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ABSTRACT

For a plasma in the collisionless régime, test-particle modelling can lend some
insight into the macroscopic behavior of the plasma, e.g conductivity and heating.
A common example for which this technique is used is a system with electric and
magnetic fields given by B = éy% 4+ 2§ + v2Z and E = €2, where §, v, and ¢
are constant parameters. This model can be used to model plasma behavior near
neutral lines, (v = 0), as well as current sheets (y = 0, § = 0). The integrability
properties of the particle motion in such fields might affect the plasma’s macroscopic
behavior, and we have asked the question “For whet values of 6, v, and € is the
system integrable?” To answer this question, we have employed Painlevé singularity
analysis, which is an examination of the singularity properties of a test particle’s
. equations of motion in the complex time plane., This analysis has identified two field
geometries for which the system’s particle dynamics are integrable in terms of the
second Painlevé transcendent: the circular O-line case and the case of the neutral
sheet configuration. These geometries yield particle dynamics that are integrable in
the Liouville sense (i.e. there exist the proper number of integrals in involution) in
an extended phase space which includes the time as a canonical coordinate, and this
property is also true for nonzero 4. The singularity property tests also identified a
large, dense set of X-line and O-line field geometries that yield dynamics that may
possess the weak Painlevé property. In the case of the X-line geometries, this result
shows little relevance to to the physical nature of the system, but the existence of

xvi



a dense set of elliptical O-line geometries with this property may be related to the

fact that for e positive, one can construct asymptotic solutions in the limit ¢ — oo.
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Painlevé Singularity Analysis
Applied to Charged Particle Motion

During Reconnection



CHAPTER ONE

RECONNECTION AND MAGNETIC NULLS

§1.1a What Is Reconnection?
The first mention of the phenomenon of magnetic reconnection can be traced to
Giovanelli’s work on solar flares [1-3]. Magnetic reconnection is a plasma process
that has seen intense interest over the past thirty-five years [4]. In our solar system,
reconnection is considered to be an important mechanism for plasma heating in the
solar corona [5,6], the Barth’s and other planetary magnetospheres [7-9], as well
as the study of plasma behavior in comet tails [10]. Outside of our solar system,
reconnection may be of importance in the study of accretion disks, as well as current
sheets that occur in interstellar and intergalactic space [11]. In the field of magnetic
confinement fusion devices, such as tokamaks and stellarators, reconnection can lead
to instabilities and loss of confinement [12].

A basic understanding of the process of reconnection can be gained by consid-

ering a plasma which obeys the generalized version of Ohm’s law([13]:

1 1,
E+ zV X B = -EJ (1110)
10B
VxE= —"c-—at— (1.1.16)
10E 4rm,
VxB= —ZE + ?_], (1.1.10)

where E is the electric field in the plasma’s rest frame, v is the plasma flow velocity
field, B is the magnetic field, j is the current, ¢ is the scalar electrical conductivity

2
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of the plasma, and ¢ is the speed of light. The complete picture of plasma

processes must also include force and energy balance equations, as well as mass and

charge conservation laws, but for our purposes, (1.1.1a-c) are all we need for the
present discussion.

Taking the curl of (1.1.2), and applying both Faraday’s and Ampére’s laws

(1.1.1b,c), and neglecting the displacement current term present in (1.1.1c), yields

an expression for the temporal evolution of B:

(1.1.2)

2
-@szva+VB.
ot o

The term V X v X B is related to the convection of the magnetic field with the
plasma flow, while the term involving the Laplacian of B describes the diffusion of
magnetic field lines through the plasma. In the limit of ideal plasma conductivity—
i.e. o -+ co— the dominant field evolution process is convection, meaning that the
plasma and field lines are “frozen” together. This bonding between the magnetic
field and plasma is a basic component of ideal magnetohydrodynamics (MHD),
where a fluid element is associated with a single magnetic field line during the
system’s evolution.

When the second term on the RHS of (1.1.2) is dominant over the convection
term, the plasma has a finite conductivity, and ideal MHD breaks down. This can
lead to changes in the magnetic field topology, which can in turn produce strong
electric fields capable of driving currents and heating the plasma.

From the point of view of magnetic field topology, reconnection will occur

wherever sudden changes in the magnetic field geometry take place [8). In particular,



4

points, curves, or surfaces at which the magnetic field strength is zero will lead to
reconnection [14]. These regions are called magnetic nulls [15], and are of great
importance in the study of reconnection in astrophysical plasmas. A simple example

of a magnetic and electric field combination that will yield a null is
By, . . N .
B= -f(ﬁyx +z¥) E = Epz, . (1.1.3)

where By, § and L are constant parameters.

Figure 1.1.1. X-Line Magnetic Fields for Various § :

a)é=1,b)é=1,c) 6§=4.

For 6 > 0, the magnetic field lines are hyperbolic, and the z-axis is a neutral
line, called an X-type null line. The asymptotes for these hyperbolae, indicated by
the dotted lines in Figure 1.1.1, are called field line separatrices. For § < 0, the
field lines are closed and elliptical (Figure 1.1.2), with zero magnetic field along
the z-axis a neutral line, which is called an O-type neutral line. For the O-line

geometry, the z -axis is the field line separatrix. Finally, for the case § = 0 (or
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§ — +00), the magnetic field lines become straight lines, and the plane z = 0 (or
y = 0) is a neutral sheet, as shown in Figure 1.1.3. For the neutral sheet, the field

line separatrix is the neutral plane itself.

(a) () ©

Figure 1.1.2. O-Line Magnetic Fields for Various § :
a)d=—-1,b)é=-1,¢)§=—4

>
r 3 3 p vy

Figure 1.1.3. The Neutral Sheet (§ = 0).
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The connection between these field structures and reconnection can be seen by
examining the plasma flow near the nulls. If we take Ey, By, and L to be positive
quantities, the wholesale motion of the plasma can be viewed in terms of the E x B
drift, which will be derived in the next section. In Figure 1.1.4 the plasma flow field
lines are represented by bold lines, and depict the trajectories of the E x B drift

for 6 = 1, which is the vector field
VB = g gE (TR 649).

Note that for X-type configurations, the plasma flows in towards the null in regions
I and III, and away from the null in regions II and IV. For the O-type null, the
plasma flow is much more simple, with the plasma is focused in towards the null,

which is also the case for the neutral sheet.

Ix

v

Figure 1.1.4. Plasma Flow Field for an X-Line Field.

The aforementioned situation leads to two more specific definitions of recon-
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nection. Dungey [16] defines reconnection as a phenomenon which occurs if an
electric field exists along an X-type null line. Vasyliunas [17] views reconnection as

a process which occurs when a plasma flow crosses a magnetic field line separatrix.

Magnet-ic nulls are not the only types of field structures that will allow recon-
nection to take place. In fact, in most applications relevant to magnetic confinement
fusion, magnetic nulls are not the source of reconnection, but rather a sudden change
in magnetic field topology. In the case of tearing modes [12], fields given by (1.1.3)
have an additional shear magnetic field component along the z-axis, and reconnec-
tion can still occur. In plasma fusion devices, reconnection will occur when the
poloidal components of the field exhibit nulls, but the toroidal component of the

magnetic field, will be nonzero.
§1.1b Test-Particle Modelling of Reconnection

The study of plasmas in the low-collisionality régime lends itself well to test-
particle modelling [18]. A large ensemble of particles representing the plasma are
modelled using single-particle equations of motion, and macroscopic quantities such
as currents and temperature are obtained via appropriate averages over the ensem-
ble. This approach has been used to calculate the self-consistent electric field and
finite conductivity of plasma in an X-line configuration [19,20], as well as plasma

heating [21].

The test-particle approach simplifies the task of modelling the plasma greatly,

but the approach raises another set of questions:

Ql: What is the generic behavior of the single-particle equations of motion?
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These equations may or may not be integrable. In the case of the X-line case of
(1.1.3), the particle dynamics appear to be chaotic [20,22]. For O-lines and neutral
slabs, we will find that the motion is quite regular, and in some cases, it is integrable
in the Hamiltonian sense (i.e. there exist an appropriate number of integrals that
are in involution). It is this question that is the central focus of this dissertation.

Q2: What effect does the answer of Q1 have on the macroscopic quantities
associated with the plasmaf

We might find for instance that the transport properties (e.g. electrical con-
ductivity o) of the plasma depend on the integrability properties of our test-particle
system. These issues are outside of the scope of our present work, but we feel that
they are worthy of investigation. In particular, we would like to apply the results
of the work contained in this dissertation to the study of neutral sheets [23] and
O-type neutral lines [24], which are also believed to play important roles in the
magnetosphere.

The macroscopic behavior of a plasma can be studied in terms of a distribution
function f(q,p,t). In the noncollisional limit, the plasma’s distribution function

will satisfy the kinetic equation [13]
. . 0
= +q._+p._f = 0. (1_1'4)

Here, q are spatial coordinates, p are their canonical conjugate momenta, and t
is the time variable. The test particle trajectories are the characteristics for the
kinetic equation, which implies that if we know the integrals associated with the

test-particle motion, we will be able to construct exact solutions to (1.1.4). This fact
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gives impetus to the investigation of the integrability properties of the test-particle
equations of motion for a plasma. There are methods which fall under the title of
singularity analysis, which can be applied to a system of differential equations to
determine its propensity for exact solutions, The subject of singularity analysis will
be developed in the next chapter, and applied to a test-particle model associated
with reconnection in Chapter Three.

For now, we shall spend the next section reviewing some of the basic concepts
of plasma physics which are applicable to the present work, This review is included
for the sake of completeness, and readers who are familiar with the basics of particle
orbit theory and the use of adiabatic invariants can skip this section, and move on

to § 1.3, where a test-particle model for reconnection is derived.

§1.2a Basics of Particle Orbit Theory in Plasmas

The motion of charged particles in magnetic and electric fields is a basic problem
in plasma physics. The particle’s equations of motion in Newtonian form are given
by

m—— =qE + VX B, (1.2.1)

where r is the particle’s position, v its velocity, and m and ¢ are the particle’s mass
and charge, respectively. The electric field E and magnetic field B are generally
functions of both the particle’s position r and the time {. Within the scope of this
dissertation, however, we shall take E to be uniform, and B will be a function of
the coordinate vector r. It is important to note that we are taking the fields E

and B in (1.1.1) as given, and will not be attempting to solve for the self-consistent
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magnetic and electric fields.

The most elementary case of (1.2.1) arises when E is uniform and B = 0, which
leads to acceleration of the charged particle along the electric field line on which
its initial position lies. If E = 0 and B is uniform, the motion is simple, but more
interesting. Let B = By, which gives us equations of motion for a test particle of

mass m and charge g of the form

d?z B
= _.___qc%, (1.2.2q)
d*y
—5=0 (1.2.20)
d®z B
m-—dt2 = ——qcov,;. (1.2.2¢)

The second equation in this system tells us that the particle’s velocity along the
magnetic field, v, is a constant. The remaining equations form a coupled system

that can be simplified to obtain equations for v, and v,:

d*vy

o+ Qove =0 (1.2.30)
d?v,

3 + Qov, =0, (1.2.35)

where the quantity (p is called the particle’s gyrofrequency, and is defined as

Qo = 2&. (1.2.36)
mc

The above system can be solved readily to obtain
vz(t) = v1 cos(§2ot +7) (1.2.4a)

vz(t) = vy sin(Qot + 7), (1.2.4a)
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where + is a constant phase, and the quantity v, is the is the magnitude of the com-
ponents of the velocity in the z-z plane, which is called the perpendicular velocity.

The position of the particle is thus given by

z(t) = 2o + pg sin(Qot + ) (1.2.5a)

y(t) = Yo + ’Uyt (1256)
2(t) = zg — pg cos(Qot + ), (1.2.5¢)

where the particle’s initial position is given by (zg, 40, 20), and the quantity p, is

called the particle’s gyroradius, or Larmor radius, and is defined by

v
Py = ?2% (1.2.5d)

The particle’s trajectory is thus a simple helix, whose axis is the magnetic field line
running through the point (zo,yo, 20), with radius p,. The point (z¢, 20), is called
the particle’s guiding center. As we shall see, the system (1.2.1) can be studied
from the point of view of tracking the particle’s guiding center motion if the length
scale L over which the magnetic field changes noticeably is greater than the Larmor
radius pg: _
pg << L= lViBT (1.2.6)
Though the equations of motion (1.2.1) may appear simple, in practice, they
form a coupled, nonlinear system of ordinary differential equations (ODE’s), that

will produce particle motion that is complicated, and even chaotic [19,24]. It is

for this reason that, whenever possible, the study of particle motion in magnetic
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and electric fields is studied in terms of drift motion, as mentioned above. If the
condition (1.2.6) is satisfied, the individual drift motions can be used to replace
the the system’s full equations of motion with a set of equations called the drift, or
guiding center equations of motion. What follows is a description of the basic drift
motions that will be encountered in the course of this dissertation.

§1.2b Drift Motions

The presence of both magnetic and electric fields will lead to a drift motion
that is called the E x B drift, whose associated velocity is denoted by vg. A simple
example of this motion can be seen by considering charged-particle motion in a
uniform magnetic field, such as the system (1.2.2a-c), but with the addition of a

uniform electric field given by E = EpZ. The test-particle equations of motion are

then
m% - _‘-’_}gﬂvz (1.2.74)
% —0 (1.2.75)
‘z z qfﬂ vy + qfﬂ, (1.2.7¢)

d2'u 2 902
dt; + Qv + cB()2 EyBy =0 (1280)
d*v, 9
g7y + Qo“v, = 0. (1.2.8b)
Solving for v; and v, yields
CEo
vz(t) = vy cos(pt + 7) — = (1.2.9a)

By
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v:(t) = v sin(Qot + ), (1.2.9a)

where the second term in (1.2.9a) is a drift motion along the -z direction, and is
called the E x B drift. The resulting motion for this example is a simple gyromotion
in the z-z plane, with the particle's guiding center moving with constant velocity

vg = (VE, vy,,0). In general, this drift velocity is written as

vE = —;—QE x B. (1.2.10)

It is interesting to note that this drift velocity is independent of the charge of
the test particle.

Two types of drift motion will arise if we allow the magnetic field to be in-
homogeneous; i.e. B = B(z,y,2). One type of drift motion is a consequence of
the fact that the gradient of the field strength is nonzero-the VB drift, while the
other appears if the field lines are curved, and is called the curvature drift. As we
shall see, both of these drifts differ from the E x B drift in that they depend on the
charge of the test particle.

The VB drift can be understood by considering the following simple example.

Let E = 0 and B = B(z)¥. Following the steps used to derive (1.2.8a,b) we find

d?v, dQ

_TitT + 02(3:)1)3 + vxv:—J; = 0 (1.2.113)
"Zt? + Q%(z)v, + v}%% =0. (1.2.11b)

Given the assumption that B is varying slowly over the length scale associated with
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the particle’s motion, we may expand §(z) as a Taylor series about the particle’s
guiding center located at (X,Y, Z):

dQ 2
) = AX) +(z - X)T|  +0(p,?)
=X

= Q(X) + (x — X)Q(X) + O(p,?).

Using this expansion converts (1.2.11a,b) into

% + QA (X)vy = Q' (X )vzv: — 20X)Q(X)(z - X)vz + O(pg®)  (1.2.120)
2
% + Q2(X)v: = Qi(X)U;Z — 2 XY (X)(zx — X)v: + C)(ng). (1.2.120)

The terms on the right hand sides of (1.2.12a,b) are small compared to the terms
on the left hand sides, and can be approximated by using the guiding center values
for these quantities. Using (1.2.4a,b) and (1.2.5a) to eliminate the these terms,
and applying basic trigonometric identities leads to a pair of inhomogeneous, linear

second order ODFE’s:

% + (X o: = ~§9'(X Jo.* sin[2(X)t + )] (1.2.13q)
c{:tz;z + QX )o, = %Q'(X)vf (3cosl2(Q(X)t + 7)) - 1) (1.2.135)

The above equations can be solved by using standard techniques, which leads to

the solutions

Q’(.X)U_L2
20%(X)
D(X)vr?
202(X)

vz(2) = vy cos(QUX)E + ) + sin[2(Q(X)t + 7)) (1.2.14a)

v2(t) = vy sin(QX)t +7) — (cos[2(Q(X)t + )]+ 1). (1.2.14a)

The motion illustrated by (1.2.14a,b) consists locally of the standard guiding center

oscillations of frequency §2(X), along with an additional oscillation of frequency
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2Q(X), and the z-component of the velocity also has a zero-frequency term which
is of particular interest. Averaging (1.2.14a,b) over one local gyroperiod (i.e. over

a period of time equal to 27 /Q(X)), we find that the average velocity is
< Vr >= 0

< vy >=vy
Q(X)v, ?
202(X) -
The z component of the above equation is called the gred B driff. Recalling the

<vz>=—

definition of the gyrofrequency from (1.2.3c), we may write the above expression in

a more general form

(B x V)B

R (1.2.15)

vvg = cWy

where W, = mu  2/2, the kinetic energy of the test particle due to motion perpen-
dicular to B.

The drift effects on a particle due to magnetic field line curvature may be
derived in a similar fashion, and the general form of the drift velocity associated

with field line curvature, the curvature drift has a general expression given by

Bx(B-V)B

pyTa (1.2.16)

Vo = ZCVV"

where W) = muv)? /2, the kinetic energy of the test particle due to motion parallel

to the magnetic field.
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Given the aforementioned types of drift motion, it is possible to express the

guiding center velocity v, as
Ve =VE+Vvp + Vg,

The drift motion can be derived from a Hamiltonian given by [25]

2

muv
Hy= 2" + uB + ¢®,

where v is the component of the velocity parallel to the magnetic field and g is
a quantity called the particle’s magnetic moment. The magnetic moment is the
action integral associated with the particle’s gyromotion about the field line, and is
discussed in greater detail in the next section.

§1.2c¢ Adiabatic Invariants

As we saw in the previous section, it is possible to simplify the study of particle
orbits in electric and magnetic fields if these fields are uniform, or vary signifigantly
on length scales that are much larger than the test particle’s gyroradius. The ability
to perform this simplification in some regions of the phase space is linked to the
existence of near-constants that are called adiabatic invariants [26,27]. These are
quantities that will remain nearly constant during the system’s evolution, as long
as the magnetic field varies slowly. The two invariants that the system (1.2.1a-c)
posesses are the magnetic moment invariant u, and the parallel invariant Jj. Using
the constancy of these quantities, it is possible to simplify the system’s motion by
averaging out the fast oscillations in the system, and study only its drift motion.

The most common application of adiabatic invariants in plasma physics is the

use of the conservation of the magnetic moment u to average out the rapid gyration
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of a particle about a field line in favor of its drift motion along and perpendicular to
the magnetic field. This picture of plasma behavior is called guiding center theory.
Another common use of an adiabatic invariant to simplify the study of plasma
phenomena is the use of the parallel invariant J to study the mirroring of charged
particles trapped in a magnetic field, which is the case in the Earth’s radiation belts
[28,29], as well as in some fusion devices, such as tokamaks and mirror machines
[30]. The existence of the parallel invariant as a good adiabatic invariant allows the
elimination of the bounce motion of a particle between its mirror points in favor of

the slower relative motion of the mirror points themselves.

The Magnetic Moment

The calculation of drift motions found in §1.2b hinged upon the assumption that
the spatio-temporal variation of the system’s magnetic field was slow, which leads
to the conservation of a quantity called the magnetic moment p, which is, as men-
tioned previously, the action associated with a charged particle’s gyromotion about

a magnetic field line:

m= }( pLdg,

where py and ¢, are the momentum and coordinate perpendicular to the magnetic

field. This quantity can be written more directly as [13]:

l_l, = —2~§’ (1-2-17)
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where v is the component of the velocity that is perpendicular to the magnetic
field.

The quantity g, as defined in (1.2.17), is a good adiebatic invariant if the
magnetic field has slow spatio-temporal variations compared to a test particle’s gy-
romotion;i.e. B varies on a time scalé much longer than a test particle’s gyroperiod,
and the local length scale over which the magnetic field varies is large compared to
the particle’s gyroradius. Since we are considering only time-independent magnetic
fields in this dissertation, only the second criterion mentioned above is relevant. An
estimate of the length scale L over which the magnetic field changes significantly

can be obtained by taking the ratio of the magnitude of the gradient of B to B:

B (1.2.18)

L= 195

Clearly, L is a function of the system’s coordinates.

The ratio of p, to L will determine how well the magnetic moment is con-
served, and hence, how well guiding-center theory applies to the system. Since
both the scale length L and the particle’s gyroradius p,; are functions of the co-

ordinates and momenta, we shall call the ratio p,/L the magnetization function

T(z, ¥, 2,Pz, Py, P:=):

Pg(a’:ysz:PzaPy’Pz) (1219)

T(m,y, z,p;—,Py:pZ) = L(-Tayaz:pzﬁpy’pz) ‘

When Y(z,y,pz,py,P:) << 1, the particle will be magnetized, and g will be a
good invariant. When Y(z,y,p:,py,p:) ~ 1, the adiabatic invariance of p will

begin to break, and the particle will become demagnetized, and the guiding-center
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approximation will not be valid. Note that the concept of the gyroradius, as defined
in §1.2a will only have precise meaning if the particle is strongly magnetized; i.e.
T << 1L

An interesting consequence of the adiabatic invariance of u is the phenomenon
of mirroring. In order to see this, we introduce the concept of the pitch angle 8,
which relates the relative sizes of the perpendicular and parallel components of a

particle’s velocity v with respect to the magnetic field (Figure 1.2.1):

f = arctan (9&_) . (1.2.20)

il

Figure 1.2.1. The Pitch Angle 8.

In the absence of an electric field, the existence of mirroring is easy to see by
considering a charged particle at some position s on a field line with pitch angle
6. If the magnetic magnetic field strength at this point is By, then the magnetic
moment for this particle is

v?sin? 6
n= T constant. (1.2.21)
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Now suppose we have the situation illustrated in Figure 1.2.2, where we have the
magnetic field strength increasing as the particle moves away from sp, reaching a
maximum at the points sps, and sps,, at which the field strength takes on the value

B

-
b
-—/
———
b~

SMI 8o Sm

Figure 1.2.2. Mirror Points and Magnetic Field Strength.

Since the magnetic moment is a constant, we have must have an increase in
vy. The fact that the particle’s energy is a constant means that this increase in v
must be accompanied by a corresponding decrease in v), and there is the possibility,
if By is sufficiently large, that eventually, all of the particle’s kinetic energy will
be in its perpendicular motion, and we will have vy = 0, leading to the reflection

of the particle at or before the points sy, and sp,. At these mirror points, the
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particle’s perpendicular velocity is vy = v, leading us to rewrite the expression for

the particle’s pitch angle at sy as
220 -'Ui — .Eo
sin® @ = st (1.2.22)

From (1.2.22), we see that if we start at the point s¢ with |sin8| > +/Bo/Bu, the
particle will be reflected, or trapped, whereas particles with |sin8| < \/Bo/Bum will

not be reflected, and are called passing particles,

The Parallel Invariant Jj
For the trapped particles, the periodic motion between the mirror points is related
to another conserved quantity that the system posesses, which is called the parallel

invariant J i

J|| = fp“dq“, (1.2.23)

where p|| and ¢) are the components of the momentum and coordinate that are along
the magnetic field, and the integration is performed over one period in this motion.
Typically, the period of the oscillation of the parallel motion will be somewhat
longer than the particle’s gyroperiod, which means that field strength variations
that occur on the same time scale as the particle’s bounce frequency or the same
length scale as the distance between the mirror points will break this invariant,.
Since the particle’s gyromotion takes place on much shorter spatio-temporal scales,

the parallel invariant is less robust than the magnetic moment.
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Now that we have some understanding about the basic principles of charged
particle motion in electric and magnetic fields, we can turn our attention to the
description of magnetic and electric fields associated with reconnection, and the

test particle dynamics they generate.

§1.3a The Magnetic Field Near a Null

As we saw in §1.1a, the topic of reconnection is closely related to the existence of
magnetic null spaces, such as null points, neutral lines, or neutral sheets. All three
types of the aforementioned field structures can be described in terms of a simple
local model of the magnetic field. Consider a magnetic null that includes the origin
of a Cartesian coordinate system (x,y,z). Near the null, we can write the magnetic

induction field B as a Taylor series in the coordinate vector r:
B(r)=Bg+ VBr+VVB:rr+--- (1.3.1)

Since we are interested in nulls, we will let Bg = 0, and given that we wish to focus
on magnetic field structure near the null itself, we may truncate this expression at

first order in r, which yields an expression that can be written in matrix form:

Lin Lia Ly z
B=Lr= | Ly Lz L33 Y
L3y Laz Ljs z

With no loss of generality, we can, through the appropriate change of variables,
express B in such a fashion that one of the eigenvectors of L is parallel to the z-axis.

This allows us to write L in this new basis as a new matrix M:

My M, 0 z
B =Mr = M21 M22 0 Y . (132)
Mz Mz Mas z
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The elements of the matrix M must satisfy the condition that the magnetic field is

solenoidal, specifically

or

Tr(M) = 0. (1.3.3)

A complete study of the relationship between the eigenvalues of M and their re-

sulting field line topologies can be found in the work of Fukao [32].

§1.3b Test-Particle Motion Near a Magnetic Null

Now we turn our attention to the issue of charged particle motion in a magnetic field
as defined by (1.3.2) Consider a particle with mass m and charge ¢ placed in the
magnetic field defined by (1.3.2). In addition to this magnetic field we assume an
electrostatic field E(x,y,z) = —V®(z,y, ), where ® is the electrostatic potential.

The equations of motion in Newtonian form are:

or,
%Zt_:’ - _—n%éBy + 9B (1.3.4a)
Pyt B a4y
%;_: = %(:&By —4B.) + % (1.3.4¢)

This set of equations describes the test particle’s motion in this field configuration,

and can be integrated to produce particle trajectories. If, however, we wish to
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understand more about the system’s dynamical properties, such as its phase space
structure and its constants of the motion, we are best served by examining the
system in a Hamiltonian formulation. The first step in this process is to construct

the test-particle Hamiltonian H(z,y, 2z, pz, Py, Pz)-
1 2
H(z,y, z,Pz,Py,P:) = %(P —A) - q@(may,z)a (1.3.5(1)

Where ®(x,y, z) and A are the electrostatic and magnetic vector potentials, respec-

tively:

E =-V&(z,y,z) (1.3.5b)
B=VxA. (1.3.5¢)

The system’s motion is then governed by Hamilton’s equations:

. oH

ry = a—p—; (13.6&)
. OH
pl - —6m'i . (1.3066)

Before we can construct the Hamiltonian and write down Hamilton’s equations, we
must construct the magnetic vector potential A appropriate to the field given by
(1.3.2). One way to accomplish this is to write each of the components of A as a

quadratic polynomial in the Cartesian coordinates x, y, and z:

1
A; = -2-I‘;jk:cj:t:k, (1.3.7)

where T is a third-rank symmetric tensor; I'ijr = I'ix;. Note that we are summing

over repeated indices, and will adopt this as convention unless we specify otherwise.
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Since B = V X A, it is possible to solve for the elements of I' in terms of the elements

of B:

1 d
B,‘ = =€k —Lk . o
26 ik B2; Trim2izm (1.3.8)

Since these relations must hold for all (z,y, 2), (1.3.8) leads to nine equations in-
volving the elements of T*:
My =T312 — Tz Mz =Ta22 — a0z Mj3 =I'323 — 233
My =T1us —Tsin My =Ty23 — Tz Mag =T133 —~ a3
Mz =To1 — Tz Maz =Ta12 —T122 M3 =T213 —Th2s
(1.3.9)
Note that in this formulation of A, the condition that B be solenoidal is satisfied

identically, as expected:

VB =M + Mz + Mss
(1.3.10)

= (F312 — T213) + (T123 — I's12) + (U213 — T'123) = 0.

In addition to the nine equations described above in (1.3.9), we impose the
gauge restriction that A and the electric potential ®(z,y, z) satisfy the Lorentz

condition:

oo
V-A+—a?—0,

which, for an electrostatic system, implies
V-A=0. (1.3.11)

In terms of the tensor I';;x, we have

7]
5]k?a_:l:;'rklm$l$m = 0. (1.312)
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Since this equation must apply for all (z,y, ), this leads to three conditions on the

elements of I’
Ci11+T212+T313=0

Th12 4+ T + T'323 =0

Ty13 + D223 + 333 =0
(1.3.13)

The tensor I';j; has 3% = 27 elements, nine of which can be determined by
the fact that I'jjz is symmetric in its second and third indices. Equations (1.3.9)
and (1.3.13) comprise a set of twelve equations which must be satisfied for all
(z,¥,z). This means that six of the remaining elements of I';j; are undetermined,
and must be provided in order to determine I';;z completely. These six constants
are related to gauge freedom, since we can always perform a gauge transformation

A — A’ = A 4 VA, where the gauge function A(z,y, 2) is
Alz,y,2) = G12°+Goy® + G32° + Guzly + Gsa’ 2+ Gyl a + Gryl 2 + Ge 222 + Gy 2%y,

where the parameters {G1,...,Gg} are constants. The condition V- A’ = 0 will
determine three of these constants, and the remaining six are arbitrary.
Given the vector potential A and the electrostatic potential ®(z,y,z), it is a

simple task to construct the system’s Hamiltonian H(z,y, 2, Pz, Py, P:):

3 2
1 q
H(z,y,2,pz,Py;Pz) = - (P.‘ - %F:‘jkijk) + q®(z,y, 2).

i=1
(1.3.14)
The equations of motion in Hamiltonian form are thus

.1
Fi= —(pi— éi’;pijkmjmk) (1.3.15a)
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9 _49p. . O n 0%
Di = e (P: 2thJk$J$k) Bz Dijrzjor bz; (1.3.15b)

where in the second equation, the index ? is fixed (no summation is performed over

this index).

£1.4 A Simple Model For Neutral Lines and Neutral Sheets

A simple model that produces the reconnection process described in § 1.1 is the

field combination

B = 228k + 29) (1.4.1a)
E = Bz, (1.4.15)

where By, Fy, 6, and L are constant parameters. A vector potential associated with
(1.4.1a) is

A= 2(6y% - 222
2 (1.4.2q)

= U(z,y)z,

ie.

320 = 8, Ia11 = -1,

and the rest of the I'yj; are zero. The function ¥(z,y) is called the fluz function.

An electrostatic potential that generates (1.4.1b) is given by
&(z,y,z) = ~Eyp=. (1.4.20)

The Hamiltonian for a charged test particle moving in the fields given by (1.4.1a,b)
is

1 q 2
H= [pz’ +py + (Pz —~ E‘I’(w,y)) ] — ¢Byz (1.4.3)



The Hamiltonian equations of motion are thus

¢ =2z
m
g =2
m
_ Pz _5_22 2 __ g2
z + 2L(a: 5y*),
. Qo on 2 2
Py = 65yp: — o= y(6y" — 2°)
P: = Q‘Eo,
where the quantity g is defined as
Qo = 450,
mc
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(1.4.40)

(1.4.48)
(1.4.4¢)
(1.4.4d)

(1.4.4¢)

(1.4.4f)

The above set of equations can be simplified by transforming the system to dimen-

sionless variables:

z=LZ

f
t=— .
£ y=Lj
g =vVmL3Qq .
z=Lz

pr = mLQyp;

Py = mLS2py

(1.4.5)
Pz = mLQgp.

H=mILQ,2H . .
mLid B=,/%QOB E=1/%90E

This transformation leads to the dimensionless system whose magnetic and electric

fields are given by

B = 6%

E = ez,

where ¢ = \/—%QO‘IEO is a dimensionless constant.

(1.4.6)
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The test particle Hamiltonian in our set of dimensionless variables is
.1 2
H= 5 [p‘zz +5,° + (pz - —(6y -z ) ] — KZ, (1.4.7)

where k = €§. The Hamiltonian equations of motion are thus

di
E = Pz (1.4.80.)
dj .
=Py (1.4.8)
d:f - 1 2 ~
7 =P + 2(:!: 4%, (1.4.8¢)
dp;, e 1,0 L
% = —Ep; + §a:(6y2 — %) (1.4.84)
dp,
E‘ = 6ypz — 6= y(6y - $2) (1.4.88)
dp;
—_— = 4.8

From this point forward, we shall drop the tildes from our variables, and use only
the dimensionless variables defined in (1.4.6) for the rest of this discussion.

It is worthwhile to discuss briefly some of the basic quantities associated with
the test particle model given by (1.4.6-8). The magnitude of B is simply B =

v/ 6%y? + 22, and the unit vectors parallel and perpendicular to B are

~ B by, =z,

b=g=3*t3y
N z, by,
é), =2

These unit vectors, along with a sample field line are illustrated in Figure 1.4.1.
Note that this set of unit vectors {b,&4,8&,,} form a right-handed frame, and in
particular,

~ -~ o~

l;xé_l_1 =@&,,, €1, %€, =B, é_L,XB=é_L1. (1.4.10)
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Figure 1.4.1. Unit Vectors b, &,,, and &,,.

