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We present a study of a parallel linear distribution of dipole system, which can be realized using a

pair of cylindrical diametric magnets and yields several interesting properties and applications. The

system serves as a trap for cylindrical diamagnetic object, produces a fascinating one-dimensional

camelback potential profile at its center plane, yields a technique for measuring magnetic

susceptibility of the trapped object and serves as an ideal system to implement highly sensitive

Hall measurement utilizing rotating magnetic field and lock-in detection. The latter application

enables extraction of low carrier mobility in several materials of high interest such as the world-

record-quality, earth abundant kesterite solar cell, and helps elucidate its fundamental performance

limitation. VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4907931]

Various matter and particle traps using optical or elec-

tromagnetic systems have been developed and instrumental

in investigation of many physical phenomena.1,2 Most mac-

roscale matter trap systems work for spherical or arbitrary

shape objects2 but almost none has been specifically devel-

oped for cylindrical objects. This work is initially motivated

by the challenge to solve the problem of future electronic

integrated circuit fabrication at the end of transistor scaling

limit, specifically for semiconductor nanowire (or carbon

nanotube) -based integrated circuit.3–5 One possible route in

a “bottom-up” approach is to seek a scalable system that

could trap cylindrical objects such as these nanowires into

targeted locations for further integrated circuit fabrication.3,6

Many semiconductor materials are diamagnetic7 and such

materials will be attracted to a region with minimum mag-

netic field as has been demonstrated in various magnetostatic

levitation systems.8–11 Thus, in principle, it should be possi-

ble to design certain magnetic configuration that can trap cy-

lindrical diamagnetic objects.

In this report, we study a unique magnetic trap system

for a cylindrical object that can be produced by a parallel

dipole line (PDL) system, i.e., a pair of linear distribution of

magnetic dipole aligned in parallel, as shown in Fig. 1(a).

The system can be experimentally realized using a pair of

cylindrical diametric magnets, i.e., magnet with magnetiza-

tion along the diameter.12 We discovered that a 1D camel-

back potential naturally arises along the longitudinal

direction of the magnet. This potential is one of the basic
model potentials of special interest in physics as it represents
a simple confinement potential with two barriers. We investi-

gate, both theoretically and experimentally, a macroscopic

scale prototype utilizing cylindrical diametric magnets and

graphite rod as the trapped object and we demonstrate a tech-

nique to measure the magnetic susceptibility of the rod. We

also report a surprising and yet another important application

of the PDL system for high sensitivity Hall measurement

that has been used for carrier mobility and density extraction

in world-record-quality kesterite solar cell film,13 a material

of current interest in photovoltaics.14,15

For a magnetic PDL system, the field distribution at the

center plane (x¼ 0) can be described as

BT y; zð Þ ¼
l0mL

2pa2

X
n¼1;2

�wn 1� �y2
� �

�y2 þ �w2
n

� �
þ 2

h i

1þ �y2
� �2

1þ �y2 þ �w2
n

� �3=2
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where mL is the dipole moment per unit length, l0 is vacuum

permeability, a is the half separation between the dipole

lines, �y ¼ y=a; �w1;2 ¼ ðL=26zÞ=a, and L is the length of the

dipole line (see the supplementary material B.1).16 The field

has only x component due to the symmetry of the system.

A PDL system can be experimentally realized using cy-

lindrical diametric magnet pair (DMP), where the magnetiza-

tion of the magnet is pointing along the diameter. First, we

consider a single DM centered at the origin with length L,

radius a, and a uniform magnetization M along x axis:

FIG. 1. The PDL system and its experimental realization: (a) The PDL

model that produces a camelback potential at the center plane for jyj< a. (b)

Experimental realization with diametric magnet pair system that serves as

magnetic trap for a diamagnetic (graphite) rod. See the supplementary mate-

rial A (Ref. 16) for detailed system parameters. (c) Schematic diagram of

the PDL trap with only one magnet shown.

a)Author to whom correspondence should be addressed. Electronic mail:

ogunawa@us.ibm.com
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M ¼ Mx̂, as shown in Figs. 1(b) and 1(c). The exact expres-

sion for the magnetic field can be derived using magnetic

scalar potential model (supplementary material B.2)16 that

yields (in Cartesian vector form [x, y, z])

BDM x;y; zð Þ ¼
l0Ma

4p

ð2p

0

X
n¼1;2

�1ð Þncos/

u2
nþ s2þ un

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2

nþ s2
p

� x� a cos/;y� a sin/;unþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2

nþ s2
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d/

(2)

where s2 ¼ ðx� a cos /Þ2 þ ðy� a sin /Þ2 and u1,2¼ z 6 L/2.

