Metadata, citation and similar papers at core.ac.uk

SUT Journal of Mathematics
Vol. 54, No. 2 (2018), 173-190

3-+1-Moulton configuration

Naoko Yoshimi and Akira Yoshioka

(Received November 14, 2018; Revised November 30, 2018)

Dedicate to the memory of Professor Shuichi Taokahasi

Abstract. We pose a new problem of collinear central configuration in Newto-
nian n-body problem. For a given three-body of collinear central configuration,
we ask whether we can add another body in a way such that (a) the total
four-body is also in a state of collinear central configuration and (b) the initial
three-body keeps its motion without any change during the process. We find
four solutions to the above problem having zero mass. We also discuss a similar
but ‘positive’ problem by modifying the conditions such that (a’) the four-body
is in a state of collinear central configuration and the initial three bodies keep
their position without any change, and (b’) the masses of the two out of the
three of initial bodies are invariant with the rest having a slight change and the
mass of the added body is positive.

We also find explicit solutions to the second problem.
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§1. Introduction

Euler found solutions of three-body problem on a line, collinear three-body
problem [2] for the first time in history. In general, a solution of Newto-
nian n-body problem on a line, called a collinear n-body, forms central con-
figuration, that is, the ratios of the distances of the bodies from the center
of mass are constants [4]. F. R. Moulton [4] proved that for a fixed mass

vector m = (m,,...,my) and a fixed ordering of the bodies along the line,
there exists a unique collinear central configuration q = (q1, ..., q,) with mass
m = (m,,...,my,) (up to translation and scaling), where ¢; denotes the posi-
tion of the ¢ th-body on a line ¢ = 1,...,n. The configuration is also called a

Moulton configuration, which will be sometimes abbreviated as M.c..
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In this paper, we consider the following problem. We assume we are given a
M.c. q, = (qu,qA2,qA3) of three bodies Ay, As, A3 such that ¢, <gq,, <4q,,
with mass m, = (mA17mA27mA3) where each component of m, is positive.
We consider to add a body B of position ¢, with mass m,, to A;, A, A3 on
the same line containing A, A2 and As so that

(a) the configuration of Ay, Ay, A3 and B is M.c. with A;, Ag, A3 keeping
the original positions, and

(b) the motion of A, Ag, A3 are kept invariant during the process.

More precisely, let ¢; denote one of the positions of A;, Ao, A3, B such that
q1 < g2 < q3 < g4 and m; denote its mass, respectively.

Definition 1 (3-+1-Moulton configuration). We call q = (q1,42,93,q4) with
m = (my,mg,m3,my) a * 8+1-Moulton configuration” for the three bodies
Ay, Ay, A3 when it satisfies the following conditions.

(i) Ay, Ao, A3 and B are in Moulton configuration and the configuration of
Ay, Ag, Az is equal to the original one q, with m .

(ii) The center of mass of Ay, Aa, A3, B is equal to that of Ay, As, A3, and
the motion of A1, Ao, A3 is the same as the original one.

center of A¢,A; and A;
L L

N\
A1 A2 B A3
center of A1 A2,A; and B

Figure 1: 3+1-Moulton configuration

Then we show in this paper

Theorem 1 (3-++1-Moulton configuration). For a given Moulton configuration
a, = (qu 19y qA3) with m, = (mAl 7 Mgy s My, ),

(1) there exist four kinds of 3+1-Moulton configurations for q, with m,,

(ii) the mass of the added body is zero.

We remark here that the above result (ii) means that the added body has
an “infinitesimal zero” mass. We also consider a configuration in which the
added body has a positive mass, namely the configuration satisfies only a part
of the condition (i) of Definition 1. That is A;, As, A3 and B are in a Moulton
configuration and the positions of A;, Aa, A3 are the same as the original one,
and further the mass of the added body is positive with a slight change of one
of the masses of A1, As, A3. We make the following definition.
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“

Definition 2 (Positive-3+1-Moulton configuration). We call q with m a
positive-3+1-Moulton configuration” for q,, with m, when it satisfies the con-
ditions:

(i) A1, Az, As and B are in Moulton configuration and the positions of
Ay, As, Az are equal to the original one.
(ii) The mass of the added body B is positive with a change of mass in one

of A1, Az, As.
center of A¢,A; and As
[ { S L @
A A, B VY As

center of A1 Ay,A3 and B

Figure 2: Positive-3+1-Moulton configuration

We also show

Theorem 2. For a given Moulton configuration q, = (quququA3) with
m, = (mAl,mA2,mA3), there are intervals of q, of position of added body
such that every point of the interval yields a positive-3+1-Moulton configura-
tion.

