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8§1. Introduction
Let Gg = Gal(Q/Q) be the absolute Galois group of the field of rational

numbers and p a continuous representation on a two-dimensional complex
vector space V:
p:Gg — GL(V).

The kernel of the representation p is of finite index in Gg; hence the image is a
finite subgroup of GL(V') = GL(2, C). Thus p induces a faithful representation
of a finite group Gal(K/Q) on V, where K is the subfield of Q fixed by ker p.
The representation p is called odd if det(p(c)) of a complex conjugation ¢ € Gg
is —1, and called even otherwise.

For a prime number p, let G be the i-th higher ramification group of a
prime ideal p lying above p in Gg. We define the local conductor at p by

©° (@) .
Ho.0) = Y- i (x() = x(E)
=0

where y is the character afforded by the representation p. It is shown that the
local conductor is independent of the choice of the prime ideal p lying above

p and is a non-negative integer. In particular, the local conductor is 0 if the
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inertia group of p acts trivially on V', and hence it is 0 for all but finitely many
primes p. Moreover f(p,p) < 2 holds if p is tamely ramified in K/Q.
The Artin conductor of p is defined by

N = N(p) = [T,
p

where p runs over all prime numbers. It measures how wild the ramification
in K/Q is.

By the theorems by Deligne-Serre [10] and Khare-Wintenberger [7], there
exists a one-to-one correspondence between odd two-dimensional irreducible
Galois representations p with conductor N and normalized newforms of weight
one and level N with character det p. Therefore it is natural to ask how far
this correspondence reaches. In this paper, we answer this question in terms
of the image of the Galois representation under certain condition on the Artin
conductor. To be more precise, we determine the possible isomorphism classes
of the image p(Gg) under the assumption that N(p) is squarefree.

In Section 8 of [10], Serre gave a certain classification of two-dimensional
odd Galois representations of prime conductor. In [9], Nakazato extended
Serre’s result to determine possible orders of p(Gg) if p is of icosahedral type.
Thus our result can be considered as an extension and a refinement of their
results.

To state our main theorem, let us recall the fact about the associated
projective representation p:

Go —2> GL(V)

O

PGL(V),

where the vertical map is a natural projection. The image of p is a finite
subgroup of PGL(2,C) and the finite subgroups of PGL(2,C) are completely
classified. If p is reduced, then p(Gg) is isomorphic to a cyclic group C,, of
order n. If it is irreducible, then the projective image is isomorphic to one of
the following groups:

(1.1) D,, (dihedral group of order 2n), A4, Si, or As.

We say that the representation p is of type H if p(Gg) is isomorphic to the
group H in (1.1).

Now we can state our main theorem.
Theorem 1.1. Let p be a two-dimensional irreducible Galois representation.

If the Artin conductor N of p is squarefree, then the image of p is isomorphic
to one of the following groups:
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(i) if p is of type Ay, then
(24,3), (48,33), (72,3), (72, 25), (144, 36), (144, 157);

(ii) if p is of type Sy, then
(48,29), (96, 67), (96, 192), (144, 121), (144, 122), (192, 187),
(192,963), (288, 400), (288,903), (576,1988), (576, 5472);

(iii) if p is of type As, then

(240, 93), (360, 51), (600, 54), (720, 420), (1200, 483),
(1800, 328), G1.

Here (m,n) denotes the n-th group of order m in the GAP finite group database
and the group G1 of order 3600 is given by

(1.2) S32 D G = <(1, 2, 3), (4, 5,6,7, 8)
(9,28,25,13,20)(10, 11, 17, 27,18)(12, 22, 30, 19, 14)(15, 16, 23, 21, 24),
(10,26)(13,19)(14, 29)(15, 32)(17, 25)(18, 24)(20, 31)(21, 28)(22, 27)(23, 30))

Some partial results concerning D,-type will also be given in Proposition
2.1.

