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1. Introduction
In this paper, we consider positive solutions to the following nonlinear Kirchhoff type problem
—<a +A/ |Vu|2)Au =KX f(u), inRN,

RN
u e DM2(RN),

(1.1)

where N > 3, a is a positive constant, A > 0 is a parameter, and K is a potential function. Kirchhoff type problem on a
bounded domain £2 ¢ RN

J— 2 = i
(a—l—b![IVUI )Au fw), ing, (1.2)

u=0, on 052

has been studied by many authors, for example [5-7,10,18-20,24,27,28]. Many solvability conditions on the nonlinearity f
near zero and infinity for the problem (1.2) have been considered, such as the superlinear case [19]; and asymptotical linear
case [24]. In addition, the following growth condition on f is often assumed:

(f) f()t > 4F(t) for |t| large, where F(t) = [y f(s)ds,
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which assures the boundedness of any Palais-Smale (PS) or Cerami sequence. Indeed the condition (f) may appear in
different forms as follows:

(fo) there exists 6 > 1 such that 6G(t) > G(st) for all t e R and s € [0, 1], where G(t) =tf(t) — 4F(t) (see [24]);
(f1) limyt— 00 G(t) = 00 (see [27]); or
(f2) limgj— o0 G(t) = co and there exists o > max{1, N/2} such that |f(t)|” < CG(t)|t|° for |t| large (see [19]).

In the papers above, each of the conditions (fp)—(f;) implies that the condition (f) holds. On the other hand, the condition
(f) is sufficient to show the boundedness of any (PS) or Cerami sequence, which has been proved in [26].

There are few papers considering Kirchhoff type problems on RN except [8,9,12,17,25,26]. In [26], the author studied the
problem

—(a—i—b/|Vu|2>Au+V(x)u:f(u), inRV. (1.3)
RN

The existence of nontrivial solutions was proved in [26] under the condition (f) and

(V) V e C(RN, R), infycgn V(%) > 0 and for each M > 0, meas {x e RN: V(x) < M} < oo;

(f3) f e CRy,Ry) and |f()| < C(|t] + |t|P~") for all t €e R, = [0, 00) and some p € (1, 2*), where 2* = 2N/(N — 2) for
N > 3;

(fg) lim0 == =0;

(f5) lime—o0 22 = oo,

In [26], the space {u € H'(RN): [pn[IVul? + V(x)u?] < oo} is compactly embedded into LP(RN), which makes the exis-
tence problem easier. In [8,9,25], the existence, multiplicity and concentration behavior of positive solutions of (1.3) were
considered by relating the number of solutions with the topology of the set where V attains its minimum.

In [17], we proved the existence of a positive solution to the problem

<a+k/|Vu|2+kb/u2)[—Au+bu]:f(u), in RN, (14)
RN RN

We assumed that a > 0, b > 0, and f satisfies (f3), (f4) and the following condition

(fs) lim; .00 12 = 00,

The result in [17] does not assume the condition (f) (or any of (fp)-(f;)), as the space H} (RN) of radial functions can be
compactly imbedded into LP(RN), which provides some compactness in the problem for the convergence. However, for the
case of b =0 in (1.4) (that is (1.1) with K = 1), one has to search for a positive solution in the space DT]‘Z(RN), which
does not possess compactness as H} (RN). Because of this difficulty, there are very few works up to now studying Kirchhoff
problems with zero mass, i.e. the problem (1.1).

In this paper we consider the existence of positive solutions to (1.1), and we assume the following conditions which are
considerably weaker than the ones in the previous works:

(Ko) K(x)=1 for x e RV;

(K1) let K : RN — R be a nonnegative continuous function and K € [LS(RN) N L%°(RN)]\ {0} for some s > 2N/(N + 2);
(K2) |x- VK(x)| < aK(x) for a.e. xe RN and some « € (0, 2);

(H1) f e CR4,Ry) and limg_, g+ f* 7 =0;

(Hp) lim; oo L& =0;

(H3) lim; . o M = 0.

Our first result is for (1.1) with a constant potential function K(x), or equivalently for Eq. (1.4) with b =0.