In the previous paper [5], the first author considered 2+2-Moulton configu-
ration for two bodies and obtained three solutions.

This paper is organized as follows. In Section 2, we define a Moulton man-
ifold, which is regarded as a manifold of all Moulton configurations of n-body,
and construct it for n = 3 and n = 4, and also give equations for its mass prob-
lem, (2.6) and (2.8) below. In Section 3 we prove Theorem 1 and Theorem 2
in Section 4, respectively.

§2. Manifold of Moulton configurations
2.1. Collinear central configuration

We consider the d-dimensional (1 < d < 3) Newtonian n-body problem:

mim;i(q;(t) — qi(t)) _ 0
lai(t) —a;AI° O

(21)  madi(t) = >

=1 i

Ulq(t), (<i<n),

where U(q) is the Newtonian potential function

U(q): Z %7 (17]:1) 7n)7
(i) i<y 1T
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m; € RT(i =1,2,...,n) are masses of the bodies and
at) = (qi(?),...,qn(t)) € (RY)" is their configuration. Here we except
q;(t) = q;(t) for some i # j.

It is well-known that the equation (2.1) is scale and translation invariant.
That is, for a solution q(t) = (qi(t), q2(t),...,qn(t)) of (2.1), then

k(TP +at+v = (k2 ) +ut+v, ..k Qe ) +ut+v)

is also a solution, where & is a positive constant and u = (u!,... ,ud), v =
(v',...,v%) are constant d-vectors.

Let q = (q1,...,9,) € (R)™ be a constant vector and ¢ be the center of
mass of the system ¢ = Y 1" m;q;/ Y ;" m;. For a scalar-valued function
¢(t), let us consider a vector-valued function

q(t) = ¢+ ¢(t)(q — ©),

where ¢ = (c,...,c). It is easy to see if q(t) is a solution of (2.1) then q
satisfies the equation (2.2) and ¢(t) satisfies (2.3) below. Thus we naturally
obtain the following concept (c.f.[3] Section 2.1.3, also [1]).

Definition 3 (Central Configuration). We call a configuration
q = (q,q2,...,9,) € (RN with mass m = (my,ma,...,my,) € (RY)" a
central configuration if q satisfies

n
m;(q; — q;) ,
(2.2) Z%—F)\(Qi—c)zo, i=1,2,...,n
i=1 i
for some X\ € RT, where r;; = ||q; — q;|| is a distance of two bodies.

We easily see that the equations (2.2) yields A\ = U(q)/(2I), where I =
S millai — ¢||?/2, then X is positive.

Conversely, for a central configuration q = (qi,...,q,) with mass m =
(m,,...,my) and a real valued function ¢(t) satisfying
(2.3) ¢ =—2¢/|9I,

then q(t) = €+ ¢(t)(q — €) is a solution of the equation (2.1).

The invariance of the equation (2.1) naturally induces an equivariance of
the equation (2.2) under the scaling and parallel transform. Let x be a positive
number and u be a vector in R?. For a solution q = (qi,-..,dn) of the equation
(2.2), we set

q:(q17€127"'7(in):Hq+ﬁ:(’€q1+u7"'vﬁqn+u) € (Rd)n'
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Then q satisfies

S Ml —8) s g —0(i=12...n),

a8 — .3
2 a4l
where A = k73X and & = (kc 4 u,..., kc + u).

