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1 Introduction

Let G be an undirected graph on n vertices. A real symmetric matrix A = (a;;) is
said to have a graph G provided a;; # 0 if and only if vertices 7 and j are adjacent
in G (no restriction is placed on the diagonal entries of A— they may be zero
or any nonzero real numbers). We denote by S(G) the set of all real symmetric
matrices whose graph is G. For each A in S(G), there is a list of multiplicities for
the distinct eigenvalues of A (a partition of n), and we denote by L(G) the set of
all such partitions (by convention, place in non-increasing order). We are interested
generally in the fundamental problem of understanding L(G) and in particular in
the minimum number of 1's, U(G), appearing among elements of L(G). It is known
that if G = T is a tree, then U(T) > 2. It can be much greater, and insight
into U(T'), based upon the combinatorical structure of the tree, has proven elusive
(some is known, based upon the diameter bound for the minimum number of distinct
eigenvalues [JL2], but the diameter can be “short” while U(T') is still bigger than
2).

From the known multiplicity lists (all trees on fewer than 12 vertices, which we
have compiled into an electronic database for ease of research, and the several known

infinite families [JSW,JLS2]), it has been conjectured that

U(T) < 2 + Dy(T) (1.1)

in which Dy(T') is the number of degree 2 vertices in T'. In particular, if there are
no degree 2 vertices in 7', we would have U(T') = 2. It can happen that U(T") = 2,
even when degree 2 vertices are present, but it has not been clear from prior work
why trees with no degree 2 vertices should be cases of equality in the known lower
bound U(T") > 2.

Call a vertex v of a tree T high degree if the degree of v in T', degr(v), is at least



3 (otherwise, low degree). It has also been conjectured (the “degree conjecture”)
that for any tree T, there is a multiplicity list in L(T") containing the multiplicity
degr(v) — 1, counting multiplicities for degrees, for every high degree vertex v in
T'; all remaining multiplicities are 1’s. This natural conjecture has been beyond
the reach of simple construction techniques that have succeeded for many special
kinds of trees. Here, we show that the degree conjecture implies (1.1) about U(T')
and prove the conjecture for “diametric” trees using the implicit function theorem
based technique, pioneered in [JSW]; this advance requires substantial technical
extension of that technique. In the process, we also generalize the result of [JSW]
(characterization of L(T) for “vines”) by characterizing L(T) for “binary, diametric,
depth one” trees.

We describe the implicit function theorem based technique for designing matrices
in S(T") with given multiplicities. Then we show how to use it to describe all possible
multiplicity lists for binary, diametric, depth one trees. In this case, the structure
of the collection of all lists is especially nice as it consists of all lists falling below
a single majorization maximum; in general this is quite far from the case. Then,
we use the implicit function theorem technique to prove the degree conjecture for
diametric trees. We use the degree theorem to prove the conjectured bound for
U(T). Finally, we describe a way to prove the degree conjecture in general and

discuss the barriers that prevent us from completely verifying it.

2 Background

Previous work has shown that there are several limitations on the possible eigen-
value multiplicities which can occur for a given tree T based on the combinatorical
structure of T'. Let p(T") denote the path cover number of T, or the minimum cardi-
nality of any set of vertex-disjoint paths that cover the vertices of T'. It was shown

in [JL1] that p(T") can also be characterized as A(T') = max [p — ¢] over all ways in



which ¢ vertices can be deleted from 7" to form p paths. If M(T) is the maximum
multiplicity of any eigenvalue among symmetric matrices whose graph is 7', then
[JL1] showed that, in fact, M(T") = p(T).

Another important restrictive characteristic of T' is the size of its longest path,
which is called its diameter, denoted d(T). It was shown in [JL2] that for a sym-
metric matrix A whose graph is 7', A has at least d(7") distinct eigenvalues. These
results can be used to rule out possible multiplicity lists. For example, consider the

following tree T":

OO0 0 00O

We see that p(T") = 2, so the multiplicity list 3,1, 1,1, 1,1 cannot occur. We also see
that d(T') = 6, which means 2,2,2, 1,1 cannot be a multiplicity list. In fact, for this
tree, all multiplicity lists not eliminated by the above restrictions can occur, and can
be constructed explicitly. It would be nice if that were the case for all trees, or even
for some particular classes of trees. However, construction of matrices with certain
eigenvalue multiplicities can be quite difficult for large trees, and it can also happen
that a list passing the restrictions can still be impossible. For instance, consider the

following tree T

Note p(T') = 3 and d(T') = 4. However, the multiplicity list 2,2,1,1 cannot occur,
so other techniques have been introduced to construct or eliminate multiplicity lists,

such as the explicit manipulation of polynomials. Here we focus on expanding the



technique based on the implicit function theorem presented in [JSW]. To do so, we
mention three facts that will be helpful.

Deleting the ith row and column of a matrix A naturally corresponds to deleting
the ith vertex from the graph of A. We denote the removal of vertex i from tree T’
as T — i. Note that the removal of any vertex ¢ from a tree T leaves a number of
branches at i, or connected components of the vertex-deleted tree, each of which is
a tree. For convenience, we may say that we delete the ith “vertex” of A to form
the principal submatrix of A, denoted A(i) (the branches at i correspond to direct
summands of A(7)). Similarly, we let A[S] denote the principal submatrix of A lying
in rows and columns indexed by S C {1,...,n}. Sometimes, we may use a collection
of vertices of the graph of A to describe S. If A is symmetric, the eigenvalues
of A and the eigenvalues of A(i) are related by what is known as the eigenvalue
interlacing inequalities. Specifically, if A has eigenvalues A\ < Ay < ... < \,, and
A(7) has eigenvalues p; < po < ... < p,_1, then the p’s interlace the \’s, i.e.
M < <A< < S e <A

The interlacing inequalities imply that the multiplicity of A after deleting the
same row and column can only increase or decrease by 1, or stay the same. Therefore,
to show that ma(A) > k, it suffices to find an ¢ for which ma)(A) > &k + 1.

A key instrument for what we do here revolves around an index ¢ for which the
multiplicity of A increases by 1 in A(7). For historical purposes [Pa,Wi], we call the
ith vertex in the graph of A a Parter vertez (for A and ). The following theorem

has proven incredibly useful in this field, and will be used throughout this paper.

Theorem 2.1 (JLS1). Let T be a tree and A € S(T'). Suppose that there exists an

indez i and a real number X such that A € o(A) No(A(i)). Then,
(i) there is an index j such that mag)(X) = ma(A) +1;

(i1) if ma(X\) > 2, then j may be chosen so that degr(j) > 3 and so that there are

at least three components Ty, Ty, and Ty of T' — j such that mapr, (A) > 1,k =

4



1,2,3; and

(71) if ma(\) =1, then j may be chosen so that there are two components Ty and

Ty of T — j such that mary(N) = 1,k = 1,2.

This theorem is useful because it says that if A is an eigenvalue of A and a
principal submatrix of A (which must be true if m4(A) > 2), then there exists a
Parter vertex for A. We call the Parter vertex in (i7) a strong Parter vertex. In
our construction, we will force certain vertices to be Parter for A by making A\ an
eigenvalue of the direct summands of a matrix that result from deleting the vertices.
We will then use the implicit function theorem to perturb some entries of the matrix
from zero to nonzero, which will modify the graph while preserving our eigenvalue
multiplicities and Parter vertices. A common statement of the implicit function

theorem is the following.

Theorem 2.2 (Implicit Function Theorem). Let f : R"*™ — R™ be a continuously
differentiable function. Suppose that, for xo € R" and yo € R™, f(xo,y0) = 0 and
the Jacobian det(0f/0x)(xo,yo) # 0. Then there exists a neighborhood U C R™
around yo such that f(x,y) =0 has a solution = for any fixred y € U. Furthermore,

there is a solution x arbitrarily close to xy associated with a y sufficiently close to

Yo-

3 The Implicit Function Theorem Technique

We follow the same general method as [JSW] in implementing the implicit function
theorem to construct matrices with a given graph and eigenvalue constraints. The

process includes two steps:

(i) Construct an “initial point”—a matrix that satisfies the eigenvalue constraints
and whose graph is a subgraph of the desired graph (in terms of edge contain-

ment).