Theorem 1.1. Assume that N > 3, a is a positive constant, and X > 0 is a parameter. If the conditions (Ko), (H1), (H2) and (Hs) hold,
then there exists A9 > 0 such that for any A € [0, Lg), (1.1) has at least one positive solution.

Theorem 1.1 appears to be the first existence result for the problem (1.1). We remark also that the condition (Hs) is
weaker than the ones in the papers mentioned above, in which lim;_, ., f(t)/t> = oo or a positive constant (which implies
(H3)) was assumed. From Theorem 1.1, one can also have the following classical result (see [4]) if we let A =0.
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Corollary 1.2. Assume that N > 3. If the conditions (H;), (Hy) and (Hs) hold, then the equation —Au = f(u) in RN has at least one
positive solution.

In our second result, we consider the case of non-constant potential function K(x), and we obtain the following result:

Theorem 1.3. Assume that N > 3, a is a positive constant, and A > 0 is a parameter. If the conditions (K1), (K3), (H1), (H2) and (H3)
hold, then there exists Ao > 0 such that for any A € [0, X¢), (1.1) has at least one positive solution.

An example of K satisfying (K;) and (Ky) is

K= —,
=N

ox|®

where o € (1,2). One can easily verify that |x - VK(X)| = RETMEEE

and (Ky).
The case of A =0 in (1.1) corresponds to the following well-known nonlinear Poisson equation:

Therefore, K satisfies the conditions (K;) for s > N

—Au=Kx) fu), xeRN. (1.5)

Positive solutions of (1.5) with radially symmetric potential function have been investigated in, for example, [1,3,2,14-16].
For example, in [15], the case of K(x) =1/(1+ |x|?) and f(u) = uP was studied and asymptotic expansions of solutions
were obtained. In [14], the author assumed that f(u) = uP and K satisfies some conditions similar to (K;) and (K;). The
zero mass case for (1.5) was considered in [3,2]. Our result here implies the following corollary for (1.5):

Corollary 1.4. Assume that N > 3. If the conditions (K1), (K2), (H1), (Hz) and (H3) hold, then the equation —Au = K(x) f (u) in RN
has at least one positive solution.

In [1], the existence of a positive solution was proved for K € L¥(RN) with an additional condition
(Hg) H(t) =tf(t) — 2F(t) is increasing in t and H(0) =0.

In Corollary 1.4, we do not assume this monotonicity condition.

As in [17], we prove in this paper the existence of positive solutions to (1.1) without the condition (f) (or any of (fo)-(f2)).
We use a priori estimate, a cut-off functional and a variable-coefficient Pohozaev type identity to obtain bounded (PS)
sequences, and then we apply some known variational techniques to prove the existence of a positive solution. The Pohozaev
identity with variable-coefficient proved in Lemma 2.2 seems to be the first of this kind for (1.1), which is of independent
interest. Similar Pohozaev identities with variable-coefficient have also been obtained in [21,22] for p-Laplace equations
with singular weight. Another difficulty in (1.1) is caused by the nonlocal term [y |[Vu|%, which leads to some convergence
difficulties, that is, if u, converges weakly to u, then one cannot conclude that u is a weak solution of (1.1). So we must
obtain strong convergence of the (PS) sequence, and this makes (1.1) more difficult to deal with than other similar elliptic
equations.

In this paper the problem (1.1) is considered in the Sobolev space D2(RN) = {u € LZ"(RN): |Vu| € L2(RN)}. The space
D12(RN) is equipped with the standard inner product and norm

(u,V)=fVu-Vv, llull = (u, u)'/2.
RN

When K is a constant, for obtaining the convergence, we consider the problem (1.1) in the subspace Dﬂ’z(RN) of D12(RN)
consisting of radial functions. Then we have that DE’Z(RN ) [Z°(RN) continuously. We denote by | - |q the usual LI(RN)
norm. In this paper, we consider only positive solutions to (1.1), so we assume that f(t) =0 for t < 0. We recall some
preliminaries and prove some lemmas in Section 2, and we give proofs of Theorems 1.1 and 1.3 in Sections 3 and 4,
respectively.

