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ABSTRACT

A positive muon can be conaiderad an isotope of
hydrcgen due to simllarities in spin and charge. For metal
hydride systems, the muon enters tha msample "“as the last
hydrcgen added," and competes for the same altes as the
hydrogen atome. To ocbserve the site competition and alf-
fuslon of both particles (muon and proton), several FCC
metal hydridas, TiHl.Bﬂ" TiH G7 TiH .99 YH].-T?' YHE,
ZYHy .94, and LaHy gp, were s%udled using transverse-,
zero=-, and low lonq?tudinal-fiald #SR. Tha low temperature
region resulte indicate that the muon predominately oc-
cuples octahedral sites for the FCC metal hydrides in this
study. The probability for a muon to occupy a tetrahedral
site in titanium and zirconium hydrides at these tempera-
tures 1is proportional to the vacancy concentration.
Whereas the probabllity for T site occupation in yttrium
hydride is proporticnal to the number of protons not
cocupylng these sitesa which increases with hydrogen con-
cantration. Muon T site occupancy balow rocom temperature
for LaH; pg was not cbserved and was not axpected elnce
these sites are occupled by protons. Arocund 300 K, the
tuon diffusas over interstitial O sites tc vacancles in
the H sublattice of TiH; gg. The vibration of the hydrogen
lattice is Ffound to ba the mechanism responsible for the
activation of the mucon out cof the O site. Above room
temperature, the mucn cccuples tetrahedral sltes 1in yt-
trium and titanium hydrides. At high temperatures, the
field-correlation time for a muon in titanium and yttrium
hydrides 1s approximately one to two orders of magnitude
greater than for a proton as measured by NMR. The rasults
of a Mcnte Carlo slmulation indicate that the presence of
the mucn inhibits the metion of the nearest-nelghbor
protons at high temperatures. The dynamlcs of the proton
apins are observed by zero- and low longitudinal-field uSR
through the coscilllation of the muon polarization at long
times for a static muon in a T or O site. This observaticn
ig not predicted by the XKubo-Toyabe treatment for a sta-
tlonary muon.
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SITES AND DIFFUSION OF MUODNS

IN FCC METAL HYDRIDE SYSTEMS



The Muon Spin Reotation (uSR) technique has existed
for the past thirty years.l At the time of its invention,
it was recognized as an excellent tool for solld state
physlcs. The advantages of using the muon as a probe are
three-fold: its mass, which is one-ninth that of the
proton, 1ts point chargae, and itas large magnetic moment , 2
Thesa features make it sensitive to guantum tunneling at
low temperatures, internal magnetic fields, lattlce
defects and impurities. The time scale of sensitivity of
thle probe ranges from tens of microseccnds to nancseconds
or emaller under optimal conditions. The short time scale
is imposed by the electronics of the data collaction
aystem; while the large time scale limlt is due to the
finite muon lifetime of 2.2 microseconds.’ However, the
technigque failed to grow in usage over the naxt fifteen
years due to a lack of high inteneity meson factoriaes.
This handicap allowed techniques such as HMR and ESR to
become the preferred prohe for explecring materials. In the
early 70s with the building of high intensity meson facil-
ities such as SIN and TRIUMF, the use of this probe began
to grow. People started to study ferromagnets, supearcon-
ductore, eemiconductors, and metals.”? Recently this tech-

nigque has beesn used by the uSR group at the College of



3
William and Mary to detarmine the magnetic ordering in the
superconducting state of the heavy fermion compound
CaCu,, 15i; and the Londen penetraticn depth in high T,
suparconductors (Laj ps5Srp, 15Cu0y4 and YBapCuiGy) .

This work is a study of FCC metal hydride systenms
using muons as a probe. These systems have been studied
extansively with NMR and neutrons. Thess metheds tend to
measure guantities averaged over all nuclear sites, e.q.
spin-lattice relaxation times and scattering cross sac-
tions. uSR is sensltive to the magnetic fields at inter-
stitial and substltutional sites. The muon's abllity to
occupy interstitial sites provides Information not avail-
able to the technigues listed above. This study exploits
the similarities between a muon and a proton, such as
charge, spin and mass. For this reason, this work will
focus cocn FCC metal hydride systems, whare the metal has a
very small magnetic momant, to study the Interactions
between protons and mucns. These studles will serve as a
gujde for analysis of the results from experiments on a
FCC hydride system which centalns a metal having a mag-
netic moment. The hydride compounds which we have chosen
are YH, (x=1.77 and 2.00}, TiHY (y=1.83, 1.97, and 1.99),
ZrHj g4 and LaH; pg-

In this set of experiments we started with samples
hydrided close to stoichlometry. Due to the similarity
between a proton and a muon, we expect the mucn to behave

as if it were the last hydrogen being added tc the asystem.



At low temperatures (T < 100 K) in high H concentration
samples, the muon decays before 1t has a chance to find a
vacant site in the hydrogen lattice. If the hydragen
concentration 1s lowered (or in othar words the number of
vacancles in the H sublattica 1s increased) the probabll-
ity for the mucn to occupy one of these sites 1lg in-
creased. As the temperature is raised, the muon is able to
find vacant sites in the hydrogen lattice. At very high
temperatures, one sees activation out of these sites with
diffuelon limited by the vacancy concentration.

In chapter 2, the experimental detalls of this study,
such as the producticn of the muons, sample preparation,
temperature control, and data collection, will be dis-
cusged. The focus of chapter 3 is to provide insight into
some of the Interacticns pbetween the muon and the hydrogean
alloy. Chapter 4 is devoted to the diffusion processes of
muons and protons in these metal hydrides., In Chapter 5,
the measurement of the interactions between the muon and
hydreogen alloy with the uSR techniques in this study is
discuased. Chapter & centars on an effort to model the
effect of hydrogen motlon on the depolarization of the
mucon's spin. In chapter 7, the results of the uSR studies

of metal hydrlde systems are presented and discussed.



CHAFTER 2

EXPERIMENTAL DETAILS

2.1 MUON PRODUCTION?

Polarized poaltive muons are produced by the decay of
mescns, such as plons and kaons,.? Since the yleld of pions
per incldent proton 1ls much greater than for kaons, the
plon is the mescon of choice. Pione can be produced by
sevaral reacticne, One of these is a preoton of energy
greater than 180 MeV strlking a production target (e.g. C,

Be) and producing a plon by the following reactions:

p+p-——->=xY4+p+n (2.1)

p+n-—->x+n+n (2.2)

Conservation of angular momentum for these two reactions
requires that the pion be a Bpln zere particla. If one
increases the proton energy, then multiple productien of
plons may occur due to an increase in the number of proton
interactions with the target.

The pion has a lifetime of 26 nancsaconds and decays

inte a muen and neutrino.



nT mm— v {2.3)
This weak decay violates parity and produces thae polarized
muon. In the center of mass frame of the positive pion,
the muon and the muonic neutrino are emitted in opposite
directions to conserve momentum. Since the neutrine has a
negative heliclty (left handed), the epin vector of the
muon must be antiparallel to its momentum.

For pions of finite momentum {(~180 MeV/c), a beam
transport system consisting of at least a row of guad-
rupola magnets, known as a muon channel, must be used. The
purpose of the muon channel is to provide an area where
the picns can decay. Other elemants such as dipole magnets
can be added to the beam transport system teo pelect the
momentum of the pions and muons, This type of beam is know
as a decay beam. During the decay preocess, the transport
system accepts muons which decay in a forward or backward
direction (known as "forward" or "backward" muons) in the
pion center of mass frame. The effective polarization of
this muon beam is lesa than 100%. The less of polarization
is due to the acceptance by the beam tranasport system of
muons whose momentum {(in the plon center-of-mass frame) is
not along the axis of the muon channel.

A sacond method of muon production 1s the surface
beam. This beam is characterized by pion decay near the
surface of the production target. This means that the lab

frame and plon center of mass frame are the same and that



the effective pelarization of the muon bkeam 1is 100% an-
tiparallel to the besam momentum. The advantage of this
type of beam is that the muon can stop in a couple of
milligrams of material as opposed to several grams for the
decay beam. Due to the locw amount of mass necessary to
stop a surface beam, the entire beam line from the produc-
tion target to the sample must be under vacuum which
complicates the transpert, detector and cryostat aystems.

The polarized muons at the Alternating Gradient Syn-
chrotron (AGS) at Brookhaven National Laboratory (BNL)
used in these expariments were produced by a decay beam.
Tha plons were created by bombarding a platinum target
with 28.3 GeV/c protons. Every 3.2 seconds an approXimate-
ly sguare intensity envelope containing 1 x 1012 protonsa
and of duration 1.0 seconds arrived at the preoducticon
target. This produced 4000 mucns at the sample. The char-
acteristicas ¢of the beam for the hydride experiments are
listed in Table 2.1.

In order toc observe internal fields in the sample,
cne needs to know the corlentation of the muon's spin as a
function of time, One can infer this by knowing the direc-
tlon of the spin when the muon decays. The muon decays by
the following parity violating weak decay

-+

gt ——==> et + Lo+ v (2.4)

u
with a lifetime of 2.19703(4) x 10~%.7 Since one cannot

detect neutrinos efficlently, the direction of the emitted



Takle 2.1
Characteristics of the muon beam used for the hydride

experiments at BNL.

Target 7.5 x 1 x 1 cm? Pt
P, 180 MeV/c

P, 90 MeV/c

E“ 331 MeV

Range (u*) 5.5 grams/cm?
Maximum Stopping Rate 2 x 103 u%/(cm?-TP")
Polarization 80 %

Macro-time Structure

Spill Length 1.0 =
Acceleration Length 2.2 8
Paried 1.2 8
Background 0.5 %
et (detected/muon) 0.5

# TP Tera (1012) Protons on Target




5
positron muast be measured i{n crder to cbtaln the orienta-
ticn of the mucn spin at the time of decay. The angular
distribution of the emitted positron ls given by3

W({#) = 1 + a cea(s) (2.5}
where ¢ 1s the angle between the mucn spin and the poasi-
tron's directicen and a i an asymmetry factor which eguals
1/3 1f all energles of the emitted positrons are detected
with egual prokabkllity (Fig. 2.la). The value of one-third
for a assumes that the pelarization of the muon is 100%
and that the =s0lid angle subtended by each pesitron detec-
tor is not large. The valua of a for the beam and detec-
tors used at BNL 1= 0.18 (Fig. 2.1b). One notices that the
probabllity for emission along tha direction of the muasn

apln is greater for a=1/3.

2.2 PATA COLLECTION
The detector system alcng with shielding, collima-

tion, Helmhcltz pair, and cryostat for the SR experlments
is show in Fig. 2.2, The detectors consist of an organic
scintillator optically coupled to a photomultiplier tube
via a Plexiglas light gulde {(or optical fibers as used at
KEK 1n Japan). The passage of a charged particle {l.e.
mucn or pasltron) through the scintillator excites the
electrons in the organic molecules.® A photon is emitted
to allow the electron to return teo a lower energy state.
This photon is then transformed into an electrical pulse

by the photomultipller tube.



Figure 2.1a

The angular distribution of the amitted positreon with

respect to the muon spin,

W)

i+ a.cosy

with a=1/3.

10



Figure 2.1Db

The angular distribution of the emitted positron with

respect to the muon spin.

Wid)

=

1 + a-gcoss

with a=0D.18.

11
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12
Incoming muons after passing through a variable

thickness water degrader, placed inside the last guad-
rupole magnet, and through collimators made of lead,
brass, and copper (Fig. 2.2} are detected by a colncidence
between detectors 1, 2 and M5 (12M5). Detection of muons
which stop in the sample ie achleved by a colncidenca
petween 12M5F6, where the bar denctes an antlceincidence.
This signal ias used to start a clock. The bhackward-direc-
tion positron detectors AJ and A4 have emall holes in the
center of them to allow the incident muon beam to pass
through without generating a slgnal in these detectors.
The forward-direction peositron deteactors F7 and FB also
have holes for reasacns cf symmetry. An emitted positron is
detected by a coincidence of ZAJA4F7F8 or 2AIALFIFS for a
"forward" cor "backward" positron. This slgnal stops the
clock started by the incldent muon. This time 1s converted
into a veltage (or amplitude) by a TAC (time to amplitude
converter) and is then input to a multichannel analyzer.
If a second muon should be detected before a tima
(l0~-20 us) after the detection of the firset muon, then the
clock is reset to zero with no output of the TAC belng
generated. Anocther instance where the clock must be reset
is when no positron ls detected. This is mainly dua to the
lack of positron detectors for et decaying in the vertical
directions (tx/2) and ls sBeen in the ratio e* detected per
mucn in Table 2.1. Therefore 1t is necesmary to reset the

clock after 10 to 20 microseceonds. The signals going teo
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the multichannel analyzer must ke directed to the proper
Baction for storaga which is accomplished by a router bex.
The two spectra {backward and forward) in the multichannael
analyzer are transferred to a computer, which 1s used for

analysis and storaga.

2.3 TEMPERATURE AND MAGNETIC FIELD CONTROL

Several temparature control systems were used for
these studies. For TiH; ggq with T < 300 K, this hydride
compound was mounted in a 4He flow cryostat equipped with
platinum and carben-glass resistors and a geld-chromel
thernocouple. For temperatures above 3100 K, a heated-water
circulating system with a platinum sensor was used. The
temparature in both systems was determined by measuring
the current through the resistor. The current was provided
by a nine-velt battery. The studies of TiHy gy, TiH; g7,
YHo, and 2rH; g4 for T < 300 K were performed using an Air
Products helium Displex closed-cycle refrigerator equipped
with a platinum resisteor and a gold-chromel thermoccuple.
The same refrigeratcr was used for the low temperature
measurements on LaH; gg and YH; 77, but was also egquipped
with a carbon-glass sensor. A constant-current source
{Fig. 2.3) was connected to two of the four sensor leads.
The resistance of these sensors was determinhed by measur-
ing the potential difference between the other two leads.
For the investigations of TiH; g3, TiH;, g7, and ¥YHj 77 in

the range 300 K to 600 X, an oven consiating of resistive
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wire {(chromel-constantan) wrapped arcund an aluminum frame
was used. A chromel=-ccnstantan thermocouple with an ice
reference junction was used to measure the temperature,

The study of these hydride compounds necessitated the
usa of zero-, longltudinal-, and transverse-fleld uSR mea-
surements. Zero-field uSR reguires that tha flelds perpan-
dicular and parallel to the lnitial muon spin be extremely
small. This was accomplished by placing fisld shimming
coile on each of the six sldes of the cryostat. The con-
trol system for each cocil consisted of a variable-voltage
power supply and a circuit to regqulate the current through
the coil (Flg. 2.4). The current in each coll was adjusted
to yield a magnetic field of less than 0.2 Gauss at the
sample. The variance of the field acrcss tha sample was
0.05 Gausa or less. These fleld shimming coils were
checked, and the current adjusted periodically over the
typical four te six weeks of beam time. These coils wera
alao used during the low longitudinal- and transverse-
flald experiments. The longitudinal field experiments were
performed using a eet of ceils placed on two sides of the
cryostat such as to produce a magnetic field parallel to
the polarization of the beam. The coils were capable of
producing a fourteen gauss field with an input of 50
amperes. The transverse fleld was produced by a pair of
colls with a six inch gap (Fig. 2.2}. The nominal value
for the fleld was 150 gauss, All fileld measurements were

made using a Hall probe.
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The control circuit for a field shimming coil. The current
through a shimming coil is provided by the voltage-
regulated power supply . This current generates a
potential difference across Rg (a piece of manganin wire,
which has a small dR/dT) which is then compared to a
reference voltage set by a potentiometer. This allows a
constant current te flow through the field shimming coil.
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2.4 PREPARATION OF SAMPLES

A. Sample Cells

Tha metal hydrldes used in the uSR studies were
powders which necessitated the use cof a sample cell to
hold them. Each sample conslisted of 20 to 30 grams of
material. The cell used for the TlH; gg sample consisted
of aluminum foll wrapped around the powder. This was
adequate for this sample, since titanium hydride is stakle
and the temperatura range of the experiment did not cause
the compound to ocutgas. For ZrHj g4 and YH,;, the sample
cell was a square aluminum frame of 0.7 cm thickneas and 3
cm on each aside with mylar windows. The sample, atter
adding hydrogen, was loaded in the cell under wvacuum. The
sample cells for TiH;, kg3, TiH;, 97, YH;_ 77 and LaH; gpg had
stalnless steel foll hard soldered onto a stalnless steel
ring ¢f 1 cm thickness and 3 ¢cm diameter. These samples
wera loaded under a helium gas atmosphere through a neck
attached to the side of the stainle=s =steel ring. This
neck was internally threaded which allowed a stainless
stesel screw and a soft copper washer to seal thlas esystemn.

The helium gas allowed good thermal contact.

B. Samples
In the fabrlcation of a metal hydride sampla, one

starts with a pure metal and pure H; gas. The distributors
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and the impurities of the materials used for the prepara-
tion of our samples are liated below. The lanthanum used
in this study was obtalned from the Materlals Preparation
Canter at Ames Laboratory. Tha spark source mass spectrom-
atric analysis of the lanthanum ylelded the following
major impuritles at less than 20 atcomic ppm: Al, F, Nb, ¥,
and Ce. No menticn of the cxygen content was made. The
titanium used was obtained from MRC Corporation and was of
VP grade (99.%4% purity). The typical analysis of thea
material (which was an average over several lots) showed
the following major impurities: oxygen at 600 ppm/weight
and carbon, nitrogen, ircn, and silicon at less than 75
ppn/welght. The zirconlum used was obtalned from Alfa
Products in the form of a 3NS5 (99.95% purity) crystal bar.
The typical analysis showed the following major im-
purities: iron at 12¢ ppm/welght, titanium and hatnium at
75 ppm/weight, and oxygen, tantalum, niobjum, and chremlum
at 50 ppm/welght. The yttrium used was cbtained from
Johneon Matthey in the form of a 4N (99.99% purlty) ingot.
The analysis of this material by the manufacturer ylelded
the following major impurities: lutetium at 5C ppm/weight
and lanthanum and aluminum at 10 ppm/welght. The impurity
levels of gases such as nltrogen and oxygen were not
apeclified. The titanium and lanthanum were hydrided using
Hs gas (99.999% purity) cbtained from the Mathesen Com-

pany. The purity of the H,; gas used to hydride the zir-
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conjum and yttrium metals was not specifiad by the sup-
pllar.

The TiH, and LaH; gg samples were prepared by J. J,
Reilly under the following procedure. The metals were
heatad to 5731 K under vacuum and allowed to outgas to
clean their surfaces, At this pelnt, H; gas was intro-
duced. If no hydrogen was absorbed, the metal was heated
to about 700 K and maintalned until abscrbticon took place.
The change in the hydrogen pressure durilng the reaction
allcwed a crude determination of the hydrogen concentra-
tion in the sample. Upon completicn, the samples wera
allowed to cool to room temperature and then ramoved from
the furnace. After the sample cccled, a small amount of
the material was taken for hydrogen analysis by thermal
decompopition. This method determines the hydrogen con-
centration to within an accuracy c¢f one parcent by measur-
ing the pressaure change in a small volume from the outgas-
ing of hydrogen.

The 2rH, g4 and YH; samples were prepared by E. F. W.
Seymour in the following manner. Inltially the hydriding
system was evacuated. After evacuaticn, the syastem was
filled with hydrogen to a pressure of approXimately one
atmosphere as measured by a mercury manocmeter to within an
accuracy of one percent. After this, the hydrogen inlet
valve was cleosed, and the valva at the top of the furnace
was opened. Using thls furnace, the sample was heated tc

several hundred degrees Celsius while monitoring the
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hydrogen pressure in the system. After a sufficient pres-
sure change, the sample was allowed to cool to rocom tem-
perature. The hydrogen content of the sample was calcu-
lated from the difference between initial and final read-
ings of the manometer. To reduce the error ln pressurs
readings due to the finite volume between the valva on the
furnace and the sample, a one liter reservolr was inceor-
porated into the system. Tha hydriding system was also
aqulpped with a titanium sponge. This element acts to
purlfy the hydrogen by absorbing the gas from the cylinder
of H». This sponge is then gently heated to give a pure
source of hydrogen. This method is a standard trick in the
field of hydrogen alloying to achieve high purity Hs, but
the purlty of this particular system has not been deter-
mined by E. F. W. Seymour. It should be mentioned that
this system has been used to hydride samples for NMR work
and has not yielded a problem due to impurities arising
from the H; gas or titanium sponge.

¥ttrium dihydride is unstable at room temperature
under atmospheric conditicns. The hydrogen concentration
of the sample is reduced by the formaticn cof water wvapor.
During the transfer of YH; from one sample cell to
another, the hydride was accldentally exposed to the
atmosphere. The concentration of thias esample was then
checked by thermal decomposition and found to have a H/Y
ration of 1.77. No impurities were expected to have been

added during this period of exposure.



CHAPTER 3

INTERACTIONS OF THE MUON WITH THE LATTICE

In the first chapter, the large magnetic moment of
the muon was stated to be advantageous. This allows lnter-
nal fields and spin dAynamics of the host to be measured
and the site of occupation for the mucn to be determined.
These measurements or determinations involve magnatic,
electronic and elastic interactions with the lattice.
However, ane must ask the guestion whether the muon with a
momantum <f 100 MeV/c affects the lattice and the guantity
baeing measurad.

In this chapter, we will first explore the effects of
thermalization of the much on ltself and the lattice. Upon
examining this, the three interactions listed above will

be discussed.

3.1 THERMALIZATION?

For uSR to be considered a differential technique,
the mucn must have a kinetic energy of the order of kT.
The thermalization of a high energy muon {-40 MeV) raises
two (and possibly more) questions,

1, Is the muon still peclarized after it thermalizesa?

22
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il. Does the muon damaga the lattice during thermaliza-
tion? 1If sa, is the information collected a reprasen-
tative of an undamaged lattice?

Let us consider the first question. The kinatic
energy of the incoming muon is significantly higher than
the energy of the lattice (kT~0.04 eV). The loss aof this
anergy occurs via lnalastic scattering with electrons
until the muon energy reaches 2=-3 keV, Thls process hap-
pens in 1072-10719 geconds. At this peoint in nonmetals,
elactron capture and loss by the muon occurs reducing lts
energy to approximately 200 eV in a matter of 5 x 10”13
seconds. The mucn-electron system, Xnown as muonium,
becomes stable at this peint., Followlng this, the muonium
loses anergy by inelastic collisions with atoms in the
lattice. In metallic systems (including metal hydrides}
the muonium state is not stakle due to screening by the
large number of conduction electrons. Therefors, thes nuon
continues to lose energy via inelastic electron scattering
untll 1t thermalizes wilth the lattice.

Let us conslder the effect of thermalization upcon tha
polarization of the muon. The muon-electrcn scattering
ahould be the dominant depolarization mechaniem. Ferd and
Mullin® have calculated the cross section for scattaring
of longitudinally polarized muons on unpolarized elactrons
and discovered that the depclarization is proporticnal to

the fractional energy loss, U.



