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ABSTRACT

In this paper, we introduce a new enhanced method utilizing
the approach of advancing front technique for generating
unstructured meshes in the simplified version of ethylene
conceptual model. The method is called as Seven Cases
Unstructured Triangulation Technique (7CUTT) where it is
based on seven categories of cases for element creation
procedure and the layer concept for mesh gradation control.
The algorithm of the mesh incorporates sensor deployment in
its conceptual model to supply input for boundary values. The
quality of the mesh is determined based on a measurement in
GAMBIT software. 7CUTT provides the framework for the
heat to be approximated using the discrete ordinate method,
which is a variant of the finite volume method. Simulation
results produced using FLUENT support the findings for
effectively approximating the flue gas temperature
distribution in the simplified furnace at the end of the study.

General Terms

Seven Cases Unstructured Triangulation Technique (7CUTT),
finite volume method, discrete ordinate method.

Keywords
Advancing front technique; element creation procedure;
sensors; radiative heat transfer; discrete ordinate method

1. INTRODUCTION

Ethylene is an important chemical compound produced in the
petrochemical industry which is produced from the steam
cracking process in ethylene cracker furnaces [1]. In steam
cracking, heat is used for breaking or cracking down the
saturated hydrocarbon or feedstocks into smaller hydrocarbon
in the coils or reactor tubes, which eventually produces
desired products such as ethylene.

Radiation is a heat transfer mode which plays a significant
role in ethylene production. It has been noted in [2] that 90%
of the heat transfers in the furnace involve radiation.
Radiation is caused by energy emission in the form of
electromagnetic waves or streams of photons [3]. The burners
which are located on the floor near the furnace wall heat up
the furnace. This happens because the combustion process
carried out in the burner results in flames and the release of its
hot flue gas. The radiative heat from the furnace wall and hot
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flue gas is transferred to reactor tubes/coils.

Structured or unstructured triangular mesh formation is an
important step for approximating solutions to boundary value
problems. One such method is the advancing front technique
where the key algorithmic step is the appropriate introduction
of the new elements to the empty region [4]. The method
places a new element by considering an ideal point generated
as well as the existing nodes in the circle constructed. The
centre of the circle is the ideal point and the radius is
calculated based on the empirical rules for element creation
procedures. The advancing front technique is guaranteed to
preserve boundary integrity as well having the capacity to
create triangular elements with high aspect ratios in boundary-
layer regions [5].

Another work that promotes the advancing front techniques
but has a different approach from the conventional one is
generating the umbrella of the triangles centred at a point of a
closed curve [6]. The ordered samples of points are
constructed at the curve by using an implicit equation and
following some of its rules. The new edges are formed by
connecting the resulting selected points at the curve to the
centre of the curve. This procedure is repeated until the entire
domain is triangulated. A circle packing algorithm which also
utilizes the frontal method generates the unstructured mesh by
connecting the centres of packing circles with specified sizes
[7]. The procedure starts from any convenient point within an
open domain and does not need to start from the boundary as
proposed by the conventional frontal method.

In [8], the author highlighted three cases as being possible
during the element creation procedure:

(1) A new element is created with a new node as a
vertex in which the new node is joined to the edge
being considered.

2) An already existing Front node satisfying certain
conditions in the proximity of the edge being
considered is used to create a new element.

3) Neither of the cases above in which an efficient
algorithm of mesh generation should be able to
tackle such a problem.

In the present paper, a new algorithm called the Seven
Cases Unstructured Triangulation Technique (7CUTT) is
introduced, for producing initial unstructured grids based on
seven categories of cases. These seven categories of cases are
extensions of the normal cases as in [5, 8] and are able to
solve the problems highlighted in [8], specifically the third
point above. The technique takes into account the deployment
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of sensor nodes as boundary nodes which supply input values
into the system. The technique makes use of the layer concept.
Radiative heat transfer in the simplified version of ethylene
cracker furnace can be modelled using the Discrete Ordinate
Method by transforming the radiative heat equations into a set
of simultaneous partial differential equations based on a
discrete representation of the directional variation of the
radiative intensity [3].