2. Preliminaries

Define a functional J, on the space D2(RN) by

1 1
Ja(u) = 5a||u||2 + ZA||u||4 - f KF(), ueD"“?(RY).
]RN
It follows from (Kp) or (Kq), (Hy) and (Hy) that there exists C > 0 such that
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Ko fot] <Cle®, |[K@F®|<Clit*, ) eRY xR (2.1)
Then we have that J, is well defined on D12(RV), it is of C! class for all » >0, and
(J’A(u),V)=a(u,v)+/\IIUI|2(u,V)—/Kf(u)v, u,veD"?(RY).

RN

It is standard to verify that weak solutions of (1.1) correspond to critical points of the functional J;.
Next we recall a monotonicity method due to Struwe [23] and Jeanjean [10], which will be used in our proof. The version
here is from [10].

Theorem 2.1. Let (X, | - ||) be a Banach space and I C R an interval. Consider the family of C! functionals on X

Ju)=AW) — uB@), pel,

with B nonnegative and either A(u) — oo or B(u) — oo as ||u|| — oo and such that J,(0) =
For any u € I we set

I ={y ec(0,11,X): y(0)=0, J.(y (1) <0}. (2.2)
If for every 11 € I the set I'y, is nonempty and

Cu= ylenrf trer[lg)l( Ju(y®) >0, (2.3)

then for almost every p € I there is a sequence {u,} C X such that
(i) {uyn}is bounded;

(ii) Ju(up) = ¢y asn— oo;
(iii) J},(un) — 0 asn — oo, in the dual space X' of X.

To prove the boundedness of sequence of critical points in the proof later, we next introduce a Pohozaev type identity
with variable-coefficient as follows.

Lemma 2.2. Assume that K satisfies (Ko) or (K1), and f satisfies (Hy) and (Hp). If u € DV2(RN) is a weak solution of

—(a+Allul?)Au=puK® f@), xeRN, (2.4)

then the following Pohozaev type identity holds

2_2(a+/\||u||2)f|Vu|2=MN/1<F(u)+u/F(u)(x.VK). (2.5)

RN RN RN

Proof. Since u € D"2(RM) is a weak solution of (2.4), by (Kg) or (K;), (H;), (Hz), and the standard regularity results, then

ue Lﬁ)c(RN) for all p € [1, c0). Hence by the LP estimate of elliptic equations, we know that u w2 P(RN) for all p € [1, o0).

Thus u e C ﬂ(RN) for some B € (0, 1). It follows from (2.4) that

loc

loc

—(a+rlul?)Aulx- Vu) = wKf w)(x - Vu).

We can calculate that

Kf(u)(x- Vu) =div(xKF(u)) — NKF(u) — F(u)(x - VK),

2
Au(X'W>=diV(Vu<x-Vu>)—|Vu|2—x-V<|V;| )

|Vul?
2

=div<Vu(x-Vu)—x >+—|Vu|

Therefore, for any R > 0,
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[ N-2 2} IVul?] x
f Au(x~Vu)—T|Vu| =/ Vu(x-Vu) — x - =

2 R
B(0,R) dB(0,R)
1 R
= / —Ix- Vul* = = |Vul* |,
R 2
dB(0,R)
X
/Kf(u)(x-Vu): / xKF(u)~E— / [NKF(u)+ F(u)x- VK]
B(0,R) dB(0,R) B(0,R)
=R / KF(u) — / [NKF )+ F(ux - VK].
dB(0,R) B(0,R)

Following [4], we show that the boundary terms above converge to O for at least a suitably chosen sequence R, — oco. Note
that

o.¢]
/[KF(u) + |Vu|2]dx=f{ / [KFu)+ |Vu|2]ds]dR < 00,
RN 0 9B(0,R)
hence there exists a sequence {R,} with R, — oo such that
Rn / [KF) + |Vul*]dS — 0.
9B(0,Rp)

Therefore, we can get the conclusion with the choice R=R;, and n— oco. O

We conclude this section by proving a nonexistence result for larger A for either N > 5 or N > 6. This shows that the
existence results in Theorems 1.1 and 1.3 for A € [0, 1¢) are somehow optimal. For the nonexistence result, we first observe
the following lower bound for a positive solution:

Lemma 2.3. If u is a nontrivial weak solution of (1.1), then ||u| > r for some r > 0.
Proof. Since u is a weak solution of (1.1), then from (2.1),

aww<@+ww%wwzfmww<mw?
]RN

The proof is completed. O
The nonexistence result is as follows:

Theorem 2.4.