24

U = (mg/m,)B82 sin?(x/2), {3.1)

where B=v/c and a«= centar of momentum acattering angle.
The constant of proportionality between the depolarization
and U is 82mg/m, which means that the depolarization due
to elactrons for a 90 MeV/c muon (U < 0.003) is negligi-
ple.® Since the loss of polarization due to coulomb scat-
tering is of the same crder or 1355,3 the lcoss of polar-
ization due to thermallzation 18 Insignificant.

The final question to consider is the damage to the
lattice by the muon and the effect upon the infermation
gatherad. During thermalization, tha muon ionizes and
displaces hoet atoms. The creatlon of these defacts must
be a concern since thelr presence does not reflect the
natural state of the material. There 1ls a threshold energy
for vacancy creation meaning that the atom displacements
do not occur during the last part of the muon's path,
Brice? has calculated the range of the muon past the last
displaced atom for varicus materials assuming a sharp
threshold energy Eg (Fig. 3.1). One saes that the muon
contlnues a considerable distance past the displaced
atoms. The chance that the muon diffuses back to the
damaged reglon is extremely small, as is the chance that a
second muon finds the damaged region before the annealing
out of the defects. Cne can conclude that the thermaliza-
tion does not affect the peclarizaticn of the muon or the

quantities measured.
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Excess projected range for the mucn as a funcetien of
displacement energy for positive muons incident on various
materials,
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3.2 MAGNETIC INTERACTION

A. Spin Precessionl?

The large magnetic moment of the muon makes it useful
for studying magnetic ordering, Knight shifts, spin glass
behavicr and many other topics which involve the internal
fields of the sample. Classlcally, the magnetlc moment is
due to a body of charge spinnhing arcund an axis with its
magnitude proportional to this current. Since the charge
for the mucn is positive, the angular momentum, J, and the

magnetlc moment, g, lle along the same axis. Therefore:

p o= d (3.2)

The gyromaghetic ratlo, y, for a muon is 85.16 XHz/G. The

equation of motion for a magnetic moment in a constant

magnetic field, H,, with nc damping is

g{— = 5 x Hg (3.3)
or alternatively
de - 40 x B (3.4)

This egquation states that the time rate of change cof the
direction of the magnetic moment is proportional to the

field and is perpendicular te z and H,. This is graphical-
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ly depicted in Fig. 3.2. In this figurae, the magnetic
field 1ies on the z-axis and the magnetic moment is a
vector with components {(uslnécosd, usinssing, ucossd).

Solving this equation, one finds

# = Constant {3.5)

The motion of the spin is uniform arcund the axls ot the
magnetic fleld with the 2z component of 4 remaining con-
stant. This motion is know as Larmor precession. The

magnetic moment vector may be written

PR (pcca{uLt)sinﬂ, pain{th)sinﬁ, HCoHe) . (3.7)

If a frictional force 1s present, the moment will have a
spiral meotlon until 1t aligns with the field. The rate of
change for the z-component of the magnetlc momant is
governed by the friction in the system.

Let us coneider the guantum mechanical plcture of the
same system. Silnce ths muon is a guantum mechanical par-
ticle, the rotating charge is actually intrinsic angular
momentum, otherwise know as spin. For a single spin I in
an external fleld oriented along the z-directlon, the

Hamiltonlan is



h‘:'

Figure 3.2 (VolinolY) _ o
The precession of the muon magnetic moment, ., in an
external field H,.

28
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The 2I+1 aelgenstates of H, are those laballed by the
guantum number m and have an energy spacing of AyHgmwhu
where w is the classical precession freguency.

Lat us proceed to find the expectation value of the
different components of u. Initlally, we plck a state

which is a superposition of the eigenstates cf the Zeeman

Hamiltonian
J€(0)> = Zq ap|m> (2.9}
where g |agi2 = 1 {3.10}

In the Schrodinger representation =~
¥ (t)> = Zn ap exp{-iEpt/s) [m>. (3.11)

The time dependent expectatlon value of a physical guan-

tity for this representation is
<O{t]> = <¥{t) |U|¥(Lt)>. (3.12)
Thus the expectation value of py(t} is

<py{t]> = <W{t}lpylﬁ(t]} {3.13a}

= Zmm? ﬁyamaﬁiexp[-i{Em-Emu]tfﬁ]<m‘|IY|m}. {3.13b}
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The guantlty <m'|Iyjm> 12 zero unleas m-m'= 1. Thus,

(Eg=Epr) /4 = imL. Restricting ocurselves to spin 1/2 par-

ticles (l.e. muon), the matrix element can ba rewrltten as

<=[Iyld> = =<} |Iyl-> = -(1/21)<} I ]~}>
=1/2i .
Agsuming <m'|IL4|m> = [I(I+1)-m(mtl}]?} Sw',mtl
Eqn. 3.13 may how be rewritten as

<py(t)> = hy/(21) (afa_y e7v t - c.el)

where c.c. is the complex conjugate of the first
the coefficients ay; and a_y are chosen such that
a; = cyels
a_= cyeif
wvhera c{ + c§ = 1,
this gives
<py{t}> = ﬁTC1C2Bin{¢-ﬁ+uLt].
Similarly
<pyl(t)> = ﬁTcchCDS{¢-ﬂ+mLt]
<py(t)> m my(a? - b2)/2

These expressions show that the z component of .

(3.14)
(3.15)

(3.16)

(3.17}

tarm. If

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

is a con-

stant and that the x and y components oscillate at a fre-

quency egual to the Larmor frecquency. Thils is what was

found in the classical picture.
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B. origine of Magnetic Field at thea Site of the Muon?

In tha previcus saction, the precessicn of tha muon
spin in a magnetic field was introduced. In this section,
the variocus magnetic fields at tha slte of the muon will
he examined. The magnetic field at the site of the muon,

B

¢ Can ba written {Fig. 3.3) as

B, = Bgxt + Bne + Baem + By, + Bdip {3.24}

Bgayt arises from sources external toc the sample. The
magnetlic fields ariseing from the magnetization of the
sample can be described by a Lorentz sphere around the
muon. This tool separates the sample into twe regions.
Inside the sphera, the sources of the fields are treated
microscopically: while outside the sphera, they are
treated in a continuum limit, By = {42 /3)H, the Lorentz
cavity field, is the fleld ineslde an empty sphera in a
madium of uniform magnetization B. Byem = -NM 13 the shape
dependent demagnetization field. The shape of the sampla
is incorporated wvia the constant, N (see reference 10).
Byjp 18 the magnetic fleld dus te nuclear dipoles inside
the Lorentz sphere. Bps is tha hyperfine field due to the
polarization of the electrons surrcunding the muen. Tha
Paulji paramagnetic susceptibility of conduction slectrons

is given byl2

x = Huf/XTE. {3.25)
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Figure 3.3 (Schenck?)

Macroscopic magnetic field inside a magnetized ellipsoidal
sample in an external field appiied parallel to the long
axis of the ellipscid. M is the magnetization. Bpy (Byem)
and Bp, are the demagnetization and Lorentz cavity fields,
respectively. The static component of the individual
magnetic moments induced by the field are denoted by the
small arrows., Not shown is the hyperfine field Bpe.
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where N, up, kK and Ty are the number of conduction elec-
trons, the Bohr magheton, the Boltzmann conatant and the
Ferml temperatura, respectively. The presence ¢f the muon
may enhance the susceptibility of the conducticn electrens
by a factoer of ten.

For diamagnetic materials, Bnf, By, and Bypp can be
neglaected since they are two to three orders of magnitude
less than Bgyt (~150 G). Therefore, Bgyty and Byjp are the
ohly fields which contribute for the studles presentad.
The effects of dipelar field upon the muon spin will be

discussed in more detall in the next section.

C. Dipolar Interactionl®
The classical interaction between two magnetic dipole

moments sy (vhl;) and i3 (yAlp) can ba written as

Hag = /13 [hy » Az = 3(F1 + T} (g « I)) (3.26)

whare ¥ 1s the vaector hetween the two dipoles (and ;-Efr].
Working in spherical cocordinates, this Hamiltonian can be

rewritten as

Hyg = ﬁ21§1%fr3[h + B+ C+ D+ E + F] (3.27)
where
A = I1,I5,(1 - 3cos?s) {3.28)

B = -1/2(I7137 + I7T3]1{1 - 3cosZs) (3.29)
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C = D* = =3/2(1%1,, + I;,15]atnscosse™ié (3.30)
E = F* = -3/41113sin2sa"21¢ (3.31)

This Hamiltonian may also be written as
Hag = -#1 * Hg (3.32)

where Hg is the fleld produced by a second dipole
{nucleus). For most nuclel, this fileld is on the corder of
a couple gauss. A dilstribution of dipolar fields at crys-
tallographically equivalent sltes arisees from averaging
ovaer tha lattlice locations and epin orientations of the
remalning nuclel. This range of fiealds gives rise to a
distribution of Larmor frequencles as shown 1in Fig. 3.4
which is characterized by a quantity known as the line
width. Determination of thisg distribution glves informa-
tion about the muon position and the orientation of the
local sping. This Hamjiltonian will ka used to calculate
the Gausslan line width in the Zeeman and guadrupclar

limits Iin chapter 5.

3.2 CcT c I 4]

In the previous sectlon, the magnetic interaction of
muons was emphasized., Thie interactlion {s usually the
"gtar of the show" in the data analysir while the electro-
nic effects are often swept unhder the rug. However, uSR
can measure or cbserve many alectronic effecta: the sites

avallable for muon occupation, elastic forces and lattice



is

Figure 3.4 {Volinol9)

Distribution o©f energy levels due to the dipolar interac-
tion, The figure also shows the difference in energy
lavels due to the Zeeman interaction.
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expansions arcund the muon, the elactric field gradiant at
neighboring nuclei due to the muon and its screening
cloud, Knight shifts (which are a measure of the polariza-
tion of the local electrons due toc an external fleld) and
the magnetic hyperfine fields in ordered materlals from
the polarization of the local electrons (which are coupled
by exchange forcee to the local magnetic moments). This
section will begin with a discuseicn of selectlon of sltes
tor mucn cccupation fallowed by a discourse cn elastic
forces and lattice expanslons. This will be followed by a
dlscusslon on the interaction of nuclear guadrupole mo-
ments with the electric field gradient produced by the
mucn. The effects due to the polarization of the local
electrons by external fields or local magnetic moments
will not be discusaed here. The reader is referred to

reference 4 for a treatment of these topics.

A. Selection of Sites for Qccupation

The electranic interaction ls an integral part of the
Bite selectjion process. The potentlial for the lattice may
be viewed as a suparposition of potentials from the atomic
cores. In metalas, the conduction ealectrons are free to
adjust themselvas when a perturbation, such as muon's
charge, ls present. This superposition of potentials gives
rise to potentlial minima for positive particles. These
minima are kxnow as octahedral {(0) and tetrahedral (T)

interstitial sites. For the case of a Face Centered Cublc
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(FCC) lattice, there exist two T sites and one O silte for
aeach unit cell (Fig. 3.%). The interstitial sites of oc-
tahedral symmetry in a FCC lattice form a FCC lattice of
thelr own. This lattice of interstitial O sites is dis-
placed by a/2 (a=lattlice constant) along a {100) direc-
tion. The interstitial sites of tetrahedral symmetry in a
FCC form a slmple cublc (SC) lattice of theilr own. This
lattice is displaced by a/3/4 along the dlagonal of the
cube. The hydrogens, in the dihydride phase of thils study,
occupy the majority of these T sites. They form elther a
simple cubic or a distorted sc lattice. If the hydrogens
occupy T sltes, one can add the potentials for a 5C and
FCC lattice to obhtaln a tirst-crder picture of what the
muon sees in terms of a charge density. Fig. 3.6 is the
charge density for the 110 direction of (B-La)l4, a typi-
cal FCC lattice., The four tetrahedral sites in thie figure
are located at x=1/4 and 3/4 and y=1//8 and 3//8 posi-
tiona. The octahedral siter are located along x=1/2 line
for y= 0, 1//2, and /2, The presence of the hydrocgen atoms
and the muon will perturb the charge deneity, but Flg. 3.6
serves merely to demonstrate the symmetry of the intersti-

tial sites for FCC lattlices.

B. Screening
In the section on magnetic fields, it was mentioned
that the mucon has a screening cloud arcound it. The mean

radius of this screening cloud rg for a free electron gas



Figure 3.5a=b (Schroederld)

Interstitial sites

circles). a.)

(0 sites).
(T sites).

b.)

(closed circles) in FCC lattices (open
interstitial sites of octahedral symmetry
interstitial sites of tetrahedral symmetry
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is dependent upon the density of alectrons at the Fermi

surface n,(Ey) and 1s?

E 2
rg _(Ennnfﬁf}ez) . (3.33)

For most metals, ng(Eg) is in the range 1022 - 1023 cm~3
which ylelda a value of approximately one angstrom for
this radius. This means that maost of the screenihg occurs
for distances less than the muan nearest-neighbor length.
However, this parturbation does cause REKY-oecillations of
charge and spin densities over a couple lattice conatants.
Since muonium has not been found in metals, the pos-
gibility that two electrons of opposite spiln states bind
to the muon, like H™, has been considered by many theo-
riste. Jena et al.l® have uszed a jellium model, where a
uniform positive background is substituted for the pericd-
lcity of the positive metal atoms to calculate normalized
charge denaity n(r)/n, and spin density enhancement curves
for free alectrons as a function of distance freom a muon

as shown in Figq. 3.7.
n = {n0(r} = ni(r}}/{ngt - ngi} (3.34)
These curves were calculated in the Hohenberg-Kchn-Sham

formalism which invelves sclving for the local wavefunc-

tion and potential self-consistently.l® Jena et al.l®
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Found that the potential for metals would allow for kound
states, but that the binding anergies for the muonium
state would be smaller than the electron-selectron interac-

tioans.

c. Elastic Forces

Elastlicity of materials is characterized by a linear
restoring force with the provislon that the elastic limit
of the material is not exceeded. This is often associated
with a c¢hilld's happlness with a spring and is not a
stranger to most people. Lattices alsoc possess this same
characteristic. For the muon, there is "pushing® and
"shoving" between it and the lattice.

Teichlerl® has considered the problem of local lat-
tice distortionse in copper for an octahedral interstitial
muon screened by conduction electrons. Using the potential
V{R-R;) shown in Fig. 3.8 (which includes terms for inter-
actions between u% at position R and a cut ion at position
Ry and interacticns between the screening elaectrons and
each positive ion (u* and cut)), he calculates the cou-

pling Btrength g with the copper neighbors.
g(R-R3) = - ¥, Ja3r |w#{r—R}|2v(r-Rl) (3.35)
1
Using a potential energy U{R) for an unrelaxed FCC lattice

ot fourteen shells of cut lons around an octahedral inter-

stitlal site, the muon wave function ¥, was estimated. The
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CHARGE AMD SPH - DENSITY DISTRIBUTION

Figure 3.7 (Jena et al.l5)

Charge- and spin~density distribution arcund a positive
muon in a spin-polarized electron gas with rg = 2 ag and
(Rg® = Nat}/(ngt + ngij=0.17. The dashed and solid curves
represent the nnrmalfzed spin density and normalized
charge density, respectively.
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regults for this calculation are shown in Table 3.1 along
with the resulte for other lsctopes of hydrogen. Included
in thie table is tha harmonic oscillator freguency tor
U(R). Teichler has used the coupling setrength g to cobtain
radial statlc distortions su around the muon in the har-
monic oscilllator approximation using the "lattice response
function"” of copper.l® The deformation ahargy (polaron
binding energy), Eo, reported is a measure of the decrease
in meon energy due to the relaxation of the copper

TABLE 3.116
Energy levels, lattice coupling, lattice distortion, and

lattice relaxaticon energy for polaronic motion of proton
isctopes in copper.

hw {meVy g{eVsa} su/(as2} Eq{mey)

ut 356 2.0 0.03 90
P 120 1.34 0.02 40
d B4.5 1.27 0.02 36
t 59 1.23 0.02 34

lattice. These calculaticns agree with the uSR experiments
of camanl et al.l7 and show that a muon distorts the local

lattice more than a proton.

D. Quadrupolar interactionlO
For nuclei with spin greater than 1/2, the distribu-
tlon of positive charge is not spherical. This nonspheri-

cal nature glves rise to an interaction with the alec-
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tronic cloud produced by the muon. This distribution may
be developed using tha method of moments. Since the Wig-
ner-Eckart thecrem reguires the expectaticn value of tha
elactric dipole momant to vanish as a consequence of time
raversal 1lnvariance, the first nonzero momant 1s the
electric quadrupole.l? The electric guadrupole moment, g,
for a spherical charge distribution, l.e. spin-0 or -1/2
nuclei, ie zerc.l® This interaction can be expressed as a
function of the electric quadrupole moment second rank
tensor of the nucleus Q.p and the electric fleld gradient
(e.f.g9.) second rank tenser at the nucleus site due to the
aelectronic cloud V,p due to the presence of the positlve

muon. *

Hg = 1/6 Z.p VpQup [3.36)

where Q.p = 8Q/{6I{2I - 1)}[3(I.Ia + Ipl,)/2 +
“5,pI(I + 1)) (3.37)

V,p 18 a function of the distance between the nuclei and
the electronic cloud.
3.4 SUMMARY

The differant Interactions betwesn the muon and the
lattice have been presented in this chapter. The ther-
malization of tha muon was shown not to affact ite polar-
ization or the quantities measured. Secondly, it was shown
that the magnetic interactlion is responsible for tha
precession of the muon's spin and the distribution of

dipeolar filelda. Further, the electronic interaction wasa
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shown to account for the selection of sites for muon
occupancy, the alectron cloud around the mucn, the distor-
tion of the lattice in the vicinity of the muon, and the
interaction of the electric field gradient and the nuclear
guadrupole moment. The relevance of these lnteractlons to
the diffarent uSR techniquaes will bs discussed in chapter

5.



CHAPTER 4

MUON DIFFUSION

Hydrogen isotopes (including the muon) have large
mobiljties in metals. At room temperature and below, the
mobility of hydrogen is saveral crders of magnitude higher
than any other interstitial atom. The guestion as to why
this is true has stimilated the experimental and theoreti-
cal study of the diffusion mechanism. Due tc the light
mass of hydrogen isctopes, a gquantum mechanical picture is
often necessary to describe their motion. The large dif-
ference in maes ratles of the four hydrogen lsecotopes
{muon, hydrogen, deuterium and tritium) allews a wide
ranga of effects to be studled which 1a beneficial in
differentiating between differaent diffusion mechanisms.

The diffusion of light interstitial particles can ke
described by one of four mechanlsms (Fig. 4.1). The tem-
perature of the lattice determines which mechanism is
dominant. One should emphasize that these divisions are a
gimplified view of reality and that the boundaries which
separate these procesgses are not necessarlly sharp and may
allow for overlap. At low temperatures, the interstitial
particle i85 dselocalized ilnto a band state if 1t is not
trapped by lattice defects. This motlon is limited by

47
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Diffusion mechanisms for light interstitials as a function
of temperature,
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scattering with thermal phonons and lattice defects {and
elactrons in metals}. For higher temperatures, the inter-
stitial particle is self-trapped by the ralaxaticn of the
lattice around it. Tha particle and the distorticn are
known as a polaron. The particle is akle to move to a
crystallographically sgquivalent site when two or mora
phonaons equalize the enargies of the two aites. The
reatriction that the tunnellng process between crystal-
lographically eguivalent sites not be a one-phonon process
is imposad by conservatlion of momentum. This process is=s
known as thermally-activated tunneling. The third mecha-
nism 18 known as thermally-activated Jjumping and ls char-
acterlzad by a higher actlivaticon energy since the particle
must overcome a potentlal barriar. Thia process usually
dominates over tumnneling at high temperatures. The fourth
process which ccours is "fluid-like diffuslion® where the
particle is malnly in states above the potentlial barriers.
Diffusicn in this state 1s liplted by collislons generatad
by the thermal fluctuaticne in the lattice. In this chap-
ter, the thermally-actlivated diffusion processes will be

discussed.

4.1 THERMALLY-ACTIVATED TUNNELINg4.19,20

Fig. 4.2 shows a schematic of the process of ther-
mally-activated quantum tunneling. Initially the particle
1s seif~trapped due to the relaxation of the lattice

around the interstitial. Thermal fluctuaticns bring thae
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Figure 4.2 (Kehrl?d)

Thermally=-activated tunneling of a light interstitial. a.)
The lattice is relaxed arcund the interstitial on the left
side allowing the interstitial to have a lower energy. b.)
Thermal fluctuations in the lattice have equalized the
height of the levels in the two wells allowing a tunneling
process to occur, ¢.) The lattice is relaxed around the
hew position of the interstitial,
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two levels to the same energy. The particle is akle to
tunnel through the barrier with a tunneling matrix aelement
J. After tunneling, the lattice relaxes around the new
site of the interstitial particle. According te the "Gol-
den Rule®, one expects the transition rate r to a naigh-

boring interstitlal site to be of the form

r - J2exp(-Ea/KT}. (4.1)

An excellent starting point for small-polaron hopplng
theory ls tc consider the tunneling matrix element as a
perturbation of the Hamlltonian. In the evaluation of jump
rates, the following assumptions are usually made in
small-polaron thaory!:

i) The interstitial particle responds to the hoat atoms
adiakatically, This is a valid assumpticn as long as
local mode frequencies of the muon are much greater
than tha Debye frequency of the host.

il) The coupling between tha particle and a host atom is
linear which means that the interaction energy ls
proportional to the displacement of the host atom.
This allows the vibration spectra to be unaffected by
the distortion.

iii) The localized interstitial 1s asscciated with the
unperturbed initial and final states. This allows the

tunneling matrix element J to be viewed as & pertur-
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baticn. Thie is valid, because the lattice relaxation
energy is much greater than J.

iv) The lattice potentlals can be treated in tha harmonic
approximation,

) The tunneling matrix element J is independent of the
changes 1nduced by the phonons, This is called the
Condon approximation and allows the change in the
barrier height dus to the phonone to be neglected.

The use of the last apsumption is sometimes gquestiched,

This will explored in mors detall at the end of this

section.

If transitions between Bltes are not allowed, then
the locallzed states of the particle are elgenstates of
the Hamiltonian. The tunneling matrix element produces
translticns between these eigenstates and can be treated
by a time-dependent perturbation theory. If ths particle
starts in site p with the lattice relaxed around it, then
tha probability for a trangition to =mite p' with the

lattice relaxed around it is
Tppt = 2n/k|<p= |H|«'p'>{ 25 (Epe = Eprgs) (4.2)

where = and «' are gquantum numbers for the initial and
final states, respectively. After summing over initial and
final states and over the phonon states, the following

regulte are optained. For T » ED,lg
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2 1/2
Tpp'(T) = f— (ﬁi-ﬁ) faxp(—Ea;kT}. (4.3)

Thia transition rate includes procesaes invelving two cor
more phonons. For T « #p, enly two-phonon processes are

expected. Hence,1?