Now we consider d = 1, which means that all bodies lie on a straight line.
We call a solution q of (2.2) a collinear central configuration, or a Moulton
configuration. Then the equation (2.2) is written in the form

(2.4) A'm+ \(q—¢€)=0 forsome A € Rt

where q = (q1,...,q,) € R™ and A is a skew-symmetric matrix defined by

A= (aij), ajj = (qi — Qj)_2 for i < j, and ay; = 0, Qj; = —Qjj (Cf [1])
Following Moulton [4], we also consider the case where m; (i = 1,...,n)

are infinitesimal zero. Then in this paper we assume m; >0 (i =1,...,n).

2.2. Moulton manifold

In this subsection, we consider the equation (2.4) in a geometric way.
Let us consider 2n + 2-dimensional Euclidean space R?"+2 with coordinates
(q,m,c,\) = (q1,-.-,Gn,m1,...,Mp,c,\) and consider an open domain

On:{(q17'"7Qn7m17"'amnac>)‘) 6]R2n+2|
G <q<-<Gnmi,....,my>0,q <c<qgp, >0}

Then the equation (2.4) gives a manifold
M” = {(q7 m,c, )\) S On‘A tl’n —+ )\t(q _ E) — tO},

called an n-Moulton manifold, which can be regarded as the set of all Moulton
configurations of n bodies. The manifold M, has a parametrization whose
expression depends on the case where n is even or n is odd (cf.[1], [4]). In this
paper we discuss the case n = 3 and n = 4, and the general cases for n are
given in a similar way.

3-Moulton manifold. The equation (2.4) for n = 3 shows that 3-Moulton
manifold is given by

Mz = {(q1, g2, g3, M1, m2,m3,¢,\) € O3
A'm+ \(q—¢) =0 forsome A € RT}.
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The parametrization of 3-Moulton manifold M3 is given in the following way.
For n = 3 the matrix A in the equation (2.4) is not invertible. Regarding (2.4)
as an equation with respect to m = (mj, mo, m3) we consider an augmented
matrix of the equation

0 a2 a1z —A(g1 —c)
—ai2 0 a —Ag—co) ],
—a13 —azs 0 —A(gz—c)

where a;; = (¢ — ¢j) 2 (i < j) and we obtain by the sweep-out method,

a2 0 —azs Ag2—o)
0 a2 a3z —Xg—co ],
0 0 0 *

where * = A\(—a12(q3 — ¢) + a13(g2 — ¢) — a23(q1 — ¢)). Then the equation x = 0
is the necessary and sufficient condition for (2.4) to have a solution, which is
equivalent to

(2.5) c = (a12q3 — a13q2 + az23q1) / P,

where P = aj2 — a13 + azs. Thus the equation (2.4) is reduced to

aiamg + aiz3ms + A(q1 —¢) =0,
—a12mi + agssms + )\(QQ — C) =0.

In order to parametrize the solutions (mj, ma, ms), we introduce a parameter
M = m1 + mo + mg which represents the total mass. We consider an equation

aigmeo + aizms + Mg — ¢) =0,
—a12Mmq + azsms + A(QQ - C) =0,
ma =+ mo + ms = M.

Then the augmented matrix is the following
a2 0 —az Mg —c)
0 a2 a3 —Ag—c
1 1 1 M

and by the sweep-out method we obtain

1 00 a1
010 ag |,
0 0 1 asg
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where
aroM + XNq1 — a A
A (a12 (@1 — q2))ass A o= ),
(a12 — a13 + ag3)aiz a2
— M+ X — A
S (a12M + A(q1 — g2))ars A=),
(@12 — a13 + ag3)aiz a2

apM+ Ma - q)
a3 = .
a1z —ais + a3

Then using (2.5) we obtain

my = (azsM + g2 — g3))/ P,
(2.6) ma = —(a13M + A(q1 — q3))/ P,
mg = (a12M + Mq1 — ¢2))/ P

which are regarded as a parametrization of solutions of the equation (2.4).
Using these functions we obtain a parametrization of the 3-Moulton manifold
Ms in the following way. Remark P = a1s — a13 + a93 > 0 for ¢1 < q2 < g3.
Since m; (i = 1,2, 3) are non-negative in M3, (2.6) yields (g2—q1)3, (g3 —q2)> <
M/X < (g3 — q1)*, namely,