1. If K satisfies (Ko) and N > 5, then there exists a A1 > 0 such that (1.1) has no positive solutions with nonnegative energy for
rE ()»1 . OO)

2. If K satisfies (K1) and (Ky) and N > 6, then there exists a A > 0 such that (1.1) has no positive solutions with nonnegative energy
for a € (Ap, 00).

Proof. We may assume that u is a positive solution of (1.1) and J,(u) =c > 0. Then

Lanul® + Tagup /Kﬂw—c
2 4 -
RN
If K=1 and N > 5, then according to Lemma 2.2,

(a+A||u||2)/|Vu|2=N/F(u).

RN RN

Hence
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2_ 1 4 1 4
ajull ZZK(N—‘DIIHII +CN>Z?»IIU|| :

Therefore, we have Ar? < 4a, where r is defined in Lemma 2.3. If N > 6 and K satisfies (K;) and (K3), then according to
Lemma 2.2,

2

(a+A|Iu||2)/|Vu|2=N/KF(u)+/F(u)x-VK<(N+a)/KF(u).
RN RN RN RN

So

2+«
2

1 1
aful? > AN =4 =)l +c(N+e) > 22 - lul?,
thus we obtain Ar? <22+ a)/(2 — o), where r is defined in Lemma 2.3. O
3. The case that K is a constant

In this section, we consider the case that K(x) =1, and assume that conditions (H;)-(H3) are satisfied. First we recall
the following estimate of the decay rate of radial functions in D12(RN) (see [4]).

Lemma 3.1. Suppose that N > 3. Then every radial function u in DV“2(RN) is almost everywhere equal to an even function
U : RN — R, continuous for x 0, such that

U] < CnIXI® N2 ullprogny,  Ix>1,

where Cy only depends on N.

In this section, for the notation in Theorem 2.1, the space X = DE’Z(RN ), and related functionals on Dr]’z(RN ) are

1o 1,
A = salulP + g2l B(u)=fF(u).
RN

So the perturbed functional which we will study is

1 , 1 4
Jx,u(u)ziallun +ZAIIUII —u | Fw,
RN

and

(o) @), v)=a, v) + Alul?u, v) - M/ fayyv. (31)
RN

To overcome the problem of lacking compactness, we need to consider the functional J, , in the radial function space

Drl’z(RN ). We shall prove that J, , satisfies the conditions of Theorem 2.1 in the next several lemmas. In the following two
lemmas, we assume that (H;)-(Hs) are satisfied.
We choose a radial function ¢ € Cg° (RN, R,) with ||¢|| =1 and supp(¢) C B(0, R) for some R > 0. By (H3), we have that

for any C1 > 0 with Cy fB(o R) d)z > a, there exists Cy > 0 such that

F(t) > C|t]>? = Ca, teR,. (3.2)
Let

= (Cl fB(O,R) ¢2 _a)Z

) 33
0 ac (3.3)

where C3 = C,|B(0, R)|. Then we have the following lemma.

Lemma 3.2. Let I, be the set of paths defined in (2.2). Then for A € [0, Ao), Iy # ¥ for p el =[1/2,1].
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Proof. According to (3.2) and the definition of Ag,

1, 1.,
RN

12 1 2/ 2 1,4
< —at? — —Cqt Cs3 4 At
2 2! 9+ Grg
B(O,R)

If A =0, we can choose tp > 0 large such that J; ,(to¢) <O0.If A € (0, Ag), then by using

2
(Cl / ¢2—a> —4C3A > 0,

B(0,R)

we can choose to > 0 properly so that J; , (to¢) < 0. The proof is completed. O

Lemma 3.3. Let ¢;, be defined as in (2.3). Then there exists a constant ¢ > 0 such that ¢, > c forall p e I =[1/2,1].