This paper is organized as follows: In Section 2, we give upper bounds on
the order of the image of p. In Section 3, we prove Theorem 1.1 after giving
some group-theoretic preliminaries. In Section 4, we discuss an example to
get representations with squarefree conductor.

82. Upper bounds on the order of the image

In this section, we give upper bounds on the order of the image p(Gg) of two-
dimensional irreducible Galois representations by using methods in Serre [10]
and Nakazato [9]. However, we do not assume that p is odd (see Proposition
3.6 and the remark following the proposition). The main result in this section
is the following proposition.

Proposition 2.1. Let p: Gg — GL(2,C) be a two-dimensional irreducible
Galois representation with squarefree Artin conductor. Then the following
statements hold:

(i) if p is of type D,, with odd n, then
|p(Go)| = 2dd’,4dd’, or 8dn

with some divisors d,d’ of n;
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(ii) if p is of type D,, with even n, then
|p(Go)| = dd',2dd’, or 4dn

with some diwisors d,d" of n. Further if |p(Gq)| = dd', then at least one
of d or d is even;

(iii) if p is of type Ay, then

|p(Go)| = 24,48,72, or 144;

(iv) if p is of type S4, then

1p(Gg)| = 48,72,96,144,192, 288, or 576;

(v) (cf. [9, Theorem 1]) if p is of type As, then

1p(Gg)| = 240, 360, 600, 720, 1200, 1800, or 3600.

The proof of the proposition relies on the following lemma by Nakazato.

Lemma 2.2 ([9, Lemma 1]). Let p be a two-dimensional irreducible Galois
representation and p the projective Galois representation attached to p. For
each prime p dividing N, let I, be the inertia group of p. If the Artin con-
ductor N of p is squarefree, then, for each p|N, there is a one-dimensional
representation v of I, which is not the trivial representation 1y, satisfying

(21) p’]p gw@ljp.

Moreover, we have the following isomorphisms:

(2.2) p(Ip) = p(Ip) = det(p(Ip)) = P(1p).

Let @ be one of the groups in (1.1) and assume p is of type Q.
The determination of the order of p(Gg) is proceeded as follows. Consider
the determinant map det : p(Gg) — C*. We obviously have

(2.3) 1p(Gg)| = [Kerdet | - [Tm det |.

We shall determine the orders of the kernel and the image in (2.3) using the
method in [9].

We first consider the image. By our assumption, every ramifying prime p
in the fixed field of Kerp is tamely ramified. This implies that p(I,) is a cyclic
group. By (2.2), it is isomorphic to a cyclic subgroup of Q. Since there is
no unramified extension over Q, p(I,)’s must generate the whole group p(Gg)
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(9, Lemma 2]). Again by (2.2) these det(p(Ip))’s must generate det(p(Gg)),
which is a group of roots of unity. We know the possible orders [ of cyclic
subgroups of Q:

if Q= D, then ! =2,d (d|n);

if Q= Ay, then | = 2,3,6;

if Q= Sy, then | =2,3,4,6,12;

if Q= As, then ! =2,3,5,6, 10,15, 30.

Note that (det(l,)),n = (p(Ip))pn C p(Gg). Since there is no element of
order 4 in Ay or As, the order of (det([,)),|y cannot be 4 in these case. We
consequently obtain the following lemma.

Lemma 2.3 (cf. [9, Theorem II}). Let p be a two-dimensional irreducible
Galois representation with squarefree Artin conductor with the determinant
map det : p(Gg) — C*. Then the possible orders of the image of det are
given as follows:

if p is of type D,, with n odd, then |Imdet| = 2,d,2d (d|n);
if p is of type D,, with n even, then |[Imdet| = 2,d (d|n);
if p is of type Ayg, then |Imdet| = 3,6,9;

if p is of type Sy, then |Imdet| =2,3,4,6,12,24;

if p is of type As, then |Imdet| = 2,3,5,6,10,15,30.