2pe 7
Pppr(T) = 5?600«;01:’7(;5;]—;(%) exp(-5E,/fup) (4.4}

where huwp = kép.

Ea is a measure of the energy to equalize the energy
levels in the two wells (Flg. 4.2) and 1s egual to the
relaxation energy (pelaron kinding energy) E, {Section
3.3¢) divided by two.

The tunneling matrix element, J, is introduced to
allow delocallzaticn of the particle over several sites.
Fraeguently, the host atoms are considered to be fixed at
thelr egquilibrium positions. This ls a reasonable ap-
proximation since the mass ratlo between tha host metal
atom and interstitial particle is usually large. The
potential produced by the hcost atoms may be replaced with
a perliodic cone, such as a cesine function, which allows
tha calculaticon of band states. Since the bands are narrow
for particles such as the muon, the wave functlions are
strongly localized. Thus, only transition matrix elements
to the neighboring sites need to be considered. An order
of magnitude estimate for J can be obtained by placing the

light interstitial in a periodic one-dimensional potential
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and calculating the enargy splltting between the lowest
isymmetric) and the firet excited (antlsymmetric) atates.
The wava functlon for a state is often a linear combina-
tion of harmonic oscillatcr wave functlonae. If the poten-

tial is
VixX) = (Vo/2)cas(2xx/d), {4.5)

where d las the spacing between wells and V, ls a barrier
helght, then the freguency of osclllation within the well
is

w2 = (2x}2V,/ (2md) 2, (4.6)

With this formula, one has the choice of calculating a
barrier height from an experimentally determined vibraticn
fregquency or a vikbration freguency from a measured barrier
height, such as an activation energy.l? If the well is
deep (V, » #w), then an order of magnitude estimate for
the tunneling matrix element is given by the Mathleu

formula.

2 2 3/4
I T (mf'z!“) exp(—ﬁ{zmvgl 1»"2) (4.7)

The Conden approximation has been found to be a

severe restriction in scme cases. If the motiocn of the
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interstitial involves a path which passes betwesn two hogt
atcoms, these atoms must be displaced from their positions
for the transition to occur. Since the distortion of the
host lattice in this matter is not consldered as part of
tha ground state, then the expreasion for the transitlion

rate must be changed.l®

2
Fppt {T) = m exp (-Ea/kT) (4.8)

The elastic energy Eg is the energy neceasary to distort
the lattice. This means that the condon approximaticn is
not valid since the phonons, necessgary to distort the
lattice, severely affect the barrier height. The elastic
energy Eg has been found to contribute significantly for
jumps between 0 sites in FCC metals and T sites in BCC

metals, but not T sites in FCC metals.

4.2 THERMALLY-ACTIVATED JUMPING!2

Diffusjion ie characterized by a net flux of vacancies
or particles through a sollid. This net flux is often
driven by a concentration gradlent of vacancies or par-
ticles trying to distribute themselves uniformly in the
solid. This phenomena is expressed by Fick's law for a

concentration of N particles.

JH-'Dﬁ N {(4.9)
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The net flux Yy ia the number of atoms creasing a unit
area in a unjit time. The constant D is the diffusion
gonatant. The direction of the diffusion ls away from
areas of high concentration, but may also be driven by the
gradlent of the chemical potential (which has not been
included in Egn. 4.9).

For a particle te diffuse in the classical sense, the
potential energy barrlers lmposed by tha nearest-neighbor
atoms must be overcome. The height of this barrier is
indirectly determined by the mass of the particle. The
potaential well can be appraoximated by a harmonlc oscll-
lator potential. This means that the energy level spacing
is propertional to 1//m with the lowest level occurring at
{3/2)n/k/m above the bottom of the well. For a particle in
a wall with a barrier height E, the fraction of time in
which the interstitial will have encugh energy to pass
over the barrier is proporticnal to exp{(-E/kT). This
fraction reflects the general phonon spectrum in the
lattice with the higher snergy portion of this epectrum
increasing in number as a function of increasing tempera-
tura. If the frequency of vibration in the potential well
is », then the probabllity for the particle tc escape from
the well is

p - vexp{=E/XT). (4.10)}
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This probability is also known as the jump freguency. The
fragquency of vibration is proportional to 1//m.

Let us consider two parallel planes, with cccupied
interstitial sites, separated by lattice constant a. If
there are 5 interstitial particles in ona plane and
5 + ads/dx on the cther, then the net number of atoms to
diffuse between the planes per unit time ls roughly
-padsS/dx. If the concentration of interstitial particles
is N, then the number per unit area is S=aN.

The diffusion flux 1s then
Iy - -pal{dN/dax){ . (4.11)

Using Egns. 4.9, 4.10 and 4.11, cne finda an expression

for tha dlffusion coefficient.
D = vaZexp(-E/KT) (4.12)

In lattices where there are an extremely largse number
of interastlitials, the diffusion constant will be reduced
by a factor preoportional to the percentage of vacant
interstitial sites. This is known as a blocking factor and
is commonly observed for protona in metal hydride systenms
such as T1H,.21

It has been shown that the prefactor and the activa-
tion energy are inversely proporticnal to tha sguare root

of tha mass of the Iinteratitial particle. However, this
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Bimplistic model 1s not a description of the true atata of
affalra. In reallty, the anharmonic shapa of the wells and
the motion of the lattice atoms must bs considered in the

characterization of a diffusion constant.



CHAPTER 5

uSR TECHNIQUES

For several years after the discovery of the parity
viclating weak decay of tha mucn, the only uSR technlique
used was transverse-field muon spin rotation. In the late
708, zerc- and longitudinal-field mucn spln relaxaticn
were developed at TRIUMF.22 The invention of these techni-
gques was beneficial to the study of internal fields in
matarlals. Several other technigues, such as muon spln
rescnance?3 and laevel crossing rescnance (LCR)?4 have
glnca been added tc the variety of uSR method=. Muon spin
resonance can be used to study hyperfine fields and the
time dependence of local flelds.?3 LCR is useful in the
study of nuclear hyperfine structure in paramagnetic spin
systems.<? This chapter is devoted to the discussion of
transverse—, zero- and low lengltudinal=-fleld uSR techni-

ques used 1n the present study of metal hydride systens.

5.1 T 5V - CHHNIQU
The number of positrons resulting from the decay of
the muon 1 given by an exponential law for decay of a

radioactive particle.”

59
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N(t)} = N, axp[-tjrp} {5.1)

If the magnetic field is perpendicular to the spin, then
the muon moment will pracess at the Larmcr fraguency as
mentioned previcusly. Thias means that the dlstribution of
the emitted poslitrons will precess. Eqn. 2.6 is now

rewritten as

W{s,t) = 1L + acos(ut + ). (5.2)

Grouplng together these two equations, one has

N(t} = Ng exp(-t/r, }{1l + acos{wt + ¢)}. (5.3}

Often a term to compensate for accidental events arising
from uncorraslated start and stop signale ls added to this
expression. This term is known as the backgrcund term and
may or may not be time Independent. The frequency o 1s
proportlional to the average field at the site of the muon.
This field has a finite width due to the dipolar Iinterac-
tion in the material as mentioned in the section on
dipolar interactions. This distribution of flelds leads to
a dephasging of the ensemble of muon spins which damps the
SR signal. In other words the probability for prefaren-
tial dacay along the mucn epin decreases for the ensemble.
This dephasing of the ensemble of muon spins 1s incor-

porated into the formula for fltting with a term know as
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the relaxation function, Gy{t)}. The formula describing the
apectrum {(Fig. 5.1} is now writtan

N(t)=Nyexp(-t/r ) (1+taGy(t)ces (st + ¢)) + Bkgd. (5.4)

ul
For the case of static fields (no mucn motion or host

spin relaxatlion), the width of the field las usually ap-

proximated by a continucus and 1lsotroplc Gaussian dis-

tribution:’
P(By) = (2xMz)~texp(-{y,By)2/2M3) (5.5)

where M; is the second moment of the field distribution.
The relaxation function may be found by a fourler trans-
form of the field distribution. The relaxation function

for Egn. 5.5 is a Gaussian distribution.
2,2 . 2
Gy(t) = exp(-ayt</2) ; {Ayg=Ms) {5.8)

From this expression, one may cbtaln a line width & which
equals axfji. When the fleld distrikutieon ls not Gaussian,
then Gy(t) will take on other forms. I willl return to this
later in this section. But first let us explcocre the
development or calculation of Mj;.

The sacond moment i proportional to the second

derivative of Gy{t)at time t=0,
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20

My = - (5.7)
ae2|
The relaxation functicn is defined:

where o, is the Paull spin operator and the brackets refer
to an average over all nuclear states. If we have an
applied fleld in some direction with no guadrupole 1inter-
action, then thie direction can be taken as the axis of

gquantization. Gy {t) can be rewritten as

Gy(t) = <exp{iHt/m)oy,(C)exp(=-1Ht/A)oy{0)> {5.9)

where H = Hzoeman + Had- (5.10)
Since the trace possess cyclical lnvarlance, the expres-

slon for the second moment is
My = <[H,oy] [H,oxl>/82 . (5.11}

The approximate eigenstates of the system are those of the
Zeeman Hamiltonlan. The muon and proton cperators commute
leaving term A cf Egn. 3.27 (the secular Hamilteonian) as
the only term in the Hamiltonlan

Hag = 54#21,5Iyz(1 - 3cnsza};r§ (5.12)
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where the summation ia over all nuclal. Upon calculating
the commutators and taking the trace over the states, ona

obtaingt
My = 1ﬁ1fﬁ2 In{In+1)/3 [Z4 {1 - 3cosiaj]2;r§] (5.13)

Thia is commonly known as the Van Vleck formula. For a

polycrystalline sample, Llntegration over all angles gives
M 2. 2.2 ]
2 = 4715y vy n? IN(Iy+1) (Zy 1/r§) . (5.14)

For nucleil with I>{ and possessing a significant
gquadrupele moment,Q, a guadrupoclar term must be added to
the Hamiltonian. If the external field is not large enough
to achleve the Zeeman limit, then the approximate energy

slgenvalues for the system are

HQIINIHZ} = BZQ/'[llIH[zIH - 1]]{IN§ -

In(Iy + 1)/3)|INIgz> (5.15)

where Iy and Iy, are gquantum numbers for the nuclear spin.
The guantization axis for the system is along the muon-to-
nucleus veactor. Since the elgenstates are different, then
fewer terms in the dipolar Hamlltonian wlll average to
zero., For the case of half-integer spin nuclei asauming a
radially directed EFG from the muon, the second moment for

a polycrystallinea is written as<5
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Figure 5.2 (Hartmann25) 2

Calculated line widths b, where b2 = HzaEKTIhE, for T
sites in a FCg crystal as a function of the relative
interaction strangth u_/w_. at a/2 frem the position of the
interstitlal for diffeFent orientations of the external
magnetic field, w, and wp are the Larmor freguency of the
lattice nuclel (w; = yyBg) and the electric interaction
frequency (w, = fgquﬂfﬁ}{vuﬁf[4s{25-1]]}}, respectively.
The d -hed 1fnes to the right indicate the values for b in
the Zesman limir.
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My=4/3y 2y 2021y (1y+1) (2/3 +1/(aIn(Ix+1)) ) (%4 1Xrg}. {5.16)

For integer spin nuclei, the second moment under the same

conditions is
My = 8/9y23n2 Ig(Iy+l) (T 1;:?} . (5.17)

As the external magnetic field is ilncreased, the value for
the second moment will approach the value cbtained from
the Van Vleck formula. The magnetic field at which M;
changes indicates the strength of the guadrupolar cou-
pling. This ls depicted in Fig. 5.2 ag the value of b,
which 1s proportional to the mucn line wldth, changes as a
function of magnetlic field.<?® The physics occurring is the
change of quantization axis for the nearest-neighbor
nuclei eigenstates.

Ooften, some particular form for G,(t) is used to fit
the data. This approach allows one to get an initial feel

for the data. One particular form for Gu(t) is
Gy(t) = exp(-a2tl). (5.18)

1f the fields are static, then A< is the second moment
divided by two. However, the flelds are not always static.
This 1a caused by dynamic meotien of the hest aplns or

atoms or by the motion of the mucn. When thie cccocurs, A
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becomes smaller. This phencmenon is known as motional
narrowing and will be explained by the followlnyg argu-
ment.l0 For the static case, the distribution of local

fields is (r. 1. for rigid lattice, no motion)

Ehr.l. - 11;“-1»21'.1.) {5.19)

where ToT 1. = 2(H2]'i. Ty 18 a measure of time for the
dephasing of an ensemble of spins and is known as the
gpin-spin relaxation time. If the muon is allowed to jump
n times during the time T,, then tha dephasing will be
much slowelr, because the dephasing in one site may be
compensated by opposite dephasing in ancther site. Due to
the random nature of tha sites, ona can use a one-dimen-
slonal random walk to descrlbe this phenomenon. The

dephasing aftar one jump le

|54 | = [yshT-1lep| (5.20)

where r is the fleld-correlatjion time. r is a measure of
time for the dipolar field to decrease to l/e of its
initial value. This decrease 1ls dues to diffusicn of the
nucn, spin dynamics cor diffuslon of the host atoms (i1f the
mucon cannot move), or beoth. The distribution of dephasing

|ap| after n jumps at time £t = nr is

ad2 = n(54)2 = t/r(v6hT-1-512 m tr(m T2 L (5,21)
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Dephasing is sald to occur when aéz -~ 1 radiung, so that

the effective time for dephasing t = T5 is glven by
T, = [r(v6h¥-1-)2]"1 = fTir.l.lsz » Tzr.l. . (5.22)

Upeon taking the reciprocal of this eguation, one obtains

the effactive distributien of the flelds.
s$h = r (§hT+1432 & gpb.l. | (5.23)

Onea seas that the effective distribution of fields is nar-
rowed giving rise to a smaller valua for the line width.
This occurs only whan the jump or correlation time r <
To¥-1- . When r « ToF+1l-, the relaxatlon function is

better approximated by a Lorentzian form.
2
Gy(t) = exp[-t/T;) = exp(-ayxrt) (5.24)
In the ranga between tha limits appropriate toc Gaus-
slan or Lorentzlan relaxation functions, a third form for

Gyit) Lis often used, It is commonly called an Abragamian

and is given by the followlng expression.’

Gy (t) = exp{-ﬁirz[exp[-tff} -1 + t/r]) (5.25)
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The prarequlsite for use of this form 1s that it goes to
the proper limits. For ayr » 1, Eqn. 5.25 raduces to the
Gauseian form for Gyu(t). For ayr « 1, Egn. 5.25 reduces to
the Lorentzian form for Gyu(t). In the regicn of Ar = 1,
the uncertainty in r obtained from Egn. 5.25 may ke large.
For thils reason, zerco- and low longitudinal-fleld u.S5R are
commonly used to measure the field-correlation tima. These
two techniques will be discussed later.

The use of the Abragamian or Lorentzian forms allows
one to obtaln the correlatlon time as a functlon of tem-
parature as 1s shown in Fig. 5.3.27 Informaticn concerning
muon and/or host atom diffusion can now be datermined. If
tha ceorrelation time ia due solely to muon dlffusion, then
r 18 preporticnal te 1/T or 1/D depending on the diffusiocn
mechanismn.

In this gection, we have described the effects of
dipolar coupling (with and wilthout quadrupolar coupling)
tor the cases of a dynamic and static muon and/or host.
These phenomena will be applied to the study of the

hydride compounds in the chapter 7.

5.2 ZERO-FIELD TECHNICQUE

Zero=-field u.SR has proven to be a useful alternative
technigue. Its primary advantage ls that it is very sensli-
tive to motion of the muon and tc dynamics of the host
system (such as gpln glasses). The technique and its

beneftits will ba presented in this eection.
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Figure 5.3 (Richter et al.??)

Mucn field-correlation time as a function of temperature
and hydrogen concentration in NbH,. The low temperature
limits of the B phase for the different hydrogen con-
centrations are shown above the temperature scale.
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For nonmagnetic matarials in zero-field, the incoming
mucn's spln precesses around the internal dipolar fielda.
Since thesa flelds have a finite width to them, the en-
sembla of mucn spins will dephase. The time for dephasing
18 know as the zero-field spin-spin relaxatlon time and is
inversely propertional to the width of the distributlon of

the fields. The data is described by the functicn

H(t) = Huaxp(—tjrp}{1+an[t]cos[¢}} + Bkgd {5.26)

which 1s the samea as Egn. 5.4 with w = 0, For the forward
decay spectrum, ¢ = 0 fer mucns initlally polarized aleong
the beam momentum; while for thes backward decay spectrum,
¢ eguals x. After determining N,, a, and Bkgd for hoth
spectrums, G,(t), the zero-field relaxatlion function, is

obtalned with help of a computer.”’

Gz(t) = [NE(t) - «<Ni(t)]1/[agNii(t) + apaNj{t}] (5.27}

whare the subacripts and primes dencte the two different
spectra and the subtractlon of the background from each
spectrum, respectively. The quantity = equals N p/Nop.
where Nor and Ngp are the normalization constants in Egn.
5.26 for the forward and backward aspectra, respectively.
This function depends on the correlaticon time and second

moment for the muon., It is af a different form than Gyu(t)
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in Egqne. 5.6, 5.24, and 5.25. The followlng discussion
will show how an analytic form for Gg{t) is darived.

Conaider the case of a muon surrounded by nuclel pos-
seasing static moments. If the angle ketween the initial
muon spin polarization 7 = az{njﬂ and the dipolar field R

is ¢, then the time evelution of o, (t) i=28

oz(t) = cos?s + sinscos(q Ht). (5.28)
If the random fields B are assumed to be isotroplc wlth
gach component possesgling a Gaussilan distribution func-
tien, then the field distribution is

P(Hy) = v,/0¢2n) falexp(—22H{/202)  (d=x,y,2}, (5.29)
whera a2;1ﬁ is the second moment for each distribution.

2

82/92 = <H3> = <HZ> = <HE> (5.30)

To obtaln the relaxaticon function Gz{t), the statistical

average of o,(t) is found.
Hance, the relaxation function 1as

Gy{t) = 1/3 + 2/3(1-a2t2)exp(-a2t2/2) . (5.32}
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The second moment for this relaxation function is 24%. The
factor of two arises from the depolarization of the muon
spin by fields in the % and y direction, In the transverse
field case, the second mement is equal to az, becausae only
the component of the dipolar fields along the external
field depclarizes the spin.

If ne quadrupolar ilnteractlion is present, then one
can usa the method prescribed by Egns. 5.7 and 5.B8a to
obtaln the second moment. Sinca tha muon and nuclear
Zeeman levele are degenerate, all the terms cf the dipolar
Hamiltonlan (Eqn. 3.27) are kept.* If ¢ 1is the angle
betwean the initial polarization and ¥j, then the second

moment for a single crysatal is

H%F - 1;31(1+1)(n1p7112{zi[2 + 3 sinzai};r?] L{5.33)
For a polycrystalline sample,

MZF = 4/3T(T+1) (hv,7,)2(541/5) . (5.34)

One advantage of zero-field pSR over transverse field is
that the depolarlizaticn occura at a higher rate. For the

pelycrystallline case,
Ag/ny = (5/2)1, (5.35)

If a gquadrupolar interaction is present, then the

seccnd moment 1s given by Egna. 5.16 and 5.17 for half-
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integer and integer apin nuclel, respectively. For the
case of integer spin nuclei, the ratloe of the dspolariza-

tion rates 1is

ag/ny = (57331, (5.36)

whare 2y, 1s the strong field (Zeeman limlt) value.

As was mentioned at the beginning of this sectilon,
zero-field SR 15 quite sensitive to the time fluctuations
of magnetic fields. Kubo and Toyabe<?? have obtalned curves
of Gz(t} for different valuea of ra (Fig. 5.4b). For mlow
modulations of the fleld (ra ~ 1), this flgure shows that
zero-fleld uS5R is much more sensitive to varlations in
than the transverse-field technlque (Flg. S.4a).

In the past flve years, the validity of Eqn. 5.32 has
been gquastioned by Calio and Meler3? and Petzinger and
Wwel.?l The grounds for their arguments are the vlalation
of thrae assumptions in Kubo-Toyakhe theory.3l The flrst i=s
that the depclarizing fleld 1ls static. This assumption ls
viclated because the dipolar Hamlltonian which couples the
mucn and nuclel can alter the spln orientaticons of both.
The second assumpticon is that tha distribution of flelds
is a continuous Gaussian function as described by Eqn.
5,.,29. However, tha depolarization 1s due conly to those
nuclel which are within a couple lattice distances, and
will not produce a continuocus Gaussian distribution. The

third assumption is that the field distribution 1s isctro-
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Figure 5.4 (Kubo and Toyabe<?) . _
calculated muen spin relaxation functions for different

values of the field-correlation time, r. a.) High trans-
verse=field relaxation function, Gg(t). b.) Zero-field
relaXation functien, Gz(t).
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pic. While this ia true for sites which possess cubic
sytmetry, the field distributions for a BCC T-site are
non-isotropic. Celio and Meier?® have calculated Gy (t) by
the determination of algenvalues and eigenstates cof the

dipolar Hamiltonian using Egn. 5.37.

Gz(t) = Tripﬂxp[(ifﬁ}Hddt]ﬂpaxP[('ifﬁ}Hddt]} (5.37)
whera , is the spln density matrix.

p o= 2(2I+1)7N[1 + Pu(0)oy] (5.38)

Flg. 5.5 compares the relaxatlion functions for a static
muon in O and T sites of a FCC lattice for spin-} nuclel.
Ona drawback 1s that this calculation includes only the
nearaet-neighkor nuclel to the muon.

While the Kubo-Toyake depelarization function can be
usaed for data analysis, caution must bhe exercisaed in the
interpretation of results so as not to mistake the oscil-

lations of Gz{t) as an indication of moticn.

5.3 ] = c

Tha zerco=-field technique is a speclal case (B=0) of
the longitudinal-field method. In thils method, one begins
with a small maghetic field along the axies of the initial
muon spin. The experimental relaxatlon functien 1s calcu-
lated using Eqn. 5.27. The fleld distribution for the x

and y components ias expressed by Eqgn. 5.29. Due to the
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Figure 5.5 (Celio and Meler3?)