Proof. For any w €l and u € DE’Z(RN), by using (Hy) and (Hy), we have

>1 2 1 4_c 2
Jrp@) 2 zallull +4)~||U|| [ul
RN

1 *
> aljull” - C/ ul*’.
RN
From Sobolev's embedding theorem, we conclude that there exists p > 0 such that J, ,(u) >0 for any © €1 and

ue Drl‘z(RN) with ||u|| € (0, p]. In particular, for ||u|| = p, we have J; ,(u) >c>0.
Fix u e I and for any y € I',, by the definition of I');, we have ||y (1)|| > p. Since y (0) =0, then from intermediate value
theorem we deduce that there exists t), € (0, 1) such that ||y (t) )|l = p. Therefore, for any u €I,

Cu > J/ienlfM Lou(y @) >c. O

Next we prove that the functional J; ;, can achieve the critical value at ¢, for any u € I.

Lemma 3.4. For any 1 € I, each bounded (PS) sequence of the functional J; , in D}’Z(RN ) admits a convergent subsequence.

Proof. For any given u €I, let {u,} be a bounded (PS) sequence of J, ,, that is, {uy} and {J; ,(us)} are bounded,
(Jr,,) (up) — 0 in D', where D’ is the dual space of Drl’z(]RN). Since {u,} is bounded, there exists a subsequence of
{un} (still denoted by {uy}), u e DE’Z(RN) such that as n — oo,

up —u, inDM?(RY),

up—u, inLl (RV), pe(1,2%),

Un(x) > ux), ae.xeRVN.
According to Lemma 3.1, we may assume that

un (0] < CIXI@N2 x> 1, n>1. (34)
From the conditions (Hy) and (Hy), for any ¢ > 0, there exist § > 0 and C; > 0 such that

[fO]<ele® 1t <s, (35)
and

[fO] <elt? T4+ Clti*/?, teR. (3.6)

By (3.4), there exists an R > 0 such that |u,(x)| <§ for all |x| > R and all n. Therefore, from (3.5),

£ (un)| < efun[* " WSRon>1. (37)
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So it follows from (3.6) and (3.7) that

‘/fwmwn—u)<s / |tn|? " up — u| + Ce / |un|> 2 up —ul + & / |un|? My —u

RN x| <R Ix|<R IXI>R

<C 2/ 21
< Celunly " [un — ulp2go py) + ElUnla [Un — Ul

Hence we obtain that

/f(un)(un —u)—0, n— oo.
RN

Thus,

((J5) (un), un — 1) = a(un, tn — 1) + Al un | (tn, un — 1) — u/ f(un)(un —u)
RN
= [a + Munl?]wn, un —u) +0(1),
and then

[a+ Alunll?](un, un — u) — 0.

It follows that ||up|| — ||u||. This together with u;, — u shows that u, — u in DE‘Z(RN). The proof is completed. O

Now we are in the position to show that the modified functional J, , has a nontrivial critical point.
Lemma 3.5. Let A € [0, Ao). For almost every w € I, there exists u* Drl’z(]RN) \ {0} such that (], ;) (u*) =0and J , (u*) =cp.

Proof. From Theorem 2.1, for almost every w € I, there exists a bounded sequence {u~} c D}’Z(RN) such that ]A,M(u#) —
¢y and (]A,M)/(u#) — 0 as n — oo. According to Lemma 3.4, we may assume that there exists u# € Drl’z(RN) such that
ukt — u* in D}'Z(RN). Then it follows that (] )" (u"*)=0, J, n@"*)=c, and u* 0 from Lemma 3.3. O

According to Lemma 3.5, there exist a sequence {u,} C I with up, — 17 and an associated sequence {u,} C DE’Z(RN)
such that

Jk,un(un) =Cup>» (]A,;Ln)/(un) =0. (3.8)

The following lemma shows that {uy} is bounded, which is a key for this paper.

Lemma 3.6. Let uy, be a critical point of ] .., at the level c,, as defined in (3.8).

1. If A =0, then there exists a constant C > 0 such that ||u,|| < C for all n.
2. There exists C > 0 such that for every 1 € (0, Ag), we have ||up|| < C/~/A for all n.