(ii) Fix the graph using the implicit function theorem, perturbing the necessary

entries from zero to nonzero.

We have found that the technique is more easily understood by example, so we offer
the following to illustrate the idea.

Consider the following tree T":

(+)

OO OO0

We want to find all possible eigenvalue multiplicities for a symmetric matrix whose

graph is 7. Note that p(T") = 3 and d(7') = 5. Thus, the multiplicity of any
eigenvalue can be at most 3, and there must be at least 5 distinct eigenvalues, which
means that if there is an eigenvalue of multiplicity 3, then all other eigenvalues must
have multiplicity 1. In fact, the adjacency matrix of 7' (A = (a;;), where a;; = 1
if and only if there is an edge between vertex i and vertex j) has these eigenvalue

multiplicities. The adjacency matrix for 7' is:

e

I
o o o o o ~ o
—_ 2 O = O O ©

o O O = o= O =
o O o o o —= O
o o = O O = O
o O = O O o o
o O = O O O O

If we delete rows and columns 2 and 5, we are left with the 5-by-5 zero ma-
trix, and the interlacing inequalities force m(0) > 5 — 2 = 3. It turns out that
o(A) = {-2,-/2,0,0,0,2,2}.

Now, does there exist a symmetric matrix B = (b;;) € S(7') having two eigenval-

ues, A\ # u, such that m(\) = m(u) = 27 There are no known conditions precluding
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this, but it appears to be more difficult than the previous case to construct explic-

itly. We can, however, construct this matrix implicitly using determinant conditions

which are sufficient for having mp(\) = mp(u) = 2. These determinant conditions

are

b1 —A =0,
bss — A =0,
det(B[4,5,6,7] — A\ly) =0,
det(BI[1,2,3,4] — ply) =0,
bgg — 1 =0,

brr — = 0.

These conditions are sufficient because they would imply that mpg)(A) > 3 and

mpe) (1) > 3, and the interlacing inequalities would give mp(A) > 3 —1 = 2 and

mp(p) > 3—1 = 2. In the previous case, we saw that if an eigenvalue has multiplicity

3, then it is the only multiple eigenvalue. Thus, we would have mp(\) = mpp = 2.

Now, from the above determinant conditions, we see that certain entries in B

must be specified. For instance, b;; must equal A\. We can then think of B as a

matrix-valued function of variables x1, s, b1a, baz, bag, bas, bsg, bs7, letting a # A, u:

Abp 0O 0 0 0 O
big w1 bag by 0 0 O
0 bps A 0 0 0 O
B = 0 by 0 x9 bys O O
0 0 0 by a bsg bsr
0 0 0 0 by p O
0 0 0 0 bsy O p




Note that if all b;; # 0, then B € S(T"). Since conditions (3.1, 3.2, 3.5, 3.6) hold for

all choices of b;;, we let

(7R
F = (det(B[4,5,6,7] — A, det(B[1,2,3,4] — ul,)).

The Jacobian matrix of F' is

or, ory

Oxy Oxzo
B 0 det(BI[5,6,7] — \3)
~ \ det(B[1,3,4] — pul3) 0

We now construct our initial matrix B® so that F'(B®) = (0,0) and det.J(B®) # 0.
By trial and error, we find that the diagonal matrix B = diag(\, p, \, \, a, 1, jt)

works, since
0 (a=A)(u—N)?

detJ(BY) =
(A= p)’ 0

£0

because a, A, and u are all distinct.

Now, since the determinant is a polynomial, and thus continuously differentiable,
we can use the implicit function theorem and choose y = (by2, bag, bay, bas, bss, bs7)
with sufficiently small nonzero entries so that F' is satisfied, and hence equations
(3.1 - 3.6), for some pair (21, xg).

Thus, the matrix B((z1,z2),y) € S(T) has eigenvalues A and p, both of which
have multiplicity 2.

It was proven in [JSW] that the multiplicity lists for T are precisely the se-
quences majorized by p(T),1,...,1 = 3,1,1,1,1. A non-increasing sequence o =

! !
041,042,...,ozkismajorizedbyﬁ251,52,...,ﬁkif2ai < Zﬁiforl =1,...,k—1,
i=1 i=1

k k

and Zai = Z B; (append « or 3 with zeros to make both the same length, if
i=1 i=1

necessary).



So, the general technique is to enforce some eigenvalue constraints on an n-by-n
symmetric matrix A = (a;;) by requiring that det(A[S] —AI) = 0 for various choices
of S €{l,...,n} and A € R. For convenience, if f(A) = det(A[S] — AI), in which
f is viewed as a function of “variables” in A, we will abuse notation and write
f(A[R]) = det(A[S N R] — AI). We follow the convention that the determinant of
an empty matrix is 1, so that, in particular, f(A[R]) =1if SNR =10.

Given a tree T" on n vertices and a vector of determinant conditions F =
(fe), fu(A) = det(A[Sk] — Ak I), we wish to show the existence of a symmetric matrix
A with graph T that satisfies F'(A) = 0.

To do this, we will construct an initial n-by-n matrix A = (ag-))) for which
F(A©®) = 0 and the graph of A® is a subgraph of T (in terms of edge contain-
ment). Then we will perturb some entries of A as we see fit, and the implicit
function theorem will perturb the remaining entries in order to maintain the eigen-
value constraints specified by F. We will designate the entries that we perturb as
manual entries, and the entries perturbed by the implicit function theorem as im-
plicit entries. In the above example, the manual entries were byg, o3, by, bas, bsg, and
bs7, and the implicit entries were x; and x,. Because of the Jacobian requirement
in the implicit function theorem, if F' is a vector of length r, then precisely r of the
entries in A©®) must be designated as implicit. Note that because of the prevailing
symmetry requirement, a symmetrically placed pair of off-diagonal entries is not
independent.

The most difficult aspect of implementing the implicit function theorem is, of
course, determining whether the Jacobian is nonsingular. The following two lemmas

are helpful.

Lemma 3.1 (JSW). Let T be a tree and F' = (fy)k=1,...» be a vector of determi-
nant conditions with r implicit entries identified. Suppose that a symmetric ma-

triz A whose graph is a subgraph of T, is the direct sum of irreducible matrices



Ago),AgO),...,AZ(,O). Let J(A©) be the Jacobian matriz of F with respect to the

implicit entries evaluated at A, and suppose
(i) Every off-diagonal implicit entry in A®) has a nonzero value.
(ii) For every k =1,...,r, fk(Al(O)) =0 for precisely one l € {1,...,p}.

(i4i) For every | = 1,...,p, the columns of J(A®) associated with the implicit

entries of Al(o) are linearly independent.
Then J(A©) is nonsingular.

If our initial matrix is a diagonal matrix, then the determining the non-singularity

of the Jacobian of determinant conditions at the initial matrix is straightforward.

Lemma 3.2 (JSW). Let F' = (fi) be a vector of r determinant conditions, and
let A9 be a diagonal matriz. Suppose that for every k = 1,...,7, fr(AQ[l]) =0
for precisely one | € {1,...,n}. Take ay to be an implicit entry if and only if
fe(AO]) = 0 for some k. If there are then r implicit entries, the Jacobian of F

with respect to the implicit entries evaluated at A is nonzero.

It would be nice if we could use diagonal initial matrices to implicitly construct
all multiplicity lists. Unfortunately, that is not the case. To demonstrate this, we
adopt a visual technique of labeling vertices to help us construct the initial matrix.

