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ABSTRACT

In  t h i s  paper a d isc u ss io n  i s  given o f th e  p ro cess  o f determ in ing  
th e  so lu tio n  o f a c la s s  o f second-order p a r t i a l  d i f f e r e n t i a l  eq u atio n s 
by means o f Bergman*s in te g r a l  o p e ra to r  o f th e  f i r s t  k ind .

A p a r t ic u la r  in te g r a l  i s  d e riv ed  which g en era tes  p a r t i c u la r  so lu ­
t io n s  o f th e  p a r t i a l  d i f f e r e n t i a l  equation

Leu) -  U ^ *  + AUZ + BUZ* + CU » 0

where th e  c o e f f ic ie n ts  A, B, and C a re  complex polynom ials in  two 
complex v a r ia b le s  Z and Z*.

o
This o p e ra to r  i s  th en  ap p lie d  t o  th e  transfo rm ed  eq u a tio n s

+ Uyy = Q

and

uxx + uyy + -  0-

P a r t ic u la r  so lu tio n s  o f  th e se  two eq u a tio n s  a re  generated  by 
a p p lic a tio n  o f th e  o p e ra to r  techn ique  and a  sh o rt d isc u ss io n  i s  given 
reg a rd in g  th e  convergence o f th e  s o lu tio n s  o f th e se  e q u a tio n s .
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ON THE SOLUTION 

TO PARTIAL DIFFERENTIAL EQUATIONS 

BY MEANS OF BERGMAN1 S INTEGRAL OPERATOR



INTRODUCTION

T his paper d e a ls  wi th e  co n s tru c tio n  o f so lu tio n s  o f a  c la s s  o f

p a r t i a l  d i f f e r e n t i a l  ec .io n s hy means o f a Bergman in te g r a l  o p e ra to r.

This o p e ra to r  tran sfo rm s c e r ta in  a n a ly t ic  fu n c tio n s  o f a  complex v a r ia b le  

in to  th e  s o lu t io n s .

The th e s i s  w i l l  c o n s is t  o f th re e  p a r t s .  In  ch ap te r I ,  a lemma 

.w ill be s ta te d  and proved which p ro v id es  so lu tio n s  to  a second-order, 

complex v a lu ed , l in e a r  p a r t i a l  d i f f e r e n t i a l  equation  w ith  f a i r l y  g en era l 

co n d itio n s  on th e  in p u t v a r ia b le s .  This development fo llow s very  c lo se ly  

th a t  o f  Bergman in  re fe re n c e  3 a lthough  a good d e a l o f j u s t i f i c a t i o n

fo r  many o f th e  s te p s  has been added.

In  ch ap te r I I ,  a  theorem  i s  developed and proved which p rov ides 

so lu tio n s  t o  th e  same p a r t i a l  d i f f e r e n t i a l  eq u a tio n  a lthough  in  t h i s  

ch ap te r th e  c o e f f ic ie n ts  o f  th e  P .D .E. have been p a r t ic u la r iz e d  to  

polynom ials in  th e  two complex v a r ia b le s  and th e  complex v a r ia b le s  a re  

t r e a te d  as co n ju g a tes .

In  ch ap te r I I I ,  th e  theorem  developed in  ch ap te r I I  i s  used to  

determ ine p a r t ic u la r  so lu tio n s  to  two p a r t i a l  d i f f e r e n t i a l  eq u a tio n s .

The eq u atio n s and t h e i r  so lu tio n s  a re  th en  transfo rm ed  to  th e  r e a l  

domain and one o f  th e  equations i s  found to  be L ap lace’s eq u a tio n .

The theorem  o f ch ap te r I I  was s ta te d  w ithout p ro o f by Bergman 

and H e rrio t in  re fe re n c e  6 .
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CHAPTER 1̂

LEMMAS

In  t h i s  ch ap te r two lemmas w i l l  be proved which w i l l  form th e  

b a s is  o f a theorem  g en era tin g  s o lu tio n s  o f p a r t i a l  d i f f e r e n t i a l  

eq u a tio n s  o f a  p a r t ic u la r  ty p e .

Lemma I : L et A = A(Z,Z*), B s  B(Z,Z*), and C s  C(Z,Z*) be

con tin u o u sly  d i f f e r e n t ia b le  ( i . e . ,  a n a ly t ic )  fu n c tio n s  o f two independent 

complex v a r ia b le s  Z and Z*, and (Z ,Z * ) e u \o ,0 ) ,  where Un( 0 ,0 , . . • 0) 

i s  an n d im ensional neighborhood o f th e  p o in t (0 ,0 ,0  . • . 0 ) .  A lso 

d e fin e

where i s  an a r b i t r a r y  a n a ly tic  fu n c tio n  o f Z which i s  re g u la r

F a re  a n a ly t ic  because ( r e f .  l ) :

(a ) The sum o f a n a ly t ic  fu n c tio n s  i s  a n a ly t ic .

(b) The p roduct o f a n a ly tic  fu n c tio n s  i s  a n a ly t ic .

(c )  The d e r iv a t iv e  o f  an a n a ly t ic  fu n c tio n  i s  a n a ly t ic .

(d) The in te g r a l  o f  an a n a ly t ic  fu n c tio n  i s  a n a ly t ic .

(1.1)

f o r  ZeU2(0 ,0 )  ( i . e . ,  i t s  d e r iv a t iv e  e x is t s  f o r  Z eU ^(0 ,0)). D and

5



Let us a lso  d e fin e  E (Z ,Z * ,t) , f o r  (Z,Z*)sU ( 0 ,0 ) ,  and t  a com­

p le x  v a r ia b le  such th a t  111 S 1 , t o  be a  tw ice con tinuously  d i f f e r ­

e n tia b le  s o lu tio n  o f

Y(E) s  (1  -  t 2 )Ez* t  -  1  Ez* + 2*Z
* t

E^z* "** FE = 0. (1.2)

The fo llo w in g  p ro p e r t ie s  a re  a ls o  assig n ed  to  E (Z ,Z * ,t)

( l )  lim  (1  -  , t )  » 0
t  * i l

un iform ly  in  (Z,Z*) f o r  (Z,Z*)sU (0 ,0 )  and

(2) —  i s  continuous f o r  (Z,Z*)sU (0 ,0 )  and | t |  S i .
t

Now l e t

U(Z,Z*) = J x E ( Z ,Z * , t ) f / i  Z(1 -  t 2 )j d t

(1  -  t 2 )1/ 2
(1 .3 )

where f  i s  an a r b i t r a r y  a n a ly t ic  fu n c tio n  o f  Z w ith  argument 

i  Z ( l  -  t 2 ) and E (Z ,Z * ,t)  i s  d e fin ed  a s ,

E (Z ,Z * ,t) * exp
r Z*

J  0
A dZ* + n(Z) E (Z ,Z * ,t) . (1 .4 )

Here £ i s  a r e c t i f i a b l e  p a th  in  th e  complex t  p lane  which connects 

th e  p o in ts  t  = -1  and t  = 1 and om its th e  p o in t t  = 0. Now under 

th e se  c o n d itio n s  U(Z,Z*) i s  a  so lu tio n  to  th e  p a r t i a l  d i f f e r e n t i a l  

eq u a tio n ,



5 .

