofdP anddQi j are
5–20 % times the couplings (dtg ,dtZ ,dtg) in the threshold region. ExperimentallydP can be measured effi-
ciently using theCP-odd combination of thel 6 momenta or of thel 6 directions. We have similar sensitivities
to both the real and imaginary parts of the couplings independently using the two components ofdP. Taking
advantage of different dependences ofdP on thee6 polarizations and on the c.m. energy, we will be able to

disentangle the effects of the three couplingsdtg ,dtZ ,dtg in the t t̄ threshold region. We give rough estimates
of sensitivities to the anomalous couplings expected at futuree1e2 colliders. The sensitivities todtg anddtZ

are comparable to those attainable in the open-top region ate1e2 colliders. The sensitivity todtg is worse than
that expected at a hadron collider but exceeds the sensitivity in the open-top region ate1e2 colliders.

PACS number~s!: 14.65.Ha, 11.30.Er, 13.88.1e
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I. INTRODUCTION

Among all the fermions included in the standard mod
~SM!, the top quark plays a very unique role. The mass
the top quark is by far the largest and approximates the e
troweak symmetry-breaking scale. In fact the top quark is
heaviest of all the elementary particles discovered up to n
It means that in the SM Lagrangian the top quark mass t
breaks the SU(2)L3U(1)Y symmetry maximally. This fact
suggests that the top quark couples strongly to the phy
that breaks the electroweak symmetry. It is, therefore, imp
tant to investigate the properties of the top quark in detail
the purpose of probing the symmetry-breaking physics
well as to gain deeper understanding of the origin of
flavor structure. The standard procedures for investiga
top quark properties are measurements of fundamental q
tities such as its mass and decay width, and detailed ex
nations of various interactions of top quark to see if there
signs of new physics. Among them testing theCP-violating
interactions of the top quark is particularly interesting. Th
is because of the following.~1! CP-violation in the top quark
sector is extremely small within the SM. If anyCP-violating
effect is detected in the top sector in a near-future exp
ment, it immediately signals new physics.~2! There can be
many sources ofCP violation in models that extend the SM
such as supersymmetric~SUSY! models, leptoquark model
~including R-parity-violating SUSY models!, multi-Higgs-
doublet models, extra dimensions, etc.~3! In a relatively
wide class of models beyond the SM,CP violation emerges
especially sizably in the top quark sector.

Predictions of certain models are as follows. In the S
the lowest-order contributions to the electric dipole mom
~EDM! of a quark come from three-loop diagrams and
proportional toGF

2as @1#. Assuming that the results foru and
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d quarks can also be applied to the top quark, one may e
mate the top quark EDM as;10230e cm. One may also
estimate theZ-EDM and chromo-EDM of top quark a
;10230 e cm and;10230 gs cm, respectively, since ther
seems to be no reason that these two EDM’s are much
pressed or enhanced. All these EDM’s of top quark are q
small compared to those corresponding to the ‘‘O(1) cou-
plings,’’ e/mt;10216 e cm and gs /mt;10216 gs cm. On
the other hand, the top quark EDMs are induced at one l
in many models, including multi-Higgs-multiplet models an
SUSY models. In the two-Higgs-doublet models, a neu
Higgs bosonf can violateCP through the Yukawa interac
tion c̄(a2ãg5)cf @2–8#. The size of the induced EDM is
estimated as1 ;eGFmt

3/(4p2mf
2 )53310218 e cm

(mf/100 GeV)22. The explicit calculations show somewh
smaller values, 10218– 10220 e cm, depending onAs and
mf . In the minimal SUSY standard modelCP can be vio-
lated in the soft SUSY breaking sector@6,8–11#. It was
shown that the top quark EDM of;10219 e cm can be in-
duced by gluino and chargino exchanges, assuming a un
sal gaugino mass and nonuniversal other soft-breaking
rameters.

Present experimental limits on the EDM’s of top qua
are not stringent @12#. A limit on the chromo-EDM
&10216 gs cm is obtained from the analyses usings tot(pp̄

→tt̄X) and pT distributions of prompt photons produced
qg→qg, etc., at the Fermilab Tevatron and from the ana
ses using Br(B→Xsg) at CLEO. The limit on the EDM from
the prompt photon distribution is similar: EDM
&10216 e cm.

1Here, one power ofmt is necessary to flip chirality. The extr
two powers ofmt come from the Yukawa interaction.
©2000 The American Physical Society34-1
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There have been a number of sensitivity studies on the
quark EDM’s expected at future hadron colliders and in
open-top region (As@2mt) at futuree1e2 andgg colliders.
In hadron collider studies@3,4,10,13–16#, it is claimed that
with the observables2 made of elaborated combinations
momenta of charged leptons,b quarks, etc., experiments a
As5500 GeV and with an integrated luminosity 10 fb21 can
probe the chromo-EDM down to a few310217

210218 gs cm, or even to a few310219 gs cm by raising the
complexity of the observables. However, none of them p
forms detector simulations, which seem to be indispensa
for a serious sensitivity study.3 Among several proposedCP-
odd observables, lepton energy asymmetryAE

l 5El 12El 2

would be the simplest one@3,10,15#. It is claimed thatAE
l is

sensitive to the imaginary part4 of the chromo-EDM down to
;10218 gs cm assuming an acceptance efficiencye510%.
Also studies of the EDM andZ-EDM of top quark in the
open-top region ate1e2 colliders are given in@5–8,11,16–
20#. We take as a reference the results of@17#, which is based
on simulation studies incorporating experimental conditio
expected at a futuree1e2 linear collider. It is shown that, by

using the modet t̄→bb̄WW→bb̄qq̄8ln ( l 5e,m), sensitivi-
ties to~the real and imaginary parts of! the EDM andZ-EDM
are ;10217 e cm at As5500 GeV, assuming an integrate
luminosity of 10 fb21 and electron-beam polarization o
680%. Sensitivity to the top chromo-EDM in the open-to
region ate1e2 colliders is studied in@21#; they estimate a
sensitivity;10216 gs cm atAs5500 GeV, assuming an in
tegrated luminosity 50 fb21, an identification efficiency for
top-pair production events.100%, andEg

min525 GeV. The
last entry is a cut for the minimum gluon-jet energy,
which the sensitivity depends crucially. No detector simu
tion is performed in this study. The sensitivities ofgg col-
liders are studied in@7,8,22#; they are shown to be similar t
those ofe1e2 colliders.