Proof. Firstly, since (], u,) (up) =0, from Lemma 2.2, u, satisfies the following Pohozaev type identity

N-2
@+N%V%7—/W%V=MN/H%) (3.9)
RN RN

Since also Jj u, (un) = Cy,, we have that

1 1
EaNllunll2 + ZkNllunll4 - Man F(up) =cy,N. (3.10)
RN
Therefore, by (3.9) and (3.10), we obtain that

1
a/|Vun|2=cﬂnN+Zk(N—4)|lunll4. (311)

RN
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We now estimate the right hand side of (3.11). By the min-max definition of the mountain pass level c;,,, Lemma 3.2 and
(3.2), we have that

Cp, < max t
o S MAX Jopn (E®)

1 5 1 4
< max | —at® — F(t max —At
te[o,to]{ 2 M"/ ( ¢)} +te[0,t0] 4
RN

< max 1at2 1C t? / ¢2+1C 4+ max 1At4
= tel0,to1] 2 2 ! 2 3 tel0,to] 4
B(O,R)

1 +1M4
— 27T g

If A =0 then it follows from (3.11) that 2a|jun > < C3N. If A € (0,10) and N < 4, then 4a||u,||? < 2C3N + Aotg. If N>5,
then by (3.11) we have

llunll® < 4a/x.

Then the conclusion holds. O
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let Ao be defined as in (3.3), and let u, be a critical point for J, ,, at the level c,,. Then we may
assume from Lemma 3.6 that for all n,
llunll < G,
where C; is defined by
C, — C, A=0,
T C/VR, Ae (0, A).

Since w, — 1, we can show that {up} is a (PS) sequence of J,. Indeed, the boundedness of {u,} implies that { ], (uy)} is
bounded. Also

(J&(un),V)=<(h,un)’(un),V)+(un—1)/f(un)v, veD*(RY).
]RN

Thus J} (up) — 0, and consequently {u,} is a bounded (PS) sequence of J,. By Lemma 3.4, {u,} has a convergent subse-
quence, hence without loss of generality we may assume that u, — u. Consequently J} (u) = 0. According to Lemma 3.3, we
have that [, (u) = limy_ o J1(Up) =limp_ 0 Ji,u, (Un) > ¢ >0 and u is a positive solution by the condition (Hy). The proof
is completed. O

4. The case K € LS@RN)

In this section, we assume that K satisfies conditions (K;) and (K3), and f satisfies (H;)-(Hs). For the non-constant
K case, we need to use a cut-off functional to obtain the boundedness of {u,}. So following [11,13], we choose a cut-off
function ¢ € C*° (R4, [0, 1]) satisfying

v(t)=1, tel0,1],
{w(t)zo, te[2,00),
V' |oo <2, te[0,00),

and study the following modified functional J : D1(RN) — R defined by

1 1
Jiw = Eanun2 + thr<u>||u||4 - f KF(), ueD"?(RN),
RN
where for every T > 0,

2
hr(u>=w<”;—!>.
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With this penalization, for T sufficiently large and A sufficiently small, we are able to find a critical point u of ]{ such that
lull < T and so u is also a critical point of J;.
In this section, we consider the problem (1.1) in the space D!2(RN) because that the function K is not assumed to be
radial. For the setting of Theorem 2.1, the space X = D!2(RN),
1 2 1 4
Aw) = iallull + Z?»hr(U)IIUII ; B(u) = / KF(u).
RN

So the perturbed functional which we will study is

1 1
I ) = palul® + ahrlul® — [ ke,
RN

and

(U7, . v) = atu, v) + Ay @) a2, v) + s g’ ””” lul* @, v) — e | Kf@yv. (41)
2T
RN

Again we establish parallel steps as Lemmas 3.2 and 3.3 as follows.

Lemma 4.1. Let FAT,M be defined by (2.2) for the functional ]I,u' Then FAT,M “@forallpel=[1/2,1]and A, T > 0.

Proof. By the condition (K;), we may assume that fB(o,R) K > 0 for some R > 0. We now choose a function ¢ € CS"(RN, R4)
with [|¢]| =1, supp(¢) C B(O,R) and 5 K¢? > 0. By the condition (Hs), for C; = 2a([fp0.z) K¢?)~1 > 0, there exists
Cy > 0 such that

F(t) > Ci|t]> = C3, teR,. (4.2)
For t2 > 2T2, we have from (4.2) that

2
Jw(tqb) —at2+ Mp( )t4 ,u/KF(tqb)

RN

1, 1 2/ 2
< —at® — =Cqt K C3,
5 ;G ¢+ C3

B(0,R)

where C3 =C me,R) K > 0. Thus we can choose t > 0 large such that jAT’M(tqb) < 0. The proof is completed. O

Lemma 4.2. Let CI,H be defined by (2.3) for the functional ]I,u' Then there exists a constant ¢ > 0 such that CI,H >cforall uel
and A, T > 0.