L(U) = Uzz* + AUZ + BUZ* + CU * 0. (1 .5 )

The s o lu tio n  i s  tw ice con tinuously  d i f f e r e n t ia b le  in  U ^(0 ,0 ).

Before p roceed ing  to  th e  p ro o f o f  Lemma I  l e t  us show th a t  U(Z,Z*) 

in  th e  form (1 .3 )  e x i s t s .  For th e  p ro o f o f th e  ex is tan c e  o f th e  in te ­

g r a l  we w i l l  r e s t r i c t  our d iscu ss io n  to  th e  fo llow ing  r e c t i f i a b l e  curve 

in  th e  t  = + i t  2 p lane:

Here t^ (0 )  and t2 (0 )  fo r  th e  middle a rc  a re  con tinuous, p iecew ise 

smooth fu n c tio n s  o f bounded v a r ia t io n  fo r  which,

*2 ^ 0  when t ^  = 0 .
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Since E (Z ,Z * ,t)  i s  tw ice con tinuously  d i f f e r e n t ia b le  f o r  

(Z ,Z *)etA (p ,0) and | t |  < 1 and s in ce  f  i s  a n a ly t ic  in  th e  same 

domain we can w rite

E (Z ,Z * ,t) f(  |  Z (1 -  t 2 ) < M. (1 . 6 )

Then fo r  (Z,Z*)eU (0 ,0 )  and f ix e d  and | t |  < 1 we have

u (z ,z* )| < J ± M d t

which g ives

|u(Z,Z*)| <M J “1 /2  | ^ 0 1 1 /2  ^ '( 0 ) 3 .0  + l t 2 ’ (0 )d 0 |

1 •  (^ l(0 )  + 1^2(0))
1/2

Z1 IdjZil

x! 2 ( l  -  02 )1 /2
(1 .7 )

Now sin ce  th e  in teg ra n d s  o f th e  two o u ts id e  in te g r a ls  have s in g u la r i t i e s  

a t  0 = t l ,  w rite

f

I  lim  
] e -* 0

” p -  1 /2 |d0] r l - €
. 4- TJ 4* / |d 0 |

•!+€ »  -  | A 1 /2

- li r j -
J  l / 2 (1  -  02 )1 /2 |

(1.8)

L e ttin g  s in  0 = 0 and r e a l iz in g  th a t  | cos 0 1 ** cos 0 fo r

-  — < 0 S  “ i o b ta in  2 -  ~  2
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r

n s in  ***(-1/2) 

s i n ^ - l + e )
d0 + N.+In S i n - 1 ( l - € )

s in -1 ( l /2 )
d .0

E v a lu a tin g  th e  in te g ra ls  we have,

|u (Z ,Z * ,t ) | — M ■’+ N •+ ■ (1.10)

We have shown th a t  a l l  th re e  in te g ra ls  e x is t  and th e re fo re  U(Z,Z*)

r a te  o f convergence o f th e  in te g r a l  to  i t s  l im i t  i s  independent o f th e  

p a r t ic u la r  v a lu es o f (Z,Z*) and we th e re fo re  have uniform  convergence 

in  Z and Z*. The uniform  convergence o f t h i s  in te g r a l  w i l l  be neces­

sa ry  to  th e  p ro o f of Lemma I  which follow s.*

P roof o f Lemma I : I t  i s  p o s s ib le  to  show (see  appendix) t h a t  i f

e x i s t s  f o r  (z ,Z *)eU ^(0 ,0) and 111 < 1. I t  i s  a lso  obvious th a t  th e

(1.11)

i s  a so lu tio n  to

L(V) = Vzz* + DVZ* + FV = 0 (1.12)

th e n  U(Z,Z*) i s  a s o lu tio n  to  (1 .5 ) .

Combining eq u a tio n s  (1-3)* ( l .^ ) *  and ( l . l l )  one can w rite
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Since E i s  as  w ell behaved as  E, th e  uniform  convergence of V can 

be in fe r r e d  from th e  uniform  convergence o f .U. V can th e n  be shown
h

to  be a re g u la r  fu n c tio n  o f Z and Z* f o r  (Z,Z*)eU (0 ,0 ) .  Thus V 

can be d i f f e r e n t ia te d  under th e  in te g r a l  w ith  re sp e c t to  Z and Z*. 

For p ro o f o f t h i s  d i f f e r e n t i a b i l i t y ,  th e  re ad e r  i s  r e fe r r e d  to  r e f e r ­

ence 11> page 266 . D if fe r e n t ia t in g  V w ith  re sp e c t to  Z*, o b ta in

d t
'Z* ■ LSl  ' Z  ( 1  -

(x.x^)

A pplying th e  same c o n d itio n s  along w ith  Z f  0 and d i f f e r e n t i a t in g  

w ith  re sp e c t t o  Z, o b ta in ,

V,zz* Ezz*f  + Ez*f z
d t

2\X/2
(X.X5)

(X -  t^ )-

Remembering th a t  f  = f ^ i  Z ( l  -  t^ )^  we can deveXop a  d i f f e r e n t  ex p res-

s io n  f o r  f z . For in s ta n c e ,

and

f z  = |  (1  -  t 2 ) f 1

f t  = - Z t f ’ .

fg  th en  becomes sim ply,

f z  = -
-  t 2 )

2Zt

We now make t h i s  s u b s t i tu t io n  f o r  f z  in  (1 .1 5 ) and o b ta in ,

VZZ* ■ A Ezz*f  " Ez*
-  (1  -  t  )

2Zt
  r r x - (X-X6)
(1  -  t2 ) V 2
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In te g ra t in g  th e  l a s t  h a l f  of eq u a tio n  ( l . l 6 )  by p a r ts  o b ta in

VZZ* “ - Ez*
(1 -  t^ )  

2Zt
t = - l V

Ezz*

(1 - 1 )

( 1 .  t 2 ) 1' 2'
2Zt

(1 .1 7 )

Then u s in g  eq u atio n s (1 .1 3 ) , (1 .1 * 0 , and (1 .1 7 ) , eq u a tio n  (1 .12) becomes

But

~ (1  -  t* )
VZZ* + DV  + ™  = - v  S T

2*1/2

t —1

L Ezz*
‘ . 2 ^ 2 '

(1  -  t 2 )1/ 2
+ E,z*

(1  -  t* )

2Zt

+ D &Z* + F E

(1

f  d t .