A pair of these magnets centered at (6 a,0,0) naturally join

and align their magnetizations in the same direction forming a

DMP, as shown in Fig. 1(b). The total magnetic field at the

center plane is given as: BT;DMPðy; zÞ ¼ BDMða; y; zÞ
þBDMð�a; y; zÞ. We refer to this as the DMP model that

serves as the exact field calculation model in this work. The

PDL model (Eq. (1)) serves as a good approximation for the

DMP model especially at the center region (0, y, z� L), which

is often useful as the PDL model provides analytic solutions

for most of the equations discussed in this report.

Magnetic Trap for Cylindrical Diamagnetic Object. The

PDL system serves as a unique trap for cylindrical diamag-

netic object. This can be demonstrated using graphite rod (a

strong diamagnetic material) and cylindrical DMP, as shown

in Fig. 1(b). We developed theoretical model that describes

the confining potentials in all three dimensions that trap the

rod (see the supplementary material D–F).16 We first discuss

the vertical confining potential in y-direction at the center

(x¼ 0, z¼ 0), which can be derived from the vertical mag-

netic field distribution BTðy; 0Þ (supplementary material

D).16 To focus on the essential physics, we use long magnet

approximation (L� a) to Eq. (1) which yields

BT1ðy; 0Þ ¼ l0Mð1� �y2Þ=ð1þ �y2Þ2x̂: (3)

We consider a graphite rod with radius b, length l, mass

density q, and magnetic susceptibility v trapped at the center

plane (x¼ 0) [Fig. 1(c)]. A cylindrical rod immersed in this

magnetic field will have an induced magnetization (supple-

mentary material C):16 MR ¼ 2vBT=l0ð2þ vÞ. We assume a

small rod radius (b< a) so that the magnetic field can be

considered uniform over the radial extent of the rod. Since

the rod is a diamagnet, the induced magnetization is opposite

to the magnetic field and tends to move it towards a region

with minimum field and produces levitation or trapping

effect.

The equilibrium and stability condition can be investigated

by considering the magnetic potential energy of the rod (per

unit volume): U0M ¼ �
Ð BT

0
MR � dB, where U0M ¼ UM=VR

with VR ¼ pb2l is the rod’s volume. The total potential energy,

including gravity, is given as: U0T ¼ qgyþ U0M, where g is the

gravitational acceleration. This potential provides a strong

confinement in the vertical direction, illustrated as U(y) in

Fig. 1(c). The rod is trapped at potential’s minimum at

�y0 ¼ y0=a, which satisfies

qgaþ l0M2v=ð2þ vÞ � fYð�y0; �LÞ ¼ 0; (4)

where fYð�y ; �LÞ ¼ �a=l2
0M2 � @B2

Tðy; zÞ=@y is a dimension-

less geometrical prefactor function proportional to the dia-

magnetic repulsion force in y-direction. Using the PDL

model (Eq. (1)), we obtain: fY1ð�yÞ ¼ 4�yð3� �y2Þð1� �y2Þ=
ð1þ �y2Þ5 in the long magnet limit (L� a).

The equilibrium height y0 can be solved from Eq. (4) if

v is known. Since both the diamagnetic repulsion and the

gravity forces are proportional to the rod’s volume, y0 is in-

dependent of the rod’s radius and length (except for large

rod size where the assumption of field uniformity fails).

Analysis on the stability at the equilibrium point (supple-

mentary material D) implies the levitation only occurs at y0

that satisfies: 0:287 < �y0 < 1 with a minimum jvj given as:

jvjmin ¼ 2=ð1þ 2:069l0M2=qgaÞ. Thus, levitation can be

more easily achieved with a rod that has stronger diamag-

netic susceptibility and less density; and magnets with stron-

ger magnetization but smaller radius.