In the previous example, our labeling would be the following:

A H
(—5
OO OO0

We then use this labeling to construct our initial matrix by letting al(-?) = k if and
only if vertex ¢ is labeled with the value k. Every other entry will be zero. The

graph of A then, is the subgraph of T with no edges. Note that it is easy to tell

10



if the initial matrix satisfies the determinant conditions based on our labeling. For
instance, det(A[1,2,3,4] — u) = 0 is satisfied because vertex 2 is labeled with .
In other words, p is an eigenvalue of one of the direct summands of A®[1,2, 3, 4].

Now, consider the following tree T"

OO OO0

Note that this tree is very similar to the tree we used in the previous example,
with only one additional vertex. Let us attempt to implicitly construct a symmetric
matrix, A € S(T), with three eigenvalues, A\, u, and v, such that m(\) = m(u) =

m(v) = 2. To do so, we must satisfy the following determinant conditions:

aj;; — A =0, (3.7)

azz — A =0, (3.8)
det(A[4,5,6,7,8] — AI5) = 0, (3.9)
det(A[1,2,3] — ulz) =0, (3.10)

as —p =0, (3.11)

det(A[6,7,8] — ulz) =0, (3.12)
det(A[1,2,3,4,5] — vi;) =0, (3.13)
ags — v =0, (3.14)

ags — v = 0. (3.15)

Let us now attempt our labeling technique to construct an initial matrix. Note
that we must label vertex 1 with A\ because of constraint (3.7), etc. We can satisfy
constraints (3.10) and (3.12) by labeling vertices 2 and 6 with . We can then label

vertex 5 with A, satisfying constraint (3.9). Our labeling gives the following picture:

11



We see that all of our vertices have been labeled, but when we construct our initial
matrix, constraint (3.13) will not be satisfied. It would be convenient if this meant
that our desired multiplicity list were not possible, but in fact it is. We offer a

resolution to this problem.

3.1 Second Order Initial Matrix

If a diagonal initial matrix can be constructed, we call it a first order initial matrix
because its largest direct summand has size 1-by-1. As we have seen, a first order
initial matrix makes the application of the implicit function theorem not too difficult,
but it is not always possible to construct one satisfying all desired determinant
conditions.

However, in the previous example, there was only one determinant condition
unsatisfied. Instead of labeling vertex 4 with A, let us label the edge connecting

vertices 4 and 5 with A\ and v. We have the following picture:

A 13 v
AV
1 2 4 6 8
O \/ \Z/ O
A H 2 v

(0

Now, we construct our initial matrix A(®) such that a;;” = k if and only if vertex i is
labeled with k, A®i, j] has eigenvalues [ and m if and only if the edge connecting
vertices ¢ and j is labeled with [ and m, and all other entries are zero. Note
that the entries of A©[i, j] are easy to find using the fact that the sum of the

eigenvalues is equal to the trace, and the product of the eigenvalues is equal to the

12



determinant. If neither diagonal entry is restricted, there are an infinite number
of choices for the entries of A®[i, j]. If both diagonal entries are specified, then
the eigenvalues of A i, j] are restricted based on the trace and determinant. For
our constructions, we will specify only one of the diagonal entries, as in the above

example, which makes calculating the entries of A [, j] straightforward. If ag]) =k,

then agg) =1+ m—k, and agf.) = kagg) —Im = Vkl + km — k? — Im. Here the
ordering of the eigenvalues becomes important, since, because of the interlacing
inequalities, we must have | < k < m assuming, without loss of generality, that
I <m.

To construct the second order initial matrix from the above example, let us
choose numerical values for our desired eigenvalues. Let A = —2, =1, and v = 5.

Then we have:

A0) —

The difficulty, again, in implementing the implicit function theorem is determin-
ing whether the Jacobian is nonsingular. We prove the following about the Jacobian

of a function of determinant conditions evaluated at a second order initial matrix.

Lemma 3.3. Let F = (fi) be a vector of v determinant conditions, and let A be
the direct sum of 1-by-1 and 2-by-2 symmetric irreducible matrices Ago), Aéo), ce Aéo).

Suppose that for every k=1,...,r, fk(Al(O)) =0 for precisely one l € {1,...,p}. If

13



(i) Both diagonal entries, a,, and a,,, and the off-diagonal entry, b,,, of each

2-by-2 direct summand of A©) is implicit.

(ii) For any 2-by-2 direct summand A = AO[my,my), there is at least one
determinant condition f; = det(A[S;] — N\iI) such that {mi} C S; and {my} ¢
Si, and at least two determinant conditions f; = det(A[S;] — A\;I) and f, =

det(A[Sk] — A1), such that \; # A, {m1,ma} C S;, and {my,ma} C Sk.

(iii) \i, \;, and Ny are not eigenvalues of AV[S; \ {m1}], AQ[S; \ {my, ma}], or

AO[S\ {my, my}], respectively.
(iv) There are v implicit entries total.

Then the Jacobian of F with respect to the implicit entries evaluated at A©) is

nonsingular.

Proof. We apply Lemma 3.1 and Lemma 3.2. Lemma 3.2 tells us that if AZ(O) is

a 1-by-1 direct summand, then the columns of .J(A®) associated with the implicit
entries in Al(o) (if any) are linearly independent. So, we need only show that the
columns of J (A(O)) associated with the implicit entries in any 2-by-2 direct
summand A are linearly independent. To do so, we consider f;, f;, and fj
satisfying condition (i7). We then consider the following submatrix of the

Jacobian of F' with respect to @, , Gm,, and by,:

ofi 9fi 9fi
dam, Oam, Obm

of; of; of;j
aaml 8am2 Obm

Ofk Ofk Ofk
dam, Oam, Obm

We then evaluate it at A©®:

det(AO[S; \ {my}] — \iT) 0 0
(amy — Aj)det(AD[ST] = NI) (am, — Aj)det(AQ[ST] = N\;I)  —2b,det(AV[S7] — \1)

J

(Gmy — A)det(AQ[SE] = NeI) (g, — M )det(AQ[SF] — MNeI)  —2bdet(AV[SE] — M)

14



Where Sy = S), \ {my, ma}. Because of condition (iii), we can reduce this to:

1 0 0
Amqy — )\z Amq — )\z —Qbm
Ay — )‘j Ay — )‘j —2bm

This, then, can be reduced to:

1 0 0
0 Amq — )\z —me
0 Ay — )‘j —Qbm

To show that these columns are linearly independent, we assume the opposite and

set the determinant equal to zero:

(D)[=2bm(am, = Ai) = (=2bm ) (am, — A;)] =0
Since A is not a diagonal matrix, b,, # 0, which implies:

(Amy = Ni) = (am, — X)) =0 = N=)\

This contradicts condition (iz). Thus Lemma 3.1 applies. [

4 Multiplicity Lists for a Class of Trees

A binary tree is a tree in which no vertex has degree greater than 3. A tree is called
diametric if there is a longest path along which all vertices of degree > 3 lie. If
every vertex is at most one edge from this path, the tree is called depth one. The

tree from the previous example is binary, diametric, and depth one:

O O

C
C
C

15



Recall that, if A is a symmetric matrix whose graph is a tree T', a Parter vertex for
A € 0(A) is a vertex ¢ in T such that ma)(A) —ma(A) = 1. As mentioned before, if
A is an eigenvalue of both A and A(j) for some k, then A must have a Parter vertex
in 7. Furthermore, if m4(\) > 2, then A must have a strong Parter vertex in T,
or a Parter vertex i of degree > 3 such that A is an eigenvalue of at least 3 direct

summands of A(7). We use strong Parter vertices to prove the next lemma.

Lemma 4.1. If the graph of a symmetric matriz A = (a;;) is a binary, diametric,

depth one tree T and \q, ..., \; are the distinct eigenvalues of A, then T has at least
!

Z(m"‘()‘i) — 1) degree 3 vertices.

i=1
A proof of this for a similar class of trees is given in [JSW], but we offer a new

proof.