Proof. Everything is almost clear from the discussion above except possibly
the following details. Because of (2.2), we see |Imdet | # 1. By the argument
in the proof of [10, Theorem 7], if p is of type A4, then [Imdet | # 2. O

Next we determine the order of the kernel of the determinant map in (2.3).
We denote the kernel by K in this discussion. If K is trivial, then p(Gg) is
cyclic as a subgroup of C*; hence so is p(Gg). This means that p is reducible.
This contradicts our assumption. Thus K is a non-trivial normal subgroup of
p(Gq).

Let Z be the subgroup of p(Gg) consisting of scalar matrices. Then we
have an exact sequence:

(2.4) 1 — Z — p(Gg) — p(Gg) — 1.

Since there is no faithful representation of degree 2 of A4, S4 and As, the case
Z =1 is possible only when p is of type D,. The composition homomor-
phism K — p(Gg) — p(Go)/Z = Q induces an injective homomorphism
K/KNZ — Q. Since K is a normal subgroup of p(Gg), the group K/KNZ
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is also isomorphic to a normal subgroup of Q. We claim that K/K N Z is not
trivial. Suppose to the contrary that K/K N Z is trivial. Since, by definition,
we have K N Z = {I} or {£1} with the identity matrix I, this implies that
K = {I} or K = {£I}. In either case, we have a surjective homomorphism
Imdet = p(Gq)/K — p(Gq)/Z(p(Gg)). Since Imdet is cyclic, it follows that
p(Gq) is abelian. This is a contradiction. We thus conclude that K/K N Z
is isomorphic to a non-trivial normal subgroup of (). The possible normal
subgroups of @) are:

if @ & Dy, then Cy (d|n), Dy;
if Q = Ay, then Cy x Cy, Ay;

if Q = Sy, then Cy x Oy, Ay, Sy;
if Q = As, then As.

If KNZ = {I}, then K cannot be one of Ay, Sy and A5 because these groups
cannot be embedded into GL(2,C). Therefore, we obtain possible orders of
K = Kerdet.

Lemma 2.4. Let p be a two-dimensional irreducible Galois representation with
squarefree Artin conductor with the determinant map det : p(Gg) — C*.
Then the possible orders of the kernel of det are given as follows:

if p is of type D,,, then |Kerdet| = d,2d,4n (d|n);
if p is of type Ay, then |Kerdet| = 4,8, 24;

if p is of type Sy, then |Kerdet| = 4,8,24,48;

if p is of type As, then |Kerdet| = 120.

Since |p(Gg)| must be divisible by |Q|, some combinations of the orders of
the image and the kernel are impossible. Combining (2.3) and Lemmas 2.3
and 2.4, we have completed the proof of Proposition 2.1.

83. The isomorphism classes of the image

In the previous section, we have determined the possible orders of p(Gg) when
the conductor N (p) is squarefree. In this section, we study group structure of
p(Gg) and determine its isomorphism class.

We write G = p(Gg) for simplicity throughout this section. As we noted
before, G is a finite group. The Galois representation p induces a faithful
representation G — GL(2,C), which we also denote by p. By (2.4), G is a
central extension of @ in (1.1) by Z:

(3.1) 1—Z72—G— Q — 1 (exact),
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where Z is contained in the center Z(G) of G. In this situation, @ acts on Z
trivially, and there is a bijective correspondence between the (normalized) co-
homology classes in H2(Q, Z) and the equivalence classes of central extensions
of @ by Z (see [4, Sec.17.4 Theorem 36]). Since G has a faithful represen-
tation, Z is a cyclic group by [6, (2.32)]. Since p is always a lifting of a
projective representation of ), namely, G has the projective lifting property
(see [6, (11.11)]).