Given the set of unit vectors (1.2.4a-c), and recalling that the components of

the velocity are given by (1.4.4a-c), we can write v as
1 ~ -~ 1 2 2 ~
Vi =pl-epa X+ 8ypy I+ [p: + (2" ~ 8y°) |2 (1.4.11)
In light of the above information, the magnetic moment y defined in (1.2.2) is
2
- L z?p.? + 6%y*p,? + B? (p, + -;-(x2 - 6y2)) ] (1.4.12)
The quantity p, as defined in (1.4.12), is a good adiabatic invariant if the

magnetic field varies slowly in time and length scale over which the magnetic field

varies is large compared to the particle’s gyroradius. The gradient of B is
1 -~ 2 -~
VB = E—(mx + 8%y §).
Therefore the length scale L over which B changes significantly is

VB (1.4.13)
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In our dimensionless units defined above, particle’s gyroradius p, is simply

Recalling the value of v given in (1.4.11), we find the particle’s gyroradius to be

1

1 1 17
P = 5z [=°p<" + 6°y"p)" + B? (Pz +5(e* - 5y2)) ] : (1.4.14)

The ratio of p; to L will determine how well the magnetic moment is conserved,
and hence, how well guiding-center theory applies to the system. Recalling the
definition of the magnetization function Y(z,y,p:,py,p:) from (1.2.19), we find
that T is a complicated function of the coordinates and momenta. Recall that
when T << 1, the particle will be magnetized, and p will be a good invariant.
When T ~ 1, the adiabatic invariance of z will begin to break, and the test particle
will become demagnetized, Figure 1.4.2 illustrates surfaces of constant Y for various
field configurations. The shaded regions are the unmegnetized regions; i.e. regions

where T > 1.
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(d) @ ®

Figure 1.4.2 Unmagnetized Regions for Various §:

(a)6=%,(b)6=1, (C)6=4, (d)&‘—"—%, (e) 6=-1, (f)6=_4°

In the case of open field line configurations (i.e. § > 0), the unmagnetized
region can act as a scattering center. Recalling Figure 1.1.4, we see that if the
uniform electric field € > 0 (¢ < 0), charged particles start in a region where ¥ < 0
(¥ > 0), and will be carried in towards the unmagnetized region by the E x B drift:

ec
VE = 522

e (—z% + by¥). (1.4.15)

Upon entering the unmagnetized region, the test particle will experience strong

acceleration by the electric field, resulting in a sharp increase in its kinetic energy.
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The particle will exit the unmagnetized region and drift away, carried by the E x B

drift into a region where the flux function has changed sign from its original value.

The aforementioned motion shows an acute sensitivity to initial conditions,
which was demonstrated by Moses, Finn, and Ling [21]. This sesitivity can be seen
by starting an ensemble of test particles on a magnetic field line with ¥(z,y) = ¥,,
and evolving the individual particles forward until each of them encounters the
outgoing flux surface ¥(xz,y) = — ¥y, and then measuring 1) the kinetic energy of
the test particle, or 2) the travel time from the initial flux surface to the outgoing
flux surface, i.e. the time delay. A plot of exit kinetic energy versus initial position
along the initial flux surface (or impact parameter) is shown in Figure 1.4.3a. Note
the fine structure in this graph, which persists when the plot is magnified in Figure
1.4.3b. This sensitivity to initial conditions is called irregular or chaotic scattering

[33,34], which is a common occurence in X-type null line configurations [21].

0.0030

0.0020 ,1
|
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o. | . " A
000,610 -0.00S 0.000 0.003 0.010
Yac,
o

Figure 1.4.3a Final Kinetic Energy vs. Impact Parameter (6§ = 1).
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Figure 1.4.3b Detail of Figure 1.4.3a.

An estimate of the time scale on which a test particle passes from its initial flux
surface ¥(zg,y0) = ¥o to an outgoing flux surface ¥(z,y) = —¥( can be obtained

by examining the implicit time dependence of the flux function ¥(z,y):

v _1(d 2 oy
() pen =2() a0 == 008 =0

Recalling the value of vg from (1.4.15), we find

-
di EXB— ,

and thus the time scale on which the particle drifts into the vicinity of the null is
To = ¥o/e. The values of the time delay are thus on the order of 2Tp.

In the case of closed field lines, the E x B drift can act as a strong focusing
agent, and in chapters Four and Five, we will be investigating the sensitivity to

intial conditions of particle dynamics in these configurations.
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In summary, we wish to examine the effect of magnetic reconnection on plasma

in the low-collisionality limit using particle models. The macroscopic behavior of the
plasma in this limit may be linked to ‘the integrability properties of the test particle
equations of motion associated with the particle model. Analytical methods for
examining such models exist; in particular, we will be applying singularity analysis
to examine the integrability properties of (1.4.4a-f). These analytical tools will help
us identify parameter régimes (i.e. sets of § and €), and hence, field structures, for
which (1.4.4a-f) may be integrable. These analytical tools will be developed in the
next chapter, and will be applied to particle motion during reconnection in Chapter

Three.



CHAPTER TWO

INTEGRABILITY AND SINGULARITY ANALYSIS

§2.1 Dynamical Systems and Integrability

The term integrability has many subtly different meanings in the field of dy-
namical systems, and it is equally true that the term dynaemical system also has
many different interpretations. What follows is a short description of the multifold
meanings of these terms, and their relationship to the problem at hand.

There are many types of dynamical systems; a few examples of which are listed

below:
TYPE EXAMPLE
System of O.D.E.’s Hamillton’s Equations
Partial Differential Equation Nonlinear Schrédinger Equation
Integral Equation Propagation of waves through an
inhomogeneous medium
Finite Difference Equation Quadratic Map

For our purposes, we will only consider dynamical systems that are represented
by a system of first-order O.D.E.’s with independent variable ¢, and dependent

variables {z1,22,...,zn5} of the form

% = Fi(z1,22,. .. EN, 1) (2.1.1)

36
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If the functions F; are all independent of t, then the system (2.1.1) is called
autonomous. In the case of higher-order ODE’s, it is always possible to reduce
them to a system of first-order ODE’s. If the system (2.1.1) is not autonomous,
it is possible to convert the system to an autonomous system by treating ¢ as a
dependent variable, and defining a new independent variable s; a process that is

simply that of extending the phase space of (2.1.1) [35].

In particular, we are interested in Hamiltonian systems in phase space with

N degrees of freedom that have a Hamiltonian H, coordinates {q1,¢2,...,9n},

momenta {p1,p2,...,pN} and canonical time ¢:
H=H(q1,92,---+9N:P1,P2;+ -+, PN) (2.1.2a)
8H
i = 37— 2.1.2b
= o ( )
OH
i = 3/ 2.1.2
" g (2.1.2)

If the Hamiltonian given in (2.1.2a) is independent of t, then the system (2.1.2a-c)
is autonomous.

For autonomous Hamiltonian systems, the term integrability is related to- but
not equivalent to-the issue of solvability of the differential equations themselves.
Solvability is the ability to write down the solutions to the systems of O.D.E.’s in
closed form, that is, in terms of elementary or special functions. A simple, but

interesting example of a Hamiltonian system of this type is the pendulum:

2
H(g,p) = 5 + cos(q) (2.1.30)

9, (2.1.35)
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dp .
i sin(g) (2.1.3¢c)

The system (2.1.3b-c) is equivalent to the second order ODE

g .
= = — sin(q).

This equation is solvable in terms of Jacobi elliptic functions [36].

The term integrability, in the context of Hamiltonian mechanics [37] is a prop-
erty posessed by certain special types of Hamiltonian systems. Consider a system
with IV degrees qf freedom with coordinates and momenta given by q = (g1 ...,9n)
and p = (p1...,pn). For such a system, integrability is the existence of a set of
N —1 integrals of the motion {I1, I,,...,In-1}, which, along with the Hamiltonian

H, are in involution:
{I;, I;} =0, {Ii,H} =0, Vi, j € {1,2,...,N —1},
(2.1.4)

where {4, B} is the Poisson bracket:

0AOB 0AOB
)= o opi ~ opi o

(2.1.5)
with an implied summation over the repeated index ¢. These N — 1 integrals, or
actions are global constants of the motion, and along with H, allow us to construct
a set of N angles 6; using the Hamilton-Jacobi procedure [37], thus providing a
solution to the system in the action-angle representation. For a given Hamiltonian
system (2.1.2a-c), the chances of actually finding the appropriate canonical transfor-

mation to these action-angle variables from the original variables is normally quite

slim, and in most cases does not exist.
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Autonomous Hamiltonian systems that possess a complete set of integrals that

are in involution are said to possess the property of Liouville integrability. Liouville
integrability is the definition of integrability most commonly used by physicists, and

is the most restrictive definition of the term [38].

Another desirable property of systems that are Liouville integrable is the sim-
plicity of their orbits in the action-angle representation. For such a system with
N degrees of freedom, whose motion is bounded, the trajectories associated with a

given value of H lie on a torus of genus N in the 2V-dimensional phase space.

The next least restrictive definitions involve the notion of algebraic integrability.
This concept has been put forward by Yoshida [39,40,41] and Adler and Van Moer-
becke [42]. A system is algebraically integrable if it is possible to construct N —1
constants of the motion that are rational functions of the phase space coordinates.
Note that there is no restriction that the constants of the motion are in involution.
A diagnostic for this particular type of integrability lies in the system’s Kowalevski
exponents (which are defined in § 2.4); if the system’s Kowalevski exponents are all

rational, then the system under consideration is algebraically integrable.

A further refinement of algebraic integrability is the concept of complete al-
gebraic integrability, as defined by Adler and van Moerbecke. An system with N
degrees of freedom possesses complete algebraic integrability if it possesses N — 1
rational invariants that are in involution, and the solutions to the system can be
expressed in terms of Abelian integrals [42]. This extra restriction allows for the

construction of a rigorous connection between the results of singularity analysis
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and the topological structure of the system’s phase space trajectories. In particu-
lar, it can be shown that systems that possess complete algebraic integrability have
trajectories that lie on a complex torus of genus 2N [42,43].

These previously discussed concepts of integrability are global in that they
address a generic property of the system for the whole complex time domain. There
are still less restrictive types of integrability, which include 1) systems that allow
the construction of analytic integrals for only limited domains in the complex -
plane, 2) systems such as a particle in a potential decreasing sufficiently fast that
the particle is asymptotically free [44], and 3) systems that are integrable subject
to certain constraints, such as a zero-energy constraint {45].

A less restrictive definition of integrability is complez analytic integrability.
This definition of integrability is the one most commonly used by workers in the field
of singularity analysis, is the property of a system that allows for the construction of
the solutions to the equations of motion in terms of Laurent series. A diagnostic for
this type of integrability is a test for the Painlevé property, which will be discussed
in §2.3. This type of integrability contains no guarantees of the existence of a
complete set of invariants in involution, nor does it tell us anything directly about

the topological structure of the system’s phase space trajectories.
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§2.2 Singularity Analysis

The traditional approach to the integrability of systems of ODE’s is to search
for solutions to the equations in terms of elementary or known special functions,
with the point of view that the system evolves in the real time domain. Another
approach to this problem is to allow the time variable ¢ to be complex, and then
examine the local behavior of the differential equations and their solutions in the
complex time plane, the idea being that if we can obtain a solution locally, it may
be possible to construct a more global solution via analytic continuation applied to
the local solution. This attack on the problem was originated by Cauchy [46], and
was pushed further by Painlevé and his co-workers [47,48] The implementation of
this approach demands the knowledge of the locations and types of singularities in
the ¢-plane that the system possesses.

Classification of singularities

In terms of the location of the singularity, two general classes of singularities
appear in the complex ¢-plane for systems of ODE’s: fized and movable. Fixed
singularities are a consequence of the mathematical structure of the equations in
question, while movable singularities have their positions determined by the initial
conditions.

A simple example of a system that exibits a fixed singularity in the complex

time domain is [38]

dz
(t - t*)gt- = )m:.
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This equation can be solved simply to obtain
2(t) = A(t - t. )%,

where A is a constant. The singular point for this system is located at ¢ = ¢,, and
the particular type of singular point that the function z(t) possesses deﬁends on
the value of A. If A is a positive integer, the function () is holomorphic, and the
point ¢ = ¢, is a zero of z(t). If A is a negative integer, t = ¢, is a pole of z(¢). If
A is a rational number, then ¢ = ¢, is an algebraic branch point of the system, and
if A is irrational, or has a nonzero imaginary part, then ¢ = ¢, is a transcendental
branch point.

Systems of linear ODE’s can only possess fixed singularities [38,43,49]. When
we examine nonlinear systems, however, it is possible to encounter movable sin-
gularities. Movable singularities are singularities whose position depends on the
system’s initial conditions. An example of a nonlinear system that has a movable
singularity is the equation [38]

%:E- = Az'"%},
where A is a constant. The solution to this equation is

:B(t) = (t et to)'\.

In this case, the location of the singularity ¢p is not provided by the form of the
differential equation, but rather by the initial condition; i.e. to = (—2¢)!/*. The

actual type of singularity at ¢ = ¢y again depends on the value of J, yielding an
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analytic point for A a positive integer, a movable pole for A a negative integer, a
movable algebraic branch point for X rational, or a movable transcendental branch
point for other values of A not mentioned above.

Other types of singularities not mentioned above include essential singularities
and logarithmic singularities. An essential singularity is best understood with ref-
erence to the Laurent series expansion of a function of a complex variable. Consider
an function f(t) that is analytic in some punctured neighborhood with radius ¢ and
center ¢t = %y, with this point not in the domain of f(¢). In this neighborhood, f

can be written as

n=oo

ft)y= D anlt—to)", (2.2.1)

n=-—o00

with the understanding that for some n < 0, a, # 0. If there exists some value of n,
n = N,N < 0 for which a, = 0 for all values of n < N, then f has a removable pole
of multiplicity N. If no such special value of n exists, f has an essential singularity

at ¢ = {p. An example of an ODE that has an essential singularity is the equation

e __ = _
dt —  (t—tp)?

In this case the solution to this equation,
1
z(t) = Cet=Fo

has an essential singularity at ¢ = .
In addition to the aforementioned isolated singularities, singularities may occur
on curves in the complex plane, or even more complicated sets, such as the fractal

illustrated in Figure 2.2.1.
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Singularity Analysis and the Painlevé Property

Given the knowledge of the locations and types of singularities a system of ODE’s
possesses, it is natural to wonder whether or not this information can help determine
the integrability properties of the system under consideration. Painlevé put forward
the following conjecture:

Painlevé Conjecture: If a system of ODE’s (2.1.1) has only poles as its movable
singularities, the system may be more readily integrated than systems of ODE’s
that possess movable branch points or movable logarithmic singularities.

Systems that have this simple type of singularity structure are said to possess
the Painlevé property. Further support for this conjecture can be found in the fact
that many chaotic and nonintegrable solutions exhibit singularity structures that
are complicated, either domains that are multi-sheeted, or infinitely-sheeted in the
case of logarithmic singularities, or dense fractal sets of singularities in the complex
plane, called naturel boundaries [50). These natural boundaries are particularly
troublesome in that they act as barriers that often prevent the analytic continuation

of local solutions. For example, consider the Hénon- Heiles system
H = _1_ 2 2 2 € 3
=z +, )+t e+ 392

Analytic continuation from a solution {q(t),p(?)} leads to the discovery of a com-
plicated singularity structure, as shown in Figure 2.1.1 [50]. The shape of the fractal
barriers depicted in this figure are sensitive to the value of the parameter e as well

as the intitial conditions.



45

Figure 2.1.1. Natural Boundaries for the Hénon-Heilles System (From [50]).
Painlevé's initial approach to the study of the singularity structure of ODE’s

began with a study of first order differential equations of the form
dz
at = f(z,1),

where f is a rational function of z, and analytic in t. His goal was to find all of the
differential equations of this form that had only movable poles as their singulari-
ties. The only first-order ODE that possesses the Painlevé property is the Ricatti
equation (38,49]

'(;—: = fo(t) + fi(t)z + f2(t)?, (22.2)

where the functions f; are all analytic functions of ¢. In fact, this equation can be



46

linearized by making the change of variable

pe=——2
YO

and substituting this expression into (2.2.2), we get a linear second order ODE

- (r0+ ZD 2 fam =0,

which is a linear, second order ODE, and thus possesses the Painlevé property, since
linear ODE’s can admit only fixed singularities.

Further work by Painlevé [48] focused on the nature of second-order ODE’s of

the form

e ,
=3 = F(t,z,3), (2.2.3)

where F' is a function that is analytic in ¢, algebraic in =, and rational in Z. Through
an exhaustive analysis of these systems, Painlevé et al discovered fifty basic types
of ODE’s of the form (2.2.3) that had all of their branch peints and essential singu-
larities fixed, having only poles as their movable singularities. Of these fifty classes,
forty-four had solutions in terms of elementary functions, or could be integrated via
quadratures or linearization, while the remaining six were irreducible, and could be
solved only by the introduction of six new transcendental functions that are called
the Painlevé Transcendents [49].

Various attempts have been made at classifying the singularity structure of
higher-order ODE’s [51-56], but such endeavors have met with less success, and
currently there exists no complete scheme for classifying third-or-higher-order sys-

tems of ODE’s that possess the Painlevé property [43]. Studies focusing on these
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systems have also shown that they often exhibit dense singularity structures such

as the natural boundaries discussed previously [38,57].

The significance of the Painlevé property lies in that it appears to be a sufficient,
but not necessary, condition for a system of ODE’s to be analytically integrable
[38,49]. A rigorous proof of this assertion does not exist. Currently, however, there
exists no counterexample to this conjecture [38]. Again, it is necessary t(; note that
if a given system does not possess the Painlevé property, it may still be integrable,
as we will see in the next section. This is of particular importance with respect to
systems that possess movable branch points, but, through a change of dependent
variable, can be transformed into systems possessing the Painlevé property. Such
sysﬁems are often found to possess what is called the “weak-Painlevé” property,

which will be discussed further in the next section.
Singularity Analysis “Success Stories”

In the application of singularity analysis on a system of ODE’s of the form
(2.2.1) we often find that the constant parameters associated with the system can
often determine whether or not a system will possesses the Painlevé property. This
sensitivity to the values of the parameters associated with the model has presented

itself in a number of interesting examples.

1) Kowalevskaya’s study of the top [58], which is the first known application
of singularity analysis to a physical problem, lead to the discovery of a previously

unknown integrable case for this system.

2) A study of the Hénon-Heiles system yielded a set of previously unknown
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integrable cases that are linked to specific values of constant parameters associated
with the model [59].

3) The discovery of an integrable case of the three-dimensional Lotka-Volterra
system [60].

4) The discovery of parameter régimes that yield integrable cases for the Lorenz
system [61]. Example 1) was found by evaluating the system’s Kowalevski expo-
nents, and is the approach that has evolved into Yoshida singularity analysis, while
Examples 2) - 4) were found through the application of an algorithmic technique
that was originally used to study the integrability properties of partial differential
equations. This technique is called the Ablowitz-Ramani-Segur (ARS) algorithm,

and is described in detail in the next section.

§2.3 The Ablowitz-Ramani-Segur (ARS) Algorithm

Consider a system of N differential equations

dPiw;

v = Fy(w,ws,...,wyn),t =1,2,...,N. (2.3.1)
The parameters p; are the orders of the individual equations in the system; for
example, a physical system’s equations of motion, might have N = 3 and p; =
2,i = 1,2,3 (Newtonian form), or N = 6, and p; = 1,¢ = 1,...,6 (Hamiltonian
form),

Determining whether or not the system of nonlinear ordinary differential equa-

tions (2.3.1) posesses solutions that are expressable in terms of Laurent series about

its movable nonessential singularities is a nontrivial task. The direct approach is to
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assume that each of the functions we seek w; has a Laurent series expansion about
a given point ¢ of the form

oo

wilt) = ai(t —t0)P Y Cinlt — o)™, (2.3.2)

n=0
where the coefficients C},, are constants. Substitution of (2.3.2) into (2.3.1) provides
us with the means to determine all of the Cj, except for the IV arbitrary constants
that are sitting somewhere in the Laurent series. This process is highly laborious,
and, in terms of its success rate, is a poor investment of our time.

Fortunately, however, there exists an algorithmic approach that eliminates
many unsuitable candidate systems with much less effort: the Ablowitz - Ramani
- Segur (ARS) Algorithm [38,49,62,63]. This algorithm was originally developed to
determine whether or not a nonlinear PDE admits either algebraic or logarithmic
branch points. The algorithm is a three-step process in which an equation or sys-
tem of equations is examined near a hypothetical singularity in the complex time
plane in terms of I) its leading-order behaviors, II) the powers in the series (2.3.2)
at which arbitrary constants will arise, and III) the existence of nondominant loga-
rithmic singularities. The steps I) - III) can be viewed as progressively finer seives,
with the amount of effort expended to carry out each step increasing dramatically.
Still, nibbling at a problem employing the ARS algorithm is far better than biting
off more than we can chew dealing with (2.3.2) from the outset.

What follows is a step-by-step description of the algorithm.

Step I: Leading-Order-Behaviors

Consider an arbitrary movable singular point ¢p of (2.3.1). In this step of the
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algorithm, we wish to determine the leading-order behavior of (2.3.2). That is, we
will determine the exponents J;, and based on their values, decide on whether or not
to continue on to step II. Define T =t — ¢;, and approximate each of the solutions
to (2.3.1) w;(t) by

wi ~ ayThi, (2.3.3)

subject to the assumption that at least one of the 8; has Re(8;) < 0. We now
substitute (2.3.3) into (2.3.1), and order the terms in the resulting equations in
powers of 7, searching for all sets of §; such that two or more terms in each of the
equations (2.3.1) balance at leading order in 7, with all other terms being higher-
order in 7. Each choice of a set of suitable values of the §; leads to a set of relations
that define a corresponding set of a;. Such a set of coefficients and exponents
{a1,...,P1,..., BN} is called a leading-order-behavior for the system (2.3.1). For
a given system of differential equations, there may be a large number of possible
leading order behaviors, and each one must be examined.

The values of the exponents §; allow us to draw some preliminary conclusions
about the system (2.3.1), using the following rules:

1) If all of the 3; are integers, then we continue on to step II of the algorithm.

2) If one or more of the exponents 3; are rational, and the rest are integers,
then we still continue on to step II in hope that (2.3.1) may posess the weak Painlevé
property, that is, the movable branch points are non-logarithmic and the solutions

to (2.3.1) have as their domains finite-sheeted Riemann surfaces.

3) If any of the §; are irrational or complex, the algorithm terminates at this
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step, and the system does not posess the Painlevé property.

Great care must be taken in the implementation of step I to insure that all
possible balances involving the g; have been explored, as the omission of one possible
leading-order behavior can lead to an erroneous result.

If we find a leading order behavior that passes step I of the test, we now
know the leading order behavior of a candidate Laurent series expansion for each
of the functions w;, and we also know one of the system’s integration constants, i.e.
the location of the singularity 4. The next step of the algorithm will allow us to
determine at which orders in the Laurent series we will expect the other integration
constants to appear. These orders, r are called the resonences of the system, and

the determination of them comprises the next step of the algorithm.
Step II: Resonances

We must perform this step for each of the leading-order-behaviors for (2.3.1)
found in step I. For each of the leading-order-behaviors, we retain only the leading

terms from the system (2.3.1) and substitute for w; the expansion

w; = o7 (1 4 377), (2.3.4)

where 7 is presumed positive. If r < 0, the leading order behavior for the system
would have w; ~ 78i*7 which violates the hypothesis for step I of the algorithm,
As we shall see, the case r = —1 is a ubiquitous exception to this rule, and this is

related to the fact that ¢¢ is a movable singularity.

Substituting (2.3.4) into the leading terms of (2.3.1), and retaining only terms
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that are linear in the «; yields a linear system
Q(r)y = 0, (2.3.5)
where Q(r) is an N x N matrix of coefficients, whose elements are polynomials in
r, and the vector v is defined as v = {71,...,7n}7.

What we wish to find are the values of r such that one or more of the v; are

arbitrary. This will occur when the matrix Q(r) is singular, that is when
det(Q(r)) = 0. (2.3.6)

The above equation is a polynomial equation in r, with the order of the polynomial

being given by

N
S0
i=1

where p; is the order of the ** differential equation in the set (2.3.1).

Solving for the roots of (2.3.6) gives us the values of the resonances . When
we can solve for the values of all of the resonances, we can draw some conclusions
based on the values of the resonances from the following set of rules:

Rule 1: If we have N — 1 non-negative resonances in addition to a single
resonance at r = -1 (see Rule 2) , we have passed the resonance test and may
proceed to step III.

Rule 2: We will always have » = —1 as a resonance. This is related to the
fact that the 45 is a moveble singularity. We can see this by returning to the ansatz
(2.3.3), replacing the variable 7 with 7 + dr, and expanding the leading-order-

behaviors in powers of dr, and noting that the leading term in the expansion occurs

at O((dr)fi-1.
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Rule 3: For each occurance of the root r = 0, one of the «; is arbitrary.

Rule 4: Any resonance that has Re(r) < 0 leads to the termination of the
algorithm, as it violates the assumption that the results of step I comprise the
leading-order behavior of (2.3.1). The only permissible exception to this rule, of

course, is the single occurance of the resonance r = —1, as outlined in Rule 2,

Rule 5: Any resonance with Re(r) > 0, with r not an integer is indicative of
a movable branch point, the algorithm usually terminates at this step. If r is real
and rational, there may exist a simple coordinate transformation that can remove
the branch point. Even if such a change of variable is not evident, Rule 6 may offer

some help.

Rule 6: If some of the 3; are rational with the same denominator then positive
rational resonances » with the same denominator as B; indicate that the system is

a candidate for posessing the weak Painlevé property.

The conclusion is this: if a singular expansion given by (2.3.2) posesses N — 1
nonnegative, integer resonances, or positive rational resonances in agreement with
Rule 5, the expansion may be generic, and the system passes Step II of the algo-
rithm. The next logical step is to test for the existence of nondominant logarithmic

singularities, which is Step III of the algorithm.
Step III: Constants of Integration

Now that we know the orders in the expansions at which arbitrary constants—
the integration constants—arise, we must now test to see if they do indeed appear

as expected, and test for the occurrance of nondominant logarithmic singularities.
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To perform this test, we begin by writing the desired solutions to (2.3.1} as

wi(t) = ™™ + %C{mrﬁﬂ'm, (2.3.7)

m=1
where rpq; is the largest resonance found in step II. Substituting this expansion
into the leading terms from (2.3.1), and balancing terms order-by-order in 7, we
get a set of equations similar to (2.3.5), but with nonzero terms appearing on the

right-hand side:

S(m)Cm = Rm(te; G),j = 1,-..,m — 1, (2.3.8)

where m takes on the values m = 1,...,7mqr and the vector R is defined as R =
(Ry,...,BRN)T. In order for us to find our desired constants of integration, the
above relation (2.3.8) is subject to the following criteria:

1) For 1 £ m < ry, (2.3.8) determines determines C,, completely.

2) For m = r1, we expect n; components of the vector C; to be arbitrary,
where n; is the multiplicity of the resonance. In order for this to happen, equation

(2.3.8) must satisfy the following set of compatibility conditions:
det(S®(ry)) =0,k =1,...,N, (2.3.9)

where the matrix S(¥)(r;) is constructed by taking the matrix S(r;) and replacing
its &*" column by the vector Rm(%o; Cr, ). This condition is reminiscent of Kramer’s
Rule for solving systems of linear equations by determinants, where a linear system
such as (2.3.8) will have at least one arbitrary solution if the matrix S(m) has a

null space. The conditions (2.3.9) are the same as insisting that the matrix S(r;)}
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has a null space, and that the dimension of this null space will be the same as the

multiplicity of r;.

3) If the above condition 2) is satisfied, then, for ry < m < rp, the equation

(2.3.6) determine the components of Cp, completely.

4) We continue applying the procedure outlined in 1)-3), at each resonance up
to the largest one ryqx, bearing in mind that at any resonance that is a multiple
root of (2.3.6) must be associated with a number of arbitrary constants equal to

the root’s multiplicity.

If the system in question satisfies the criteria defined above, we are finished, and
if the collective leading-order behavior found in Step I contains only integer powers
of T then the system possesses the Painlevé property. If the system’s leading-
order- behaviors found in step I contain rational powers of 7, we are forced to alter
the expansion (2.3.7) to account for this state of affairs, Say the exponents in the
rational leading order behaviors to the system (2.3.1) (i.e. the f; in equation (2.3.2))
have a common denominator N, we can make the change of variable 7 — ¢ = 7¥.
This transformation will alter the values of the resonances determined in step II
by multiplying all of them by a factor of N, and the rules 1) - 6) stated in step
IT still apply, with the exception that the only negative resonance that the system
possesses is at r = —N, rather than » = —1, and the resonances are all scaled
by a factor of V. Should the modified system possess N — 1 nonnegative integer

resonances then we can apply the test outlined in step III, with the ansatz (2.3.5)
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rewritten as

Nrmas
wi(¢) = ai¢ NP+ Z Cim(™. . (2.3.10)
me=1
Should this modified system satisfy the criteria outlined above, then the original
system possesses the weak Painlevé property. Clearly, the amount of labor involved
in verifying the singularity properties of such systems grows much faster than lin-
early in N. As we shall see in §3.2, it is easy to find examples where the application
of step III of the algorithm becomes impracticable. In spite of this unpleasant situ-
ation, we can find comfort in the fact that if a system passes through the first two
steps of the algorithm, it is often true that this partial fulfillment of the Painlevé
property may be linked to partial integrability [38].
We may find, however, that for one or more of our resonances 7, that the
criteria 1) - 4) may break down. In this event, the system does not possess either
form of the Painlevé property. This implies that the system may have nondominant

logarithmic singularities. As a consequence of this, one or more of the expansions

(2.3.7) may have to be rewritten to include logarithmic terms, e.g.:

F—1
wi(t) = airP + Zcim"'m + (Ciz + Dir ln('r))rﬂ"'*".' 4o,

m=1
with higher-order terms in In(7) possibly entering the expansion. Adding these
logarithmic terms introduces new terms involving D;; into the relationships (2.3.8)
and (2.3.9), allowing us to determine these new constants, by demanding that co-
efficients of the appropriate powers of = vanish, while the Cj; remain free.

Figure (2.3.1) contains a flowchart summarizing the ARS Algorithm.
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§2.4 Tests for Nonintegrability

The preceding sections of this chapter focused on the concept of integrability
and tests for a certain type of integrability; i.e. complex analytic integrablilty. The
results are encouraging in that many previously unknown integrable systems have
been discovered via the application of singularity analysis and the ARS algorithm,
but leave something to be desired in the lack of a rigorous connection between in-
tegrability and the Painlevé property. There is, of course, another approach that
can help shed light on this problem. We could also search for a connection between
certain types of singularity structures and nonintegrability. The main work in this
area is the work of Yoshida [39-41) and Ziglin [64-66], who have showed that for a
limited class of Hamiltonian systems, there is a method for testing for the nonin-
tegrability as well as integrability of the system. Such methods are a test for the

property of algebraic integrability, as outlined in § 2.1.
Yoshida’s Method and Kowalevski Exponents

Consider an autonomous system of N ODE’s of the form

dx; .

— = Fi(z1,...,en)yi=1,...,N (2.4.1)
Suppose further that this system is invariant in form under the similarity transfor-
mation t - ¢~1¢ and x; — 0% z; for ¢ = 1,..., N, o a constant, and the exponents
gi are rational numbers that are called the weights of the variables z;. At this

point a definition concerning functions of scaled variables is in order. A function
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#(z1,...,2N,1t) is said to be weighted homogeneous with weight M if
o z1,...,0Wzn, 07 ) = aM§(21,...,2N,1). (2.4.2)

If the functions F; are all weighted homogenous with weights M;, it is possible

to find particular solutions to (2.4.1)
#(t) = Cit™%,  gi=Mi~1, (2.4.3a)
and the constants C; are determined by
Fi(C,...,Cn) = —giCi, i=1,...,N. (2.4.3b)

There may exist many sets of solutions of the form (2.4.3a,b), and we will assume
that there is at least one nontrivial solution of this form; i.e. that for some value
of 7, giCi # 0. These solutions (2.4.3a,b) are called the scaling solutions for the
system, and are analogous to the leading order behaviors obtained in step I of the
ARS algorithm.

Given the set of particular solutions (2.4.3a-b) to equation (2.4.1), we can apply
a variational technique to search for solutions that are “near” our scaling solutions
by perturbing the scaling solutions via the introduction of a new set of variables h;,

and writing our dependent variables z; as
zi(t) = 2(8) + hi(t),i = 1,...,N. (2.4.4)

We can also expand the right-hand-side of (2.4.1) about the scaling solution, to first

order in the h;:

(a) (), S~ OF,
Fi(1y...,2n) = Fi(z{",...,af) + ) | h;, (2.4.5)
=1

Ox;
i=19%i

x=x(')
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where the vectors x and x(®) are defined by
k=) and O =6l e )

Since the functions F; are all homogeneous with weights M; = g; -+ 1, and recalling
(2.4.2), it is possible to remove the time dependence from the arguments to the
functions F; and rewrite (2.4.5) as

oF,
Oz;

$9i—9i=1p (2.4.6)
x=C

N
F,'(.‘B],. . ,.'BN) = E(wga)a' .o ,2255)) + Z
i=1

where the vector C is defined by C = (C4,...,Cn).
Substituting these expressions for the (2.4.4) and (2.4.6) into (2.4.1), we get

dhi _ ~OF,

& = 2o, 19 =9i=1p,, (2.4.7)
J

=1

Suppose that the solutions hi(t) of (2.4.7) take the form
hi(t) = ntP~9%, (2.4.8)

where p is a fixed number, and the 7; are constants. Substituting (2.4.8) into (2.4.7)

yields an eigenvalue (p) - eigenvector (n = (71,...,7n)7) problem:
(o — giymi = Y Kijnj, (2.4.9)
i=1

where the terms I;; are the elements of the Kowalevski matriz K, and are defined

as

Ky =90

aa:j + 6594, (2.4.10)

x=C
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where 6;; is the Kronecker delta symbol. The eigenvalues to (2.4.9), p are solutions

to the characteristic equation
det(K — pI) = 0. (2.4.11)

If we can find solutions to (2.4.11), that is, if K can be diagonalized, we call the
eigenvalue spectrum {p1,...,pn} the system’s Kowalevski exponents, and the vari-

ational solutions z;(t) to (2.4.1) can be written as
zi(t) = Cit ™% + gitP~9% 4 ..., (2.4.12)

Again, we see a striking similarity between the Kowalevski exponents that
are calculated in (2.4.11) and appear in the higher-order terms in (2.4.12), and the
resonances, that are calcualted in (2.3.6), and appear as the higher order term in the
ansatz (2.3.4). Despite these analogies, it is important to note that the resonance
spectrum for a system and its Kowalevski exponents are not the same thing, For
homogeneous systems, the resonances and Kowalevski exponents will be the same,
provided that the constants C; in (2.4.3a,b) are all nonzero. In the event that some
of the C; are zero, the two concepts are still the same, up to some additive terms
[38,39].