(Q3) g2 — a1 < (MNP, g3 —go < (M/N)D (M/N) D) < g3 — qn.
Then we set an open set in R® such that

D3 = {(q1,42, 93, \, M) € R°| q1 < g2 < g3, A >0, M > 0and (Q3)}
and we define a map m : D3 — (R*)3 such that
(2.7) m(q, A, M) = (mi(q,\, M), ma(q, A, M), ms(q,\, M))
where q = (q1, q2,q3) and m;(q, A\, M), i = 1,2, 3 are given by (2.6). The equa-
tion (2.5) gives a function ¢(q). Then 3-Moulton manifold M3 is parametrized

by D3 and is given as the graph of the map m and the function ¢(q), i.e.,

Mz = {(qa ﬁ\l(qa A, M)7 C(q)? A’M)| (q¢)‘aM) € D3}

4-Moulton manifold. The equation (2.4) for n = 4 gives the 4-Moulton
manifold is given by

M4 = {(QhCI2aQ37(J47m1,m2,m3,m4,c, )\) € 04’
A'm+ \(q—¢) =0 forsome A € RT}
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where ¢ = (¢, ¢, ¢, c). For n = 4 the coefficient matrix A in the equation (2.4)
is invertible and then the equation is reduced to

my 0 —azqs agq —azs G —c
(2.8) my| _ A an 0 —as a3 @=cl

ms P | —ay a 0 —ar g3 —c

my azy  —aiz a2 0 qs—c

where P = ai2a34 — a13a24 + a14a23. We can write the equation in the form

(2.9) m; = Aoy —cB;)/P, i=1,2,3,4,

where
Q1 = —a34q2 + 02443 — G23¢4, 2 = 43441 — (1443 + A1344,
a3 = —a24q1 + Q14G2 — Q12q4, Q4 = A23G1 — A13¢2 + A12G3,
f1 = —azstazy —azs, [2=azs—ayy+as,
B3 = —azq+aiq— a2, [i4=a3— a3+ a.

We remark P is positive since a13 > a13 and agq > ao4 and similarly 51, 83 < 0,
B2, B4 > 0. Thus the equation (2.9) defines functions m;(q,c,A) = —A(a; —
cfi)/P,i=1,2,3,4, where q = (g1, g2, g3, q4)-

In order to consider 3 + 1-M.c., we slightly extend the condition for mass
in My, namely, it is natural that the masses are non-negative m; > 0, i =
1,2,3,4. Hence from the equation (2.9) we see in My, q and c satisfy

(Q4) Q — CIBi <0, 1= 1’ 27374-
since P, A are positive. Then we consider a set

D4 - {(q17q27q37Q47Avc) € R6 ’
G <@<g<q,q <c<qg,A>0and (Q4)}.

The equation (2.9) shows that the 4-Moulton manifold My is given as a graph
of a map m(q7 ¢, )‘) = (ml(q7 ¢, A)? e 7m4(q7 ¢, )\))

My = {(q,m(q,c,A), ¢, N)[(q,c,A), € Dy }.

§3. Proof of Theorem 1

Now suppose we are given a three-body Aj, As and A3 which is a Moulton
configuration q, = (g4, ¢4, 4,,) and positive mass m, = (m, , m,_ , m, )
such that ¢, < gq,, < Qag> My My, My, > 0. Hence we have certain
A, > 0and M > 0 such that m, and ¢ = ¢, are given as an image of the map
m(q,,A\,,M)in (2.7) and ¢, = ¢,(q,) in (2.5), respectively. We consider to
add a body B with a mass m, in the same line so that Ay, Az, A3 and B form
a 3+1-Moulton configuration for the three bodies Ay, As, As.
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Problem. According to the condition (i) and (ii) of Definition 1, we consider
the following, respectively.