2. PROBLEM STATEMENT

The problem can be stated as follows: Given a set of sensors
distributed along the wall of the simplified version of ethylene
furnace, in what way can the sensors be deployed to provide
input in the form of boundary values to approximate the flue
gas temperature inside the furnace?

In this problem, the approximation based on the two-
dimensional cross-section of the furnace involving cases with
an arbitrary number of sensors is discussed. As an initial study
for the conceptual model, a simplified case is studied as
shown in Figure 1 by assuming that half of the coil (a single
circle) is placed at the centre of the furnace.

Fig 1 A simplified problem domain for the initial study
with only 1 circle representing half a reactor coil

This paper focuses on improving the initial unstructured
grids by enhancing the existing standard method in order to
have a mesh which satisfies the requirement of having the
sensors placed at the boundary as the nodes for the boundary
elements as well as incorporating this with a way to control
the size and shape of the triangular mesh generated. Besides
that, the method needs to be able to construct the triangular
element directly in every iteration, so that no re-order of the
front or deletion of the existing element is required to perform
triangulation. It is assumed that the sensors (represented by 16
smaller circles) are placed in the conceptual model as
illustrated in Figure 1.

International Journal of Computer Applications (0975 — 8887)
Volume 44— No.21, April 2012

3. THE GENERAL BASIC STEP OF THE
STANDARD ADVANCING FRONT
TECHNIQUE (SAFT)

The boundary curves are discretized by dividing them into
straight line segments or edges where nodes are placed on
each of the segments or edges. An edge is denoted as (a, b)

which means that the edge is formed by nodes & and b.
Figure 2a illustrates a simple two dimensional domain with
connected boundary curves while Figure 2b illustrates the
discretized boundary curves into a set of edges denoted by
(1, 2), (2, 3) until (10, 1).

o

Fig2a A two Fig 2b A set of edges forming
dimensional domain with initial Front and the
connected boundary background grid consisting of

curves triangles ABC and ADC

Front [5, 8] is a list or a set of active edges which is
currently available for element triangulation. Referring to
Figure 2b, all the edges which are (1, 2), (2, 3), (3, 4) until
(10, 1) from the first or initial Front. The Front is updated
continuously when a triangular element is created. This can be
seen in Figure 3, taken from [9]. It must be noted that all the
edges belonging to the current Front are considered as active
edges while edges that are deleted from the current Front list
are considered as passive edges. Any nodes which compose
the active edges in the current position of the Front list are
also known as active nodes.

New element

" Original front “New front

" Original front New front

Fig 3 The illustration of elements with regards to Front,
taken from [9]

The main approach to controlling the grid in terms of the
size and shape of the triangular element involves the
definition of the required grid-cell characteristic through
background grid generation [4, 5, 8, 10-13]. The grid-cell
characteristics, known as grid cell parameters, are the size
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parameter O , the stretching S and finally the orientation of
the cells (|)[5]. For example, Figure 2b illustrates the

background grid consisting of two triangles ABC and ADC.
The grid cell parameters are required to be specified at each
node forming the background grid where in this example at
nodes A, B, C and D. In the creation of the triangular element,
once the edge is selected from the Front for triangulation, the
position of ‘ideal’ point (IP)[5] on the perpendicular bisector
of the edge is computed in such a way that an equilateral
triangle is formed with IP as the third vertex. Figure 4a
illustrates a selected edge, which is (a, b) and the position of
the IP.

ST
IP { %(F’ i
/

Fig 4a The selected edge
(a,b) and the position of
IP

Fig 4b A circle is
constructed with its centre
at IP and the radius of the

circle following the
empirical rule.

