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O(ag) corrections to e*e~—tt total and differential cross sections near threshold
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Recently full O(aﬁ,asB,BZ) corrections to the threshold total cross section éée”—tt have been
calculated, and the reported corrections turned out to be unexpectedly large. We study how to reduce the
theoretical uncertainties of the cross section. We adopt a new mass definition proposed by Beneke, which
incorporates a renormalon-pole cancellation in the total energy of a static quark-antiquark pair. This improves
the convergence of theSlresonance mass, while the normalization of the cross section scarcely changes. We
argue that resummations of logarithms are indispensable, since two largely separated scales dictate the shape of
the cross section. As a first step, we resum logarithms in the Coulombic partttf_m%ntial, and observe
a considerable improvement in the convergence of corresponding corrections. There still remain, however,
large corrections, which arise from ard/term in thett potential. We also calculate fu(D(a§ ,asf3, B?)
corrections to the momentum distributions of top quarks in the threshold region. Corrections to the distribution
shape are of moderate size over the whole threshold red@@556-282199)02321-§

PACS numbes): 14.65.Ha, 12.38.Bx, 12.38.Cy, 13.85.Lg

. INTRODUCTION coupling ag(n) behaves better if we use tHéS mass in-
The top quark pair production in the threshold region atstead of the pole mass. This suggests thaMisemass has a
future e"e” or u*u” colliders is considered as an ideal more natural relation to physical quantities of a statc
process for precision measurements of top quark propertieaon-relativisti¢ quark-antiquark system. Beneke proposed a
Already many works have been devoted to the analyses afew quark mass definition, which incorporates a renormalon
this process both theoretically and experimentglly29]. pole cancellation, and which is related to S mass in a
Recently fuIIO(a§ ,asf3,3%) corrections to the total cross well-behaved serid81].2 We adopt this new mass definition

section fore"e” — y* —tt in the threshold region have been and study the convergence properties of thethreshold
calculated independently 23,24 using the nonrelativistic ~Cross section.

QCD (NRQCD) formalism?! Both calculations showed that ~ As another improvement, we incorporate a log resumma-
these corrections are surprisingly large. Moreover, theyion in the cross section. There is a logical necessity for
found very poor convergence of the cross section as thefgSummations of logarithms in calculations of the total cross
compared the leading-ordefLO), next-to-leading order sgctlon in the threshold region. This feature is qualitatively
(NLO) and next-to-next-to-leading ordéNNLO) calcula- d_lff_erent fro_m_energy regions far above the_ th_reshold. In the
tions. Theoretically, the calculation [i24] is more sophisti-  Vicinity of distinct resonance peak®or a realistic top quark
cated in that in the vicinity of each resonance pole it includediS corresponds only to theSlpeak, the total cross section

all O(aﬁ) corrections to the resonance mass and to the resH"kes a form

due. (Practically, the location of theS resonance peak will )

provide important information related to the top quark mass. oS~ —ImS |¢n(0)] R
The two calculations were reproduced[i26], where some e nos—M,+il,

numerical error of 24] was corrected. There appeared other

observations which noted potentially large theoretical uncerThe resonance specth4,,’s are dictated by the shape of the

tainties on different ground6,27. quark-antiquark QCD potential at the scale of Bohr radius
In this paper, we first study how to cure the problem 0fr~(asmq)‘1, while the wave functions at the origif,(0)’s

the bad convergence of the total cross section observed in thge determined by the shape of the potential at a considerably

above works. One possible modification is to redefine the toghorter distance, i, <r<(asmq)‘1. Thus, in order to pre-

quark mass. It was founfB0-32 that a renormalon pole dict reliably both the energy dependence and normalization

contained in the QCD potential between a static quarkof the total cross section in the resonance region, one needs

antiquark pair gets canceled in the total energy of the paito calculate the shapes of the QCD potential accurately at

2Mpoiet Vaco(r) if the pole massn,, . is expressed in terms  |argely separated two scales. This naturally requires log re-

of the modified minimal subtraction schemé §) mass. As

a result, the series expansion of this total energy inMe

2A problem is that the relation between thES mass and the pole
mass is_known only up t®(«2) [33]. Meanwhile, if we want to
Corrections induced by the axial-vector coupling tB-exchange  use theMS mass in the NNLO analyses of the threshold cross
have been calculated, which also contributeda? , a8, 8%) cor- sections, we need to know this relation up @f«?), since the
rections[2,29]. binding energies of the boundstates areim already at LO.
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summations using renormalization-group equations. At 1192 24 w2
NLO, a log resummation was incorporated firsf8}. As a ——|—=+ === |+tV(r)—| o+ —} G(r,r")
first step at NNLO, we resum logarithms in the Coulombic M| dr? 1 dr 4m,
part of thett potential in this work. 1

The second subject of this paper is a calculation of full = S(r—r'), (4)
O(a?,a4B,B%) corrections to the momentum distribution of 4rr’

top quarks in the threshold region. It is expected that the top
momentum distribution will provide important information Where
independent of those from the total cross secfion7,15.
We therefore study how the distribution are affected by the 3w Crag(n) Cr(3Ca+2Cr)ag(u)?
corrections. We find that the sizes of corrections to the dis- V(") =Vc(r “om o -
tribution shape are moderate in comparison with the correc- ‘
tions to the total cross section.