(P-i) Since the four bodies A;, As, Az and B are in a Moulton configura-
tion, these satisfy the equation (2.8). This is equivalent to find a point
(q, A, ¢) € Dy where three components of q = (¢1, g2, g3, q4) are given as

qu ) qA2 ) qA37
(P-ii) and c=c¢,, A= A,.
As a natural possibility we have the following four cases:
Case 1: ¢, < Tay < ay <da,> Case 2: Qay <dp < quy <y,

Case 3: ¢, <qu, <qp <q,,, Cased: q, <q,, <q,, <qz.
We will prove Theorem 1 for each case.

3.1. Casel

We set q = (ql; q2, 43, CI4> = (qBan17qA27qA3)7 q1 < q2 < q3 < q4 with
m = (m1,mg, m3,ma) = (my,m, ,m, ,m,. ) (see Figure 3).

@ L L
A1 A2 A3

w O

Figure 3: Case 1

We can rewrite the condition (2.5) and the equation (2.6) in this case as

(3.1) c=c, = (az3qs — az4q3 + azaqa)/ P,
and

m,, = (asaM + A, (g3 — q4))/P,,
m,, = (—a2aM + A, (g1 — q2))/ P,
m,, = (a2sM + A, (g2 — q3))/P,,

where P, = ag3 — az4 + as4, respectively.

The Problem (P-i) yields m, = ma, m, = ms, m, = ma, which is
equivalent to the equation by means of (2.9)
ma A\ B2 Qg My, 1 (12
(3.2) ms | =5 ¢ B3| — | as = | m,, B F3 |,
my ,34 (6 %] m 4 F4

A3
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where F; (i = 2,3,4) are the numerator of my, (j = 1,2,3) in the equation
(3.2), respectively. We remark here F; > 0 since m, > 0 and P, > 0 in the
3-Moulton manifold M3. From the first and the second line of the equation
(3.2) we obtain the equivalent relation

o= F2os — Fson _ Fof3 — F3fy P
FoB3 — F35 agfy —azfs P’

where Fy03 — F382 < 0 because 83 < 0 and 2 > 0, then the positivity of A,
P, and P yields a3fs — apf3 < 0.

(3.3) and A

Although we consider the third line of (3.2) later, here we consider Problem
(P-ii), i.e., the equations ¢ = ¢, and A = X ,.

Proposition 1. The equations

(1) fi=X,(P,q1 —¢,) +ai2Fr+ ai13Fs + a14F, =0

are mutually equivalent, where ¢, is a numerator of ¢, in (3.1) such that
C, = 42374 — (24G3 + 34Q2.

Proof. Using (3.3), we calculate

c, —c=c, — (Frag — Fyaz)/(F2f3 — F302)
= (a24034+a34042) (N, (P,q1 —¢, ) +araFo+a13F3+a14Fy) /P, (Fa 53— F32),

where 0;; = ¢; — gj. Since ag4034 + az4642 > 0, the equation ¢ — ¢, = 0 is
equivalent to f; = 0.
We calculate also

Ay — A=A, — P(Fy33 — F332)/ P, (a3fa — 2/33)
= —(a24f2+a3af3) (A (P q1—¢, ) +ainFa+aizF3+aiaFy) /P, (a3fa—a2fs).

Since ag4f2+a3453 = —ag4(a1a—a13)+asza(ara—ai2) < 0, the equation A = A,
and (f-1) are equivalent. O

Here we consider the third line of (3.2). We can easily see that the equation
(£-1) of Proposition 1 also yields m4 = m, . In fact using the equation (3.2)
we calculate as

m,, —mg = (a12034 + a13612 + a14623) f1/ P, (a3 P2 — a2 fB3).
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Thus we see that a solution of the equation f; = 0 gives an existence of a
3+1-Moulton configuration.

Now we show the unique existence of the solution of f; = 0. We obtain easily
limg, o fi = —00, limg, ¢, fi = +00. Moreover f; is monotone increasing

since of

d—qi =\, P, +dyF +ajsFs +ay Fy >0
because aj; = —2/(q1 —¢;)™> > 0and F; > 0 (i = 2,3,4), A\,, P, > 0.
Then there exists uniquely ¢, = qg < satisfying f; = 0, which gives a
3-+1-Moulton configuration.