Grid cell parameters for all nodes in the Front are interpolated
[5]. The edge with the shortest length | in the Front is selected
as a departure zone in order to create the triangular element.
In order to obtain O for the next step of calculation, the
interpolated values of ) corresponding to the two nodes of

the edge are averaging. A circle with centre at IP is
constructed with the following empirical formula for the

radius, I = 0.8% 3", where [5]

0.55*1; §<0.55*I
8= <5; 055%1<5<2.0*%I @
20*%1; &>2.0%*I

Figure 4b illustrates a circle with its centre at IP and the radius
of the circle following the empirical rule. Active nodes that lie
within the circle are searched (if any) and their distances from
IP are listed. The best candidate for the third vertex of the
triangular element would be the closest one to the IP. The
equilateral triangle is constructed if there are no such active
nodes lying within the circle. However, the validity of the IP
becoming the node must be checked, by which it needs to
satisfy the following conditions [5]:

(1) The coordinate of IP does not lie inside another
existing triangular element,

(2) There is no intersection between the side of the
new triangular element and any existing sides of
the active front.
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Fig 5 The illustration of the Front ‘marching’ process into
the interior of the domain, taken from [14]

Generally, the Front progresses into the interior of the
domain in a ‘marching’ [5, 14] process as a result of
producing a triangular element in which new nodes and edges
are created and at the same time old related edges are deleted,
as illustrated in Figure 5. The new triangular element is
constructed by two nodes of a segment of a Front and another
node, either a newly created one or one that has already
existed in the Front. This process is continued until there are
no longer any active edges in the Front list.

4. THE SEVEN CASES
UNSTRUCTURED TRIANGULATION
TECHNIQUE (7CUTT) ALGORITHM

The contribution of this paper is a new algorithm called the
Seven Cases Unstructured Triangulation Technique for the
initial triangular mesh generation (7CUTT). 7CUTT is a
newly developed algorithm for initial unstructured
triangulation grid generation with a slight modification to the
SAFT in terms of element creation and the control grid. The
algorithm of 7CUTT is applicable to the domain with single
or multiple inner boundaries. It still uses the concept of the
SAFT where the Front is moved into the interior of the
domain in a ‘marching’ process when constructing triangular
elements. It must be noted that the terms ‘edge’, ‘Front’,
‘active edge’, ‘passive edge’, ‘active node’ and ‘ideal point’
(IP) in 7CUTT are similar to those explained in SAFT in
section 3.

The endpoints of outer boundary curves in the domain are
the first set of nodes created in order to prepare for the
triangular mesh generation. This is followed by all the nodes
created at the boundary curves resulting from discretising
boundary curves (both inner and outer boundaries) into
boundary edges. As illustrated in Figure 6a, the boundary
curves are discretised into a number of outer boundary edges
(from the outer layer boundary) and a number of internal
boundary edges (from the internal boundary layer). It must be
noted that in the 7CUTT algorithm, nodes are placed at the
location of sensor deployment where a boundary edge is
formed automatically between two sensors.
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Fig 6(a) Definition of Fig 6(b) The whole
boundary edges at boundary  domain is divided into
curves sub-regions

4.1 The Layer Concept

It must be noted that the layer concept is a novel contribution
of this study. 7CUTT makes use of the layer concept at the
appropriate boundary curve or line. The aim of employing the
layer concept is to divide a line into several segments with

different lengths linearly. The length Ld, of layer d; with
i=1,2...,m is given as

Ld, =i—— 2

In the above equation, L is the total length of the straight line
while M is the number of layers needed.

The line or boundary curve that is divided using the layer
concept produces several smaller line segments with different
length linearly. A set of nodes is placed at the end of each
newly divided segment line. Figure 7a illustrates a straight
line before having the layer concept while Figure 7b
illustrates 1M number of smaller segment lines or edges
resulted from the layer concept applied at AB. For illustration,
let say the length of the straight line AB as in Figure 7a is

L =1.34 and the number of layers required is M = 6. Table
1 shows the layer and its length for every layer of Figure 7b.

International Journal of Computer Applications (0975 — 8887)

Volume 44— No.21, April 2012

Table 1 The result for the layer concept for Figure 4.3b

Layer | Length of layer, Ld;
di
d :
! Ld, = (1) 1.34 =0.0638
1+2+3+4+5+6
¢ Ld, =(2) 134 =0.1276
1+2+3+4+5+6
% Ld; =(3) L34 =0.1914
1+2+3+4+5+6
d :
| Ld,=(4) 1.34 =0.2552
1+2+3+4+5+6
d .
> | Ldg=(5) L34 =0.3190
1+2+3+4+5+6
d :
® | Ldg=(6) 134 =0.3830
1+2+3+4+5+6