One-Dimensional Camelback Potential. The PDL trap

system produces a fascinating 1D camelback potential at the

center plane that provides a confinement in the z-direction,

as illustrated in Fig. 1(a). The camelback hump is associated

with the edge effect of the PDL system. For the diamagnetic

rod trapped at the center this camelback potential energy

(per unit rod volume) can be expressed as

U0MðzÞ ¼ �v=l0ð2þ vÞ � B2
Tðy0; zÞ: (5)

Using Eq. (2), we can calculate this potential and the bar-

rier height DU0M, as shown in Figs. 2(a) and 2(b). The camel-

back peak position can be estimated using PDL model as

(supplementary material E):16 zP ’ 6ðL=2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 � y2

0

p
Þ.

We can tailor the shape of this camelback potential and the

barrier height by tuning the magnet geometrical factor L/a, as

shown in Figs. 2(a) and 2(b).

Magnetic Susceptibility Measurement of the Trapped
Rod. The dynamics of the trapped rod on the PDL camelback

potential can be utilized to measure its magnetic susceptibil-

ity. Upon slight disturbance along the z-axis, the rod will

execute an oscillation as shown in Fig. 3(a) (see also the

video therein) with relatively long oscillation period

Tz� 1.4 s. The underdamped oscillation behavior is attrib-

uted to the air friction effect which has negligible effect to

the period (<1% error) as long as the damping time constant

(s) satisfies s>Tz (the damping practically disappears in

FIG. 2. The camelback potential and its dependence on the magnet’s aspect

ratio L/a at the center plane (x¼ 0). (a) The camelback potential profile for

various L/a. DU
0
M and zP are the barrier height and peak position of the cam-

elback hump. (b) The camelback barrier height vs. L/a. (c) The potential

“spring constant” k0z is widely tunable by L/a.
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vacuum as shown in the supplementary material H).16 To an-

alyze the oscillation we assume a small rod radius (b � a),

short rod approximation (l� L), and small oscillation ampli-

tude (z � L) so that the camelback potential at the center

can be well approximated by a parabolic potential:

DU0zðzÞ ¼ 1
2

k0zz
2. Here, k0z ¼ @2U0Tð0; y0; 0Þ=@z2 is the har-

monic potential “spring constant” (per unit rod’s volume)

given as

k0z ¼ �l0M2v=ð2þ vÞ � fZ2ð�y0; �LÞ=L2; (6)

where fZ2ð�y ; �LÞ ¼ L2=l2
0M2 � @2B2

Tðy; 0Þ=@z2 is a dimension-

less geometrical prefactor function for k0z. It can be calculated

exactly using the DMP model (Eq. (2)) or approximately using

the PDL model (Eq. (1)) that yields (supplementary material

G):16 fZ2ð�y; �LÞ¼96 �L
4ð�L2þ4�y2�16Þ½8þð�L2þ4�y2Þð1��y2Þ�

=½ð1þ�y2Þ2ð4þ �L
2þ4�y2Þ5�. This “spring constant” k0z can be

widely tuned by the magnet aspect ratio L/a, e.g., by a factor

of 10�3 by changing L/a from 4 to 40 [Fig. 2(c)].

The oscillation period for the trapped rod can be

expressed as: Tz ¼ 2p
ffiffiffiffiffiffiffiffiffi
q=k0z

p
. This leads to an interesting

outcome where by measuring Tz, we could determine the

rod’s magnetic susceptibility given as

v ¼ �2=ð1þ l0M2fZ2ð�y0; �LÞT2
z =4p2qL2Þ: (7)

Note that here we need to know y0. Surprisingly, Tz is

directly related to y0 only by the geometrical factors of the

magnet (L and a) and independent of the magnet’s M and the

property of the rod (v, q, b, and l) (see the supplementary

material G).16 This relationship is given below and plotted in

Fig. 3(c)

Tz ¼ fTð�y0; �LÞ ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2fYð�y0; �LÞ=g a fZ2ð�y0; �LÞ

q
: (8)

Therefore, to determine v of the rod, we first measure Tz,

solve for �y0, i.e., y0 ¼ f�1
T ðTz; �LÞ and then use Eq. (7). We

illustrate the v measurement in two PDL trap setups (supple-

mentary material A)16 with aspect ratio: L/a¼ 4 and 8 but

the same radius (a¼ 3.2 mm) using a short graphite rod, as

presented in Fig. 3. We provide two calculation models:

“exact” using the DMP (Eq. (2)) model and “approximation”

using the PDL model (Eq. (1)). First, we measure Tz and y0

then plot the data points in Fig. 3(c). We also plot the

expected Tz vs. y0 curves from Eq. (8). We observe good

agreement between the data and the DMP model for both

magnet setups. Therefore, given Tz we could also determine

y0 without measuring it.