Certainly it is desirable to probe the top quark anomalo
interactions at highest possible energy where we have m
resolving power, which motivated the above studies. On
other hand, it is known that studying various top quark pro

erties in thet t̄ threshold region at futuree1e2 colliders is
promising and interesting; particularly the top quark ma
will be determined to unmatched precision. A number
analyses elucidated physics potential of experiments in tht t̄
threshold region@23–35#. Most of them, however, dealt onl
with the SM interactions. In this paper we extend the
analyses and study how to probe anomalousCP-violating
interactions of top quark in thet t̄ threshold region. We note
that there are some specific advantages in this region:

~i! The polarization of top quark can be raised to close

2They include the so-called ‘‘optimal observables’’@13,18#.
3For instance, it is important to study the effects of misassignm

of jets to partons in event reconstructions.
4Note thatAE

l probes absorptive part of an amplitudeM, since it

is CPT̃ odd.
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100% by adjusting longitudinal polarization ofe2 beam
@36,30#.

~ii ! Since top quarks are produced almost at rest, one
reconstruct the spin information of top quarks from distrib
tions of their decay products without solving detailed kin
matics@31#.

~iii ! The QCD interaction is enhanced in this region,
the cross section is sensitive to the top-gluon~tg! couplings.
We can study anomaloustg couplings in a clean environmen
in comparison to hadron colliders.

~iv! There are less backgrounds from multipleW,Z pro-
ductions compared to the open-top region.

~v! In certain models~e.g., those in which a neutral Higg
boson is exchanged betweent and t̄ @2#!, the induced top
quark EDM andZ-EDM are enhanced near thet t̄ threshold.
Thus, for the sake of comparison with other kinematical
gions, we would like to know sensitivities toCP-violation
achievable ine1e2→t t̄ in the threshold region when thes
advantages are taken into account.

In Sec. II we present a qualitative picture of the effects
the anomalousCP-violating interactions in the threshold re
gion. We derive the top-quark vertices including the QC
enhancement in Sec. III. The formulas for the polarizat
vectors and the spin-correlation tensor oft and t̄ are pre-
sented in Sec. IV, followed by their numerical analyses
Sec. V. Section VI discusses the observables to be meas
in experiments and gives rough estimates of sensitivities
the anomalous couplings. We summarize and conclude
analyses in Sec. VII. Some of the notations used in this pa
are collected in the Appendix.

II. PHYSICAL PICTURE

Let us first review the time evolution oft and t̄ , pair-
created ine1e2 collision just below threshold, within the
SM. They are created close to each other at a relative
tance r;1/mt and then spread apart nonrelativisticall
When their relative distance becomes of the order of
Bohr radius,r;(asmt)

21, they start to form a Coulombic
bound state. When the relative distance becomesr
;(mtG t)

21/2, where G t is the decay width of top quark
either t or t̄ decays via electroweak interaction, and acco
ingly the bound state decays. Numerically these two sca
have similar magnitudes, (asmt)

21;(mtG t)
21/2, and are

much smaller than the hadronization scale;1/LQCD. Since
gluons which have wavelengths much longer than the siz
the t t̄ system cannot couple to this color singlet system,
strong interaction participating in the formation of th
boundstate is dictated by the perturbative domain of QC
The spin andPC of the dominantly produced bound state a
JPC5122. Inside this bound state:t and t̄ are in theS-wave
state (L50); the spins oft and t̄ are aligned to each othe
and pointing toe2 beam directionu↑↑& or to e1 beam direc-
tion u↓↓& or they are in a linear combination of the two stat
(S51).

In this paper we consider anomalousCP-violating inter-
actions of top quark withg, Z, andg. In particular, we con-

nt
4-2



at

e

s
a
-
ss

ic
u
b

r

ic

io
e
e
gs

hen

ere-

ial

s on
-
the
of
be

of

.m.

-
r-
fer-

e

r-

rk

od-

un-

cou-

en

.
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sider the lowest dimension effective operators which viol
CP:

LCP-odd52
edtg

2mt
~ t̄ ismng5t !]mAn2

gZdtZ

2mt
~ t̄ ismng5t !]mZn

2
gsdtg

2mt
~ t̄ ismng5Tat !]mGn

a , smn[
i

2
@gm,gn#,

~1!

wheree5gW sinuW andgZ5gW /cosuW. These represent th
interactions ofg,Z,g with the EDM, Z-EDM, chromo-EDM
of top quark, respectively.5 Each of these interactions ha
C511 andP521. We assume that generally the anom
lous couplingsdtg ,dtZ ,dtg are complex where their imagi
nary parts may be induced from some absorptive proce
beyond the SM. For a nonrelativistict t̄ pair produced in
e1e2 collision, the anomalous couplings oft t̄ to g and Z
reduce to

edtg

mt
A•x

t̄

†
~2 i¹!x t1

gZdtZ

mt
Z•x

t̄

†
~2 i¹!x t , ~2!

where x t and x t̄ denote the two-component nonrelativist
fields of t and t̄ , respectively. The anomalous top-gluon co
pling generates effectively a spin-dependent potential
tweent and t̄

VCP-odd5
dtg

mt
~st2 s̄t!•“VC~r ! ~3!

through the diagrams shown in Fig. 1. Here,st and s̄t denote
the spins of nonrelativistict and t̄ , respectively;VC(r )
52CFas /r is the Coulomb potential with the color facto
CF54/3. Whendtg.0, the potentialVCP-odd tends to align
both chromo-EDM’s in the direction of the chromoelectr
field, or, align s̄t in the direction ofr5r t2 r̄ t and st in the
direction of2r .

Let us consider the effects of these anomalous interact
on the time evolution of thet t̄ system. Assuming that th
anomalous couplingsdtg ,dtZ ,dtg are small, we consider th
effects which arise in linear perturbation in these couplin
CP violation originating from thetg or tZ coupling occurs at

5The magnitudes of these EDM’s are given byedtg /mt ,
gZdtZ /mt , gsdtg /mt , respectively.