(1.18)

(1  -  t 2 ) l / 2 \  (X -  t 2 ) l / 2  ~  1

‘ Z# ® *  J t  ^  2Zt '  Z# 2U H X  -  ^

(1 .19 )

so t h a t  th e  e g r e s s io n  under th e  in te g r a l  s ig n  in  equation  ( l . l S )  can 

be p u t in  th e  form,

1

Z t ( l  -  t 2 )1/ 2
Ez*t ( l  -  t 2) -  ^a* + 2tz(g'zz* + DEZ* + I®)

(1.20)

d t .
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But th e  ex p ress io n  in  th e  b ra ck e t i s  zero  due t o  th e  c o n d itio n  o f 

equation  (1 .2 )  so t h a t  equation  ( l . l l )  i s  a  s o lu tio n  to  equ a tio n  (1 .12) 

and, th e re fo re ,  U(Z,Z*) i s  a  so lu tio n  to  equation  (1 .5 )•

At t h i s  p o in t we have p re sen ted  by means o f  a lemma a so lu tio n  

U(Z,Z*) o f th e  p a r t i a l  d i f f e r e n t i a l  eq u a tio n  (l« 5 ) w ith  very  genera l 

c o n d itio n s  on th e  form o f  E (Z ,Z * ,t)  and E (Z ,Z * ,t) . P resen ted  in  

th e  fo llow ing  lemma w i l l  be form fo r  th e se  two fu n c tio n s  th a t  a re  le s s  

g en era l th a n  th e  p reced ing  b u t which w i l l  be shown to  s a t i s f y  th e  con­

d i t io n s  o f Lemma I .

Lemma I I : Let

g(Z )( l )  = f1 f ( |  (1  -  t 2 )]  J -  (1 .21 )
^ t = - l  \ 2 / (1  -  t 2 )1 /2

and
CO

f ( Z ) ^  = y  a_Zn . (1 .22 )
/, |l

n=0

Then i f
00

E (Z ,Z * ,t)  = 1 + ^  t ^ nen(Z,Z*) (1 .2 3 )
n=l

where

en(Z,Z*) « ZnQn(Z,Z*) (1 .2 4 )

(l)rphe e x is ta n c e  o f (1 .2 1 ) fo llow s from th e  e x is ta n c e  o f  (1 .3 )  i f  
we re p la c e  E (Z ,Z * ,t)  by 1 .'

( ^ S in c e  f  was given as an e n t i r e  fu n c tio n  ( l .2 2 )  converges to
f  f o r  a l l  Z 3 | Z | < R < «  and g(Z) i s  w e ll d e fin ed .
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and

,Z* ,(2n)Qn(Z,Z*) = /  P ^ ' ^ Z ^ d Z *
J  0

( 1 . 25)

th e  in te g r a l  o p e ra to r  eq u a tio n  (1*5) a long v i th  ( l .* 0  can be -w ritten in  

th e  form,

r " -Z*
U(Z,Z*) = exp - J A dZ* g(z) + V  4 2 n j _ l ) £

^ 0 ^  22nr(n + l )

2* r^*i A . 1
/ . . . / g(Zn )dZn • • • dZ^

>^0 J  0
( 1 . 26)

Before p roceed ing  to  th e  p ro o f o f Lemma I I  we w i l l  show h ere  th a t  

E(Z,Z , t )  e x i s t s  and s a t i s f i e s  th e  th re e  c o n d itio n s  o f  Lemma I .

S ince E must s a t i s f y  ( 1 .2 ) ,  p (2n) 0f  ( 1 . 25) can be o b ta in ed  in  

th e  fo llo w in g  manner:

E v a lu a tin g  d e r iv a t iv e s  ( t h i s  term -by-term  d i f f e r e n t i a t io n  w i l l  be 

j u s t i f i e d  l a t e r ) ,

Z*
.8a2Bp(8a)(2>z#^ (1 .2 7 )

n=l

CO

Ez#>t = £  2 n t2n' 1ZrV^2n)(Z ,Z *), ( 1 . 28)

n= l

n= l
(1 .2 9 )
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S u b s ti tu t in g  (1 .2 3 ) , (1 .2 7 ) , (1 .2 8 ) , and (1 .29 ) in to  (1 .2 )  o b ta in ,

00 00

(1  -  t 2 ) 2 n t2n'’1znp^2n  ̂(Z,Z*) * i  t ^ V ’p ^ ^ Z j Z * )
n=l n-1

r
  w

2 Z t(  ( t 2nnZR‘"IP^2n  ̂ + t 2^ 1̂ 211))
n=l

n=l

+ F 1 + I /„
n=l

Z* (2n)
P (Z,Z*)dZ* > -  0 . (1*30.)

I f  we now equate c o e f f ic ie n ts  o f  l ik e  powers o f  t  we o b ta in  f o r

p(2n )(z ,z * ) ,

n. -2F ( 1 .31 )

and

(2n + l ) P (2n+2) =* -2
p Z*

J q
p j p (2n)d2* + Pz ^2n  ̂ + pp(2n^

•(1 .32)

Now by p ro p e rly  choosing P211 o f  (1 .2 5 ) , E (Z ,Z * ,t)  has been

fo rced  to  s a t i s f y  th e  f i r s t  co n d itio n  (1 .2 )  o f Lemma I .  I t  i s  a lso  

n ecessary  t o  show th a t  co n d itio n s  2 and 3 a re  s a t i s f i e d .  F i r s t  we want 

t o  show



13

lim  (1  -  t 2 )1'/,̂ z* (Z ,Z * ,t)  = 0 
t  = +1

(1-33)

unifo rm ly  in  (Z,Z*) f o r  (z,Z*)eO (0 ,0 ) .

