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Abstract:	
  
It	
  is	
  difficult	
  to	
  observe	
  the	
  behavior	
  of	
  nuclear	
  material	
  in	
  extreme	
  circumstances.	
  The	
  
constraints	
   of	
   neutron	
   stars	
   is	
   a	
   good	
   example.	
   Neutron	
   stars	
   are	
   gravita4onally	
  
bounded,	
   extremely	
   dense	
   and	
   rela4vely	
   cold.	
   However,	
   the	
   density	
   is	
   too	
   high	
   and	
  
temperature	
   too	
   low	
   to	
   create	
   in	
   laboratories,	
   so	
   we	
   must	
   model	
   them	
  
computa4onally	
  to	
  the	
  best	
  of	
  our	
  ability.	
  Physicists	
  can	
  use	
  the	
  Einstein	
  equa4ons	
  to	
  
model	
   the	
  behavior	
  of	
  a	
  rota4ng	
  neutron	
  star.	
  Given	
  a	
  specific	
  equa4on	
  of	
  state,	
   the	
  
Einstein	
  equa4ons	
  reveal	
  a	
  maximum	
  angular	
  momentum.	
  However,	
  determining	
   the	
  
maximum	
   angular	
   momentum	
   is	
   difficult.	
   Because	
   of	
   the	
   high	
   degree	
   of	
   recursive	
  
computa4on	
   involved,	
   this	
   study	
   requires	
   a	
   computer	
   program.	
   The	
   program	
   was	
  
originally	
   programmed	
   in	
  C	
   in	
   1995.	
  Advances	
   in	
   computer	
   technology	
  will	
   allow	
   the	
  
computa4on	
   of	
   one	
   configura4on	
   to	
   be	
   done	
   in	
   two	
   seconds	
   where	
   it	
   would	
   have	
  
taken	
   two	
   minutes.	
   The	
   program	
   was	
   updated	
   to	
   C++	
   and	
   an	
   SQL	
   database	
   was	
  
constructed	
  to	
  store	
  all	
  of	
  the	
  data	
  aggregated	
  by	
  the	
  program.	
  These	
  updates	
  improve	
  
the	
   accuracy	
   and	
   increase	
   the	
   efficiency	
   of	
   parameter	
   space	
   searching.	
   Slight	
  
modifica4ons	
  could	
  allow	
  the	
  program	
  to	
  be	
  used	
   in	
   future	
  projects	
   involving	
   rapidly	
  
rota4ng	
  neutron	
  stars.	
  

P = K!1+1/N

Original	
  RNS.c	
  code:	
  
The	
  code	
  used	
  to	
  model	
  the	
  rota4ng	
  neutron	
  star	
  was	
  originally	
  made	
  by	
  Nikolas	
  Stergioulas	
  as	
  a	
  part	
  of	
  his	
  PhD	
  thesis.	
  The	
  program	
  has	
  
not	
  been	
  modified	
  since	
  1997.	
  Many	
  programming	
  techniques	
  used	
  by	
  Stergioulas	
  at	
  the	
  4me	
  are	
  either	
  obsolete	
  due	
  to	
  the	
  current	
  speed	
  
of	
  computa4on,	
  use	
  less	
  than	
  op4mal	
  programming	
  habits	
  or	
  outright	
  confusing	
  to	
  an	
  outside	
  editor.	
  However,	
  the	
  code	
  was	
  clear	
  enough	
  
and	
   comprehensive	
   enough	
   to	
  modify	
   it	
  without	
   a	
   complete	
   rewrite.	
   The	
   first	
   programming	
  modifica4on	
  we	
  made	
  was	
   to	
   change	
   the	
  
output	
  method	
  from	
  a	
  print	
  to	
  an	
  array,	
  and	
  to	
  output	
  it	
  to	
  another	
  source	
  rather	
  than	
  as	
  text	
  output.	
  From	
  here	
  we	
  modified	
  the	
  code	
  to	
  
accept	
   the	
   input	
   parameters	
   as	
   a	
   range	
   of	
   values,	
   and	
   to	
   output	
   the	
   cri4cal	
   values	
   to	
   a	
   database.	
   The	
   inputs	
  were	
   looped	
   parameter	
  
searches	
  of	
  the	
  polytropic	
  index	
  and	
  the	
  central	
  energy	
  density.	
  From	
  here,	
  we	
  began	
  my	
  first	
  analysis	
  as	
  a	
  polytropic	
  analysis.	
  