We note here that in our analyses no consistent treatment
of the decay process of top quarks is attempted. Following v (r)=— C “S(“)[ 1+(aS(ﬂ)){ZBOIog(M’r)Jral}
[23,24] we merely replace the non-relativistic Hamiltonian r Am

as ag(p)|? G
+ 3l 4l "+ —
Hyr—Hnr— 1T (I'p: top-quark on-shell width (2) ( 4 ) (ﬁo( og'(k'r) 3

®

6m,r?

which is the correct prescription for calculating the total ,

cross section at LQ1] and at NLO[11-15 [provided we T2(B1+2Boay)log(p'r) Fay |, ®)
includeO(ay) corrections td™; [34,35 at NLOJ. At NNLO,

corrections related to the top decay process have not been w=E+il,, E=\s—2m,. 7

calculated yet. As for the differential cross sections, the

above prescription is valid only at LO. At NLO, the final- |, the above formulasn, and T, denote the pole mass and
state interactions affect the differential cross sections NONthe decay width of top quark, respectivelix(r) is the Cou-

trivially in the threshold region but cancel out in the total lombic part of thett_potentiaIV(r) including the full second

cross sectiof12,13,15,21,2P see alsd36—38§. ) L .
In Sec. Il we recalculate the total cross sections at I_Oorder corrections. Definitions of all parameters in the above
T formulas are collected in Appendix A.

NLO and NNLO. Then we incorporate a new mass definition Equation(3) includ v allo( o 2
in Sec. lll. We examine the effect of a log resummation in _qua‘uon( ) includes not only a (a5, C.“S'B’ B ).C.OT'
rections to the LO cross section but also, in the vicinity of

the Coulombic potential in Sec. IV. The momentum distri- A i
each resonance peak, @l(«g) corrections to the resonance

butions of top quarks including fukD(ag) corrections are e ) : ;
presented in Sec. V. Sec. VI contains summary and discudole position and to its residideThe only difference of Eq.
(3) from the corresponding formula if24] is a factor

sion. In Appendix A all notations and definitions are col- _ _ e _
lected. A derivation of the momentum distribution at NNLO lrt/ﬁmt, which arlS%S from a relatIVIsth correction to ttte
is presented in Appendix B, while in Appendix C we prove kinetic energyp*/4m¢, and from a relativistic correction to
the unitarity relation between the total cross section and thehe tt production vertex,j' Ui(g/lmf)}_ This factor is

momentum distribution. omitted incorrectly in[24]; numerically its contribution is
negligible?
ll. TOTAL CROSS SECTION For I';=0, Eq.(3) becomes independent of the cutoff

asry—0 up to the order of our interest. F6>0 there are

= e , uncanceled %4 and logr, singularities due to our improper

the e"e” —tt threshold total cross section including full yeatment oft decay processes. Thus, followifizd] we ex-
2 ; e i : !

O(az,asB,B%) corrections is given by pand Eq.(3) in ro and omit all terms that vanish ag—0,

and then we set

As derived in[24], the photon-exchange contribution to

3272’ ) ag(my)
Utot(s):TNcQt 1+ - CeCy

e’ e
5 r0= 2mt . (8)
A2 e
- FCa(ro
E+il *Hereafter we writeO(as), O(a?), etc. instead 0fO(as, B)
X + . o) Olas), etc. s B),
/| 1 6m, )G(ro,ro) © O(aﬁ, asfB, B?), etc. for the sake of simplicity.

“The authors of24] claim that they incorporate the top quark
Here, C; and C,(ro) are vertex renormalization constants; width via replacemenE—E+iT’,. Nevertheless, they do not fol-
their explicit forms are given in Appendix A. The Green low this prescription consistently in their derivation @f,(s) and
function is defined by overlook the factoiI',/6m, .

114014-2
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1.4

1.6

u=75GeV @) w="75GeV
1.4} 1 1.3 -
121 12}
10F NN e T 1.1
= 08" & 10+
0.6 | n 09 F
04 |7 NNLO (@3") — | 08}
y NNLO (a5¢) - NNLO (r/a = 1/2)
=2 e ] | ria=12) - )
0.2 ¥ NLO 0.7 NNLO ira~ 1) —
LO - NNLO (rja=2) -
0'0 L 1 L 1 I3 0.6 1 1 s L
-4 -2 0 2 4 -5 -4 -3 -2 -1 0
Vs =2 mpy, [GeV] Vs =2 my, [GeV]
1.6 . —r—T : . . 1.4 . . . :
® P p=20GeV (b p=20GeV
F [ ] 1.3 ]
[ .
B o (N PO IURSR .
S 12l
1.1}
SRR s = 1.0
09
new.
NNLO (@) — 08 |
NNLO (e ) NNLO (r/a = 1/2)
rda=12) -
NLO -~ 1 0.7 r NNLO (rga=1) — ]
LO --- / NNLO (rja=2) -~
0'0 1 1 | 1 L 0.6 4 1 1 L 1.
-4 -2 0 2 4 -5 -4 -3 2 -1 ]
Vs = 2 e, [GeV] Vs = 2 mp [GOV]
FIG. 1. Rratios for ete”—tt at LO (dot-dasheg NLO FIG. 2. Rratios forete —tt at NNLO for several values of