Since E (Z ,Z * ,t)  i s  a  tw ice  co n tin u o u sly  d i f f e r e n t ia b le  so lu tio n  

o f  ( 1 .2 ) ,  we can w r ite  f o r  (Z,Z*)eU (0 ,0 )  and | f |  ^  1 ,

Ez*l ^  M. (1 .3 ^ )

Then,

/ 2 \ l / 2 ~  . p \ lA ~(1  -  t^ ) Ez* -  (1  -  1 ) Ez* (1  -  t d ) Ez*

(1  -  t 2 ) l / 2 M. (1 .35 )

Now sin ce  th e  r ig h t-h a n d  s id e  o f th e  in e q u a li ty  (1-35) i s  independent

o f Z and Z* and sin ce  we can choose t  as c lo se  to  1 as  we

d e s ire  i t  i s  obvious t h a t  lim  ( l  -  t 2 )1^2^ *  * 0 un iform ly  in  (Z ,Z *).
t  -  t l

Of th e  th re e  co n d itio n s  o f Lemma I  we have l e f t  to  show Eg*A *s

continuous f o r  (Z ,Z * )eu \o > 0 ) and | t |  ^  1.

F i r s t  e v a lu a te  E g * /t, o b ta in in g

Eg*
= £  t an' 1z V 2n)(z ,z » ) . ( 1 . 36 )

n= l

,(2n)I t  i s  seen from t h i s  form th a t  E g * i s  continuous because P i s

a n a ly t ic  f o r  ( Z ,Z * ) e u \o ,0 ) ,  Zn i s  continuous and t 2n ^ i s  

con tinuous.

We need to  show nex t th a t  E (z ,Z * ,t)  e x i s t s .  Since D and F 

a re  a n a ly t ic  fu n c tio n s  o f  Z and Z* f o r  (Z ,Z * )c lA (0 ,0 ), P^2n+2^(Z,Z*)
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are  a lso  a n a ly tic  fu n c tio n s  o f Z and Z* in  th e  same neighborhood fo r  

th e  reasons given on page 3« E (Z ,Z * ,t)  e x i s t s ,  th en  i f  th e  r ig h t-h a n d

s id e  o f (1 .23) converges. To show convergence o f t h i s  s e r ie s  i t  i s  

n ecessary  to  use th e  method o f dominants (see  r e f s .  2 , 3 > and is-).

'I f  0(Z,Z*) i s  any fu n c tio n  ( re g u la r  f o r  | Z | ~ r ,  |Z*| = r )  o f 

two complex v a r ia b le s  w ith  a T ay lo r s e r ie s  expansion about (0 ,0 )  o f
CO 0 0

0(Z,Z*) = £  £  apqZPZ*q, 

p=0 q=0

th e n  a dom inating o r m ajor s e r ie s  f o r  0(Z,Z*) can be d e fin ed  as
00 CO

*(Z,Z*) -  £  £  ApqZPZ*q

p=0 q=0

where

I aPQ. I < I “S a l*

From our assum ptions t h a t  A, B, C, D, and F a re  re g u la r  in  

th e  b ic y lin d e r  Q Z | < r ,  |Z*| — r 0  i t  can be shown ( th e  re a d e r  i s  «*■ 

re fe r r e d  to  r e f .  k,  page 70, fo r  a sim ple p roo f) th a t  dom inants fo r  

D and F can be w ritten *

|D| «  M - |j ^ - i r )  * | l i « M ^ L - § j  ( l - T r )  <1 -5 n

where M i s  a  co n v en ien tly  chosen c o n s ta n t. Define dominants 

P^2n^(Z,Z*) f o r  P^2 n )(Z,Z*) in  th e  fo llow ing  manner:

*A «  B means A i s  dominated by B.
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P ^ ( Z , Z » )  = 2K

i - i - f

K > M

(2n + l)P ^ 2n+2^(Z,Z*) = 2 PZ^ ( Z , Z * )  + K F<2n )(z ,z* )

K Z* _(2n)
i r  J (Z,Z*)dZ*

n = 1 , 2 , . . . (1-38)

By means o f th e  fo llow ing  form ulas we can o b ta in  ex p ress io n s  t o  work 

w ith  which a re  independent o f Z. We w rite

1 - 2

_(2n) 2n~ b ? n(Z*)

1 -  | J 1 1 • 3 • 5 • • • (2n -  1)

S u b s t i tu t in g  th e se  ex p ress io n s  in to  ( l .$ 8 )  o b ta in

2K

1 - z*

n = '2, 3 , . .

( 1 .39)

(2n+2) ..
V  (Z*>

(2 n ). 
r  (Z*) S +r

K

1 - Z*
K

z* £ * x (2 n )(z# )d z*-

(l.lK ))
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2nI t  can be seen from (l.^ O ) th a t  th e  X depend only upon Z* 

and more im p o rtan tly , th e  moduli are  m onoton ically  in c re a s in g  fu n c tio n s  

o f  in c re a s in g  | Z* | . T herefore  we can w rite  f o r  | Z* | < ^

^ (2n + 2)(z # ) <<; A(2 n )^ .  

and u s in g  (1 .3 9 ) o b ta in

n + A
, A « Kr(2 + r )  ( l - M )

n+l
p (2 n ) /z  z*) «  2 (n + A -  l ) ( n  + A -  2) . . .  ( l  + A)K

1 -  r 11-̂  1 • 3 • • • (2n -  1)
(i.te)

The m ajorant s e r ie s  f o r  E (Z ,Z * ,t) can now be w r i t te n

, , ̂  ,2 2KIZI r  ,, 2 V I t  l2nl2Zl“(n - 1 + A )(n - 2 + A) . . . ( l  + A)1 + I 11 ~------- r + Kr )
h  .  ( r  -  | Z | ) n 1 J 3 • 5 • • • (2n -  1)

(1 .^ 3 )

By means o f th e  r a t i o  t e s t  t h i s  s e r ie s  can be shown to  converge fo r  

l ' z | < § ,  |Z*| < | ,  I t ' l ^ l .

Since th e  m ajorant s e r ie s  (1 .^ 3 ) converges f o r  Iz l < Ip |Z*I < 

and I t  I ^  1 , s e r ie s  (1 .2 3 ) converges fo r  th e  same domain. F u r th e r  

exam ination o f s e r ie s  ( l .^ 3 )  in d ic a te s  t h a t  each term  i s  a continuous

fu n c tio n  o f Z and Z* fo r  I Z I < r^  < £ , lz*l < r ^  < and | t |  ^  1

which i s  a s u f f ic ie n t  c o n d itio n  f o r  the  uniform  convergence o f s e r ie s  

( 1 .23) (see  r e f .  2,  page ^ l ) .