We see m,, =0 for ¢, = qg. In fact the equation (2.9) yields
my, = ANcpr —aq)/P=\,(—c,P,+¢,)/P=0

because a; = —¢,, f1 = —P,. Thus we obtain Theorem 1 (ii) for case 1.

3.2. Case 2

We set (g1, g2, g3, q4) = (44,+95:90,:94,), @ < @2 < g3 < ga with
(m1,ma, mg, my) = (m, ,mg,m, ,m,. ) (see Figure 4).

@ & @ @
A1 B A2 A3

Figure 4: Case 2

We can rewrite the condition (2.5) and the equation (2.6) in this case as

¢, = (a13q4 — a14q3 + a3aq1)/ P,
and

m,, = (asaM + A, (g3 — q4))/P,,
(3.4) m,, = (—auM + A, (¢ — q1))/ P,
my, = (asM + X, (q1 — q3))/ P,

where P, = ai3 — a4 + as4, respectively.

The condition m, =my, m,, =ms, m, =my yields, by (2.9) and (3.4),
the equation
my p1 aq my, F
A 1
mg | =45 |¢ Bs|—|as] | =|ma | = B )

F3
my B Qy m,., A\ Ly
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where Fy, F3, Fy are the numerator of m apr Moy, My, in (3.4), respectively.
From the second and the third line of the equation above, we obtain

o Fsou — Fyas o FsPa— Fufs P
F304 — Fyfs’ asfls — azfs P,’

where F384 — Fy83 > 0, then ayf3 — agfy > 0.
Now let us consider the problem (P-ii). Using (3.5) we calculate

(3.5)

(3.6) c, —c=c, — (F3aq — Fya3)/(F384 — F4f33)
= (13641 +a14013) (A, (P,q2— ¢, ) —a12F1 + a3 F3+aguFy) /P, (F384— Faf3)

and

(3.7) Ay — A=A, — P(F384 — Fuf33)/ P, (aafPs — a3pa)

= —(a1383+a14Bs) (A, (P q2—¢, ) —ai12F1 +ax3F3+auFy) /P, (asfz—as3fs).
Proposition 2. The equation c = c, s equivalent to

(£2) fo= A, (P g2 — ¢,) — a12F1 + agsF3 + azeFy = 0,

and the equation (f-2) induces the condition A = 4.

Proof. Since a13041 + a14013 > 0, the identity (3.6) gives the first statement,
and the equation (3.7) shows the second one. O

Furthermore the equation (£-2) in Proposition 2 induces mi; =m, . In fact
we calculate as

m, —mi = —(a12034 + a230a1 + a24631) fo/ P, (a3 — a3Bs).

Thus a solution of fo = 0 gives a 3+1-Moulton configuration.

Now we show the unique existence of the solution ¢, = qg of (f-2) in Propo-
sition 2. It is easy to see limg, g, fo = —00, limy, g, fo = +00. Moreover fo
is monotone increasing because

d
dZ — A\, P, — iy Py + dhyFy + aiy Fy > 0
since ajy = 2(q1 — q2) 72 < 0, ab; = —2(q2 — ¢;) 2 > 0, (i = 3,4). Then there
exists a unique ¢, = qg such that ¢1 < qg < g3 satisfying fo = 0.

The equation (2.9) gives the mass of B satisfies

my = AcB2 —a2)/P =X, (c,P, — EAl)/P =0

since at g, = qg it holds ag = ¢, , f2 = P, in this case. Then we obtain
Theorem 1 (ii), and this completes the proof for case 2.
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3.3. Case 3

We set (q17 q2, 43, Q4) - (qA17qA27qB7qA3)7 q1 < q2 < q3 < q4 with
(M1, ma, m3, ma) = (m, ,m, ,mgz,m, ) (see Figure 5).