Fig 7(a) A straightline AB
before applying layer
concept

Fig 7(b) A set of nodes are
placed at the line segments
produced by employing
layer concept at line AB

In the present study, the layer concept is proposed to be
applied once the whole domain is divided into sub-regions,
where it is employed to generate the segment lines at the
appropriate boundary of the sub-region. This can be referred
to in Figure 8 where the layer concept is applied at newly
created line segments AB, CD, EF and GH. The gap of length
between all the edges is reduced with the existence of these
sets of newly created line segments. Therefore, the layer
concept is served as an interior gradation control as it is
incorporated in the algorithm of 7CUTT. However, it must be
noted that the entire front needs to be chosen (starting from
edge with the shortest length condition) for the departure zone
or the element creation zone in order to have a full effect of
gradation control in terms of size using the layer concept.

A A

subregion 3 subregion 4

subregion 1 sukregion 2

H H

Fig 8 Applying the layer concept at the newly created line
segment (the newly created boundary of the sub-regions-
AB, CD, EF and GH)
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4.2 The General Idea of the 7CUTT and
the Algorithm

In 7CUTT, the current selected active edge among all the
active edges in the Front that is considered for triangular
element construction is called the base edge. For example,
referring to Figure 9a, of all the active edges in the Front,
(11, 12) are currently selected for triangular element
construction therefore; (11, 12) is called a base edge. Once the
base edge is identified, the position of IP on the perpendicular
bisector of the base edge is computed in such a way that an
equilateral triangle is formed with IP as the third vertex. Let

us say the length of the base edge is denoted as Lbaseiedge .

The easiest way to compute the IP satisfying the above
condition is to form a circle (with a radius equal to

Lbase_edge and centred at the nodes respectively) at each

node of the base edge as illustrated in Figure 10a. Basically,
there are two intersection points at first, but the one that lies
inside the Front or inside the acceptance region is chosen. The
chosen intersection point of these two circles is the IP. The
two circles constructed previously are deleted in order to
avoid confusion while the IP remains in the domain as
illustrated in Figure 9b.
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Fig 9(a) The base edge Fig 9(b) IP on the

perpendicular bisector

is(11,12) . Intersection point
of the base edge

of the two circles is the IP

A circle with its centre at IP is constructed with a radius,
IF=0.8% Ly egge @ illustrated in Figure 9c. IP becomes

the new vertex of the equilateral triangle constructed since
there are no active nodes lying within the circle and two
newly created active edges are formed automatically as
illustrated in Figure 9d. It must be noted that once the
triangular element is constructed, the Front needs to be
updated in which the base edge becomes a passive edge and is
deleted from the Front list. At the same time, the newly
created active edges are added to the Front list. Having Figure
10d as an example, (11, 12) is deleted and newly created
edges which are (11, 19) and (19, 12) are added to the Front
list.

Volume 44— No.21, April 2012

Fig 9(c) Acircleis Fig 9(d) A triangular
constructed with IP as element is constructed by
centre having IP as the node

The same procedure is repeated to construct the next
triangular element, in which base edge is selected, IP is
constructed and a circle with radius equal to eighty percent of
the length of the base edge and its centre at IP is constructed.
A construction of triangular elements using the algorithm of
7CUTT s actually based on the condition of objects lying
within the circle or at the circum circle. The term ‘objects’ in
7CUTT refers to any active nodes or active edges. This is
where the construction of the initial unstructured triangular
element is based on seven cases of consideration during the
element creation procedure according to the 7CUTT
algorithm.

4.3 The algortihm of 7CUTT
The 7CUTT with specific Front as departure zone starting
with the shortest edge is summarized as follows:

Step 1: Generate nodes at the outer boundary based on the
pre-determined location on the sensors. Generate inner
boundary nodes. The whole computational domain is then
divided into M number of sub-regions. Apply the layer
concept at the desired location along the boundary of the sub-
region.

Step 2: From the nodes at the boundary, boundary edges will
be formed. The set of all boundary edges (at outer, inner
boundary as well as at sub-region boundary) will now be the
Initial Front. Start to generate triangular elements at sub-
region 1.

Step 3: The inner boundary edge will be chosen first to be
triangulated. The current selected edge being considered is
called the base edge.