By means o f a m inor amount o f m an ipu la tion  dominant s e r ie s  f o r

(1 .2 7 ) and ( 1 . 29) can be found such th a t  th e  rad iu s  o f uniform  convergence 

o f th e se  two s e r ie s  i s  th e  same as  t h a t  fo r  E. This J u s t i f i e s  th e
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term -by-term  d i f f e r e n t ia t io n  req u ire d  in  o b ta in in g  (1 .27) and ( l . 29) .  

The term -by-term  d i f f e r e n t i a t io n  req u ired  to  o b ta in  (1 .28) i s  much more 

e a s i ly  j u s t i f i e d  s in ce  ( 1 .27) i s  j u s t  a power s e r ie s  in  t  and can be 

d i f f e r e n t ia te d  w ith  th e  same ra d iu s  o f convergence r e s u l t in g .

P roof of Lemma I I : Using equations (1 .23 ) and (1 .4 )  re w rite  equa­

t io n  (1 .3 )  i a  th e  form

U(Z,Z*) « /" exp -  T A
J g 1 J 0

dZ*

+ > t 2nen(z ,z * )
n=j

■ ( i d  -  «2 >)  % T 7?  ( 1 -U )(1  -  t 2 )1' 2

I f  we now fa c to r  th e  term s out o f th e  in te g r a l  th a t  a re  not fu n c tio n s  of 

t  and use eq u a tio n  ( l . 2 l )  and equ a tio n  (1 .24) we' can re w rite  equa­

t io n  (1 .4 4 ) in  th e  form

U(Z,Z*) -  exp A dZ*- /
J 0

£  z “q“(z ,z * )  J\  t 2nf ( !  (1  -  t 2 )) d t

n « l

Let us f i r s t  ev a lu a te  th e  term

d  -  t 2 )1 /2

/  t ^ ( |  (1  - 12 ) d t

(1  -  t 2 ) 1f z



18

S u b s ti tu te  f ( z )  = y s^Z11 from (1 .2 2 ) . Then over th e  r e a l  l in e  from
n^6

-1  to  1 we have

d t

n=0( i  -  t 2 )1/ 2
t 2 ) 2 d t .

B reaking th e  in te g r a l  in to  two p a r t s ,  o b ta in

/  t ^ ( |  ( i  - 12 ) d t

( l  -  t 2 ) ^ /2 ■ z £ /: ̂  -  ‘ 2 > ° 's »
n=0 L

r1 t ^ c i .  t 2 )11’ 5  d t
w/ A

. (1 .48 )

R ea liz in g  th a t  th e  in teg ra n d  i s  even, w rite

(1  -  t 2 )1/ 2 £

CO 1

Z _n _ n n- —
~ —  2 f t ^ l  -  t 2 ) d t

2n J 0n=0 _
(1 .49)

We now make th e  tra n sfo rm a tio n  t 2 = X and re w rite  th e  in te g r a l  in  th e  

form,

4 t2m<f(1't2)) 00 n
d t

(1  -  t 2 )1/ 2 n=0 u
dX

( 1 .50)

The in te g r a l  can now be recogn ized  as  a Beta fu n c tio n  and th e  so lu tio n  

w r i t te n  (see  r e f .  2 , page 272, f o r  a  d e r iv a t io n ) ,
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f  (1  -  t 2 ) ) - -----— r  = Y  sfin + h  n + I
J £1 \2  7 (1  _ t 2 ) l /2  ^  ' 2n V 2 ' 2

n=0

00 anZn + i l ^ l n  + i

n=0 2°  r (“  + n + ^

(1 .51 )

We now want t o  show

F (z (i ±2)] d t  -  r (2 m  + i ) z ~ m r z r Z i
7 6i  f U (1  •  v- _ t 2 ) i /2  -  ^ n r  V o

f s(Zm)d£^1 . . • d2 .̂
J Q

(1 .5 2 )

Let us f i r s t  e v a lu a te  th e  i t e r a te d  in te g r a ls .  g(Z) can he seen to  he 

( l . 5 l )  w ith  m » 0 , o r

^  a Zn r ( | V ( n  + § )
g(z) -  )  “V  1  ■ ■{ —  (1-53)V  2n r(n + 1) n=0

T-hen, in d u c tin g  on m, ^

r [ n  + i  i r f i2/12 anZ ^

r(n + 2) n=0
( 1 .5^)

and

'""r/n + iV (,i^a_Znt'2nZ  r ^ i  r~> 2 T in + pjlT pPn^
/ /  ^ 2 ^  = J  -------  r ( n + 3) --------------------- <1 *55)

n=0

We now claim
co o ^ / n  • lÂ /"lN_ „n*m

Y z Y za r V i  . y  2 T l n + a A ^ 2'
/ j . . .  I * QZii -  j  11

q J q J q J q L-j T(n + m + 1)n=0
(1.56)
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In te g ra t in g  once more,

V Z f Z  1 r V l  . . f  2-“r(n + |W l)a n9 ^ +1
^ s (2 m)dZm . . • dZ^dZ = ^ 2/ \2) n

O ^Q ^O  ^ 0  ^  ^  M £-> r (n  + m + 2)n=0

(1 .57 )

Now l e t

9 * Z

Z = Z1

Z r z 1  pZn _ f v  2"n r (n  + W r W &nza¥aChl

= ^m+1

Then, (1 .57 ) becomes,

i : c - " C ■ ■ • “ 1 ■ 1 ,  * a
( 1 .58 )

The in d u c tio n  i s  com plete.

I t  can be shown by m an ipu la tion  th a t*

V ^  r (m + l)r (n * l)  z"mr(2ni + 1) y  2~”r(n  * t)r(a)an2;n+m n4 2a r(m + n + 1) 2̂ (111 +1) n4 r(n + m + 1)
(1-59)

so th a t  ( 1 .52 ) i s  t r u e .