FIG. 1. The diagrams which contribute to the spin-depend

CP-violating potential between nonrelativistict and t̄ . The vertex̂
represents theCP-odd interaction of top quark with gluon; cf. Eq
~1!. An exchange of the Coulomb gluongC gives the leading con-
tribution of theCP-odd interaction to the potential.
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the stage of the pair creation, i.e., whent and t̄ are very close
to each other. The generated bound state hasJPC5112, sot

and t̄ are in the P-wave (L51) and spin-0 stateu↑↓&
2u↓↑&. On the other hand,CP violation originating from the
tg coupling takes place after the bound-state formation w
multiple gluons are exchanged betweent and t̄ , i.e., whent

and t̄ are separated at a distance of the Bohr radius. Th
fore, first the bound state is formed in theJPC5122 (L
50 and S51) state and after interacting via the potent
VCP-odd it turns into theJPC5112 (L51 andS50) state.
Since we are interested in the dependences of observable
the couplingsdtg ,dtZ ,dtg up to linear terms, we are inter
ested in the interference of the leading SM amplitude and
amplitude including these couplings. The strong phases
these amplitudes that arise from QCD binding effects can
calculated reliably using perturbative QCD.

Which CP-odd observables are sensitive to the aboveCP-
violating couplings? For the processe1e2→t t̄ , we may
conceive of following expectation values of combinations
kinematical variables forCP-odd observables:

^~pe2p̄e!•~st2 s̄t!&,

^~pt2p̄t!•~st2 s̄t!&,

^@~pe2p̄e!3~pt2p̄t!#•~st2 s̄t!&, ~4!

where the spins and momenta are defined in the c
frame. ~The initial state isCP even if we assume the SM
interactions ofe6 with g andZ.! Generally, one may think
of other combinations involvingse and s̄e as well. However,
the spin directions ofe6 are not independent of their mo
mentum directions for longitudinally polarized or unpola
ized beams. Therefore, we would like to measure the dif
ence of the spins~or the polarization vectors! of t and t̄ .
Practically we can measure thet and t̄ polarization vectors
efficiently usingl 6 angular distributions. It is known that th
angular distribution of the charged leptonl 1 from the decay
of top quark is maximally sensitive to the top quark pola
ization vector. In the rest frame of top quark, thel 1 angular
distribution is given by@37#

1

G t

dG~ t→bl1n!

d cosu l 1
5

11P cosu l 1

2
~5!

at tree level, whereP is the top quark polarization andu l 1 is
the angle ofl 1 measured from the direction of the top qua
polarization vector.6 Furthermore, we may think ofCP-odd
observables bilinear inst and s̄t , which require more com-
plicated analyses for their reconstructions from decay pr
ucts.

6Indeed thel 1 distribution is ideal for extractingCP violation in

the t t̄ production process; the above angular distribution is
changed even if anomalous interactions are included in thetbW
decay vertex, up to the terms linear in the decay anomalous
plings and within the approximationmb50 @38#.

t

4-3
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We may anticipate following aspects of theCP-odd quan-
tity dP5(P2P̄)/2, ~a half of! the difference of thet and t̄
polarization vectors. It will be directly proportional to th
couplingdtg or dtZ or dtg when only one of the couplings i
turned on at a time.dP will include a suppression factorb
.uptu/mt , the top quark velocity, since these couplings a
accompanied by the top quark momentum; cf. Eqs.~2! and
~3!. Thus, this factor will be larger at higher c.m. energ
Apart from thisb, energy dependence ofdP originating from
the anomaloustg coupling will be different from that origi-
nating from the anomaloustg and tZ couplings. The contri-
bution of the couplingdtg to dP will be suppressed if the
energies oft and t̄ are too large to allow for enhancement
QCD due to Coulomb binding effects. This happens if t
c.m. energy measured from the thresholdE5As22mt is
much larger than the Coulomb binding energy,E@as

2mt . On
the other hand, the contribution ofdtg or dtZ coupling would
not have such energy dependence sinceCP violation occurs
at the first stage of the top pair production. Dependence
dP on thee2 longitudinal polarization will be different be
tween the photon-induced effect and theZ-induced effect,
sinceeL andeR couple differently tog andZ. These differ-
ences in the energy ande2 polarization dependences can
used to disentangle the effects of the three anomalousCP-
violating interactions in thet t̄ threshold region.7

III. THE TOP PRODUCTION VERTICES

In this section we present thet t̄g and t t̄ Z vertices when
the QCD binding effects and theCP-violating anomalous
couplings are included. At tree level~and without anomalous
interactions!, the electroweakt t̄ vertices are given by

~GX! i5v tXGV
i 2atXGA

i , GV
i 5g i , GA

i 5g ig5 ~X5g,Z!,
~6!

times 2 igX . Since the vertex (GX)m is contracted with the
wave functions ofg and Z produced bye1e2 annihilation,
only the space components of (GX)m are relevant. Here and
hereafter, the Latin indices refer to the space compone
See the Appendix for the definition of the electroweak co
plings gX , v tX, andatX. These vertices are modified by th
QCD binding effects and by the anomalous interactions

~GX! i5v tXGV
i 2atXGA

i 1dtXGX-EDM
i , ~7!

where

GV
i 5F S 12

2CFas

p Dg iG~E,p!1 ig5

pi

mt
dtgD~E,p!G

3S p2

mt
2~E1 iG t! D ,

7Use of thee2 longitudinal polarization for decomposing th
photon-induced effect and theZ-induced effect was advocated i
@20#.
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i 5S 12

CFas

p Dg ig5F~E,p!3S p2

mt
2~E1 iG t! D ,

GX-EDM
i 52 ig5

pi

mt
F~E,p!3S p2

mt
2~E1 iG t! D . ~8!

p5pt52p̄t denotes the top quark momentum in the c.
frame, andp5upu. We work in the potential-subtracted-ma
scheme@39# instead of the pole-mass scheme, andE5As
22mPS(m f) represents the c.m. energy measured from tw
the potential-subtracted mass of the top quark;mt denotes
the pole mass of top quark and it is expressed in terms of
potential-subtracted mass by

mt5mPS~m f !1
CFas~m!

p
m fF11

as~m!

4p

3H a12b0S log
m f

2

m222D J G ~9!

with

a15
31

9
CA2

20

9
TFnf , b05

11

3
CA2

4

3
TFnf , ~10!

where m f and m denote the renormalization scale of th
potential-subtracted mass and theMS coupling, respectively;
CF54/3,CA53,TF51/2 are the color factors andnf55 is
the number of active flavors.