Next, we determine v from Eq. (7) using the DMP

model, as plotted in Fig. 3(d). Measurements from both set-

ups yield good agreement, i.e., v ¼ �ð2:2060:32Þ � 10�4

and v ¼ �ð1:8060:38Þ � 10�4 for setup L/a¼ 8 and 4,

respectively, indicating the consistency of our model. Note

that these results are within the reported v value for graphite

in literature: v? ¼ �1:4� 10�5 and vk ¼ �6:1� 10�4 for v
measured along perpendicular and parallel to the c-axis,

respectively.17 Our graphite rod is amorphous thus its v
should be a mixture of both v orientations.

One could also determine v from y0, as illustrated in Fig.

3(b), however, Tz measurement is easier and more accurate

(unlike the error bar for y0, the error bar for Tz is small and

not visible in Fig. 3). Figs. 3(b)–3(d) also show that the PDL

model becomes closer to the DMP model for long magnet

case (L=a � 5). This is reasonable as the magnet becomes

longer the PDL model becomes a better approximation to the

DMP model at the center of the trap (see the supplementary

material B.3).16 The technique described here provides an al-

ternative and simpler v measurement for diamagnetic (cylin-

drical) material compared to existing technique such as

vibration sample magnetometer.18

High Sensitivity Hall Measurement with Rotating PDL
System. The PDL system has another important application

for high sensitivity Hall measurement of semiconductor

materials with low carrier mobility (l � 1) cm2/Vs), low

carrier density, or very thin film that yields very high sheet

resistance (RS � 10 MX/sq). To obtain successful Hall mea-

surement, the ratio between the transverse (Rxy) and longitu-

dinal (Rxx) resistance: Rxy=Rxx¼Bl has to be sufficiently

large ð� 10�4Þ. This can be achieved in high carrier mobil-

ity samples or using very high magnetic field (B). The con-

ventional static (dc) field Hall measurement of Rxy on these

insulating samples is often unreliable due to large noise and

large drifting background coming from some Rxx contribu-

tion. Nevertheless, one can improve the Hall measurement

signal to noise ratio using oscillating (ac) magnetic field sys-

tem and lock-in detection scheme.19,20

The PDL system, realized using cylindrical DMP sys-

tem, has the ideal features to perform lock-in detection of

FIG. 3. Magnetic susceptibility determination of a trapped rod: (graphite rod, diameter¼ 0.55 mm, l¼ 4.5 mm) (a) The rod oscillation on the 1D camelback

potential extracted from video (supplementary material A.2).16 Inset: The oscillation video of the rod. (b) Relationship between rod’s v and the equilibrium

height y0=a using the DMP and PDL models for setup L=a¼ 4 and 8 (see the supplementary material A.1).16 Experimental data point are shown as star (circle)

for L=a¼ 8 (4) with v determined from Fig. 3(d). Shaded regions indicate unstable or no levitation for L=a¼ 8 setup. (c) Relationship between period Tz vs.

y0=a and the experimental data. (d) Relationship between v vs. Tz and the experimental data. (Multimedia view) [URL: http://dx.doi.org/10.1063/1.4907931.1]
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Hall signal. Due to coupling between the two dipole lines, a

rotation in one dipole line will be mirrored by the other, as

shown in Fig. 4(a). This allows a simple master-slave config-

uration that doubles the field and makes it unidirectional at

the center. The master magnet is driven by a motor and the

rotation is mirrored by the slave magnet, as shown in Fig.

4(b). Our standard setup uses cylindrical DMP with:

a¼ 12.7 mm, L¼ 25.4 mm, and M¼ 106 A/m and gap sepa-

ration of �5 mm between the magnets’ surface. The sample

(a van der Pauw type �5� 5 mm) is placed at center. This

system has several favorable characteristics for lock-in ac

Hall measurement such as: (1) Unidirectional field (in x-

direction) with excellent uniformity on the sample (e.g., only

�2% standard deviation for 5� 5 mm sample). (2) Strong

magnetic field at the center (�1.9 T peak-to-peak). (3) High

purity single harmonic magnetic field oscillation, which is

important to avoid higher harmonics content in the Hall sig-

nal that will otherwise complicate the data interpretation. (4)

Compact and low cost.