*Here we use two well-known ( i . e . ,  r e f .  5) ex p ress io n s:
1 * 3 * 5 .  • . (2m - 1 ) r(2m + l)

^  s 21̂  + i )

2 \ 1 * 3 * 5 .  • * (2m -  l )  \[it

and

r  m +
V 1 *1 2*1
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Combining equations (1 .5 2 ) and ( lA 5 )  we o b ta in  th e  req u ired  ex p ress io n ,

U(Z,Z*) = exp

• Z nZ 

0 ^ 0

Z* 00
-  I A(Z,Z*)dZ* g(z) + )

J 0  t-L_ -J i— xn=l

1 r^m -1 . ». • * / g(Zm)<3Z)!a. . . .  dZ^
J n

T(2m + l)QP(Z,Z*)

2 ^ r (m  + 1)

( I . 60)



CHAPTER II

PRINCIPAL THEOREM

In  ch ap te r I  two lemmas were proved which produced so lu tio n s  to  th e  

p a r t i a l  d i f f e r e n t i a l  equ a tio n  (1 .5 )  • The two lemmas w i l l  now he used 

as th e  b a s is  f o r  a theorem (se e  r e f .  6) which w i l l  be used to  o b ta in  

so lu tio n s  to

L(U) = U ^ *  + W z  + BUZ# + CU = 0 , (2 .1 )

where now A, B, and C, in  a d d itio n  to  b e in g  con tinuously  d if f e r e n ­

t i a b l e  fu n c tio n s  o f  Z and Z* have been p a r t ic u la r iz e d  to  complex 

polynom ials in  Z and Z*. Let us a lso  a t  t h i s  p o in t r e s t r i c t  our 

d isc u ss io n  to  th e  case Z = Z* ( i . e . ,  x  and y  a re  r e a l ) .  We have 

done t h i s  because Bergman and H e rr io t in  re fe ren ce  6 considered  t h i s  case . 

However, no th ing  done in  ch ap te r I I  would r e s t r i c t  us to  Z = Z*. The 

theorem  a p p lie s  eq u a lly  w e ll :-to t h i s  case and a lso  to  th e  case where 

Z and Z* a re  two independent v a r ia b le s .

The fo llo w in g  theorem  i s  developed from the  two lemmas and th e  

p ro o f i s  in d ic a te d .

Theorem: For each p a r t i a l  d i f f e r e n t i a l  eq u a tio n  o f th e  form

l(u ) = u -  + jajz  + hj2  + cu -  o

22



25

a s e t  o f fu n c tio n s

^ n)(z ,z) n = 1 j 2 , * * *

d efin ed  by

and

and

where

Q ^ ( Z ,Z )  -  -2  f F dZ J Q

Q 2P -  1
Z*

Qv (Z ,0) = 0

r  z
D = -  /  A g d Z + B ,  F = - A B - A 2 + C  

J 0

can be found such th a t

exp
0

A(z,Z)az
K -l \  ' r (2 n  + l)Q n(Z,Z)(K  -  l ) !Z K+n" 

z  4*
n=l 22nr ( n  + 1)(K + n -  l )  I

K = X, 2, J, . . .

fonas a s e t  o f K p a r t ic u la r  so lu tio n s  (convergent f o r  IZ l < —,
2

I Z I < and I t  I ^  1 ) .*

*Since A, B, C, and D a re  now e n t i r e  fu n c tio n s  r  i s  
a r b i t r a r i l y  l a r g e .

(2.2)

(2 .3 )

(2.10

1

(2 .5 )
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Since th e  c o e f f ic ie n ts  A, B, and C a re  complex polynom ials in

Z and Z they  can be w r i t te n  in  th e  form,
* m N

> ljc - i
A =

J=1 K=1
(2 .6 )

m N

j= l  K*1
(2 .7 )

m N

c .  H
j= l  K=1

(2 .8)

The theorem w i l l  now be in fe r re d  from th e  p rev io u s two lemmas. 

Let * 0 (s in c e  was d efin ed  as an a r b i t r a r y  fu n c tio n  of

Z in  equ a tio n  ( l . l )  one i s  allow ed to  do th i s )  th en  eq u a tio n  ( i . l )  

reduces to  equ a tio n  (2 .^ )

Now s in ce  g(z)  i s  an a r b i t r a r y  a n a ly tic  fu n c tio n  o f Z o f  th e  

form (see  ( l« 5 3 ))
00

g ( Z )  =  £  A nZ n (2 .9 )
n=0

K -lone can tak e  th e  s p e c ia l  case g(Z) = Z , K = 1 , 2 , . . . .

Then f o r  t h i s  s p e c ia l  ca se , ex p ressio n  (l.6o) w ith  Z* = Z* becomes 

Z xr.., A  . , x . n / _ ~ v  p Z  n Z :
U (Z ,Z )= exp .  r  a m  zK- x + y r p . .

Jo Jl_ ^  22nr(n + 1) JqJ0
f Zn - l  K -l 

J  2n dZn . . . dZ]_ • (2 .10 )
'

tNote here  th a t  h en ce fo rth  Z* w i l l  a r b i t r a r i l y  be changed to  Z.



Let us now look a t  th e  term ,

^  '  tc 1z£ dZn . . . dZx .
z -Z i r V i  jc -1

0 ^ 0  °  0  

By su ccess iv e  in te g ra t io n ,

Z r Z i  rZ n» i
•  •  •  dZ-̂

r * r * i  r * n-1 v- n
/  . . . /  z£ 1 <azn

0«0  J  0

r Zn-2 Zn. !

Z nZ
s

25

0
JC+1

r*n-3  ^ 2
. . . /   1 — dZn o . . . dZ.

J 0 K(K + 1) n ^ 1

(K -  l )  tZK" 1't‘n 
(K •  1 + n) 1

( 2. 11)

T herefore  eq u a tio n  (2 .1 0 ) becomes,

U « exp
• Z

A dZ ,K-
w

‘ * 1
n=l

r(2n  + l)Q n(Z,Z)(K -  1)1Z',K-l+n

22nr (n  + l)(K  -  1 + n )l
. (2.12)

E quation (2 .1 2 ) i s  th e  req u ired  ex p re ss io n ,e q u a tio n  (2 .5 )*

To develop ex p ress io n s  (2 .2 )  and (2 .5 )> we combine eq u a tio n s  (1 .2 5 ) 

and (1 . 26) ,

>Z 

0 

•Z

QX(Z,Z) -  [  P ^ (Z ,Z ) d Z
V r>

2F dZ. .(2 .13 )
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Now in  equ a tio n  (1 .3 2 ) l e t  m -  1 = n , then

>2m
2m -  1

p2(m -l) + pp2(m -l) + F p2(m -l) ^ (2 .lif )