The relationship between a system’s Kowalevski exponents and the issue of
integrability is illustrated by a theorem due to Yoshida [40].

THEOREM 2.4.1: Consider a homogeneous system of the type (2.4.1). A
necessary condition for the existence of algebraic integrals of the motion for this

system is that all of the Kowalevski exponents calculated in (2.4.11) be rational
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numbers. If any of the Kowalevski exponents associated with the system is irra-
tional, or has a nonzero imaginary part, then (2.4.1) will not possess a complete set
of algebraic integrals.

This is indeed a powerful result, if only applicable to a very restricted class
of Hamiltonian systems. Ziglin [61) has made progress in extending the method
by studying the integrability properties of the variational equations (2.4.7), and
other work has been performed to relate these techniques to the issue of analytic

integrability [41].

§2.5 Direct Methods for the Construction of Integrals

As we have seen earlier, integrability of an autonomous Hamiltonian system
with N degrees of freedom given in (2.4.2a-c) is related to the existence of N — 1
functionally independent integrals {I1,...,Iny~1} that are in involution with each
other and the system’s Hamiltonian. Previous methods outlined in §2.2 — 2.4 have
focused on the singularity properties of the system’s solutions (the coordinates and
momenta), or equivalently, of the integrals of the motion. Such methbds are useful
in determining whether or not a system is integrable, and can give clues to the Lau-
rent series expansions of the system’s solutions in the complex {-plane. Physicists,
however, tend to be interested in the functional form of a system’s integrals in terms

of the system’s coordinates and momenta; i.e. they seek expressions of the form

Ii=Il'(Q'l:--'aQN’ph--',PN)' (2'5'1)
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One way to find these integrals, if they exist, is to make the assumption that the
integrals have a certain type of functional dependence on the system’s coordinates
and momenta, and then insist that these ansatze for the integrals are in involution.
The form of the integrals can take the form of polynomials, rational functions, et
cetera, and will contain a large number of parameters that can be manipulated in
order to satisfy the involution conditions given by (2.1.4).

The applicability of this method is limited by the fact that the integrals for a
given system may not be of the form chosen, or, even if they are simply polynomials
in the coordinates and momenta, they may be very high order polynomials, requiring
considerable effort to implement the method. Still, some sucess stories exist, and
a comprehensive review of these methods and examples where they have succeeded
has been published by Hiertarinta [45] and Abraham-Shrauner [67).

Direct methods of the types outlined in reference [45] should be employed only
if there is strong evidence that the system is indeed integrable. Sufficient evidence
would constitute numerical studies of the system that indicate regular behavior, or

positive results from Painlevé or Yoshida singularity analysis tests.



CHAPTER THREE
SINGULARITY ANALYSIS APPLIED TO

TEST-PARTICLE EQUATIONS OF MOTION

§3.1 A Simple Model and its Symmetries

A simple and commonly used model for particle motion near the neutral line in the
Earth’s magnetotail [20-22], which was discussed earlier in § 1.4 , is a uniform electric
field parallel to the z-axis, accompanied by a magnetic field whose components lie

in the x-y plane:

E = ¢3, (3.1.1a)
B =6yk+x¥, (3.1.1b)

where 6§ and € are constant parameters. Recall that for § > 0, the magnetic field
has an X-type neutral line along the z-axis, while § < 0 produces an O-type neutral
line along the z-axis. For § = 0, the magnetic field produced has a neutral sheet in
the z-z plane, and taking the limit § — co leads to a null plane in the y-z plane.
Note that the magnetic field possesses a discrete # — y symmetry. This sym-
metry will play a significant role when we examine the leading order behaviors of
the system’s equations of motion in § 3.2. One way to understand this symmetry is
to consider the structure of the field lines more closely. For all values of §, the field

lines lie on the contours of a fluz function ¥(z, y):

B(z,y) = -;-(.5;.,# _ g2,

64
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In the case of elliptical and circular field lines, ¥(x, y) is always negative, and a

particular field line may be identified with some value ¥(z,y) = —¥y. This allows
us to express the field line as an ellipse:

mZ 2

Y
+ =1
V20, /2%.]]6]

For |6| > 1, the closed field line has as its major axis the z-axis, and its eccentricity

e is given by

If we take |6] < 1, the closed field line has as its major axis the y-axis, and now its
eccentricity e is given by

e=+/1—14|
Now suppose that we have |§'| < 1 = 1/|6|, with || > 1. Substituting for &, we

find that the e becomes

1 6] - 1
e = 1—6l= 1__'= = Y
vVi-1&l \/ H ]

and thus the transformation § — §~! leads to a set of closed field lines with the
same eccentricity. Note that both sets of field lines have the same orientation (i.e.
same sense of rotation about the origin), as depicted in Figure 1.1.1.

For positive values of 4, the field lines form two sets of hyperbolae, whose
asymptotes are the lines y = +x/v/é (Figure 3.1.1). The angles that these asymp-

totes form with the x and y axes are 6; and 8., respectively, and are given by

6:(8) = arctan(6=%) 6,(6) = arctan(6%).
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Note now that the transformation § — 1/6 simply exchanges these angles and also

preserves the directions of the field lines.

[
LY

[}
1
Y

']
#

Figure 3.1.1. Angles 6; and 8, for an X-Line Field with § = %.

Recalling the results of § 1.4, a viable vector potential A for B is
A= %(623!2 — )i = U(x,y)2. (3.1.2)

The Hamiltonian for a test particle can then be written as

Kz,

) = pzz +py2 + (Pz — ‘]?(:I"sy)):2 _

H($,y,3,Pz,Py,P: 2 2

(3.1.3)

where « is the electric field strength. The Hamiltonian equations of motion for the

test particle are:

= p: (3.1.4a)
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g = g_;j. — 2, (3.1.48)

i = gi = P~ U(z,y) = p: + 5 (e — ), (3.1.4¢)

e =~ 28— ()~ p) 2 = —rp, + 2 =) (3.1.4)
Py = —%—Ij = (¥(z,y) - Pz)%g' = fyp; — a_y(a_;,;_:f_) (3.1.4¢)
p. = -%g . (3.1.4f)

In view of the inherent symmetries of the magnetic field for this model, it is
likely that these symmetries are related to the symmetries of H and the Hamiltonian
equations of motion (3.1.4a-f). For é # 0, it is possible to rescale the coordinates,
and replace é with 1/8, and the roles of the z and y motions will be exchanged.
Given this symmetry, we will consider only values of the parameter § that belong

to the interval

-1<6< 1.

As mentioned earlier, the case § = 0 (§ — co) leads to a magnetic field configuration
that is a slab, with the plane = 0 (y = 0) as a neutral sheet. The singularity anal-
ysis of this case is presented in Appendix Two and the properties of its trajectories
are discussed in Chapter Five.

Note that the equation for p. can readily be solved to get

Pz = KL+ Py,

where p., is a constant. Eliminating p. from the remaining equations (3.1.4a-€) we
get

3:7 = p:_- (3.1.5&)
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Y = py (3.1.5b)

. 1
z={(Kt+ps,)+ -2'(372 — &y?),

(3.1.5¢)
Pe = —a(kt + pz,) + in_(§y22——m2)’

(3.1.5d)
Py = by(st +pzy) — §g(5y22_—w2)

(3.1.5¢)

The above reduction of the set (3.1.4a-f) to the set (3.1.5a-€) may appear
to be of little importance, but is actually crucial to getting accurate results from
the Painlevé analysis. This matter will be taken up again when we calculate the
resonances in § 3.2.

Given the system of equations (3.1.5a-e), it is only logical to wonder whether
or not they are nonintegrable for arbitrary values of § and &, or if there exist special
field configurations (that is, particular values of § and «) for which the dynamics
are integrable. In the next section, we will explore this issue by applying Painlevé

singularity analysis to this system.
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§3.2 Painlevé Property Test of (3.1.5a-e)
Given the equations of motion, we can now examine their singularity properties by
applying the ARS algorithm to the system.
Step 1: Leading-Order Behaviors
Consider a singularity in the complex time plane located at some point #5. In
the neighborhood of the singularity, we can approximate the leading order behaviors

of the coordinates and momenta by
T = a,;'rﬁ", y= o:y‘r'@”, 2z = az*rﬁ',

— 8 =
Pz = Qp, TP, Py = aPrTﬂp"’

where 7 = (t — #y), and the quantities (az,ay, o:,ap,,0p,) and (8z,8y, B:.8p,.0p,)

are constants. Inserting these expressions into Hamilton’s equations, we get

dz

e = azﬂz‘rﬂ’"l = ap,'rﬁ"r, (3.2.1a)
dy By—1 B
:i-‘; = a’yﬂy'r v = Qp, T Py, (3.2.1b)
dz 1 1
.d—T- = azﬁz'rﬁz—l = KT +on + 5a221.2ﬂz - Eaayzq—zﬁys
(3.2.1¢)
dpz faned ﬂP::—] —_ ﬂa: - 16 2 .Bz+2ﬁy 1 3 3ﬂa
T = OpeBp T = —a Pk o+ pry) + 58z TP — St

(3.2.1d)

d,
—‘%’- = ap, Bp, TPy ™1 = by TP (k7 + P2y ) + %50{;2&,,7'25”""@" - -;—620:,,31'3'6"

(3.2.1¢)
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The first two equations imply that 8,, = . -1, fp, =By — 1, ap, = azf:,

and ap, = @,f8,. Using this information, we can simplify (3.2.1b-d) to get the

system
B=—1 1 9 08, 1. 3 op
3.7 = poy + T+ 5 T = 56% 720y (3.2.2a)
—2 1. 508, 1 4 og
Bz(Br — 1)77° = —(KT + p2g) + §5ay Ty — §a,, el (3.2.2b)
-2 1. 298, 1l 2 28
By(By — 1)77° = 8(kT + pzg) + -2-6cvI TP — §6 ay“T4Py (3.2.2c)

It is now necessary to test every possible leading order behavior for the set of
equations (3.2.2a-c). Upon examining (3.2.2a-c), it becomes clear that this is no
small job. Counting the number of possible leading order balances for the system
itself is something of a monstre travail. To this end, we must consider the set
(3.2.2a-c) one at a time. This is an arduous task, and the details of the actual
calculation are presented in Appendix One. What follows is a listing of the classes

of acceptable leading order behaviors that we found.

Class I:

x = +2ir™! y= ay'r's"
z=2r"1
pz =F277%  py=Pyayrfi

with

ﬁy2—6y+25=0, By > —1.
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Class II:

T = o, Pe Y= :l:%'r"1
6 z= g'l""1
_ 2% _ T 6
Pz = BrozPe1 by = :F_b-"r 2
with
2 2
Bz "“ﬂ:c'!"z::o, ﬁz > -1,
Class III:
T =iy f4+ a,2r! Y=yt
z=2r"1
pr=Fiyft+ oyttt py=—ayr?
Class IV:
z = +Véa,r? y = a,7?
2z = a,rP

Pz = :':ﬁ\/gay'rﬂﬁl Py = ﬂayTﬁ—l
with 8 < -1, B; > 28 + 1, and both ay and a. are arbitrary.

Class V:

z = +4/6a,? — 2p; y=ay

pz=0 py=0

z2= a:‘r'ﬂ‘

with 8. > 1, and both «, and «; are arbitrary.
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Class VI:

z = £Vbay,r Yy=ayT
z= az’rﬁ‘

Pz = i\/gay Py =y
with #: > 3, and both «y and a; are arbitrary.

Now we examine in detail each of the above classes.

Class I: For this leading order behavior, the exponent 3, is determined by:

By — By +26 =0, (3.2.3)
with solutions given by
1£v/1-86
gy = =5 —. (3.2.4)

Since we require that 8, be real, we must have § < 1/8. The requirement that
By > —1 is equivalent to requiring that —1 < § < 1/8, allowing both branches of
(3.2.4) yield viable values of 8y. For values of § < —1, the “4” branch of (3.2.4) is
still valid, and produces balances with G, > 2.

As we mentioned in §2.3, all of the powers of the leading-order behaviors in
a given class must be either integers (rationals) in order for the system to possess
the Painlevé (weak Painlevé) property. These conditions will allow certain discrete
values of 6. There exist four possibilities, based on the value of §,.

Ia) f, is an integer, and G, > —1:

Let 8y = J, an integer. We know that given a value of J, (3.2.3) allows us to

write § as a function of J,

J(1=J)
2

§=6(J) = J > 2, ‘ (3.2.5)
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‘This implies that there is an infinite set of integer leading-order behaviors for
By corresponding to é given above. Below are some examples of the values of §(J):
§(0) =0, §(1) =0, §(2) = -1,
6(3)=-3 6(4)=-6 6(5)=-10
§(6)=-15 6(7)=-21 4(8)=-28
For J = 0,1, the resulting magnetic field is a neutral sheet field, with a neutral
sheet in the plane & = 0. The resulting magnetic field geometry associated with the
other values of é correspond to elliptical O-line fields that are elongated along the
T-axis.
Ib) By is rational, and —1 < 8, < 0.
Let 8, = —M/N, with M and N natural numbers, M < N. In this situation,

there is also an infinite set of discrete values of 8, given by

M

6 =6(M,N) = oz

(M + N) (3.2.6)

A sampling of this set of §(M,N) for 1 < M <8 and M < N < 9is given in
Table 3.1. Notice that once again we have values of § that produce O-line magnetic
fields, but the elliptical field lines are now elongated along the y-axis. Note also

that the spectrum of values of § for a fixed value of N lie in the range

(N —1)@2N —1)
- 2N2

(N +1)

< —

thus as N gets large and M — N, the field lines approach a circular geometry.
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Table 3.1. Allowed Values of é for Rational g, € (—1,0).

I|M N-— 2 3 4 5 6 7 8 9
1 3| 2| 5 | &2 | _2 | A | -2 | —&

8 9 32 25 72 49 128 81

9 _5 _3 | _2 | _3 _5 | _u

9 8 25 9 49 32 81

3 _2 | 12 | _3 _15 | _33 _2

32 25 B 49 128 9

4 _18 5 | _=22 _3 | _z

25 9 49 8 81

5 55 | _30 | _se5 | _35

72 49 128 81

6 _38 2 _5

49 32 9

~los | _s6

7 128 81

68

8 81

Ic) B, is rational, and 0 < G, < L.

Let By = M/N, with M and N natural numbers, M < N. Again it is possible

to express é as a function of M and N:

MV — M) (3.2.7)

6= 8(M,N) = —7=

Table 3.2 Lists a small sampling of these values of §. Here we find that we have
positive values of §, which are associated with X-line magnetic field configurations,

such as those shown in Figure 3.1.1a.
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Table 3.2. Allowed Values of § for Rational 8y € (0,1).

IM N- 2 3 4 5 6 7 8 9 10

1 r 1] o3 [ 2 s | 3 | = | &4 | 8

8 9 32 25 72 49 128 81 200

9 1 1 3 1 5 3 ia 2
9 8 25 9 49 32 81 25

3 3 3 11 6 | 15 1] 2

32 25 8 49 128 9 200

4 2 1 8 1 10 3

25 9 49 . ] 81 25

5 s | s | 18 [ 10 1

72 49 128 81 8

6 3 3 1 2

49 32 9 25

7 i L 21

128 81 200

4 2

8 51 7%
9

9 200

Id) B, is rational, and 8, > 1.

Let 8, = N/M, with M and N natural numbers, M < N. Using (3.2.3) to

define the values of § that yield this behavior, we find

N(M - N)

55 (3.2.8)

§ = 6(M,N) =

Table 3.3 lists the values of § obtained from this relation. Once again, we have

values of § that produce O-line magnetic fields.
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Table 3.3. Allowed Values of é for Rational 8, > 1.

IM N 2 3 4 5 6 7 8 9
1 -1 | -3 | -6 | -10 | =15 | —-21 | —28 ~36
2 -3 -1 =¥ -3 | -2 -6 8
3 -2 -F | -1 | -u | -2 -3
‘ % 3B | -8
5 % | “% | % | B
: -5 | -F| -3
’ -5 | -h
8 ~12%

Note that for M = 1, these values of § are the same set as that given previously
in Case Ai). Another interesting property of the §-spectrum for this case can be
seen by considering fixed N, and varying M. For fixed N and small M, say M =1,
the elliptical field lines are either circular (N = 2), or elongated along the y-axis

(N > 2). The value of M for which the field lines switch their orientation is M,,

given by

2

[ +1, N odd,

M ___{—f‘l if N even;

where the notation [z] indicates the greatest integer function of z.

Class II: Solving equations (3.2.3a-c) for the coefficients a., ay, and a. give

us a, = +2i/6, a, = 2, and @, is arbitrary, The exponent 8, is determined by:

Be® — Bz + % =0, (3.2.9)
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with solutions given by

1+,/1-&
fr=—0f—. (3.2.10)

The condition that 8, be real requires either § > 8. The requirement that g, > —1
manifests itself as follows: for the "—” branch of (3.2.10), we will get satisfactory
values of f; if 6 < —1 or § > 8, while the ”+4” branch of (3.2.10) gives us acceptable
values of f; for § < 0 or § > 8.

_ Again, we find that we can obtain satisfactory leading order behaviors for a
discrete set of values of §. There exist four classes of possibilities, based on the
value of ;. The set of allowed values of 3, is identical to the set of allowed values
of By found for class I, and thé corresponding values of é are simply the recprocals
of the allowed values of § calculated for class I.

IIa) B3; is an integer, and f; > —1:
Let B, = J, an integer. We know that given a value of J, (3.2.3) allows us to

write § as a function of J,

6:5(J)=7ﬁ%—_ﬁ’ J>2.

This implies that there is an infinite set of integer leading-order behaviors for g,
corresponding to § given above. Below are some examples of the values of 6(J).
Note that 6(J) is undefined for § = 0,1, which is associated with a neutral sheet

field along the x-axis.

6(2)=-1, §(3)= —-%, 5(4) = —%,
6(5)=—-11—0 6(6)=—% 5(7)="2_11”

_ 1 1 1
§(8)=-55 6(9)=-z= 6(10)= -
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These values of §(J) are simply the reciprocals of those found for Case Ia), and the
resulting magnetic field geometry associated with these values of § correspond to
elliptical O-line fields, but now the elongation is along the y-axis.
IIb) 8. is rational, and —1 < B, < 0.
Let 8 = —M/N, with M and N natural numbers, M < N. In this situation,
there is also an infinite set of discrete values of §, given by

___2N
M(N + M)

§ = §(M,N) =
. This leads to a set of § < —1 that form O-type neutral line fields. The values of
8(M, N) for this case is simply the reciprocal of the value of §(M, N) obtained from
Table 3.1.
IIc) B, is rational, and 0 < 8. < 1.
Let 8z = M/N, with M and N natural numbers, M < N. Again it is possible

to express § as a function of M and N:

2N?
M(N - M)’

§=6(M,N) =
Now we have positive values of §, which are associated with X-line magnetic field
configurations with values of §( M, N) that are the reciprocals of the corresponding
entries in Table 3.2.
IId) . is rational, and §; > 1.
Let 8; = N/M, with M and N natural numbers, M < N. Again, we can use

our equation for 8, to define the values of é that yield this behavior, and we find

2M?

6:6(M,N)=m-
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The resulting magnetic field configurations for this case are again O-type neutral
line fields, with 8§(M, N) now given by the reciprocals of the corresponding entries
in Table 3.3. Again, for fixed N, we can define M, such that for fixed N, all
M < M,(N), we will have § < —1, and for M > M, (N), we will have -1 < § < 0.
Class III: This class is associated with the circularly symmetric O-type field
configuration, and passes the first step of the Painlevé analysis.
Class IV: This class of leading order behavior exists for all values of 8, and
will be examined in more detail in step two of the algorithm.
Class V: One interesting aspect of this case is the situation in which a; =
ay = 0. This forces the condition p., = 0, and we get 8, = 2. This is simply the
case of a particle starting at rest on the neutral line, and being accelerated down

the neutral line by the electric field, simplifying the system’s motion to
2(r) = g‘r2 + zo,

where zg is a constant.

Class VI: This class also applies to all values of §, and will be examined further
in step Two,

Step 2: Resonances

Now we turn our attention to the question of at which order the integration
constants will appear as we try to construct the coefficients of the Laurent series
(2.2.1). To this end, we must solve for the resonances associated with the leading

order behaviors for Classes I-VI. Recalling step II of the ARS algorithm, we expand
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our coordinates and momenta found in (3.2.2a-€) as:

T = a,:'rﬁ’(l + ")
pz = apzfrﬁpz (1 + ’ch‘rr)
y = ayrP (1 4 Yy7") ,
Py =ay, Peu (1 4 Y, T")
z=a, 7P (1 4+ v

where 7 is presumed positive (with the exception of the ubiquitous resonance at
r = —1) and the 4’s are constants. Substituting these expressions into (3.2.2a-¢),
and recalling the expressions for ap,, ap,, Bp,, and B, obtained from (3.2.1a-b) ,

and retaining only terms up to those that are linear in the v’s, we get

az (B + )Yz prItPatr _ @z Bz Yp. pithetr = (3.2.11a)

ay (By +7)yy 7T —ay By, T = 0 (3.2.110)

a2t a,267%P

~Pz — KT — ooz B 7T — gty p PPt

2 2
ay? Sy TP 4 (B 1)y TR = (3.2.11¢)
~244 2,248 b 022700 148
—(a,ﬂ,,’r ”)-}-a,,ﬂ,: T ‘+axp,,°r’+———-2———-+azfcr z—

Oy ay2 $ Tﬁc+2 By
2

+ oz By (ﬂz +r— 1) Yox phetr=2 + @z Yz Pz T'B=+r+

thpetr 30’ 1 TN apay? Sy, TRt AT
2 2

—

Xy KYe T

@y ay? §yy TPtAT — (3.2.114)
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ary® 62 738

5 —ay ST Thio

— (ay By 772 + oy B,° PPy —q bp,, TP +

az? oy 6 T2P=thy
2

+ay By (By +7 = 1), TPt L oy Sy Py Pyt

0.’1;2 ay 6fyy 7-2 ﬂz+ﬁﬂ’+r

5 +

oy 6Ky pltBytr _ o 2 oy 87z 72 BatBytr _

3oy 62 vy, T3BvET
2

=0. (3.2.11¢)

For a given leading order behavior, we will find that the leading order terms
that do not contain the +; cancel each other, as we expect, leaving only terms that
are linear in the <; This can be done regardless of the particular leading order

behavior for only (3.2.11a) and (3.2.11b)

(r+ BeXve = Bz vp. =0 (3.2.12a)

(r+ By)ry — By ¥p, =0, (3.2.125)

while the other equations must be examined on a case-by-case basis for each class
of leading order behavior.

As was discussed in § 2.3, this system may be written as a linear system
Q-v=0, (3.2.13)

with the vector v defined as v = (72, 7y, V=1 Yps» Tp, )T - The resonances will be the

r roots of

det(Q(r)) = 0, (3.2.14)
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which is considered a polynomial equation in r . Given Equations (3.2.12a-b),
(3.2.11c-€), and (3.2.13), we can now proceed to construct Q for each class, and
then evaluate the resonances using (3.2.14).

Class I: Recall that for this leading order behavior, we have @, =2, a; = —2,
and oy is arbitrary, while 8, = —1, 8; = —1, and 3, is given by (3.2.4). The matrix

Q(r) associated with this system is

(r-1) 0 0 1 -0
0 ay (By + 1) 0 0 —(ayfBy)
Q(r) = 4 0 -2+ 2r 0 0
~12i 0 0 2(2-r) 0
Y T R )

(3.2.15)

Taking the determinant of (3.2.15), we find that the resonances satisfy
det(Q) = 8a, 2By (r — 4)(r — 1)(r +1)(8y* — By +2d — 7+ 26,7 +72) = 0, (3.2.16)

Recalling (3.2.3), we can rewrite (3.2.16) to find that the resonances are the r roots
of

(r = 4)(r — 1)(r + L)r(r +26, = 1) =0, (3.2.17)

meaning that the system’s resonances for this case are r = —1,0,1—28,,1,4. Since
@y is arbitrary, we expected the resonance at » = 0, and the resonance at r = 1-24,
is in agreement with this system being a candidate for possessing the weak Painlevé
property. Note here that since we wish that all of our resonances be either integers
or positive rationals with the same denominator as §y, we must have only values of
By that fall in the range

1

-1 ~
< Py < 5
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This leads to a further restriction on the admissible values of § that lead to accept-
able resonances. Case Ib) comes through this test unscathed, while we can keep
only the values of § for case Ic) that are associated with values of 8, < 1. Table

3.4 is a summary of this narrowed class of field geometries.

Table 3.4. Allowed Values of § for Rational 8, € (0, 3).

M N— | 3 4 5 6 7 8 9 10 11
1 1| 32 | 2 | 5| 3| 2= | 4| 8 | s
9 32 25 72 49 128 81 200 121

9 3 1| s 3 |z 2 | 9
25 9 49 32 81 25 121

3 6 | a5 | 1 21 | 12
49 128 9 200 121

10 3 14

4 81 25 121
as

5 121

Class II: Given the discrete symmetry discussed in §3.1, and the earlier argu-
ments concerning the properties of this class in relation to class I, it is no surprise
that we find that the system'’s resonances for this class are r = —-1,0,1 — 24,,1,4.
Since a, is arbitrary, the resonance at r = 0 again is to be expected, and the
resonance at r = 1 — 2/, is in agreement with this system being a candidate for
possessing the weak Painlevé property. Note here that since we wish that all of
our resonances be either nonnegative integers or positive rationals with the same

denominator as fy, so once again we find that we must have only values of 3, that

fall in the range

1
-1<f: <3

Clearly, all of the configurations connected to Class IIb) survive the resonance

test. The above restriction on 8, immediately eliminates Classes IIa) and IId) from
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further consideration, and also eliminates the allowed values from Class Ic) that are
associated with B, > . The surviving values of the field parameter § for Class Ic)
are the inverses of the entries in Table 3.4.

Class III: The matrix Q(r) associated with this class is

az(r —1) 0 0 oz 0
0 ay(r —1) 0 0 ay
Q= —a; ~ay? 2(r—1) 0 0 ,
—(2—az)ag ayog 0 azay?  (2—-7) 0O
—ayk ay(ay? —2) 0 0 ay(r—2)

The determinant of Q(r) is thus

det(Q(r)) = —2a,%k(r — 4)(r = 3)(r — L)r(1 1) = 0. (3.2.18)

Here we have integer resonances, indicating that this class of leading order behavior,
which has integer leading order exponents may possess the Painlevé property. The
disposition of this class regarding the Painlevé property will be determined in Step
Three of the algorithm.

Class I'V: Substituting this leading order behavior into (3.2.11a-e) we find the

matrix Q is

ﬂx +r 0 0 '_ﬂ:r: 0
0 ﬂz +r 0 0 _ﬁz:
Q(r) = 1 -1 0 o0 o0 |. (3.2.19)
-1 1 0 0 0
1 -1 0 0 0

The determinant of this matrix is clearly zero, and thus we are unable to obtain any
information about the system's resonances. Therefore the algorithm terminates at
this stage for this class.

Class V: Recalling the results of step I for this class, the matrix Q from
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equation (3.2.22) associated with this class is

r 0 0 0 0
0 T 0 0 0
Q=| a2 -ba,? 0 0 0 (3.2.20)
—a;? fay? 0 0 O
az;? -6, 0 0 0

The determinant of this matrix is also identically zero, indicating that we can not
obtain the suit#ble number of resonances required for the system to pass through
this step of the algorithm for this class. For class E, the algorithm terminates here,
and the system does not possess either variety of the Painlevé property.

Class VI: For this class of leading order behavior, the matrix Q(r) becomes

r+1 0 0 -1 0
0 r+1 0 0 -1
Qr)=]| a2 602 0 0 O (3.2.21)
r 0 0 0 O
0 r 0 0 O

Yet again, the determinant of Q(r) is identically zero, and the ARS algorithm
terminates at this stage for this class, which possesses neither type of the Painlevé
property.

Step 3: Constants of Integration

We now turn to the final step of the ARS algorithm: the construction of the
constants of integration. Recall that this process is accomplished through further
modification of the ansatze used to determine the system’s leading order behaviors.
The strategy is to construct the coefficients of the Laurent series representations of
the coordinates and momenta from the leading orders 8; up to the orders associated
with the largest positive resonance (rmaz); Bi + "maz. Equation (2.3.7) is the recipe

for this construction, and applying it to our dynamical system (3.2.1a-e), we find
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that we must now expand our phase space coordinates as

Tmasz
T = a,7P" + Z CymrP=t™, (3.2.22a)

m=1

Tmax
y = ayrh + Z ComrPvt™, ‘ (3.2.22b)
m=1
z=a.7? + ) CyurPetm, (3.2.22¢)
m=1
maz
Pr = ﬂ:ca.'c?'ﬁz-—l + Z C4m‘7"8=+m_1, (3.2.22d)
m=1

Tmazx
Py = ByaymPl + Z CsprPytm=1) (3.2.22¢).

m=1

The next step in this process is the substitution of (3.2.22a-¢) for a class of leading
order behavior into the system (3.2.1a-e), and then solving for the coeflicients Cim,
working our way up order-by-order in the expansion for the equation. What follows
are the results for our three surviving classes of leading order behaviors.

Classes I and II: The aforementioned strategy will work for for classes of
leading order behavior that have integer resonances, such as class III, but will not
work for situations in which one or more of the resonances are rational; i.e. classes I
and II. For these classes, we must modify the expansions (3.2.22a-¢) as described in
§ 2.3, and then carry out this process. If one or more of the resonances is rational, it
is necessary to determine the lowest common denominator of the resonances. Call
this denominator M. Now, we must modify the expressions (3.2.22a-€) to include

the resonances in the orders of the expansion:

Mroaz
T =a,rP + z Cim7P=t® et cetera. (3.2.23)

m=1
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Clearly, even for small M this process is tedious, and as M gets larger, the process

of constructing the constants becomes too laborious for pen and paper. A simple
example will illustrate this dilemma.

Consider the case of Class I with fy = 1. The value of § associated with

this leading order behavior is 6 = 3, and the resonances for this configuration are

r = —1,0,3,1,4. This means that some or all of the expansions (3.2.22a-e) must

be modified to accomodate this condition. The most general approach is to rewrite

(3.2.22a-€) as
12
z= 22 4 ) Crpr® ! (3.2.24a)
m=1
. 12 i
Y= ayT3 + ZC’2mT+ (3.2.24b)
m=1
12
z2=2r"14 ) Camr¥~? (3.2.24c)
m=1
12
Pe=F2UT72+ Y Cypmr 32 (3.2.24d)
m=1
== ay'r i zcsm'r =5 (3.2.24e)
m=1

The analysis of this simple example is lengthy, and it is not possible to find the
arbitrary constants at the resonant orders in the expansion, indicating that this
leading order behavior does not possess the weak Painlevé property.

In general, the analysis of these classes of leading order behaviors is quite
complicated, and there exists no general way of guaranteeing that a particular

leading order behavior in classes I or II will possess the weak Painlevé property.
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Class III: This class lends itself well to the process of constructing the con-
stants of integration. The system’s resonances for this case are r = —1,0,1,3,4.

The proper expansions to employ in this situation are

4
z=07 4+ Y Crpur™ ! (3.2.25a)
m=]
4
y=a,7"! + Z Copmt™? (3.2.25b)
m=]
4
z=21"1 4 ZCsme_l (3.2.25¢)
m=1
4
Pr = =724 Y Cymr™? (3.2.25d)
m=1
4
Py = —ayT 7% + Z Csmt™ 2, (3.2.25¢)
m=1

where a, = £+/a,? + 4.

Substituting these expressions into (3.2.1a-¢), and enjoying the aid of the sym-

bolic manipulator Mathematica, we find that for m = 1, we have

041 = 0, 051 = 0,

—i\/4+ay2011 —C!nd =0
—(6+y?)Cn +iay/4+0a,2Cy —Cyy =0
z'ay1/4+ay2 011 +(01y2 —2)021 —051 = 0.

Solving for the unknown constants Ci1,C2;1, and Ca;, we find

C11 - 0., 02] = 0, 031 iS arbitrary.
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Note that m = 1 is a resonant order in the expansion, and, as expected, we have
found an arbitrary constant associated with this order.