This system was developed to extract the hole mobility

in kesterite (Cu2ZnSn(S,Se)4 or CZTSSe) solar cell,21 where

conventional dc field Hall system was unsuccessful (due to

its low mobility). The characterized films have similar qual-

ity and performance (power conversion efficiency g � 12%)

with the recent world-record IBM CZTSSe solar cell

ðg ¼ 12:6%Þ.13 However, this efficiency is still far below the

more well-established Cu(In,Ga)Se2 (CIGS) solar cell

ðg ¼ 20:8%Þ22 and prompts further investigation.

An example of the rotating PDL Hall measurement on

“CZTSSe-1” sample is shown in Fig. 4(b). The master mag-

net is driven by the motor at a constant angular speed, while

the Hall sensor (at the bottom) measures the field that serves

as the reference rotation signal. The magnetic field at the

sample was deduced and plotted in Fig. 4(c). The signal

shows a dominant Fourier component at fREF as expected

[Fig. 4(e)]. The transverse resistance Rxy signal was concur-

rently recorded [Fig. 4(d)]. The signal looks noisy with large

and drifting background which often occurs in highly resis-

tive or low mobility sample. Nevertheless, the Fourier spec-

trum of the signal (after a polynomial background

subtraction) [Fig. 4(f)] shows a significant peak at the same

frequency fREF suggesting the existence of the desired Hall

signal (there is also a typical background “1/f” noise that

becomes more dominant at lower frequency). Subsequently,

we perform numerical lock-in detection on Rxy [Fig. 4(g)] to

separate the in-phase or the desired Hall signal component

(X) from the out-of-phase parasitic component (Y) due to

emf voltage induced by the oscillating magnetic flux. The

operating fREF is restricted at low frequency (�40 mHz) to

minimize the parasitic emf signal Y. This condition dictates

the use of long lock-in time constant (sL¼ 2 min). We

observe a steady lock-in output for X after 5sL that yields the

final Hall signal RH¼ 172 X (positive sign indicates a p-type

carrier as expected), which is 3800� smaller than the back-

ground Rxy (�650 kX) [Fig. 4(d)]. This example highlights

the problem in the conventional static field Hall measure-

ment and demonstrates the efficacy of the rotating PDL Hall

system. This measurement yields carrier density

p¼ 1.6� 1016/cm3 and mobility lh¼ (0.31 6 0.05) cm2/Vs

(see Table S2 in supplementary material I for more detail).16

Using this technique, we have extracted the hole mobil-

ity and carrier density of several (�10) champion grade

CZTSSe films and compare them with CIGS samples of sim-

ilar efficiency ðg � 9� 12%Þ. We consistently observe the

expected Hall signal Fourier component at fREF, as shown in

supplementary material I,16 the signal becomes cleaner and

easier to detect with higher mobility as expected. The meas-

urements yield average CZTSSe hole mobility:

lh¼ (0.5 6 0.1) cm2/Vs, which is significantly lower than

that of CIGS: lh¼ (4 6 0.4) cm2/Vs. The lower mobility in

CZTSSe leads to lower bulk conductivity and sheds some

light to its fundamental issue such as higher series resistance,

lower fill factor (see Table I in Ref. 13), and the Voc pinning

behavior in Suns-Voc curve at high light intensity.23 Lower

mobility is also often associated with higher disorder in the

material and consistent with more severe band tail states in

CZTSSe.24 This rotating PDL Hall system has also been

used to perform Hall measurement in other low mobility,

very thin or very insulating materials such as CdS and

Zn(O,S)25 (see also supplementary material I)16 and has

FIG. 4. High-sensitivity Hall measurement with rotating PDL system on a world-record-quality kesterite solar cell film: (a) Experimental concept showing

rotating PDL in master-slave configuration. (b) Experimental setup using cylindrical DMP. (c) Magnetic field B at the sample vs. time, deduced from the Hall

sensor placed at the bottom. (d) Transverse resistance Rxy from “CZTSSe-1” Van der Pauw sample. (e) Fourier spectra of B. (f) Fourier spectra of Rxy. (g)

Numerical lock-in output of Rxy showing the in-phase component (X) as the desired Hall signal and the out-of-phase component (Y) which comes from the par-

asitic emf voltage.

062407-4 Gunawan, Virgus, and Tai Appl. Phys. Lett. 106, 062407 (2015)



been routinely used to monitor carrier density of the

CZTSSe films for device optimization.
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