@ ® © ®
A1 A2 B A3

Figure 5: Case 3

We can rewrite the condition (2.5) and the equation (2.6) in this case as

c, = (a12q4 — 1492 + a24q1)/ P,

My, = (agaM + )‘A(QQ - q4))/PA7
(3.8) my, = (—a1aM + A, (¢a — q1))/ P,
m,, = (a2M + X, (q1 — q2))/ P,
where P, = a2 — a4 + a4, respectively.
The condition m, = mi, m,, = ma, m, = my together with (2.9) and
(3.8) gives

my A\ B aq My, 1 (1
my | =g |e(Pz] — oz ) =" | =5 | £2]
my B4 oy m,., A \Fy

where F; (i = 1,2,4) are the numerator of my, (7 =1,2,3) in (3.8), respec-
tively. The first and the second line of (3.3) are equivalent to
oo F1n — Py _Bp— 16 P

Fify — Fofp afy —a1f2 P’

where Flﬁg — Fgﬁl > 0, then 06261 — Oélﬁg > 0.
As to problem (P-ii) the equation (3.9) gives

(3.9) and A

Proposition 3. The equation c = c, s equivalent to
(£3) f3 =2, (Pyq3 —¢,) — a13F1 — aggFh + agaF3 = 0
and the equation (f-3) induces the condition A = \4.

Proof. We calculate

c, —c=c, — (Flag — Fhaq)/(F1P2 — F2/)
= (a14012+a24014) (N, (P,q3—¢,) —a13Fy —agsFot-aza F3) /P, (Fi B2 — F551),
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and

)\A —A= )\A - P(F162 - F261)/PA (a2ﬁ1 - 04152)
= —(a1aPf1+a2af2)( A, (Pyq3—C,)—a13F1 —asgFa+azaF3) /P, (aaf1—o1fa).

Since the factor a14040 + a24614 < 0 in the first identity above, then we obtain
the desired result. ]

Now we see the condition (£-3) yields m4 =m, . We calculate

m,, —ma = (a13042 + az361a + azad12) f3/ P, (a2f1 — a1 2).

Thus a solution of f3 = 0 gives a 3-+1-Moulton configuration.

We now show there exists uniquely a solution ¢, = qg of f3 = 0. We have
limg, g, f3 = —00, limg, ¢, f3 = +00. Moreover f3 is monotone increasing
because

s _ AMPa — dys Fy — abo F: .
=AM Pa — ai13F1 — aggFy +agyFy >0
dgs
since aly = 2(q; — q3) 2 <0, (i = 1,2), ahy, = —2(g3 — q2) > > 0. Then there
exists a unique solution ¢, = qg of the equation f3 = 0.
By means of the equation (2.9), we have

my = Acfs —a3)/P=A,(—c, P, + EAl)/P =0

at q, = qg because ag = —¢ Ay B3 = —P, hold. Thus we have proved Theorem
1 (ii) in this case.

3.4. Case 4

We set (qlv q2, 43, q4) = (qA17qA27qA37qB)7 g < q2 < g3 < q4 with
(M1, ma, m3, ma) = (m, ,m, ,m, ,m;) (see Figure 6).

L @ L &
A1 A2 A3 B

Figure 6: Case 4

We can rewrite the condition (2.5) and the equation (2.6) in this case as

c, = (a12q3 — a13q2 + a23q1)/ P,
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and
m,, = (asM + X (¢2 — 43))/ P,
(3.10) m,, = (—aisM + A, (g3 — 1))/ Py,
my, = (a12M + A, (q1 — q2))/ Py,

where P, = a2 — a13 + a3, respectively.
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The condition m, = mi, m, = mg, m, = mg and (2.9), (3.10) give an

equation
my A\ B aq My,
m2 | = P clBa| — | = | My,
m3 B3 as m,,

where F; (i = 1,2,3) are the numerator of m a0 respectively.
From the first and the second line of this equation we obtain

_Fify— Bp P
asf — a1 P,’

Floég — anl
c= —~ — " —
F132 — Fyf1

where Flﬁg — Fgﬁl > 0, then Ozzﬁl — (1152 > 0.
Using (3.11) we calculate

(3.11) and A

(3.12) ¢, —c=c, — (Flag — Fya1)/(F182 — F2p1)

= (@13023+0a23631) (A, (€4, — Pyqu) +a14F1 +a2a Fo+aza F3) /P, (F1 82 — F251)

and

(3.13) )\A — )\ = )\A — P(Flﬁz — Fgﬁl)/PA(OQﬁl — 04162)

= —(a1381+a23f2)( A, (€, —P,qs)+a1aF1+auFa+azaF3) /P, (a2f1 — a1 f2).