Proof. We induct on the multiplicity of A in A, m4(A). If ma(A) = 2, then there
exists a strong Parter vertex ¢ for A, with A being an eigenvalue of the three branches
of A(i). Note that one of the branches corresponds to a single vertex, where A
must have multiplicity 1. Therefore, the multiplicity of A\ in each of the other two
branches is less than m4(A), but the sum of the multiplicities in both branches is
ma(A). Now, we assume the result to be true whenever 2 < m(\) < n, and let
ma(A) = n. We know that A\ has a strong Parter vertex. Then A is an eigenvalue
in all three branches, and the sum of the multiplicities in two of them is ma(\).
If the multiplicity of A in one the remaining branches is 1, then it has multiplicity
ma(A) — 1 in the other. By the induction hypothesis, there are m4(\) — 2 strong
Parter vertices in that branch, making m4(A\) — 1 total. If, on the other hand, the
multiplicity of A in both remaining branches is greater than 1, they have a total of
ma(A) — 2 strong Parter vertices by the induction hypothesis, since the sum of the
multiplicities in these branches is m4(A). Then, including the original strong Parter

vertex, there are a total of m4(\) — 1. O
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Lemma 4.2. If the graph of a symmetric matriz A = (a;;) is a binary, diametric,
depth one tree T and X\ is an eigenvalue of A such that ma(\) > 2, then no two

strong Parter vertices for X can be adjacent.

Proof. Since ma(\) > 2, there exists a strong Parter vertex i for A. If the multiplic-
ity of A in any branch at ¢ is at least 2, then within that branch there is a strong
Parter vertex j for A\, which means there must be 3 branches at j, which cannot be

true if vertex ¢ is adjacent to vertex 1. O

For the next result, we describe Si(T') as the maximum cardinality of all sets
of non-adjacent degree k vertices, which, here, is very important in determining

whether a multiplicity list can occur.

Lemma 4.3. Let T be a binary, diametric, depth one tree on n vertices and suppose
that

my,...,m;,1 ..., 1
1s an unordered list that partitions n, with my > mo > ... >my > 2. If

!
(i) > (mi—1) < Ds(T).
i=1
(ZZ) Fori= 1,...,[, m; — 1 < Sg(T)
Then there ezists a symmetric matriz A € S(T') with the given multiplicities.

Proof. Choose any distinct numerical values Ay, ..., A

Identify a diameter of 7', placing one end on the “left” and the other on the
“right.” We will identify m; — 1 separated degree 3 vertices which will be Parter
for each )\ in the above list. For convenience, we will immediately refer to these as
Parter vertices, even though we have not yet constructed a matrix. The set of Parter
vertices for \; will be denoted V;. For each \;, we partition the degree 3 vertices by

distributing V; as equally as possible. We begin by finding V;. We let the left-most
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degree 3 vertex be Parter for A;, unless it is not adjacent to a degree 3 vertex and

the right-most degree 3 vertex is, in which case we let the right-most degree 3 vertex

D3 (T)—(m1—1)
my—1

be Parter for A\;. Then, we skip | | unassigned degree 3 vertices, where
Di(T) denotes one more than the number of unassigned degree 3 vertices to the

right (or left, if we began with the right-most degree 3 vertex), and let the next

D3 (T)—(mi—1)—1

m—1)—1 | unassigned degree

degree 3 vertex be Parter for \;. We then skip |

3 vertices and let the next degree 3 vertex be Parter for A;. We continue skipping

[ DAD)= G —1)—k

- | unassigned degree 3 vertices, where k is the number of degree 3

vertices we have already assigned, until we have assigned m; — 1 degree 3 vertices
as Parter for A\;. We then repeat this process for As, and so on. Note that there
are several different ways of assigning Parter vertices, all of which will work for our
construction. z

The vector of determinant conditions F'(A) has Z(Qmi — 1) entries, since delet-
ing m; — 1 Parter vertices for \; from T will increaseialle multiplicity of \; by m; —1.
Each entry of F/(A) is of the form det(A[S] — AI), in which X is a desired eigenvalue
of A and S identifies one of the branches obtained from the deletion of the Parter
vertices for \.

The initial matrix A® = (ag.))) is the direct sum of 1-by-1 and 2-by-2 irreducible
matrices. In constructing this matrix, it is helpful to label certain vertices of T'. For
i,...,1, find the m; — 1 Parter vertices for \;. For each, label the neighbor on the di-
ameter immediately to the right and also the adjacent pendant vertex with \;. Next
label the left-most vertex on the diameter with A;. Finally, for i = 2,...,[, label
the next Parter vertex to the left with \;, unless it is also Parter for A;. In this way,
no vertex is labeled more than twice, and if a vertex is labeled twice, it is labeled
with two distinct eigenvalues, \; and A;, and is Parter for some other eigenvalue

M- Then, instead of labeling the vertex twice, we can label the edge connected the

Parter vertex to its adjacent pendant vertex with A\, and A;. Now, construct the
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initial matrix A by setting ay, = \; if vertex k is labeled with );, and ensuring
ATy, v] has eigenvalues )\, and A, if the edge connecting vertices u and v is labeled
with A, and A,. Note that this construction requires a particular ordering of some
of the eigenvalues. Since one of the diagonal entries, ay,, of A®[u,v] is equal to
some eigenvalue, \,, that is not equal to A, or A;, we know that A\, < A, < A, by
interlacing. It is easy to find the entries of A()[u,v]. The other diagonal entry, a@.,,,
can be calculated using the trace condition, i.e. @y, = Ay +Ag — Gy = Ay + Az — Ay

The off-diagonal entry, a,,, can then be calculated using the determinant condition,

e Guy = Vauulow — Aude =/ Audy + Aedy — A2 — Ay,
The implicit entries are precisely those corresponding to labeled vertices, the di-
agonal entries of the 2-by-2 matrices corresponding to vertices on the diameter, and

!
the off-diagonal entries of the 2-by-2 matrices. Thus there are a total of Z(Qmi —1)

implicit entries. =

Because F(A®)) = 0, there are as many implicit entries in A©® as determinant
conditions in F, and the Jacobian is nonsingular at A) (by Lemma 3.3), we know
that there exists a matrix A = (a;;) with graph T such that F/(A) = 0. Thus, \; is
an eigenvalue of each of the 2m; — 1 direct summands of A(V;). By the interlacing
inequalities, ma(N;) > (2m; — 1) — #V; = m,.

The proof will be complete after placing upper bounds on the multiplicities.
First consider A;. If ma(\;) were greater than m;, then A; would be a multiple
eigenvalue of one of the direct summands of A(V;). However, the multiplicity of
)\; in each direct summand of A(V;) is at most 1, so by choosing a small enough
perturbation, \; can be guaranteed not to be a multiple eigenvalue of any direct
summand of A(V;). Next, consider the remaining eigenvalues, that are intended to
have multiplicity 1. To see that they must, in fact, be singletons, it suffices to show

that no eigenvalue other than A{,..., \; has a strong Parter vertex. For a binary

tree, no two eigenvalues may share a Parter vertex, so consider a degree 3 vertex
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v that is not Parter for any \;. v is adjacent to a hanging pendant u, whose cor-
responding entry is neither implicit nor manual, i.e., it remains equal to aSL) even
after applying the implicit function theorem. By choosing the perturbation to be
sufficiently small, A can be guaranteed not to have a,, as an eigenvalue of any other

direct summand of A(v). This guarantees that v is not a Parter vertex for any

eigenvalue. O

An example of our construction method will help. Consider the following tree

ff @
OO OO0 ()9

N

According to the previous lemma, there is a symmetric matrix A € S(7) with eigen-
value multiplicities 4,3,2,1,1,1. Let our three multiple eigenvalues be denoted A,
w, and v, where m(\) = 4, m(u) = 3, and m(rv) = 2. We use our labeling tech-
nique to construct an initial matrix satisfying the necessary determinant conditions.
To do so, we first find the Parter vertices for A, since it has the highest multiplic-
ity. Vertex 2 is the left-most degree 3 vertex, so it is Parter for A\. We then skip
[ (4 1)1 = 1 degree 3 vertices, and make the next, vertex 7, Parter for \. We skip
[%1 = 1 degree 3 vertices, and make vertex 11 Parter for A. This gives us
3 = m(A) — 1 Parter vertices for A\. We then find the Parter vertices for u. Vertex
4 is the left-most unassigned degree 3 vertex, so we make it Parter for y. We then
skip [M1 = 1 unassigned degree 3 vertices, and make vertex 14 Parter for p.
This gives us 2 = m(u) — 1 Parter vertices for p. Finally, we find the m(v) —1 =1
Parter vertex for v, vertex 9.