So th a t

Qm(Z,Z) = f P2® dZ 
J 0

(2.15)

can he w r i t te n

- r  ■ srn 2(m -l) 2(m -l) 2(m -l) —
Pz + DP '  + F /  P dZ dZ

( 2 . 16)

o r ,

Qm(z ,z )
2m -  1 

,Z

fJ o
2(m -l) "*■'  dZ

f DP2^ - 1  ̂ dZ + f F f P 
J q  V q  '-'O

2(m -l) -  -
dZ dZ

(2 .17)

S u b s t i tu t in g  f o r  f dZ frcm eq u a tio n  (2 .1 5 ) o b ta in
J Q

Qm(Z,Z) = -
2m -  1

[ Z p2 (m- D  az + [ l m  
V.0 J o

2(m -l) dZ + rz/  FQ 
J 0

dZ

( 2 . 18)

U sing L e ib n itz* s  ru le  Of d i f f e r e n t ia t io n  under th e  in te g r a l  a long  

w ith  ex p ress io n  (2 .1 5 )> ( 2 . 18) can be re w r i t te n  a s ,

Qm(Z,Z) = -
2m -  1 Qfc'1(Z ,z ) -  q£_1(Z ,0 ) + f  EP2 ^m_1^dZ + J

Z m-1 
FQ dZ

(2.19)
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How sin ce  P i s  continuous eq u a tio n  (2 .1^ ) can be d i f f e r e n t ia te d  w ith  

re sp e c t to  Z to  y ie ld ,

q |( z ,Z )  = ^ ^ , 2 ) .  ( 2 . 20)

S u b s t i tu t in g  f o r  p ^ m" ^  i n equ a tio n  (2 .1 9 ) th e  ex p ress io n  d eriv ed  

in  (2 .2 0 ) o b ta in ,

q£"1 ( z ,z )  -  q£_1(z ,o )  + J .  (D ^ m_1  ̂ + r c f - ^ a z  .

( 2 . 21)

Equation (2 .2 1 ) along w ith  Qm(Z ,0 ) = 0 y ie ld s  th e  d e s ire d  e g r e s s io n .

Qm(Z>Z) 2m -  1



CHAPTER III

APPLICATIONS OP THE THEOREM TO EQUATIONS

In  ch ap te r I  we proved two g en e ra l lemmas in  th e  th e o ry  o f in te g r a l  

o p e ra to rs . A theorem  was developed in  ch ap te r I I  which would y ie ld  

so lu tio n s  to

Lfa) = UZZ + AUZ + + °U “ 0 (3*1)

where A, B, and C a re  complex polynom ials in  Z and Z. Equa­

t io n  (3*1) i s  rep ea ted  here  f o r  re fe re n c e . In  t h i s  ch ap te r we w i l l  

apply  th e  theorem  to  eq u a tio n  (5*1) and o b ta in  so lu tio n s  f o r  two cases 

which correspond to :

Case I A » 0

B = 0 

C * 0

Case I I  A = 0

B = 0

C « nonzero r e a l  co n s ta n t.

L et us f i r s t  tran sfo rm  (3*1) to  a p a r t i a l  d i f f e r e n t i a l  eq u a tio n  in  

th e  r e a l  v a r ia b le s  x  and y t o  determ ine th e  type o f r e a l  equ a tio n  

w ith  which we have been d e a lin g . The v a r ia b le  U can be considered  to

be a fu n c tio n  o f e i th e r  (Z,Z) or ( x ,y ) .  W rite U (x,y) = U(Z,Z)>
Z + z  Z -  Zx ss — - — , and y = — - — .

28
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Then

and

and

UZ = UX ^ + U y ^ = l ( U X -  iU y), (3 .2 )

U7 = Ux - =  + uv -=  = J  (Ux + iUv ) ,
z  s z  y bz  2 x  y "

UZZ = |  + Uyy).

I f  we now s u b s t i tu te  ex p ress io n s  (3*2) in to  (3*1) we o b ta in ,

uxx + u yy + aUx + buy + cU = 0* (3*3)

In  (3*3) we have combined th e  co n s ta n ts  in  th e  fo llo w in g  manner,

a = 2(A + B) 

b = 2 i(B  -  A) 

c *s 4c .

E quation  (3*3) th en  i s  a second-o rder, l i n e a r ,  e l l i p t i c ,  p a r t i a l  d i f f e r ­

e n t i a l  eq u a tio n .

R eturn ing  to  th e  f i r s t  o f our two c a se s , A = B = C = 0 , equa­

t io n  (3 « l)  reduces to

Ugg = 0 . (3.fc)

Using th e  tra n sfo rm a tio n  eq u a tio n s  (3*2), eq u a tio n  (3«*0 tran sfo rm s to

Uxx + Uyy “ 0* (5 -5 )
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E quations (2 .2 )  and (2*3) reduce to

Q ^ZjZ) = q2(z , z ) = . . . = QP(Z,Z) = 0. '  (3 .6 )

E xpression  (2*5) i s ,  fo r  d i f f e r e n t  v a lu es o f K,

K - l  1

K ~ 2 Z

K = 3 Z2

K
(3-7)

K * n Z11"1 .

E xpressions (3*7), th e n , form n p a r t ic u la r  so lu tio n s  to  equation  (3«^)« 

I f  we now tak e  th e  r e a l  and im aginary p a r t s  o f  equation  (3*7), we o b ta in

K - l  1 , 0

K = 2 x , y

K = 3 x2 -  y2, 2xy
(3*8)

IC » n

which y ie ld s  2n p a r t i c u la r  so lu tio n s  to  th e  r e a l  ( i f  x  and y are  

r e a l )  p a r t i a l  d i f f e r e n t i a l  eq u a tio n  (3*5)•
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For case I I ,  eq u a tio n  (3*1) reduces to

u ^  + .co = o

•which transfo rm s to ,

+  U y y  +  4cU = 0.

From eq u atio n s (2 .2 )  and (2 * 3 ), o b ta in  fo r  t h i s  case

QX(Z,Z) * -2c2

and

Qn(z,z) = (.i)V cV n > 1
3 • 5 * • • (2n -  l ) n l  

E xpression  (2*5) reduces to

z ^ + I (K -  1 ) lZn+K_1( - l ) ncnzn

n= l
nl (K + n -  l )  I

Taking th e  r e a l  p a r t  o f (3'»13)> o b ta in

JC-1 + Rg
CO

I
n=l

n!(K + n -  l ) !