Polytropic	
  Analysis:	
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(3)	
  Pictured	
  above	
   is	
   a	
   very	
   fast	
   rota4ng	
   star	
  
known	
   as	
   VFTS	
   102,	
   and	
   while	
   this	
   is	
   not	
   a	
  
neutron	
   star,	
   it	
   nicely	
   demonstrates	
   the	
  
oblong	
   compression	
   expected	
   in	
   a	
   rapidly	
  
rota4ng	
   neutron	
   star.	
   We	
   can	
   see	
   that	
   the	
  
star	
  maher	
  acts	
  like	
  a	
  fluid	
  at	
  this	
  speed,	
  held	
  
together	
   by	
   gravity.	
   (Neutron	
   stars	
   that	
   spin	
  
very	
   fast	
   have	
   also	
   been	
   discovered,	
   such	
   as	
  
XTE	
   J1739-­‐285	
   (4),	
   the	
   fastest	
   rota4ng	
  
neutron	
  star	
  known	
  as	
  of	
  this	
  wri4ng)	
  

An	
  approximate	
  similarity:	
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Introduc4on:	
  
A	
  star	
  is	
  a	
  fluid	
  ball	
  in	
  hydrosta4c	
  equilibrium,	
  a	
  
balanced	
   state	
   between	
   its	
   own	
   gravity	
   and	
  
pressure.	
   Pressure	
   of	
   fluid	
   is	
   a	
   func4on	
   of	
  
various	
   physical	
   quan44es,	
   called	
   an	
   equa4on	
  
of	
   state	
   (commonly	
   abbreviated	
   as	
   EoS).	
   The	
  
fluid	
   of	
   neutron	
   stars,	
   which	
   is	
   a	
   mixture	
   of	
  
neutrons,	
   protons,	
   electrons	
   and	
   small	
   amount	
  
of	
   exo4c	
   hyperons,	
   is	
   rela4vely	
   cold.	
   Thus,	
   the	
  
pressure	
   is	
   approximately	
   just	
   a	
   func4on	
   of	
  
energy	
   density,	
   ρ.	
   The	
   project	
   is	
   to	
   find	
   a	
  
maximum	
  angular	
  momentum	
  that	
  neutron	
  star	
  
can	
  possibly	
  have.	
  Naively,	
   angular	
  momentum	
  
depends	
   on	
   maher	
   distribu4on	
   and	
   spin	
   of	
  
neutron	
   star.	
   We	
   need	
   to	
   consider	
   each	
   EoS	
  
that	
  sa4sfies	
  causality,	
  and	
  ensure	
  the	
  speed	
  of	
  
sound	
  doesn’t	
  exceed	
  speed	
  of	
  light.	
  There	
  must	
  
also	
  not	
  be	
  too	
  great	
  of	
  a	
  mass	
  at	
  the	
  core,	
  or	
  it	
  
will	
  collapse	
  into	
  a	
  black	
  hole.	
  

p=0
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neutron stars satisfy this assumption to high accuracy
& Ipser(Friedman 1992).

Here is the phase velocity1. vsound 4 (dp/dv)1@2 ¹ 1. vsoundof sound waves, p the pressure, and v the energy density of
the stellar perfect Ñuid matter. Relativistic Ñuids are govern-
ed by hyperbolic equations whose characteristics lie outside
the light cone (and thus their initial value formulation vio-
lates causality) if (here and throughout the paper,vsound [ 1
we have set c \ 1) & Lindblom That is, if(Geroch 1991).
both the equilibrium star and its small oscillations are
described by a one-parameter EOS, then assumption 1 is
implied by causality.