(dashegl and NNLO (solid) as functions of the energy measured ry: r, = a/2 (dashey, ro=a (solid), and ry=2a (dot-dashey

from twice the pole mass\/§—2mp0|e. Arrows indicate disloca- wherea=e?"7e/2m;. (a) is for =75 GeV, and(b) is for u=20

tions of the maximum point oR as theO(as) andO(«a?) correc-  GeV. Other notations and parameters are same as in Fig. 1.

tions are included, respectively. We s@fq.=m;=175 GeV,T’;

=1.43 GeV, andag(m;)=0.118. Dotted lines show NNLO which has been corrected recenfl3]. A change of the

R-ratios calculated with an old value aE [42], which is one of the Ccross section caused by Correctiagis small.

coefficients in the t_WO-Ioop perturbative QCD potential). is for In Figs. 2 we vary the value af, by factors 2 and 1/2.

w=T5 GeV and(b) is for n=20 GeV. The cross section varies correspondingly, which is generated
by O(a?) andO(T';/m,) terms in Eq.(3). The sizes of the

We also setm=175 GeV, I'1=1.43 GeV andas(Mmz)  variations serve as a measure of uncertainties of our theoret-

=0.118 in our numerical analyses below. As a cross checlcal prediction. They seem to be rather small as compared to

of our calculations, we reproduced the total cross section§hat one naively expects from the poor convergence prop-

calculated in[25]. erties seen in Figs. 1.

In Figs. 1 we compare thB-ratio R(S) = oo/ o at LO,
NLO, and NNLO (O'pt:477a’2/35). As noted in[23,24] the
cross section changes considerably as we incldifle;) and
O(ai) corrections, respectively. One sees that, as we include According to Beneké31], we define a new quark mass
these corrections, convergence of the normalization of thappropriate in the threshold regidthe potential-subtracted
cross section is better fgu=75 GeV than that foxu=20 mas$ by adding an infra-red portion of the Coulombic po-
GeV, whereas convergence of the peak positiennfass of  tential to the pole mass. In this way the new mass is related
the 1S resonanckis better forn=20 GeV than that for  to theMS mass in a more convergent series than to the pole
=75 GeV. This indicates that the peak position is determass(in our casempq=m):
mined mainly by the shape of the potentiflr) at the Bohr
scale~ (asm;) "%, while the normalization of the cross sec- Mpg 1) =Mpole AM( ), 9
tion is determined by the shape\é(r) at a shorter distance;
note that corrections to the potential are minimized around 3

. I — A Y - 1 d q ~
r=1/u"=e" "6/ u. In the same figure we also show the cross Am( )= _f —— V), (10)
section calculated using an old val{#2] of a, in V(r), 2 )igl<ue(27)3

IIl. REDEFINITION OF TOP QUARK MASS

114014-3
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tion in the horizontal direction by an amoufstn(u;), while

IV. RENORMALIZATION-GROUP IMPROVEMENT
OF V¢(R)

16 @ T = 75GeV, jm 3GeV changes in the normalization generated by a modification of
14 F o 4 ] the mass in the Schdinger equatior{4) is negligibly small.

[ |

[ i
12y o

[ I

As already mentioned, it is important to resum logarithms
in calculations of threshold cross sections. We demonStrate
an improvement of convergence of the cross section by in-
corporating log resummations to the Coulombic potential
V(r).

The Coulombic potentiaM(r) is identified with the
QCD potential between a static quark-antiquark pair. If we

Vs — 2 mpg [GeV] write this potential in momentum spafdeourier transform of
Eq. (7)] as
16 : T : : : ()
®) 1 =20GeV, po=3GeV _ a :
L i I ! | Vc(Q):_4WCF%’ (13

a log resummation using a renormalization group equation is
achieved simply by a replacement—q [42]:

ay(d;q)

VRO (q)=—4nC 7 (14)

Hence, in accordance with the formulation in the previous

section, we define a potential-subtracted mass and a
renormalization-group-improved potential in coordinate

V5 = 2 mpg [GeV] space, respectively, as

FIG. 3. Rratios for ete —tt at LO (dot-dashey NLO Mpd ft) =Mpgiet AM(ait),
(dashed, and NNLO (solid) as functions of the energy measured

from twice the potential-subtracted mas&s—2mps. We setpu d3q -

= = i - i A =3 VRO 1
=3 GeV andmpd u) =175 GeV.(a) is for u=75 GeV, andb) is m( es) 2 53 C (a), (19
for u=20 GeV. Other notations and parameters are same as in lal<ne(27)

Fig. 1.