Then, for each vertex that is Parter for A, we label the vertex directly above,

directly to the right, and the next Parter vertex to the left with A\. We do the same

for p and v. Finally, we label the left-most vertex with A. This gives us the following
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picture:

A w A v A w
ORNO
OO e O O e O e O e ) e O s O )
A B A u v A v X Q

We see that vertex 11 is labeled twice, so we remove p and v from the vertex and
instead label the edge connecting vertices 11 and 12 with p and v, and remove the

unlabeled edges:

O © O ® © ©

0000000060 0 0

We then use this labeling to construct a second order initial matrix A® whose graph
is the subgraph of T'. Note that agg)ﬂ = X and A[11,12] has eigenvalues y and v.
We then can use this construction and the implicit function theorem to show that
there does, in fact, exist a matrix A € S(7') with the given multiplicities.

Now, we will show that the multiplicity lists that can occur among symmetric
matrices whose graph is a binary, diametric, depth one tree T" are nicely described

by characteristics of 7. First, we find a formula for p(7T).
Lemma 4.4. Let T be a binary, diametric, depth one tree. Then p(T) = S3(T)+ 1.

Proof. We use the fact that p(T') = max [p — ¢] over all ways in which ¢ vertices
can be deleted from T to form p paths. We locate a maximal set of non-adjacent
degree 3 vertices in 7', which has S3(7") vertices. Note that the deletion of the set
leaves only paths, since any degree 3 vertex not in the set must be adjacent to at
least one vertex in the set, or the set would not be maximal. Also note that not
deleting any of these vertices would leave branches that are not paths. The number

of these paths is 253(7") + 1, since there is a path to the left and above each deleted
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vertex, and one path to the right of the right-most deleted vertex. Thus, for this
set of vertices, p — ¢ = S3(T) + 1.

It only remains to show that deleting any other vertices will not increase this
number. Deleting any degree 1 vertex will not increase this number, since it can
only make an existing path shorter. Deleting any degree 2 vertex will also not
increase this number, since it can only either make an existing path shorter or
divide an existing path into two paths. Now, since the deletion of our maximal

set leaves only paths, deleting any other vertex will not increase p — ¢q. Therefore,

p(T) = S5(T) + 1. 0

Theorem 4.5. The possible unordered multiplicities for a binary, diametric, depth

one tree T on n vertices are the sequences of positive integers that are majorized by

p(T),d(T) — p(T) — Do(T),1,...,1, a partition of n.

Proof. First, we show that this list satisfies the conditions of Lemma 4.3. For

condition (i), we have

> (mi—1) = (p(T) = 1) + (d(T) = p(T) — D(T) — 1)

=d(T) — Dy(T) — 2.
Since d(T') = D3(T') + Do(T') + 2, we have
(D3(T') + Do(T) + 2) = Do(T) — 2 = Ds(T).

Thus, condition (7) is satisfied. For condition (i7), we use Lemma 4.4. Since p(T') =

S3(T') + 1, for m; we have

ml—lzp(T)—l

= S4(T).
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Next, for mo we have

ma —1 = d(T) — p(T) — Dy(T) — 1
— (D3(T) + D(T) +2) — (S5(T) + 1) = Dy(T) — 1

= Ds(T') — S5(T).

To show that this satisfies condition (éi), we consider a tree that has 255(7") + 1
degree 3 vertices, where S3(7") is the the maximum cardinality of all sets of non-
adjacent degree 3 vertices. Then we can choose every other degree 3 vertex, making
a set of S3(7T") + 1 non-adjacent degree 3 vertices, which is a contradiction. Thus,
D3(T) < 2855(T), which implies that D3(T) — S3(T") < S3(T). Therefore, condition
(17) is satisfied.

Any other list, b, majorized by a = p(T),d(T) — p(T) — Do(T),1,...,1 will

also satisfy the conditions of Lemma 4.3, since, by the definition of majorization,
J J

D b <> a; forall j. O
i=1 i=1

Corollary 4.6. Let T be a binary, diametric, depth one tree on n vertices. Then
U(T)=n—2Ds3(T).

Proof. Since there is a single majorizing maximum list, U(7") will be attained with

the maximally majorized list in which all multiple eigenvalues have multiplicity 2.

In that list, there are k = %(T) 2’s. Since the list is maximally majorized, the sum

of the first k elements in the majorizing list is k —2+p(T)+ (d(T) —p(T) — D2(T)) =

%(T) —2+4p(T) 4+ (d(T) — p(T) — Do(T)). This, of course, equals the sum of all
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the 2’s:

n— g( ) —24p(T) + (d(T) —p(T) — Do(T)) =n —U(T)
IGEEPIPYT
= U(T)=n—2(d(T) — Ds(T) — 2)

Since the diameter of T" includes only degree 2 vertices, degree 3 vertices, and two

pendant vertices, we have

U(T) = n — 2D5(T).

5 Verification of the Degree Conjecture

Theorem 5.1. Let T be a diametric tree with high degree sequence di > dy >
... >dp > 2. Then there exists a symmetric matriz A € S(T) with the unordered

multiplicity list dy — 1,dy — 1,...,di, — 1,1,... 1.

Proof. Here we construct an initial matrix and use the implicit function theorem,
but we also account for all of the single eigenvalues to show that we can always
get exactly this multiplicity list. To do so, we specify all but two eigenvalues, the
largest and smallest, which must have multiplicity 1.

Choose any distinct numerical values \q,..., A\; to be the multiple eigenvalues.
Identify a diameter of T', placing one end on the “left” and the other on the “right.”
Each \; will have exactly one Parter vertex, which can be easily identified. If \;
has multiplicity m;, then its Parter vertex will be the left-most vertex with degree
d; = m; + 1, which we denote v;.

k

The vector of determinant conditions has Z<dl) entries corresponding to the
i=1
multiple eigenvalues. These entries will be of the form det(A[S] — AI), in which
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A is a desired eigenvalue of A and S identifies one of the branches obtained from
k

the deletion of the Parter vertex for \. We will also have n — Z(dZ -1)—-2=

i=1
k

n— Z(dl) + k — 2 determinant conditions corresponding to all but the largest and
i=1
smallest single eigenvalues. These entries will be of the form det(A — AI), in which A
k k

is a desired single eigenvalue of A. Thus, there are a total of Z<dl) +[n— Z(d’) +
i=1 i=1
k —2] =n+ k — 2 determinant conditions.