These two assumptions alone yield an upper limit on
rotation as a function of the maximum observed mass of a
relativistic star. Only a slightly more stringent limit is
obtained if one makes the further assumption :

2. T he EOS is known (matches FPS) at low density. Rela-
tivistic stars with normal crusts are thought to be described
accurately by the FPS EOS up to number densities n B 0.1
fm~3. We adopt fm~3 as a conservative value forn

m
\ 0.1

the number density at which the EOS at high densityn
mmust match the FPS EOS for low densities.

Below we examine limits on the rotation of stable equi-
librium models corresponding Ðrst to assumptions 0 and 1
only, and then to assumptions 0È2 ; as noted, we Ðnd that
the additional assumption of a match to the known low-
density equation of state has a small e†ect on the minimum
period computed using assumptions 0 and 1 only.

3. EOS YIELDING THE UPPER LIMIT ON ROTATION

A uniformly rotating, gravitationally bound star rotates
with a period greater than or equal to its Kepler period. The
Kepler period is the period of a free particle in circular orbit
at the starÏs equator. A soft EOS yields stellar models with
dense central cores, large binding energies, and thus smaller
Kepler periods than models built from sti† EOSs. Soft
EOSs, however, cannot support massive stars. This suggests
that models with minimum periods arise from EOSs that
are sti† at high density, allowing sti† cores to support
against collapse, but soft at low density, allowing small radii
and thus fast rotation. Our numerical results are consistent
with this expectation, and strongly suggest a simple form for
the EOS yielding minimum-period stars and satisfying the
assumptions listed in We distinguish the two instances° 2.
where the EOS does or does not match smoothly the FPS
EOS at low density and satisÐes assumption 2 above.

3.1. Minimum-Period EOS

Considering only assumptions 0 and 1, so that the EOS is
constrained only by causality, the EOS yielding the
minimum-period stars for a given maximum spherical star
mass is divided into two regions. Above a densityMsphmax v

C
,

the EOS is maximally sti† with dp/dv \ 1, while for v ¹ v
C
,

the EOS is maximally soft with vanishing pressure p \ 0 :

p(v) \G0 ,
v [ v

C
,

v ¹ v
C

,
v º v

C
.

(1)

This EOS is depicted in It gives a stringent upperFigure 1.
limit set by causality on the rotation of uniformly rotating,
gravitationally bound stars, independent of any speciÐc
knowledge about the EOS for the matter composing the
star. The energy density is the single free parameter ofv

C

FIG. 1.ÈSchematic representations of the minimum-period EOSs (1)
and The minimum-period EOS does not match a known low-(2). (1)
density EOS; the pressure vanishes for and is at the causal limit withv \ v

C
dp/dv \ 1 for The minimum-period EOS matches up the FPSv [ v

C
. (2)

EOS with a constant pressure region at an energy density Forv
m
. v [ v

C
,

the EOS is at the causal limit with dp/dv \ 1. Both axes are linear.

this minimum-period EOS. By choosing one selects thev
C
,

maximum sphericalÈstar mass that the minimum-Msphmax
period EOS allows.

3.2. Minimum-Period EOS with FPS L ow-Density EOS

Considering assumptions 0, 1, and 2 above, so that the
EOS matches the FPS EOS at low density, the minimum-
period EOS is divided into three regions. Above a density

the minimum-period EOS is maximally sti† with dp/v
C
,

dv \ 1. Between the matching density to the FPS EOS v
mand the EOS is maximally soft with dp/dv \ 0. Belowv

C
, v

m
,

the EOS is given by the FPS EOS. Explicitly,

p(v) \
7pFPS(v) ,

p
m

,
p
m

] v [ v
C

,

v ¹ v
m

,
v
m

¹ v ¹ v
C

,
v º v

C
.