Now recall the definition of the standard map (or transgression) n of G
(see [6, (11.12)]). Let M(Q) = H%(Q,C*) be the Schur multiplier, where the
action of Q on C* is trivial. Let Z = Hom(Z, C*) be the character group of
Z. We assume that the class of 2-cocycle f in H?(Q, Z) corresponds to the
extension (3.1). Then we define n(p) for ¢ € Z by the cohomology class of
po fin M(Q). The standard map 7 is a homomorphism. Also it is surjective
if and only if G has the projective lifting property ([6, (11.13)]). Since the
image of 1 coincides with the dual of [G,G] N Z (see [11, Theorem 9.6]), the
projective lifting property is easily verified for a given G.

If the standard map of G is bijective, then G is called a Schur cover (or
representation group). It is not uniquely determined up to isomorphism but
is determined up to isoclinism (see below for the definition). Since the Schur
covers are important in the following discussion, we include a table of them.
For the computation, we refer to [11, Chap.2 §9 and Chap.3 §2].

Q |M(Q)| | Schur covers
D,, (n is odd) 1 D,
D,, (n is even) 2 Doy, Qn
Ay 2 | (24,3) = SL(2,3)
S 2 | (48,28) = 5.5y, (48,29) = GL(2,3)
As 2 | (120,5) = SL(2,5)

In the table, the Schur covers are specified by GAP numbers and/or Atlas
names. In particular, @), is the generalized quaternion group of order 4n.

We now need the following notion of isoclinism first introduced by P. Hall
([5]) and later generalized in the following form in [2, III.1.1]. To proceed the
definition, we note that, for any central extension (3.1), the commutator map
ke :G/Z x G|Z — G' =[G, G] given by kg(aZ,bZ) = |a, b] is well-defined.

Definition 3.1. Let

(3.2) Ci:1— 27— Gy — Q1 — 1 (exact),
3.3) Cy:1—Zy — Gy — Q2 — 1 (exact)

be central extensions. They are isoclinic if there exist isomorphisms ¢ :
G1/Zy = Ga/Zy and v : Gi' = Go’ such that the following diagram is
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commutative:

kGl ,
Gl/Zl X Gl/Zl 4>G1

wwl iw
ke,

GQ/ZQ X GQ/ZQ 4>G2/.

If the two central extensions above are isoclinic, we call (¢,%) an isoclinism.
In addition, Z; = Z(G1) and Zs = Z(G2) hold, then we say that G; and
(G2 are isoclinic groups.

Isoclinism is an equivalence relation on central extensions of finite groups
and each isoclinism class contains a stem extension which is, by definition,
an extension (3.1) satisfying Z C G’ (see [2, II1.2.7 Proposition]). The last
condition is equivalent to the injectivity of the standard map n of G ([11,
Theorem 9.6]). Thus, in our case, the stem extensions are Schur covers. Since
all these Schur covers satisfy Z = Z(G) in (3.1), it follows from [2, III.1.4]
that all groups in the isoclinism classes satisfy Z = Z(G). In other words, all
central extensions of @ in (1.1) are isoclinic to Schur covers of Q.

The following theorem is due to Tappe [12].

Theorem 3.2 (Tappe [12, (1.7) Theorem|). Let C1,Cy be central extensions
given by (3.2) and (3.3) respectively. Assume that Q = Q1 = Q2. Then Cy

and Cy are isoclinic if and only if the images of the standard maps of G1 and
G4 are same in M(Q).

Summing up the discussion above, we obtain the following proposition.

Proposition 3.3. Let p be a two-dimensional irreducible Galois representa-
tion. The image G = p(Gq) satisfies the following properties:

o G is a central extension (3.1) of Q in (1.1);

o the kernel Z of the extension is cyclic and coincides with Z(G);

e the standard map of G is surjective, equivalently |M(Q)| = |G’ N Z|;
o (G is isoclinic to a Schur cover of Q.

Note that the fourth condition follows from the third condition if we know
the Schur multiplier M(Q).

By these criteria, we extract possible finite groups of orders given in Propo-
sition 2.1 from the database of small groups built in Magma [3].