Proof. Let ;€I and A, T > 0. For any u € D'2(RN), by (2.1), we have that

1 1 "
Jn @) = Sallull® + Ay @) ful® - C/ |uf?

RN
1 2 o
Z Salull® = C [ ul”.
RN

By Sobolev's embedding theorem, we conclude that there exists p > 0 such that JI  (u) >0 for u e D"*(R") with 0 <
lull < p. In particular, for ||ul| = p, it follows ]I’M(u) >c > 0. For every y € FAT’M, by the definition of FAT’M, we have
ly (DIl > p. Then from the intermediate value theorem, there exists t,, € (0, 1) such that ||y (t, )|l = p. Therefore,

> mf ILur))=c>o.

A[l.

The proof is completed. O

The next lemma shows that the critical level defined in Lemma 4.2 can be achieved if A is small.
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Lemma 4.3. Let 4AT? <a and € I = [1/2, 1]. Then each bounded (PS) sequence of the functional H,u admits a convergent subse-
quence.

Proof. Let 41T% < a and p € I. Let {u,} be a bounded (PS) sequence of ]I’M, that is, {u,} and {11,;1(”")} are bounded, and
(]AT,M)/(U”) — 0 in D/, where D’ is the dual space of DI2(RN). Since {u,} is bounded, we may assume that there exists
u € DV2(RN) such that

up —u, inD"3(RY),

up—u, inLd (RY), pe(1,2%),
Un(x) > ux), ae.xeRVN.

By the conditions (Hi) and (Hy), for any € > 0, there exists C; > 0 such that

|fw)] <elu® '+ Cexm<uicr). ueD?(RY), (4.3)

where 71 and 17 are two positive constants. Let E, = {x e RN: 71 < |up(x)| < 72}. Then

* * *
22 |En|<f|un|2 </|un|2 <c
En RN

where |E;| is Lebesgue’s measure of E,. This implies that |E;| < C‘L'l_z*. So it follows from (4.3) and (K;) that for r > 0,

<e|1<|oo/|un|2*—1|un—u|+cg / Klup —ul

‘/Kf(un)(un—U)

> x> En\B(0.r)
, 1/s
< oI oolun 2ty — ulae + Ce Eal'/ ( / KS> tn — ul-,
En\B(0,r)
where s’ € (0, oo] with 1/s" +1/s+ 1/2* = 1. Hence,
limsup / Kf(up)(up —u)| < eClK|xo.
r—o00 |X|>r
On the other hand, we have that
/ Kf(up)(up —u) -0, asn— +oo
[x|<r
for every r > 0. This implies that
/ Kf(un)(up —u) - 0, asn— +oo. (4.4)

RN
Thus, by (4.4), we get that

((J] ) @n). tn = u) = Cutn, tn — ) + Ay ) 1 (2, up — u)
I/f<||un||2>” .ty — 1) — /Kf(u )t — u)
2T2 Un n>tn n n
RN

)” nll )(un» up —u)+o(1),

llunll?

= <a+)»hr(un)llunllz+ 5V (
and then as n — oo,

lun 1

<a+khr(un)llunllz+ s’ ( )IIunII )(un,un —u)— 0.
If lup||® > 272, then |y’ (””"” Munlldl = 0. If [Jup)® < 2T2, then |y (”””” <2 and |y’ (””"” Munll] < 8T?. According

to 4AT2 < a, then it follows that ||us|| — ||u|l. This together with u, — u shows that u, — u in D“2(RN). The proof is
completed. O
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Now we are in the position to show that the modified functional ]I u has a nontrivial critical point.

Lemma 4.4. Let 4AT? < a. Then for almost every i € I, there exists u* € D-2(RN) such that (]{.u)’(u“) =0and ];M(u“) = C}:,/y

Proof. By Theorem 2.1, for almost every u € I, there exists a bounded sequence {u-'} c D'2(RN) such that ]I,M(u#) — C};N
and (j{vu)’(u,’.f) — 0 as n — oco. According to Lemma 4.3, we can suppose that there exists u* € D2(RN) such that
m

uk — ut in D12(RN), then the assertion follows from Lemma 4.2. O

According to Lemma 4.4, there exist a sequence {/,} C I with u, — 1~ and a sequence {u,} ¢ D12(RN) such that

Iy =cuy (1 ,,,) @) =0. (4.5)

The following lemma shows that ||u,|| < T for all n, which is a key step for the proof.