3

q . .~
~ V(RO r: EJ i 1y/(RO)
whereV(q) is the Fourier transform of the Coulombic po-  © (Fime) o> ue(277) 2 c (@

tential V(r).® At the same time we subtract a corresponding

part from the potential as =VE(r;u=0)
C V= _ d®q . -
Vel ) =Ve(r) = 2Am( ) (11 - f 9 e yEoq). 16)
) ) ] lol<wui(277)
such that the total energy of a quark-antiquark pair remains
unchanged in both schemes: In this formulation bothm,,e and Am(u;) suffer from the-
oretical uncertainties of the order A qcp due to the renor-
2Mpoiet V() =2mpd ue) + V(T pe). (12 malon poles, but they cancel impq ;). We note that

strictly speaking there is no guiding principle for subtracting
In Fig. 3 are shown the LO, NLO and NNLO total cross also ar-dependent part from the potential (ib6), since there
section by fixingmpg3 GeV)=175 GeV. It can be seen is no known renormalon cancelation relatedridependent
that the convergence of the&SJpeak position becomes better part of the potential. In fact the total energy of a quark-
as expected. Meanwhile the normalization of the cross seantiquark pair (12) is not well-defined after the
tion scarcely changes by this modification. It is because Egenormalization-group improvemeiit4), and a theoretical
(9) essentially incorporates a constant shift of the cross sec-

8A full resummation of logarithms up to NNLO requires a signifi-
SNote that ourAm(u;) is related to a corresponding quantity in cant modification of the formulag3) and (4); we will study its
[31] by Am(us) = —om(us). incorporation in our future work.

114014-4
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0.20 7

W= Z;:GeV
! 1.4+ H =p2/m'+ V,(r), no vertex corr. |
018 } Y
12 NNLO
_ 016} e N s
2
3 % 08
3
0.14 0s L
04}
012 e
0.2 Fl RG-improved — 1
@ fixed-order (i = 75GeV) -
0.10 . . - . 0.0 . . . - :
0 20 40 60 80 100 -4 2 0 2 4
q[GeV] s - 2 mpg [GeV]
0.20 . - = . I
FIG. 5. Rratios fore™e™ —tt calculated with a Hamiltonian
H=p?/m,+Vy(r), whereV,(r) includes only the Coulombic part
0.18 | of the tt potential. Other correction&/ertex renormalization con-
stants, kinematical corrections, ¢tare not included. Solid and
_ 016} dashed lines, respectively, showR-ratios with [Vq(r)
g =VERO(r:u)] and without [Vo(r)=Vc(r), u=75 GeV] a
5 014 renormalization-group improvement of the Coulombic potential.
| We setu; = 3 GeV, mpgd i) =175 GeV,I'=1.43 GeV, and
ag(mz)=0.118.
0.12
®) resummation over the whole range of our interesf,'<r
0.10 . . . . <(asm,) 1. One therefore anticipates thad(as) and
0 20 40 60 80 100

O(ai) corrections to the total cross section originating from
9[GeV] V(r) also become smaller and more converging. In order to
FIG. 4. The momentum-space couplings, vs momentum S€€ c_)nly these corrections separately, we show in Fig. 5 the
transferq at LO (dot-dashelf NLO (dashed} and NNLO (solid). ~ F-ratio calculated from
(@) is the fixed-order coupling =75 Ge\), and (b) is a
renormalization-group improved coupling. € q). 67TNCQt2
R(s)= ——=—ImG(0,0) a7
ambiguity of the ordervAZQCDr is caused by a non-canceled My
renormalon pole in the-dependent part.This ambiguity is .
negligible in our case thanks to the large mass and deca‘Q/'th

width of the top quark{1]; see[3-5] for more practical )

analyses. Thus, we should gef> A qcp in order to avoid a _ i d S V() —w G(r,r
( olr) —w [ G(r,r)

bad convergence of the cross section generated by a renor- m¢| dr2 r dr

malon pole, while we should sei;<<agm; such that a main

part of bound-state dynamics is preserved. In our analyses 1 ,

below we choosgi;=3 GeV.[We have checked that upon iy o(r—r’), (18)
varying u¢ the cross section changes only by a constant shift

in the horizontal direction and a change in the normalizatiorb _ _\/(RO)(.
. L . oth for Vo(r)=Ve(r) and Vo(r)=V¢ 7(r; ug). Namely,
's negligible, i.e-dependence of the subtracted part16) we omit allO(«s) andO(a?) corrections other than those in

plays no significant rolé® . . )
We compare the couplings of the momentum-space pot_he Coulombic potential. One sees clearly that the conver

tential with [ @y(g;q)] and without[ a\(q; x=75 GeV] a gence property has improved considerably by the log resum-
renormalization-group improvement in Figs. 4. One sees tharations.