Muan polarization in zero field as a function of time. The
solid line corresponds to G,(t] calculated using Kubo-
Toyabe theory. The dashed-dotted (dashed) curve represents
the caleculated relaxation function using Egn. 5.37 for a
positive muon at an octahedral (a tetrahedral) site in a
FCC lattice interacting with the nearest-neighbor nuclei
possessing J=1/2.
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presence of a longitudinal field, the z component for the

field distributien must be changed to?
} 2 H.=H ) 2/242
P(Hz} = v,/[(2x} 2 )exp(~y, (Hz-Hg)“/222) . (5.39)

These field distributions yileld the following relaxaticn

function where v = 7. Baxt"

Go{t) = 1 = 2a2/02(1 - exp(-42t2/2)coB(wt)] + (5.40)

Zn:fw3f5 exp(-a2r2/2)8in{ur) dr

For «=0 (B=0) Egn, 5.40 reduces to Egn. 5.32. Experimen-
tally-determined relaxation functions along with tits to
Eqn. 5.40 are shown in Fig. 5.6 for MnSl for varlious
values of Bgyt. This method allows one to experimentally
detarmina the size of field necessary to decouple the
nuclear dipole fields.

This technique is also useful in differentiating
between static and dynamic flelds (Fig. 5.7}.7 A small and
static internal filield can depolarize the mucn in trans-
verse field as efficlently as a rapidly fluctuating and
large field. However, a small longitudinal fleld will
appreciably affect the depolarization of the mucn in a
small and static lnternal fleld, but net in a rapidly
fluctuating and large field. In the previous section, a

word of cautien was placed upon the interpretation of
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Figure 5.6 (Hayano et al.za}
Field dependence of the . longitudinal-field relaxation
functions in MnSi. The solid curves are fits to Egn. 5.440.
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Figure 5.7 (Chappert?}
Comparison of longitudinal- and zero~field muon relaxation

functions for a.} a static random field and b.) fast
dynamic fields. The fast dynamic field limit is reached
when the fluctuation rate » exceeds wgyt (=7v,Baxt)-
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Gz{t). The same holds fcr the longltudinal-field tech-

nigquea.

5.4 SUMMARY

The use of different x5SR technigues have been shown
to be sensitive to effects due to magnetic lnteractions of
the lattice and muon and to diffusion of the particle.
Chapter 7 will describe the experiments on metal hydride
systems where the magnetic and electronic interactions
coupled with diffusion theory will be used to explain the

results.



CHAPTER 6

MCNTE CARLO SIMULATIONS

A Monte Carlo eimulation models a physical mituation
using a computer. The method 18 so named due to the use of
random numbers similar to those coming out of roulette
games. < Initially, che starts with a model for the physi-
cal system. The generated random numbers are used in cne
of three ways. Tha filrst method uses the numbers to define
the initial set of conditions for the system. The syatem
is then allowed to evolve under a rigld set of rulaes
prescribed by the model. Tha second way begins with cne
sat of initial conditions and lets the system evolve. In
this instance, the random numbers arae used to saelact the
path of evolution wlth the welghting of sach course pre-
scribed by the model. A third method 1s a combinatlion of
the filrat two where the initial conditicons and the path of
evolutlon are chosen randomly using the welghted probabil-
ities gilven by the model. All three methods yleld numeri-
cally exact information within statistical errors. These
errcrs may be reduced by increasing the amount of computer
tima. Since the last mathod averages over both 1initial
condltiona and eveclutlon paths, the amount of computser
time used may be large.

B2
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The Monte Carlo technigque has several applications.
The firat use 1s that information cbtained from the simu-
latione can ba compared to data from experiments to check
the extent to which the modal system corractly represents
that real aystem. A second application is teo check the
validity of various approximations used in an analytical
treatment. A third use is to procure information on sys-
tems whare little or no sxperimental data exista. Thus,
this method provides insight into medels and motivates
experlments on real systems.

Thie chapter will begin with a description of the
process which is being modelled, This will be followed by
a discuasion of the application of the Monte Carlo method
to this process. Filnally, the results cof the simulations

will be presented.

6.1 THE MODEL

The 1lnitial motivation for the Bimulations arose from
the appearance of small prefactors and small actlvation
energles for the muon field-correlation times in metal
hydride aystems for temperature regions where the protons
were diffusing.27:32.34 1t was okmerved that the mucn
attempt frequency was two or more orders of magnitude
lower than that for the proton measured by NMR in the same
systems. 35 Nalvely, this did not maka any sense since the

motion of the muon should be limited by proton diffusicn.
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For titanium dihydride, the hydrogan atoms occupy
interstitial T sites which form a SC sublattice.3® Bustard
et al.3% pat cut to determine whether the hydrogen atoms
hop to first- or third-nearest-neighbor vacant T altes
using NMR and Monte Carlo simulations. In thelr experi-
ments, they measured the melf-diffusion cocetficient, D,
for hydrogen using a astimulated echo pulsed-magnetic-
fleld-gradient technique. Flg. 6.1 shows the sequence of
rf pulses and magnetic field gradients used in the stimu-
lated echo method. They have alsoc determined the mean
resldence time between hop, rg, from measurements of the
gpin-lattice relaxation time T;. Since the existence of
ssveral analytic forms from different models relating rg
to Ty leads tec ambiguity in the value of the residenca
time, they used the Monte Carlo method to calculate ry(T;)
for firet- and third-nearest-naighbor hopping. The two

quantities ry and D, are related by Egn. 6.1.

D = fL2/(6r3) (6.1)

The constant £ is the tracer correlation factor which
accounts for non-random backward jumps of a vacancy and is
dependent upon the vacancy concentration, The second
factor, L 1s the length of the jump. After using the Mconts
Carlo simulations to obtaln rg from T;, they computed the
limiting value of D using Egn. 6.1 for first- and third-

nearest-neighbor hopping. Fig. 6.2 shows the results of
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The pulse sequence for the stimulated-echo method of
measuring diffusion coefficients.
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thalr measurements of the diffusion constants along with
the limiting values for D. The measurementa coupled with
their calculationa show that the hopping is between filret-
nearest-neighboer sites. This would be expscted from the
calculations by Blsson and Wilson®? of the activation
energies in y-TiH,. They found that the path with loweast
activatlion energy (0.58 eV) was tha one batween first-
nearest—-nalghbor peositions. The activation energies for
the second- and third-nearest-neighbor paths are 0.69 and
0.65 eV, respectively.?’? Therefore, thase experiments and
calculations show that hepping in y-TiH, ia between tirst-
nearaest-neighbor sites.

Since the path for motion of vacancies (hydrogen
atoms) 1s known, a model with only a few parameters will
be developed to describe thae field-correlation time for
the mucon. The motlon of the vacancles in the unperturbed
lattice {(no muon) occurs with scme rate p. When tha vacan-
cy 1s next to the mucn, the rate fcr the muon to move or
the rate for the vacancy to move tc the site of the muon
ls p'. This alleows the muon jump rate to differ from the
proton jump rate. Two other rates, py, and poyt: have been
added to account for the attracticon or repulsion of vacan-
¢les due te the presence of the muon. Thase reflect a
change in vacancy jump rate as the vacancy appreoaches the
muon. pjn is the rate that a second-nearest-neighbkor

vacancy tc the muon will become a nearest neighbor. paut
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is the rate that a nearest-nelghbor vacancy to the muon

will become a sacoend-nearest neighbor.

6.2 APPLICATICN OF THE MONTE CARLO METHOD
The 9 x 9 x 9 lattice used for the simulartions had

periodic boundary conditions which allowed particles to
diffuse from one edge to the opposite edgae. Initlally, the
mucn was placed at the center of the lattice with seven (-
1%) vacancies randomly distributed. The random number
generators utilized were the IMSL subroutine GGUBS and
functien routine GGUBFS. Both routines employed the same
procadure to generate uniform deviates, but the subroutine
GGUBS 1s akle to generate mora than cne random numbar 1in
each call. At the beginnlng of each slmulation, the time
aof day was read in 17300 second units. This lnteger number
was converted to a real double precision value and used to
sead the random number generator. The direction of the
external magnetic field was picked randomly with respact
to the coordinate system of the lattice. The gpins on the
remalning lattice locations (excludlng the pesiticns of
tha vacancies) were randomly glven orilentaticns randomly
parallel and antiparallel to the field. After this was
done, the dipeclar magnetic fleld due to the protons in the
lattice at the site of the muon was calculated. Having
dene this, the vacancles were allowed to move, During each
time step, a random number for each vacancy was chosen. If

the random number was less than the sum of the rates for
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each of the Bix possible directions for motlons, then the
vacancy would be moved in the direction dlctated by where
the random number fell in the range of the sum of rates.
For example, the 8ix rates for a vacancy 1in one of the
second-nearest-nelghber positions to the muon are: p for
motion in the +x direction, pypn for -x, p for +¥, Pin
for -y, p for +z, and for -z. For the vacancy to move, the
randem number generated by the algorithm must be less than
2pjp + 4p. The range was divlided into 6 intervals ordered
(Pin (=X}, Pin (=¥}, P (+x}, p (+y), p (+2}, P (-2)}. The
intarval into which the random number falls determines the
direction the vacancy will move. If py, and p egual 1/5.1
and 1/51, respectively, and the random number chosen is
0.314, then the vacancy will move in the -y dlrection for
the above axample. After sach time step, the dipelar
magnetic field at the site of the muon 1s computed. The
total number of time steps was usually 3000 which was
large enough to determine the fleld correlation time at
the site of the muon, but small enough such that a wvacancy
wag not likely to diffuse away and return full circle to
tha spot of the muon, Each simulation produced the dot
product of the dipolar magnetic fileld as a functlon of
time with a unit vector in the directicn of the external

B(t) = Byip(t) « Beyt (6.2)
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The program used for the simulations 1a listed in Appendix
A.

The results of each elmulation were then multiplied
by the dot product of the dipolar magnetic field at time
t=0 dotted with a unit vector in the direction of the
external magnetic field (B{0) = Bdipfﬂl . ﬁgxt].
<B(t}B{0)> , which is usad to calculate G{t), was obtained
by averaging B(t)B(0) over all simulations with the same

values for the four parameters: p, p', Pin, and pg,ut-
G(t) = axp[-TZIE(t-t']<B{t‘]B[O]>dt'] (6.3)

A field-corralation time, r, is defined such that
<B{r)B(0)>/<B(0)B{0)> = 1/a.

A Becond slgnificant guantity 1s the site occupation
auto-correlation time. This number is a measure of the
residence time for the particle at a particular site, The
cuantity was determined by summing H{t)at over the 1000
intervals. N{t)=1 1f the muon 18 at its initial starting
point and 0 if not and at Is tha time increment.

In order toc make the results independent of p, r and

tH{t)at were sach multiplied by p.

6.3 RESULTS

The results of the simulations are shown in Table
6.1, The guantity <B({0)B(0)> i proporticnal to the seccnd

moment for the nmuch.
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My = vavl(n/(2a%))2<B(0)B(0)> (6.4)

The gpin of the proton has been factored out of the brack-
et to make the results applicable in the future to other
syastems. From Egne. 6.4 anhd 5.14,

My = 4715124202 I(Int1) (23 1/x§) (5.14)
the theoretical valua for <B{D)B{0)> may ba found. For a
muon occupylng a subatitutional site in a SC lattice, the
summation in Egn. 5.14 is egual to 8.402/a®. Therefore,
the theoretical value of <B{D)B(0)> is 6.72. The values
for <B(C0)B(0)> obtained with the simulations are in rough
agreement and glve confidence to the correctness of thesa
simulations. A second test for the simulations 1s the case
when Pin, Poutr and p' equal p. If the prcbabilities are
egqual, then 4prc should ke clease to 1 for a S5C lattice,
whera ¢ is the vacancy concentration, r the field correla-
tion time, and p the vacancy jump rate.39 For this canme,
the simpulations yleld 4prc = 0.88, in good agreement,

The resulte in Table €.1 have been crdered in terms
of the parameter pr. In order to compare this to the
results of the uSR experiments, one must calculate the
product of the mucn-fleld ceorrelation time (obtained from
a fit to an Abragamian form for the relaxation function
{Egn. 5.25) and the vacancy jump rate. The results of

these simulations will be used in the followling chapter.
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Rasulte of thes Monte Carleo Simulations
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Simulationt Probabilities <B{OYB(0}>
01 p'=pout=P Pin=10p 6.96
02 Pin=Pout=P P'=10p 6.22
03 P'*Pin=P Pout=p/100 6.38
04 P'=P{n=Pout™P 6.97
05 P'=Pin™P Pout=10p 6.40
06 Pin=Pout=P P'=p/100 6.94
07 Pin=Pout=P P'=0 6.56
08 Pout™P Pin=p/l0 p'=10p 6.62
0% Pin=P Pout=pP/100 p'=0 6.23
10 Pout™P'=p P{n=p/10 6,68
11 Pout™P'=p Pin=p/100 7.09
12 Pout™=P Pin=p/100 p'=0 6.52

[+

12

13

23

iz

49

52

61

61

56

450

452

PIN(t)at
B
13
19
34
52
160
infinite
79
infinite
121
157
infinite




CHAPTER 7

RESULTS AND DISCUSSION

The interest in metal hydrides dates from the early
1950a. At that time, the interest was genarated by the ap-
plication of these compounds for use in contrel reds of
nuclear reactors. Initlally the studies were devoted to
the determination of phases and lattice constants. Over
the years the interest has changed to diffusion of the
hydrogen atom in hopes of understanding the diffusion
mechanism for hydrogen storage purposes. The present
diffusion studies have focused primarily on FCC hydrides
centaining metals which have small nuclear momants.

Since the muon 1s a spln-t particle with one unit of
positive charge, it can be considered an ilsctope of
hydroegen. For hydrides, the mucon enters the sample as the
"lagt hydrogen added," and competas for the same sites as
the hydrogen atoms. Due to the muon's lower mass, one
expacts its motlon to be impeded by the slowar motion of
the hydrogen atoms for near stoichiometric hydride com-
pounds.

The results of transverse-, zaro-, and low longitudi-
nal-field studies of near-stcichiometric hydridea of
titanium, zirconium, yttrium and lanthanum for static and

93



54
diffusing mucns are reported below. The lattice structure
for these FCC hydrides is shown in Flg. 7.1. The phane
diagrams and lattlice constants for these hydrogen alloys
are presented in Fige. 7.2 - 7.5.

Tha lattice constants as a function of temperature
for TiDj gg and TiH; gg are reported in Fig, 7.2b.40
Teritical 15 the temperature for transition from the 3
phase to the y phase. Table 7.1 shows that to within half
a percent that the lattice constants for TiH; gg are the
sane as for TiDy gg-

Tabla 7.1

Lattice constants for titanium hydride as measured by x-
ray diffraction,.49

TiHy, g9 TiD; .95 ratlo
a(d) (T = 79 K) 4.528 4.516 1,0027
c(A) (T = 79 K) 4.279 4.267 1.0028
c/a (T = 79 K) 0.945 0,945  1.0000
ald) (T = 315 K) 4.454 4.440  1,00232
Toritical (K) 310 % 4 310 t 4

Fig. 7.2c shows the phase dlagram for titanium
hydride. The four crystalline forms for TiHy, are the
hexagonal metal («), BCC hydride (A), FCC hydride (y), and
FCT (Face-Centered Tetragcnal} hydrlde (i). The titanium

hydride samples used in ocur study were of the y and §
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‘Lattice structure for FCC metal hydrides. The copen
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Lattice constant for titanium hydride as a function of
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b.) Lattice parameter for lanthanum hydride as a functien
of hydrogen concentration at roem tempaerature. c.) Lattice
parameters for several rare earth dihydrides as a function
of temperature. The curves can be parameterized by a(T) =
ag + a1T + a,T? where T is in °¢ and a{T)} in angstroms.
For LaHsp, agr a1, and a; equal 5,6689 A,

1.400 + 1072 As/*C, and 7.1 - 1079 A/°c2, respectively. The
units for the ordinate are arbitrary, since several of the
curves were shifted parallel to the abscissa.



103
phases. The vacancles Iin the nonstoichiometric samples are
randomly dQistributed in the hydrogen SC sublattica,

Fig. 7.3 shows the phase diagram for YH,. The crys-
talline forms of YH, are the hexagonal metal («), FCC
dihydride (YH;+y, B), and hexagonal trihydride (YHz_y ).
The lattice constant for yttrium dihydride is 5.204 A.%3
Our samples are 1n the g (¥YH;} and a+p (YH;, 77) phases.
The hydrogen concentration in each phase 1n the YH; 797
sampla can be estimated. The concentratlion cof hydrogen in
the B phase of the sample at a glven temperature is rough-
ly that for the B phase at the boundary between the B
phase and «+f phase regicns for that temperature. The H/Y
ratio of the § phame for YH); 77 at =100°C 1s approximately
1.93, Similarly, the «-phase hydrcgen concentration at the
eame temperature is 0.04. This means that roughly 90% of
the YH; 77 is composed of B-phase yttrium hydride. A
majority of the hydrogen atoms are in T sites for the B
phase, but tha percentage of occupied O sites remalns
unraeeelved. This will be discussed in more detall iln sec-
tien 7.2,

For ZrH,, the hydride consists of five distinct
structures with several =mixed phase regicns as shown 1in
Fig. 7.4c. The first phasa has the hcp structure (=) of
pure 2r. The second 1ls of the high temperature BCC struc-
ture {B). The third one appears in the mixed phasa o+§+y
and is a tetragonal structure (y) (Face=-Centered Tetra-

gonal (FcT)) with c/a > 1. The hydrogen occupy alternate
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taetrahedral sites leading to a stoichiometric ZrH.4%% The ¢
structure is believed tc be metastable. Tha fourth struc-
ture 18 FCC (4) and has an average lattice conatant of
4.78 A over lts concentratien range at room temperature
(Fig, 7.4a).%1l The fifth structure is FCT (¢) with c/a <
l. Thie phase is stable to very high temperatures, but the
c/a ratlo will not ke constant due to tha temperature
dependence of c¢.40 Both a and ¢ are dependent on hydrogen
concentration (Fig. 7.4a).%! our sample is of the ¢ phase.

Lanthanum hydride has four primary structures: HCP
{x, pure metal), FCC (8, pure metal), BCC (v, pure metal)
and FCC hydride(Fig. 7.5a}).%7% It has been found that
hydrogen occuplies T sites of the FCC hydride phase for
H/La < 1.94 by proton second moment measurements.4® For
concentrations greater than 1.94, the hydrogen atoms begln
to occupy O sBites. Flg., 7.5b shows that lattice parameter
as a function of concentratien and shows that a = 5,665 A
for LaHp; pg at 295 K. The lattice parameter for LaHp as a

function of temperature is shown in Fig. 7.5c.

7.1 TRANSYERSE-FIELD STUDIES

The data from the transverse-field experiments were
fit in two different manners. The first method used a non-
linear least squares routine to minimize chi-sgquare to
Egn. 5.4 using the form for Gy,(t) specified in Egn. 5.18
to fit each spectrum separately. This method assumes that

x2 ie a continuous function of n parameters which describe
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a hypersurface 1n n~-dimenslonal space. One problem in
using this method is that the search range of the para-
meters must be closea to the correct ninimum in x2. Tha
second method used an algorithm which combined the method
of linearizing the fitting functlion with a gradient ssarch
{Marguardt) . *? This method was employed to fit some of the
data to Egn. 5.4 with the form of G,(t) as specified by
Eqn. %.25. The backward and forward spectra during this
process were fitted simultaneously. This method allows for
a crude search of the x2 hypersurface during the minimiza-
tion of y2. Both fitting algorithms were found to be in

agreenment when similar forms for Gaussian Gy, (t) were used.

A. Titanium Hydrilde

The mucn depolarization rate, A, for the titanium
hydride samples ia ehown in Fig. 7.6. The plot can be
divided into four different regicns: I} a low temperature
coencentration-dependant plateau, II) a transition to a
lower rate which occurs below rcom temperature, III) a
concantration-independent plateau near room tempearature,
and IV) a region of motienal narrowlng due to diffusion of
mucna and/or hydrogen on the H sublattice (T sites).

The theoretical second moment for a static muon may
be calculated by using the Van Vleck formula for a poly-

crystalline material {Eqn. 5.14, relabelled 7.1).

My = (4/15)yJ1in? In(In+l) (3§ 1/15) (7.1}
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If the line shape is Gaussian, then the measured second

momeant is
My, = 242 (7.2)

Since the gyromagnetlc ratie (which is propertional teo the
magnetic moment) for titanium is very small, only the
contribution from the hydrogen nuclel will ba consldered
(vg = 2.675 x 10% 71671, ,, = 8.51 x 104 8~1¢"1).12 1n
the calculation of A for both O and T sBltes, the efftect of
the mutual spin-flips of the protons must be includad.
This has the effect of reducing the fourth moment of the
uSR signal by 22% which lowers the line width of a fitted
Gaussian by approximately 5% (Appendix B)}. The varlance of
c/a and a for the two phases (y and §) was neglected in
thls calculation since i} the vclume is roughly a constant
and 1i) the computer calculations for a few test cases
produced differences in A of less than a percent. Assuming
4 y—phasa lattice with a=4.454 A, no vacancies, and mutual
apin~£flips of the protons, the depolarization rates are
0.298 us~l for octahedral site cccupancy (Agpp} and 0.189
8”1l for tetrahedral site occupancy {ArpT) . These values
will serve as a guide for determination of gite occupation

by the muon as a function of temperatura.
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1. Region I

The constant depcolarization rate in Flg. 7.6 for each
sample indicates that the muon 1s stationary at low tem-
peratures. The hydrogen concentratlon dependence of the
average » 1s reflected by the x=1.99 sample having the
highest value for the depolarization rate and the x=1.83
sample the lowest. This cbservation can be interpreted to
indicate that the sites cccupied by the muon are a mixture
of O and T sitea. The change of A with concentration can
then be explained by the probabllity for T site occupancy
increasing ags the hydrogen content decreases. The
depolarization rate dependenca on © and T slte occcupancy
can be made expllclt by

2 2 2
hEHP hTETP + ADCT“' P, (7.3)

where P ia the probabllity of tetrahedral occupatlon. agyp
1a the ckaerved muon line width: while Apep and aqpp are

tha line widths for © and T site occupancy by the muen. If
ohe assumes that mucns stop in O eltes initilally and that
those that have a vacant nearest-neighbor T sita transfer
in a short time inte the vacancy, then the probkability for

a wucn to occupy a T site is

P = 8(l-x/2). (7.4)



104

2
A pxp

line is a laast sguares fit to Egn. 7.3 with Agcr and Apge

is plotted as a function of (1-x/2) in Fig. 7.7. The

as tha free parameters. Tha values determined from this
£it are Agep = 0.252(3) us~} and Appp = 0.172(5) ws~l.
This Aqgpp will be discussed in section 7.1A.2. This value
for aAper is much lower than that calculated from the Van
Vleck formula leading one to poetulate a local lattice
expansion around the mucn., This is not surprising since
the mucn often causes a local lattice dilaticn as was
mentlioned for copper in section 3.3C. The calculated local
lattice expansion ls approximately 6{(1)%. Alternatively,
ona can say that each nearest-neighbor hydrogen is dls-
placed 0.13 A cutward. This distortion presumably arlses
from the shortness of the distance between 0 and T sltes
in an undistorted lattice {/3/2 times the tetrahedral-
tetrahedral site spacing), and tha fact that the mucn's
spatial wavefunction 1ls much larger than that of a

hydrogan atom.