Proposition 3.4. The following tables contain the finite groups G = p(Gq)
satisfying the conditions of Propositions 2.1 and 3.3 and admitting faithful
irreducible representations with determinant conditions given in Lemmas 2.3

and 2.4.
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(i) If p is of type Ay, then G is isomorphic to one of the following groups:

Group ID | |Z(G)| | |Kerdet| | |[Imdet| | FR | odd
(24,3) ) 8 3 2
(48,33) 4 8 6 4 | Yes
(72,3) 6 8 9 6
(72, 25) 6 24 3 6

(144,36) | 12 8 18 | 12 | Yes

(144,157) 12 24 6 12 | Yes

(ii) If p is of type Sy, then G is isomorphic to one of the following groups:

Group ID | |Z(G)| | |Kerdet| | |Imdet| | FR | odd
(48, 29) 2 24 2 2 | Yes
(96, 67) 4 24 4 4 | Yes
(96, 192) 4 48 2 4 | Yes
(144,121) 6 48 3 4
(144,122) | 6 24 6 4 | Yes
(192, 187) 8 24 8 8 | Yes
(192,963) | 8 48 4 8 | Yes
(288,400) | 12 24 12 8 | Yes
(288,903) | 12 48 6 8 | Yes
(576,1988) | 24 24 24 | 16 | Yes
(576,5472) 24 48 12 16 | Yes

(iii) If p is of type As, then G is isomorphic to one of the following groups:

Group ID | |Z(G)| | |Kerdet| | |Imdet| | FR | odd
(240, 93) 4 120 2 1 | Yes
(360, 51) 6 120 3 4
(600, 54) 10 120 5 8
(720, 420) 12 120 6 4 Yes
(1200,483) | 20 120 10 | 14 | Yes
(1800, 328) 30 120 15 16
G1 60 120 30 32 | Yes

In each table, the “FR” column contains the numbers of the faithful
representations with given determinant condition and the “odd” column
contains “Yes” if G contains an element of order 2 which is mapped to
—1 by detop for some p. The group G1 in the last row is the group
defined by (1.2)
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Some comments are in order.

There is no database contained in Magma for the groups of order 3600.
Thus we had to compute the cohomology group to obtain H?(As, Cgo) = Z/27Z.
There are two distinct extensions: one is a split extension As x Cgg and the
other is a non-split extension. Computing G’ N Z(G) reveals that the latter
is the correct one. The coset action by a certain core-free subgroup gives the
expression in (1.2). See [11, 2 Theorem 9.18] for some information on central
extensions for perfect groups (As is a perfect group).

The numbers of faithful representations of the groups can be computed by
Magma. But there is a systematic way to count them. In fact, we can prove
the following.

Proposition 3.5. Let G be a stem group. Assume that |M(G)| = 2 and that
there are m two-dimensional irreducible representations of G and n represen-
tations among them are faithful. Let H be a group isoclinic to G with cyclic

H
kernel. Then there are |’G||m two-dimensional irreducible representations of
H among which o(|H|)n representations are faithful. Here we denote by ¢ the

Euler’s totient function.

The first half of this proposition follows from [12, (3.2) Theorem].

To obtain the number of faithful representations with given determinantal
order, we compute matrix representations for solvable groups and determine
the determinant character of the the representations. The method for non-
solvable groups is a bit ad-hoc. We compute Z(p) = {g € G | |p(g)| = 2} for
an irreducible representation p of degree 2. By [6, (2.27)], the image p(g) of
g € Z(p) is a scalar matrix, hence the determinant is easy to calculate. These
determinant values usually (in our case always) determine a unique character
which must agree with the determinant of p.

To determine whether p is odd is subtler. If p is an odd representation,
then the image of the determinant contains —1, thus the order of the image of
the determinant map is obviously even. Moreover, we can prove the following
proposition.