G(E,p) andF(E,p) are theS-wave andP-wave Green’s
functions, respectively, defined by

F2
¹2

mt
1V~r ;m f !2~E1 iG t!GG̃~E,x!5d3~x!, ~11!

F2
¹2

mt
1V~r ;m f !2~E1 iG t!G F̃k~E,x!52]kd3~x!,

~12!

and

G~E,p!5E d3xe2 ip•xG̃~E,x!, ~13!

pkF~E,p!5E d3xe2 ip•xF̃k~E,x!. ~14!

V(r ;m f) is the Fourier transform of the two-loo
renormalization-group-improved QCD potential, where t
infrared renormalon pole is subtracted and absorbed into
definition of mPS(m f). See@34# for details. One may also
write conveniently as

G~E,p!5 K pU 1

p2/mt1V2~E1 iG t!
Ux50W L , ~15!

pF~E,p!5 K pU 1

p2/mt1V2~E1 iG t!
pUx50W L . ~16!
4-4
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The Green’s function associated with the gluon anomal
coupling is given by

D~E,p!5G~E,p!2F~E,p!. ~17!

We can see from Eqs.~8! that the effects of all the anoma
lous CP-violating interactions are suppressed byupu/mt
.b. Thus, for consistency we have incorporated allO(as)
5O(b) corrections in the SM vertices.

A sketch of derivations of these vertices goes as follo
Using nonrelativistic forms of thet and t̄ propagators,
n

ve

01403
s
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SFS km1
qm

2 D.
11g0

2

i

E/21k02uku2/~2mt!1 iG t/2
,

SFS km2
qm

2 D.
12g0

2

i

E/22k02uku2/~2mt!1 iG t/2
,

~18!

whereqm5(2mt1E,0W ) andkm5(k0,k) in the c.m. frame, a
self-consistent equation for the vector vertex, similar to t
given in @24#, reads
GV
i ~E,pm!5g i1CF~2 igs!

2E d4k

~2p!4

i

E/21k02uku2/~2mt!1 iG t/2

i

E/22k02uku2/~2mt!1 iG t/2

3Fg0
11g0

2
GV

i ~E,km!
12g0

2
g02S dtg

2mt
Ds j 0g5~p2k! j

11g0

2
GV

i ~E,k!
12g0

2
g0

1S dtg

2mt
Dg0

11g0

2
GV

i ~E,k!
12g0

2
s j 0g5~p2k! j G i

up2ku2
. ~19!
Since there is nop0 dependence on the right-hand side, co
sistency requiresGV

i (E,pm)5GV
i (E,p). Thus we can trivially

integrate overp0 and obtain

GV
i ~E,p!5g i2E d3k

~2p!3

2CFgs
2

up2ku2

1

uku2/mt2~E1 iG t!

3
11g0

2 FGV
i ~E,k!2

dtg

2mt
~p2k! j$s j 0g5GV

i ~E,k!

1GV
i ~E,k!s j 0g5%G 12g0

2
. ~20!

We decompose the vertex functionGV
i (E,p) into different

spinor structures as

11g0

2
GV

i ~E,p!
12g0

2

5
11g0

2 Fg iGG~E,p!1g j S pipj

upu2
2

1

3
d i j DGB~E,p!

1g ig5GF~E,p!1 ig5

pi

mt
GD~E,p!G 12g0

2
. ~21!

By plugging this expression into the integral equation abo
one obtains integral equations for scalar functionsGG(E,p),
etc. One can see thatGD(E,p)5O(dtg),GB(E,p)5O(dtg

2 ).
Thus, we neglectGB(E,p) hereafter. Let us write

GG~E,p!5S p2

mt
2~E1 iG t! DG~E,p!,
-

,

GF~E,p!5S p2

mt
2~E1 iG t! DF~E,p!,

GD~E,p!5S p2

mt
2~E1 iG t! DdtgD~E,p!.

~22!

ThenG, F, andD satisfy

S p2

mt
2~E1 iG t! DG~E,p!1E d3k

~2p!3 ṼC~ up2ku!G~E,k!

51, ~23!

S p2

mt
2~E1 iG t! D piF~E,p!1E d3k

~2p!3 ṼC~ up2ku!kiF~E,k!

5pi , ~24!

S p2

mt
2~E1 iG t! D piD~E,p!1E d3k

~2p!3 ṼC~ up2ku!kiD~E,k!

5E d3k

~2p!3 ṼC~ up2ku!~k2p! iG~E,k! ~25!

with ṼC(q)52CF4pas /q2. Comparing the third equation
with the first two equations, we find thatD5G2F. The first
two equations are equivalent to Eqs.~11!–~16! apart from
4-5
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the fact that the Coulomb potential2CFas /r is replaced by8

V(r ;m f) and that the renormalization-group-improve
potential-subtracted-mass scheme@34# is used instead of the
pole-mass scheme.

The axial-vector vertex was derived in@27#:

GA
i .S p2

mt
2~E1 iG t! Dg ig5F~E,p!. ~26!

The hard-vertex factor for the vector vertex was derived
@41# and that for the axial-vector vertex in@42#. We may also
deriveGX-EDM

i in a similar manner.
Two comments would be in order here. One might thi

that including the nonrenormalizable interactions Eq.~1! into
loop integrals@e.g., Eq.~19!# causes ultraviolet divergence
and leads to unpredictability. We note that only nonrelat
istic domains of the loop integrals are relevant in resumm
tions of the Coulomb singularities. In fact high momentu
regions are effectively cut off in the self-consistent equatio
due to our nonrelativistic approximation. Thus, we can c
culate unambiguously the leading contributions of these
fective interactions. In this regard, in Eqs.~8! the hard-vertex
correction factors are associated only with the SM contri
tions. We cannot determine hard-vertex corrections to
vertices including the anomalous interactions since the n
renormalizability of these interactions matters at this ord

The simple form of the Green function including thetg
anomalous interaction Eq.~17! is a consequence of the fo
lowing fact. The effect ofVCP-odd integrated over the time
interval from t50 to t5T can be written as (dtg /mt)(st
2 s̄t)•@p(0)2p(T)# using the equation of motionṗ
52¹VC . Namely, the difference of the top quark momen
at t50 and att5T carries the net effect of the chromoele
tric field which aligns the EDM’s during 0,t,T. Con-
cisely, forH5p2/mt1VC anddH5VCP-odd, the variation of
the time evolution of thet t̄ system is expressed as

d~e2 iHT!5 i Fdtg

mt
~st2 s̄t!•p,e2 iHTG . ~27!