2. Region II

Fig. 7.6 shows a region of transition for each sample
in the vicinlty of room temperature. This region occurs at
different temperatures for each sample, For x=1.83, the
muon stops in a tatrahedral site approximataely 70% of the
tima in region I. This leaves 30% of the mucns to find T
aites in region II. This change in the depclarizaticn rate

occurs at low temperatures where vacancy and muon mctlon
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Figure 7.7 (Kessler et al.?%) 2

The depolarization parameter, Agpyp, in reglon I for each
titanium hydride sample plotted as a function of vacancy
concentraticon. The line is a least squares fit to Egn.
7.3.
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is limited and can be explained by the presenca of an at-
tractive force between ths muons and vacancies. For
*=1.83, the numbar of vacancies among nearest-neighbor and
second-nearest-nelghbor sites ia 2-3. Therefore, if there
is nc nearest-neighber vacancy, then there may ba 2-3
vacancies which enly have to make one jump to be a nearest
nelghbor. Since there 1s a distortlion of the local
hydrecgen sublattica lattice present for a muon in an
octahadral aita, thls means that energy 1ls being expended
to "push" cn the nearest—neighbor hydrogens. The system,
therefore, finds it energatically favorakla to allow ths
hydrogen to swap places with the vacancy. With a vacancy
as a nearest nelghbor, the muon will move into this T
Blte.

For x=1.99, there ara anly 1 1n 200 T sites avallable
for occcupancy. When the muon begins to move, the value of
A& drops below Aqpp (Fig. 7.6) due to averaging over sev-
eral octahedral sites {(motional narrowing). In other
words, the probabllity for a muon to find a vacant T site
is small for temperatures less than 350 K. As the tempera-
ture increases above 350 K, the time to £find a vacant T
eita decreases. This is evident in the recovery of the
depolarization rate.

guantitatively, one can calculate a mean time of
stay, r5, for a muon at an octahedral site. Since there is
a small percentage of muons inltlally in T sites for

temperatures balow tha motional narrowlng reglon, the
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field-correlation time, r, will not ba equal to rg4. How-
avaer, the field-corralation time, obtained from an
Abragamian form for thea relaxation functien, can be used
to obtain ry via the parameter = (defined in Appendix C).
For an Abragamian form of the relaxation function (Appen-
dix ¢),°0

« = 821 Ze ) (er {7.5)

u)

where r, ies the mean lifetime of a muon, 2.197 zs and a2

m
is the muon second moment used in the Abragamlan form for
the relaxation function, 1l.24 =x 10-3 482, If one assumes
that there are two poassaible trapping sites, coctahedral and
tetrahedral, and that the probability of being in a T site

initially is glven by Eqn. 7.4
P~ 8{l=-x/2} . {7.4)

If the trapping radius into a T site includes only
nearest-nelghbor T sites, then the effactive vacancy con-
cenhtration, ¢', eguale P. An expression for rg can be

derived in terms of « {Appendix ¢}.%¢
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rg = C'r,[~0.5{1 +c'+(1-¢*)aTpyr 2/ (x=sBEr i)} (7.6)
£ [0.25x((1—c')e/ (x=a2ppr2) )2 +

(1-c')e'adepra/ (x-adppe2) 11/2)72

ﬂ%ET and ﬂgCT ars the second moments for a much in a
tetrahedral and cctahedral site, respectively, and can bhe
calculated using the line widths cobtained in the previous

saction.

2 2 2 2
AgeT = 2A0CT 7 ATET = 2ATET (7.7)

The values for c', ﬂ%ET, and Q%CT are 0.04({8), 0.059(3)
ua~2, and 0.127(3) uxs~2, respectively. Since the expres-
sion for rg (Egn. 7.6) 1s of the form of a guadratic
formula, there will be two values for the time of stay
except when the term ralsed to the one-half power is zaero
which occurs at the minimum value of =. As a check of the
effective vacancy concentration, ¢' can be calculated by
using the values given previously for appp, Agcy and r,.
The value obtained for the effective vacancy concentration
is 0.12(5) which agrees with the other value for c'
{0.04(8)). Using this calculated value of c¢' and the
values for « obtained from Eqn. 7.5, rg may ke calculated
ag a function of temperature and 1s shown ln Fig. 7.8. The

line 1s a fit to Egn. 7.8 with the parameters rg and E,

equal to 10-13{1l}g and 0.48(8) eV, respectively.
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The line is a least sguares fit to Eqn. 7.8.



115

rg = ro@XP(Ea/KkT) (7.9)

The activation energy, E,, is the energy necessary
tor the muen to activate cut of an octahedral site. This
is gmaller than the activation energy for a proton in a T
seite, 0.507(10) eVv.2l For titanium hydride, the hydrogen
vibration frequency is 3.3 x 10l3571,21 From the value for
o, OnNe can see that the muon attempt freguency (l/rg) 1is
of the same order of magnitude implying that the vibration
of the hydrogen lattice is the mechanism responsible for
the activation of tha muon out of an © silte.

The model presented above will always yield a dip (or
a2 minimum} in the depolarization rate, A (or in the alpha
parameter). However, tha depolarization rate, &, as a
function of temparature for x=1.5%7 does not have a minimum
implying the effective vacancy ceoncentration is too high
for this mcdel teo be valid. ona can however say that the
majority of the muons are trapped in O sites until near
room temperature and are able teo find a vacant T sites at

a higher rate than for TiH; gg above this temperature.

3. Reglon III

Flg. 7.6 shows a concentration-independent plateau
near room temperature for x=1.83 and 1.97 and suggests
that the same might be obeerved for x=1.99 if the measure-

ments were extended to a higher temperature. The value of
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A for this plateau is 0.17%5(2) us~l which agrees with the
value obtained from fitting the depoclarization rate in
region I to Egn. 7.3 of 0.172(5) us~l. The A value for a
muon in a T site and no local distortion does not agree
with this. Orie possible explanation is that there is a
vacancy next to the muon 1ln the T =site. However, the
probability of this occurring for the x=1.97 sample is
extremely small assumling that a nearest-nelghbor vacancy
is not bound to the muon, A reascnable alternative is to
assume a 2.6{4)% lattice distortion or 0.06(1) A relaxa-
tion of the nearest-neighbor hydrocgens. For TlH; og and
TiDy,gg, the spacing between T sites jis 2.227(1) and
2.220(1) A, respectively,?V and can ba parameterized by an
equation with a term proportional to the zero-point motion
of the particle (1//m) plus a second term equal to a con-

stant.

a = a, + k//m (7.9)

If m is set equal to tha mass of the mucn, then the dis-
tance between T sitas is 2.27{3) A. This agrees with the
value of 2.285(9} A for the muon~hydrogen distance ob-

tained from the mucn depolarlzation rate.

4. Region 1V
Fig, 7.6 showa a region of motional narrowing at high

temparatures. This may bhe assoclated with the activation
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cf the hydrogen atoms ocut of T sites. Using tha values of
r, the field-correlation time, obtained from a f£it to an
Abragamian form for Gg(t), the correlation times are
plotted as a function of inverae temperature in Fig. 7.9%.
The muon field-correlation time disclosed in this figure
ls of the same corder of magnituda as that of the proton,
but the activatlon snergles (the slope of the lines) for
the muon and the proton (0.507(10) eV)<! are qulte Qif-
ferant. The results of least gquares fite to Egn. 7.10
with ro and E, as the free parameters are shown in Table

7.2

r = [to/{1~%/2)] exp(En/kT) (7.10)

These results are in direct contradiction to classlical
blocking theory since tha motion of the muon should be

impeded by that of the hydrogen atoms,

Takla 7.2

Prefactor and activaticn energy for fits using Eqn. 7.10
to TiH, data.

X roluB) EafleV)
1.83 1.4(7) = 1076 0.38(2)

1.97 1.9(9) x 10”6 0.38(3)
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Secondly, since r, 18 independent of concentration,
tha fleld-correlation time is inversely proportiocnal to
tha vacancy concentration. This indicates that the change
of the fjield at the =ite of the muon is dependent upon the
motion of vacancles. This will involve the motion of the
nearest-neighbor protons, the muon, or both. A sacond way
to see this is to select data peints where field-correla-
tion times are equal for both Bamples and calculata the
cl'y product where ¢ is the vacancy concentration and ry is
the vacancy jump rate given by 36 x 10127 laxp(=-E,/XT)
(where E, = 0.507 eV im the proton activation energy).2l
The temperatures for which the twe samples have ap-
proximately equal correlation times are 435 XK and 543 K
which yield cr, products of 4(1) x 105 8”1 and 11(6) x 10F
=1 for x=1.83 and 1.97, reapectively. Since tha values
for c¢ry are tha same within the uncertainties, the muon
fleld-correlation time is dependent on vacancy motion as
was shown previously.

The discrepancy between activation energles measured
by zSR and NMR has been observed in other metal hydride
systems, such as ZrHy,,3? NbH,27 and PdaH,.>l This dis-
crepancy appears to be limited to hydrides with a hydrogen
concentration greater than 60%, because the uSR data of
Doyama et al.33 in VHpy 503 shows that the motion of the
muon 1s limited by the moctlon of protons. Richter et
al.27, using Monte Carlec calculaticns for tracer Qif-

fusion, have developed a model to expiain the muon cor-
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raelation time in NbHy. Thay find that the filald-correla-
tion time is a functicn of muon and proton attempt fre-

guencles and hydrogen concentration.

- 1 1-f
' r,{l=-x/2) * Fy(l=-x/2)f (7.11)

The quantities T 'y and f are the muon jump frequency,

Y
the proton jump freguency and the correlation cosfficlent,
respactively. The problem of tracer diffusion for one-
dimensional lattice has been solved analytically by Pet-
zinger.%0 He finds, as Richter et al.?7 did in their Monte
Carlo simulations, that the time ,r, is a measure of the
mean time for a vacancy to diffuse to the site of the
muon. Richter et al.?? assume that the time, r, is equal
to the muon field-correlation time measurad by uSR. How-
evaer, Bince the proton has a slzeable magnetic mament, the
fiald~correlation time is not equal to the auto-correla-
tion time Lf the protons are also moving. Gygax et al.>l
have pestulated for PdH, that the hydrogen atoms surround-
ing the muon move slower than those not near the mucon.
However, they glve no reascn why the nearest-nelghbor
hydrogen atoms move slower. Hartmann et al.%2 (Richter
included) have also adopted this picture for NbH,, but
alsc fall to give an explanation. Gygax et al.?? have

performed mucn spln depolarization measurements on single-

crystal PdHp, 74 and find a decrease ln the occupancy of
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nearest-nelghbor hydrogen sites as the temperature in-
creases. This seems to contradict their earlier explana-
tion concerning the slower motion of the nearast-neighbor
hydrogens. Howaver, they do not comment con this discrepan-
cy. Doyama et al.?? have also cbserved the disagreement
between proton and mucn activation energies in 2rH,, but
give no explapation. The Monte Carlo simulations descrlbed
in Chapter 6 have been employed to try teo understand this
proklemn.

Since the muon is gensitive to changes in lts mag-
netic environment, the field-correlation time is the
slgnificant quantity. In Table 6.1, results of the Monte
Carlc simulaticons for pr are given as a function of varl-
ous movement probabilitles for the vacancy. In order to
compara the data to the results of the simulations, the pr
product for each temperature point must be calculated.
Korn and Zamir?l have determined the hydrogen jump rate,

', as a functicn of ccncentration, x, and temperature for

I  I'n(l-x/2)exp(-E;/KT) {7.12a)
where Iy, = 36{7) x lo0l2 g1 {7.12b)
and E, = 0.507(10) eV {7.12¢)

The vacancy motlon rate, I'y, 18 the same as that for the

protons without the blocking factor.
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Py = Igexp(-Ea/XT) (7.13)

For a simple cubic lattica, the probabllity, p, for motilon
of a vacancy equals rvf4.33 Using this, the pr preduct for
TiHy g7 can be calculated. The results of this ara shown
in Table 7.3. The uncertainties in the pr product result
from the uncertainties in -, g and E,.

With the exception of the point at 583 K, pr 1s on
the crder of 50 or greater. For a stationary muon, the pr
product 1s egqual to 52 (Table 6.1). This is less than

ceveral of those listed below. From tha results in

Table 7.3

Pr preducts for TiH; gv data.

T{EK) —r(us) pr

432 4.3(7) 5(2) x 10l
458 2.1(3) 5¢(2) « 10l
477 1.3(2) 5¢2) x 10l
493 0.9(1) 5¢2) x 10l
508 0.8(1) 7(2) x 101
5213 0.8{1} 9(3) » 10l
543 0.49(9) 9(3) x 10l
563 0.35(7} 9(3} x 10l

583 0.04(6) 1{2) x 10l
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Tabla 6.1, it 1s seen that for pr to egual %0, thea proba-
bility for a vacancy to becoma a2 nearest nelghbor to the
muon must be decreasad. This will be used in the davelop-
ment of models in tha feollowing paragraphs.

One poseible explanation of the data in light of the
results of the simulations 1s that the motion of the muon
is limited to nearest-neighbor hopping and that there
exieste an attractive feorce betwaen the muon and the
nearest-neighbor hydrogens. Howavear, this picture has
difficulty explaining the measured muon activation energy
for the feollowlhg reascn. If the nearest-neighbor protons
are bound, the activation anergy for these hydrogen atoms
to move would be grsater than that for hydroegen atoms not
near the much. In other words, the activation enarqgy
measured by the muon should be E, + AU where E; is the
activation energy for protons not near tha muon and aU is
the additional binding energy of the nearest-nelghbor
protone. However, the activatlon energy assoclated with
the muon field-cerrelation time is less than Ey rather
than greaater,

A second possibility 1= that 1t is not energetically
favorable for a vacancy to occcupy a nearest-nelghbor sita
and that the muon tunnels to a second-nearest-nelghbor
sita. This idea is encouraging for two reasons. The first
is that the nearest-neighbor hydrogens de net move which
allows the field correlation time to be larger than is

meagured by NMR. Seconhdly, the polarcnic mctlon of the
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mucn allows for a small prafactor and small activation
enargy for the corralation time. If this 1s the case, a
qualitative model can be devaeloped.

Neutron scattering has confirmed that the potential
which deacribes transitions between vibration states for
protens in y=TiH, 1ls approximately harmonic.3% For
hydrogen diffusion to occur, the protons must be in an
excited state to tunnel through a barrler to a vacant
slte. Tha presence of the muon distorts the nearest-neigh-
bor titanium atoms and causes the potential to ba anhar-
menice. Thise change 1n energy levels and spacing reduces
the probabllity for a nearest-nelghbor preton te tunnel to
a mecond-nearast-neighkor tetrahadral site and cauges the
proton to be bound to this site.

Since the postulated model does not allow or limits
motlon of the muon to nearest-neighbor tetrahedral sBites,
the muon presumably diffuses to second- or third-nearest-
nelghhor eitea. The small prefactors reported in Tahle 7.2
indicate that the motion of tha muon is polarcnic in
nature. As was mentioned in Chapter 6, Bisson and Wilsond’
have calculatad the activaticn energies for protons in T
sites of y-TiH, for second- and third-nearest-neighbor
dlffusion paths teo be 0.69 and 0.65 eV, respectively.
Since the energy difference between these twe paths ls
small, and the distance to the second-nearest-naighbor
site is shorter by a factor of /2/3, the likely path for

muon diffusion is acroas the cube face of the hydrogen
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sublattice using a thermally-activated tunneling mecha-
nism. This model suggests that the hopplng rate (1/r} can
ba fitted to a form similar to Egnh. 4.3. However, slnce
the number of vacant T sites 1is limited, a factor must be
incorporated to account for the effactive vacancy con-

centration, ¢y, and the coordinaticn number, Z.
2 1/2
} -7 ey 2 (——1——) exp (~E5/KT) (7.14)

The coordination number 1is the number of second-nearest-
neighbor sites to which the muon can tunnel. For this
geometry, Z eguals twelve. The results of fitting the data
to Egqn. 7.14 are given in Table 7.4 and are shown in Flg.

7.9. A value for J will be given folleowing a discussion of

cv!

Takle 7.4

Tunneling matrix elements and activation energies for fits
using Egn. 7.14 to TlH, data.

_X_ Jeyd (mev) Eale?)
1.83 0.56(2) D.36(5}

1.97 0.18(1} 0.36(1)
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Tha effective vacancy concentration, ¢y, 1is the
probability that tha second-nearest-neighbor site is
vacant. The expected minimum value for this guantity is
the nermlnal vacancy concaentration which assumes that the
probabllity for a vacancy to occupy any T sita is ecual.
Energles for vacancy occupation of different sites can be
agsigned. A simple modal would assign an energy of E; (Ej
> 0} to the nearest-nelghbor sites, E; {(E; < 0) to the
second-naarest-neighbor sites and E4 for the remaining
sites in the lattice. This models the decreasae in vacancy
occupancy c¢f the nearest-neighbor sites, Since a site can
ba in one of two states {vacant or occupied), the dis-
tribution of vacancles 1s characterized by a Fermi Qis-

tribution function (E; = 0):

-
€1 % ¢+ {1-clexp(BE;) (7-15}

where ¢ i= the nominal vacancy concentration. In ordar to
decrease the number cof independent parametera in thia
model, let us assuma that E; equals =-E;. The ratio cp/c
is greater than 10 for ¢, E; and T equal to 0.015
{x=1.97), =50 maV and 500 K, respectively. This tempera-
ture was chosen, because the s5R measurements were made in
this vicinity for x=1.97 (c=0.015). Tha value of 50 meV is
not unreasonable since energies assoclated with the lat-

tice are of this order. The value of c; from above is
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0.05{2) which can ba used along with the result in Table
7.4 to find & value for J. For x=1.83, ¢z is equal to
0.23(2) under the same conditions as the preceding cal-
culation, Using these values for c, (c3), the values for J
were calculated and are presented in Table 7.%. The agrea-
ment between the two values for the tunneling matrix
element is reaschable.
Although the value for J in aluminum 1s 2.3 meV for a
tunneling distance of 2.02 A,29 tha calculated values for
the tunneling matrix element in TiH, seem large consilder-

ing the distance of 3.15A betwaen tha two sltes.

Tabla 7.5

Prokability for the existence of a vacancy at a second-
nearest-neighbor site {cy), tunneling matrix element (J),
and activation energy for tha two zSR tiltanium hydride
samples at 500 K (Ea).

X Sy J (meV) Ea(0V)
1.83 0.23(2) 1.2(1) 0,36(5)
1.97 0.05(2) 0.8{2) 0,36{1)

The value of J may be estimated with the Mathieu
formula (Eqn. 4.,7). If one assumes that Vg, the barrier
helght, is egual to the proten activation energy calcu-
lated by Bisson and Wileson, 0.69% aV, and substitutes the

mass of the muon and the distance hetween second-nearest-
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neighbor sites for m and 4, respectively, the value calcu-
lated for J is 7 ueV. The enargy for zero-point moticn of
a muon can be calculated from the energy for zero-point
motion of a proten in 4y=-TiH,, 0.21 av,2l and 1s 0.65 aVv.
Since the energy for zero-point meotion of a muon ls almost
equal to tha barrier height, the value of J from the
Mathieu formula is a severe underestimation of the actual
value by a couple orders cf magnitude. Howaver, the ex-
perimentally darived value of the tunneling matrix element
is probably too large compared to that found for muons in
aluminum whera J is twice as bkig for approximately half
the tunneling distance.

A Becond aspect of thls model to bhe lnvestigated is
the activation energy. This is a measure of the coupling
betwean the lattice and the muon. Tha results from inelas-
tic peutron scattering in TiH, show discrete levels for
the hydrogen atoms implylng that the T-site protons are
not coupled.35 Therefore, the T-slte muon only couples to
the four nearast titanium atoms. This doer not contradict
the pestulate concerning the distortion of the local
hydrogen lattice from the previous section, since thse
dlsplacement of the titanium atoms can cause thias. The
acoustic mode for TiH; has an energy {(hwp) oOf 39{3} meV as
measured by inelastic neutron scattering.®% uUsing Eqn.

7.16, the force constant, k, can be calculated.>>

A{2k/My1/2 — pups2 (7.16)



129

The variabhles M and wp are the mass of the titanium atom
and the acoustic mode fregquency, respectively. Thie ylelds
a value of 2.2{6) avyiz for the force ccnstant. The
polarcn binding enargy, E,, i8 egual to twice the activa-
tion energy. The true activatlon energy, E,, is approxi-
mately 0.41({(2) eV, The difference between the measured,
which was obtained from the mucon field-correlation times
and the actual activation energles is due to tha inclusion
of the expecnential in ¢, (Eqn. 7.15) to Egn. 7.14. The
four nearest tltanium ateoms must, therefora, relax 0.4{1)
A to accommodate a polaron binding enerqgy, Eo, of CG.82(4).
This large value for the polaron blhding energy implies
that the coupling bhetween the muon and the lattice ls very
large. Egn. 7.17 yields a value of 1.9(3) eV/A for the

coupling constant, g.3%

Eq = g/4k {(7.17)

This value for the coupling constant 1s approximately
three times greater than that for muons in copper.55

In summary, this model has the attractive feature
that the measured fleld-correlation time for the muon is
agqual to ite diffusion-correlation time. It allows for a
binding of the hydrogen toc nearest-neighbor sites. How-

ever, the experimentally determined parameters J and E,
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are much too large compared to values cbtained from aimple
calculations.

The modela presented are two diffarent attempta to
explain the high temperature data for TiH,. Each one has
its advantages and disadvantages. The first model is an
attempt to decrease the proton diffusicon in the vicinity
of the muon, yet allow the muon to jump to nearest-neigh-
bor sites. However, an increased activation energy to
axplain the binding of the nearest=-neighkbor protons was
not measured. The eecond model postulates that it is
enargetically favorable to have a vacancy at a second-
nearest-neighbor site as opposad to a first-nearest-neigh-
bor site and that the muon moves by a thermally-activated
tunneling mechanism. The flaws with this theory are that
tha values obtalned from the data for the tunneling matrix
element and the activation energy are very large. Howaver,
the large value for J should not discount this theory
since suhstantjal values have been chserved in other FCC

metals contrary to theoretical expectations,

B. Yttrium Hydride

The temperature dependehice of the depelarization
rate, A, for the yttrium hydride samples 1s shown ln Flg.
7.10. As was the case for titanium hydride, the data shown
here can be divided into four different regilons.