Then we have

Proposition 4. The conditions

(f4) fa=X,(¢, — P,qa) + a1aF1 + agaFo + a3 F5 =0

are mutually equivalent.

Proof. Since the factors a13d23+a23d31 > 0in (3.12), a131+ao3Po = asg (a34—

a14) — a1s(asq — azq) > 0 in (3.13), we obtain the proposition.

O]
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Furthermore the condition (f-4) yields ms =m 4, In fact we calculate
m,, —mz = —(a14023 + a24031 + azad12) f4/ P, (a281 — o1 B).

Now we show the existence of a unique solution ¢, = q% of f4 = 0. We
remark a solution ¢, = ¢¥ of f4 = 0 satisfies (c-4) and (I-4) and hence sat-

isfies the condition (ii) of Definition 1. We see easily limg, g4, f2 = +o0,
limg, 4o f4 = —00. Moreover f4 is monotone decreasing because
A

dq =M\, P, + di F1 + ayy Fo + a3 < 0
4

since aly, = 2/(q; — q4)™3 < 0, i = 1,2,3. Then there exists a unique solution
4y = q% such that A, < qg.
By means of the equation (2.9) similarly as the previous cases we see

my = ANcfs—ou)/P=X,(c,P, —¢,)/P=0

at g, = qg, since oy = ¢,, 4 = P, in this case. Thus we obtain Theorem 1
in case 4.

§4. Proof of Theorem 2

We show there exists an interval of ¢, for each case, where m, is positive and
each point g, belonging to the interval gives a positive-3-+1-Moulton configu-
ration for the three bodies Ay, As, As.

We consider case 1. We note that the equation (3.3) determines ¢ = ¢(q,)
and A = A\(g,) as a function of ¢,, and each (g, c(q,), A(¢z)) gives a solution
of (3.2). Further substituting (¢,,c(qz), A(gg)) into m, = A(cf1 —a1)/P gives
a function m(q,) which represents the mass of B for the configuration given

by (qB7c(qB)? )\(qB))'
Now we consider the positivity of m,(q,). The inequality

mp(qg) = AMchr —a1)/P >0
is equivalent ¢y — oy > 0. We remark oy = —¢, and ; = —P,, then
¢ —oy =—cP, +¢,.

Thus —cP,+¢, > 01is equivalent ¢ < ¢, because P, > 0. Then for the interval
of g, where ¢(q,) < ¢, we have m,(q,) > 0 (see figure 7).

For the other cases we can consider in the similar way and we have
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Proposition 5. An inequality m,(q,) > 0 holds if and only if c(q,) < c, for
the cases 1 and 3, and c(qy) > c, for the other cases, respectively.

We remark the function my of the third line of (3.2) gives the mass of A3
in case 1. When ¢(q,) = ¢,, that is, ¢, = qg, the function my is equal to
the initial mass of As, i.e., my = m,, >0, thus for g, being sufficiently close
to ¢° in the interval of Propostion 5, the mass my(q,) and my of A are
positive. We can show similarly for the other cases. Thus, for each case we
obtain an interval of ¢, such that each point belonging to this interval gives
a positive-3+1-Moulton configuration. This completes the proof of Theorem 2
(see Figure 8, 9, 10.)

mg

c(gs)-ca

98

Figure 7: The curves of m,(q,) Figure 8: The curves of m,(q,)

and ¢(q,) — ¢, in case 1. and ¢(q,) — ¢, in case 2.
_ clge)-ca
c(qs)-ca
Figure 9: The curves of m,(q,) Figure 10: The curves of m,(q,)

and ¢(q,) —c, in case 3. and ¢(q,) — ¢, in case 4.
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