To construct the initial matrix A© = (ag-))

), which is a direct sum of 1-by-
1 and 2-by-2 matrices, for ¢ = 1,...,k, identify the Parter vertex for \;. Label
every adjacent vertex off the diameter with \;. Then label the next Parter vertex
to the left and the next Parter vertex to the right each with \;. In this way, no
vertex is labeled more than twice, and if a vertex is labeled twice, it is labeled
with two distinct eigenvalues, \; and A;, and is Parter for some other eigenvalue
Ax. Then, instead of labeling the vertex twice, we can label the edge connecting the
Parter vertex to any of its adjacent off-diameter vertices with A; and A;. We then

use the remaining vertices to specify our single eigenvalues. Note that all Parter

vertices except the left-most and the right-most were labeled twice. Thus there are

k k
n— [ZMZ) —(k—=2)]=n- Z(dz) + k — 2 vertices that have not been labeled,
i=1 i=1
which is equal to the number of single eigenvalues we need to specify. We then choose
k
m = n—Z(di) +k—2 distinct numerical values p1, . . ., u,, for the single eigenvalues

such tha‘é_lrlglgl Ai <y < max Ai for any j, and p; # A; for any ¢ and j and label
the remaini;é vertices Withitl:lem. Now, construct the initial matrix A® by setting
arr = A; if vertex k is labeled with \;, ag. = p; if vertex k is labeled with pu;, and
ensuring A [y, v] has eigenvalues \,, and )\, if the edge connecting vertices v and v
is labeled with A\, and A,. Note that this construction requires a particular ordering
of some of the eigenvalues. Since one of the diagonal entries, ay,, of A©[u, v] is equal

to some eigenvalue, \,, that is not equal to A,, or A\, we know that A\, < A, < A, by
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interlacing. It is easy to find the entries of A®[u,v]. The other diagonal entry, ..,
can be calculated using the trace condition, i.e. @y, = Ay +Ag — Gy = Ay + Ap — Ay

The off-diagonal entry, a,,, can then be calculated using the determinant condition,

Le. Guy = Va@uulow — Aude = \/Audy + Aedy — A2 — Ay,

The implicit entries are those corresponding to labeled vertices, both diagonal
entries of the 2-by-2 matrices, and the off-diagonal entries of the 2-by-2 matrices.
There are a total of n + k£ — 2 implicit entries.

Because F(A®) = 0, there are as many implicit entries in A©® as determinant
conditions in F, and the Jacobian is nonsingular at A® (by Lemma 3.3), we know
that there exists a matrix A = (a;;) with graph 7" such that F(A) = 0. Thus,
for each i, \; is an eigenvalue of each of the d; direct summands of A(v;). By
the interlacing inequalities, ma(\;) > (d;) — 1. However, for each j, p; is a single

k k
eigenvalue of A. This gives us at least Z(d’ —1)+n— Z(d’) +k—-—2=n-2
eigenvalues. Since we have not specified ZtTlle largest and smélellest eigenvalues, which

must both be single eigenvalues, each \; must have multiplicity d; — 1 and each p;

must have multiplicity 1. O

6 U(T) Bound

Theorem 6.1. Let T be a diametric tree. Then
U(T) <2+ Dy(T).

Proof. We use the degree list from Theorem 5.1 and count the number of 1’s in the
list. To do so, we label vertices in T to correspond to multiple eigenvalues, and then
count the remaining unlabeled vertices.

Arrange T as a rooted tree, with some pendant vertex as the root. Place the

root at the “top”, so that all other vertices fall “below” it. Find the first high
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degree vertex below the root. If its degree is d;, in each of the d; — 1 branches below
it, label the next high degree vertex, or if there is none, the next pendant vertex,
with \;, where m(\;) = d; — 1. Do the same for each high degree vertex. This
will label all pendant vertices except the root, and all high degree vertices except
the first. Thus there are 2 + Dy(T') unlabeled vertices. Since we have labeled a
vertex for each multiple eigenvalue, the number of remaining unlabeled vertices is
equal to the number of single eigenvalues, or 1’s in the multiplicity list. Therefore,

U(T) < 2+ Do(T). 0

7 Generalization of Degree Conjecture

Of the 435 trees on fewer than 12 vertices, only 17 of them are not diametric. Thus,
Theorem (5.1) applies for a vast number of trees. Furthermore, the proof we offer
in this section for all trees is already true for any tree that requires only a second
degree initial matrix. If a tree has a small number of high degree vertices off some
diameter, or if it has enough degree 2 vertices, it may require only a second degree
initial matrix even if it is not diametric. In fact, all trees on fewer than 12 vertices
require only a second degree initial matrix.

However, as in the case of diagonal initial matrices, there are trees in which
a second degree initial matrix cannot satisfy all necessary determinant conditions.
One might think, in general, that needing the direct summands of an initial matrix
to be larger than 2-by-2 would make the implementation of the implicit function
theorem extremely difficult. As it turns out, for the purposes of proving the degree
conjecture, we only need an initial matrix with tridiagonal direct summands. Our
technique has led us to conjecture the following necessary statement, an inverse

eigenvalue problem.

Conjecture 7.1. Let S be a set of 2n—1 distinct real numbers. Then there exists a
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symmetric tridiagonal matriz A such that o(A) C S, and for each k, k=1,...,n—1,
All,... k] has an eigenvalue N\, € S\ o0(A), \i # \; if i # j.

The question of whether there exists such a matrix is an interesting one, and
our research seems to indicate that it has yet to be answered. It also leads to
the more general question of whether a symmetric tridiagonal matrix, A, exists

given any 2n — 1 elements of A, either entries or eigenvalues of leading principal

submatrices. A classical result states that given n real numbers A;,..., \,, and
n — 1 real numbers puq, ..., ,—1, such that Ay < gy < Ao < ... < A\poq < flpe1 < A,
there exists a symmetric tridiagonal matrix whose eigenvalues are Ay, ..., \,, and
whose n — 1-by-n — 1 leading principle submatrix has eigenvalues puq, . .., t,—1. Note

that in the case that n = 2, our conjecture and the classical result are equivalent.
We point out that, like the classical result, there will be some ordering restriction
on the eigenvalues. We believe that the n — 1 eigenvalues of the leading principal
submatrices will interlace the eigenvalues of the who matrix in some way, but it is
still unclear exactly how.

Unfortunately, our attempts to extend the classical result to apply to our general
conjecture have proven unsuccessful. However, the 3-by-3 case can be proven with

an analytical argument based on the classical result.

Lemma 7.2. Let S be a set of 5 distinct real numbers, Ay, Ao, A3, u, v, such that
M < p < A < v < A3. Then there exists a 3-by-3 symmetric tridiagonal matrix
A such that o(A) = {1, Ao, A3}, and if p is an eigenvalue of A[l,2], then a;; = v,

and vice versa.

Proof. We begin by finding an algebraic formula for a;;. Without loss of generality,
let p be an eigenvalue of A[l,2], whose other eigenvalue is k. We use the fact that

the kth elementary symmetric function of the eigenvalues of A is the sum of the
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k-by-k principal minors of A, which gives us the following system of equations:

aq1 + agg = 1% + k
2 __
11099 — ajy = Wk
a11+a22—|—a33:)\1+)\2+)\3
a11a99 — a%z + 11033 + Q92033 — agg = )\1)\2 -+ )\1)\3 + )\2)\3

2 2 _
(11022033 — A11093 — A33A13 = A1A2A3

We can use these to solve for aq; in terms of k. After some algebraic calculations,

we find that

. )\1)\2)\3 + ,uk'2 + k/ﬂ — )\LUIC — )\Q/J/k — )\3,u1€
N )\1)\2 + )\1)\3 + )\2)\3 + Hz + k2 + [Lk - )\LU - )\1k‘ - )\QIU - )\Qk — )\3,& — )\3]€

(111(/{)

Now, the classical result tells us that k can be any real number such that Ay < k <

A3. Thus, we can let k range from Ay to A3, and take the limit of a1, as k approaches

each.
lim ap (k) = Moy + S + Mgt — Mipds — dopids — Npe
k—As " A + A g + Aods + ,UQ + )\% -+ /J)\3 — )\Lu — M3 — /\QM — o3 — )‘3M _ /\g

_ A3 —p) (A —p)
(A1 = ) (A2 — p)

= )‘37

since p must strictly interlace A\; and Ay because p is an eigenvalue of a leading

principle submatrix of A. Similarly,

im0y () = 220 =10 = )

% (v — 1) (s — 1)

- )\2.

All that is left is to show that aq(k) is continuous in the interval (Mg, A3). To do so,

we will show that the denominator of aj;(k) equals zero only outside (A2, A3). So
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we set the denominator equal to zero:

l{2 + (,U - )\1 — )\2 — /\3)]{5 + (>\1>\2 + )\1)\3 + /\2>\3 + ,u2 — )\Lu — )\Q[L — )\3,&) = 0.