The line width for muon occupancy of the 0 and T

sites may be calculated using the Van Vlieck fermula
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Figure 7.10

The depolarization rate, 4, ln yttrium hydride as function
of temperature for YH .77 {open sguares) and ¥YH, (open
triangles). The dashaé lines correspond to the depolar-
izatlion rate for a muon in an octahedral site {(upper line)
and a tetrahedral site {(lower line) of an undistorted
lattice,
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(Egqn. 7.1) coupled with an allowance for the reduction of
the fourth moment as mentioned previously (sectlon
7.1A.1). Using a value for the lattice parameter of %5.204
4,47 the line widths for O and T site cccupancy with no
local distortion are 0.186 ua~! and 0.120 uxs~l, respec-
tively,
1. Reglon I

Fig. 7.10 shows an ilncrease in the value of the depo-
larization rate as the concentration is decreased for
T « 300 K. This 1s considerably different from that for
TiHy. This can be explained by allowing a greater per-
cantage of O sites to be cccupied by protona as thae
hydrogen concentration ie increased. The occupatlion of ©
sltes by protons has bheen cbserved by neutron diffrac-
tion®%® and proton second moment measurements with NMR®7
and is shown in Tabla 7.6.

Table 7.6

Parcentage of occupled octahedral aites in yttrium hydride

ag a function of hydregen concentration and temperature as
measured by neutron scattering®® and NMR.37

H/Y Percentage ¢of Occupjed O Sites Temperature{k)
1.9a858 12(6) 11
1.9836 14 (3) 300
1.9857 16{3) 160 and 200

1.9237 11(2) 160 and 200
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The exparimantal results for » can be fit to a modal
in which a probability for occupancy of a T site by the
muon ls calculated. The probability that a muen, shortly
atter stopping in an 0 site, transfers to a T Bite 1is
egual to the probability that a nearest-neighbor tetra-
hedral site to the octahedral site is vacant. Thus, if Pq
is the probabllity that a T slte is vacant and PH is the
probabllity that the wuon is in a T site (and is e-

guivalent to P for TiHy,), one has

Pif = 8Py (7.18a)

2 2

v
TET + (I-EPT] ;‘!.DCT.

- BPTA (7.18h)

AExp
For H/Y~2, P%—PE}Z where PE is the probablility for an O
site to be occupied by a proton. Since the ratioc of unit
cell volumes hetween yttrium hydride and titanium hydride
ig 1.6, then the distortion of the lattice for a muon in
an 0 site should be very small. Using the unexpanded
lattice calculated values for the line width for both
sites, the prebabllity for occupancy of T sites 1s shown

in Table 7.7,
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Tabla 7.7

Percentage of tetrahedral sites cccupled by muocnse (P%xlﬂﬂ}
in yttrium hydride as a function of temperatura and
hydrecgen cnncantﬁation. The percentage of O sites occupled
by hydrogen is P,x100.

H/Y Apxp(as~1) PAx 100 Pix 100
1.77 0.171(2) 3.3(4) -
2,00 {T>50K) 0.153(2) 6.9(4) 11.8(8}
2.00 (T<50K) 0.171(3) 3.3(4) 6.6(8)

The percentage of O sltes occeupled by hydrogen for
YH, above 50 K, as determined by uSR agraes, with the
results from neutron scattering. A new agullibrium in the
ratlo of occupied O to T sites ls okserved by the change
{near 50 K) in the percentage of protons occupyling ¢ site
and appears to be stable until rocm temperatura 1s
reached,

The mixed phase sample, YH; 77, is comprised of many
emall regions where the lattice structure 1ls elther HCP
{x}] or FCC (B#). The « phase, whlilch has a lattice constant
of 3.65 A, can contain up to a H/Y ratio of 0.1i5 at reoom
temparatura.55 The volume availakle for muon occupancy in
a T Bitea in tha = phase is lessa than 30% of that fcor a
mucn 1in an O site in the # phase. Therefore, cne can
postulate that the muon chooses to occupy sites in the B

phase of the material (which is 30% of this material and
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has an average H/Y -~ 1.93). Since the vacancy concentra-
tion in the B phase of this materlial is approximately 3.5%
and 31.3(4)% of the T gites are vacant (as determined from
SR linewidths}, it appears that there are no protons in

the coctahedral sltes of this phase.

2. Region II

A reglon of transition to a lower helght plateau for
the depclarization rate in YH; ;7 is observed in Filg. 7.10C
and commences at approximately 270 K, This is assoclated
with the muons activating ocut of O sites. The occurrehce
of thilis at a much higher temperature than for TiH; ga.
shown in Fig. 7.6 (200 K), reflects the difference in the
structure of the materials. TiH; g3 is a single phase
material with the H atoms noct occupying © sites and the
vacancies randemly distributed among the T sites:; whereas,
¥YH; .77 is a mixture of « {which does not have room for the
mucn) and B phases. The B phase of this material has a
nominal H/Y ratio at 175 K of approximately 1.93 with the
hydregen atoms occupying T Bites. Further, muon ccoccupancy
cf the 0 site causes llttle or no local lattice dilation
which means that the attractive force batwean the muocn in
an O slte and a second-nearest-neighbor vacancy 1is amaller
than in the titanium hydride system. These two distinc-
tions cause the transition region for YH; 77 to occur at
higher temperatures than for titanium hydride of a similar

concentration. Presumakly the YH,; would have shown signs
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of transition to T slte occupancy slightly above room

temperature if the measurements had been carriad out.

3. Reglon IIT

The constant value for the depolarization rate, A, in
Fig. 7.10 above 300 K indlcates that the mucon 1a trapped.
The average value of & in thls regicn is 0.116(2) pa=l,
This agrees with the calculated unexpanded lattice valua
of 0.120 za~l for T site occupaticn. Tha reason why there
1 no local lattjire dilation is that this lattice is more
spacioua than TiH,. Therefore, the muonta zero point
motion does not cause a repulsicn of the local hydrogen

atons.

4. Ragion IV

Motional narrowing of the muonh line width is obsarved
at high temperatures (Filg. 7.10). Similar kehavior was
also observed for TiH, and was due to tha motion of muons
and posesibly hydrcgen atoms. Fig. 7.11 shows the values of
+ from a fit to an Abragamian ferm for Gy(t}). These cor-
ralation times can then be fit to an Arrhenius form to

cbtain an activation enesrgy.
r = rqexp(Ey/kT) (7.19)

A flt to this form yields 4{1%] x 10~4 u5 and 0.44(8) eV

for r, and E,, respectively. T, measurements have been
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Figure 7.11
Muon field-correlation time plotted as a function of

temperature for YH; 37. The line is a least sguares fit to
Egn. 7.19.



138
performed on YHy 73 by Anderson et al.5? Their results
have been analyzed using a from similar tec Egn. 7.1% over
three differant temperature ranges ylelding three dif-

ferent activation energliea and are reported in Table 7.9.

Table 7.8

Prafacter and activation energies for Erntnn corralation
times cobtained from T;, measurements. >

Temperature region rofus} EaleV)
T < 465 K 2.2 x 1p~3 0.457

465 K < T < 600 K 6.9 x 10”8 D.B77
T > 600 K 9.4 x 10710 1.1

Their interpretation of the three reglcens of increasing
activation energy with increasing temperature 1s motion
between 0 gitea for tha iowest E,, exchange between T- and
O-glte hydrogen atoms, and motion of all hydrogen atoms on
both sublattices. Howevar, thils interpretation may be
suspect slnce they wera not able to determine the proton ©
and T site populations with proton seceond moment measure-
mants. The activation energy observed for muons 1is close
to that obaarved for ¢ site hydrogens which might imply
that the muon's field-correlation time 1ls somshow deter-
mined by the motion of these protons. However, this lis

unlikely, because the values for r, and £, for YH; 77 are
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on the same order as those for TiH, for which hydrogen
atoms deo not occupy O sites. Secondly, the uncertainties
in ro and E, are quite large. Further, our results for
YH; .47 indicate that protons do not occupy © sites. There-

fore, detalled concluslons are premature.

C. Zirconium Hydrlde

Zirconium hydride has been studied previcusly with
SR, Doyama et al.?3 reported the depolarization rate for
samples with H/Zr ratios of 1.54, 1.90, and 1.%9 and
T > 273 K (Flg. 7.12). They also have reported an activa-
tion energy and a prefactor for the Jump fregquency for the
much which is lower than the proton activation energy and
attempt frequency obtained from HMR. The studles reported
here are for ZrH; g4 for T < 300 K (Fig. 7.13).

For T = 100 K, the average value for the depolarlza-
tion rate is 0.199(2) ws~l. Doyama at al.3? measured a
value for the depolarization rate in ZrH; gp and ZrH; gg
for T~300 K which corresponds to a A of 0.15 us~l, This
agrees reasonably well with the calculated value for the
line wldth of 0.155 xs~! for a muon in a T site wilth ne
lattice expansion. Since zlrconium and titanium hydrides
are very similar, ona can assume a model similar to the

one postulated for the depolarization rate in TiHy at low

temperaturas.
2 2 2
ARyp “TETP + nDCT[l P}, (7.20a)
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The zero-field depeolarization rate, =z,

function of temperature for ZrHy  gg., 2T
The data was fit to Eqgn. 5.32 with § =
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The depolarization rate, &, as a function of temperature
for ZrH; g4. The dashed lines correspond to the depolar-
ization rate for a much in an octahedral site (upper line)
and a tetrahedral site (lower line} with no local
distortion.



142

whare P = 8(1-%X/2} (7.20B)

If one assumes that the depolarization rate, A, determined
from the data of Doyama et al.2? (for 2ZrH, gg and 2Zry), g9
at 300 K) is equal to Apgp (0.15 ux8~1l) and that the
depolarization rate for 2rH; g4 (T = 100 K} ls substituted
for Apyp, then the value of Ager 18 0.21(2) xs~l, The
value of A for a muon in an O site and ne local distorticn
is 0.237 us™1., A lattice expansion of 4(4)% is necessary
to explain the disagreement betwesn these two valuesa for
Apor and is compatible with the 6({1)% expanslon for
titanium hydrida.

The depolarization rate for T > 150 K is slightly
lower than that for T < 100 K (Fig. 7.13). For TiHy,, an
attractive force for a vacancy to move to a nearest-neigh-
bor T slte to the muon was pecatulated to explain the
decrease in the depclarlization rate near 200 K for x=1.83.
The motion of the vacancy to a nearest-neighkor T site is
possible, because two or three of the second-nearest-
nelghbor sites can be vacant. Whereas for x=1.97 and 1.99,
the prekabkility for a vacant second-nearest-neighber site
is very small which means that the muon is trapped in the
0 site. ZrH; g4 is a good example of what occurs when the
hydregen concentraticn ig in ketween these two extremes.
For this concentration, there may be one hearest-neighbor
or second-nearest-nelghbor vacancy. Thlse is reflected by

the decrease in the depolarization rate around 200 K. If
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the experiments ware to ba continued to a higher tempera-
ture one should sea a decrease to a slightly {(not much)
lower value of the depolarization rata. This decrease in
depolarization rate has bean seen by Doyama et al.’? They
found muon T site occupancy at 280 K and 330 K for ZrH; gp
and ZIrH,y ¢y, respectively (Fig. 7.12}. Since not all the
muoneg have actlvated cut of an © site by room temperature
for ZrHy, g4 (but have for ZrH; ggp)., the postulated attrac-
tive force ketwe2en a muon and a second-nearest-nelghbor
vacancy can be sald to ba observed only for vacancy caon-

centrations 1In excess of 3%.

D. Lanthanum Hydrida

Fig. 7.14 shows the muon spin depolarization rate as
a function of temperature for LaH, gg. The slte determina-
tion of the muon is complicated by the praesence of the
dipole {2.78 uy) and guadrupeole (0.220 barns) moments for
the lanthanum nuclei which possess a spin of 74/2.%0 The
theoretical sacond moment is the sum of the contributicns
from the lanthanum and hydrogen nuclei. The Van Vleck
formula (Egqn. 7.1} can ba used to calculate the contribu-
ticns te the muon escond moment from both nuclel in thae
Zeeman limlt. Upon performing this calculation, one finds
that the line widths for muon occcupancy of QO and T sites
is 0.163 us~1l and 0.124 us~l, reaspectively. However, the
guadrupole moment for lanthanum is large which means that

150 Gausse is probably not sufficient to achieve the Zeeman
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limit., Inatead of using Egqn. 7.1 to calculate the lan-
thanum contributicn to the second mement, one must use
Egn. 5.16. Upon deoing this, ona finde that the line widths
for muon occcupancy of O and T sites is 0.183 us~} and
0.179 us8~l, respectively. If 150 Gauss is not sufficilent
to gquench the quadrupecle interaction, then tha site of the
mucn cannot be determined since the precision of our
neasurements is of the same order as the diffarence bet-
ween line widths for both sites. However, one can poatu-
late that the muon occuples 0 sltes since the hydrogen
atoms reside predominately in T sites. If one assumes
this, then the experimentally cbserved line width ylelds a
local lattice expanaion of 3.8(5)% In the Zeeman limit and
7.9{5)% in the gquadrupolar limit. Both of these are rea-
sonable numbers for local lattice dilation for a muon
occupylng an O mite.

As for TiH; g9g. LaHy, K gg has an extremely small number
of vacant T sites, Therefore, one expects to cbserve
notional narrowing of tha lina width 1f the mucn is ac-
tivating cut of an O site and trying to find a T slte.
Since there 1a no motional narrcwing of the muon line

width, one can conclude that the muon ls trapped.

7.2 ZERO-FIELD STUDIES
As was mentloned in Chapter 5, zero-field uSR has
been a valuable technique for measuring internal flelds

and for measuring slow diffusion of the mucn. In this
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saction, the zero-field .SR studies of TiH, and YH; ara
reported. Since the hydrogen atcms are the only nucleli
with a sizeable maghetic moment, the results are a measure
of the Bepin dynamics of the proton for temperatures whare

no muon or proton motion ie expected.

A. Titanjum Hydride

Flg. 7.l15a=-c shows the mucn polarization as a func-
tion of time for TiH; gg, TiH; g7, and TiH; g3 at 100 K.
At this temperature, the muon is expectad tc be trappad
and wag cbserved to be by the transverse-fleld studien.
One lmpecrtant feature of these three figures is the oscil-
lation of the pelarization at leng timeas. This caclllatien
at long time dilsagrees with Kubo-Toyabe theory which
praedicts the pcolarizaticn to approach 1/3 at long times
for a static muon.29 A calculation of the muon pelariza-
tion in an O slte which 1s coupled to the spins of the
eight nearest-neighber protons is shown in Fig. 7,15a-b.6!
The energy levels of the eigenstates were determined by
diagonalizing the Hamiltonian with the proton-proton
dipolar interaction included as a perturbation (see Appen-
dix D). The resulte of this calculation give a better fit
than Kubo-Toyabe theory for the mucn polarization of a
atatic muon for TiH; gg- Tha fit to the pelarization for
x=1.97 is not guite as good, but this is to ke expectad
gince the minimum is =slightly shifted and filled in by the

12% of muons occupying T =ites. No attenmpt was made teo



147

N
1
i

'y
L

o
|
1

-y
L]

©
Qo
1
|

A

Polarization
o
o))
}
|

0.4 7 -

0.2'j 4 i "

0.0 l"l""ll"lt.llelllflrl'mrl‘l'll"ll'llll'llll]lll'llll’lll FETFYY

O 2 4 6 8 1012 14 16

Time(microseconds)

Flgure 7.15a

Experimentally-determined zero-field muon polarization as
a function of time for TiH; g9 at 100 K. The curve is a
theoretical calculaticon of tga relaxation functicn for a
muon in an octahedral site (sea Appendix D).



148

1.2 7
1.0 -
. |
50.87 -
-+ 4 -
K
-~ 0.6 7 B
A= L
Q
a 0.4 -
0.2 -
0.0 _IlilllIlll|llllllll'l'l"llll'll'l"l’l'l’l['lllll”’]l'lllf'llll"lllI'IIII'I'II'I'II-

0 2 4 6 8 1012 14 16

Time(microseconds)

Figure 7.15b

Experimentally-determinad Zzero-fileld muon polarization as
a function of time for TiH; o7 at 100 K. The curve is a
theoretical calculation of the relaxation fugctinn for a
mucn in an octahedral site (see Appendix [). 1



1.2 7

1.0 7

Polarization

O ©O o

~ O o
| " t |

O
N
—

o
O
I

0

Figure 7.1l5c

I'I"lllll"lllll'l'lll'lll’l’lll’l"ll'l’lﬂ

Time{microseconds)

149

Experimentally-determined zero-field mucn polarization as

a function of time for TiH; g3 at 100 K.



150

—_—

N
i
™

.

O
|

Polarization
o O

o o

. | . H

o
.
ol

O
M
\

N

OFO ll?lI!l!'l]lllllll]]llrl'l'll'l"l’l'm!ll'llllIEIII’IIII'ITII'I'IIIII'I"I"III'I A

C 2 4 6 8 1012 14 16

Time(microseconds)

Figure 7.15d
Experimentally-determined zero-fleld muon peolarization as

a function of time for TiH; g3 at 305 K. The curve is a
theoretical calculation of the relaxation function for a
muon in an tetrahedral site {see Appendix D).%



151
compare this calculation with the x=1.83 case sinca almost
70% of the mucns are in tetrahedral sitas. This is evi-
denced by the filling in and shift of the minimum and the
damping of the recovery hump.

Since the posltion of the minimum in time of the
ralaxation function 12 independent of model ({Fig. 5.5},
the time derivative of Egn. 5.32 can be usad toc calculate

the zero-fleld depolarizatlon rate, 4,.
Ga(t) = 1/3 + 2;3(1—a§t2}exp{-ﬁ§t2;2}. {5.32)

The minimum ef this function occurs at ﬂt-ji. The depclar-
lzation rate, thus, equals jgftmin.
The zerc-field depolarization rate, aga.a]. can bha

calculated using a form similar to Egn. 7.3,

2 2 2
85ca1l ™ A7ETP * Agopil=F), {7.21a)
P = 8(1-x/2) {7.21b)

The zero-field depolarization rate for a muon occupying a
tetrahedral sjite (pcctahedral) site is equal to Aqpp
{Agpr) » which was obtained in section 7.1A.1, multiplied
by /5 yleiding a value of 0.385{11) us~* (0,563{7) us~1},
Tabla 7.9 shows the results of both calculations of the
zero~fleld depolarization rate for all three hydrogen con-

centrations.
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Table 7.9
tménr the zero-rield depclarization rate, and tha calcu-
lated

zaro-field depolarization rate az a function of
hydrogen concentration in titanium hydride at 100 K.

X tyin(as) sz(us™1) tzcallus™l)
1.99 3.2(1) 0.54(2) 0.557(7}
1.97 3.3(1) 0.52{2) 0.545(7)
1.83 4.1(1) 0.42(1) 0.450(9)

The agreament between the calculated and the measured
zerc=-fleld depclarlization rates 1ls good,

The spln=-spln relaxation time for a nearest-nelghbor
proton can be estimated from the zero-fleld sSR data.>50
Using the curves of Flg. 5.4b, the value of Ar fOr Xw1,99
1a eatimated tc be approximately 4. If a=0.54 us~l, then -
~ 7.5 ua and is the fleld-correlation time due tha
dynamics of the proton spins.

Thea calculation of the proton second moment in zero-
fleld involves calculating the second darivative of the
relaxation function using a dipelar Hamiltonlan (Appendix
E). The second moment for a neareat-neighbor proton con-
taina contributlions from the lattice of hydrogen atoms and
the nearest-neighbor muon. Tha muon in this case is an
interstitial in a 5C lattice. The secend momant is calcu-

lated to ba 0.103 ua~ 2, If the line wldth is Gauasian,
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then the spin-spin relaxation tima is 4.4 ps. This result
is within a facter of two of the estimated result from the
zero-fleld experiment. The agreement 1s surprisingly good
despite the lack of coupling between tha muon and the
lattice of protons.

Fig. 7.15d shows the resulta for TiH; g5 at 305 K,
This temperature was chosen because the transverse-field
results indicate that the muon is trapped in a T site
(Fig. 7.6). Once again, the polarization shows oscilla-
tions at long times which 1ls not characteristic of Kubo-
Toyabae depolarization function for a static muon. A cal-
culation of the polarizatien for a mucn in a substitution-
al site of a SC lattice was performed.®l This calculation
wag similar to the one for an interstitial muon in a SC
lattice with the exception that there wers silx nearast-
neighbor hydrogen atoms. The calculated muon polarizaticn
is shown in Fig., 7.154 (Appendix D). This calculation fits
the experimentally measured polarization better than Kubo-
Toyaba theory for a static mucon. The dlscrepancy between
the calculated and measured poclarizations may be due to
the lack of preoton-proton coupling which could not be
included in these calculations.

The minimum in the polarizaticn occurs at 4,3{1) us.
This correaponds to a zero~field depolarization rate of
0.403(9)us~l, The calculated zero-field depolarization

rate for a muon in a T site is 0.385(11) us~l. The agree-
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ment between these two is good and helps conflrm that the
muon ie in a T site.

The calculation of the proton spin-spin relaxation
time with a muon in a T site ise similar to that for a mueon
in an O site. The major difference is that the contribu-
tion of the nuon to the second moment will be smaller
since it ls farther away from the proton. The calculated
second moment is 0.0714 xs~2. If the line width is Gaus-
sian, then the spin-spin relaxation time 1s 5.3 us. Using
the curves in Fig. 5.4b, the estimatad value for ar for
the mucn polarization inm Fig. 7.15d is approximately 2.
Since A=0.40 us™l, then ¢ ~ 5 us. This ls Lln good agree-
ment with the calculated spin-spin relaxation time of

$.3 us.

B. Yttrium Hydride

Flg. 7.l6a-kb shows the zero-fleld muon peolarization
for YH; at 20 K and 255 K. Since the polarization was not
neaspured at long times, the comparison to the calculated
polarization and the calculaticn of the proton spin-spin
relaxation time (as was done for TiHy] ls not possible.
The line widths obtained from zero-field (A, = ﬂzfjgj and
transverse-field studles {Ayy) can be compared (Table
7.10). The agreement between the two technigques is good,
but experiments should ke performed with an emphasle on

long-time behavior of G,{t).
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Table 7.10

tmins the zero-fiald depclarization rate ,calculated
tranaversa-fiaeld line width from zero-field depolarizaticn
rate, and experimentally measured transvaerse-fleld line
width as a function of temperature in yttrium hydride.