Proposition 3.6. Let G be a stem group given by (3.1) and H a group iso-
clinic to G. Assume that there exists an injection from Z(G) to Z(H) and
that M(Q) = 2. Assume also that there ezists an irreducible two-dimensional
representation p of G satisfying Tr(p(g)) = 0 for every element g of order 4.
Then H has an irreducible two-dimensional representation whose determinant
takes —1 at a conjugacy class of an element of order 2 if and only if there is
an element of order 2 in H which is not contained in the center of H.

The assumptions for the existence of such p are satisfied if @) is one of D,
(n is even), Ay, Sy or As.
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If H = Gal(K/Q) and the complex conjugation lies in Z(H), then the field
K is called a CM-field. Hence the condition in Proposition 3.6 is that K/Q is
not a CM-field.

In [1], Artin proved that every element in Gg of order 2 is conjugate to the
complex conjugation but we do not know whether every element of order 2 in
a finite group can be realized as a complex conjugation.

We omit the proofs of Propositions 3.5 and 3.6 because they require some
extra work on the representations of isoclinic groups. The proofs will appear
in a forthcoming paper.

From Proposition 3.4, Theorem 1.1 readily follows.

Remark 3.7. If the conductor N = N(p) is a prime p, then det(l,) must be
equal to the whole det(Gg). Since det(I,) is isomorphic to a cyclic subgroup
of p(Gg), we have:

e if p is of type A4, then p(Gg) is isomorphic to one of (24, 3), (48, 33),
(72,3),(72,25);

e if p is of type Sy, then p(Gg) is isomorphic to one of (48,29), (96, 67),
(96, 192), (192, 963);

e if p is of type As, then p(Gg) is isomorphic to one of (240, 93), (360, 51),
(600, 54).

This prime conductor case is studied by Serre [10, §8] for odd representations
and by Vignéras [13] for even representations.

84. An example

Our results do not guarantee the existence of finite Galois extension K/Q
with Galois group G = Gal(K/Q) isomorphic to one of the groups in Theorem
1.1 whose Artin representation has a squarefree conductor. Also all faithful
representations counted in Proposition 3.4 does not necessarily give rise to
representations with squarefree conductor. We explain this by an example.

Let G = (48,33). This is of type A4. The group G has a transitive group
representation

((1,14,5,11,16,8,2,13,6,12,15,7)(3,10,4,9),
(1,13)(2,14)(3,8)(4,7)(5,10)(6,9)(11,15)(12, 16)) C Sis,
which is “16T60” in the transitive permutation group database. Let K/Q

be a Galois extension with Galois group isomorphic to G. Let p be a Galois
representation corresponding to K/Q, that is K = QX'”. We use the same
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symbol p for the faithful representation of G. If a prime p is ramified in K/Q,
then by the proof of Lemma 2.3 the ramification index e at p is 2 or 3. Let I,
be the inertia group of a prime ideal lying above p, which is a cyclic subgroup
of G. By Lemma 2.2, we have I,/I, N Z(G) = I,. By Lemma 2.2 we must
have the inner product identity:

<p|1p7 1Ip> = ]‘

For six irreducible representations p = p; (i = 1,...,6) of degree 2 of G, we
have the values of the inner products:

PL | P2 | P3| P4 | P5 | P6
| det p| 2 2 6 6 6 6
e=2 1 1 1 1 1 1
e=3 0 0 1 1 1 1

Hence if two primes p, ¢ ramify in K/Q with ramification indices 2,3 respec-
tively, then p; and py do not have squarefree conductors.
To be more specific, let us consider the polynomial

fz) = 1% — 52 + 18212 — 4020 + 632% — 712° + 432 — 922 + 4 € Q[z].

This polynomial is taken from the database of Kliiners an Malle (see [8]) and
the Galois group of the splitting field K of f is isomorphic to our G. The
discriminant of the ring of integers of K is 7241932, Thus only 7 and 19 ramify
tamely in K/Q and the ramification indices of them are 2 and 3 respectively.
The Artin conductors of p; and py are 7 - 19 whereas, for i = 3,4, 5,6, those
of p; are 7-19, which is squarefree.
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