Step 4: Compute the ideal point (IP) on the perpendicular
bisector of the base edge in such a way that an equilateral
triangle is formed with the IP as vertex.

Step 5: Construct a circle with a radius I =0.8* L, eqge -

Determine if any objects such as active nodes lie within the
circle or intersected active edges with the circum circle.

Step 6: Generate the triangular elements based on the seven
categories of cases below:
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Case 1: No active nodes or active edges lie within the
circle. The IP is selected as the vertex. Equilateral
triangle will be formed.

Case 2: Active nodes lie within the circle. Compute
the distance of all the active nodes and the IP. The
closer point to the IP will be selected as the vertex.

Case 3: Three active edges are connected to
themselves. Therefore, the three edges will
automatically form a triangular element.

Case 4: No active node lies within the circle.
However, there is an active edge intersecting with the

circle but Ly, 5, <r . Therefore, the intersected active

edge is disregarded and instead the IP will become the
vertex.

Case 5: No active node lies within the circle.
However, there is active edge intersecting with the

circle. At the same time, both L., >r and

Lie <2* Ljase eqge are satisfied. Therefore, the

nodes associated with the intersected edge will be
considered in which the node that is closer to the IP
will be selected as the vertex to form a new element.

Case 6: No active node lies within the circle.
However, there is an active edge intersecting with the

circle. At the same time, three conditions Ly, 2T,

L
Lie 2 2% Lijgee egge  and —P <0.1are satisfied.
ie
Therefore, the active edge intersecting with the circle
is considered in which the node of the intersected
active edge is selected as the third vertex.

Case 7: No active node lies within the circle.
However, there is an active edge intersecting with the

circle. At the same time, three conditions L >r,

plp2

L
Lie = 2% Liee edge  and —P >0.1are satisfied.
ie
Therefore, two new elements will be constructed.

Step 7: Update the Front by deleting the base edge. The new
active edges created during the triangulation element will be
added in the Front list.

Step 8: If there are still inner boundary edges left, repeat
Steps (4) to (7) until all inner boundary edges have been
triangulated from the Initial Front list. If there is only one
inner boundary edge, go directly to Step (9).

Step 9: Select the active edge with the shortest length in
departure zone group. The current selected edge being
considered is called the base edge. Repeat Step (4) - Step (7)
until all the active edges in the departure zone group in the
current Front become passive.
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Step 10: Construct a new Front list composed of all the newly
created edges together with the available active edges from
the previous Front.

Step 11: Select the active edge with the shortest length in the
departure zone group of the latest updated Front list. The
current selected edge being considered is called the base edge.
Repeat Step (4)-Step (7) until all the edges of the departure
zone become passive edges.

Step 12: Step (10) - Step (11) are repeated until there is no
more active edge to compose the Front, which means the
entire sub-region 1 has been completely triangulated.

Step 13: Repeat Step (3) - Step (12) for the next sub-region
until all M number of sub-regions have been triangulated,
which means that the whole computational domain has been
completely triangulated.

5. SIMULATIONS AND RESULTS

Simulation is performed using FLUENT version 6.0 on an
arbitrary number of sensors placed at various points along the
inner wall of the furnace as can be seen in Figure 1. A set of
nodes are placed at the pre-determined locations of the
sensors where a set of outer boundary edges are generated.
Four pivot points are placed at the inner boundary
representing the reactor coil where a set of inner boundary
edges are generated. The layer concept is incorporated as
illustrated in Figure 8. The result of unstructured mesh with
7CUTT incorporating the layer concept is illustrated in Figure
10.

=

Fig 10 The resulting initial unstructured
mesh using the algorithm of 7CUTT for the
simplified conceptual model as in Figure 1.