Thus, the propagation at a fixed energy is given
( idtg /mt)(st2 s̄t)•p(G2F); cf. Eqs.~15! and ~16!.

IV. THE POLARIZATION VECTORS AND THE
SPIN-CORRELATION TENSOR OF t AND t̄

Using the vertices derived in the previous section we m
write down the production cross section of at t̄ pair in the
threshold region. The cross section, where (t, t̄ ) have mo-
menta (pt ,2pt) and the spins11/2 along the quantization
axes (st ,s̄t) in the c.m. frame, is given by

8The replacement is justified: In Coulomb gauge theO(as) cor-
rections to the potential come solely from the vacuum polariza
of the Coulomb gluon@40#. Hence, the net effect is to replace th
fixed-coupling constantas(m) in the leading-order by the
V-scheme running coupling constantaV(up2ku).
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ds~st ,s̄t!

d3pt
5

ds

d3pt

11P•st1P̄• s̄t1~st! i~ s̄t! jQi j

4
. ~28!

Here, ustu5us̄tu51. On the right-hand-side,ds/d3pt repre-
sents the production cross section when the spins oft and t̄
are summed over

ds

d3pt
5S 12

4CFas

p D NCa2G t

2pmt
4

12Pe1Pe2

2
uG~E,pt!u2

3~a11xa2!H 112 ReFCFB

F~E,pt!

G~E,t t!
Gb cosu teJ ,

~29!

where b5uptu/mt and cosute5pe•pt /(upeuuptu); a is the
fine-structure constant;Nc53 is the number of colors;x is a
function of the initiale6 longitudinal polarizationsPe6:

x5
Pe12Pe2

12Pe1Pe2
. ~30!

If the positron beam is unpolarized (Pe150), x52Pe2.
The coefficientCFB and the constantsa1 ,a2 are defined be-
low.

In Eq. ~28! P andP̄ represent the polarization vectors oft

and t̄ , respectively. Both the SM and the anomalous inter
tions contribute to the polarizations:

P5PSM1dP, P̄5P̄SM1dP̄. ~31!

The SM contributions areCP even ~except for tiny CP-
violating effects which we neglect! and are equal fort and t̄ .
On the other hand, the anomalousCP-odd contributions are
opposite in sign:

P̄SM5PSM , dP̄52dP. ~32!

Note that we are working up to linear terms in the anomalo
couplings. Hereafter we express these vectors by com
nents:

P5Pini1P'n'1PNnN , st5sini1s'n'1sNnN ,
~33!

where the orthonormal basis is defined from thee2 beam
direction and the top momentum direction:

ni[
pe

upeu
, nN[

pe3pt

upe3ptu
, n'[nN3ni . ~34!

Then the polarization oft is given by

~PSM! i5Ci
01ReS Ci

1 F

G Db cosu te , ~35!

~PSM!'5ReS C'

F

G Db sinu te , ~36!

n

4-6
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~PSM!N5ImS CN

F

G Db sinu te ~37!

for the contributions from the SM interactions,9 and

dPi50, ~38!

dP'5F ImS B'
g dtg

D

G D1ImS B'
g dtg

F

G D
1ImS B'

ZdtZ

F

G D Gb sinu te , ~39!

dPN5FReS BN
g dtg

D

G D1ReS BN
g dtg

F

G D
1ReS BN

ZdtZ

F

G D Gb sinu te , ~40!

for the contributions from the anomalous interactions. T
coefficientsCi

0, etc. are defined below.
There is also a term bilinear inst ands̄t , which represents

the correlation oft and t̄ spins:

~st! i~ s̄t! jQi j 5~st! i~ s̄t! j~Qi j SM
1dQi j !, ~41!

where

~st! i~ s̄t! jQi j SM
5sis̄i1~sis̄'1s's̄i!ReS CN

F

G Db sinu te

1~sis̄N1sNs̄i!ImS C'

F

G Db sinu te , ~42!

and

~st! i~ s̄t! jdQi j 5~sis̄'2s's̄i!F ImS BN
g dtg

D

G D1ImS BN
g dtg

F

G D
1ImS BN

ZdtZ

F

G D Gb sinu te1~sis̄N2sNs̄i!

3FReS B'
g dtg

D

G D1ReS B'
g dtg

F

G D
1ReS B'

ZdtZ

F

GD Gb sinu te . ~43!

The coefficients Ci ’s and Bi
X’s included in

PSM,dP,Qi j SM
,dQi j are defined as follows. For the SM

contributions,10

9These results were derived in@30–32#.
10Our notations are similar to those of@31,32#. There are two

differences:~i! our a3 anda4 are a factor two smaller than theirs
~ii ! our CN is defined in opposite sign to theirs.
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Ci
0~x!52

a21xa1

a11xa2
,

Ci
1~x!52Ci

0CN1C'52~12x2!
a2a32a1a4

~a11xa2!2 ,

C'~x!52
a41xa3

a11xa2
, CN~x!5

a31xa4

a11xa2
5CFB .

~44!

The coefficients for theCP-odd contributions are given by

B'
g ~x!dtg1B'

Z~x!dtZ5
a51xa6

a11xa2
,

BN
g ~x!dtg1BN

Z~x!dtZ5
a61xa5

a11xa2
, ~45!

and

B'
g ~x!521,

B'
g ~x!5

1

a11xa2
$~@vev t#* veg1@aev t#* aeg!

1x~@vev t#* aeg1@aev t#* veg!%

5
1

a11xa2
~@vev t#* veg1x@aev t#* veg!,

B'
Z~x!5

1

a11xa2
$~@vev t#* veZ1@aev t#* aeZ!

1x~@vev t#* aeZ1@aev t#* veZ!%d~s!,

BN
g ~x!5Ci

0~x!, ~46!

BN
g ~x!5

1

a11xa2
$x~@vev t#* veg1@aev t#* aeg!

1~@vev t#* aeg1@aev t#* veg!%

5
1

a11xa2
~x@vev t#* veg1@aev t#* veg!,

BN
Z~x!5

1

a11xa2
$x~@vev t#* veZ1@aev t#* aeZ!

1~@vev t#* aeZ1@aev t#* veZ!%d~s!.