Moving on to m = 2, and substituting for the constants C¢1, we find

Ciz = C12, Csp = Coa,

—i4/4+0y?2Ci2 — 0y Cog+ Cag — pz, =0
~(6+,?) Crz +iay /4 +ay? Cra +i4/d+ ay?psy =0
tay 1[4+ ay? Cre + (ay? — 2) Caz + aypz, = 0.

Solving this set for the unknown constants Cy2,C22, and Cia, we find

) .
012 = Ep,,-o Oly2 + 4,

QyD=

thus determining the constants fully, as we would expect, since m = 2 is not a

resonant order in the expansion.

Continuing further, we substitute the values for the constants C;; and Cy2, and

at m = 3, the equations of motion yield the set of equations

Ciz = 2013, Cs3 =2Ca3 = 0,

—i\/4+ay2013—-ay023+2033—rc=0
—(64+0,%)Cia+iay /4 +a,2Cos+ Cia +i1/4+ a2k =0

iay/4+ay?Ciy + (ay? —2)Cas + Cs3 +ayx = 0.
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Solving the above equations for the unknown constants Ci3,Ca3, and Cj33, we get

1 ..
Caz = —E;(z 4+ a,2Ci3+ k) Ci3 =0,

and Cy3 is arbitrary, in agreement with the fact that m = 3 is a resonant order in

the expansion.
Finally, we come to the largest positive resonant order, m = 4. Using the
values of all of the constants determined previously, we find that the coefficients

Ci4 satisfy the equations

Ci4 =3C14, C54 =3C44,

2
Pzq —
18 =0,

—(6+4 ay®)Crs +iay (/4 + ay? Coy +2C44 = 0,
iy 1/4+ ay? Cra — 202 +ay® Caa +2C54 = 0.

Solving the above set of equations for Cy4,C24, and Csy4, we find

V4 + oyt
Ciq = Y——2—C4,

Ty

—iy/4+ ay?Cly —ayCoy +3C34 +

:

N Pz
Csq = 3[4 ayCay + 18]’

and the coefficient Cy4 is arbitrary, consistent with the fact that m = 4 is a resonance
in our expansion. Therefore we have satisfied the third step of the ARS algorithm,
and Class III constitutes a leading order behavior (and field geometry) for which the
system (3.1.5a-¢) is integrable in the complex analytic sense of the word, as described

in § 2.1. This case is of particular interest, due to the fact that the magnetic field,



91
and thus the test-particle Hamiltonian is cylindrically symmetric. This means that
we know immediately that if we perform a canonical transformation on (3.1.4a-f)
to take it to its representation in cylindrical coordinates, both the axial component
of the momentum py and the Hamiltonian (3.1.3) will be conserved quantities in
involution. The results of this chapter tell us that the system is integrable in the
complex analytic sense, which provides no guarantee of the existence of the third
integral of the motion that we require to declare Class III to be integrable in the
Liouville sense. This leads us to the natural question: Does the third integral to
(3.1.4a-f) exist, and if it does, what is it? This question will be addressed in greater

detail in Chapter Five,

§3.3 Yoshida Analysis of (3.1.4a-f)
Upon examination of the neutral-line field model (3.1.4a-f), we find an autonomous
Hamiltonian system with three degrees of freedom. Although it is possible to elim-
inate p. in favor of a time dependent constant, which was crucial to the successful
Painlevé analysis of the model, we now will forgo such a simplification in order
to test for the possibility that the system is algebraically integrable using Yoshida
singularity analysis.

Recall the simple test-particle model for the reconnection field configuration

discussed in § 3.1:

d

E.f. =p, (3.3.1b)
d 1
= =P+ 5(a% - 6y, (3.3.1c)
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dp, z(6y? — z?)

dpy _ by(6y® — a?)

dt = 5ypz — > (3.318)
dp: _
E = K. (3-3.1f)

In order to carry out the Yoshida Analysis, we must know whether or not the test-
particle equations of motion (3.1.4a-f) comprise a homogeneous system. In order to

test this proposition, we apply the similarity transformation that was outlined in §
2.4:

=0"1, z'=o0%%, p'=0%p,, -etcetera.
This transformation will affect the quantity dz/dt as follows:

dz dz' dz
—_ = =gntlZZ
& a7 @

Applying the above similarity transformation to (3.1.4a-f), we get

09|+1‘;_::_ = o-gqu (3.3.20.)
92+19Y gs 3.3.2b
0% M= =o%py (3.3.2b)
ga+1 dz — 8 1 291 .2 2g2,,2
o i g’%p, + —2-(0’ z* — fo 92 y*), (3'3'2':)
292,2 __ 420152
0944—1% — _0-91+98$pz + :1':(50’ Y 3 g T ) (3.3.2d)
g2 2922 __ +281 .2
gos+1 8Py _ So92taoyp bo%y(bo g g*z’) (3.3.2¢)
ga+1 9Pz
got19Pz _ (3.3.2f)

dt
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Enforcing the homogeneity condition (i.e. that both sides of an equation are col-
lectively scaled by the same power of the parameter o) on equations (3.3.2a-b) and

(8.3.2f) leads us to the following conclusions:

au=g0+1 ,g5=g2+1 gs=-L (3.3.3)

Substituting for these exponents in (3.2.2c-€) gives us

22,2 _ 2912
am%%{ = g% gp, + z(§a*2y 5 g¥a’) (3.3.4b)
292,,2 _ ;241 2
oortt By _ ooy, LPWOTTY Z0TI) (3540

When we enforce the homogeneity condition on (3.3.4a-c), we find the set of condi-

tions that must be satisfied:

g3+1=-1=2g,=2¢; (3.3.52)
Nt+2=g—-1=3n=202+n (3.3.5b)
92 +2=g1 —1=3g2 =2g1 + g2. (3.3.5¢)

Solving (3.3.5a) for g3, g1, and gz, givesus g3 = —2, g1 = g2 = —%. These results are
in clear contradiction with (3.3.5b,c), and thus the system (3.1.4a-f) is not invariant
in form under the similarity transformation described above. This result tells us

that Yoshida singularity analysis is not applicable to the system (3.1.4a-f).
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§3.4 Summary

In our applications of singularity analysis to the neutral-line field model (3.1.5a-
e), we have found two systems that are analytically integrable, as well as a host
of other magnetic field configurations that may be partially integrable. The two
analytically integrable systems are the cylindrically symmetric O-type neutral line
(6 = —1), and neutral sheet (§ = 0,6 — o) configuration. The proof that the test-
particle équations of motion for the neutral sheet configuration possess the Painlevé
property is given in Appendix Two. Below is a listing of classes of configurations
that lead to systems possessing the Painlevé property, as well as those that possibly

possess the weak Painlevé property are presented below:

X-line Cases:

M(N — M)
§(M,N) = —onz (3.4.1)
where M and N are natural numbers, and M < N/2.
O-line Cases:
M(N + M)
6(M, N) = -—-———W—, (3.4.2)

where M and N are natural numbers, and M < N.

Since these values of § are generated by polynomial functions of rational num-

bers (i.e. the exponents in the leading order behaviors), and the rational numbers
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are a dense set, the é-spectra given in (3.4.1) and (3.4.2) are also dense sets. In
the case of the X-line é-spectrum, the values are dense in the interval (0,1/8), while
the &’s associated with the O-line fields are dense in the interval (-1,0). Invoking

the discrete symmetry of (3.1.1a-f) discussed in § 3.1, it is possible to extend these

results to values of & € (—o0,—1) and § € (8,00). A summary of these results on

//<6=8)

the é-parameter line is presented in Figure 3.4.1.

0=-I

Slab ~(6=0) (6=1/8)

Figure 3.4.1, é-Distribution of the Painlevé and Weak Painlevé Cases.

Given these results, it is only natural that we proceed to examine the orbits
associated with the above system, and compare these special cases with configu-
rations that do not pass the Painlevé property test. This topic will be explored
in the next chapter for the cases that may possess the Painlevé property, while a
discussion of the cases that do satisfy the Painlevé conjecture will be examined in

Chapter Five,



CHAPTER FOUR
TRAJECTORIES, ASYMPTOTIC
BEHAVIOR AND INVARIANTS

PART I: THE WEAK PAINLEVE CANDIDATES

§4.1a Agenda for Testing the Singularity Analysis Results

The Painlevé singularity analysis carried out in §3.2 identified two systems that were

analytically integrable-the circular O-line magnetic field geometry and the neutral

sheet geometry-as well as two dense sets of geometries that passed through the first

two steps of the ARS algorithm as weak Painlevé systems. The implementation of

the third step of the ARS algorithm for the infinite sets of field geometries proved to

be impractical, and thus we turn our attention to the task of testing by numerical

means the results of the singularity analysis of the system
% = Py
¥ =Py

. 1
z=p.+ 5(&'2 — &y?),

4 28y — %)

Pz = —Ip; 5
) Sy(6y® — z2
py=5ypz——-————( 5 )
15: = K3

with a Hamiltonian H given by

2 2 2
Pz-+p 1
H(wiy?zspzapyapz) =2 2 +—[p2__(6y2 _m2) — Kz,

2 2
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(4.1.1a)
(4.1.1b)
(4.1.1¢)
(4.1.1d)

(4.1.1e)

(4.1.1f)

(4.1.2)
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This testing will be done via numerical experiments—that is, constructing the
system’s trajectories numerically for various values of the parameter §, using initial
conditions and field strengths that are similar, and then studying the resultant
trajectories to answer the following questions:

Question I: Do the X-type neutral line and elliptical O-type neutral line geome-
tries that satisfy (3.4.1) and (3.4.2) have trajectories that are more regular, or at
least qualitatively different from trajectories associated with neighboring geometries
that do not satisfy these conditions?

Question II: What are the properties of the dynamical systems associated with
field geometries that yielded equations of motion possessing the Painlevé property?
Do these systems possess closed-form solutions? Do they possess integrals in invo-
lution, thus making them integrable in the standard Hami]toﬁian sense?

The answers to Question I are presented in §4.2 and §4.3, where we discuss the
properties of the motion of test particles in elliptical O-point and X-point magnetic
fields. Chapter Five addresses the issues raised in Question II; §5.2 is an examination
of the dynamics associated with the neutral sheet geometry, and §5.3 answers this

question for the cylindrically symmetric field geometry.
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§4.1b Plan of the Numerical Experiments

As we saw in §1.4, the process of charged particle acceleration during reconnec-
tion for X-type neutral line fields can be viewed in terms of a scattering problem in
which charged particles scatter off of the unmagnetized region, where the test parti-
cle’s magnetic moment  is no longer an adiabatic invariant. In the case of elliptical
O-type neutral line magnetic fields, the interesting behavior is related to the strong
focussing of particles towards the neutral line and their subsequent acceleration.

We wish to examine the trajectories associated with the system (4.1.1a-f) under
conditions that lead to reconnection—the X-line cases-or to étrong focusing of the
test particle towards the neutral line-the O-line cases. For both of these situations,
we wish to have ¢ > 0, which will produce E x B drifts of the types shown in
Figure 1.1.4. For the X-line systems, this means that we will start our test particles
in regions I or III in Figure 1.1.4, and the particles will drift in towards the neutral
region, become demagnetized, scatter off of the unmagnetized region, and then drift
away from the neutral line in either of the regions labelled II or IV.

‘The initial conditions for such numerical experiments are set by placing a test
particle’s guiding center at some coordinate sq,, on a magnetic field line, which is
a contour of constant flux function ¥(z,y) = (6y? — 22)/2. Identify this field line
by the value ¥ = ¥,. We also will start our test particle in a region in which the
magnetic moment p is a good adiabatic invariant. We will also fix the particle’s
Hamiltonian (4.1.2) at a constant value H. Once we have determined the quantities

H, ¥y, so,,, and g, we can calculate the actual position of the particle in terms of its
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coordinates (z,y, z) as functions of the quantities ¥o and sg,,. This process involves
wrapping our set of initial conditions around the field line in a helical fashion, with
the radius of the helix being the test particle’s gyroradius pg, and the angle variable

about the field line being the gyrophase angle ¢, as shown in Figure 4.1.1.

e

test-particle

location
// (x,¥,2)

guiding center
(X,Y,Z)

Figure 4.1.1. Initializing the Test Particle.

The momenta can be calculated through the knowledge of H and y, which

allow us to construct the parallel and perpendicular velocities
vy = \/2uB (4.1.3a)
v = £+/2(H — uB), (4.1.3b)

where B is the local magnetic field strength.
Given the value of v, it is possible to compute the particle’s gyroradius p, by

(1.2.5d)

=0
Pg = B(:D, Y, z)s (414)
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since we have Q(z,y, z) = B(z,y, z) in our dimensionless variables. Now we choose
the particle’s gyrophase ¢, which completely specifies the initial conditions for our

test particle. Let X, Y, and Z be the coordinates of the particle’s guiding center
X = X(So", \I’o), Y = Y(So,c, ‘I’o), Z = Zo, (415)

where Zp is a constant; for our numerical experiments, we shall take Zp = 0, unless

stated otherwise. The particle’s actual position (z,y, z) is given by

z = X(s0,., Po) - Egpgcos A B:Bs posin ¢ (4.1.6a)
g BP Bp
BI B:B N
y =Y (so,., ¥o) + FPPQCOS ¢ — Zp BB: pgsin ¢ (4.1.65)
z = Zg + pgsin ¢% (4.1.6¢)

where B;, By, and B, are the z, y, and z components of the magnetic field, re-
spectively, B is the total magnetic field strength, and B, is the magnitude of the
magnetic field in the z-y plane, which is also called the poloidal field strength. The
next step is to determine the z, y, and 2 components of the test particle’s initial
velocity. Again, we can construct these quantities from the parameters y, H, the

sign of v)), and the particle’s gyrophase ¢. This leads to

B: B.B, . B,
. = —Uy . — i 4.1.7
v Y| B, " BB, visin ¢ B, v cos ( a)
By Bsz o Bz
—_— —— — — 4.1-7b
vy vy B, ~ BB, v)sing + B, vyCcos¢ ( )
v: =y %’3 + v sin ¢% (4.1.7¢)

Finally, it is easy to obtain the particle’s canonical momenta (pz, py, p-} from
its velocities by adding the respective components of the magnetic vector potential

A

Pr=v:+ A (XY, Z), py=v,+A4,(X,Y,Z), p:=v:+A(X,Y,2).
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It should be noted that the test particle was initialized assuming that the elec-

tric and magnetic field strengths were those evaluated at the particle’s guiding center
(X,Y,Z). Once the particle’s actual initial position is caleulated using (4.1.6a-c),
(4.1.7a-c) and (4.1.8), it will have slightly different values for these quantities than
those originally supplied. These perturbed values will, in turn, affect the value of
the Hamiltonian. The net change in E, B, 4 and H will all be O(p,), and as long as
the test particle is initially magnetized, these differences between the guiding-center
and actual-location initial conditions will be small. For this reason, all references
to initial conditions in this chapter will refer to guiding-center initial conditions,

unless otherwise specified,

§4.1c Simulations of Ensembles of Test Particles

The construction of single-particle trajectories, though illustrative, will be found
inadequate for determining whether or not the system is chaotic in the sense that it
displays a sensitivity to initial conditions. In order to examine this issue, we must
integrate a large ensemble of test particles that have neighboring initial conditions
and then calculate the kinetic energy of the particles in the ensemble after they
have satisfied some suitable exit condition, which will be discussed shortly.

The integration schemes we employ are second-order momentum-implicit sym-
plectic integration algorithms, which are derived and discussed in detail in Appendix
Four. The advantage of using a symplectic scheme lies in the fact that the inte-
gration scheme is generated from the system’s Hamiltonian, and thus will possess

the same symmetries as H. It is generally considered that symplectic integration



102
schemes will preserve the topology of the phase space much better than standard
numerical schemes, and symplectic schemes will often preserve the system’s integrals
to machine precision, a consequence of the algorithm having the same symmetries
as the Hamiltonian. For the numerical experiments discussed in this Chapter, we
us a timestep At = 0.01, and the relative error in the Hamiltonian, €y is of the

order 10™* after 150000 timesteps,
The type of diagnostic tool and exit condition may be one of two varieties:

Experiment No. 1: For X-type neutral lines, we can use the fact that
the reconnection event is analagous to scattering, and test the system for chaotic
scattering. This type of numerical experiment entails evolving the members of the
ensemble until the individual particles cross an outgoing flux surface. This is the
approach used by Moses, Finn, and Ling [21], and involves starting the particles in
the vicinity of a magnetic field line identified by ¥(z,y) = ¥q, and then integrating
the test particle equations of motion until each particle passes through an outgoing
flux surface, which is identified by ¥(z,y) = —¥,. Once the test particle has
passed through this flux surface, the E x B drift will carry the test particle away
from the unmagnetized region, and hence away from the region in which the particle
experiences sudden acceleration along the neutral line. Upon crossing this “finish
line,” we can employ one of two diagnostics to determine whether or not the system

exhibits sensitivity to initial conditions:

Diagnostic A: Measure the test particle’s kinetic energy as it crosses the

outgoing flux surface. If the system is displaying sensitivity to initial conditions in
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the form of chaotic scattering, then we should see this in a plot of test particle kinetic
energy versus guiding-center position on the initial flux surface. This sensitivity
should be visible on all length scales chosen along the initial conditions surface,
such as the example presented in Figure 1.4.3, which is a plot of the final kinetic
energy for test particles versus their initial guiding-center value of y.

Diagnostic B: Measure the amount of time ¢, a test particle takes to reach
the outgoing flux surface. This quantity is called the time delay, and will exhibit
the same sort of structure as the kinetic energy curve used in Diagnostic A.

Experiment No. 2: For geometries that involve focusing of the test particles
into the neutral line, such as the circular and elliptical field line geometries, or into
a neutral plane, which is the case for the slab geometry, the flux function ¥(z,y) is
negative everywhere ?n the z-y plane, and the exit condition used in Experiment No.
1 is not applicable. An alternative exit condition is integrating all of the particles
for some long period of time T, where T' > ¥y/e¢, and then measure the kinetic
energy of each particle in the ensemble at ¢ = T, plotting this quantity versus the
particle’s guiding-center position on the initial flux surface.

The initialization of an ensemble of test particles is accomplished using the
same scheme as that outlined above. We wrap our initial conditions around a field
line, changing the gyrophase ¢ as we step through the coordinate sgc, so that two

neighboring test particles have coordinates given by
SQCO(n+1) —_ sgCO(n) + ds

(") = ¢{™ 4 Ads,
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where A is a constant, and determines how tightly the initial conditions are wound

around the field line.

§4.2 Properties of Trajectories in X-Line Configurations

The results of the Painlevé analysis done in §3.2 suggest that the dynamics asso-
ciated with certain types of X-line fields may be partially integrable, or at least
perhaps qualitatively different from that of their neighboring geometries. In par-
ticular, recall from (3.4.1) that the set of values of the magnetic field geometry
parameter 6 that yielded systems that passed through the first two stages of the

ARS algorithm as "weak Painlevé” cases were given by the following rule

M(N — M)

ST (4.2.1)

§(M,N) =

where M and N are natural numbers, and M < N/2. This gave us a dense set of
values of § on the interval (0,1/8). We also found, that we had an equivalent set
of values of § on the interval (8, 00), which were given by the inverses of the values
stated in (4.2.1). The leading order behavior exponents for the coordinates(z, y, z)

in such systems were given by

M
ﬁz':ﬁz:_l, ﬁy=ﬁa

where M and N were natural numbers with 0 < M < -1%'-, placing the values

of B, on the interval (0,1). Due to the increasing level of complexity involved in
implementing the third step of the Painlevé analysis for such systems, we found it to

be impractical to test for the weak Painlevé property systems associated with values
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of N > 4, and thus are forced to rely on numerical means to determine whether or
not there is anything special about the dynamics stemming from systems that have
0 given by (4.2.1), as opposed to neighboring systems related to nearby values of §

that do not satisfy (4.2.1)

A logical place to begin this analysis is to examine trajectories related to values
near § = 1/8. If the Painlevé analysis is indicating a change in behavior for the
system, this value of 6 is an effective separatrix in parameter space for the system,
and we should see some qualatative difference in the system’s trajectories as we
vary é in this neighborhood. To this end, we shall examine trajectories for three
values of § in the neighborhood of § = 1/8), while fixing the electric field strength
at the value of x to be 3.13 x 10™%1. The test particle was initialized by placing
its guiding center on a flux surface of fixed value ¥y = —0.24, and was given an
initial magnetic moment of g = 5.0 x 10™3. The particle’s initial momenta were
set by calculating the perpendicular and parallel momenta as outlined in §4.1. We
then employed our code X0Ssim (whose listing can be found in Appendix Five)
to evolve the particle, using a second order symplectic integration scheme such as
the one outlined in §A4.3, and integrated equations (3.1.1a-f) for a period of time
sufficient for the particle to scatter off of the unmagnetized region, and proceed

away from the neutral line, which is of order 2% /¢, as shown in § 1.4,

Test I § = }: Recall from (3.2.7) that this value of § is linked to a leading
order behavior exponent in y of g, = 1/2, which was found to lead to a failure of

the resonance test for the ARS algorithm, implying that the system (4.1.1a-f) does
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not possess the weak Painlevé property. Setting § = 1/8, and fixing the values of p,
x, and g at the values stated above, we integrated the system numerically. Figure
4.2.1 shows an z-y trajectory for this case, and an z-z trajectory is shown in Figure

4.2.2. In these figures, the test particle starts at z ~ 0.6,y = 0.8, and z = 0.

~2.0

-4.0 }

-6.0 |

-8,0 - =

-10.0 % 1
-1.0 0.0 1.0 2.0 3.0

1 404 \ 'l“""”l' ‘
e el
"%';.’4.[ (e

T -0.4 -

-0.6 |-

-0.8 | -1

-1.0 1 1
-1.0 0.0 1.0 2.0 3.0

Figure 4.2.2. z-z Trajectory (6 = 1).
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The phase space trajectories for the £ and y motion have a similar structure,
so we will concentrate on the z-motion, which is shown in Figure 4.2.3. The dark
section at the right of this plot is simply the oscillation in z as the particle drifts in
towards the unmagnetized region. As the particle enters the unmagnetized region,
its motion becomes eratic, and then settles into a widened oscillation in z, as the

test particle drifts away from the neutral line along the —y direction,

The phase space motion for z is fairly simple, and is illustrated in Figure 4.2.4,
Note the sudden jumps in z, which can be seen in both Figure 4.2.4 and Figure
4.2.2. These sudden increases in z occur when the particle becomes demagnetized

and is accelerated by the electric field in the positive z-direction.

0.00 |-

K

~0.02 |-
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|”- | Ii e R
-0.04 |- ,.\";‘l‘\‘ﬁ‘.}!l‘ H'lllill' ,l'u‘..‘." !'”r .:

=-0.06 |-

-0.08 |- -

-0.10 1 1
~1.0 0.0 1.0 2.0 3.0

Figure 4.2.3. z-Phase Space Trajectory Trajectory (6 = }).
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Figure 4.2.4. z-Phase Space Trajectory Trajectory (6 = ).

The test particle began its journey in a domain in the phase space for which
the particle is magnetized. As the particle is carried in towards the unmagnetized
region by the EE x B drift, it becomes unmagnetized, and this behavior can be seen
by inspection of Figures 4.2.5a, which shows the time behavior of the magnetic
moment . In the region between ¢ = 0 and ¢ &~ 250, the particle is magnetized and
spirals about a field line, and the magnetic moment is conserved fairly well. In the
neighborhood of ¢ = 250, the test particle momentarily becomes demagnctized, and
switches to oscillating about a different field line, and the value of ;1 oscillates about
a different fixed value. At t = 800, the test particle becomes unmagnetized, and the

invariance of p breaks down until the particle becomes remagnetized at ¢ & 900.
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Figure 4.2.5. The Magnetic Moment g vs. Time (é = 1/8).

The field configuration given by § = 1/8, k = 3.13x10™* yields the sensitivity to
initial conditions seen in a system exhibiting chaotic scattering. Figure 4.2.6a shows
the exit kinetic energy spectrum for an ensemble of 1000 particles, all initialized
with the values of H, u and stated above, but with ¥y = —0.48 . Figure 4.2.6b
shows the exit kinetic energy spectrum for an ensemble of 1000 particles whose
initial conditions lie on a small subset of the flux line used to generate Figure
4.2.6a. Further magnifications in this fashion show that the system is exhibiting a

clear sensitivity to initial conditions.
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Figure 4.2.6a. Exit Kinetic Energy vs. Initial Position. (§ = 1/8).

0Q.0040

0.0030 |- -1

l‘.rjd -
0,0020 |- I l I“

0.0010 - \ :
1-().01() -0.005 Q.000 0.005 0,010

Y aog
Figure 4.2.6b. Detail of Figure 4.2.6a.

Test I § = ;% This value of § satisfies (4.2.1), and is only 137 less than our

previous value of §. The leading order behavior associated with the y-motion for
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this case is § = 3/8, which allows the system to pass through step II of the ARS
test, but the denominator for g8, is ?.ufﬁciently large that it is well outside of the
range of values of g for which we could carry out step III of the ARS algorithm for
the system. Do we see any qualitative difference between the trajectories associated
with this configuration and those for test I? If this particular value of § is special,
we should see some difference in the trajectories for the system. Once again, we
present results for a fixed electric field strength & = 3.13 x 104, and we hold z
fixed at 5 x 10™4, and the initial flux surface corresponds to ¥y = —0.48. Numerical
integration of the system shows little difference in the system'’s phasc space behavior,
and no qualitative difference appears in the outgoing kinetic energy spectrum for a

distribution of particles initialized about a single field line, as can be seen in Figure

4.2.7
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0.0020
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|
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(R !‘ |
I [
0.0010 |- -1
0.("““' — 1 4 £ 1.
~-0,5 -0.3 =-0.1 0.1 0.3 0.5
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Figure 4.2.7. Exit Kinctic Energy vs. Initial Position. (§ = 15/128).

Test III 6§ = Ji&: This value of 6 does not satisfy (4.2.1), and yet is only
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T%E larger than our border value of § = 1/8. Recalling (3.2.7), we find that the
leading-order behavior exponent for the y-motion is 8, == (4 & ¢{)/8, meaning that
the systemn for this value of é§ will possess a transcendental branch pnilit. The
trajectories associated with this field configuration are also similar in structure to
those associated with § = 1/8. The results of the numerical experiment conducted
in the same fashion as it was in the previous two tests shows the same type of
exit kinetic energy spectrum, complete with sensitivity to initial conditions (Figure

4.2.8),

0.0030

0.0025 |- -

—_—

0.0015

0.0010 L i \
-0.010 -0.005 0,000 0.005 0.010

Y geo

Figure 4.2.8. Exit Kinetic Energy vs. Initial Position. (6§ = 17/128).

Given the evidence presented in Figures 4.2.6-8, it seems that variations of
the parameter § about 6 = 1/8, shows no abrupt change in the character of the
dynamics of the system. All of the above cases display a strong sensitivity to initial

conditions. This is no serious indictment, however, of the Painlevé conjecture,
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since we were comparing systems that might or might not possibly possess the weak
Painlevé property, which is itself a weak indicator of possible integrability. In the
region of the parameter space near § = 1/8, the condition (4.2.1) is not identifying

any special dynamical systems.

The other interesting region of the §-parameter space for X-lines to investigate
is the limit that § — 0. In this limit, we will find that as we decrense the value
of é, the motion of a charged particle becomes more regular as § is decreased.
This behavior is generic, and is true for all values of § in this limit, regardless of
whether or not § satisfies (4.2.1). Given this insensitivity to the condition outlined
in (4.2.1), we will examine trajectories for one value of é that docs satisfy (4.2.1),
while performing chaotic scattering tests on values of 4 in this region that do satisfy

(4.2.1), as well as those that do not satisfy (4.2.1).

We begin with § = 4.95 x 1073, This value of § is associated with a value
of By = 1/100. The trajectory plots presented in Figures 4.2.17-23 were generated
from a set of initial conditions of g = 5.0 x 10™%, ¥y = 0.24, H = 1072, The electric
field strength was & = 3.13 x 10™*. The motion, while complicated, is certainly less

violent than the particle motion presented earlier in this section.
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Figure 4.2.11. z-Phase Space Trajectory Trajectory (§ = 4.95 x 10~3).
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Figure 4.2.12. z-Phase Space Trajectory Trajectory (§ = 4.95 x 1073).
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Figure 4.2.13. y-Phase Space Trajectory Trajectory (6§ = 4.95 x 10~3).
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Figure 4.2.14. The Magnetic Moment p vs. £ (§ = 4.95 x 107).

The chaotic scattering test results for § = 4.95 x 10~3 can be found in Figures
4.2.15a,b. Note that the structure of this graph is much less complicated than

Figures 4.2.6-8, indicating a decreased sensitivity to initial conditions.
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Figure 4.2.15a. Exit Kinetic Energy vs. ygc, (6 = 4.95 x 10~3).
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Figure 4.2.15b. Detail of Figure 4.2.15a.

Now let us choose a neighboring value of § that does not satisfy (4.2.1) § =
5.0 x 1073, Setting the initial flux To, x, and H to the values used above, and

performing the same numerical experiment , we arrive at Figure 4.2.16. Again,
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we see very little sensitivity to initial conditions, and little qualitative difference

between this graph and Figures 4.2.15a,b.
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Figure 4.2.16. Exit Kinetic Energy vs. ygc, (6 = 5.0 x 10~3).

Now we shall reduce § even further to the value § = 4.995 x 10~*. Recalling
(3.2.7), this value of § corresponds to 8, = 1/1000. Again, we adopt the initial
conditions g = —0.24, H = 1073, and yt = 5 x 10~1. We also set # = 3.13 x 1074,
and evolve the system forward over the reconnection time scale 2¥q/e. The resultant
trajectories are yet more regular than the previous set shown in Figurcs 4.2.9-14. In
particular, the phase space portrait of the y-motion indicates that p, starts out as
a quantity executing small oscillations about a slowly changing value, a condition
which decays rapidly when the particle becomes demagnetized. The particle then
becomes remagnetized, and p, begins to oscillate about a different, slowly changing

value,
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Figure 4.2.17. y-Phase Space Trajectory Trajectory (6 = 4.995 x 10~1).

If we examine this configuration using the same chaotic scattering test used to
generate Figures 4.2.15-16, we find that once again do not have extreme sensitivity

to initial conditions.

Note that this increasingly regular behavior is simply a consequence of the fact
that as § — 0, the field geometry is approaching that of the slab configuration,

which was shown in Appendix Two to possess the Painlevé property.

As mentioned in § 1.4, particles that pass through the vicinity of the null will
experience sudden acceleration. This process can be seen clearly by examining the
kinetic energy as a function of time. Figure 4.2.18 jllustrates this cffect for a member
of the ensemble used to generate Figure 4.2.8 (6 = 17/128), while Figure 4.2.19 is
the kinetic energy time sequence for a test particle with § = 4.95 x 1073, The

downward trends in the kinetic energy that occur in these graphs are the result of
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the VB drift and the curvature drift. Recalling (1.2.15) and (1.2.16), we have

vy ————(633/ - )i

and

§(H —pB) . 4 2y, _ O(H — pB)
vo YL (8y° —z°)2 = -——qB—d—\Il(m,y).

When ¥ < 0 and 0 < 6 < 1, both of the above drift motions will carry the
test particle into regions of higher electric potential, thus lowering the test particle’s

kinetic energy.
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Figure 4.2.18. Test Particle Kinetic Energy vs. Time (§ = $55).
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Figure 4.2.19. Test Particle Kinetic Energy vs. Time (§ = 4.95 x 1073).

§4.3 Properties of Trajectories in Elliptical O-Line Configurations

The results of the Painlevé analysis in §3.2 indicated a dense set of values of § on
the intervals (—1,0) and (—o00,~1) whose dynamics passed the first two steps of
the ARS algorithm for the weak Painlevé property, implying that these systems
might possibly be partially integrable. Kim and Cary [68] have studicd test-particle
motion in O-line magnetic fields with no electric field, which lead to the discovery
of a numerical action integral for the motion in these fields. A similar intcgral
exists for the motion in these fields when an electric field is introduced, and we
shall demonstrate this shortly.

The set of values of § that are of interest on the interval (—1,0) were stated in
(3.4.2), and are given by

M(N + M)

ST (4.3.1)

§(M,N) = ~
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where M and N are natural numbers, and M < N.

Recall the system’s equations of motion (4.1.1). Depending on the sign of e,
we have two different asymptotic régimes in which we can find solutions to the
system'’s equations of motion, and we can also calculate constants of the motion for
the system.

Régime I: For e < 0, a cliarged test particle will execute an E x B drift that
is directed outwards from the origin, which, after a sufficiently long period of time,
will take the particle into a region in which both u and J) are good invariants.
These invariants, along with the system’s constant Hamiltonian H, are sufficient to
describe the particle’s motion completely.

Régime II: € > 0. In this limit, the E x B drift will push charged particles
inwards towards the neutral line, and if the system is allowed to evolve for a sufli-
ciently long time, we can‘ neglect the higher-order terms in the (4.1.1c-e), and can

linearize the system, leading us to

& = py (4.3.2a)
¥=0py (4.3.2b)

z = (st + ps,) (4.3.2¢)
pr = —z(st + pry )y (4.3.2d)
Py = Sy(kt + Py )- (4.3.2¢)

In this linearized system, the motion in z is simply a free-fall in the electric
field

2(t) = zo + prt + %ntz, (4.3.3)
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where zp is u constant.

The equations governing the x and y motion can be condensed into a pair of

decoupled second-order ODE’s

d’z

dt2 + "ﬂ(nt + pzn)y =0.