We then use the quadratic formula to solve for k:

_ )\1 +)\2 +)\3 —,uj: \/)\% —|—>\%+)\§ +2u)\1 +2u)\2 +2)\3 —3[L2 — 2)\1)\2 — 2)\1)\3 —2)\2>\3
5 .

k

Now we show that the larger root, ks, is greater than A3. This implies:

2)\3 — ()\1 —+ )\2 -+ /\3 — /L) < \/)\% -+ )\% -+ )\% + 2/1)\1 + 2/,6)\2 + 2)\3 — 3,&2 — 2)\1)\2 — 2)\1)\3 — 2)\2)\3
2 2

= A3 tp—A1—A2 < /A2 + A2+ A2+ 20 + 20he + 203 — 32 — 20 g — 2003 — 2X0 )3
= AT+ A2 A2+ %+ 2000 4 2230 — 2003 — 2X0)3 — 20 1 — 20p
<A A2 A+ 20N + 20 + 223 — 3 — 20 00 — 20103 — 2003

= 442 — A\ — ddop + My < 0
= u? — (A + X))+ Mg < 0.
Note that this is a quadratic equation in p with roots A; and Ay. Since the leading
coefficient is positive, the function is negative on the interval (A1, Ay). Thus ko > 3.
The proof that £y is less than Ay follows in the same way.

Therefore, ay1(k) is continuous on the interval (A, A3). So we can choose for aj;

any value on the interval. O

As always, the most difficult aspect of using the implicit function theorem is
making sure the Jacobian at the initial matrix is nonsingular. The necessity of
tridiagonal direct summands in the initial matrix also carries a need to make all of
the entries in each direct summand implicit. The following conjecture is also needed

to fully prove the main result in this section.

Conjecture 7.3. Let F = (f;,) be a vector of r determinant conditions, and let A
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be the direct sum of symmetric, tridiagonal, irreducible matrices Aﬁo’, Ag’), e ,A;S,O).

Suppose that for every k =1,...,r, fk(Al(O)) = 0 for precisely one l € {1,...,p}. If

(i) If AZ(O) is a direct summand of size larger than 1-by-1, then every entry is
implicit.

(ii) For any k-by-k direct summand A = A0 [ma, ..., mgl], there is at least one
determinant condition f; = det(A[S;| — \il) such that {m4,...,m,} C S; and
{mgi1,-.,mi} € Si and \; is not an eigenvalue of A [S;\ {my, ..., my}] for

everyq=1,...,k—1.

(i1i) For any k-by-k direct summand A = A0 [ma, ..., mgl], there are at least k
determinant conditions, fj,, ..., fj., each of the form f; = det(A[S;,] — \; 1),
such that \;, # N\, if r # s, {mq,...,mp} C S}, and X}, is not an eigenvalue

of AOS;\ {my,...,mp}] foralll =1,... k.
(iv) There are r implicit entries total.

Then the Jacobian of F with respect to the implicit entries evaluated at A© s

nonsingular.

The fact that each direct summand is tridiagonal seems convenient, since the

determinant of a tridiagonal matrix A follows a recursive pattern:
det(A) = a;det(A(1)) — a?jdet(A(i,j))

where j = ¢+ 1. Therefore, if we consider a determinant condition f; = det(A[Sk] —

Al), we can find formulas for entries of the Jacobian matrix:

95, det(A[Sk \i] — A\I) ifie Sk
Bay;
0 otherwise

for diagonal entries. For off-diagonal entries, we have:
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| AN G =) ifig € s,

Oaj .
0 otherwise

We can use these formulas to prove the above conjecture in which the largest direct

summand of A© is 3-by-3.

Lemma 7.4. Let F = (f;) be a vector of r determinant conditions, and let A©

be the direct sum of 1-by-1, 2-by-2, and 3-by-3 symmetric, tridiagonal, irreducible

matrices Aﬁo), Ago), . ,A;S,O). Suppose that for every k = 1,...,r, fk(Al(O)) =0 for

precisely one l € {1,...,p}. If

(i)

(i)

(iii)

(iv)

If AZ(O) is a direct summand of size larger than 1-by-1, then every entry is
implicit.

For any k-by-k direct summand Ag?) = A© [ma, ..., mgl], there is at least one
determinant condition f; = det(A[S;| — \il) such that {ms,...,my} C S; and

{mgi1,--.,mi} € Si and \; is not an eigenvalue of A [S;\ {my, ..., my}] for

everyq=1,...,k—1.

For any k-by-k direct summand A = A0 [ma, ..., mgl], there are at least k
determinant conditions, fj,,..., fj., each of the form f; = det(A[S;] — \; 1),
such that \;, # \;, if r # s, {mq,....,mp} CS},, and X\j, is not an eigenvalue

of AO[S;\ {my,...,my}] foralll =1,... k.

There are r implicit entries total.

Then the Jacobian of F with respect to the implicit entries evaluated at A© is

nonsingular.

Proof. We apply Lemma 3.1, Lemma 3.2, and Lemma 3.3. Lemmas 3.2 and 3.3 tell

us that if Al(o) is a 1-by-1 or 2-by-2 direct summand, then the columns of J(A©)

associated with the implicit entries in Al(o) (if any) are linearly independent. So,

we need only show that the columns of J(A®) associated with the implicit
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entries in any 3-by-3 direct summand AY are linearly independent. To do so,
we consider f;,, ..., fi., two of which satisfy condition (i7), and three of which satisfy

condition (7i7). We then consider the submatrix of the Jacobian of F' with respect to

: 0
gy s Gmygs Qmgyy Gmags, ANd Gy, evaluate it at Al( ), and row reduce to get the

following;:
1 0 0 0 0
0 —2am 4 amqyq — >\i2 0 0

2 2

0 —2amqy(amgg = Xig) @mqy@mgg — amygNig — amggNig T Ai; —2amgg(amyy — Aig) amyy@may = @myqAig = @mggNig +Ai; —
2 2

0 —2amqy(amgg = Xig) @mqy@mgg = amygNiy — amgg iy T A5, —2amgg(amyy — Aiy) @myg@may = @myqAig = @mggXig + A7, —

2 2
0 —2amyy(amgg = Xig) @myyamgg — Amyg iy — GmggAig + Als —2amgg(amyy = Aig) @myy@may = @myqAig — @mggNig + Al —

We can further row reduce this to:

1 0 0 0 0

0 1 amyy — Ay 0 0

0 a — Xin, @ a —a Ainp — @ A +>\2 a —Xi, @ a —a N, — a A +)\2 —a2
m33 ig @my1%m33 myyNig m33Nig ig @miy ig @my1@mog myy Nig mog Nig i3 mig

0 Xiy =iz Ny = Aig)Xiy + Xig —amyy —amgg) amyy — iy Ny = Xig)Niy +Xig = amqy = amyy)

0 Xig —Xig (Mg — Xig)(Xig + Xig —amyy — amgz) amyq — Aig (Nig — Nig)(Xig + Xig — @myy — Gmoy)

Continuing to row reduce, we finally get the following:

1 0 0 0 0
0 Amq; — )\z’2 Amqo 0 0
0 Amyy Amgs — @myy 0 0
0 0 0 1 0
0 0 0 0 Aig — Nig

To show the these columns are linearly independent, we assume, on the contrary,

that the determinant is equal to zero:

[(amn - )‘i2)(am33 - amu) - a?m]()\u - )‘15) =0
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Since each eigenvalue is distinct, we reduce this to:

(amu - )‘22)<am33 - )‘23) - CL2 =0

mi2
A A 2 2 =0
= Uy Amgg T AigQimgg — Aigmy, — L

Using the elementary symmetric function characterizations of the eigenvalues of

Al(o), we find that this implies:
(@myy — Niy) (Qmgs + Aiy — Nig — Ay, ) = 0
Since a,,,, = \;, we can reduce to:
Urmas T Nig — Aig — Qmyy) = 0
Again, using elementary symmetric functions, we find that this implies:
gy — Nig = [0 — Qg
where 4 is the other eigenvalue of AZ(O)[L 2]. This, though, is a contradiction due to

ordering. O]

Now, for the construction technique we use in our main proof, we define a char-
acteristic of high degree vertices in a tree T. For a high degree vertex v, let the
ith branch degree of periphery of v in the branch T; at v, denoted ry,(v), be the
maximum number of high degree vertices in any path in 7, including v. Let r(v),
the degree of periphery of v, mean the second largest branch degree of periphery of
v over all T; at v. If r(v) = k, then we say v; is on the kth level of periphery. Denote

the set of vertices on the kth level of periphery by Ry (T).