Symbolsa1–6 denote combinations of the electroweak p
rameters:

a15u@vev t#u21u@aev t#u2, a252 Re~@vev t#* @aev t# !,

a35@vev t#* @aeat#1@aev t#* @veat#,

a45@vev t#* @veat#1@aev t#* @aeat#, ~47!

and
4-7
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a55@vev t#* @vedt#1@aev t#* @aedt#

5@vev t#* vegdtg1@vev t#* veZd~s!dtZ

1@aev t#* aeZd~s!dtZ ,

a65@vev t#* @aedt#1@aev t#* @vedt#

5@vev t#* aeZd~s!dtZ1@aev t#* vegdtg

1@aev t#* veZd~s!dtZ . ~48!

Symbols@veat#, etc. are defined in the Appendix, Eq.~A4!,
andd(s) is the ratio of theZ propagator to theg propagator
@Eq. ~A5!#.

We comment here why there is noni component indP
@Eq. ~38!# or why there are only a few components indQi j
@Eq. ~43!#. dP and dQi j originate from interferences of th
leading SM amplitudeM0 and the amplitude proportional t
the anomalous couplingsdM . The SM amplitudeM0 is in a
linear combination of spin Si561 states (c1u↑↑&
1c2u↓↓&), whereas theCP-reversed amplitudedM is in
spin Si50 state (u↑↓&2u↓↓&); see Sec. II. In order to pro
duce a nonzero interference between the two amplitudes
ther one of the spins oft and t̄ must be flipped. This is
possible only by sandwiching the spin operatorŜ'

( i ) or ŜN
( i )

~i 5t or t!.
We can understand from symmetry considerations

combinations of the electroweak couplings and the Gr
functions in each term of the production cross sect
ds(st ,s̄t)/d

3pt . This provides a nontrivial cross check of th
formulas presented in this section; the argument is prese
in @43#.

V. NUMERICAL ANALYSES OF dP AND dQi j

In this section we study numerically the polarization ve
tors and the spin-correlation tensor derived in the previ

FIG. 2. The electroweak coefficientsCs’s and Bi
X’s ~for P, P̄,

andQi j ) vs the initiale6 polarization parameterx. In the figures,
Cpara5Ci , Cperp5C' , Cnorm5CN , etc.~a! The coefficients for the
SM contributions.~b! The coefficients for the contributions from
the anomalous couplings.
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section. We use the input parameters:mPS(m f)5175 GeV,
m f53 GeV, m520 GeV, mZ591.19 GeV,as(mZ)50.118,
and sin2 uW50.2312.

First we examine the coefficientsCi ’s and Bi
X’s, which

FIG. 3. TheS-wave andP-wave Green functions vs the to
quark momentump at ~a! E522 GeV, ~b! E512 GeV.

FIG. 4. p2uG(E,p)u2 vs the top quark momentump at fixed c.m.
energies. These are proportional to the leading-order momen
distributions of top quark.
4-8
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represent combinations of electroweak couplings. They
given as a function ofx; cf. Eq. ~30!. Figure 2~a! shows the
coefficients for the SM contributionsPSM andQi j SM

. Except

for Ci
1, typical sizes of the coefficients are order one. Fig

2~b! shows the coefficients for theCP-violating contributions
dP anddQi j . Typical sizes of all these coefficients are ord
one. We see that their dependences onx are different.

Next we examine theS-wave andP-wave Green’s func-
tions. In Figs. 3~a! and 3~b! are shown the Green’s function
at E522 GeV andE512 GeV, respectively. They depen
on both the energyE and the top momentumpt . The mo-
mentum distribution of top quarkds/d3pt}pt

2uG(E,pt)u2

has a peak (pt5ppeak) at a given c.m. energy@26#, see Figs.
4 and 5. Then we may plot the ratiosbF/G and bD/G,
included indP anddQi j , as a function of the energyE alone
by choosing the top momentum to be the peak momen
ppeak. These are shown in Figs. 6. We see that the size
ubF/Gu is 5–20 %, while the size ofubD/Gu is 5–10 %.
Clearly their energy dependences are different. Also it can
seen that the strong phases are quite sizable.

One may understand these behaviors of the Green’s f
tions semiquantitatively using analytic formulas. The relat

ppeak.uAmt~E11GeV1 iG t!u ~49!

agrees qualitatively with Fig. 5, in particular at11 E.0. Here,
1 GeV.2mt2M1S5 ‘ ‘binding energy.’ ’ For a stable quark
pair with the Coulomb potential,G and F can be obtained
analytically for on-shell kinematics@44#:

lim
G t→0

E→pt
2/mt

S E2
pt

2

mt
1 iG tDG~E,pt!U

V5VC

5expS ppB

2pt
DGS 11 i

pB

pt
D , ~50!

11For V→0, ppeak5uAmt(E1 iG t)u holds exactly.

FIG. 5. The peak momentumppeak of the momentum distribu-
tion ds/dp}upu2uGu2 vs the c.m. energy measured from twice t
potential-subtracted mass,E5As22mPS(m f). It represents the
typical momentum of the top quark as a function ofE.
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lim
G t→0

E→pt
2/mt

S E2
pt

2

mt
1 iG tDF~E,pt!U

V5VC

5S 12 i
pB

pt
DexpS ppB

2pt
DGS 11 i

pB

pt
D , ~51!

where pB[CFasmt/2.20 GeV. Thus, we may find a sen
sible approximation formula

F

GU
p5ppeak

.12 i
pB

Amt~E11GeV1 iG t!
. ~52!

This agrees qualitatively well with Figs. 6. It follows tha
D/G→0 andF/G→1 whenuE1 iG tu@as

2mt .
Combining the analyses of the electroweak coefficie

and the Green functions, we find that the typical sizes of
CP-odd quantitiesdP and dQi j are 5–20 % times the cou
plings (dtg ,dtZ ,dtg) in the threshold region. Using the dif
ferent dependences on thee6 polarizations and on the c.m
energy, we will be able to disentangle the effects of the th
anomalous couplings in thet t̄ threshold region. A more
comprehensive numerical study of the coefficients and
Green’s functions is presented in@43#.

FIG. 6. The ratios of the Green’s functions times the ‘‘velocity
of top quark evaluated at the peak momentumppeakof the momen-
tum distributionds/dp; see Fig. 5.~a! These are given as a func
tion of E. ~b! These are plotted on a complex plane asE is varied.
4-9
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VI. OBSERVABLES AND SENSITIVITY ESTIMATES

So far we have considered theCP-odd quantities related
to the spins oft and t̄ . These quantities are, however, n
directly measurable observables in experiments. In this
tion we focus ondP and consider how to extract it. Then w
give rough estimates of sensitivities to theCP-violating cou-
plings dtg ,dtZ ,dtg expected at futuree1e2 colliders.