Introducing a franslated time variable 7 = t + p,,/K, we may rewrite the above

equations to get

dt2 + krz =0 (4.3.4a)
d2
5 A |6)ery = (4.3.4b)

This is quite useful indeed, since (4.3.4a,b) are just Airy equations. The solu-
tions for to (4.3.4a) are the Airy functions Ai(—«x7) and Bi(—«&7), and the general

solution for z in this régime is
z(7) = C1Ai(—k7) + CyBi(—«k7),
while the motion in y is described by
y(t) = Dy Ai(~|8|rT) -+ D2Bi(—|b|xT).

The Airy functions Ai(—«7) and Bi{—«7) have asymptotic representations given by
(69]

Ai(—kT) = Z( 1)*az,(2"

_\/;3\/_7_;[31:1((+ )n_o
—-cos(C+ )Z( 1)*aznerl 2" 1] (4.3.5a)

n=0
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and

Bi(—k7) =

+sin(c 4 g)i<-1)"b2.,+1c-2"-1], (4.3.50)

n=0
where ¢ = 2(x7)*/2 and the coefficients a,, and by, are constants. Kceping only the
leading order terms in (4.3.5a,b) leads us to an asymptotic expression for z(7), and

using the same analysis, we can construct an asymptotic expression for y(7).

[c, sin(g(n'r)s/z + 3;-) + C2 cos,(g-(m)“/2 + %)] (4.3.6)

z(1) = !

=1 D sin( 2(8|er)2 + T 20612 4 T
[D131n(3(]6|m') +4)+D2cos(3(|5|m') +2 )1

(1) = —=—=
y =

(4.3.6b),

where D) and D, are also constants.
The behavior predicted by (4.3.6a,b) is oscillatory motion whose frequency is
proportional to 71/2 and amplitude which scales as #=1/4, The frequency of the

z-motion can be seen by examining the argument of the trigonometric functions in

(5)" A%

This allows us to define a frequency in «, w.(7)

(4.3.6a), which is

wa(r) = (-?;-)3/2\/;. (4.3.7a)
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By a similar argument, we can define the frequency of the motion in y by

wy(r) = (2';3]&)3/2\/'?- (4.3.7b)

This scaling of the frequency agrees well with the log-log plot of w () versus ¢,
presented in Figure 4.3.1, which shows that in the interval between ¢ = 1000 and
t = 1500, the slope of the graph is approximately 0.53. The scaling of the amplitude
can be seen by inspection of (4.3.6a,b), and is confirmed by a plot of the amplitude
of z versus t (Figure 4.3.2)
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=,
=
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Figure 4.3.1. Frequency of the z-Oscillations (§ = —3).
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Figure 4.3.2. Amplitude of the z-Oscillations (§ = —1).

The above analysis applies to ell § € (—1,0), as well as all § € (—o0, —1), not
just those values of § that satisfy (4.3.1). The fact that (4.3.1) describes a dense
set of 6§ on the interval (—oo, —1) may be related to the fact that it is possible to
construct the asymptotic solutions (4.3.6a,b). A typical set of trajectories for the
system in this limit are presented in Figures 4.3.3-7. The field configuration for
these Figures is § = %, the electric field strength is set at £ = 3.13 X 10™%, and the

initial value of the magnetic moment is u = 5.0 x 10~4.
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Figure 4.3.5. A Typical z-Phase Space Trajectory (6 = —31).

-1.0

Figure 4.3.6. A Typical y-Phase Space Trajectory (§ = —1).
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Figure 4.3.7. A Typical z-Phase Space Trajectory (§ = —3).

There is no stark difference between the properties of the trajectories associated
with values of é that satisfy (4.3.1) and those that do not satisfy this relationship,
with one exception: if § = —(K?/L?)!/3, where K and L are natural numbers, with

K < L, then the frequencies of the z and y motion become comensurate, i.e.

(4.3.8)

S

& &
I

In this case, the z-y trajectory resembles a Lissajous figure, such as the one shown
in Figure 4.3.8, and we have quasiperiodic motion in x and y. The condition that
a given value of § that yield quasiperiodic trajectories leads to values of § that do

not satisfy (4.3.1).
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o.6 o.8

Figure 4.3.8. Quasiperiodic z-y Trajectory (6 = —-1%)

As we saw with the X-line field configurations, as § — 0, the dynamics of the
system become more regular. Thisis also true of elliptical O-line field configurations,
as can be seen in Figures 4.3.9-12, which are trajectory plots for § = —4.95 x 10~3,

a value of § that satisfies (4.3.1).
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Figure 4.3.9. 2-y Trajectory (§ = —4.95 x 1073)
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Figure 4.3.11. z-Phase Space Trajectory Trajectory (6§ = —4.95 x 1073),
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Figure 4.3.12, y-Phase Space Trajectory Trajectory (§ = —4.95 x 1073).

The condition (4.3.1) does not signal any generic change in behavior for the
system. Any small value of § (that is, —1 << § < 0) will yield regular dynamics,
and as § — 0, the system’s behavior approaches that of the slab geometry, which,
as we shall see in the next section, is integrable. Unlike the X-line cases in the
previous section, note that we do not have a situation in which p, approaches a

constant value.

Given the ease with which we were able to construct asymptotic solutions to
the equations of motion for the system for & > 0, it would seem likely that the
system may possess some constants of the motion in this régime. As the particle
drifts in towards the neutral line, we lose the adiabatic invariant y, as can be seen
in Figure 4.3.13, and the parallel invariant defined in §1.2 by (1.2.23) also breaks

down in this régime.
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15.0

10.0 - -

Figure 4.3.13. Magnetic Moment g vs. time (§ = —1).

We can, however, construct two new actions J, and Jy, which are defined as

tD+T:=
Jr = / prdz (4.3.9a)
t

3]

fo+Ty
J, = f pydy, (4.3.95)

to

where T; and T, are the periods of the £ and y motion, respectively. Figures
4.3.14 and 4.3.15 show the values of these actions versus time, for the same set of

parameters and initial conditions used to generate Figures 4.3.2-7.
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Figure 4.3.14. Action Integral in «, Jz, vs. Time (§ = —3).
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Figure 4.3.15. Action Integral in y, Jy, vs. Time (6 = —1).

For all of the elliptic O-line cases, the fact that the test particle is focused

into the unmagnetized region leads to a dramatic increase in the particle’s kinetic
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energy. This behavior is generic for these closed magnetic field geometries. The
system’s asymptotic solutions indicate that the test particle’s kinetic energy will
grow as a quadratic in ¢ once the system enters the asymptotic régime. This can be
seen by examining the Hamiltonian (4.1.2) and noting that the particle’s position
in z is given by (4.3.3). Examination of the linearized Hamiltonian yields a simple

estimate of the test particle’s kinetic energy

Ex=H+wz(t)=H+« [3'0 + pst + -gtzJ . (4.3.10)

Figure 4.3.16 shows a typical test-particle’s kinetic energy plotted versus time, for
6§=1/8,k=23.13x 1074, and u = 5 x 1073, and Figure 4.3.17 is a log-log plot of
a typical test particle’s kinetic energy for § = 1/16, with the same values of electric

field and initial magnetic moment.
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Figure 4.3.16. Test-Particle Kinetic Energy vs. Time (6 = —3).
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Figure 4.3.17. Log-log Plot of Ex vs. t (§ = —<%).

Finally, we turn our attention to the issue of sensitivity to initial conditions.
Using diagnostic B outlined in § 4.1, we have examined elliptical O-line fields for
various values of 6. The numerical experiments were performed using an ensemble
with 1000 particles, and setting H = 1073, p = 5 x 107%, ¥, = —0.48, and
k = 3.13 x 10™%. The ensemble was integrated forward from ¢ = 0 to ¢ = 1000, and
the test-particles’ kinetic energies were calculated at ¢ = 1000. The system showed
large-scale structure in its kinetic energy spectrum (i.e. a sine wave), but still had
some sensitivity to initial conditions superimposed over this orderly picture (Figure
4.3.18). These spikes are not numerical errors, since the typical final relative error
in the Hamiltonian is on the order of 10™%, much smaller than the displacements
shown in Figure 4.3.18. Structure persists when we examine a small segment of the
initial flux surface using an ensemble with the same population, as shown in Figure

4.3.19.
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Figure 4.3.18. Exit Kinetic Energy vs. Initial Position (§ = —1).
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Figure 4.3.19. Detail of Figure 4.3.18.
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§4.4 Summary of the Properties of the Weak Painlevé Candidates

We were unable to prove analytically whether or not the large classes of weak
Painlevé candidates discovered in § 3.2 actually possess the weak Painlevé property.
Numerical studies of single-particle trajectories and ensembles of particles have lead

us to the following conclusions:

I: In the case of X-type neutral line configurations, the condition (4.2.1) did not
identify any field configurations whose trajectories or sensitivities to ininial condi-
tions were significantly different from neighboring field geometries (i.e. neighboring

values of §).

II: The O-type neutral line cases specified by the condition (4.3.1) form a
dense set on the intervals (—oo,—1) and (—1,0). As we saw in §4.3, for ¢ > 0,
we could construct asymptotic solutions to the system (4.1.1a-f) in terms of Airy
functions. We were also able to identify the numerical actions integrals J; and Jy
in this régime. The aforementioned constructions were possible for all values of é on
the intervals defined above, not just the values listed in (4.3.1). Furthermore, the
weak Painlevé candidates did not include the quasiperiodic cases defined in (4.3.8).
Finally, the dynamical systems associated with § € {(—o0, ~1) U (~1,0)} showed
no difference in their sensitivities to initial conditions with respect to the condition

(4.3.1).

Drawing from the above results, it seems that the partial fulfillment of the
weak Painlevé property criteria for the systems identified by (4.2.1) and (4.3.1)

does not provide a dependable predictor of integrability. This should not be taken
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as an indictment of the Painlevé conjecture, since the systems examined here do
not satisfy the hypothesis of the conjecture. In the next chapter, we shall examine
two field configurations which produce dynamical systems that possess the Painlevé

property, and we shall get more satisfactory results.



CHAPTER FIVE
TRAJECTORIES, ASYMPTOTIC
BEHAVIOR AND INVARIANTS

PART II: CASES THAT POSESS THE PAINLEVE PROPERTY

§5.1 What the Painlevé Property Implies

In Chapter Three, we found two cases for which the system (3.1.4a-e) possessed
the Painlevé property: the neutral sheet (6§ = 0 and § — ©0), and the circularly
symmetric field line case (§ = —1). Given the Painlevé conjecture stated in § 2.2,
we expect these systems to be integrable in the complex analytic sense, that is,
we will be able to construct Laurent series representations for the coordinates and

momenta:

o0
gi(t) = Z a;(Mgn

n=—0oo
o0
pilt) = Y ™,
n=—oo

where the coefficients a;(™ and b;(™ are constants. In this chapter, we will find
that the aforementioned field configurations are indeed special, and we will find
that they are integrable in the Hamiltonian sense in an extended phase space that
includes the time as one of its canonical variables.

140
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§5.2 The Neutral Sheet Configuration
The neutral sheet configuration can arise in two instances, depending on the value
of §: § =0 and § — oo. The former case yields a neutral sheet in the plane z = 0,
while the latter leads to a neutral sheet in the plane y = 0. The analysis for the
case § = 0 is more transparent, and from our discussion in §3.1, it is equivalent to
the situation § — co. Thus, we shall only consider the case § = 0.
The Hamiltonian equations of motion (3.1.1a-f) for this system have been stud-
ied for the case of a neutral sheet in the y-z plane in Appendix Two, and setting

8 = 0 reduces them to

T = pg (5.2.1a)
Y=0Dy (5.2.1b)
22
i=pet+ 5 (5.2.1¢)
23
Pz = —&Pz — 5 (521d)
py =0 (5.2.1¢€)
Pz = K, (5.2.1f)
with a Hamiltonian H, given by
2 2 2
+ 1 T
H(z,y,2,pz,pysps) = 2Pl 4~ (p2 4+ )% — k2

2 2 2

(5.2.2)

The motion in y, described by (5.2.1b,e) is trivial, and y is given by

y(t) = pyt + wo, (5.2.3)
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As usual, p; can be eliminated, and is

p=(t) = Kt + pzq, (5.2.4)

where p., is a constant. Substituting (5.2.3) and (5.2.4) into (5.2.1a,c,d) gives us

the system
E = pz (5.2.5a)
22
2.' = Kt + pzo + ’5’, (5.2-5b)
. z3
Pz = “‘33(K-t +on) -3 (5.2.56)

The set (5.2.4a-c) tell us that the root dynamics of the system lies in the coordinate
z, and given z, we can use (5.2.2), (5.2.3), and the system’s Hamiltonian (4.1.2) to
solve for z explicitly. Differentiating (5.2.5a) with respect to ¢ and replacing pr by

the expression found in (5.2.5¢), we get

a2z z3

= T (Kt + pzo)z + 5= 0. (5.2.6)

Once again, this equation can be simplified by introducing a translated time variable

!
—y P 4 _ d
T=tt k1 dt dr’
This transformation reduces (5.2.6) to
3
é'z—w + kT2 Z = . (5.2.7)

dr? 2
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In Appendix Two, the above equation (5.2.7) was shown to possess the Painlevé
property, which means that it falls into one of the fifty classes of second order ODE’s
studied by Painlevé. In fact, (5.2.7) can be better understood by casting it in

standard form [49]. This may be accomplished by applying the change of variables
r=(—k)"3¢  z=12¥rx,
which transforms (5.2.7) into the second Painlevé transcendent [49]:

d2
E)é = (x +2x3. (5.2.8)

The above equation (5.2.8) is integrable in the Liouville sense; i.e. it is possible
to construct a Hamiltonian H and second integral 7 in an extended phase space that
includes both x and ¢ as canonical coordinates [70]. A discussion of this procedure
is found in § 5.4.

The solution to (5.2.7) in terms of the second Painlevé transcendent, though
rigorous, is difficult to interpret from a physical point of view. We can, however, gain
physical insight into the system’s behavior by examining the asymptotic behavior
of (5.2.7).

For ¢ > 0, the particle trajectories associated with (5.2.5a-c) are forced into
the plane x = 0 as t gets large. This is due to the action of the E x B drift. For
sufficiently large 7,  will be small, and we can neglect the cubic term in (5.2.7),

which leads to Airy’s equation:

d?
=5 +nte =0, (5.2.9)
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The solutions for to (4.2.8) are the Airy functions Ai(—«7) and Bi(—«7), and the

general solution for z in this régime is

z(7) = C1Ai(T) 4+ C3Bi(7).

Recalling the arguments made in § 4.3 concerning the properties of Airy func-

tions in the limit of increasing argument, we obtain an asymptotic expression for

z(7)

-1 [01 sin(g(nr)s/z + %) + Gy cos (g(m)m + %)] (5.2.10)

The behavior predicted by (5.2.10) is oscillations with frequency proportional
to t3/2 and amplitude which scales as t~1/4, which can be seen in Figures 5.2.1 and
5.2.2. Figure 5.2.2 is a plot of a typical particle trajectory, projected into the z-y
plane. These results are in agreement with those of Speiser [71], who first published

asymptotic results for charged particle motion near a neutral sheet.
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Figure 5.2.1. Frequency of the z-Oscillations in the Neutral Sheet.
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Figure 5.2.2. A Typical z-y Trajectory.

There are several invariants for particle motion in this régime, we already have
two constants of the motion in H and p,, as mentioned earlier. We also have the

ttme-dependent constant of the motion p,, = p, — x¢t. The fact that the E x B drift
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motion pushes the charged particle into the unmagnetized region tells us that p
will not be a good adiabatic invariant for the system. One quantity that is a good
asymptotic constant of the motion that for the system is the action integral in =

over one period of oscillation in =, which is defined by

Jz = fpzdm

t=to+T
= f pzldt.
t

=t°

(5.2.11)

The motivation for the existence of this action can be obtained by viewing
Figure 5.2.3, which is an z-phase space trajectory plot. As the system evolves, the
phase space trajectory approaches an elliptical orbit of constant area. The fact that

this action is constant is demonstrated in Figure 5.2.4, which shows J, versus t.
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Figure 5.2.3. A Typical z-Phase Space Trajectory (e > 0).
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Figure 5.2.4. Action integral in z, J; vs. Time (e > 0).

In the instance that € < 0, the E x B drift is away from the neutral plane. In
this régime, z grows larger, which can be seen by inspection of Figure 5.2.5, which
shows a typical z-y particle trajectory for this field configuration. This drift motion
carries the test particle into a region in which guiding-center theory is valid; i.e. p

is a good adiabatic invariant.

An z-phase space portrait for the slab field configuration for ¢ < 0 is shown
in Figure 5.2.6, and once again, we have a phase space orbit that tends towards an
ellipse of constant area, implying that it is possible to define an action identical to
(5.2.11) for the system in this régime. A plot of J; for € < 0 is shown in Figure 5.2.7,
and it is no surprise that J, tends towards a constant value. Finally, the fact that
the test particle is moving away from the neutral sheet implies that the magnetic

moment g will tend towards being a conserved quantity, which is confirmed by
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Figure 5.2.5. A Typical z-y Trajectory (e < 0).
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Figure 5.2.7. Action integral in z, J; vs. Time (e < 0).
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Figure 5.2.8. Magnetic Moment g vs. Time (¢ < 0).

The system (5.2.1a-f) has two integrals in involution, namely H and p,. We
also have the time-dependent constant of the motion p.,, as well as the numerical

invariant J;. The fact that the z-motion of the system obeys the second Painlevé
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transcendent means that we will be able to construct the third integral of the motion,
thus rendering (5.2.1a-f) integrable in the Liouville sense. The construction of the

remaining constant of the motion is nontrivial, and will be described in §5.4.

§5.3 The Circular O-Line Geometry

The other promising geometry identified by the Painlevé singularity analysis carried
out in § 3.2 was the cylindrically symmetrical (§ = —1) case. This configuration was
found to possess particle dynamics that possessed the Painlevé property, meaning
that the system of equations (3.1.4a-f) associated with this case should be analyti-
cally integrable.

In order to see this system’s special properties more easily, it is necessary to
transform to cylindrical coordinates. Since we wish to have a Hamiltonian system
when we’ve accomplished this, we must use a canonical transformation to do this,
or, equivialently, switch over to the Lagrangian formulation, perform the change of
coordinates, and then construct the new Hamiltonian H(p, ¢, z,pp, Ps,p:). Recall

the Hamiltonian system given by (3.1.3) and (3.1.4a-f), with § = —1:

2
yo2tant | (3 YY)
2 2

H(mayaz,szpyaP: Kz,

(5.3.1)

where € is the electric field strength. The Hamiltonian equations of motion for the

test particle are:

& = pg (5.3.2a)

Y =Dpy (5.3.2b)
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2 2
. +x
P: =K.
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(5.3.2¢)
(5.3.2d)

(5.3.2¢)

(5.3.2f)

By using (5.3.2a-c), we can eliminate the momenta (p;, py,p:) in favor of the ve-

locities (&,9,2):
p:=% py=4y pz=é—%(w2 +v°).
This allows us to write the Hamiltonian as
H(z,y,28,9,8) = 3(& +§7 + %) — 2.

The Lagrangian for the system is thus

L(z,y,2,8,9,2) = aps +ypy + 20, — H(z,y, 2, 2,9, 2)

= -;-(3':2 + 9% + %) — %(a:z + %)z + k2

Now, we apply the simple transformation to cylindrical coordinates:

z=pcosd & =pcosd— phsine
y=psing ¢=psing+ pdcosg.

2=z z=2

This allows us to rewrite the system’s Lagrangian as

L(p,¢,2,p,0,2) = 5(,02 + pPg? + 2% — pzz) + k2.

(5.3.3)

(5.3.4)

Given the above Lagrangian, we can calculate the canonical momenta p,, ps, and p;:

(5.3.5a)
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aL 2 M
=== , 5.3.5b
Po=55=F ¢ | ( )

2

po=i-5. (5.3.5¢)

Given these expressions for the momenta, we can use them to eliminate p, ¢, and 2
from the Lagrangian (5.3.4), and thus we can construct the system’s Hamiltonian

in cylindrical coordinates via

H(p,¢,2,0p,0¢4,Pz) = ppp + ¢pg + 20: — L(p, ¢, 2,0p, Ps+P2),

which gives the result

1 2 2 . 4
H(P: @, zappaptﬁapz) = '2" (pp2 -+ % +P22) + 2'21' + %‘ - Kz. (53.6)
Hamilton’s equations are thus

= P’ P 5.3.7a,b
P =DpPp P'p=—3'-PPz"—é- (5.3.7a,b)
1 D¢ ?

— -P—'-z- I)qu — 0 (5.3.76, d)

p?

2=p;+ 5 P =K (5.3.7¢, )

Clearly, the system (5.3.7a-f) is much more transparent than (5.3.2a-f), and in
particular, we have py as a constant of the motion, which is no great surprise, given
the cylindrical symmetry of the magnetic and electric fields. As before, we still

have the time-dependent constant of the motion p,,, and the Hamiltonian H is, of
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course, aiso constant, These results agree with the notion of analytic integrability,
but this set of constants are not a complete set of phase-space integrals, since p;,
is a time-dependent quantity, and thus we have no guarantee that the system is
Liouville integrable. In fact there exists a third integral, but its construction is
nontrivial, and will be discussed in the next section.

The fact that py is constant allows us to solve fully for the motion in ¢ to get

¢(t) = pyt + o, (5.3.8)

where ¢y is a constant. The system (5.3.7a-f) can be simplified further by noting
that p. is simply p. = st + p.,, and thus

2

2= Kt +ps, + -’;—, (5.3.9)

or, alternatively, we can us the fact that H is constant to solve for z explicitly:
1 2 2 4
2(t) = o [p,,2 + % + k42 4 O, kit + Pt + -pz—(pz‘, + kt) + 24— - ZH] . (5.3.10)

From (5.3.8) and (5.3.10), we see that the root dynamics of the system are in
the p-motion, which is described by (5.3.7a,b). Using (5.3.7a) to substitute for p,

in (6.3.7b), we get a second order ODE for the radial motion

d? 2 3
@iz = st pa) = 5 (5.3.12)

As we have seen repeatedly during the past three sections, (5.3.11) can be

simplified further by introducing a translated time variable 7 = t + p;,/x. This

transforms the above equation into
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d®p _ py p
&P _ P e, P .3.12
dT2 p3 KTP 2 (5 )

We will call equation (5.3.12) the radial equation. This equation possesses many
interesting features, the first of which is the fact that (5.3.12) possesses the Painlevé
property, which is demonstrated in Appendix Three. Recalling the Painlevé conjec-
ture, we have strong reason to believe that (5.3.12) is analytically integrable. Since
this is a second order ODE which passes the Painlevé property test, it must fit into
Painlevé's classification scheme. Following Ince [49], the radial equation may be

put into standard form via the transformation p = /£, which puts (5.3.12) into the

form
d% 1 (dEN® | e . 2
diz ~ 2¢ (?l?) + e 2e7E = ¢ (5.3.13)

The second step in this process is the application of the scaling transformation

where a = £2ips/V/2k and 8 = (2«)~1/3, and defining the constant v = —af? puts

the radial equation into standard form:

2= 1 (dE\® 2p, 1

This new equation is one of the fifty integrable classes of second order ODE’s out-
lined by Painlevé. In fact it is standard form number XXXIV on page 340 of

reference [43]. Note that if we set py = 0, we get the second Painlevé transcendent
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(5.2.9). For py # 0, (5.3.14) has solutions given by

"(T)————[% cp2 4l T] (5.3.15)

where the function P3(T') is the second Painlevé transcendent, which is the solution
to equation (5.2.9). As we mentioned in the previous section, the second Painlevé
transcendent is an integrable Hamiltonian system, and thus we are able to determine
the third integral of the motion. The process of determining the integrals of the
motion will be discussed in greater detail in § 5.4. It is interesting to note that an
attempt was made to determine the the missing integral for (5.3.12) using direct
methods, but no invariant that is a polynomial in the phase space variables was
found [72].

The radial equation (5.3.12) exhibits interesting asymptotic behavior in three
different asymptotic régimes: I ¢ > 0,7 — o0, Il € < 0,7 — 00, and 7 — 0.
Régime I: If the parameter € is positive, the E x B drift is directed inward, thus
the system will tend to focus a charged particle in toward the neutral line, and as
T gets large, p shrinks, so we may neglect the O(p?) term in (5.3.12), and we get
an asymptotic form for the radial equation:

&p _ps

7r2 + kpr =0.

If we make the assumption that

ldp
‘pd >> 1, (5.3.17)

then this equation has solutions with leading order behavior of the form:

o) = JA + B cos(wr3/2 4+ C)

\/’7__ ’
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where A, B, C, and w are constants. A typical numerical p phase-space trajactory
for this case with £ = 0.01 and pg = 1.0 is shown in Figures 5.3.1. This plot suggests
strongly that there is an invariant assoclated with the p-motion. Once again, it is
possible to define an action J, for the radial motion, using the same approach as

we did in deriving J, in the previous section:

Jp = j{ppdp

t=to+T
= f ppldt.
4

=tp

(5.2.17)

1.0 |-

-1.0 |-

0.5 1.0
(=]

Figure 5.3.1. A Typical p-Phase Space Trajectory (e > 0).
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t

Figure 5.3.2. Radial Action integral J, vs. Time (e > 0).

Régime II: Another possibility is that € is negative. This field configuration
will have an E x B drift that is directed away from the neutral line, leading to
defocusing of the charged particles. As the system evolves, the value of p will
increase, meaning that as long as the WKB condition (5.3.16) holds, we can ignore

the p~2 term in (5.3.12), leaving us with

d*p p
—5 +HapT+ 5 =0. (5.3.18)

The above equation has asymptotic solutions of the form:

_ Alsn(b(r)|m) — D]
olr) = \/ fsn(i(r)im) — 5] °

where A,m,D, and E are constants.

Régime III: This is the zero-electric-field régime, but is also the case when we

have 7 = 0, or, in terms of our previous time coordinate ¢', the case of t' = —p;, /.
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Taking this limit reduces (5.3.12) to

o _ps’ P (5.3.19)

Once again, the asymptotic solution to the radial equation in this limit will be in

terms of Jacobi elliptic functions.

§5.4 More About the Second Painlevé Transcendent

As we have seen in § 5.2 and § 5.3, the second Painlevé transcendent plays a central
role in understanding the dynamics in the neutral sheet and circular O-line field
configurations. The actual method for solving this equation is quite complicated,
and is similar to the method of inverse scattering theory (IST) [73-75]). Our goal in
this section is not the actual construction of the solutions to (5.2.9) and (5.3.12),
but rather to summarize the method by which the second Painlevé transcendent
may be solved, as well as the identification of the “missing integral” for the neutral
sheet problem, and an explanation of how we may able to identify the third integral
for the circular O-line configuration.

Recall that the second Painlevé transcendent is
d2
‘cgg =2¢* +sg—v, (5.4.1)

where v is a constant parameter. This equation can be shown to be the compata-
bility condition for a pair of linear operators, which in the vernacular of IST, are
called the Laz pair, or scattering problem:
i(Vl)=£(Vx)=("4i42“i(3+2q2) 4Cq+ 7 +2ir )(Vl)
o \ Va V2 g+ 5 —2ir  4i*+i(s+2¢%) ) \ V2

(5.4.2a)
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9 (W | - g\ (W

_ = = . . -26

Os (VZ) M(VZ) ( ¢ K/ \W)’ (54.22)
where r = 9g/8s. There exist solutions to this pair of equations as long the mixed

partial derivatives of V = (V;, ;)T are equal, that is

8°Vy _ O'W;
8(ds _ 9soC’

etcetera.

This leads to the compatability condition for L and M, i.e. the operator equation

oc _ oM

= 5 (5.4.3)

L, M] =

where [L, M)] is the ordinary matrix commutator. The above condition is equivalent
to (5.4.1).

It is known from IST that the existence of a Lax pair (5.4.2) implies that the
second Painlevé transcendent (5.4.1) is integrable in the Liouville sense. The actual
technique for solving a differential equation using IST involves solving the scattering
problem (in which the solution ¢ to the differential equation plays the role of the
potential) for its eigenvalue spectrum, which are called the scatiering date. The
evolution of these scattering data is followed in spectral space. Finally, an inverse
transformation is performed to solve for the potential [73].

In the case of the second Painlevé transcendent, our scattering data arise in a
slightly different fashion, and are related to the asymptotic behavior of the solutions
to (5.4.2a). The two linearly independent WKB solutions 1) (¢, s) and 9(3((, s)

to the Lax pair (5.4.2a) have the following exponential behavior in the limit { — oo:

1 4
wl )(C,S) ~ exXp [—é— + zsg] (5.4.4a)
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-3

#OG,) ~ x| -2 . (5.4.40)

In the limit ¢ — oo, the solutions 1) and % will display Stokes phenomenon;
i.e. the general solution to the scattering problem will be dominated strongly by
one of the individual solutions %) or (2, This will lead to the division of the
complex plane into six sectors in this region, with the leading edge of each section

defined by

5={¢: 101> 0 S5 <o) < Y,

where p is taken as given. The initial lines of the sectors are called the anti-
Stokes lines, while the lines on which the asymptotic solutions given in (5.4.2a,b)
maximally dominant or recessive are called the Stokes lines, with the Stokes line in

the j** sector defined by the argument values

sy = DT

In sectors S;, Ss, and Ss, 1) is the dominant solution to (5.4.2), while ¥ is
dominant in sectors Sz, Sy, and Sg. The sectoring of the complex (- plane near

¢ = oo is shown in Figure 5.4.1.
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Figure 5.4.1. Sectoring of the Complex ¢-Plane Near { = oo.

The anti-Stokes lines delineate the borders between regions in which #¢!) and
@) exchange roles as the dominant /recessive asymptotic solutions to (5.4.2a). If
we start with an asymptotic solution in one region, and wish to extend it analyt-
ically into another region, we will find that this extension is not the same as an
asymptotic solution that is computed locally in that region. One way to cast light
onto the transformation properties of the asymptotic expansions is to introduce the
fundamental matrix solution ¥}, which has as its columns the local solutions ;!

and T,bj(z), where the subscript j indicates the sector with which the solution is
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associated,.

¥ = {;0,9;P} ~ (7,5}, (5.4.5)

The relationship between two neighboring asymptotic expansions, say ¥; and ¥4,

can be expressed as a matrix product
Wi = A;0;, (5.4.6)

where the matrices A; are called the Stokes multiplier matrices. The Stokes matrices

are triangular,

10

A = ( . 1) = A7 (5.4.7a)
1 b

A = ( 0 1) = AsT (5.4.7b)
10

Ay = (c 1) = AT, (5.4.7¢)

and their nontrivial entries a, b, and c are called the Stokes multipliers. These three

quantities a, b, and ¢, satisfy the relation [70)
a+ b+ ¢+ abe = 2 sin(v), (5.4.8)

thus only two of them are independent. The transform data are independent of
s, and it can be shown [70] that any two of the Stokes parameters {a, b, ¢} can be
used to generate all of the transform data. This implies that the second Painlevé
transcendent is a Liouville integrable system in an extended phase space whose

coordinates are g and s, and has a canonical time o, i.e.

a= (5.4.9a)

Il
LS}
o
%)

I

[+]
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n=3F  m=-H (5.4.95)
where
= 20" +ag") - va, (5.4.9¢)

is the Hamiltonian for Painlevé II. The extended phase-space Hamiltonian # asso-
ciated with (5.4.8) is

1
H= §(P12 + g201%) — var + p2 (5.4.10)

The extended phase-space Hamiltonian H is a conserved quantity, and the actual
evolution of the Painlevé II system occurs on the submanifold % = 0. The Stokes
data are related to this Hamiltonian, and one of the Stokes parameters, say a,
along with M are the two integrals for the Hamiltonian system (5.4.9-10), and in

particular,
{a,H} =0,
meaning that (5.4.9-10) is an integrable Hamiltonian system in the Liouville sense.
Recall that the growth or decay rate of ¢ as ( — +o00 is governed by the expo-

nential factor e£4¥¢*/3, In the neighborhood of ¢ = oo, the ¢ part of the scattering

problem has two linearly independent solutions with asymptotic expansions given

by
. i3 (1= (gs? — 8¢ - gt +2vg) + -+
BA(C,5) o O = =252 —ics ( 2¢(¢ i . N ? ) (5.4.11a)
2¢
; iq
(2) ~ G = Y 4ics _ —zct
P (C,s) ~ 9 e”s L fo(ga? — ot — gt 4 2ug) o) (5.4.11b)

The actual determination of the solution ¢(s) is accomplished by relating the

the Stokes data a and b to g via the inverse problem, Flaschka and Newell have
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solved the scattering problem by using a technique developed by Birkhoff [76] to
recast the differential equations in(5.4.2) as singular integral equations that involve

the Stokes parameters explicitly. In particular,

W00 — (1) _ Ree [ 2"® ..) a [ $Def
B0 = (§) = Res(TeZm6=0) + 51 o E=C

b PpRe?  be AR
27['2. C.;a £ — C 277?: Clas E - C

(5.4.12a)

+

and

@ )e=0 — (0 _ (D el=00) _) b ) e=b
PP (e _(1) I’tes(———m—wg_C =0 +27rz'_[053 —

+i ¢(1)e—a ab ¢,(2)6-—8
2wt Cr1 f—C 2mi Csa e_c

(5.4.125)

The contours along which the integrations in (5.4.12a,b) are performed appear in
Figure 5.4.2; e.g. C4¢ approaches { = co along Cj, travels from C; to Cs, counter-
clockwise along the contours 74 and «s, and then exits from the singular region
along Cg.