Equation (3*1^) can be w r i t te n  in  a  more u sab le  fonn,

^1 = ^e zK- 1_ + Re
> - 1

— . —

n n z 2 , 2 \ n

n=l

( -1 )  (K -  1 ) IC (x^ + y  ) 
n l(K  + n -  1)1

(3-9)

(3-10)

(3 .11 )

(3-12)

(3 .13 )

(3 .1 ^ )

• (3-15)
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Likew ise w ith  th e  im aginary p a r t ,  "Xq

X2 -  I > r + I
,— ^ 
ZK-1

w — — n=l

( - l ) n(K -  l ) l c n(x:^ + y ^ )n 
n!(K + n -  l )  I

(3 .16)

7 .̂ and ^2 form 2K p a r t ic u la r  s o lu tio n s  to  equations (3-10) which

r  
2Jare  convergent f o r  I Z | < ~ , I 'ZI < J ,  and 111 % 1.

I t  should be remarked here th a t  th e  r e a l  and im aginary p a r t s  o f 

so lu tio n s  to  (3 » l)  form so lu tio n s  to  (3*3) on ly  because o f our p a r t i c u la r  

cho ices o f A, B, and C ( i . e . ,  A, B, and C along w ith  a , b , 

and c were chosen t o  be r e a l  c o n s ta n ts ) .  I f ,  however, a ,  b ,  and c 

were allow ed to  tak e  on complex v a lu es  th e  r e a l  and im aginary p a r t s  o f 

s o lu tio n s  t o  (5 .1 )  would form s o lu tio n s  to  two p a r t i a l  d i f f e r e n t i a l  

eq u a tio n s , r e s p e c tiv e ly ,  r e s u l t in g  from ta k in g  th e  r e a l  and im aginary 

p a r t s  o f (3*3)-
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In  t h i s  appendix we want to  show th a t  i f

pZ*
V(Z,Z*) = exp A <3Z* -  n(Z)

J
u (z ,z* )

i s  a s o lu tio n  to

th en

L(V) = + FV = 0

U(Z,Z*) = E ( Z ,Z * ,t ) f ( i  Z (!  -  t 2 )) —

i s  a so lu tio n  to

L(u) = Uzz* + AUZ + BUZ* + CU = 0.

F i r s t  we want t o  ev a lu a te  th e  d e r iv a t iv e s  V^* and 

th e  p a r t i a l  d e r iv a t iv e  o f V w ith  re sp e c t to  Z*,

p Z*
V  = exp A dZ* -  n(Z)

0
u( z , z*)a (z , z*)

+ exp
p Z*

'■'O
A dZ* -  T](z) U ^(Z ,Z * )

Here we make th e  s u b s t i tu t io n

0 -
p Z*

/  A dZ* -  n (z) 
v'o

(A -l)

(A-2)

(A-3)

(A-4)

Take

(A-5)

(A-6)

33
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in  o rd e r to  s im p lify  the  expansion. Equation (A-5) then  becomes

Vz* = exp(|3)U(Z,Z*)A(Z,Z*) + exp(f3)Uz* (Z ,Z * ). (A-7)

We can now tak e  th e  p a r t i a l  d e r iv a tiv e  o f equation  (A-7) w ith  re sp e c t 

to  Z,

r  >Z*

0
V7.7* -  exp(|3)

p Z*
' /  Az (Z,Z*)dZ* - ’Iz U(Z,Z*)A(Z,Z*)

+ Uz (Z,Z*)exp(g)A(Z,Z*) + Az (Z,Z*)U(Z,Z*)exp(3)

exp(p)Uz*(Z,Z*)
r  Z* 

^ 0
Az az* - nz

+ exp(3)Uzz*(z,Z*)

S u b s ti tu t in g  eq u a tio n s  (A - l) ,  (A -5), and. (A-8) in to  equ a tio n  (A-2) 

o b ta in ,

,Z*

0

(A-8)

eai>(3)
nZ*

/  Az (Z,Z*)dZ* -
J  n ^Z u(z , z* )a(z , z*)

+ Uz (Z,Z*)exp(3)A(Z,Z*) + Az (Z,Z*)U(Z,Z*)exp(3)

+ e.
rZ*

/  Az  dZ* -  T)j 
« 0

t  e3S>(@)Uzz# (Z,Z*)

+ D exp(3)U(Z,Z*)A(Z,Z*) + D exp(3)U„*(Z,Z*)

+ F exp(3)U(Z,Z*) = 0 . (A-9)
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But from eq u a tio n  ( l . l )  we have

Z*
D = nz  -  J  Az  dZ* + B (A-10)

F — »AZ ~ AB + C • '(A -ll)

S u b s ti tu tin g  eq u a tio n s  (A-10) and (A -ll)  in to  eq u a tio n  (A—9) o b ta in

exp({3)
p Z*

/  Az (Z,Z*)dZ* -  t jz  
J 0

U(Z,Z*)A(Z,Z*)

+ Uz (Z,Z*)exp(p)A(Z,Z*) + Az (Z,Z*)u(Z ,Z*)exp(3)

+ exp(3)Uz*(Z,Z*)
p Z*

/  Az  dZ* - qz  
J 0

+ exp(|B)Uzz*(Z,Z*)

^Z

^Z

P z*
-  J  A 

J o
,z dZ* + B

p Z*
" /  AZJ 0

dZ* + B

exp(p)u(Z,Z*)A(Z,Z*)

exp(£)Uz*(Z,Z*)

-A* -  AB + C exp(0)U(Z,Z*) »-0 . (A-12)
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D ivid ing  by exp({3) we g e t,

r Z*
/ Az (Z,Z*)dZ* -  

J  A nZJ
U(Z,Z*)A(Z,Z*) + uz (z ,z * )a (z ,z * )  

z*
+ AZ(Z,Z*)U(Z,Z*) + UZ*(Z,Z*)

• Z*
U ^ Z y Z * )

- JJ o

/ A  ̂ dZ* -  rjz 
J 0

U(Z,Z*)A(Z,Z*)Az  dZ* + B

r Z* — —̂

^Z ” /  Az dZ* + B 
 ̂0

uz* (z ,z* ) + -Az -  AB + C U(Z,Z*) =* 0 .

(A-13)

Under c lo se  exam ination of eq u a tio n  (A-12) i t  can be seen th a t  most 

o f th e  term s can ce l le a v in g ,

U ^ *  + BUZ* + AUZ + CU = 0 (A-lb)

which i s  what we were to  prove.
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