T(K}  tpinlss) az(us™l}  Ayufus™l) Axt (s871)
20 4.2(1) 0.41(1) 0.184(4) 0.170¢{5)
205 5.2(1) 0.33(1) 0.149(3) 0.3149(6)

7.3 LONGITUDINAL-FIELD STUDRIES

Tha longltudinal-field uSBR technique was applled to
tha TiH; g7 sample at 100 K and approximately elght gauss.
Flg. 7.17 shows the mucon polarization for this field and
indicates that the fluctuation rate for internal fields is
less than 100 KHz (Fig. 5.7). The =solid line is a tit of
the data to Egn. 5.40 out to approximataly four micro-
seconds since the decay of the muon polarjization 1s an
indication of a finite field-correlaticon time {due to the
spin dynamice of the proton). Tha frequency obtained from
the fit, w=0.673{2) MHz, corresponds tc a field of 7.9 G
which is in agreemant with the known value of the applled
field. The value for the depclarization rate obtained from
the fit, s,=0.4B(2) us~l, i in agreement with the value

reported in Table 7.9 of 0.52(2} us~l. As was the casme in
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zero-fleld, Kubo-Toyabe thecory for a static muon falls to
deacribe the data at long time. Feor long times, the
decrease in the polarizaticn can bes described by axp(-
t/r). This decay time has been estimated to ba of the
order of ten microseconds, This yields a valua of Ar on
the order of 5 which agrees with the estimate from the

zero—fiald data for TiH; gy of ar =~ 4,
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CONCLUSION

The apin dynamics of protons have been seen to have a
significant affect upon the filelds felt by the muon. This
was obperved in the oscillation of the zero- and low len-
gitudinal-field muon polarizaticons at long times with a
damping due to the dynamics of tha proton splne. Sacondly,
the narrowing of the transverse-fleld gaussian line wldths
by approximately 5% le evidence of the signilficance of the
proton spln-spin interactions.

The diffusion and aites of muons 1ln titanium hydride
are dependant upon hydrogen concentration and temperature.
For low temperatures and high hydrogen concantrations, the
majority of the mucns eoccupy octahedral sites with the
probability for T-site occcupancy egual to the probability
that any of the nearest-nelghbor tetrahedral sites to an ©
sita are vacant. For low vacancy concentrations (x=1.97
and 1.99), the O-site muons actlivate out of these sites
(activation energy and prafactor egual to 0,4B(8) aV and
1013{1l}g=1, respectively) indicating that the vibration of
the hydrogen lattlice is responsible for thils procesas. For
higher vacancy concentrations (x=1.83), an attractive
force between the muon and vacancies at second-nearest-
neighbor eltes enables these vacancies to move to the

160
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nearest-neighbor sites and allow the muon to jump toc the T
sita, This force arises from the 6{(1}% local hydrogen
lattice dilation around the O-site muon. Near room temper-
ature the muon occuples a tetrahedral site and disterts
the hydrogen lattice by 3{1)%. At high temperatures {-500
K), the muon field-correlation time is greater than the
proton diffusion time. Monte Carlo simulations indicate
that the fleld-correlation time for a stationary muon
agquals the proton diffusion time. Therefore, the nearest-
naighbeor hydrogen atoms must be bound to their sites to
increase the muon fiald-correlation time to explain the
data, The usual binding mechanism is tec increase their
activation energy. However, tha results from a fit to an
Arrhenius expression toc the fileld-correlation time show a
decreased activation energy. In an attempt to explain this
disagreement, the muon is postulated to tunnel to a
second-nearest-naighbor site with the nearest-nelghbor
hydrogen atoms bound to thelr sltes. However, the values
for the tunneling matrix element and the distortion of the
nearest-neighbor titanium atoms are too large. The dils-
covery from the Monte Carlo simulaticns that the fileld-
correlation time for a statiocnary mucn is less than that
measurad in the experiments is significant. The study of a
few mwore compounds, such as TiH; 7 and TiH; g5, would ba
beneficial to the davelopment of a model to explain the

high temperature mucn field-correlation times.



162

The results of SR studies of yttrium hydride are
gqualitatively similar to those of titanium hydride. This
ls evidenced by the low prefactor and activation energy
for the muon field-correlation time as compared to the
proton diffusion time at high temperatures. Saecondly, the
muon cocuplies tetrahedral eites near room temperature and
predominately O sites below room temperature. However, one
etriking difference batwean tha regults for titanium and
yttrium hydrides is that the probability for mucn T-glte
occupancy incraases with hydrogen concentration for YHy.
Thia ia thought to be due to an increass in the number of
protons cccupylng O sites as H/Y approaches two. Secondly,
no dilation of the lccal hydrogen lattice ls cbserved.
Future work on other yttrium hydrlde compounds should
initially be confined to the high temperature regime to
contirm the similarities in results to those of titanium
hydride, Secondly, a study of the muon depolarization rate
below room temparature should be conducted to observe in
more detall the percentage of octahedral slite protons as a
function of hydrogen concentration.

The results of uSR studies of zlrconlum hydride agree
qualitatively with the previous results of Doyama et al.?3
{and with those of TiH,}. Aa for TiH,,, the mucon predom-
inately occuples octahedral sites with a trapping radius
that includes the eight nearest-neighbor T sites. Further
work on other zirconium hydride compounds ls necessary to

lower the uncertainty in the calculated local lattice
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dllation due toc a mucn in an ectahedral site. Secondly,
studies to complement thosa of Doyama et al.3d, combined
with theose for titanium hydride, would contribute to the
davalopment of a model to explain the high temperatura
muen field-correlation time.

The results of uSR studies of lanthanum hydride
indicate that the muon is stationary. This is evidenced by
the lack cof a minima in the depelarjization rate as a
function of temperature as was Been for TiH; gg. The muon
site is probably an octahedral site since the tetrahedral
sites are occupied by protons. Howaver, a study of the
depolarization rate as a function of applled magnetic

fiald would substantiate this hypothesis.



AFPPERDIX A

COMPUTER PROGRAM FOR SIMULATION OF MOTION ON A CUBIC LATTICE

ONODaOOOGONaOAONaOoNoONoAoNoONoaaNnnNanNnonnNoan

PROGRAM TO WATCH THE MOVEMENT OF 7 VACANCIES IN A
LATTICE OF 729 LOCATIONS AND THEIR EFFECT UPON
THE MAGNETIC FIELD FELT BY THE MUON. THE MUON
STARTS AT (0,0,0} WITH INDUCED PROBABILITIES
FOR NN AND NEXT NN MOVEMENT

USING THE IMSL SUBROUTINE GGUBS AND FUNCTION
ROUTINE GGUBFS TO GENERATE RANDOM NUMBERS. BOTH
©OF THESE ARE PSEUDO-RANDOM NUMBER GENERATORS

SPIN(X,Y,Z,N} IS THE COMPONENT OF THE SPIN AT
LATTICE POSITION (X,Y,Z) IN THE X(N=l), Y{N=2),
AND Z(N=3) DIRECTION

IV(N,M) IS THE ARRAY WHICH STORES THE POSITION OF
THE VACANCIES.
N LABELS THE VACANCY AND M DEFINES THE LATTICE
LOCATION] X(M=l) ,¥(M=2), Z(M=3),

NTRY{N) IS THE ARRAY WHICH KEEPS TRACK OF THE
DIRECTIONS A VACANCY HAS ATTEMPTED. IF A VACANCY
CANNOT MOVE IN A PARTICULAR DIRECTION, THEN THE
VALUE IN THE ARRAY ASSOCIATED WITH THAT DIRECTICN
IS SET=1. IF ALL VALUES IN THE ARRAY ARE 1 THEN
THE VACANCY CANNOT MOVE.

NN(N,M) DEFINES THE HKEAREST NEIGHBORS (N=1 TO &)
AND THEIR POSITIONS (M=1 TO 3).

MARK({X,Y,2) IS THE ARRAY WHICH KEEPS TRACK OF
WHICH LATTICE LOCATIONS HAVE BEEN THE SIGHT OF
MOVEMENTS

MPDS5(3) IS THE ARRAY WHICH KEEFPS TRACK OF THE
MUON'S POSITION.

ARRAY (3) IS THE ARRAY WHICH IS USED FOR THE RANDOM
NHUMBER GENERATCR.

B AND BN ARE THE MAGNETIC FIELD IN THREE
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DIRECTIONS DUE TD THE NUCLEAR BPINS.

BX IS THE UNIT VECTCR IN THREE DIRECTIONS OF THE
EXTERNAL MAGNETIC FIELD.

HCHECK(0:3000,7) IS5 THE ARRAY WHICH KEEPS TRACK OF
WHICH VACANCY IS5 A NEAREST NEIGHBOR OF THE MUON

CLOCK IS A SUBROUTINE IN THE VFORTLIB WHICH READS
THE TIME OF DAY IN UNITS OF 1/300 SECOND AND
RETURNS IT AS A INTEGER*4 VARIABLE.

VZERO{ARRAY , NO.OF ELEMENTS} IS A SUBROUTINHE WHICH
ZERQS THE NO. OF ELEMENTS IN AN ARRAY ASSUMING IT
IS AN INTEGER*4 OR REAL*4 ARRAY.

OnNonNaNnGaOnananNon

COMMON /S/SPIN{-414,=-414,=4:4,3)
COMMON /MUON/MPOS (3)
INTEGER IV(7,3),NTRY(6),NN(6,3),
1 MARK(~4:4,-4:4,-4:4),IVAC(7,2) ,NNVAC(7)
REAL ARRAY(3),BX(3),B(3},BN(3)
INTEGER*2 NCHECK(0:3000,7)
REAL*8 DSEED
DATA P,MNN,MMPOS,MNPOS1,MNPOSZ,
1 MNPOS3/0.33,5%0/
DATA NN/1,-1,6%0,1,-1,56%0,1,-1/
DATA NCHECK/21007%0/
SET THE VALUE FOR PPRIME
PPRIME=Q, 0
SET THE VALUE FOR PIN
PIN=1./18.
SET THE VALUE FOR POUT
POUT=1./1B800.
SET THE VALUE FOR P
Pwl,/1B.
READ TIME TO SEED THE RANDOM NUMBER GENERATOR
CALL CLOCK{ITIME)
WRITE(6,1000) ITIME
1000 FORMAT (1X, 'TIME OF DAY FOR SEED=',I10)
DSEED=DFLOAT { ITIME)
CALL VZERO (MPOS,3)
C PICK THETA AND PHI TO DETERMINE THE FIELD
¢ DIRECTION THETA IS CHOSEN PROBABILITY OF THETA
€ NEAR PI/2 LARGER
CALL GGUBS (DSEED, 3, ARRAY)
PI=2.0%ACCGS{0.0)
TH=1.0-ARRAY (1}
THETA=ACOS {TH)
¢ IF ARRAY(3} > 0.5 THEN THETA WILL RUN FROM PI/2 TO
¢ PI

N 0O a 0 0

IF (ARRAY (3) .GT.0.5) THEN
THETA=PI-THETA
ENDIF
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PHI=ARRAY (2) #2.%PI
C CALCULATE THE FIELD DIRECTION
X=SIN{THETA) *COS (PHI)
¥Y=SIN{THETA) *SIN (PHI)
Z=COS (THETA)
BX(1)=X
BX(2)=Y
BX(3) =2
WRITE{6,1001} X,Y,Z
1001 FORMAT(1X, *FIELD DIRECTION=(',
1 2(F7.4,',")},F7.4,"}")
¢ PICK SPINS FOR EACH LATTICE POINT EXCEPT FOR THE
C MUON,
DO 100 I==d,4
DO 101 Jw-4,4
DO 102 K==d4,4
IF(I.EQ.C.AND.J.EQ.0.AND.K.EQ.0) THEN
GOTO 102
ENDIF
C QUANTIZE THE SPINS OF THE PROTONS PARALLEL OR
C ANTIPARALLEL TQ THE APPLIED MAGHETIC FIELD
CALL GGUBS (DSEED, 1,ARR)
IF(ARR.GT.0.5) THEN
SPIN(I,J,K,1}=X
SPIN(I,J,K,2)=Y
SPIN(I,J,K,3}=2

ELSE
SPIN(I,J,K,1)=-X
SPIN(1,J,K,2)==Y
SPIN(I,J,K,3) ==2

ENDIF

102 CONTINUE
101 CONTINUE
100 CONTINUE
WRITE(&,1002)
1002 FORMAT{18X, 'INITIAL')
WRITE(6,1003}
1003 FORMAT(1X, 'VACANCY NO.',1X, 'LOCATION(X,Y,Z)')
C PICK LOCATION OF THE 7 VACANCIES
DO 103 I=1,7
10 CALL GGUBS (DSEED, 3,ARRAY)}
DO 104 J=1,3
JV1=9,0"ARRAY {J}
IV{I,J)=JV1l=-4
104 CONTINUE
CHECK TC SEE WHETHER THE VACANCY IS AT THE MUON'S
INITIAL LOCATION, IF S0 GO BACK AND PICK A NEW
LOCATION
IF(IV(I,1}.EQ.0.AND.IV(I,2).EQ.O
1 .AND.IV(I,3).EQ.0) GOTO 10
¢ IF I=1 THEN THE DO LOOP WITH VARIASBLE K WILL HAVE
C A PROBLEM WITH DO 105 K=1,0: THEREFORE SXIP OVER
¢ THIS DO LOOP

A0a
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IF(I.EQ.1) GOTO 11
C CHECK TO SEE WHETHER THERE ARE TWQO VACANCIES AT
¢ ONE SPOT
DO 105 K=l,I-1
IF(IV(I,1).EQ.IV(K,1}.AND.IV(I,2).EQ.IV(K,2)
1 .AND.IV(I,3).EQ.IV(K,3)}) THEN
GOTO 10
ENDIF
105 CONTINUE
C SET SPIN OF VACANCY=0 IN ALL 3 DIRECTIGCNS
11 DO 106 K=1,3
SPIN(IV(I,1),IV(I,2),IV(I,3),K)=0.0
106 CONTIRUE
C WRITE INITIAL LOCATION GOF VACANCIES
WRITE(6,1004) I, (IV(I,J),J=1,3)
1004 FORMAT(2X,I4,9X,3(I4))
DO 107 LP=1,6
¢ CHECK TO SEE WHETHER ANY OF THE VACANCIES ARE
C MUON'S NN
IF(IV(I,1}.EQ.NN{(LP,1) .AND.IV(I,2).EQ.NN(LP,2)
1 .AND.IV{(I,3).EQ.NN{(LP,3))} THEN
MEN=MNN+1
NCHECK(0,I)=1
WRITE(6,1005)
1005 FORMAT ('+',28X,' IS5 A HN OF THE MUON')
ENDIF
1067 CONTINUE
103 CONTINUE
C CALCULATE THE DIPOLAR MAGNETIC FIELD INDUCED BY
C THE NEIGHBORING PROTONS
CALL BCAL({B)
BOB=B(1) *BX(1)+B{2) *BX{2)+B(3) *BX(3)

C BOB= DOT PRODUCT OF THE MAGNETIC FIELD WITH THE

C UNIT VECTOR OF THE EXTERNAL MAGNETIC FIELD

¢ START TO LET VACANCIES MOVE

FC=1,0

I=0

WRITE(2,1016) BOB,FC,I,MNN
DO 108 I=1,3000

¢ SET ALL STORAGE SPACES IN THE ARRAY WHICH KEEPS

¢ TRACK OF WHAT LATTICE SITES HAVE MOVED DURING ITH

C TIME INTERVAL TO ZERO

CALL VZERD (MARK, 729)
SET THE MARKER WHICH KEEFS TRACK OF WHETHER A
VACANCY IS A NEXT NEAREST NEIGHBGR TO THE MUON TO
ZERQ FOR THE ITH TIME INTERVAL
CALL VZERO(IVAC, 14)

SET THFE MARKER WHICH KEEPS TRACK OF WHETHER A
VACANCY IS A NEAREST NEIGHBOR TO THE MUON TO
ZERO FOR THE ITH TIME INTERVAL.

CALL VZERO (NNVAC,7)
SET THE MARKER FOR THE VACANCIES SO THAT THERE ARE
NO VACANCY-VACANCY SWITCHES

N OO0 anao
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DO 115 IK=1,7
MARK(IV(IK,1),IV(IK,2),IV{IK,3))=1
115 CONTINUE
DO 109 J=1,7
C JX, JY, JZ ARE TEMPORARY SPOTS TO STORE THE
C ORIGINAL SITE QF THE VACANCY: JX STORES X
C COMPONENT; JY STORES Y; JZ STORES Z
JX=IV{JT, 1)
JY=IV{JT,2)
JZ=IV{J,3)
SET ALL STORAGE SPOTS OF THE ARRAY WHICH KEEPS
TRACK OF THE DIRECTIONS WHICH A VACANCY HAS
ATTEMPTED TO MOVE TO ZERQ
CALL VZERQ(NTRY,§)
J1 IS THE INDEX USED IN ARRAY IVAC TO DEFINE
WHETHER THE VACANCY HAS ONE OR TWO MUON NEAR
NEIGHBOR SITES NEXT TO IT.
Jiwl
STEP THROUGH THE MUON NEAR NEIGHBORS TO FIND THE
DISTANCE TO THE VACANCY.
DO 118 J2=1,6
STEP THROUGH THE THREE DIRECTIONS OR ARRAY
POSITIONS OF EACH KN
R2=0.0
DO 119 J3=1,3
C CALCULATE THE DISTANCE BETWEEN THE J2TH NN AND THE
C JTH VACANCY
R2=R2+ (NN (J2,J3)=IV({J,J3))**2
119 CONTINUE
C IF THE VACANCY IS A MUON NEAREST NEIGHBOR THEN
C NOTE WHICH ONE IT IS BECAUSE THIS WILL INFLUENCE
¢  WHICH DIRECTION IT MOVES,
IF(R2.EQ.0.) THEN
NNVAC(J)=J2
IF THE VACANCY IS NEXT TO A MUON NN THEN NOTE
WHICH NN IT IS NEXT TO (BECAUSE THIS WILL BE USED
IN DETERMINING HOW IT MOVES} AND THEN INCREMENT
THE INDEX AND CHECK THE REMAINING MUON KN
ELSE IF(R2.EQ.1.0) THEN
IVAC(J,J1)=J2
T1=J1+1
ENDIF
118 CONTINUE
¢ PICK A RANDOM NUMBER WHICH WILL BE USED TO DECIDE
C WHICH DIRECTION THE VACANCY WILL BE ALLOWED TO
C MOVE.
12 RND=GGUBFS { DSEED}
C IF STATEMENT CHECKS TO SEE WHETHER THE VACANCY IS
¢ A MUON NN
IF {NNVAC(J).NE. 0} THEN
C IF RND IS GREATER THEN P'+5%POUT THEN GOTO THE
C NEXT VACANCY
IF (RND.GE. (PPRIME+5.*POUT}) GOTO 109
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IF THE RANDOM NUMBER IS LESS THAN PPRIME THEN THE
MUON AND VACANCY WILL EXCHANGE POSITIONS.
IF(RND.LT.PPRIME) THEN
MLOC=NNVAC (J)
GoTO (1,2,3,4,5,6),MLOC
ELSE
IF THE RANDOM NUMBER IS GREATER THAN PPRIME THEN
PICK ANOTHER DIRECTION TO MOVE WITH SOME REDUCED
PROBABILITY
MLOC=({RND-PPRIME} /POUT+1
IF(NNVAC(J).EQ.1) GOTO 71
IF(NNVAC(J).EQ.2) GOTO 72
IF(NNVAC(J) .EQ.3) GOTO 73
IF(NNVAC(J) .EQ.4) GOTO 74
IF (NNVAC(J) .EQ.5) GOTO 75
IF(NNVAC(J).EQ.6) GOTO 76
ENDIF
IF THE VACANCY IS5 NOT A NEXT NEAREST NEIGHBOR OR A
NEAREST NEIGHBOR OF THE MUON THEN THE PROBABILITY
OF MOVING IN ANY OF THE S5IX DIRECTIONS IS EQUALLY
LIXELY.
ELSE IF(NNVAC(J).EQ.O0.AND.IVAC(J,1).EQ.0) THEN
IF RND IS GREATER THEN &6*P THEN GOTO THE NEXT
VACANCY
IF (RND.GE. (6.*P)) GOTQ 109
MLOC=RND/P+1
GoTO(1l,2,2,4,5,6) ,MLOC
IF THE VACANCY HAS ONLY ONE MUON NN AS A NEIGHBOR
THEN INCREASE THE PROBABILITY OF MOVING IN THAT
DIRECTION TG PIN
ELSE IF(IVAC(J,l).NE.O0.AND.IVAC(J,2)}.EQ.0C)
1 THEN
IF THE RANDOM NUMBER IS GREATER THEN PIN+5#P THEN
GOTO NEXT VACANCY
IF{RND.GE. (PIN+5,#P)) GOTO 109
IF{RND.LT.PIN} THEN
MLOC=IVAC{J, 1)
GOTO(1,2,3,4,5,6) ,MLOC
ELSE
IF THE RANDOM NUMBER IS5 GREATER THAN PIN THEN
ALLOW MOVEMENT IN ONE OF THE OTHER FIVE
DIRECTICONS WITH A REDUCED PROBABILITY
MLOC= (RND-PIN)} /P+1
IF(IVAC(J,1).EQ.1) GOTO 71
IF(IVAC{J,1).EQ.2) GOTO 72
IF(IVAC(J,1) .EQ.3) GOTO 73
IF(IVAC(J,1) .EQ.4) GOTO 74
IF(IVAC(J,1) .EQ.5) GOTO 75
IF(IVAC(J,1) .EQ.6) GOTO 7&
ENDIF
IF THE VACANCY HAS TWO NEIGHBORS WHICH ARE MUON NN
THEN INCREASE THE PROBABILITY OF MOVING TO ONE OF
THESE TWO.
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ELSE IF(IVAC{J,1).NE.O.AND.IVAC(J,2).NE.O}
1 THEN
C IF THE RANDOM WUMBER IS GREATER THAN 2PIN+4F THEN
C GOTO NEXT VACANCY
IF(RND.GE. (2.*PIN+4.%P)) GOTO 109
IF(RND.LT.PIN} THEN
MLOC=IVAC(J, 1)
GOTO{1,2,3,4,5,6) ,MLOC
ELSE IF(RND.LT.{2.0*PIN)) THEN
MLOC=IVAC(J,2)
GOTO(1,2,3,4,5,6) ,MLOC
ELSE
C IF THE RANDOM NUMBER>2+PIN THEN ALLOW MOTION TGO
C ONE OF THE FOUR OTHER SITES WITH A REDUCED
C PROBABILITY
MLOC= (RND-2 . #PIN) /P+1
IF({IVAC(J,1) .EQ.1.AND.IVAC(J,2).EQ.3) THEN
GOTO(2,4,5,6) ,MLOC
ELSE IF(IVAC{J,1).EQ.1.AND.IVAC(J,2).EQ.4)THEN
GOTO({2,3,5,6) ,MLOC
ELSE IF(IVAC{J,1).EQ.l1.AND.IVAC(J,2)}.EQ.5)THEN
GOTO{2,3,4,6) ,MLOC
ELSE IF(IVAC{J,1).EQ.l.AND.IVAC(J,2).EQ.6)THEN
GOTO(2,3,4,5) ,MLOC
ELSE IF(IVAC(J,1).EQ.2.AND.IVAC(J,2).EQ.3)THEN
GOTO(1,4,5,6) ,MLOC
ELSE IF(IVAC(J,1).EQ.2.AND.IVAC(J,2).EQ.4)THEN
GOTO(1,3,5,6) ,MLOC
ELSE IF({IVAC(J,1).EQ.2.AND.IVAC({J,2).EQ.5)THEN
GOTC(1,3,4,6) ,MLOC
ELSE IF({IVAC(J,1).EQ.2.AND.IVAC(J,2).EQ.6) THEN
GOTO(1,3,4,5) ,MLOC
ELSE IF{IVAC(J,1).EQ.3.AND.IVAC{J,2).EQ.5)THEN
GOTO(1,2,4,6) ,HLOC
ELSE IF{IVAC(J,l).EQ.3.AND.IVAC(J,2).EQ.6)THEN
GOTO({1,2,4,5) ,MLOC
ELSE IF({IVAC(J,1}.EQ.4.AND.IVAC(J,2}.EQ.5}THEN
GOTO{1,2,3,6) ,MLOC
ELSE IF(IVAC(J,1).EQ.4.AND.IVAC(J,2).EQ.6)THEN
GOTO(1,2,3,5),MLOC
ELSE
WRITE(6,6000) IVAC(J,1),IVAC(J,2)
6000 FORMAT(//,1X, 'WRONG WAY',2(1X,I3),//)