L . Finally we combine the above corrections with all other
convergence of the coupling improves drastically by the Iogcorrectioyns. Namely we show in Fig. 6 the total cross section

(3) with and without the renormalization-group improvement
of the Coulombic potential. Also we list the “binding ener-
"Within our perturbative formalism- A%¢pr term in the potential  gies” of the 1S resonance staten®-gu¢) — Mg in Table I.
is forbidden by the rotational invariance, and the first ambiguousAlthough it is seen that convergence of the normalization of

. 3 .
r-dependence arises atA ocof %. the cross section as well as convergence of tBeesonance

8In rewriting the pole mass, in terms ofmpd 1) in Egs.(3)-(7),  mass become slightly better, improvements are not so dram-
we retained terms up t@nd including O(«2) in this relation. matic. This is because other corrections, in particular those

114014-5
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1.6

1.4
1.2 ¢
1.0
= 087y
06 r
0.4 +

02 E

0.0

1=75GeV, uy=3GeV

RG-improved —
fixed-order -

-2 0 2 4
s-2 mpg [GeV]

FIG. 6. R-ratios fore"e™ —tt at LO, NLO, and NNLO. Solid !
lines show those with renormalization-group improved CoulombicNLO (dashed and NNLO(solid) for =20 GeV. For each curve,
potentials, VRO (r; us). Dashed lines are those with fixed-order We set the c.m. energy on th&Tesonance state/s=Ms.

Coulombic potentialsV(r). Arrows indicate dislocations of the

maximum point ofR as theO(as) and 0(a§) corrections are in-
cluded, respectively. We set;=3 GeV, mpd 1) =175 GeV, u
=75 GeV,I';=1.43 GeV, andx(mz)=0.118.

originating from the 1/ potential inV/(r), are uncomfort-

ably large. It remains as our future task to gain better under-

standings of these residual large corrections.

V. TOP QUARK MOMENTUM DISTRIBUTION

PHYSICAL REVIEW D 60 114014

1.0

1 =20GeV, ;= 3GeV
Vs=Mg

0.8

0.6

04 1

do/dp [normalized at peak]

02t

s
T

0.0

0 5 10 15 20 25 30 35 40 45 50
p [GeV]

FIG. 7. Top quark momentum distributions at L(@ot-dashey

f(p;ro)=

+ 3m |G(p;ro)l

3 - -
+ ECFQS(M)Z RE Gy, (p;ro) G(p;ro)*]

11 - ~
— gCFa’s(M)Z ReG;p (P;ro) G(P;ro)*]

1 sin(pro) =~
G_rm—Re[G(p’rO)]]'

org (20

Using the NRQCD formalism and also techniques develin these formulasp denotes the magnitude of the top quark
oped in[24], one obtains the momentum distribution of top three-momentum. Momentum-space Green functions are de-
quarks in the threshold region including ﬂl(aﬁ) correc-

tions as
do 16a? as(my)
_ 2 S t
dp & alt* )CFCl
ag(my))?
+= t) CrCy(ro) | X p?T f(p;rg), (19
where

TABLE |. “Binding energies” of the 1S resonance state de-
fined as 2npq us) —M;g at LO, NLO, and NNLO calculated with
V(r) (fixed-orde¥ and with VRO (r; ) (RG-improved. We set
ni=3 GeV, mpd us) =175 GeV, I';=1.43 GeV, andag(my)

=0.118.
(Fixed-ordey (RG-improved
n=20GeV u=75GeV u=20GeV u=75GeV
LO 1.390 GeV  0.838 GeV 1573 GeV  1.573 GeV
NLO 1.716 GeV  1.453 GeV 1.861 GeV  1.861 GeV
NNLO 2.062 GeV  1.817 GeV  2.136 GeV  2.058 GeV

fined from the coordinate-space Green functioridnby

@(p;ro)=f d3r e T G(r,ry), (21
~ . _ 3y Qip-r
Gl/r(p,fo)—f d°re'? —as(M)mth(r’rO)’ (22)
= . _ ip-r Ip"
Gipr(pyro)—f d’r P —as(M)th(r'rO)’ (23)

with ip,=d/dr+1/r. A derivation of the formulas is given
in Appendix B. One can show that upon integrating over
Jdp the total cross section formu(8) is recovered. A proof
of the unitarity relation between the total cross sectigh
and the momentum distributidd9) is given in Appendix C.
We also checked numerically that the unitarity relation holds
well within our desired accuracies.

For consistency with our analyses of the total cross sec-
tion, we expand Eq.19) in terms of the cutoff 5, omit terms
regular asro—0, and set its value as in E@8).° In all

Note that strictly speaking the unitarity relation is violated after
this expansion, becaugel p integration and expansion i do not
commute forI';>0. Practically the unitarity relation holds to a
sufficient accuracy by cuting off the momentum integration at some
appropriately large scale.