Lemma 4.5. Let u, be a critical point of ]Z,Mn at the level ¢, as defined in (4.5). Then there exist positive constants

2 —a)’a®
Ao = , (4.6)
16(N — a)(6N — 10)C3
and
4(N —a)C
2= (N—a) 3. (4.7)
2—-a)a

which satisfy

4(6N —10)(2 — o) " 'AoTE =a, (4.8)
such that for any A € [0, L] and any T > Ty, ||un|| < T.
Proof. Since (]{‘M")/(un) =0, then from Lemma 2.2, u, satisfies the following Pohozaev type identity

2 A , ||”n||2 a\N—2 2
a+ Ahr (un) lunll” + ﬁw T2 llunll 5 [Vunp|® = uaN | KF(un)+ pn | F(un)(x- VK)
RN RN RN
2 un(N —a) f KF(un).
RN

On the other hand, by using ijﬂn (up) = cy,, we have that

1 1

ia(N —a)lun|* + ZMN — a)hy (up) [un||* = n(N — @) f KF(un) =cp, (N — ). (4.9)

RN

Thus, we can obtain that

2—« 1 AN =2) llunl?

5 a/ |Vun|? < €y (N = @) + 2 AN = 4+ )y ()l + = — 1//( o L (4.10)

RN

We will estimate the right hand side of (4.10). By the min-max definition of the mountain pass level c,, Lemma 4.1
and (4.2), we have that

¢, < max JI, (t
Mn X te[0.00) J)\slln( ¢)

1, 1 2\ 4
< max {-at“ —uy | KF(t¢)+ max —Ay t
RN

te[0,00) | 2 te[0,00) 4 T2

< max 1at2 lC t? / K¢2+C 4+ max 1A1/f t t4
~ tel0.00) | 2 21 37T tei0.00) 4 T?
B(O,R)

< C34+ AT
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We have also that

IN -4+ |
fhr(u,onunn“ <SIN=2+a)T?,
N-2

o((1nl? 6 < 4(N —2)T*
4T2 l/f T2 ||un|| X ( - ) .

Then it follows that

2—«
2

af [Vun|? < (N — a)C3 + A(6N — 10)T*,
]RN
or equivalently

2 _2(N—-a) 2(6N —10) _,
/|Vun| gi@—a)a C3 +A7(2—a)a T4, (411)
RN

Now for Ag and Ty defined in (4.6) and (4.7), since the equality (4.8) holds, we obtain that

2IN—a)2—a) a7 '3 4202 —a) 16N —10)a ' T§ <2(N —a)2 — ) 'a ' C3 4+ T3 /2 =T < T2

Thus it follows from (4.11) that |jup|| < T for all n, and the stated conclusion holds. O
Now we can complete the proof of Theorem 1.3.

Proof of Theorem 1.3. Let Ao and Ty be defined as in Lemma 4.5, and let u, be a critical point for j{ n AL the level c,.
Then we may assume that for all n, ||uy|| < T holds. Hence

T 1 2, 1 4
J,\,Mn(un)=§allun|| +lelunll — Mn | KF(up).
RN

Since w, — 1, we will show that {u,} is a (PS) sequence of J,. Indeed, the boundedness of {u,} implies that { ], (u,)} is
bounded. Also

(J’A(un),V)=<(JAT,M,,)/(un),V)+(Mn—l)/Kf(un)v, veD2(RY).
RN

Thus J} (u;) — 0, and {u,} is a bounded (PS) sequence of J;. By Lemma 4.3, {u,} has a convergent subsequence, and without
loss of generality, we may assume that u, — u. Consequently J}(u) = 0. According to Lemma 4.2, we have that J,(u) =
limp— o0 J5 (Up) =limy— o0 J/(,un (up) = c >0 and u is a positive solution by the condition (H;). The proof is completed. O
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