The top quark polarization vector can be extracted m
efficiently using the angular distribution of charged lepto
from the decay of top quarks. The charged lepton ang
distribution in thet t̄ threshold region, in the leading order,
given by

ds~e1e2→t t̄→bl1nb̄W2!

d3ptdV l
.

ds

d3pt
3

1

G t

dG t→bl1n~P!

dV l
.

~53!

The left-hand-side shows that this is the differential cro
section where the three momentum of parent top quark
the direction of charged lepton are fixed, while all other va
ables are integrated over. The right-hand-side shows that
given as a product of thet t̄ production cross section Eq.~29!
and the decay angular distribution from free polarized
quarks. The top polarization vector is given by Eq.~31!. The
lepton angular distribution in the top rest frame is given
Eq. ~5!. It coincides with the angular distribution in the lab
ratory frame in the leading order, since top quarks are alm
at rest in the threshold region. Hence, the expectation v
of the lepton three-momentum projected onto an arbitr
chosen directionn is proportional to the top quark polariza
tion vector in the same approximation@31#:

^^n•pl&&.
112r 13r 2

12~112r !
mt3n•P, ~54!

wherer 5mW
2 /mt

2, and^^¯&& denotes an average taken for
fixed top three-momentumpt .

Taking a CP-odd combination, the contributions of th
anomalous interactions can be extracted as

^^n•~pl1p̄l !&&.
112r 13r 2

6~112r !
mt3n•dP. ~55!

By choosingn5n' andnN , we can extract the componen
Eqs.~39! and ~40! of dP. The above formula remains vali
even if we include the fullO(as) corrections~in particular
the final-state interactions! in the SM parts of Eqs.~53! @32#
and ~54! @31#, since the pure SM contributions drop in th
CP-odd combination. Alternatively, we may consider
slightly different observable

^^n•~nl1n̄l !&&.
2

3
n•dP, ~56!

where nl /n̄l denote the directions ofl 6. This observable
would be useful if thel 6 directions can be measured mo
accurately than their three momenta, such as in the cas
t6.
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In experiments the lepton-plus-4-jet mode can be use
reconstruct the lepton momentum and the top quark th
momentum simultaneously@29#. In order to detect a signal o
CP violation, it is not necessary to reconstruct the top qu
three momentum with a high accuracy. One should de
the top quark momentum merely as the sum of all the visi
momenta in a top-jet cluster, so no stringent cuts are requ
to reduce missing momentum. The only important point
that any experimental cut should be imposed in aCP sym-
metric way. Later when we measure accurately the value
the couplingsdtg ,dtZ ,dtg , we would need to reconstruct th
top quark three-momentum to a reasonable accuracy.

In order to extractdQi j we need to measure spin correl
tions of t and t̄ . Instead of Eq.~53! we should consider a
double differential decay distribution oft and t̄ , which can
be obtained using the formula of@45#. We may think of
observables such as^(pt2p̄t)•(pl3p̄l)& for CP-odd observ-
ables sensitive todQi j . Here, we do not discuss extraction
dQi j any further and leave the subject to future work.

Let us make rough estimates of sensitivities to theCP-
violating couplingsdtg ,dtZ ,dtg expected in future experi
ments. Equation~56! shows that a statistical reconstructio
of the top quark polarization using lepton directions is qu
efficient. The top quark polarization vector projected to
certain directionP5^st•n& is given by

P.
N↑2N↓
N↑1N↓

, ~57!

whereN↑(N↓) denotes the number of top quarks with spin
the directionn (2n). Hence, the statistical error ofP may
be estimated asd (stat)P;1/ANeff, whereNeff stands for the
number of events used for the analysis. Assuming an in
grated luminosity*L550 fb21 and a detection efficiencye
50.6,

Neff5s t t̄3E L3~2BlBh!3e

.0.5 pb350 fb213S 2•
2

9
•

2

3D30.6

543103 events, ~58!

which means 1/ANeff.1.531022. The leptonic~hadronic!
branching fractionBl(Bh) of W6 into e6 andm6 ~hadrons!
is given by 2/9~2/3!.

Using the relations

dP'5ImS B'
g dtg

D

G Db sinu te ,

dPN5ReS BN
g dtg

D

G Db sinu te , ~59!

the statistical error ofdtg is estimated to be
4-10
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d~stat!dtg;
1

uBi
gD/Gub

3

E
21

1

d~cosu te!1

E
21

1

d~cosu te!sinu te

3
1

ANeff

.
1

0.1
3

4

p
31.531022

.0.2;O~10%!. ~60!

Note that we have similar sensitivities to both the real p
and imaginary part ofdtg independently using the two com
ponents of the top quark polarization vector. The abo
value translates to a sensitivity to the chromo-EDM of t
quark at

d~stat!S gs

mt
dtgD;10217 gs cm. ~61!

Since all the electroweak coefficients (C' ,BN , etc.! are of
similar size, and so are the ratios of the Green’s functi
@Im(F/G), etc.#, sensitivities to the EDM andZ-EDM are
estimated to be at the same order:

d~stat!S e

mt
dtgD;10217 e cm,

d~stat!S gZ

mt
dtZD;10217 gZ cm. ~62!

A Monte Carlo simulation study is also in progress inco
porating realistic experimental conditions expected at a
ture e1e2 collider @46#. They show that high detection effi
ciency is possible with simple event selection criteria anb
tagging. Up to now, only lepton energy asymmetry^El 1

2El 2& for the dilepton-plus-2-jet events was studied@47#.
The 1s statistical error corresponding to 100 fb21 was ob-
tained as

d~stat!@^El 12El 2&#50.65 GeV. ~63!