These equations are linear integral equations for %) and ¥{?). Recalling our
asymptotic solutions %) and {?) from (5.4.11a,b), it is possible to solve for the
potential g(s):

g(s) = 2 lim (9@ e~ ?
{—o0
(5.4.13)
= =92 lim ¢y, €l.
¢—o0 )
Given this value of g(s), we may use the other components (1), and %), to

determine g,, thus we can solve the initial value problem associated with the second

Painlevé transcendent in terms of the Stokes multipliers.
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Figure 5.4.2. Contours for the Inverse Problem.

The argument given above demonstrates that the second Painlevé transcendent
and members of the Painlevé II family (which includes the radial equation (5.3.12)),
is an integragble dynamical system in the Liouville sense. The independent Stokes
parameters @ and b are functions of the phase space coordinates, and are the inte-
grals of the system. The exact dependence of these quantities on the phase space
coordinates is not clear, and will be the subject of further study. We have already
explored the asymptotic régime ¢(s) — 0 as s — oo, which lead us to asymptotic
solutions to the transcendent in terms of Airy functions. This was done in §5.2.

There are other well-known special cases in which asymptotic solutions to Painlevé
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IT have been derived, the most straightforward of these is the lineer limit.

The Linear Limit

Let v = 0 (which is precisely the case for the z-motion in the neutral sheet
configuration), and furthermore, let the Stokes parameters a, b, and ¢ all be small.

In this case, we can linearize (5.4.12a) in terms of the Stokes data, and %{*) becomes

(1,0 _ 0) .i(l) 2606 g¢ 1(0) 20(8) g N
¥ (1 * om0 [::.,, i—¢ Tam /c“ Foc (G419

From (5.4.13) we have

-3 143
qg= 2/ exp (8?'—- + 22'(3) ds + 2/ exp (%— + 22'{'3) dé
" JCu ? T G 3 (5.4.15
b ,. i, 418)
= (a + E) Ai(s) — —2-B1(s).

Setting v = 0, and linearizing the condition (5.4.8) yields the following restriction

on the Stokes parameters:

a+b+ec=0.

I we require g(s) to be real, we get ¢ = —a*, b = a@* — a. Such constraints on
spectral data are not unusual in the field of IST, and is simply the analogue of
the reality constreint imposed when solving systems via IST [77]. Employing this
constraint, we get
g(s) = Re(a)Ai(s) + i Im(a)Bi(s). (5.4.16)
The above solution (5.4.16) is merely the leading-order solution in the linear
limit. Higher-order corrections to (5.4.16) may be determined by constructing the
von Neumann series for the transcendent, which is a procedure analogous to the
Born approximation in quantum mechanics, This is beyond the scope of the current

discussion, and will be the subject of future work.
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§5.5 Exact Solutions to the Kinetic Equation
Given the fact that we are able to find integrals to the test particle equations of

motion for the neutral sheet and circular O-line configurations, it is likely that we

will be able to find exact solutions to the collisionless kinetic equation

of | . 0f , . 0f _
—3?+qaq+p$_o. (5.5.1)

As we saw in the previous section, the z-motion for the neutral sheet configu-
ration is integrable in terms of the second Painlevé transcendent, and is integrable
in the Hamiltonian sense in an extended phase space which includes the time ¢ as
one of its canonical coordinates. The radial motion for the circular O-line is also
solvable in terms of the second Painlevé transcendent, but its Hamiltonian structure
is more complicated. Thus, we shall concentrate on how one may solve (5.5.1) for
the neutral sheet configuration.

In the eight-dimensional extended phase space for the slab configuration, we
have the canonical coordinates {z,y, z,t,pz,py,pz, —H}, where H is the Hamilto-
nian defined in (5.2.2) and s is the canonical time in the extended phase space. The
constants of the motion for this system are the extended phase space H, p,, the ini-
tial z-momentum p., = p. — «t, and the Stokes data a. Since the slab configuration
forms a Liouville integrable system in the extended phase space, a special class of
solutions to (5.5.1) F are completely determined in that JF is an arbitrary function

of the constants of the motion:

F= }-(H7py:pzoaa)‘ (55'2)
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The solutions described by (5.5.2) are eguilibrium solutions to the kinetic equation
in the eight-dimensional extended phase space described above. The physical evo-
lution of the system takes place on the six- dimensional submanifold of the extended
phase-space corresponding to H = 0. It is possible to obtain solutions to the phys-
ical kinetic equation (5.5.1) by projecting the equilibrium solutions F(H, py, pz,, a)
that lie in the extended eight-dimensional phase space down to the six-dimensional
physical phase space via a procedure similar to that used in wave-kinetic theory
[78,79]. This procedure will be carried out in future work, and is beyond the scope
of the present discussion. The important thing to note is that this reduction pro-

cedure will produce ezact time-dependent solutions to (5.5.1).



APPENDIX ONE
DETERMINATION OF THE LEADING-
ORDER BEHAVIORS FOR (3.2.2a-c)
Consider the system of equations (3.2.2a-c), which contain all the information

about the singularity structure of (3.1.4a-f)

a:f.rP ™ =p., + kT + %azzr”” - %5%27”” (Al.1a)
Be(Bz — 1772 = —(kT + p2g) + %60{,,27'2’9" — %a,zrzﬁ’- (A1.1b)
By(By — 1)77% = (k7 + pzo) + %54%21'2'6’ - %62%2725*’ (Al.1c)

It is now necessary to test every possible leading order behavior for the set of
equations (Al.la-c). Upon examining (Al.1la-c), it becomes clear that this is not a
trivial task. Counting the number of possible leading order balances for the systems
itself is something of a task. To this end, we must consider the set (Al.la-c) one at
a time.

Let us begin our search with (A1.1b). We will find that we will have a number
of cases that are dependent on the value of p., and &, as well as the value of ;.
Beginning with the assumption that §, is not zero or one, we must examine the

following version of (Al.1b):

bay 2Py - %0321‘2’9‘” (Al.2)

[T

Be(Br — )72 =

This equation has three terms, so the number of possible balances is the sum of the

169
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number of two-term balances plus the one three-term balance:

Number of possible balances = (g) + (g) =4,

where the notation () is simply the binomial coefficient, which determines the

number of possible combinations of n objects, taken m at a time:

() = Gy

(A1.2) has the following cases associated with it:
Case Bl: f; = —1 and B, > —1. Then

ﬂz(ﬂx - 1)= - 9

Case B2: §, = —1 and 8, > —1. Then
é
Case B3: 3; = §, and B, < —1. Then
1L 2]
ay = ﬂ:%-

Case B4: §; = 8, = —1. Then

Now suppose that §; = 0. Then (A1.2) becomes
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If the O(1) term is nonzero, i.e. a;? # —2p,,, there is only one possible balance,

namely

Case B5: 8y =0, §; =0 and a;? # —2p.,. Then a, and a, satisfy

oy = 1/2%%,

If the O(1) term in (A1.2) is in fact zero, we must include the subdominant electric

field term, and (A1.2) becomes
—KT + %66!,,27'2'6" = 0. (Al.4)
Clearly, there exists only one dominant balance for this situation:

ay=:1:\/g6£.

Next, suppose that 8; = 1. This causes the LHS term in (Al.1b) to vanish,

Case B6: 8, = 1, and

leaving us with

~(KT + pzo) + %6%21’2”# - %aﬁrz =0. (A1.5)

Yet again we must consider the values of various parameters as we search for the
balances of this equation. If the initial z-momentum, p., is nonzero, the leading
order in the above equation is O(1), and we have

Case B7: p;y # 0, f, =0, and

2p:zg
5

oy ==

If the initial z-momentum is zero, but the electric field is nonzero, then the

leading order balance is at O():
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Case B8: p;y =0,k #0,and §, = -;— Then

ay=:|:\/%'i.

Finally, there is the case that both the initial z-momentum and electric field

are zZero:

Case B9: p.; =0, £ =0, and 8y = 1. Then

ay=:|:1/%£.

Finally, we must examine the possible balances present in (Al.1c). Again, we
will find that we will have a number of cases that depend on specific values of p.,
and &, as well as the value of 8,. We will begin with the assumption that g, is not
zero or one. Then we must examine the following version of (Al.1lc) for p;y # 0,

which will have an O(7~?) present:
-2 1 2,28 1 2 2,208
By(By — 1)77° = -2~5az TP — 56 oy “TPy, (A1.6)

Yet again, this equation will have three two-term balances and one three-term
balance associated with it. These cases are the following:

Case Cl1: 8; = —1 and B, > —1. Then
6
By(By —1) = 50’1:2-

Case C2: §, = —1 and §; > —1. Then
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Case C3: 8; = By and fy < —1. Then

ay =+

il
75

Case C4: f; = fy = —1. Then

, 2 2
O!z=.'.i: _—_4'*';&3: N

Now suppose that 8, = 0, which will cause the O(7~?) term to vanish. There
will be an O(1) term present in the balances, and as long as this term is nonzero,

ie. ay? # 222 (A1.6) becomes

Pzo + %50327'2'8” - %620@2 = 0. (4L.7)

This situation leads to only one possible balance:

Case C5: 8, =0, Bz =0 and a,? # 2832 Then o, and ay satisfy

1
ay = :I:g‘\/ 6&32 + 2p;0.

If the O(1) term in (A1.7) is in fact zero, we must include the subdominant

electric field term, and (A1.7) becomes
le 2 28, lea o
KT + E&az TeP= — 56 a,“ =0. (A1.8)

Clearly, there exists only one dominant balance for this situation:

Case C6: (3, = %, and
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Next, suppose that 8, = 1. This also causes the LHS term in (Al.1b) to vanish,

but also introduces an O(7?) term, leaving us with

Pzo + 6T + -;—6a321'2'8= - %5201‘272 =0. (A1.9)

Yet again we must consider the values of various parameters as we search for the
balances of this equation. If the Initial z-momentum, p., is nonzero, the leading
order in the above equation is O(1), and we have

Case CT: p,y #0, 8 =0, and

2 2Pz

Q= 5

If the initial z-momentum is zero, but the electric field is nonzero, then the
leading order balance is at O(r):

Case C8: p,, =0, £ #£0, and 8; = 1. Then

Finally, there is the case that both the initial z-momentum and electric field

are zZero.

Case C9: p,;, =0, =0, and S, = 1. Then

Now that we have determined all of the possible leading-order-behaviors for the
individual equations, we must determine which combinations of these possibilities

will lead to a viable leading order behavior for the system as a whole. The testing
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of these candidate balances has to be done carefully and systematically. Note that

2835 possible combinations of these balances for the

we have a total of 35 x 9% 9

Table Al.1. Filter Comparing (Al.1a) and (Al.1b).

: DEENOEOEE
A/lc|8|c|s(e|s(o[8]3

system. In order to ensure a thorough examination, we shall record our progress

in tabular form via the construction of Filters, i.e. a set of tables that evaluate
each other. This insures that we explore all of the possible leading-order behaviors

the possible leading order behaviors of two of the above equations with respect to

associated with the system.

The rows of Filter A1.1 correspond to possible leading-order behaviors of equa-
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tion (Al.1b), and its columns are identified the possible dominant balances asso-
ciated with (Al.1c). The shaded boxes in the filter indicate combinations of cases
that contradict each other, while the white regions indicate an agreement between
the exponents in the leading-order-behaviors for the two equations.

Clearly there are only six instances in which the equations (A1.1b) and (Al.1c)
have leading order behaviors that agree. These cases are:

Case BC1: 8, = —1 and By > —1. Then (Al.1b) and (Al.lc) become
ay = £2¢ (A1.10a)

By(By — 1)+ 26 =0. (A1.108)

Using these conditions, (Al.1a) becomes

2 2
ar’ ba
=2 y_ 2P

2 2

¥
.

azﬂ:'r'az-l = Pzp + KT +

Since By > —1, we find that ; = -1 and a, = 2,

Case BC2: g, = —1 and #; > —1. Then (Al.1b) and (Al.1lc) become

ay = :I:-2(-5E (Al.11a)
2
Pe(Bz —1)+ 5 =0 (A1.110)

Again, substitution of these parameters into (Al.1a) yields a simple relation

2 2
Xx” 28 bay® _,
TP= — T
2 2

szﬂz'rﬂzw1 =Py + KT+

We know that §; > —1, thus 8; = —1 and @, = —2.
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Case BC3: 5, = ; < —1. Then (Al.1b) and (Al.1lc) reduce to the same

relation:

&y = :I:% (A1.12)

Upon examination of (Al.1a), we get
Be—1 _ L2 2,26

Yet again, the leading order is O(72%¢), and we recover (A1.12) if B, > 26 + 1. If
B: = 28; + 1, then we must conclude that o, = 0 or 8; = 0. Since f. is clearly
negative, we have a, = 0, which violates the hypothesis of the ARS algorithm.

Case BC4: 8, = 8, = —1. Then (Al.1b) and (Al.1c) imply

Say? —a % =4 (A1.13a)
62ay? —ba,’ =4, (A1.13b)
which are in agreement if and only if § = —1. Substituting the results of this case

into (Al.1a), we get

o B 77" = p.o + kT — 2772,
If B, = —1 then a, = 2. If §; > —1, then (Al.1a) becomes at leading order

0= %(032 - 50{,,2) = 2,

which is clearly a contradiction, and we do not get an acceptable leading order

behavior for this case,
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Case BC5: 8y = 3, =0, ay # ﬂ:@, and @, # %i\/2pz. Then (Al.1b)

and (Al.1lc) imply

bay? — az® = 2p;, (Al.14a)
_bay? + ap? = _.21:5’0, (A1.14b)

which are in agreement if and only if either § = 1 or p;y = 0. If weset 6§ = 1 in
(Al.1a), we get

Bl =p.g + KT + %(oz,;2 — ay?).
If 8. > 1, then a, is arbitrary. If 8, = 1, however, then a, = 0, and the basic
hypothesis of the ARS algorithm is violated.

Setting p;o = 0 in (Al.la) yields
a:f.7P 7 =k + -;-(01::2 — bay®).

The leading order balance in this relation is at O(1). If 8, > 1, then a, is arbitrary.
If, on the other hand, 8, = 1, (Al.14a,b) now both imply a;? — éa,? = 0, and
thus 8. = 1 leads to the conclusion that e, = 0, which again contradicts the ARS

algorithm’s hypothesis.
Case BC6: 8, = 8, =1, pzo = 0 and £ = 0. In this situation, (Al.1b) and

(Al.1lc) reduce to the same relation:
ay = i%. (A1.15)

For this case, (Al.1a) becomes

1
af.rP = -é-(cnf,,,2 — by ).
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If B, > 3, then a, is arbitrary, and we get (A1.15) once again, yielding a viable
leading order behavior. If, however, 8. = 3, then we are forced to conclude that
e; = 0, leading to a contradiction with our hypothesis.

Upon examination of the Cases BC1-BC6 and their subcases, we find that
there exist six classes of viable leading order behaviors for this system. They are
the following;:

Class I: f; = -1,8, > ~1,8; = ~1. Then o, = £2i, ay is arbitrary, By (8, —
1)+ 26 =0, and o, = 2.

Class II: B > -1,8, = —1,8. = —1. Then ay = +%, a, is arbitrary,

ﬁx(ﬁz—1)+25=0, and a; = —

ot
.

Class III: 3 = §, = —1,8; = —1. Then § = -1, a; = :I:im-a—yz, ay is
arbitrary , and a, = 2.

Class IV: 8, = f, < ~1,8: = 2B, + 1. Then a; = £v/8a,, with both «, and
a. arbitrary.

Class V: 8; = 8y = 0,8: > 1, with the conditions that p,, = 0 or § = 1.
There is also the pair of constraints o # =+ 3’;—’”— and az # +4/2p.g. Then 8; > 1,
Oy = ﬂ:m, with both ay and a; arbitrary.

Class VI: ; = §, =1, 8: > 3, with the conditions p;y = 0 and £ = 0. Then

Qy = :[:\/gay and both a, and a, arbitrary.



APPENDIX TWO

THE SLAB (6§ =0) GEOMETRY

Here we consider the special case of § = 0 in equations (3.1.1a-b). As mentioned

in §3.1, the magnetic field configuration produced is that of a neutral sheet, with B

and E given by

and the scalar potential for the electric field is simply
®(z,y,z) = —ez.
The system’s Hamiltonian is thus
H(z,y,2,Pz,py,pz) = E%_-@i -+ %(Pzz + %)2 — K2,
The system’s equations of motion in Hamiltonian form are
E=p:
Y=py

180

(A2.1qa)

(A2.15)

(A2.2)

(42.3)

(A2.4)

(A2.5q)

(A2.5b)
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i=p.+ 5 (A2.5c)
3:3

Pz = —zp: — & (A2.5d)

py=0 (A2.5¢)

p: = K. (A2.5f)

Things are considerably more simple than the system (3.1.4a-f). Note that p,

is a constant and that (A2.5b) can be integrated to give
y(t) = pyt + yo, (A2.6)
where yp is a constant. We also can solve for p. explicitly, just as we did in §3.1:
p2(t) = Kt + pzo, (A2.7)

where p:q is a constant. The only nontrivial parts of the system {(A2.5a-f) that

remain are the equations

T = pg (A2.8a)
32
Z=kt+pg+ —, (A2.8b)
. z3
Pz = —a(kt +Ppzo) — 5 (A2.8¢)

The above system (A2.8a-c) does indeed possess the Painlevé property. This
can be seen by applying the ARS algorithm to (A2.8a-c). The only viable leading

order behavior for this system is

T =277, p,=F2Ar~%, z=2772,
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Using the technique outlined in § 2.3, we can calculate the resonances associated
with the above leading order behavior, and find that they are —1, 1, and 4.

Finally, it is possible to recover the remaining constants of integration as re-

quired by the algorithm. Using the ansatz (2.3.7), we write the phase space coor-

dinates z, z,and p; as

4
z =221 4 Z Cim7m™ 1, (A2.9a)
m=1
4
z=2r"1+ Y Comr™ (A2.9b)
m=1
4
Pz = F2r 7% 4 z Camt™ 2, (A2.9¢)
m=1

Substituting the expansions (A2.9a-c) into (A2.8a-c), and solving for the coef-

ficients Ci,, we find:

Ci1 = C31 =0, Cq; arbitrary,

')
Cl2 = C32 = 2?;01 022 = p’?!

1K .
Ciz = E’ Ca3 =—£, Ciz= ik,

Ci4 arbitrary, C34 = 3C14,

2

1 z
and 024 = § [2?:014 - plos ]

Note that we have an arbitrary coefficient entering at each resonant order in
the expansion, and thus we have shown that the neutral sheet magnetic field config-

uration admits test-particle equations of motion that possess the Painlevé property.
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Therefore, by the Painlevé conjecture stated in § 2.2, the system of equations (A2.8a-
c) are integrable in the complex analytic sense of the word. Furthermore, since we
have a good constant of the motion p,, and also a time-dependent constant of the
motion p.,, it is very likely that the system (A2.1a-f) is also analytically integrable.
The fact that the system of equations (A2.8a-c) are analytically integrable is
little surprise, when the motion in z is considered in greater detail.
We can also test the system (A2.5a-f) using Yoshida analysis, but to do this, we
consider the reduced z-z system (A2.5a), (A2.5¢,d), and (A2.5f). The first step is to

determine whether or not this system is invariant under the scaling transformation

=gy z' = o9z ' =0~
. (A2.10)

! _ 593 I _ 494 i = a-i

P =07"Pz Pz =07P: dt
Under this transformation, (A2.5a), (A2.5¢c,d), and (A2.5f) become
g t1lg = g9p, (A2.11a)
291 2
o9ty = gosp 4 2 2"’ , (A2.11b)
3g .3

gy, = —gh gy, — i 2$ (A2.11c)
o%tlp, = k. (A2.11d)

The condition that the reduced z-z system is invariant under the scaling transfor-

mation (A2.10) is thus the following set of conditions on the exponents g;:

gBB=qan+1, gz+1=g4=2q,

gs+1=g1+g4=3q, gs=-L
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These conditions can be simplified to give
g2 +1=-1=2g, (A2.12a)

g1+2=g1—1=3g. (A2.12b)

Solving (A2.12a) yields g1 = —3 and gz = —2. This result is clearly incompatible
with (A2.12b), and thus the reduced dynamical system (A2.5a), (A2.5¢c,d), and
(A2.5f) is not homogeneous, and thus Yoshida singularity analysis is not applicable
in this situation.

As we have seen in § 5.4, the slab field configuration does indeed possess fairly
simple dynamics, which is consistent with the results of Painlevé singularity analysis.

Another intersting thing to note is that the addition of a uniform axial field
B; to the slab configuration will also yield Hamiltonian equations of motion that

possess the Painlevé property.



APPENDIX THREE
PROOF THAT THE RADIAL EQUATION

(5.3.11) POSSESSES THE PAINLEVE PROPERTY

The radial equation (5.3.11) was derived in §5.3, and is

d®p  pg® p°
@S m T plst + pzy ) — > (43.1)

Our goal is to demonstrate that this differential equation possesses the Painlevé
property.

Recalling the ARS algorithm described in § 2.3, we begin by finding the viable
leading-order behaviors for (A3.1). Suppose that (A3.1) possesses a singularity
t = ¢« in the complex t-plane, and let p = at?, where 7 =t — #,. Substituting this

expression into (A3.1), we get

3

BB — l)a'rﬁ“2 = Jp,,gzq:xa'z-"""6 ~ karBtl —pzoaT‘B - %Tsﬁ. (A3.2)

The process of finding the leading order behaviors for (A3.2) is quite simple
compared to the task that we undertook in §3.2. For # # 0 and g # 1, the O(r7)

and O(7#¥1) terms may be neglected, leaving us with

3
B(B — 1)arP~? = py2adr—3F — -";—r“ﬁ. (A3.3)

For (A3.3) there exist three possible balances
Case it f ~2 = —38 < 38. Then § =1, and a* = —4p,.
Case ii: § —2 =38 < —38. Then # = —1, and a* = —4p,?.

185
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Case iii: §—2 > 38 = —38. Then 8 = 0, in contradiction to our original
assumption.

Now, suppose # = 0. or # = 1. Then (A3.2) becomes

3
pe2ar %0 — karPt — p, arP — C—;—-Taﬁ = 0. (A3.4)

Case iv: If § = 0, then all of the terms except the electric field term (i.e. the

katP*1 term) in (A3.4) balance, and « satisfies
a® + 2a4pz° - 2p¢2 = 0.

This polynomial equation contains only even powers of «, and the substitution
A = o? allows us to write it as a cubic in 4, which can be solved by radicals:
A% +2A%p,, — 2ps2 = 0.
Case v: For g =1, (A3.4) becomes
a® ,

- kar? —pnar” 5T =0,

p¢2a3,’.—3

and there exists no leading order balance for this case,
Having determined the viable leading order behaviors to (A3.1), we turn our
attention to the system’s resonances. Recalling (2.3.3), we write our dependent

variable as

p=ar?(1+v77), (A3.5)

where r is presumed positive or equal to -1, and the parameters « and # were de-

termined in the first step of the algorithm. Substitution of this extended expansion
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will give us the means of solving for r; that is, the resonances of the system for each

particular leading order behavior.
Case i: o = —4p,? and B = ] Substitution of (A3.5) into (A3.1) for this case

gives us, to leading order,

1 1
oy ('r + §) (r - 5) = —3py2aty,

which reduces to a quadratic in r

1
r? — 2 + 3a’py? = 0.

Recalling the value of & for this leading order behavior, we find a? = +2ipy, and

thus our equation for » becomes
2 1 .3
™ -7 =+ 6ipy” = 0.

The resonances are the r roots of the above polynomial equation, and are given by

11 /1 .4
r-—2[4:l: 16:]:24zp¢].

For real py, we will not have real roots unless py = 0, in which case r = {1/4,0}.
Clearly we can not obtain nonnegative integer resonances, nor will we have r = —1
as a resonance. For this case, the algorithm terminates at this stage.

Case ii: Here we have § = —1 and a = +2:. Substituting (A3.5) into (A3.1)

for this leading order behavior gives us the equation

3
ay(r = 1)(r —2) = —5ab,
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which reduces to a quadratic for :

which has roots r = ~1 and r = 4. Thus this leading order behavior yields accept-
able resonances, and passes this level of the Painlevé test.

Case iv: This was the case of § = 0, and a was defined above in terms of
a cubic in A = a®. Using this set of parameters in (A3.5), and substituting into

(A3.1) gives us at leading order

3
—1’)3)4,2 - a4pz0 - 506 =0,

or, using the above expression for «, we get
a*p., — 3pgt = 0.

Clearly, this equation contains no information about the resonances, and the algo-
rithm terminates at this stage.

Having determined all of the resonances for the system’s possible leading order
behaviors, we take up the task of constructing the constants of integration for the
one leading order behavior-Case ii—that has passed through both of the first two
steps of the algorithm. This case has one nonnegative resonance at » = 4, and at
this order in the Laurent series expansion for p(t), we expect an arbitrary constant
to appear. In order to see whether or not this will happen, we expand the solution

to (A3.1), p(7) as a truncated series as defined by (2.3.7):

4
p(r) = 22171+ Y Cimr™, (A3.6)

m=1
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where the coeflicients C;,, are constants that are determined by substitution of
(A3.6) into (A3.1). Substituting (A3.6) into (A3.1), and balancing order by order

in T gives us a set of equations for the coefficients Cip:

—6 Cn =0

32:0112 —6012 -—21:sz =

Cyyd (A3.7a — d)
5 +62.011C12—4C13-—22.E—011p20=0
3Ch%C . .
2 2 3401  +6iCy Cig— Cryk—Chaps, =0

2
The first of these equations implies that C;3 = 0, which reduces (A3.7b) in the set

to

—6012 — 2ipz° = 0.

Solving for Ci2, we get Ci2 = —%p;o, which, when substituted into (A3.7c) yields
—4Ch3 — 2ik = 0.

Thus Ci3 = —%n, and substitution of this result into the (A3.7c) in the set reduces
it to zero identically, leaving us with an arbitrary C}4, which is precisely what we
would expect at this resonant order in the expansion. Note that we could have
seen this immediately by inspection of (A3.7d), since there is no term involving Cy4
in this equation. Therefore, the radial equation (A3.1), or (5.3.11), possesses the

Painlevé property.



APPENDIX FOUR

SYMPLECTIC INTEGRATION

§A4.1 Introduction

In the study of the behavior of systems of ordinary differential equations, it is often
advantageous, or simply necessary, to turn to numerical methods. In particular,
the dynamical systems discussed in this thesis either 1) did not possess closed-form
solutions, or 2) had exact solutions that are difficult to interpret physically.

There exist many techniques for integrating systems of 0O.D.E.’s, and when the
system in question happens to be Hamiltonian, we have at our disposal a wealth
of techniques that can be tailor-made to fit the problem. Given the thrust of our
work so far, we would like to use a method that does its best to respect the phase
space structure of our system, that is, we wish our method to be symplectic. Thus
we turn to the technique of symplectic integration.

Symplectic integration was first introduced by De Vogelaere [80], and extended
to general Hamiltonians by Channell [81] and Ruth [82]. Further exploration of this
technique has been made by Forest [83], and others(84,85]. Other symplectic meth-
ods involve the use of Lie transforms [86], which are used extensively by accelerator
physicists, or operator splitting [87].

The basic method is simple. Consider a system in Hamiltonian form with
coordinates ¢i,...,¢9x and momenta py,...pyN, and the system’s Hamiltonian H is

190
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H = H(q1,...,9N,P1,-..2N). The equations of motion in Hamiltonian form

are:
. OH
gi = Bp (A4.1.1a)
and
: OH
pi= B (A4.1.1b)

The Hamiltonian differential equations are then replaced by a symplectic map-
ping that is generated using a near-identity canonical transformation. Express a
time step from time ¢ = {p to ¢t = 1y + At as a canonical transformation from a set of
coordinates and momenta (g;, p;) at time #p to the new set (Q;, P;) at t = g + At.

The chief advantage to symplectic techniques is that they are natural out-
growths of the system’s Hamiltonian and tend to posess the same symmetries as
the Hamiltonian from which they spring. The trajectory manifold resulting from the
mapping remains close to the system’s true trajectory manifold. Very often, sym-
plectic mappings with fairly large timesteps will preserve a system’s integrals with
startling precision, allowing greater speed and accuracy when compared to more
standard numerical integration techniques [88]. As is often the case with a “stan-
dard” finite-difference scheme, such as the Runge-Kutta method, the quality-control
portion of the integration routine is the testing of the integrity of the system’s con-
stants of the motion; a process which often forces the routine to cut the timestep
size and re-do the step. A symplectic scheme by contrast, is simply the iteration of
a mapping that shares the symmetries of the system in question, and a symplectic

mapping that is order n in the timestep At¢ will normally preserve the system’s



192

Hamiltonian to O((A#)"*!) automatically. When a Hamiltonian system possesses

a continuous symmetry (e.g. azimuthal symmetry), the integral of the motion as-

sociated with this symmetry (e.g. angular momentum) will often be preserved to

machine precision. We will return to this question of accuracy in the next section.
§A4.2 Constructing Symplectic Schemes

Consider a canonical transformation of the third kind. In this case the gener-

ating function is S = F3(Q1,...,@nN,p1,...,PN), and P; and g¢; are given by

_o5

= 2.
gi Fm (A4.2.1a)
and
as
el 2.ab).
P; 70, (A4.2.ab)
Now, expand S as a Taylor series in At :
= (Ar)™
= Su(»Q) — (A4.2.2)

m=0
Note that So(@,p) = —Q - p, the identity transformation. The next step is to
derive the higher-order terms in the generating function. To this end, note that
substituting (A4.2.2) into (A4.2.1b) allows us to write the new momentum P; as

© (AH)™ 95,
P = pi— Z(_n%%. (A4.2.3)

m=1

We can write the total time derivative of the new momentum P; as

oF; - OP;

7 +¥5q" (A4.2.4)

=
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Recalling the expansion for P; and Hamilton’s equations, we can write (A4.2.3) as

© (A1 9Sm A (AD™ D28
2o o0: T 2l 20y (a5) 7@ P) = 55, H@P)

m= 1

(A4.2.5)

We wish to determine Q and P such that they agree with the solutions of (A4.1.1)

to some order in At¢. Given the above expression for P;, we can write the vector P

as
Z (At) asm
m=1
or
P=p+ AP,
where
Z (At)'“ 65’
m!

Expanding the arguments of the Hamiltonian in eqn (A4.2.5), we get

= (A)™ 8Smi1 o= (AD)™ 328, = (AP-&) aH 2(AP-5) 6H
Z m!  8Q; —1;::1 m! 8QaQ; Zo 3' J'!a aQ;’

m=0 Jj=0

(A4.2.6)

Expanding the powers of AP, and collecting terms order by order in At allows

us to derive the first two orders of the generating function S.

S1 = H(p, Q), (A4.2.7a)

and

Sy =— (%H(p, q)) : (B%H(p, Q)) . (44.2.75)
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A general, but complicated version of eqn (A4.2.6) can be derived by expanding
the powers of AP using the binomial theorem and identifying like powers of At.

This expression can be found in reference [88].
Returning to the question of how well a symplectic algorithm will preserve the

Hamiltonian for a given system, consider a simple Hamiltonian of the form

H(g,p) = % + V(q).

Applying (A4.2.7a,b) to construct a first-order symplectic scheme, we find the ex-

plicit mapping
Q = q + pAt + O(AL?)
ov 2
P =p- a—th-{-O(At ).

This mapping is exactly symplectic; i.e. dQ AdP = 0, but the system’s Hamiltonian

is preserved only to first order in A¢:

HPQ) =L +V( )+ (%Km)

and thus,

H(P, Q) - H(p, Q) ~ O(Atz)'
EXAMPLE: Consider a Hamiltonian of the form
1, 5 2 2 z?
H=5(p" +p," +p:") + 5 +cos(y) + 2. (A4.2.8)

Note here that the dynamics for this Hamiltonian are completely separable; the

motion in z is a harmonic oscillator, the y-motion is a pendulum, and the motion
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in z is a free-fall. The system can be broken down into three separate systems with

individual Hamiltonians given by:

Hamilton’s equations for this system are

& = pz, | (A4.2.90)

Y = Py, (A4.2.9b)
Z=ps, (A4.2.9¢)
Pz = -7, (A4.2.9d)
Py = sin(y), (A44.2.9¢)
p: =-—1. (A4.2.9f)

Applying equations (A4.2.7a,b), we can construct the generating function S,

which is good to third order in the time step At:



Pr2 + Py2 + Pz2
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+

S(X,Y,Z,pz,py,px) = —(Xpz +Ypy + Zp;) + At( 9

(At)?

5 (Xpz — pysin(Y) + p:).

2
XT + cos(¥Y) + z) —

The symplectic mapping generated by § given above is:

(At)?

2X’

2
y=Y — Atp, — (Azt) sin{Y),

z=2Z — Atp, — (A2t)2’
Pr=p, — AtX + (A;)zpz,
P, = p, — Atsin(Y) — (Azt)zpy cos(Y),
P, =p. — At

(A4.2.10)

(A4.2.11a)

(A4.2.115)
(A4.2.11c)
(44.2.11d)
(A4.2.11¢)

(A4.2.11f)

Note that this mapping is implicit in the new coordinates (X,Y,Z). The z and z

components of this mapping can be inverted by inspection:

z + Aip,
X = 1 &y?
— a07
and
Z =z + p;At.