The sizes of the triangular elements gradually increase
from the centre of the furnace where the reactor coils are
located towards the furnace wall. This is because the set of
edges of varying length linearly which results from the layer
concept applied at the boundary of the sub-domain, can
tolerate the difference between the shortest length of edges (at
the inner boundary) and the longest length of edges (at the
outer boundary). Therefore, the element size is increasing
gradually with the existence of edges from the layer concept,
since the creation of the triangular element in 7CUTT is based
on the inner boundary edges and edges from the layer concept
at the boundary of sub-regions as the departure zone starting
with the shortest active edges.
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In order to examine the quality of the mesh, an EquiAngle
Skew QEAS , which is a normalized measure of skewness that
is defined as follows is used [15]

6max _eeq 6eq _Gmin
180-6,,  ©

Qgas = Max ©))

eq

In the above equation, O, and O are the maximum
and minimum angles (in degrees) between the edges of the
triangular element and Oeq is the characteristic angle
corresponding to an equilateral element of a triangular
element where in this particular case, 9€q =60° . The value
of the examined quality based on this equation provided by
[15] is in the range of O < Qg <1 where Qg =0 if

the element is an equilateral triangle and QE/_\S =1if the

triangular element is degenerate (poorly shaped). Figures
11(a) — Figure 11(d) illustrate the corresponding triangular
elements in the mesh with respect to the range of the quality
examined.

Fig 11(a) Element with
quality Qgas =0

Fig 11(b) Element with
quality 0 <Qgpg <0.25

Fig 11(c) Element with
0.25<Qgps <0.5

Fig 11(d) Element with

0.5< Qgas <0.75

quality quality

Of all the triangular elements generated, 35.29% are
equilateral triangles and 13.73% fall into the average or fair

quality range 0.5< Qs <0.75 where the highest value
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for the element quality is Qg =0.7119. The overall

relationship between QEAS and element quality is illustrated

in Table 2 [15]. The total number of elements in percentages
with respect to the range of element quality can be referred to
the same table. It can be seen that the initial triangular
elements generated using the 7CUTT are all valid and
independent of its size as well as none of them being
degenerate or poorly shaped.

Table 2 The relationship between Qg,g and mesh quality

together with the total elements in the range respectively
for unstructured grids generated with CBATT for the
domain of one circle as in Figure 19.

Qeas Mesh quality Total element
in percentage

Qgas =0 Equilateral 35.29%
0<Qgag <0.25 Excellent 15.69%
0.25<Qgps <0.5 Good 35.29%
0.5<Qgss <0.75 | Fair 13.73%
0.75<Qgps <0.9 Poor 0%

0.9 <Qgps =1 Very poor | 0%

Qgas =1 Degenerate 0%

In order to prove that the resulting unstructured triangular
mesh using the algorithm of 7CUTT works well and is
appropriate for computational analysis, the governing
equation of radiative heat transfer is incorporated with the
mesh for the simplified conceptual model. Using FLUENT
version 6.0, simulation is conducted to solve the radiative heat
transfer by using the Discrete Ordinate Method. Since this is a
conceptual model, the value of the wall temperature at every
sensor is imposed so that the temperature value can be used as
boundary values in the calculation. The simulation is
conducted until convergence is reached for both models. The
plot of convergence for the model can be referred to Figure 12
while the simulation result of the contour plot of temperature
(K) distribution for the flue gases in the furnace can be seen in
Figure 13.

800

Iterations

Fig 12 The plot of convergence for simplified conceptual
model with one circle
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1.38e+03
1.36e+03
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.24e+03

1.22e+03 ‘

Fig 13 The contour of temperature (K) distibution of the
flue gas for the domain of simplified conceptual model.

6. SUMMARY AND CONCLUSION

A new technique called 7CUTT is proposed which is
proven to be effective in generating initial unstructured
grids/meshes for modelling the simplified version of
conceptual model of integrating sensors and radiative heat
transfer in ethylene cracker furnaces. 7CUTT incorporates the
layer concept to generate nodes which form edges of varying
lengths linearly at appropriate boundary curves as well as
introducing the structured seven cases for the element creation
procedure. The triangular mesh forms the domain for
approximating the radiative heat transfer using the Discrete
Ordinate Method. Simulations using FLUENT are performed
on the triangular mesh to obtain the numerical
approximations. The results obtained support the findings in
7CUTT for effectively generating the unstructured mesh in
the process of approximating the temperature of flue gas in
the furnace. It must be noted that the novel contribution of the
paper is in the method of producing initial unstructured grids
and the interior gradation control but not the numerical
method of the Discrete Ordinate Methods.
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