(2)

This EOS is also depicted in The maximally soft,Figure 1.
constant pressure region corresponds to a Ðrst-order phase
transition for a single component system. For a Ðxed low-
density EOS and matching energy density the causalv

m
,

limit energy density parameterizes the class of minimum-v
Cperiod EOSs. Again, by choosing one selects thev

C
,

maximum spherical star mass that the minimum-Msphmax
period EOS allows, and a one-to-one correspondence exists
between and other characteristics of the minimum-periodv

CEOS.
shows the minimum-period EOS ofFigure 2 equation (1)

yielding a maximum-mass spherical star with Msphmax \ 1.442
The energy density at which the EOS changes fromM

_
.

zero pressure to dp/dv \ 1 is g cm~3, andv
C

\ 2.156 ] 1015
the central energy density of the minimum-period star is
4.778 ] 1015 g cm~3. The minimum-period EOS of

that matches the FPS EOS at fm~3equation (2) n
m

\ 0.1
and yields a maximum-mass spherical star with Msphmax \

is also shown in For this EOS,1.442 M
_

Figure 2. v
C

\
2.157 ] 1015 g cm~3, and the central energy density of the
minimum-period star is 5.274 ] 1015 g cm~3. The numeri-
cal work leading to the EOSs and is outlined in(1) (2) ° 4.

As	
  an	
  example,	
  EoS	
  below	
  is	
  the	
  EoS	
  
used	
   to	
   find	
   a	
   neutron	
   star	
   with	
  
maximum	
   mass.	
   EoS	
   at	
   core	
   is	
   the	
  
s4ffest	
   possible	
   allowed	
   by	
   causality	
  
to	
   prevent	
   star	
   from	
   collapsing	
   to	
  
black	
  hole,	
  while	
  at	
  outer	
  part	
   is	
   the	
  
sonest	
  possible	
  maher	
   to	
  allow	
   it	
   to	
  
pack	
  up	
  as	
  much	
  maher	
  as	
  possible.	
  

Switching	
  to	
  C++	
  and	
  Program	
  Discrepancy:	
  

! > 0;" >1;"! <1+  #m
pm

;nc = Real[nm ( c2 (pm - pm"+ !m - "#m +  pm "  ! ))
(pm (1 + c^2 - " ) "  !

)1/(-1 +" ) ]; 

p(n) = pm (! (( n
nm

)"  - 1) + 1); {nFPS<n ! nc};p(n)= 1
2

(p(nc) - #(nc) +(p(nc) + #(nc)) ( n
nc

)2 ); {n> nc}

#(n)=pm (! /(" - 1)*((n/nm)" - n/nm) + 10"21  n
nm

 #m
pm

 + (1 - n/nm) (! - 1)); {nFPS<n ! nc}

#(n)=#(nc) - p(nc)+ p(n);{n > nc}

Results	
  and	
  future	
  explora4on:	
  
As	
  a	
  result	
  of	
  this	
  project,	
  the	
  code	
  has	
  been	
  rewrihen	
  to	
  C++	
  and	
  Java	
  in	
  mul4ple	
  formats.	
  The	
  SQL	
  Database	
  is	
  
used	
   to	
   store	
   all	
   results	
   and	
   eliminate	
   re-­‐computa4on	
   for	
   iden4cal	
   parameters.	
   SQL	
   allows	
   later	
   convinient	
  
offline	
   explora4on	
   of	
   the	
   results.	
   An	
   SQL	
   search	
   makes	
   searching	
   for	
   maximums	
   and	
   minimums	
   or	
   specific	
  
ranges	
  of	
   values	
   vastly	
   simpler.	
  Our	
  Mathema4ca	
  program	
  makes	
   a	
   great	
   visualiza4on	
   tool	
   for	
   further	
   study.	
  
Finally,	
  we	
  have	
  discovered	
  a	
  discrepancy	
  between	
   the	
  C	
   code	
  and	
  our	
  new	
  C++	
   code,	
  which	
  means	
   that	
  old	
  
values	
  that	
  may	
  have	
  been	
  incorrect	
  can	
  now	
  be	
  corrected.	
  

A	
  major	
   goal	
   of	
   this	
   research	
  was	
   to	
   improve	
   the	
   efficiency	
   and	
   usability	
   of	
   the	
   exis4ng	
   C	
   code	
   base	
   use	
   to	
  
compute	
  the	
  models	
  of	
  rapidly	
  rota4ng	
  neutron	
  starts.	
   	
  Both	
   	
  C++	
  and	
  Java	
  were	
  evaluated,	
  and	
  C++	
  proved	
  to	
  
be	
   significantly	
  more	
   efficient.	
   	