(A4.2.12qa)

(A4.2.120)

The motion in y is another matter altogether; equation (A4.2.11b) is transcenden-

tal in Y, and must be inverted numerically using a root-finding method such as

Newton’s method. This is generally the case.
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There is, however, another way of generating the mapping in a fashion that
avoids the difficulties encountered above. Instead of using a canonical transforma-
tion of the third kind, suppose we try evolving the system via a canonical transfor-
mation of the second kind, where we step from coordinates (q, p) at time ¢ to a new
set of coordinates (Q,P) at time ¢ + At, with a generating function F' = F(q, P).

The new coordinates and old momenta are thus given by:

oF
i = A42.1
oF
i = . A4.2.13b
pi=g- ( )
Once again, we can express F as a power series in the timestep At.
F=3 o)l (At) (A4.2.14)

m=0
Note now that Fy(Q,p) = —q - P, the identity transformation. As before, the object
is to determine the higher-order contributions to the generating function F. This
process is essentially the same as the one outlined above. Using (A4.2.13a,b), the

new coordinates (J; can be written as

(At)™ OF
Z 30 (A4.2.15)

m=1]

Now we can write the total time derivative of the new coordinate @; as

s 6@: aQt
Q=5 +P55-

(A4.2.16)
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Substituting the expansion (A4.2.15) for @; into (A4.2.16), and using Hamilton’s

equations to eliminate P, we get

R (AL F,. S (A)™ 2F, [ 8 5
2 Em)—l)! ap, _1( m} apap,-'(aq)H(Q’P )= 35, H(Q,P). (44.2.16)

m=1]

Given the above expression for @;, we can write the vector Q as

(AH)™ aF,,,
n; m!
or
Q=q+AQ,
where

m!

AQ = Z (At)™ aF

As before, we simply expand the arguments of H in terms of AQ, which leads us

to a result very similar to {A4.2.6):

f: (A)™ OFmi1 _ i(At)m OPFm  N(AQ-5g) aH Z(AQ 75) aH_

m! OB ml OPOP, 4 7!

m=0 m=1 j=0 j=0

(44.2.17)

again, it is possible to derive a general expression for Fj, for any order m, but for

our purposes, we shall be interested in onlythe first two orders of F"
F\.= H(q,P), (A4.2.18a)

and

B= (BQI;H(q,P))-(a—aq-H(q,P)). (2.2.18b)
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Armed with this scheme, let’s return to our specimen system, whose Hamilto-

nian is given by equation (A4.2.10). To second order in At, the generating function
Fis

F(m,y,z,P,;,Py;Pz) =zP; +yPy+sz+

P+ P+ P>  a? |
At( +P:;’ + +%+cos(y)+z)+

%f(mpz — Pysin(y) + P.). (44.2.19)

¥y Now note that the second-order symplectic mapping that F' generates is implicit

in the new momentum P, and is given by:

=Pt ater B p (44.2.20a)
(A;)Z (A4.2.208)

p: = P, + At. (44.2.20¢)

X =2+ AP, + (A;)z z, (44.2.20d)

Y =y+ AtP, - (At)2 Py sin(y), (A4.2.20¢)
Z =2+ AP, + (?2 (A4.2.20f)

Note that unlike the mapping (A4.2.11) this mapping is easily inverted to be made

explicit. Solving (A4.2.20a-c) for the new momenta, we get

pr — oAt
p=8"200 A4.2.21a
1 + (A;)a ( )
p, = Py sin()At (A4.2.21b)

1 + M cos(y)
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P, =p, - At (A4.2.21¢)

Figures A4.2.1 - A4.2.3 illustrate how well this algorithm preserves the indi-
vidual Hamiltonians H,, H,, and H,. The data for these graphs were generated
using the symplectic scheme (A4.2.21a-c) and (A4.2.20d-f) with the initial condi-
tionsz =1, y = n/2, 2 = 0.5, p = 1.0, py = 1.0, and p, = 1.0. The size of
the time step was fixed at At = 10~2.1t is interesting to note that a second-order
numerical integration scheme would be expected to introduce relative errors in the
Hamiltonian on the order of (At)®. Our graphs, however, tell us quit.e a different
story. In the case of H,, the instantaneous relative error ey_ oscillates between
—2.5 x 1079 and 2.5 x 1079 , cancelling itself out on average. The map for the
y-motion shows some growth in the relative error, which is unfortunate, but still,
the relative error after 100000 steps is still small. The freefall motion in z shows

some dissipative behavior, but only on the order of 10~7 after 100000 steps.

|
|
?

‘ ;
-20-09
-30-09
~4e-09 L — : N
0.0 200.0 400.0 600,00 800.0 1000.0

t

Figure A4.2.1. Relative Error in H, vs. Time.
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Figure A4.2.2. Relative Error in Hy vs. Time.
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Figure A4.2.3. Relative Error in H, vs. Time.

Given what we've seen with this simple example, it would appear that for
Hamiltonians of the type typically encountered (i.e. H = kinetic energy + po-
tential energy), using canonical transformations of the second kind to generate the

symplectic mapping would be a superior technique in that it is more easily inverted.
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The fact that most Hamiltonians for physical systems tend to contain terms that are
either linear or quadratic in the momenta, but often contain terms that are cubic,
quartic, quintic, or even rational in the coordinates tells us we will normally have
better luck using canonical transformations of the second kind to create symplectic
integration algorithms fha.t are easily invertible, and hence fast,since we probably
won’t need to call in a root-finding routine to invert the scheme. To understand

why this is so, consider a Hamiltonian of the form

H(q,p) = 222 + p- V(a) + U(a), (44.2.22)

where the functions V and U are either polynomials in q or rational functions of
q. If we construct a symplectic scheme of the type generated by (A4.2.7), the

generating function S(Q, p) is

5@ p)=-@-p+ A2 +p-VIQ) +U(@) -

G ((P+v(@) - [Valllp- V(@) + VaU(@)])-

(A4.2.23)
with the symplectic mapping scheme for the i** conjugate pair given by

gi = Qi — At(pi + Vi)+

(At)®
2

[B:i(p- V) + (V- V)Vi(p- &V) + [(p+V) - VIV + U]

(A44.2.24q)
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Py =p; - At(p-(a,'V) + 8U-3 V] + [(6.V)V]U+

L (p+v)- Viip - V4 1) + (p+V) - V@D

(A4.2.24b)

If the functions V; and U are polynomials, but more complicated than linear func-
tions in the coordinate @ , the inversion of the symplectic mapping has the potential
of being a difficult task; for each component of the mapping that is not explicit, we
will have at least two branches of the inverted mapping, meaning that we will be
faced with one of two things: 1) if the equations (A4.2.24) are solvable in radicals
for @, we could write out the roots explicitly, and test to see which one is associated
with the timestep, or 2) if (A4.2.24) is a quintic or higher-order polynomial in @,
we are faced with inverting the mapping via a numerical root-finding routine. In
either case, our numerical scheme will be slowed down.

Now consider the same system with a symplectic scheme generated by equation

(A4.2.18). The generating function F for the timestep is
P-P
F(q,P)=-q P+ At(——z—— +P-V(q)+ U(q))-—

L (1+via) - 1ValP - Vi@l+VaU(@)).

(A4.2.25)
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The symplectic mapping is then

Qi = q¢i — AP + Vi)+

B e - v)+ (V- WP aV)+

[(P+V) - V)Vi + 8:U] (A4.2.26b)

pi=P;— At(P'(a,'V) + B;U)-}-

(A;)_f[(p+v) VI[P -3 V]+[(8: V) VI(P - V+U)+(P+V) - V(QU)]. (A4.2.26)

From (A4.2.26) we see that we have a relation for P that is quadratic in P. , Thus,
for a one-dimensional system, we can solve for P using the quadratic formula, and
then check the two branches to see which one is the appropriate one for the mapping,.

Notice that the term in (A4.26) that is quadratic in P takes the form
Pija,'ajV}.

Thus, if the i** component of the mapping if the components of V satisfy the

condition

0;0; Vi =0, Vi, i, k. (2.2.27)

If the condition {A4.2.27) applies for all of the components of V, then the map-
ping (A4.2.26) is linear in P. The condition (A4.2.27) is highly restrictive, but if
it applies, then the implicit mapping is completely invertible by inspection. If this
condition applies for some component of V, then this portion of the map can be in-

verted via the quadratic formula. No such guarantee exists for the scheme generated
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by (A4.2.7), thus leading us to conclude that for Hamiltonians with complicated po-
tentials or electromagnetic terms, such as the Hamiltonians (1.4.7) and the reduced
radial system derived in §5.3, 2 momentum-implicit scheme is a good choice for

constructing a second-order symplectic integration algorithm,

§A.4.3 Numerical Scheme for Equations (1.4.8a-f)

Now we will apply the momentum-implicit method generated by (A4.2.18) to de-
rive a symplectic mapping for the system (1.4.8a-f). Recall from (1.4.7) that the

Hamiltonian is

)= P2t py” +p?

+ 2 (pey — pyz)+

H(z,y,2,Dz,Py, D=

2
P = 67) + (e +) + P A B —hm (4431)

where « is a constant that specifies the 2-component of the magnetic field. For the
work done in this thesis, o = 0.

Applying the momentum-implicit method, we get the symplectic map

p: = P: — r(At) (A4.3.24)

2
(%f-)-(—aPy+%"3 + 2P,z + z(z? —-6y2))+

D = Pz -+
aP.(1+ 8y

5 — 6Pyzy—

2
(Azt) (P,,Pz — Kz + %(3:1:2 — 6y +

2 2 8
aP;y L 3e(1 4; 8)a’y _ ad( 15)9‘ ) (A4.3.28)
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5.’1:2 52 3
= P, + (At)( 4 5 LA *-2—-) +
2
LA?”)—- ( —6P,P, + i'ﬂfzi)g‘ﬁ + gp,,(say? — 2?) — 6P, zy+
3 2
a(l 4 6z + 61y — 3ad(1 +I5):cy (44.3.2¢)
4 4
oy (At)2 1 2 2
2
Y =y + (At) (Py - —5—) (A;) dy (— P, + %(6@/2 - :r:z)) (A4.3.2¢)
2
Z=z+ (At)(Pz + %(mz - 6y2)) + (-A—;)—(— &+ Poz — 6Py + ﬂliz‘s)—mg)

(A4.3.2f)

This mapping is quite easily inverted; the only nonlinear terms in the mo-
menta involve P, P, and P, P,. Note that since P, can be obtained explicitly from
(A4.3.2a), the equations (A4.3.2b) and (A4.3.2¢) can also be solved trivially to ob-
tain P; and P,. Thus the symplectic scheme can be made entirely explicit. To

illustrate this, we write (A4.3.2a) and (A4.3.2b) as the matrix equation
C(Px’Pt)T = R:

or
Ci1 Cie P\ (R
(021 sz) (Py) - (32) . (A4.3.3)

where the elements of C and R are given by

2
Cii=1+ (L;)._(Pz + -;—(33:2 - 6y2)),
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_a(At)  (Ar?

Ciz = ——3 5 o2,
Co1 = 0f(zAt) _ (Ag‘)2 Sy,
Copp =1+ (—ézt—)z- ( — 6P, + g(3w2 - 6y2)),
Ri=p, — (—Azi) (ng + 2P,z + z(z? — 6y2)) -
(_A?t)i (_ k4 aPz(lz-l- 8y + 3a(1 -:‘6):1:23; _aé(l I&)ya)
Ry=py — (At)(%zE — 6Py — ng + 6—2213)-
(A;)2 (a(l +26)Pzw + a(l 15)3:3 + 6y — 3ad(1 1— 6)a:y2)‘

A minimal ammount of linear algebra allows us to complete the inversion of

the mapping for P; and Py:

P - CaaRy — C12R2
i det(C)

(A4.3.3a)

p - Culz—Cuky
v det(C)

(A44.3.3b)

Thus the symplectic stepping scheme is thus comprised of equations, (A4.3.2a),
(A4.3.3a-b), and (A4.3.2d-f). This integration scheme is identical to the one used
to conduct the numerical studies on the fully three dimensional system (1.4.8a-f).
Figure (A4.3.1) shows the performance of the routine in time for typical particle
out of an ensemble of test-particles used in one of the simulations conducted for
this system. The step size was At = 1072, After nearly 200000 steps, the relative

error in the Hamiltonian ¢y has climbed to a peak value of 1.7 x 1074,
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Figure A4.3.1. Relative Error in H vs, Time.

§A4.4 Symplectic Scheme for the Reduced System (5.3.12)
Now we turn our attention to the task of the numerical integration the reduced

equation derived in §5.3. Recall the radial equation (5.3.12):

d*p P 1

where 7 is a constant. Once again we will employ a symplectic scheme. The first
task towards this end is to write (A4.4.1) in Hamiltonian form. Let’s rename p q

and define the canonical momentum p by p = ¢. This gives us the system

q. =D (A44.2a)
.1 ¢
p=r5- % — ntq. (A4.4.2b)

We can now define a nonautonomous Hamiltonian H by integrating (A4.4.2a) with

respect to p and (A4.4.2b) with respect to ¢:

2 1 11
H(g,p,t) = 22— + 3 (ntq2 + %— + ?) (A4.4.3)
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The Hamiltonian system (A4.4.2a,b) and (A4.4.3) is nonautonomous; i.e. the
Hamiltonian is explicitly time-dependent. In order to proceed with the construction
of a symplectic integration scheme, we must extend the phase space of the system,
and then apply the techniques outlined in §A4.2. This extension of the phase space
is achieved via a canonical transformation of the second kind [29], with the “old”
phase space coordinates being (¢,p,t, H), and the new set of phase space coordi-
nates will be denoted (g1, g2, P1, p2) with the new extended phase space Hamiltonian

K, and new canonical time (. Define the new phase space coordinates as:

q1 = q,
g2 =1,
P1=p,

pz = —H(q,p,t).

The generating function for the extension is F, given by
F = p1g+ p2t.

The new Hamiltonian K is given by

oF
K(q1,q2,p1,p2) = H + Bt

Thus

2 4
=P 1 2, @ 1
K(q1,q92,p1,p2) = ) +p2 + ) (”7‘12‘11 + T + ql—z)

(Ad.4.4)
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Now that we have a system that is autonomous in ¢, we may take up the task of

constructing the symplectic integrator. The generating function F is given by

1 4
F(q1,92,P1, P2) = Py + Pagz + 5= (&g C) (Pl2 +2P; + v + 3;— + nqx"‘qz)+

P 3
- + 19 141
a3 2

(A2¢)2 ( P nq1 ) (A4.4.5)

Using (A4.2.18) to process F', we get the symplectic mapping

3
p1 =P+ A¢ (—q1’3 + a1 +na 92) +

2

AC® (3P 3P qi?
-—-2¢ (—41 tng+22 8 4P QZ) (A4.4.6a)

q 2

2 2

P Acgq‘ + 8¢ 1 (A4.4.6)
A¢? a1

Q=q+A(P +—~ + —2— +74q1 42 (A4.4.6¢)
Q2 =gz + A (A4.4.6d)

The above mapping is linear in P, and P;, and as such can be made explicit by
noting that the (A4.4.6a) involves only linear terms in P;, and has no dependence

on P,. This gives us

p1— AC (-fn“‘ +4° +nq ¢I2)

2
14 &8 (nqlqz +3a%+ ;f’x)

'791

1=

(A4.4.7)

Also, note that the expression (A4.4.6b) for P; is also unnecessary, in that we have

a closed-form expression for Pe; it is simply the old one-dimensional phase space
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Hamiltonian H defined by (A4.4.3), but evaluated at the new values ¢} and P, of
the radial phase space variables.

The numerical performance of this integration scheme is quite stunning, indeed.
Figure (A4.4.1) shows the extended phase space Hamiltonian K(g,, g2, p2, pz) versus
time. Ideally, we expect the value of K to be zero, but would be prepared to accept
it being as large as (A¢)® = 107%. What we find, however, is that K oscillates with

an amplitude on the order of 10716,

le-15
B8o=16 |- E
Go=16 |- -

4o-16

2e-16

i

Oa+00

=4e-16

~6ec=16 |- -1

-8o0-16 |- -

_lu_ls L i 1 i
0.0 20.0 40.0 60,0 80.0 100.0

time

Figure A4.4.1. Extended Phase Space Hamiltonian vs. Time.



APPENDIX FIVE

COMPUTER SIMULATION CODE XOSSIM.F

The following computer code was developed and run on Sun and IBM workstations,
as well as CRAY II computers. Though the variable declaration statements are the
data type real, the code was always compiled using the implicit double precision
option, meaning that all of our real floating point arithmetic was done using the

data type real*8,

212



213

program XOSsim XOSsim
sk ko ok ok sk kiR Rk kR R sk ok otk sk ook sk sk sk ok kKoK
sokskok sk ok ok sk ook oo skok sk ok sk ok sk stk ok skok ki ok ks ok ok koo sk sk sk sk sk ook ok ok
This code calculates particle trajectories for reconnection
fields, including X— and O-type neutral lines, as well as
neutral plane fields.
The magnetic field is taken to be:
Bx = delta * y, By = x, Bz = alpha = constant.
The electric field is Ez = epsilon
stk ks kR sk ok sk kol ok Rk ok Rtk kR ok sk ok oksk ok kst ok ok 10
sk kR ok ok kR ok ook Rk kR ko Rk sk ok ok sk kokok ook sk ok sk kokok ok ok ok
parameter (nmps = 50001)
parameter(nbins = 100)

* % ¥ X * X ¥ X
* ¥ K ¥ ¥ *

Cc
real kappa,length,mass
C
real x0(nmps),yO(nmps},20(nmps),px0(nmps),py0(nmps),
& pz0(nmps),t(nmps),dt(nmps),x(nmps),y(nmps),z(nmps),
& px(nmps),py(nmps),pz(nmps),h(nmps),herr(nmps),
& ham0(nmps),efin(nmps),amufin(nmps),tfin(nmps), 20
& esubl(nbins),hamfin(nmps),qguide(nmps),curre(nmps}),
& eftfin(nmps)
¢
integer ifin(nmps),nsurf(nmps),num(nbins)
common [fields/ alfa,b0,delta,efield kappa
common /slab/ xunif,yunif,ymax,ifxu,ifyu,iflat
common /intpars/ dtmin,nitmax
C
c open input & output files...
c : 30

open(95, file='upsilon.d’)
open(97, file='omegax.d’)
open(98, file='omegay.d’)
open(99, file = ’jy.d?)
open(7, file=’muout.d?)
open(8, file="hamout.d’)
open(9, file="reclog.d’)
open(14, file="xpx.d’)
open(15, file =’ypy.d?)
open(16, file='zpz.d’) 40
open(17, file=’efin.d?)
open(18, file=’tfin.d’)
open(19, file="mufin.d’)
open(20, file=’hist.qd’)
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open(21, file=’enot.d?)
open(22, file=’jx.d?)
open(30, file="xy.d’)
open(31, file=’xz.4’)
open(32, file='yz.d’)
open(33, file="xyz.4’) 50
open(34, file="hamfin.d*)
open(47, file='ftefin.d’)
open(4, file="X0Ssim.d’)
open(13,file=’inout.d’)
open(69,file=’isurf.d*)
open(70,file=?isurf2.4’)
open(71,file="fluxs.d’)
open(73.file="gcs.d?)
open(74,file=’stuff.4d’)
open(75,file="rho0.4°) 60
open(76, file=’rhop.d?)
open(77, file="rhoz.d?)
open(78, file=’'phi.d’)
open(79, file=’vperp.d?’)
open(80, file=’vpar.d?)
open(81, file=’munot.d?)
open(91, file=?tunmag.d’)
open(96, file=’ke.d?)

Read in parameters... 70

read(4,2) alfa,b0,delta,efield
read(4,5) ymax,ifxu,ifyu,iflat
read(4,3) h0,amu0
read(4,3) psi0,dpsi
read(4,4) xmin,xmax
read(4,*) znot
read(4,4) phiof0,phscale
if(delta .1t. 0.) then
if(ifyu .eq. 1) then 80
xmin = —0.5+sqrt(abs(2. * psi0))
xmax = 0.5+sqrt(abs(2. * psi0))
endif
if(ifxu .eq. 1) then
ymin = -—0.5+sqrt(abs(2. * psi0 / delta))
ymax = 0.5#sqrt(abs(2. * psi0 / delta))
endif
endif
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if(delta .eq. 0.) then
if(ifxu .eq. 1) then
ymin = xmin
ymax = xmax
xunif = sqrét(abs(2. * psi0))
endif
if(ifyu .eq. 1) then
yunif = sqrt(abs(2. * psi0))
endif
endif
if(delta .gt. 0.) then
if(ifxu .eq. 1) then
ymin = xmin
ymax = Xmax
endif
endif
psimin = psi0 — dpsi
psimax = psi0 + dpsi
read(4,6) iran,iexb,iprints,inoint,iact
format({4(el2.5,1x))
format(2(ell.4,1x))
format(2(el7.10,1x))
format(e9.2,3(1x,i1))
format(5(il,1x))
read(4,2001) nparts,ntype
write(9,2301) nparts,ntype
read(4,2002) jmax,ntrial,nitmax,nord,icut,
&  iprint,iprints,i3d,icsonly,itest,ihist
write(9,2302) jmax,ntrial,nitmax,nord,icut,
&  iprint,iprints,i3d,icsonly,itest,ihist
read(4,2007) t0,dt0,tmax
read(4,2006) dtfudge,hfudge
read(4,2006) q,mass
read(4,*) rmax
read(4,*) tinc
write(9,2305) rmax,tinc
read(4,*) isptraj
if(isptraj .eq. 1) then
read(4,+) xs0,ys0,zs0,pxs0,pys0,pzs0
xs = xs0
ys = ys0
zs = zs0
pxs = pxs0
pys = pys0
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pzs = pzs0
call hamilt(xs,ys,zs,pxs,pys,pzs,hs0)
hs = hs0
ts ts0
dts = dt0
herrs = hs0 * (dts #* (nord+1))
nspec 1
endif
ifail = 0
tfintot = 0
pi = acos(—1.0)
twopi = 2.0 * pi
phscale = phscale * twopi
tiny = 1.0e~14
¢ = 2.99792458e10
ge = 4.8032068e—10
pmass = 1.6726231e—24
emass = 9.1093897e—28
if(ntype .eq. 1) then
mass = Imass * pmass
q = qe
endif
if(ntype .eq. 2) then
mMass = Iass * €emass

[ nn

q = —qe
endif
omegal = q * b0 / (mass * c)
length = 100.

kappa = q * efield / (mass * length *
&omegal++2)
write(9,2310) b0,delta,alfaefield,q,mass
write(9,2312) length,omega0,kappa
write(9,2316) tmax,dt0,tolf,tolx
write(9,2318) h0,amu0,psi0,znot,xmin,xmax,
&phiof(,phimax

call up the initialization routine INIT...
if(isptraj .ne. 1) then

call init(xmin,xmax,nparts,h0,amu0,psi0,znot,x0,
&y0,20,px0,py0,p2z0,ham0,qguide,ekbar0,phiof0,phscale,

&iexb,iran,iprints,np)

check to see if integration of the trajectories is
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desired...If only a set of particles about a flux
surface is wanted, inoint is one...

if(inoint .ne. 1) then 180
set size of minimum step, dsmin

dtmin = dtfudge * dtO+(nord + 1)

do 100 n=1np

herr(n) = ((abs(dt0))**(nord+1)) * hamO(n) * hfudge
190
set up values of coordinates & momenta for use in
the integration scheme...

x(n)= x0(n)
y(n)= yO(n)
z(n)= z0(n)
px(n)= px0(n)
py(n)= py0(n)
pz(n)= pz0(n)
t(n) = t0 200
dt(n) = dt0
h(n) = hamO(n)
ifin(n) = 0

100 continue
ifintot = 0

begin integration...
210

write(6,%) np
do 1000 n=1,np

call the particle pusher for this particle...

ifail = 0

psif = psi0

call parpush(n,x(n),y(n),2(n),px(n),py(n),pz(n),t(n),dt(n),h(n),
&ham0(n),herr(n),efin(n),eftfin(n),tfin(n),amufin(n),ifail ifin(n),
&icsonly,itest icut,rmax,tmax,tine,jmax,curre(n),psi0,psimin, 220
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&psimax,nsurf(n})
c
ifintot = ifintot + ifin(n)
if(ifail ne. 0) write(6,2320) nifail
¢
c calculate the final hamiltonian
c

call hamilt(x(n),y(n),z(n),px(n),py(n),pz(n),hamfin(n))
1000 continue
230

determine max & min values of the final kinetic
energy for the distribution...y

a o a0

if((iprint .eq. 1) .or. (ihist .eq. 1)) then
ektot = 0.
ekmax = 0.
ekmin = l.el0
nspec = 2

Write out final quantities, and determine the most 240
energetic particle...

a o o0

ekavf = 0.

ekavft = 0.

current = 0.

do 1100 n=1,np

if(itest .eq. 5) write(47,2005) qguide(n),eftfin(n)
write(17,2005) qguide(n},efin(n)

write(18,2005) gguide(n),tfin(n)

write(19,2005) qguide(n),amufin(n) 250

herr(n) = (hamfin(n) — hamO(n)) / ham0(n)
write(34,2005) qguide(n),herr(n)
ekavf = ekavl + efin(n) / float(np)
if(itest .eq. 5) then

ekavft = ekavit + eftfin(n) / float(np)

endif
current = current + curre(n) / float(np)

if(efin(n) .gt. ekmax) then
nspec = n 260
ekmax = efin(n)

endif

if(efin(n) .It. ekmin) then

nmin = n



C

(g

1100

1150

1200

1250

emin = efin(n)
endif
continue
emax = efin(nspec)
emin = efin(nmin)
endif
if(ihist .eq. 1) then

erange = emax — emin

deltae = erange / float(nbins)

do 1150 1=1,nbins

esubl(l) = efin(nmin) + float(l) * delatae

num(l) = 0
continue
do 1200 n=1,np

lbino = int((efin(n) — emin) / deltae) + 1
num(lbino) = num(lbino) + 1

continue

do 1250 m=1,nbins

write(20,2015) esubl{m),num(m)

continue
endif

This is where the single particle trajectory control jumps in...

endif

if((iprint .eq. 1) .or. (isptraj .eq. 1)) then

tnext = ts - tinc

if this is not a s.p. trajectory, initialize xs, et cetera...

if(isptraj .eq. 0) then
xs = x0(nspec)
ys = y0O(nspec)
zs = z0(nspec)
pxs = px0(nspec
pys = py0(nspe

)
c)

pzs = pz0(nspec)

ts = t0

dts = dt0
hs0 = ham
hs = hs0

'!3"
@
-
"
%

Il

0(nspec)

herr(nspec)

(=1 =)
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nxper = 0

txp = 0. 310
typ = 0.

xdsn = pxs + 0.5 * alfa * ys

ydsn = pys — 0.5 * alfa * xs
endif

Write out first line of trajectory data file .

write(14,2005) xs,pxs
write(15,2005) ys,pys
write(16,2005) zs,pzs 320
write(20,2005) ts,dts
write(30,2005) xs,ys
write(31,2005) xs,zs
write(32,2005) ys,zs

if(i3d .eq. 1) write(33,2008) xs,ys,zs

do 1300 j=1,jmax
if(idone .ne. 1) then
call step(xs,ys,zs,pxs,pys,pzs,ts,dts,xsn,ysn, 330
&zsn,pxsn,pysn,pzsn,hs,hs0,hsn, herrs,nit,ntrial,
&icut,ifail)

if(ifail .eq. 1) write(9,2100) n,nit,dt,j
xds = xdsn
yds = ydsn
xdsn = pxsn + 0.5 * alfa * ysn
ydsn = pysn — 0.5 * alfa * xsn
if(iact .ne. 0) then
if(ixstart .eq. 1) then 340
dx = xsn — xs
pxavg = 0.5 * (pxs + pxsn)
actx = actx - pxavg x dx
if(xds#xdsn .le. 0.) then
nxper = nxper + 1
if(mod(nxper,2) .eq. 0) then
write(22,2005) ts,actx
taux = ts — txp
txp = ts
if(taux .ne. 0.) then 350
omegax = twopi / taux
else



omegax = 0.0

endif
write(97,2005) ts,omegax
actx = 0.
endif
endif
endif

if(iystart .eq. 1) then
dy = ysn — ys
pyavg = 0.5 % (pys + pysn)
acty = acty + pyavg * dy
if(yds*ydsn .le. 0.) then
nyper = nyper + 1
if(mod(nyper,2) .eq. 0) then
write(99,2005) ts,acty
tauy = ts — typ
if(tauy .ne. 0.) then
omegay = twopi [ tauy
else
omegay = 0.0
endif
typ = ts
write(98,2005) ts,omegay
acty = 0.
endif
endif
endif
if(ixstart .eq. 0) then
if(xds+xdsn .le. 0.) then
nxper = (
actx = 0.
txp = ts
ixstart = 1
endif
endif
if(iystart .eq. 0) then
if(ydsxydsn .le. 0.) then
nyper = 0
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evaulate the particle unmagnitization function upsilon...

vX = pxsn — ax(xsn,ysn,zsn) 400
vy = pysn — ay(Xsn,ysn,zsn)
vz = pzsn — az(xsn,ysn,zsn)
eknow = vxxvx + vykvy + vzivz
bx = bex(xsn,ysn,zsn)
by = bwhy(xsn,ysn,zsn)
bz = bzee(xsn,ysn,zsn)
bt = sqrt(bxxbx 4+ by*by + bzxbz)
vpa = (vxxbx + vyxby + vzxbz) [/ bt
vper = sqrt(2.xabs(ho — vpaxvpa))
gyrorho = vper / bt 410
amus = vper * gyrorho
gbob = sqrt((deltax4)xysn*ysn + xsnxxsn) / (bt¥bt + tiny)
upsilon = gyrorho % gbob
write(95,2005) ts,upsilon

update trajectory data

XS= Xsn
ys= ysn
2S= zsn 420
pXs= pxsn
pys= pysn
pzs= pzsn
herrs = (hsn — hs0) / hs0
hs = hsn

Pause to print out trajectory number nspec (if desired).

if(ts .ge. tnext) then
tnext = ts + tinc 430
write(7,2005) ts,amus
write(96,2005) ts,eknow
write(8,2005) tsherrs
write(14,2005) xs,pxs
write(15,2005) ys,pys
write(16,2005) zs,pzs
write(20,2005) ts,dts
write(30,2005) xs,ys
write(31,2005) xs,zs
write(32,2005) ys,zs 440
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c if(i3d .eq. 1) then
c write(33,2008) xs,ys,zs
c endif
endif
if(ts .ge. tmax) idone = 1

endif

c
1300  continue

c

endif 450
[ 44

write(9,2075) nparts,ifintot
write(9,2200) nspec
heatr = ekavf / ekbar0
if(itest .eq. 5) then
heatftr = ekavft / ekbar0
write(9,2265) ekavft,heatftr

endif
write(9,2205) ekavf heatr
write(9,2206) tmax,current 460
write(9,2207) ifxu,ifyu,iflat,xunif,yunif
¢
c format statements
c

2000 format(6(el16.10,1x))
2001 format(i6,1x,i1)

2002 format(i6,2(1x,12),8(1x,i1))

2003 format(3(£7.3,1x))

2005 format(2(el8.12,2x))

2006 format(2(e8.2,1x)) 470
2007 format(3(e8.2,1x))

2008 format(3(e16.10,1x))

2010 format(6(e9.3,1x))
2015  format(el6.10,1x,i6)
2075 format(’Out of a total of ’,i6,” particles, ?,i6,
&’ completed their runs ’,/’and exited the Scattering
& region.’)
2100 format(10x,’0Qut of luck, cowboy--Particle number ’,if,
&  stalled after ’,i4,’ shots with dt = ’,el6.10,’and
& j = ,6) 480
2200 format(’Trajectory data corresponds to particle # ’,i6)
2205 format(’Average Final Kinetic Energy = ’,el2.6,/’Ratio
& of final to initial kinetic energies = ’,el2.6)
2206 format(’Average current at time t = ’,e12.6,” is j = 7,
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&el2.6)
2207 format(’Orientation and I.S. type parameters : ’,/’ifxu = ?,
&i1,10x,’ifyu = ?,i1,10x,’iflat = ?,il,/’xunif = ?,el14.8,10x,
&’ yunif = ?,e14.8) ‘
2265 format(’Average Fixed Time Final Kinetic Energy = ’,e12.6,/’Ratio
& of fixed time final to initial kinetic energies = ’,e12.6) 490
2301 format(’Simulation of °,i6,’ particles.’,/’ntype = ’,i1)
2302 format(’Max. no. of steps : ’,i6,/’ntrial = ’,i2,
&5x,’nitmax = ?,i2,5%,’nord = ?,il,bx,’icut = *,il,/
&?iprint = °,i1,5x,’iprints = *,i1,5x,’i3d = i1,/
&’icsonly = ’,il,5x,’itest = °,il,6x,’ihist = ?.il)
2305 format(’Radius of the NULL BALL = ’,10.4,/’Time
&interval between trajectory points = ?,e10.4)
2310 format(’Field parameters :’,/,’BO = ?.,9.3,5x,’delta = ?,
&€9.3,5x,’alfa = ’,e9.3,5%,’E0 = *,e9.3,/,’q = ’,e9.3,
&? esu’,10x,’m = ’,9.3," g’) 500
2312 format(’Scale length = ’,ell.5,” cm’,/’Omegal = ?,
&el1.5,10x,’ kappa = ’,ell.5)
2316 format(’tmax = ?,9.3,10x,°dt0 = ’,e9.3,/’tolf = ?,
&e9.3,10x,’tolx = ?,e9.3)
2318 format(’Flux surface parameters:?’,/’H0 = *,e9.3,10x,
&’Mu0 = *,9.3,/7Psi0 = ?,e9.3,10x,’20 = ?,e9.3,/
& xmin = ’,9.3,10x,’xmax = ’,e0.3,/’phiof0 = ’,e10.4,
&10x,’phscale = ’,e10.4)
2320 format(’Particle number ’,i6,’ crapped out with ifail = ?,

&il) 510
c
endif
c
end

okt skakoksk sk kR sk ok ook ook ok sk sk ko ok ok ok kR dkok ok sk kR ok ok ok sk ok ok ok sk ok ko sk ook ok
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sk dok ok sk kR Rk kR Rk ok ok sk koo sk sk stk sk ok ok sk ok kotok okolok sk ok sk ko ok
subroutine parpush(n,xo,yo,zo,pxo,pyo,pzo,to,dto,ho,haO,helpﬂ.I‘pllSh
&ekf,eftkf,tf,amuf,ifail ifinish,icsonly,itest,icut,rmax,tmax,tinc,
&jmax,curr,psinot,psimin,psimax,nexit) 520
real kappa
common /fields/ alfa,b0,delta,efield kappa
common /slab/ xunif,yunif,ymax,ifxu,ifyu,iflat

This is the particle pusher. This routine pushes single particles

for the chaotic scattering calculation. It uses one of three different
types of tests to trap the particle, each of which is signaled by a
particular value of the integer itest.
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if itest = 1, push until a particular z—value is reached. 530
if itest = 2, push until a particular time tmax is reached.

if itest = 3, push the particle until it scatters out to a
distance rmax from the origin.

if itest = 4, the initial surface is single—valued in x, psinot>0,
and we require that the particle pass through the field line separatrix
reaching an outgoing flux surface psi = —psinot.