114014-6
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1.0 : . : . 1.0 — . ; ,
' RG-improved, pe= 3GeV & RG-improved, ji;=3GeV
08 Vs=M,g o8 Vs = Mg+ 4GeV
® NNLO (1 = 20GeV) — § NNLO (L=20GeV) —
g | 4 N NO - g % NLO —
5 06 N @00 Lo ] 5 06 e O Ko .
@ 2 ii
N N {1
T T
€ £
5 04F 5 04}
= &
3 3
S 02t 2 02}
0.0 L L 1 1 It " ) " 1 0'0 . il 1 1 L ! L " "
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
p[GeV] pGeV]

FIG. 8. Same as Fig. 7 but with a renormalization group im- FIG. 10. Same as Fig. 9 but with a renormalization group im-
provement in the Coulomb part of the potential: @bt-dashey provement in the Coulomb part of the potential: @bt-dashey
NLO (dashedl and NNLO(solid). NLO (dasheg, and NNLO (solid).

figures we choosg =20 GeV since a relevant scale around
the distribution peak is the scale of Bohr raditugam,) ~*.
Top quark momentum distribution®ormalized to unity
at each distribution peakare shown in Figs. 7—10. Follow-
ing a strategy advocated ji5], we fix the c.m. energy rela-
tive to the 1S resonance masSE=\'s— Mg upon compar-
ing LO, NLO and NNLO distributions. On theSlresonance
(AE=0, Fig. 7, O(«ay) andO(aﬁ) corrections shift the dis-
tribution peak,ppeay, by —0.8% and by+2.5%, respec- o ions are qualitatively similar.
tively. Also one sees that tr@(as) corrections are larger at These energy dependences can be understood as a conse-
higher momentum region. This is expected because part Ofuence of an increase of atiractive force betweand .20
the O(as) corrections are relativistic corrections which are% ly, atAE=0, is determined bv the bindi .
enhanced in the relativistic regime. In Fig. 8 we incorporate ame y,da | Ff)peak |s| ¢ errrl;lng y fhe bin m% eﬂ
a log resummation in the Coulombic potential, i.e. replace e gy an 'é alrgZerG o\r/ahargerk nding energyf hAt dlg e
Ve(r)—VE9(r; us). Qualitative tendencies of the correc- gnerg|esAd g b g the pza rlno][nenttlj(m of the distri-
tions are not changed by the resummatlp&ppeak/ppeak Nutl?/mzs to be Etle rm:cneh only from kinematipea
+0.5% and+2.2% atO(«y) andO(as) respectivelyl We I 2 Sd4mt Meanwhile If the blndlfng enggy becomes
show momentum distributions AE =4 GeV in Fig. O[with arger due to an increase of attractive force, tBadsonance

V(r)] and in Fig. 10[with V(cRG)(f;Mf)]- One sees that in mass will be lowered, and therefor,@ becomes smaller for

! : ) a fixed AE.
both figuresO(a) andO(a5) corrections, respectively, re- In all the above results, the decay process of top quarks
duce the peak momentuppeay.

have been treated only effectively by the replacem@pt

and we have not included in our analyses even the already

known O(«as) corrections which arise in relation to the top

quark decay process, namely the final-state interactions be-

tweent andt decay products. For comparison, we show in

i\ N - Figs. 11 and 12 these effects of th&as) final-state inter-

06 i N Lo 1 actions on the top quark momentum distribution. As noted in
i E [12,13,15,21,2P the final-state interactions reduce the peak

momentum about 5% almost independently of the energy.

In general, we see following energy dependences of the
O(ag) and O(ai) corrections to the peak momentum
OPpeak! Ppeak- At AE=0 the corrections are positive +
few %; betweemAE=0 andAE=1-2 GeV, the corrections
decrease and change sign froffew % to — few %, at
higher energiesAE>1-2 GeV, the corrections stay nega-
tive, but their magnitudsppean/ Ppead decrease with energy.
The energy dependences of t@€«a) and theO(aS) cor-

1.0

1 =20GeV, p;= 3GeV
V5 = Mg + 4GeV

y
\t
%,

08

do/dp [normalized at peak]

04 These energy dependences are distinctly different from those
of the NLO and NNLO corrections studied above. Thus, the
02|
00 25 30 35 40 45 50 n fact the strength of the Coulombic forcédVc/dr| or
»[GeV] |[dVRO/dr|, increases by th®(a;) andO(a?) corrections at rel-
evant distancegThis may be seen from increases of the couplings
FIG. 9. Top quark momentum distributions at L(@ot-dashej in Fig. 4) Also, there is an additional attractive forg#/r? term in
NLO (dashed, and NNLO(solid) for «=20 GeV. For each curve, V(r)] at NNLO. Thus, reflecting the increase of binding energies,
we set the c.m. energy at 4 GeV above tl&riésonance mass. the mass of the 3 resonance state decreases; see Table I.
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1.0 y —— the normalization of the cross section. There still remain,
/ RG-improved, NLO, ”QZEG;V however, unexpectedly larg2(«?2) corrections, whose main
¥ 087 / with F;I_ o part arises from the 47 term in thett potentialV(r). We
g without FS) - should implement full log resummations to the threshold
B o6l cross section and see whether these large corrections remain.
b We also calculated the momentum distributions of top
g o4l quarks in the threshold region including flm(ag) correc-
2" tions. On the B resonance state, tr@(ag) corrections to
§ the distribution shape are small. In particular the shift of
R . Ppeak IS +2.2% after a renormalization-group improvement
""""""" of the Coulombic potential, which seems to be of a legiti-
0.0 mate size. At higher energies, the corrections change sign