They studied the bounds on the anomalous couplings se
the input values atdtg5dtZ5dtg50. Based on our calcula
tions, they obtainedu Re@eifgdtg#u,1.5, u Re@eifZ dtZ#u,1.0,
u Re@eifg dtg#u,3.9 at 95% confidence-level~statistical errors
only!, whereeifX’s are the relevant strong phases. In fa
the lepton energy asymmetry is not a good observable
extractingdP in the threshold region. It is suppressed byb
;10% compared to theCP-odd combination of the lepton
three-memontum, Eq.~55!. Moreover, the branching fractio
for the lepton-plus-4-jet mode is larger than that for t
dilepton-plus-2-jet mode. Thus, we expect that the sensi
ties to the anomalous EDM’s will be better by a factor 10
more if we use the lepton three momentum or the lep
direction. This is consistent with the naive estimates
made above.
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VII. SUMMARY AND CONCLUSIONS

In this paper we studied how to probe the anomalousCP-
violating couplings of top quark withg, Z, andg in the t t̄
threshold region at futuree1e2 colliders. The anomalous
couplings contribute to the difference of thet and t̄ polariza-
tion vectors,dP5(P2P̄)/2, as well as to the spin-correlatio
tensordQi j . We studied dependences of theseCP-odd quan-
tities on thee6 beam polarizations, c.m. energy, and t
quark momentum. We find that the typical sizes ofdP and
dQi j are 5–20 % times the couplings (dtg ,dtZ ,dtg) in the
threshold region. Experimentally we can measuredP effi-
ciently using the expectation value of theCP-odd combina-
tion of the l 6 momenta,pl1p̄l , or of the l 6 directions,nl
1n̄l . We have similar sensitivities to both the real part a
imaginary part ofdtg ,dtZ ,dtg independently using the two
components of the top quark polarization vectordP' and
dPN . Taking advantage of different dependences ofdP on
thee6 polarizations and on the c.m. energy, we will be ab
to disentangle the effects of the three anomalous coupl
dtg ,dtZ ,dtg in the t t̄ threshold region. We made rough es
mates of sensitivities to the anomalous couplings expecte
futuree1e2 colliders, considering as a simplest example e
traction of dP from the l 6 distributions. For an integrated
luminosity of 50 fb21, we estimated

d~stat!dtg ,d~stat!dtZ ,d~stat!dtg;O~10%!, ~64!

when only one of the couplings is turned on at a time.12 The
above values translate to sensitivities to the top quark ED
Z-EDM, and chromo-EDM.

d~stat!S e

mt
dtgD;10217 e cm,

d~stat!S gZ

mt
dtZD;10217 gz cm,

d~stat!S gs

mt
dtgD;10217 gs cm. ~65!

The sensitivities to the top quark EDM andZ-EDM are com-
parable to those attainable in the open-top region ate1e2

colliders @17#. The sensitivity todtg is worse than that ex-
pected at a hadron collider@3,4,10,13–16# but exceeds the
sensitivity in the open-top region ate1e2 colliders@21#. We
note that there is an advantage in thet t̄ threshold region. The
clean environment of ane1e2 collider enables accurate de
termination of the value of the top-gluon anomalous co
pling dtg if its value happens to be larger thanO~10%!. On
the other hand, at hadron colliders it would be difficult
measure the value of the coupling with a similar accura

12We would be able to improve the sensitivities by using oth
observables:dP can be extracted also from distributions of char
quarks fromW6 instead ofl 6;dQi j can be extracted using correla
tions of l 6,b,c distributions.
4-11
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even if aCP-violating effect is detected. Regarding the e
ergy upgrading scenario of a future lineare1e2 collider, it is
possible that the machine operates first in thet t̄ threshold
region for a significant amount of time, while measuring t
top quark mass precisely, etc., before the beam energies
be increased to the open-top region. Therefore, it would
desirable that measurements of the anomalous couplings
be performed concurrently with other unique measureme
near threshold, with sensitivities comparable to those in
open-top region. Unfortunately the sensitivities to theCP-
violating couplings achievable in thet t̄ threshold region are
one to three orders of magnitude larger than the predic
sizes of top quark EDM’s in the models reviewed in Sec
Using the results of this work, a Monte Carlo study incorp
rating realistic experimental conditions expected at a fut
e1e2 linear collider is underway@46#.
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APPENDIX: CONVENTIONS AND NOTATIONS

In e1e2→t t̄ , bothg andZ are exchanged in thes chan-
nel. Their effects can be combined in terms of effective co
plings. We denote the SM vertices for the electron and
quark by

LXm
5gX~veXgm2aeXgmg5!,

GX
m5gX~v tXgm2atXgmg5! ~X5g,Z!, ~A1!

where

gg5e5g sinuW , v f g5Qf , af g50,

gZ5
g

cosuW
, v f Z5

1

2
T3L2Qf sin2 uW , af Z5

1

2
T3L .

~A2!
The amplitude fore1e2→t t̄ at tree level can be written as
(
X5g,Z

1

s2mX
2 „v̄~ p̄e!LXm

u~pe!…„ū~pt!GX
mv~ p̄t!…5

e2

s
@@vev t#„v̄~ p̄e!gmu~pe!…„ū~pt!g

mv~ p̄t!…

2@veat#„v̄~ p̄e!gmu~pe!…„ū~pt!g
mg5v~ p̄t!…

2@aev t#„v̄~ p̄e!gmg5u~pe!…„ū~pt!g
mv~ p̄t!…

1@aeat#„v̄~ p̄e!gmg5u~pe!…„ū~pt!g
mg5v~ p̄t!…#, ~A3!
b

is
nt
where

@vev t#5vegv tg1d~s!veZv tZ,

@veat#5vegatg1d~s!veZatZ5d~s!veZatZ,

@aev t#5aegv tg1d~s!aeZv tZ5d~s!aeZv tZ,

@aeat#5aegatg1d~s!aeZatZ5d~s!aeZatZ ~A4!

represent energy-dependent ‘‘couplings.’’ Extensions to
anomalous vertices should be obvious.d(s) is the ratio of
the Z propagator to theg propagator

d~s!5
gZ

2

e2

s

s2mZ
21 imZGZ

~A5!
e

with

gZ
2

e2 5

S g

cosuW
D 2

~g sinuW!2 5
1

cos2 uW sin2 uW
55.625. ~A6!

The widthGZ of Z introduces an absorptive part. AtAs52
3175 GeV, its relative magnitude iss/(s2mZ

21 imZGZ)
51.07320.002i . Thus, in the threshold region, the Coulom
binding effects overwhelm the effect ofGZ . Also in the
open-top region, it is known that the QCD correction
larger than the effect ofGZ , as far as the normal compone
of the polarization of top quarkPN is concerned.
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