540
if itest = 5, the initial surface is single—valued in y, psinot<0,
and we require that the particle pass through the field line separatrix
reaching an outgoing flux surface psi = —psinot.

if itest = 6, we are using the time diagnostic——push the particles
until a time t=tmax is reached. This diagnostic is applicable to the
closed field line (i.e. elliptical and circular) cases. This is the
same diagnostic as the case itest=2, except that this flag allows us to
calculate a final value of <vz>, which is proportional to the current,

550
if itest = 7, we are considering the case of the slab (delta=0)
configuration, and we push the particle until it has drifted a
distance ymax along the y—axis (note that for the slab, py = constant).

ipsid = 0
do 3000 j=1,jmax

ARE WE DEAD? If ifail =1, the answer is yes.

If isconly=1, then we only want chaotic scattering 560
data, so the code will stop when all of the particles

have satisfied the appropriate exit condition.

Satisfaction of the appropriate exit condition for a

particular particle is signified by setting the flag

ifinish equal to 1.

if(((ifail .eq. 0) .or. (icsonly .ne. 1)) .and.

& (ifinish .ne. 1)) then

Take a step of size dt... 570

call step(xo,yo,z0,pxo,pyo,pzo,to,dto,xn,yn,zn,pxn,
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&pyn,pzn,ho,ha0,hnew,herro,nit,ntrial,icut,ifail)

if(ifail .eq. 1) write(9,3100) n,nit,dt,j
if(ifail .eq. 2) write(6,%) to,xo,xn,yo,yn

Now that we have the coordinates at the new point, check to see if
any poincare surfaces of section have been crossed, and if so, write
this information to the appropriate file... 580

for now, just reset coordinates & momenta to new values, as well

as h & t:

X0 = Xn
yo = yn
Z0 = zn
pxo = pxn
pyo= pyn
pzo = pzn 590
ho = hnew

check to see whether the particle is magnetized or
unmagnetized...

vx = pxo — ax(xo0,y0,z0)
vy = pyo — ay(x0,y0,z0)
vz = pzo — az(x0,y0,20)
bx = bex(xo,yo0,z0)
by = bwhy(xo,y0,z0) 600
bz = bzee(xo,yo,z0)
bt = sqrt(bxsbx -+ byxby 4 bz+bz)
vpa = (vxi«bx + vyxby + vzxbz) / bt
vper = sqrt(2.#abs(ho — vpaxvpa))
gyrorho = vper / bt
gbob = sqrt({delta++4)+yoxyo + xo*xo) / (btkbt + tiny)
upsilon = gyrorho * gbob
if(iunmag .ne. 1) then
if(upsilon .ge. 1.) then
iunmag = 1 610
funmag = to
nunmag = nunmag - 1
endif
else
if(upsilon .lt. 1) then
iunmag = 0
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ttunmag = to — tunmag
endif
endif
620
check to see if the particle satisfies "exit" condition
on this step, and keep a running tally on how many particles
have exited the scattering region by summing up values of ifinish.

GO0 606

if(itest .eq. 1) then
if(zo .ge. zmax) then
ifinish = 1
ifintot = ifintot 4+ 1
call kefin(xo,yo0,z0,px0,pyo,pzo,ekf,amuf)
if(efin .eq. 0.) write(6,3200) xo,yo,zo,pxo, 630
&pyo,pzo
tf = to
endif
endif

if(itest .eq. 2} then
if(to .ge. tmax) then
* ifinish = 1
call kefin(xo,yo,zo,pxo0,pyo,pzo,ekf,amuf)
if(ekf .eq. 0.) write(6,3200) xo,yo,z0,px0,pyo,pzo 640
call hamilt(xo,yo,z0,pxo,pyo,pzo,hf)
write(91,%) n,nunmag,ttunmag
tf = to
endif
endif

if(itest .eq. 3) then
r = sqri(xn*xn + ynxyn + zn*zn)
if(r .ge. rmax) then
ifinish = 1 650
call kefin(xo,yo,z0,pxo,pyo,pzo,ekf,amuf)
tf = to
endif
endif
if(itest .eq. 4) then
psinow = 0.5 * (delta * yn * yn — xn * xn)
if(psinow .le. —psinot) then
ifinish = 1
call kefin(xo,yo,z0,pxo,pyo,pzo,ekf,amuf)
tf = to 660
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if(xo .1t. 0.) nexit = 3
if(xo .gt. 0.) nexit = 1
endif
endif
if(itest .eq. 5) then
psinow = 0.5 * (delta * yn * yn — xn * xn)
if(psinow .ge. —psinot) then
ifinish = 1
call kefin(xo,yo,zo0,px0,pyo,pzo,ekf,amuf)
tf = to
if(xo .lIt. 0.) nexit = 3
if(xo .gt. 0.) nexit = 1
endif
endif
if(itest .eq. 6) then
psinow = 0.5 * (delta * yn * yn — xn % xn)
if((psinow .le. psimin) .and. (ifinish .ne. 1)) then
call kefin(xo,yo,z0,px0,pyo,pzo,ekf,amuf)
tf = to
if(xo .It. 0.) nexit = 3
if(xo .gt. 0.) nexit = 1
endif
if(to .ge. tmax) then
call kefin(xo,yo,z0,px0,pyo,pzo,eftkf,amuf)
ifinish = 1
curr = vz
endif
endif
if(itest .eq. 7) then
if(abs(yo) .ge. ymax) then
call kefin(xo,yo0,z0,pxo0,pyo,pzo,ekf,amuf)

tf = to
ifinish = 1
endif
endif
endif
continue

format(10x,’0ut of luck, cowboy--Particle number ’,i4,
' stalled after ’,04,’ shots with dt = ’,e16.10,’and

j = ?,i5)

format(6(e16.10,1x))

return
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end
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c
c This is the stepper for the integration scheme. 710

subroutine step(ql,q2,93,p1,p2,p3,s,ds,q1n,q2n,q3n,pln,p2n,p3n, Step
& hnow,hnot,hnew,dhmax,nit,ntrial,icut,ifail)

real kappa

common /[fields/ alfa,b0,delta,efield,kappa

common /intpars/ dtmin,nitmax
soksksk kR kR Rk ok kR Sk kR sk sk ok ok ookokdokokok ok sk sk skok sk ki sk ok ok soksk ok o
stk ARk R Rk Ao ks sk sk sk Rk ok ko koo ok sk ok sk ko sk ko sk ook ok ot ok ook
If icut = 0: turn off the error control; topology, not
numbers is the key... 720

If icut = 1: test to see if the Hamiltonian is conserved within
reasonable limits...If the step is unsuccessful, cut the step
size in half. If the step is successful, try doubling the stepsize

on the next run...
2 e o ok Sk ok Sk ok ofe o s s ek o ke s e e s o sk sk ol o s e s ok o ol ok ok sk ok o ke Sk ok s sk 3k ok ok sk s 3¢ sk sk s sk o e ke e Ak A 3 e o R ok ok o ol 2k ok o 3 s e o sk ok e ok ok ok

ok sk sk oR kR Rk ok sk ok Ak sk sk sk Rk Rk bk ook ok ok bk sk ek ok sk ko
if(icut .eq. 0) then
call symmap(ql,q2,q3,p1,p2,p3,s,ds,qln,q2n,q3n,pln,p2n,
& p3n,ntrial,ifail) 730
call hamilt(qln,q2n,q3n,pln,p2n,p3n,hnew)
endif
if(icut .eq. 1) then
do 2500 i=1 nitmax
call symmap(ql,q2,93,pl,p2,p3,s,ds,qln,q2n,q3n,pln,p2n,
& p3n,ntrial,ifail)
call hamilt(qln,q2n,q3n,pln,p2n,p3n,hnew)
if(abs((hnew — hnow) / hnot) .gt. abs(dhmax)) then
s =8 — ds

o a0 o06ao0n

nit = nit + 1 740
ds = ds / 2.
if((abs(dt).le.abs(dtmin)) .or. (i .eq. nitmax)) then
ifaill = 1
endif
else
nit = 0
ds = 2. % ds

return
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endif

continue 750
endif

return

end
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subroutine hamilt(ql,q2,93,p1,p2,p3,hamil) hamilt
real kappa

common [fields/ alfa,b0,delta,efield kappa

hx = 0.5 * (p1 — ax(ql,q2,q3))**2 760

hy = 0.5 * (p2 — ay(ql,q2,q3))*+2
hz = 0.5 * (p3 — az(ql,q2,q93))**2
hamil = hx + by + hz + potl(ql,q2,q93)
return
end
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real function potl(ql,q2,q3) pOtl
real kappa 770
common /fields/ alfa,b0,delta,efield kappa

potl = —kappa * 3

return

end

sokok ko o stk oo stk sk ok skokok sk ok sk sk ke ks sk ook sk sl ko sk kel sk stk kil ok stk ok sk sk ok kol ook ok ok
sk ko ks kokdokokskk S YIVIMIAP  seokesteokeskookskoteote s seoke ok sk stk s ok ke ok s s s s koo sk ook ok o lokeok o o
stk ki ok sk ok ko sk sflsorsk sk stk sl sk kb kb stk ok kb sk ok ki ok ok sk ok sk ok sk ok ok sk sk sk ksl ok ok ok ok

Cc
c
C

c 006 00 a0

Here is the symplectic map...

780
subroutine symmap(ql,q2,93,p1,p2,p3,s,ds,qln, symmap
q2n,q3n,pln,p2n,p3n,ntrial,ifail)
real kappa
common [fields/ alfa,b0,delta,efield,kappa

The following symplectic integration scheme takes us from the
phase—space vector (ql,92,93,p1,p2,p3) at time s to the vector
(qln,q2n,q3n,pln,p2n,p3n) at time s + ds. This
scheme is an explicit and second—order in ds.

790
Definitions of useful combinations of variables that show
up repeatedly in the mapping equations...
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c
ql2 = ql * ql
dq22 = delta * q2 * 2
dqlq2 = delta * ql * q2
ds2 = ds*ds
qlo2 = 0.5 * ql
q202 = 0.5 * g2
alfa2 = alfaxalfa 800
c ‘
c Take step dt forward in time...
c
s =5+ ds
c First, step the momenta...
p3n = p3 + kappaxds
c ‘
c The stepping in px & py is implicit, but linear. Write it
c in matrix form AP = R, and invert A to get the new momenta
c P. First, write down the elements of A... 810
c
all = 1. + 0.25%ds2%(2.#p3n + 3.%q12 — dq22)
al2 = —0.5*ds*(alfa + dsxdqlq2)
a2l = al2 + alfa
a22 = 1. — 0.25+deltaxds2%(2.xp3n + q12 — 3.xdq22)
det = all*a22 — al2xa2l

c Now the right—hand—side vector R...
terml = kappaxds — 2.#p3n —ql2 + dq22
rl = pl 4+ 0.5%dsxql*(—0.5+alfa2 + terml) +
&alfaxq2#ds2+(—2.4p3n — 3.%ql2 + dq22)%(1. + delta)/8. 820
12 = p2 + 0.5+ds+q2+(—0.5+alfa? — deltaxterml) +
&alfaxqlseds2x(1. + delta)x(—2.4p3n — ql2 + 3.xdq22)/8.

Now, invert A to get pln & p2n...

]

pln = (a22+rl — al2+r2) / det
p2n = (—a2lsrl + allxr2) / det
c now, the coordinates...
stk Rk ko o sk sk SRRk ok ok AR R A Kok kR Rk ok o
qln = ql 4 ds#(pln + alfaxq202) + 0.5%ds2xqlo2%(2.xp3n + ql2 sao
& dq22)

g2n = dsx(p2n - alfaxqlo2) + q2 + 0.5xdelta * ds2 * q202x
& (~2.#p3n — ql2 + dq22)
sokskskokok sk ookt ok skt sk sk sk kR sk sk Rk Rk Rk R ok ko sk ks ko
q3n = 0.5*%ds2+(—kappa + pln*ql — deltaxp2n+q2 + alfaxqlx
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q202 + alfaxdqlq2/2.) + 0.5%ds*(2.%p3n + ql2 —
dq22) + q3
return
end - 840

sorstskokkok ok ok kR ok odok ok skok sk s kot ok skok sk ok ok stk skt kol sk ok ok sk ok skoleskeoksk sk sk ook sk ok akoksk ok ok sk ok ok
otk ook doksrokkokokokdkok sk JCETTTIN seskokokokokokok sk sk ook okl sk stk skok sk ek e skl st sk ok s e skok kol sk ok ok akok ok sk ok ok ok ok
skeskeokeote e e kst sk ok dsdekoskokok sk ok sk kR ok ok sk skotoskok sk ek sk s etk e kol e et ket stk sk kol ok ktoR sk ok ok sk ok

C
c kefin computes the final kinetic energy of the particle...
c
subroutine kefin(ql,92,93,p1,p2,p3,energy,amuf) kefin
real kappa
common /fields/ alfa,b0,delta,efield kappa
xdot = pl + 0.5 *x alfa * g2 850

ydot = p2 — 0.5 * alfa * ql
zdot = p3 + 0.5 * (qlxql — deltaxq2 *q2)
energy = 0.5 * (xdot**2 + ydot++2 + zdot#*2)
vtot2 = 2. * energy
bt = btot(ql,92,93)
vpa = xdot * (bex(ql,q2,q3) / bt) + ydot *
&(bwhy(ql,q2,q3) / bt) + zdot * (bzee(ql,q2,g3) / bt)
vper2 = vtot2 — vpa * vpa
amuf = vper2 / (2. * bt)
return 860
end
stk Rk ok ok sk K sk ksl ek ok sk sk sk sk ok stk Stk sk okl ok ok sk ek ok sk sk stk ek sk ok ko
sekskdokdokidokoksoksok INTT skokokokososokokok ook s sk skokskok sk ok sk o sk sk stk sk ok sk ookl ke sk sk ok
ook kR sk KRRk ok ok sk sk kKK ok ok KRR Rk R K sk ok sk ok Rk ok kK
subroutine init(qmin,qmax,nparts,h0,amu0,psi0,znot,q10,q20, init
&q30,p10,p20,p30,hamil,qge,ekavg0,phiof0,phisca,iexb,iran,
&iprints,np)
stk ook o ke ok ke ook ok sk s sk ook KooK ok ok o sk K sk e sk o s ek sk ok sk e ek ok Aol sk o ok o ok ok ok ok oK
ook okok ook sk R sk ok ks sk ook ok ek ok ok sk Rk AR Rk Kok ok sk sk ok Kok sk ok ko sk K ok ok o

*ok INIT  This code sets up an ensemble of nparts+1 870
*k particles on an energy surface h0, all particles

Kk having the same initial magnetic moment amu0 and all

*k particles residing on the same flux surface psi0 (i.e.

ok on the same field line. The code drops a set of guiding

*k centers on the initial psi0 surface, and then winds

Kk them about this line by incrementing the gyrophase phi.

ok The code computes the parallel and perpindicular velocities

ok for the test particles, as well as their canonical momenta,

*ok It also checks to be sure that this process places the

ok particles within an energy shell of thickness 2. * hittol. 880
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stk Aok Rk Rk Rk ko ok ok ok ek Aok sk ok ok ok ok sk sk ek ok o o ko koK
stk akakok ok sk ks Aok kR skt sk sk ok koK ok ko ks ok sk ok ok ok ok o ok s ko
parameter(nmps = 50001)
real ql0(nmps),q20(nmps),q30(nmps),p10{nmps),p20(nmps),
&p30(nmps),vpar(nmps),xge(nmps),yge(nmps),vparp(nmps),
&vper(nmps),v3(nmps),hami0(nmps),vpa2(nmps),vx(nmps),
&vy(nmps),vz(nmps),v4(nmps),energy0(nmps),qge(nmps)

real kappa
common [fields/ alfa,b0,delta,efield kappa
common /slab/ xunif,yunif,ymax,ifxu,ifyu,iflat 890
c
c define the constants pi & twopi
c
pi = acos(—1.)
twopi = 2. % pi
c
c define error tolerence hittol..,
c
hittol = l.e—2 * hO 900
ekavgd = 0.
c
c Now, set all of the z—values...
c
do 9 i=I1,nparts
q30(i) = znot
9 continue
c
c find center of the flux surface.
c 910

qcent = (qmin + gmax ) / 2.
if((ifyn .eq. 1) .and. (delta .ne. 0.))then
xcent = qcent
if(delta .gt. 0.) then
ycent = yxsurf(xcent,psi0)
endif
if(delta .1t. 0.) then
yeent = yosurf(xcent,psi0)
endif
endif 920
if((ifxu .eq. 1) .and. (delta .ne. 0.)) then
ycent = qcent
if(delta .gt. 0.) then
xcent = xxsurf(ycent,psi0)
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endif
if(delta .1t. 0.) then
xcent = xosurf(ycent,psi0)
endif
endif
if(delta .eq. 0.) then 930
if(ifxu .eq. 1) then
ycent = qcent
xcent = xunif
endif
if(ifyu .eq. 1) then
xcent = qcent
ycent = yunif
endif
endif
940
calculate the total magnetic field at the center of the
distrubution

bpcent = bpol(xcent,ycent,znot)
beent = btot(xcent,ycent,znot)

calculate the parallel & perpindicular velocities
at the center of the distribution.

vp2cent = vpar2(h0,amu0,xcent,ycent,znot) 950
if(vp2cent .1t. 0.) then

write(13,15) vp2cent

format(’Parallel velocity at center of distribution

& is imaginary; vp2cent = ’,1el0.4)

ifail = 1
endif
if(ifail .ne. 1) then
vpcent = sqrt(vp2cent)
vperpc = vperp(amul,xcent,ycent,znot)
960

vpep is the component of the parallel velocity that lies
in the x—y plane...

vpcp = vpcent * bpcent / beent
initialize gyrophase phi to value phi0

phi0 = phiof0 + qlmin * phisca
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dq0 = (gmax — qmin) / float(nparts) 970
dphi0 = phisca * dq0

Here is the loop that initializes the particles...

aQ

np = 0
do 600 n=1,nparts+1

set guiding center position xge(n),yge(n).
if ifye = 1, a distribution that is single—valued in
y is desired... 980

G006 a6.o0

if((delta .ne. 0.) .and. (ifyu .eq. 1)) then
xgc(n) = gmin + float(n—1) * dq0
qge(n) = xge(n)
if(xgc(n) .le. gmax) then
if(delta .gt. 0.) then
yge(n) = yxsurf(xge(n),psi0)
endif
if(delta .1t. 0.) then
yge(n) = yosurf(xge(n),psi0) 990
endif
endif
endif

For ifxu = 1, we
set up a distribution that is single—valued in jy...

0o o0 O 0

if((delta .ne. 0.) .and. (ifxu .eq. 1)) then
yec(n) = qmin + float(n—1) * dq0
qge(n) = yge(n) 1000
if(yge(n) .le. gmax) then
if(delta .gt. 0.) then
xge(n) = xxsurf(yge(n),psi0)
endif
if(delta .lt. 0.) then
xge(n) = xosurf(yge(n),psi0)
endif
endif
endif
1010

c Set up I.C.s if a slab configuration is desired...
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if(delta .eq. 0.) then
I.C.’s along a line Xgc = constant...

if(ifxu .eq. 1) then

yge{n) = gmin + float(n-1) * dq0
agc(n) = ygc(m)
xgc(n) = xunif

endif

I.C.’s along a line ygc = constant...

if(ifyu .eq. 1) then
xge(n) = gmin + float(n—1) * dq0
qge(n) = xge(n)
yge(n) = yunif
endif
endif
write(73,500) xge(n),yge(n)
bp = bpol(xge(n),yge(n),q30(n))
bt = btot(xge(n),yge(n),q30(n))

calculate parallel and perpindicular components of v:

vperp(amu0,xge(n),yge(n),q30(n))
vpar2(h0,amu0,xgc(n),yge(n),q30(n))

vper(n) =
vpa2(n) =
test to be sure that vpa2 > 0.

if the condition is satisfied, this i.c. is viable, so

load it, calculating the total and poloidal components of
vpar & vper...

if(vpa2(n) .ge. 0.) then
ql0(n) = xgc(n)
if(iran .ne. 0) then
vpar(n) = ((—1.)%*n) * sqrt(vpa2(n))
else
vpar(n) = sqrt(vpa2(n))
endif
vparp(n) = vpar(n) * bp / bt

calculate increment in gyrophase, dphi...
assume dphi < twopi...
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phi = phi0 + float(n—1) * dphi0
if(phi .gt. twopi) phi = phi — twopi

calculate the gyroradius rho, as well as the

projections of rho along z (rhoz) and in the poloidal

plane (rhop).

rho = vper(n) / bt
amunew = vper(n) * rho / 2,
rhop = rho * cos(phi)
rhoz = rho * sin(phi)
if(iprints .eq. 1) then
write(75,500) xgc(n),rho
write(76,500) xgc(n),rhop
write(77,500) xgc(n),rhoz
write(78,500) xgec(n),phi
write(79,500) xge(n),vper(n)
write(80,500) xgec(n),vpar(n)
write(81,500) xgc(n),amunew

endif

Calculate individual components of the magnetic field

bx = bex(xgc(n),yge(n),q30(n))
by = bWhY(ng(n),YgC(n),q30(n))
bz = bzee(xge(n),yge(n),q30(n))

Now, calculate actual particle positions, given the
gyrophase, and guiding—center coordinates...

ql0(n) = xgc(n) + rhop * (—by / bp) —

& rhoz * (bz * bx / bp * bt)

q20(n) = yge(n) + rhop * (bx / bp) —

& rhoz * (bz * by / bp * bt)

znot + rhoz * (bp / bt)
v3(n) = vper(n) * sin(phi)

vper(n) * cos(phi)

q30(n) =

v4(n) =

include E x B drift, if desired...

if(iexb .ne. 0) then

vexbx
vexby

=
=

—efield * by / (bt * bt)
efield * by / (bt * bt)
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endif
now compute the velocities

if(xge(n) .gt. 0.0) vpar(n) = —vpar(n)

vx(n) = — (vpar(n) * bx / bp) — (v3(n) * bz x bx /

& (bp * bt)) — (by / bp) * v4(n) + vexbx

vy(n) = — (vpar(n) * by / bp) — (v3(n) bz by /

& (bp * bt)) + (v4(n) * bx / bp) -+ vexby

vz(n) = (v3(n) * bp / bt) + (vpar(n) * bz / bt)

Great! now we need to get the canonical momenta...

p10(a) = va(n) + ax(xge(n)yge(n)mot)
p20(n) = vy(n) + ay(xge(n),yge(n)znot)
p30(n) = vz(n) + az(xge(n),yge(n),znot)

Now, try checking to make sure the particle is still
on or sufficiently near the same energy surface...

call kefin(q10(n),q20(n),q30(n),p10(n),p20(n),
&p30(n),energyl(n),amunew)
call hamilt{q10(n),q20(n),q30(n),p10(n),p20(n),
&p30(n),hamil(n))
rad = sqrt(ql0(n)*ql0(n) + q20(n)+q20(n))
btrad = bt * rad / 2.
if(btrad .gt. amunew) then
np =np + 1
al0(np) = q10(n)
q20(np) = q20(n)
q30(np) = q30(n)
pl0(np) = pl0(n)
p20(np) = p20(n)
p30(np) = p30(n)
xge(np) = xge(n)
ekavg0 = ekavg0 + energyO(n)
else
write(13,668) n,xge(n),hamiO(n)
endif

write(69,500) q10(np),q20(np)
write(70,500) q10(np),hamil(np)

238

1110

1120

1130

1140



239

write(71,501) q10(np),q20(np),q30(np),pl0(np),p20(np),p30(np)
500 format(2(el6.10,1x))
501 format(6(e16.10,1x))
else
write(13,%) n,xgc(n),vpa2(n)
endif 1150

c an endif used to be here...

600 continue
write(13,662) np,nparts

c rescale ekavg0, now that we know np
C

if (np .ne. 0) ekavgd = ekavgl / float(np)
c 1160

endif
C
662 format(i4,1x,’ particles successfully placed out of

&a total of ’,i4,” initial conditions.’)
668 format(’foul-up on particle # ?,i4,2x,’x = ?,
&e12.6,2x,’ham0 = ’,el12.6)

¢
c clean up the arrays for the coordinates and momenta;
c wipe out all entries with index greater than np...
¢ 1170

do 700 n=np+1,nmps

ql0(n) = 0.
q20(n) = 0.
q30(n) = 0.
pl0(n) = 0.
p20(n) = 0.
p30(n) = 0.
hami0O(n) = 0.
xge(n) = 0.

700 continue 1180
c return

end

sk ok stk ek ok kil skok ok kool ok ook sk sk sk ok sk stk skokok ol ok sk stk kst s sk otk o ok ok sk sk stk ok ok sk stk ook ok
fkkkkkkkkdkokkkx  Magnetic Field Components...  ssksksoksorskokskskokkdokkkksokkdkok sk kokk
sk kR Rk sk Rk ok kR skok ko ok ko ok sk koo sk kool stoksk ok stk sk ok stk sk s sk sk sk okok ok ok ok

real function bex(ql,q2,q93) bex
real kappa
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common [fields/ alfa,b0,delta,efield kappa
bex = delta * 2 1190
return
end
sk sk ok Rk Rk ks kb kb ok sk kol ookl ksksk ok s ok ok ok ek ok ok ok ko

real function bwhy(ql,q2,q3) bwhy
common [fields/ alfa,b0,delta,efield kappa

bwhy = ql

return

end
skeokoke ok ok ok ok ok o ek ok ok o sk sk stk s e sk okl ok ok ok sk sk ok oo o e s sk ok o s sk ok s o ok ok sk sk sk s ok sk sk sk sk skl sk ok sk sk ok

real function bzee(ql,q2,q3) bzee
real kappa 1201
common /[fields/ alfa,b0,delta,efield kappa
bzee = alfa
return
end
kKRR kR Rk kR KRk R ok sk Rk sk kR sk Ak ko ok sk ok ko ok ok sk kK
sikkrdkikk Components of the Vector Potential... soksksksokkskorkskskskonskok ko kdokkk ok
stk ko sk ok ok sk Rk ko sk ook sk ki sk sk ok sk sk kR ok sk skok sk Rk sk ko ko ok o ok o
real function ax(ql,92,q3) ax
real kappa ‘ 1210
common /fields/ alfa,b0,delta,efield,kappa
ax = —0.5 * alfa * g2

return
end

stk stk sk kR Rkt skskoR sk sk ok sk ook ok skt ok sk koo ook Ak kR ok sk ko ok ok ok skotok ko ok ok
real function ay{ql,q2,q3) ay
real kappa

common [fields/ alfa,b0,delta,efield kappa
ay = 0.5 * alfa * ql

return 1220
end

stk skt sk kAR R ARk R sk Rk A R kR kR sk ok ok s skok ok ko
real function az(ql,q2,q3) az
real kappa

common /fields/ alfa,b0,delta,efield,kappa

az = 0.5 * (delta * q2 * q2 — ql * ql)

return

end
sk ok ok sk aoRokskk o ok ok bk ok skskok ok ok ok skl sk skokokk skl ook ok kol s ik skl ok sk ook
**kk+*x Poloidal and Total Magnitudes for the Magnetic Field... s#skxsrtzsor«
sk RRRR kR ok ok b dok ok ko ok okkk ookt ol sk ok sk itk s skokok ok sk sk okokok ok
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real function bpol(ql,q2,q3) prl
real kappa

common /fields/ alfa,b0,delta,efield, kappa

bpol = sqrt(bex(ql,92,q3)#+2 + bwhy(ql,q2,q3)+*2)

return
end

ok koo AR R ook ook AR s ok ok ok ksl aRoR A skl o sk s ek stk ke sk ks ool okt ook ool ok
real function btot(ql,q2,q3) btot
real kappa 1240

common /fields/ alfa,b0,delta,efield,kappa
btot = sqrt(bpol(ql,q2,q3)*+2 + bzee(ql,q2,q3)++2)
return

end
stk sk ok ok o ko ksl sk ook s sk o ok o ok s sk sk ok ok sk ok sk sk sk s ksl s sk ok stk sk sk s sk o kot s okok sk sk ok skok sk sk sk sk s ek sk s sk ok

wrx4kk Definition of the flux surface that is single—valued in y... sxxskkxxx
skkkkk——First, an X—Point... sksksrrkkndrikkdsskriiiorkkok ook kokskkokkodkokkokokk k%
okt ok koo oK sk sk ko ok sk sk ok sk ok sk ok ook ok sk sk sk ok sk ko ok ok koo sk sk ok ok ok ok ok ok

real function xxsurf(q2,psi) xxsurf
real kappa 1250
common /fields/ alfa,b0,delta,efield kappa

arg = 2.0 * abs(psi) + delta * 2 * 2

xxsurf = sqrt(arg)

return

end
sokeskok ok sk ok ok ok ok ok ok kol sk KRRk ok ok K KR sk ko sk ks sk ook ok
sk dok oK O—Point surface that is single—valued In y... ksksrsrkrkikkkiiokkkk
koo kR Rk sk sk kol ok ok sk sk ko skt sk ok sk Kok Kk sk ok sk ok ok ko skokok sk ok ok ok ok ok

real function xosurf(q2,psi) xosurf

real kappa ' 1260

common [fields/ alfa,b0,delta,efield kappa
arg = (2. * abs(psi) + delta * g2 * ¢2)
xosurf = sqrt(arg)

return

end
sk stk ok sk o sk o ok ok sk s sk ok o e sk ok oK ok kst ek ok ok ok e sk ok sk ke ko ke e sk ok s ke sk ok ks sk ook s ok o ko o o ok sk ok ok ok

#¥sskk Definition of an X—line flux surface that is single—valued #xkskskks*

dkkkdk in X... dokokdokok ok koK

sk sk ok ok kR ks sk sokskok ok ok kR oK koo ok sk ko sk ok sk skok o ok sk ok sk sk kR o
real function yxsurf(ql,psi) yxsurf
real kappa 1271

common [fields/ alfa,b0,delta,efield, kappa
arg = (2. * psi + ql * ql) / delta
yxsurf = sqrt(arg)



242

return

end
stttk ok sk Rk ook kKR ok ok o sk kbR sk SR ok sk o sk oKk ok ok ook ok ks kR R KRR R R Aok
#kkkx  O—Point surface that is single—valued In X...  sskksskisksrkrkssksskkk
eokokokokokok ko kot ok ki skok sk kR sk ok sk ok ook sk sk sk kR ko ok skok sk kR ok ok ok sk ok ok

real function yosurf(ql,psi) yosurf

real kappa 1281

common [fields/ alfa,b0,delta,efield,kappa
arg = (2. * psi — ql * ql) / abs(delta)
yosurf = sqrt(arg)

return
end
skskok kR R Rk kR R R KRR R ok ok sk skkok ok o sk sk R K Rk
c Perpindicular velocity
skt ok ok sk kR Rk Rk Rk skl kR ko ok koo sk Rk ko kR oK
real function vperp(amu,ql,q2,q3) vperp
vperp = sqrt(2. * amu * btot(ql,q2,q3)) 1291
return

end
stk sk R Rk Aok Rk skok ok sk ok sk Rk sk KRR b R sk sk K R ok K K K oK
c Square of the parallel velocity vpar2 '
stokskeskok sk ok sl ks ok ook sk o skok o ok sk ok o ok sk sk sk sk ek ek ke ok sk sk ek ks o skl sk sk ok o

real function vpar2(h,amu,ql,q2,q3) vpar2
vpar2 = 2. * (h — amu * btot(ql,q2,q3))
return

end 1300
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