0 5 10 15 20 25 30 35 40 45 S0 and become negative. Over the whole threshold region the
p[GeV] size of the correction$ppeai/ Ppear Stays within a few per-

FIG. 11. Top quark momentum distributions at NLO with the Ce€nt. These features can be understood as a combined effect
renormalization group improvement for the Coulomb part of theOf kinematics and an increase of binding energy. Thus, a
potential. The c.m. energy is set on th& tesonance state. The Major part of the corrections can be traced back again to the
solid (dashediline is calculated withwithout) the O(a) final-state ~ 1/r? term in V(r) which affects the binding energy signifi-
interaction corrections. cantly. In addition to the full resummations of logarithms, it

is mandatory to incorporate the decay process of top quarks
effects of theO(«s) final-state interactions are larger and properly in order to attain a more reliable theoretical predic-
qualitatively different, so that they would be distinguishabletion of the momentum distributions, since off-shell contribu-
from other NLO and NNLO corrections considered in thistions, i.e. ~(p— pon.sne) 2/M7 corrections, are not treated
paper. correctly in the present calculation. We demonstrated that the

O(ay) final-state interaction corrections to the distribution

VI. SUMMARY AND DISCUSSION shape are significant in comparison to other NLO correc-

. . tions. Thus, we think that yet uncalculat@c(ag) final-state
We studied convergence properties of the total cross S€fhteractions may give rise to corrections which are non-

tion fore”e” —tt in the threshold region. By expressing the negligible compared to the NNLO corrections calculated in
cross section in terms of the potential-subtracted masgis paper.
mpg i) instead of the pole mass, a better convergence of |t as argued i{26] that a large theoretical uncertainty
the 1S resonance mass was obtained, whereas the normalizgxists even after a renormalization-group improvement of the
tion of the cross section hardly changed. We argue that logoulombic potential. This claim was based on a large dis-
resummations are indispensable for analyses of the cross S&fepancy between results of renormalization-group improve-
tion in the threshold region. As a first step, we resummedhnents in momentum space and in coordinate space. Now we
logarithms in the Coulombic part of th&t potential by  have a better guiding principle. The large discrepancy origi-
renormalization-group improvement. In this prescription, wenated from a renormalon pol[&9,31], and by adopting an
followed closely a formulation of the potential subtraction in appropriate mass definition we can cancel this gatdeast
the fixed-order analysis. Corrections originating from thein the r-independent part of the Coulombic potentiahd
Coulombic potential became much more converging after thebtain a more convergent perturbative series consequently.
log resummations, both for theSlresonance mass and for In this work, we adopted the potential-subtracted mass.
After completion of this work, we received a paper by

1.0 AN Beneke, Signer, and Smirng28]. Their work has a signifi-

/- R improved, NLO, py= 3GeV cant overlap with Sec. Ill of the present paper. Effects of
< 08} SRRV = M:;;;'Gi introducingmeg¢) on the cross section are consistent be-
g withoot FS| —— tween their results and ours. We adopt a valug.ptonsid-

S 06 | erably smaller than that adopted in their paper. This is in
g view of our application of the formalism to the
E renormalization-group improved potential; see discussion be-
g 04 low Eq. (16).
=
3 02}
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APPENDIX A: DEFINITIONS AND CONVENTIONS APPENDIX B: DERIVATION OF TOP QUARK
. . MOMENTUM DISTRIBUTION
In Eq. (3), the vertex renormalization constants are given
by [23,24 According to the NRQCD formalism, the NNLtt ver-
tex in the threshold region is given by
Ci=—4, C,=CpCi+C,Cl*+TgN, C5+TgNyCY,

(A1) , _ A,
I'(p,E)=9'X|C(rg)+
where P 7 (Fo 6mZc?
39 2 4 35 p ¢ ~
A_SY 2] % ye—2 - > —— -w| G iro), (Bl
Co=— — {a+ 77| Flog(2e7e?myrg) + Slog2 18}' M amic? o | Gnr(Piro),  (B1)
(A2)
w=E+il,, E=\s-2mc2 (B2)
w151 13 , . 8
Co"=— 35— 5 fat 77 log(2e”€ “myro) — Slog2 The NRQCD Green function is defined by
179 [Hnr— @] Gpgr(T, 1) =6(r—r’), (B3)
+ﬁ}’ (A3)
e P V() TR
= 5 r r
11 My gmice C 3mZc?
Cs=3 (Ad)
cFaS{l 2] CrCpa? ®
L 44 4 2mc? (1’ 2m,c?r?’
szg—g’ﬂ . (A5)
é(p;r0)=f d3r ePT GuR(T, 1), (B5)

QCD color factors are defined &=3, Cr=4/3, Cp,=3,
Tr=1/2, and the fermion numbers in our problem are given,hare Gn(r,r') denotes the Swave component of
by N_ =5 andN,=1. Also, the top quark charge is defined g __(r ') "In these formulas we restored the speed of light,
by Qi=2/3. i . o . ) ¢, and definedig= a¢(w) c. Then one can identify the NLO
The Coulombic potential6) is identified with the QCD 54 NNLO corrections with the coefficients ofcland 162,
potential between a static quark-antiquark pair. The ﬁrSt'respectiver, in the series expansionId{p,E) in 1/c [44].

order correction to the QCD potential was calculated inrye \ertex renormalization constadtr,) is determined by
[40,41], while the second-order correction was calculated tchina(B1) to the 2-| r hell vertex 45
first in [42], a part of which has been corrected recently inmatc ing(B1) to the 2-loopytt on-shell vertex45].