Lemma 7.5. Let T be a tree. Then there is at most one high degree vertex, vy, in
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T such that r(vg) = maxrr, (vg).

Proof. Assume that there are two vertices, v; and v;, such that r(v;) = max rr, (Vi)
and r(v;) = max r1,(v;). Identify two paths, P, and P, in different branches at
v;, each having r(v;) high degree vertices. If v; is on one of those paths, say P,
then r(v;) > r(v;), since there is a path starting at v; that includes v; and P;,. But
that means that P;, has more than r(v;) high degree vertices, since it includes one
of the paths of v; with r(v;) high degree vertices. Thus, v; cannot be on P;, or F,,.
However, if v; is in some other path, then, again, r(v;) > r(v;), since some path
starting at v; contains v; and both P, and P;,. But then there is a path starting
at v; containing v; and one of its paths containing 7(v;) high degree vertices. Thus

r(v;) is not maximal. O

If there exists a vertex v such that r(v;) = max 7y, (v) equals the largest number
of high degree vertices along any path starting at v, let us call it the center vertex,
denoted v..

The following we prove as a conjecture, since we assume that Conjectures 7.1

and 7.3 are true.

Conjecture 7.6. Let T be a tree with high degree sequence dy > do > ... > dj, > 2.

Then there ezists a symmetric matric A € S(T') with the unordered multiplicity list

di—1,dy—1,...,dy—1,1,...,1.

Proof. Choose any distinct numerical values Ay, ..., A\x to be the multiple eigenval-
ues. Fach \; will have exactly one Parter vertex, which can be easily identified.
If \; has multiplicity m;, then its Parter vertex will be the any vertex with degree
d; = m; + 1, which we denote v;.

k

The vector of determinant conditions has Z<dl) entries corresponding to the
i=1
multiple eigenvalues. These entries will be of the form det(A[S]—AI), in which A is a
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desired eigenvalue of A and S identifies one of the branches obtained from the dele-
k k

tion of the Parter vertex for \. We will also have n—Z(di—l)—Q = n—Z(di)+k—2
i=1 i=1
determinant conditions corresponding to all but the largest and smallest single eigen-

values. These entries will be of the form det(A — AI), in which X is a desired single
k k

eigenvalue of A. Thus, there are a total of Z(dl) +[n— Z(d’) +k—2=n+k—-2

i1 i=1
determinant conditions.

To construct the initial matrix A©® = (a§?>

), which is a direct sum of 1-by-1
and 2-by-2 matrices, for ¢ = 1,...,k, identify the Parter vertex for \;. If v; # wv.,
then in every branch that does not contain the path with more than r(v;) high
degree vertices, label the closest high degree vertex, or the vertex adjacent to v;
if there is no high degree vertex, with \;. Then, moving clockwise, label the next
high degree vertex on the same level of periphery as v; with \;. If v; = v., then
in every branch, label the closest high degree vertex with \;, or, if 7(v;) = 1, label
the vertex adjacent to v; with A;. Finally, in any of the v.’s branches, remove the
labeled eigenvalue on the high degree vertex closest to v. whose Parter vertex is
not v., and label v. with it. This is to prevent a contradiction in the numerical
ordering of the eigenvalues. In this way, no vertex is labeled more than twice, and
if a vertex is labeled twice, it is labeled with two distinct eigenvalues, A; and A;,
and is Parter for some other eigenvalue \;. We then use the remaining vertices to
specify our singie eigenvalues. All but two Parter vertices are labeled twice. Thus

k
there are n — [Z(dz) —(k=2)]=n-— Z(d’) + k — 2 vertices that have not been

labeled, which Zi?equal tko the number o%zslingle eigenvalues we need to specify. We
then choose m = n — Z(dl) + k — 2 distinct numerical values pq, ..., i, for the
single eigenvalues such Z't:ﬁaut 11(211% Ai < py < {g?éil A; for any j, and p; # A; for any @
and 7, and label the remaining vertices with them. Now, construct the initial matrix

A©) by setting ap, = \; if vertex k is labeled with \;, axe = p; if vertex k is labeled

with g, and ensuring that the tridiagonal matrix A®[u, v, ..., w] has the following
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properties if there is a path from vertex w to vertex u such that every vertex except

u is labeled twice and r(w) < r(v):

(i) AOu, ..., v, w] has eigenvalues A, . .., A, where vertices v, ..., w are labeled

with A, ..., \,, whose Parter vertices ¢ v, ..., w.

(i) The leading principal submatrix of AQ[u,... . l,m,...,v,w], AQu,... ] has
A; as one of its eigenvalues if vertex [ € u,...,v is labeled with );, whose

Parter vertex is m.

The implicit entries are those corresponding to vertices labeled once and every entry
of tridiagonal matrices. There are a total of n + k& — 2 implicit entries.

Because F(A®) = 0, there are as many implicit entries in A® as determinant
conditions in F, and the Jacobian is nonsingular at A(®) (by Conjecture 7.3), we
know that there exists a matrix A = (a;;) with graph 7" such that F'(A) = 0. Thus,
for each i, \; is an eigenvalue of each of the d; direct summands of A(v;). By
the interlacing inequalities, ma()\;) > (d;) — 1. However, for each j, p; is a single

k k
eigenvalue of A. This gives us at least Z(d’ —1)4+n-— Z(d’) +k—2=n-2
eigenvalues. Since we have not specified ZtTlle largest and sm;:lllest eigenvalues, which

must both be single eigenvalues, each \; must have multiplicity d; — 1. O

We provide an example of a rather large tree to illustrate our construction tech-

nique and show the need for Conjecture 7.1. Consider the following tree T
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Here, n = 22, and there are 10 high degree vertices, all of degree 3. Thus, we
would like to know if there exists a symmetric matrix A € S(T) with eigenvalue
multiplicities 2,2,2,2,2,2,2,2,2,2, 1, 1. First, note that T" does have a center, vertex
8, since every path starting at vertex 8 has 2 high degree vertices. Now, we see that
Ry(T) ={2,5,10,13,17,20}. Thus, making vertex 2 Parter for A\;, we label vertices
1, 3, and 5 with \;. Similarly, if we say vertex 5 is Parter for Ay, then we label
vertices 6, 7, and 10 with \s. Next, Ro(T) = {4, 9, 16}, so, for example, if vertex 4
is Parter for A7, we label vertices 2, 5, and 9 with A;. Vertex 8 is the center, so if it
is Parter for A\ig, we label vertices 4, 9, and 16 with ;. Now, since there is a center
in T, we must remove a labeled eigenvalue from some adjacent vertex, say vertex 9,
and label the center with it. Thus, we remove \; from vertex 9 and instead label
vertex 8 with A\;. This construction yields the following picture, in which we keep

the edges that correspond to tridiagonal direct summands in the initial matrix:

\ ./'.

A2, Ag A3, Ag

YoRmor @Aa

X6, A7 A9, Ao A7 Ag, Ao A5, Ao

Using the picture, we see that our third order initial matrix A includes, for ex-
ample, a 3-by-3 direct summand A([1,2,4] such that a(o) = )\, the principal
submatrix A®[1,2] has A\; as an eigenvalue, and the eigenvalues of A(¥)[1,2 4] are
A6, Ao, and Aqq.

Note that, though we have not proven the degree conjecture in general, given

Lemmas 7.2 and 7.4, we can say that this multiplicity list does occur for some

AeS(T).
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