ENDIF
ENDIF
ENDIF
71 COTO(2,3,4,5,6) ,MLOC
72 GOTO(1,3,4,5,6) ,HLOC
73 GOTO(1,2,4,5,6) ,MLOC
74 GOTO(1,2,3,5,6) ,MLOC
75 GOTO(1,2,3,4,6),MLOC
76 GOTO(1,2,3,4,5),MLOC
C PICK DIRECTION WHICH THE VACANCY WILL ATTEMPT TO



s EeReRy

onec

0

171

MOVE IF MLOC=] MOVE IN -X DIRECTION; =2 MGOVE IN
+X; =3 MOVE IN =¥ =4 MOVE IN +Y; =5 MOVE IN -2Z;
=f MOVE IN +2Z§ MLCC MUST < 7

MOVE IN THE - X DIRECTION

1 IV(T,l)=IV{J,1)-1

NTRY(l1]=1

SET HTRY (MLOC)}=1 TO SHOW THAT DIRECTION HAS BEEN

TRIED IF THE VACANCY HAS MOVED OUT TOO FAR BRING
IT ARCUND TO THE OTHER SIDE

IVA=ABS {IV(J, 1))
IF{IVA.EQ.5) THEN
IV(T,l)==JX

ENDIF
GOTO 16
MOVE IN THE + X DIRECTION
2 IV(T,l)=IV(JT,1)+1
NTRY (2)=1

IF THE VACANCY HAS MOVED QUT TOO FAR BRING IT

AROUND TO THE OTHER SIDE
IVA=ABS (IV(J,1))
IF(IVA.EQ.5) THEN

IV(J,Ll)=-J%
EHNDIF
GOTQ 16
MOVE IN THE = Y DIRECTIOHN
3 IV(J,2)=IV(F, 2)1~-1
NTRY {3 =1
IVA=ABS {IV(J,2))
IF[IVA.EQ.5] THEN
IV(J,2)==JY
ENDIF
GOTQ 16
MOVE IN THE + Y DIRECTION
4 IVI{T,2)=IV(T, 2)+1
NTRY (4} =1
IVA=ABS(IV(J,2))
IF{IVA.EQ.5) THEN
IV(J,2)=-JY
ENDIF
GOTS 16
MOVE IN THE - Z DIRECTION
5 IV({T,3)=IV(J,3)-1
NTRY (5} =1
IVA=ABS {IV(J,3))
IF(IVA.EQ.%5) THEN
IV(J,3)==JZ
ENDIF
GOTD 16
MOVE IN THE + 2 DIRECTICHN
& IV{T,)y=IV{J,3)+1
NTRY {6])=1
IVA=ABS {IV({J,3)}
IF{IVA.EQ.5) THEN
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IV(J,3)==J2
ENDIF

C IF THE SPOT WHICH THE VACANCY IS TRYING TO MOVE TO
C HAS ALREADY BEEN THE SITE WHICH A PROTON HAS
€ MOVED INTO DURING THIS TIME INTERVAL,
C OR IS THE SITE OF ANOTHER VACANCY, THEN GO BACK
C AND PICK ANOTHER DIRECTICN TG MOVE.
16 IF(MARK(IV{J,1),IV(J,2),IV(J,3)}.EQ.1) THEN
IV(J,1)=JX
IV(J,2)=JY
IV({T,3)=JZ
MTRY=NTRY (1) +NTRY (2) +NTRY (3) +NTRY (4) +
1 NTRY (5) +NTRY (&)}

C IF THE VACANCY HAS NOT BEEN ALLOWED TO MOVE TO ANY
C OF THE NN SIX SITES DURING THIS TIME INTERVAL,
C I.E. MTRY=6, THEM GO ON TO THE NEXT VACANCY
IF{MTRY.EQ.6) GOTO 109
GOTO 12
ENDIF
C CHECK TO SEE WHETHER THE VACANCY MOVED INTO THE
C MUON'S POSITION; IF 50 THEN,MOVE THE POSITION
C MARKER FOR THE MUON
IF(IV(J,1).EQ.MPOS{1l).AND,IV(J,2)
1 .EQ.MPOS (2} .AND.IV(J,3).EQ.MPOS{3)} THEN
MPOS (1) =JX
MPOS (2) =T Y
MPOS (3} =JZ
MMPOS~MMPDS+1
MNPOS)=1
MNN=MNN+1
WRITE(6,1007) MPOS,I,J
1007 FORMAT (1X, 'THE MUQON HAS MOVED TO (',
2(I3,"','),13,') DURING LOCP',I5,' AND',
"HAS SWAPPED POSITION WITH VACANCY',
13)
DO 113 Ml=l,6
DO 114 M2=1,3
€ MOVE THE MARKERS FOR THE NN
IF({(M1+1)/M2) .EQ.2) THEN
NN {M1,M2) =MPOS (M2) = (=1) #*M1
ELSE IF(MLl.EQ.2.AND.M2.EQ.1) THEN
NN (M1, M2} =MPOS (M2) — (-1} *#*M]

W b =

ELSE
NN (M1 ,M2)=MPOS (M2)
ENDIF

114 CONTINUE

113 CONTINUE

ENDIF
C EXCHANGE THE SPINS BETWEEN THE OLD AND NEW PROTON
C SITES.

DO 110 J8=1,3

SPIN(JIX,JY,J2,J8)=

1 SPIN(IV(J,1),IV(JT,2),IV(J,3),JIS}
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SPIN{IV(T,1),IV{(T,2},IV(J,3),T8)=0.0
110 QCONTINWUE
C MARK=1 MEANS THAT THE PARTICLE IN THAT SITE HAS
¢ HMOVED TO THAT SITE DURING THIS TIME IKTERVAL
MARK(IV(J,1},IV(J,2),IV(J,3))=1
MARK(JX,JY,J2)=1
C GO ON TQ THE HEXT VACANCY
109 CONTINUE
DO 116 lL2=1,7
DO 111 Ll=l,6
IF(NN(L1,1).EQ.IV{L2,1).AND.NN(LL,2).
1 EQ.IV{L2,2).AND.NN{L1,3).EQ.IV(L2,3)} THEN
NCHECK(I,L2)m=1
ENDIF
111 CONTINUE
IF({ (NCHECK(I,L2)~NCHECK(I-1,L2}).EQ.1) THEH
MNPOS 1=l
MNN=MNN+1
ELSE IF({(NCHECK(I,L2)-NCHECK{I-1,L2)).EQ.=-1)
1l THEN
MNPOS2=]
MNN=MNN+1
ENDIF
116 CONTINUE
CALL BCAL(BN)
BNE=BN (1) *BX{1)+BN(2)*BX[2)+BN{3)*BX ({3}
C DOT PRCDUCT OF THE MAGNETIC FIELD WITH THE UNIT
¢ VECTOR OF THE EXTERNAL APPLIED MAGNETIC FIELD
C FC IS THE MUQN FIELD CORRELATION
IF{BOB.NE.0.0) THEN
FC=BNB/BOB
ELSE
FC=BHNB
ENDIF
IF(MHNPOS1.EQ. 1. AND.MNPCS2.EQ. 1. AND,
1 MNPOS3.EQ.1) THEN
WRITE(2,100%9) BNB,FC,I,MNN
1009 FORMAT(2(1lX,1PE13.6),2(1X,I5),* NN MOVES 1,
1l 'AND VACANCY I/0 AND MUON')
ELSE IF{MNPOSLl.EQ.l.AND.MNPOS2.EJ.1.,AND.
1l MNPOS3I.EQ.0) THEN
WRITE{2,1010) BNB,F¥C,I MHN
1010 FORMAT(2{1X,1PEl3.6),2(1X,I5),' NN MOVES ',
1 '"AND VACANCY I/0O')
ELSE IF(MNPOS1.EQ.1l.AND.MNPOS2.EQ.O.AND.
1l MNFOS3,EQ.1} THENW
WRITE(2,1011} BNB,FC,I,MNN
1011 FORMAT(2(lX,lPE12.6),2(1%,I5),"' NN MOVES ',
1 'AND VACANCY IN AND MUCN!')
ELSEIF (MNPOS1.EQ.0.AND.MNPOS2.EQ.1.AND.
1 MNPOSI.EQ.l) THEN
WRITE(2,1012) BNB,FC,I,MNN
1012 FORMAT(2({1X,1PEl13.6),2(1X,I5),*' NN MOVES ',
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1 'AND VACANCY OUT AND MUON')
ELSE IF {MNP0OS1.EQ.1.AND.MNPOS2.EQ.C.AND,
1 MNPOSI.EQ.C) THEN
WRITE(2,1013} BNB,FC,I,MNN
1013 FORMAT{2(1X,1PEl13.6),2{1X,I5),' NN MOVES !,
1 1AND VACANCY IN')
ELSE IF (MNPOS1.EQ.D.AND.MNPOS2.EQ.L1.AND,
1 MNPOS3.EQ.0) THEN
WRITE(2,1014) BNEB,FC,I,MNN
1014 FORMAT(2{1X,1PE13.6},2(1X,I5),' NN MOVES ',
1 'AND VACANCY QUT'}
ELSE IF(MNPOS1.EQ.G.AND.MNFOS2.EQ.0.AND.
1 MNPOS3.EQ.1l) THEM
WRITE(2,1015) BNB,FC,I,MNN
1015 FORMAT(2(iX,1PE13.6),2(1X,I5},*' NN MOVES ',
1 'AND MUON MOVE')
ELSE
WRITE{2,1016) BNB,FC,I,MNN
1016 FORMAT(2(1X,1PE13.6),2(1X,I5),' NN MOVES'}
ENDIF
MNPOS1=0
MNPOS2=0
MNPOS3=0
108 CONTINUE
WRITE(6,1008) MMPOS,MNN
1008 FORMAT{1X, 'OVER 3000 TIME INTERVALS, THE ',
1 'MUGN MOVED',I4,' TIMES AND HAD', IS5,
2 ' NN VACANCIES.')
STOP
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCaCCCCaoaeeee

C c
C SUBROUTINE TO CALCULATE THE MAGNETIC FIELD c
C FELT BY THE MUCN FROM PROTONS WITH A c
c DISTANCE EQUAL TQ SQRT(20.). c
C c
CCCCCCCCCCOCCCCoCCoCCCCeCoCCCoCCCeCCUCCCCCCoooCCOl

SUBROUTINE BCAL({B)

COMMON /S/SPIN(-4:4,-4:4,-4:4,3)

COMMON /MUON/MPOS {1}

REAL B(3)

INTEGER LOC(3)
C SET THE MAGNETIC FIELD IN THE THREE DIRECTIONS
€ EQUAL TO ZERO

B{1)=0.

B{2)=0.

B{3)=0.

DO 100 IX=—-4+MPOS(1),4+MPGS(1)

LOC (1) =IX=-MPOS (1)

TwIX
C IF MOD(I) OR (J3) OR (X) IS GREATER THAN 4, THEN
C WRAP AROUND AND LOOK AT THE SPIN ON THE OTHER
C SIDE OF THE LATTICE.
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IF(I.LT.=4) I=I+9

IF(I.GT.4) I=I-9

DO 101 JY=-4+MPOS(2) ,4+MPOS{2)
LOC(2) =JY=-MPOS (2)

J=J¥

IF(J.LT.=4} J=J+9

IF(J.GT.4) J=J3=-9

DO 102 KZ=—4+MPOS(3),4+MPOS{3)
LOC(3)=KZ=-MPOS(3)

K=KZ

IF(K.LT.=4) K=K+9

IF(X-GT.4) K=K-9

C IF THE LATTICE SITE IS5 THE MUON SITE THEN GO ON
C THE NEXT SITE

C R2

IF(LOC({l).EQ.0.AND.LOC{2) .EQ, D.AND,
1l LOC{3).EQ.Q) GOTQ 102
IS5 THE SQUARE OF THE DISTANCE BETWEEN THE

C PROTON AND MUCHN LATTICE SITES

n o

R2=LOC{L) **2+1OC(2) **2+LOC(3) **2
IF({R2.GT.20.) GOTO 102
R3=R2#%%] .5

DPIR IS THE DOT PRODUCT BETWEEN THE SPIN AND
DIRECTIONAL VECTOR

DPIR={LOC({1})*SPIN(I,J,K,1)+LOC(2}*
1 SPIN(T,J,K,2)+LOC{3})*SPIN{I,J,K,3))/R2
DO 103 L=1,3

C B(L) IS5 THE MAGNETIC FIELD IN THE LTH DIRECTION

103
1p2
101
100

B{L)=B{L)+{3.0*DPIR*LOC(L)~SPIN(I,J,X,L)}/R3
CONTINUE

CONTINUE

CONTINUE

CONTINUE

RETURN

END

75

O



APPENDIX B

DIPOLAR BRCADENING BY UNLIKE SPIN552

For a system of two spins (I and S}, the total Hamil-

tonlan 1s

I
0

5

II 58 Is
H=~= H, + Hn + H1 + H1 + Hl . {B.1)

The terms Hg and Hﬁ are the Zeeman Hamlltonians for spin I
and S, respectively. The terms H{I, HES and H{S are the
dipolar Hamiltonians which describe the intaeraction of the
epins among themselves and with each other. The second
moment for spin I ie represented by the contributions due

to interactions among itself and alsc with epin 5.
MI = (mlyrr + Mdgg (B.2}

Each term can be calculated separately using a Van Vleck

formula for unlike and like spins,

(MI)1g = 1/3y2,21(1 + ljhzlzj(l-EcuazﬁjJZIrg} (B.3)

(#3) g1 - 3/avdr(I + 1an{zj{1-3coazaj}3xrg} (B.4)
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Use of the time-differential technigue prohibite interac-
tions between two muons, since only avents resulting from
one much Leing in the sample at a time are kept. Therefore
if epin § is assoclated with the proton and epin I with
the muon, the only term left in Egqn. B.2 is IH%JIs-

In NMR, the broadening due to like spins has been
found to lead to a difference between the r.m.s wldth,
given by the second moment, and the full-width half-maxi-
mum of tha line. This difference may ke cbhserved by cal-
culating the fourth moment of tha line., Tha fourth moment

is symbolically written as
My = (HIT) 4+ u]S) 44 (uIT) 2(ni5) 2+ w35 2(ul%)?2  (B.5)

Each of these terms is proportional to a gyromagnetic

ratio,

Since there is only one muon in the sample at a time, the
Hii terms in Egqn. B.5 may be dropped. If Egn. B.5 is
written in terms of H{S, then

My « (H]S)4 + (3/2(yg/v1)) 2 (]S 2 (B]S) 2. (B.7)

The factor of 3/2 is the multiplicative constant bestween

calculations ¢f the mecond moment for like and unlika
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spins assuming only dipolar interactions. Substituting in
the gyromagnetic ratic for the proton (sepin S) and the

muon (spln I}, one finds that

vrg/¥3 ™ 1/3.18. {B.B}

Mg « 1.22(HIS)4 (B.9)

If the hydrogen-hydrogen interactions would have been

ignored, then
My = 1.nu(H§5)4. (B.10)

The addition to My 1s, therefere, due to spin flip-flcps
of the protons. This has the affect of reducing the r.m.s
value of the line width by {(1.22)1/4 or 1.05. This is a
very small effect and does not change the line noticeably
from a Gaussian shape, but 1s encugh te reduce the effec-—

tive line width from the r.m.s. value.



APPENDIX C

DERIVATION OF THE PARAMETERS = AND rg50.63,64
The parameter, =, is defined as®?
= = [o At exp(-t/r,) dr(t)/dt (C.1}

where I'(t) 1s the argument of the wucn spin relaxatlion

functlion, Pi(t), and T the mean lifetime of a much.
P(t) = exp{-T(t}] (C.2}
If P(t) is of the Abragamian form (Eqn. 5.25), then
P(t) = a®r2(exp(-t/r} =1 + t/r). (C.3)

If this 1lg subkstituted into Eqn. C.1, then

(C.4)

a = ﬂzrﬁr;’(r + fp]

Another form for r(t) is that for the two-trap modal:

I (£) = Eiay, 2810606 [E Ns (£3)C)4 (£1-t5) (c.5)
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where az, Ny(t), and Gji{t) are the second moment, proba-
bility for occupatlon, and the autocorrelation function
for the muon at sita 1. Let us make the follewing assump-
tions which ara partinent to the model in Section 7.1A.1:
1) Slte 1 and 2 are defined to be sites of coctahedral

and tetrahedral symmetry, respectively.

ii) The probabillty for occupylng an octahedral {(tetra-
hedral)} site ilnitially eguals 1-c¢' (c') whera c' is
the affective vacancy concentration.

ii1i) The rate, r, is the transition rate from an © to a T
gite.

iv) The autocorrelation function for an 0 eite is
Gpyp(t) = exp(-t/rg) {C.6}

where rg is a mean time of stay at an O slte. Since
the muon doas not activate ocut of a T site at room
temperature, the autocorrelaticn function for this

seita is
Gzz{t:l = ], ':C'T)
This allows the T site to be considered as a deeper

trap than the O site,

These assumpticns yield:
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r(t) = asppf§dt;[1-(1-c')exp(~rty)Jat, + (C.8)

sdorf §dty (1-c') exp(-rty) EXP[- (t1~t3) /7 g]dtz.

It thia is substituted into Egn. C.1 with the addi-

tional assumption that
r = c'ffs' (C.Q]
then after some manipulation one finds that

rg = C'r,[=0.5{1+e'+ (l-c')afppr 2/ (a-afgpr)+  (C.10)
$ [0.25x{(1-c')a/{a=0Bpprl) )2 +

(1-c'ycadeopr 2/ (n-adgpr 2)11/2)-2



APPENDIX L

CALCULATION OF A ZERO-FIELD RELAXATION FUNCTIONSI

The calculation of the zero-field muon spin relaxa-
tion function requires the Hamiltonian contaln terms which
describe the dipolar interaction between the muon and the
nearest-nelghbor protons. TtThe first-order effects of
hydrogen-hydrogen dipolar interactions can alsc ke 1n-
cluded in the Hamlltonian. However, care must ba taken to
balance the need for precision by the 1lnclusion of mcre
protons and the amount of space and time available on a

computer.
H=TIiy [Hg-py - I(Ey-Ty) tEpoj}]frij (D.1)

The 1 and J in the dipolar Hamlltonian {Egn. D.1l} lndices
correspond to the muon and the nearest-naelghbor protons,
respectivaly. To calculate the relaxation function, G;(t),
one mugt solve for the eigenstates and calculate the
relative anergies of the states, This entalls diagonaliz-
ing the Hamiltonian matrix. Having done this, G, (t} can be

calculated,

Gz (t) = 1/3<exp(lHt/2)c (0)exp(-1Ht/A):0(0)> {D.2)
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For a muon in an cctahedral site, there are eight
nearest-naighbor protcocns which must be included. In the
calculation of the pclarization for a muon in an oc-
tahedral site, the proton-proton dipolar coupling between
nearest=-neighbor hydrogen nuclel was included as a pertur-
bation. This had the effect of lowering the mucn polarliza-
tion at long times. However, since only half the number of
protons which interact with a nearest-neighbor proton were
included, the preton-proton coupling was Increased by a

factor of jE to attempt to compensate for this.

Hy = /2 Ty§ (A3 hq - 3Gia-Ti) GigeT4))/r14 (D.3)

The summation is over nearest-neighbor proteons. The cal-
culation of Gz (t) entailed diagonalilzing a 512 x 512
matrlx.

For a muon in a tetrahedral =site, tha calculation
with six nearest-naighbor protons entailed diagonalizing a
128 x 128 matrix. Since none of the nearest-neighbor
hydrogen atoms for the nearest-neighbor protons (to the
muon) are included in the elgenstates of this calculaticn,
no dipolar coupling for the proton-proton interaction
could be included. If this had been dcne, then the slze of
the matrix would have lncreased from 128 x 128 to at least
524,288 x 524,288 assuming that only second-nearest-neligh-

bor protons are included.



APPENDIX E

ZERO-FIELD SPIN-SPIN RELAXATION TIME®?

Initially, one starts with the relaxaticn function

G(Lt).

o - —FeE et
= 1/3<axp(iHt/A)5 (0)exp(-iHt/A)+5(0)> (E.2)

where H 18 the dipolar Hamiltonian and ¢ is the Pauli spin
matrix for the proton. The brackets denote an average over

the mucn and proton lattice states.

H=5(y [51-54 - 3(i1-T5) (B4-79) 1/riy (E.3)
- 'Eij;i’ﬁij (E.4)
where Bij - {ﬁj - 3(Ej-;j}]frij (E.5)

Te calculate T, from the relaxation function, one must

find the secaond moment.

My = = 5¢2 - (E.6)
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Taking the second darivativa of G(t) and invoking cyclical

invariance of the trace, one arrives at the following.
My =~ —<[H,7):[H,7)>/(3r%) (E.7)

The commutator of the dipolar Hamiltonlan and the Pauli

spin matrix for the proton was found to be

[H!;] - 'sz_i[i{#YBz-luzBYJ + E{HZBXF“KBZ] +

k (nxBy-wyBy) ] (E.8)

Upon perfeorming the dot product and taking the trace cver
thae statea, one finda the formula fer the seccnd moment of

the jth proton.
My Tijihzzi{lfrfj} (E.9)

If one is attempting to calculate the second moment of a
proton due to a lattlce of protons, then Tf is equal to
1%. To calculate the contribution by the muon to the
saecond moment, 1% agquals 1ﬁ and the summation 1ls no longer
naeded since there is only one mucon. The zero-field second
moment of a proton nearest neighbor to the muon is tha sum
of contributlions from the lattice cof protons and from the
mUuon.

M =M + E. 10
2 = Map-p * Map-, (E.10}
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