   The	
   original	
   code	
   base	
   used	
   complex	
   and	
   error	
   prone	
   pointer	
   structures	
   for	
  
represen4ng	
   	
  mul4-­‐dimensional	
  models.	
   These	
   structures	
  were	
  converted	
   to	
  C++	
  mul4dimensional	
  arrays.	
  To	
  
our	
  surprise,	
  Both	
  the	
  C++	
  and	
  Java	
   implementa4ons,	
  though	
   iden4cal	
   in	
  func4on,	
  produced	
  slightly	
  different,	
  
though	
  iden4cal,	
  results	
  from	
  the	
  C	
  version.	
  Significant	
  inves4ga4on	
  and	
  experimenta4on	
  did	
  not	
  lead	
  us	
  to	
  an	
  
explana4on	
   for	
   the	
   differences,	
   nor	
   a	
   determina4on	
   as	
   to	
   which	
   solu4ons	
   were	
   best.	
   Below	
   are	
   some	
  
comparisons	
  of	
  the	
  values	
  of	
  Java	
  and	
  C.	
  Please	
  note	
  that	
  the	
  Java	
  values	
  are	
  way	
  more	
  precise	
  than	
  presented:	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
More	
  research	
  into	
  this	
  topic	
  is	
  needed,	
  and	
  is	
  another	
  interes4ng	
  topic	
  for	
  further	
  study.	
  

We	
   used	
   a	
   polytropic	
   equa4on	
   of	
   state	
   as	
   our	
   first	
   measure	
   of	
   gauging	
   the	
   behavior	
   of	
   our	
   input.	
   The	
   equa4on	
   of	
   these	
   polytropic	
  
equa4ons	
  of	
  state	
  are:	
  (1)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  where	
  P	
  is	
  the	
  pressure,	
  K	
  is	
  a	
  constant	
  ρ	
  is	
  the	
  density	
  and	
  N	
  is	
  a	
  parameter	
  called	
  the	
  polytropic	
  
index.	
  The	
  units	
  of	
  this	
  polytropic	
  equa4on	
  of	
  state	
  has	
  been	
  programmed	
  in	
  such	
  a	
  way	
  so	
  as	
  to	
  create	
  a	
  dimensionless	
  set	
  of	
  quan44es	
  as	
  
described	
  by	
  Cook,	
  Shapiro	
  and	
  Teukolski	
  (2).	
  	
  

	
   	
   	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Spin	
  Polytropic	
  behavior	
  
	
  	
  	
  	
  Mass	
  Polytropic	
  Behavior	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  

	
   	
   	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Angular	
  Momentum	
  
Compu4ng	
  the	
  rela4vely	
  large	
  number	
  of	
  data	
  points	
  necessary	
  	
  to	
  	
  	
  	
  Polytropic	
  behavior	
  
generate	
  these	
  graphs	
  was	
  	
  prohibi4vely	
  4me	
  consuming	
  prior	
  to	
  the	
  	
  
crea4on	
  of	
  a	
  fast	
  automated	
  version	
  for	
  this	
  project.	
  We	
  wish	
  to	
  	
  
maximize	
  mass,	
  spin	
  and	
  angular	
  momentum.	
  We	
  can	
  see	
  that,	
  at	
  a	
  	
  
higher	
  central	
  energy	
  density	
  and	
  higher	
  polytropic	
  index,	
  the	
  mass	
  is	
  	
  
high.	
  At	
  a	
  smaller	
  polytropic	
  index	
  and	
  a	
  higher	
  central	
  energy	
  density,	
  	
  
we	
  get	
  much	
  higher	
  spin,	
  but	
  angular	
  momentum	
  only	
  goes	
  high	
  when	
  
the	
  central	
  energy	
  density	
  and	
  polytropic	
  index	
  is	
  low.	
  What	
  does	
  this	
  
mean?	
  It	
  confirms	
  that	
  if	
  the	
  inside	
  of	
  a	
  neutron	
  star	
  has	
  a	
  non-­‐dense	
  
core	
  and	
  a	
  high	
  density	
  outside,	
  then	
  its	
  angular	
  momentum	
  is	
  maximized!	
  