[43]. Their coefficients are given, respectively, by From the relatiorj 24]

2 2
.4 Hym B V(1) = 2 —BCFaS[ 0,3]
Bo=73 Ca= 3 TrRNL, (A6) my 4mc?  4mc? r
11Cra , Cr(3Cp+2Cp)a?
= ez 200, TaNy — 4C TeN (A7) - 2 [Houip/]- 7 (B6)
1737 %A g eAlRNL FIRNL, 12mc 6m.cr
31 20 H :p_z_c E (B7)
a1=4 Ca= g5 TrNL, (A8) m TFr
. one may find an approximate expression for the Green func-
4343 T 22 tion
N e 2 W eE 2
a1 1
1798 56 55 G(r,1")=| 14+ —— + Fj(—+—,>
—| g1 * 3 3/ CaTaNL—| 5 — 1603 C¢TaNL 2me”  4me\Tor
11Cra (1 d
400 St iic] S r' | |G(r,r
+ﬁTéNE (A9) erntCZ (r dr r'dr’ ( ! )
In Eq. (6), u'=ue’e, where ye=0.572 ... denotes the + S(r—r'), (B9)
Euler constant. 4mc? 4arr’
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whereG(r,r') is defined from a simplified Hamiltonian in and neglecting terms suppressed®f?).
Eq. (4). Using standard perturbative expansion in quantum

mechanics, one can show that both side€B&) coincide up

to (and including O(1/c?) in the series expansion incl/ Proof of Eq. (C2)
and that also in the vicinity of each resonance pole, the pole |et us define an operator

position and the residue coincide up to the same order. One

may then express the Fourier transform(B8) in terms of p? w? ||t
the momentum-space Green functions defined in EXf§- G= —t+V(r) @+ 4_mt ' (C5)
(23). In addition, in the limitr ,— 0 one can justify a replace-
ment
Then
0B (1 L G(p; B9
droro (p;ro)— 7 “FMdslo (p;ro). (B9 GG )
_ IMG=G'—————G=-G'Im[G ]G
By including the ytt vertex in the Born diagram for 2i
ete” —tt—bW'bW~ and integrating over theW phase El, 3Cras
space, one obtains the momentum distribution fornfli. =G| I+ >m T omr | C (Co)
All ro-dependent factors multiplyinG(p;ro) are combined ' t
with C(r,) and included in the vertex renormalization con-
stant given in(19). where the imaginary part of any operatdris defined as
ImX=(X—X")/(2i). Sandwiching both sides bgr,| and
APPENDIX C: PROOE OF UNITARITY RELATION Iro), and inserting a completeness relation on the right-hand-

side, one obtains EqC2).
In order to prove the unitarity relation between E(3.

and(19), it is sufficient to show
Proof of Eg. (C3)

+iT
Im{(l-k—t)G(ro,ro)} d® fe G
6m, f(ZW‘;SFtRe[Gipr(p;ro)G(p:ro)*]
d3 2E\ ~
:f(sz)sFt{(l-F 3—mt)|G(p;ro)|2 dp
:j( 5 agm (rolCTXPlip Glr)

3 ~ ~
+ ECFas(M)Z Rd:Gllr(p;ro) G(p;ro)*] +(rolGT(ipr)T|p)<p|G|r0)]

11 2DAE () Bl % _ T tiing )\t _
_ECFQS(M) Rd:Gipr(prrO) G(p,ro) ] _a'_mt<r0|G |prG+G ('pr) G|r0>_0- (C7)
S
1 sin(pro) _ -
T em  prg REG(p;ro)]|- (C)  where we used hermiticity gf, in the last line.

This equality follows readily from a combination of the iden-

tities Proof of Eqg. (C4)
d3
| ol
(2m)®

) r
IM[iTG(ro,r0)]= (rolG+Glro)

1 E G(p:ro)|?
+2—mt| (p;ro)l

Ft 3
+§CFaS(M)2Re{élk(p;ro) G(p;ro)*] f(z [{rolGIP)(pIro)+(rolp)
=ImG(rg,ro), (C2 X(p|G|ro)]

d®p _ sin(prg) -
d? = r R G(p;ro)].
f(z F;ar ReGip (Pifo) G(pirg)*1=0, (C3 f(zﬂs T pr,  R4G(PiIo)]
(C8)

d3
f T, Sin(pro) REG(p;ro)]=IM[iTG(ro.r0)]
(2m)3 ' Pro 0 oo on Note that the Swave component ofe'P' is given by

(C4 sin(pr)/(pr).
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