Parametric	
  Automa4on:	
  
We	
  changed	
  all	
  equa4on	
  of	
  state	
  passing	
  and	
  retrieval	
  to	
  arrays	
  instead	
  of	
  file	
  reading	
  and	
  wri4ng.	
  	
  Turning	
  the	
  
data-­‐gathering	
   from	
   file	
   storage	
   to	
   arrays	
   allowed	
   me	
   to	
   create	
   an	
   en4rely	
   new	
   program	
   that	
   generates	
  
parametric	
  equa4ons	
  of	
  state,	
  but	
  aner	
  lots	
  of	
  experimenta4on	
  of	
  various	
  equa4ons	
  of	
  state	
  and	
  modifica4ons	
  
of	
   equa4ons	
   of	
   state,	
   we	
   sehled	
   on	
   states	
   that	
   were	
   based	
   on	
   Koranda,	
   Freedman	
   and	
   Stergioulas’s	
   (5)	
  
parametric	
  equa4on	
  of	
  state.	
  This	
  equa4on	
  of	
  state	
  is	
  specifically	
  craned	
  to	
  minimize	
  the	
  early	
  equa4on	
  to	
  the	
  
lowest	
  known	
  state	
  and	
  to	
  maximize	
  to	
  the	
  speed	
  of	
  light	
  constraint.	
  However	
  it	
  is	
  discon4nuous	
  and	
  there	
  is	
  a	
  
unitary	
  error,	
  so	
  it	
  is	
  not	
  en4rely	
  valid	
  for	
  my	
  purposes.	
  This	
  equa4on	
  is	
  the	
  lowest	
  EoS,	
  the	
  fps	
  un4l	
  a	
  specific	
  
number	
   density.	
   That	
   number	
   density	
   is	
   labeled	
   nm,	
   the	
   pressure	
   at	
   that	
   number	
   density	
   is	
   pm,	
   the	
   energy	
  
density	
   is	
   εm,	
   the	
   parameters	
   are	
   gamma	
   and	
   kappa.	
   There	
   is	
   a	
   cri4cal	
   n	
   where	
   the	
   speed	
   of	
   light	
   will	
   be	
  
surpassed	
  if	
  it	
  goes	
  any	
  higher,	
  so	
  we	
  accounted	
  for	
  that	
  in	
  my	
  calcula4ons:	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  

	
   	
  	
  	
  	
  	
  	
  .	
  :	
  These	
  equa4ons	
  were	
  algorithmically	
  computed	
  in	
  C++.	
  An	
  equa4on	
  of	
  state	
  
has	
  to	
  be	
  complete	
  before	
  it	
  is	
  put	
  into	
  RNS,	
  so	
  a	
  number	
  of	
  spaced	
  apart	
  points	
  are	
  calculated	
  before	
  the	
  
program	
  is	
  run.	
  In	
  order	
  to	
  sa4sfy	
  the	
  constraints	
  that	
  λ>1,	
  κ>0	
  and	
  	
  λκ<1+εm/pm,	
  we	
  had	
  the	
  loop	
  calculate	
  a	
  
series	
  of	
  gammas,	
  and	
  calculated	
  kappa	
  as	
  κ=(1+εm/pm)/(λ	
  y)	
  where	
  y	
  was	
  an	
  arbitrary	
  scale	
  factor	
  of	
  at	
  least	
  1.	
  
This	
  arrangement	
  results	
  in	
  a	
  fairly	
  good	
  search	
  throughout	
  the	
  parameter	
  space.	
  The	
  convenient	
  part	
  is,	
  it	
  takes	
  
one	
  line	
  of	
  code	
  to	
  change	
  where	
  it	
  is	
  searching,	
  where	
  before	
  the	
  equa4on	
  of	
  state	
  had	
  to	
  be	
  wrihen.	
  

Mathema4ca	
  code	
  
(Of	
  the	
  parametric	
  EoS):	
  


	Digital Kenyon: Research, Scholarship, and Creative Exchange
	Summer 2012

	Angular Momentum of Rapidly Rotating Neutron Stars
	Luke Skon
	Recommended Citation


	tmp.1568399244.pdf.x7ghQ

