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ABSTRACT

The concentration dependence of the equilibrium and 
dynamic properties of random coil polymer chains was studied 
using Monte Carlo simulations. Chains of 10, 20, and 30
beads were studied at densities ranging from 0,04 to 0,80« 
Simulations were performed using two types of bead motions. 
The equilibrium properties sampled were the second and 
fourth moments of the end-to-end length and the diffusion 
constant. Relaxation behavior of the chains was studied by 
sampling the autocorrelation functions of end-to-end length 
and square end-to-end length.

The effect of concentration on the equilibrium 
properties agrees with previous studies and theoretical 
predictions. The faster relaxation modes of the chain 
appear to be less affected by concentration than the slower 
modes. The critical density, at which the onset of 
entangled behavior begins, was found to decrease with 
increasing concentration. The dependence of relaxation on 
polymer volume fraction agrees with the free volume 
t h e o r i e s ,

x
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OF POLYMER DYNAMICS



CHAPTER 1

The Rouse Model

The Rouse Model has been used successfully to describe 

linear viscoelastic properties of random coil polymer chains 

in dilute solution #* The polymer chain is pictured as being 

composed of a number of submolecules % Each submolecule is 

a part of the polymer chain which must be of sufficient 

length to approximate a gaussian distribution for the

separation of end-to-end length* Hydrodynamic interactions, 

which are the effects of one segment on other segments

caused by its motion through the viscous medium, are not 

included in this model* Excluded volume effects, or the 

o bstruction of a segment by any other segments are also not

included* As a result, the Rouse Model is valid only in

solutions where these effects are small*

2
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Model of the Polymer Chain

Each polymer molecule is divided up into N identical 

submolecules* The probability that the end of one of these 

submolecules is located in the region x to x+dx, y to y+dy, 

and z to z+dz given that the other end of the molecule is 

fixed at the origin of this coordinate system is

^  ( x , y , z) dxdydz = ( 0  Z ^ f ) ^  exp (-/?(x +y +z )])dxdydz* (1*1)

The constant @  is given by (3/211 ) where 1 ^  is the average 

square length of the submolecules * The number of 

configurations available to the chain is proportional to 

S' (x,y,z)dxdydz, The relative number of configurations

thus depends only on x +y +z = r and is given by

exp(- 0 r2 )* (1*2)

This model is equivalent to one of N beads connected by
2.N-1 Hookean springs* Treloar shows this by calculating the 

amount of work required to move an end of the submolecule 

from r to r+dr* For reversible processes it is known from 

thermodynamics that at constant temperature and volume 

dE = TdS + dW and dA = dE - TdS*

Combining these two equations gives dA = dW*

The Helmholtz free energy, A, may be found by the

equation A = E - TS, where E is the internal energy of the 

polymer* Therefore, at constant volume and temperature

dW/dr = Q E / ^ r )  - T^S/^r* (1,3)

By considering a freely jointed chain, or one that is
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subjected to no Internal energy barriers, dE/dr = 0, since

the internal energy will be the same for all configurations*

With this, equation 1.2 becomes

dW/dr = - T f S r]t (1*4)1 T, V
The entropy, S, may be found by Boltzmanns 

equation , S= kin jOl , where k is the Boltzmann constant and _/2_ 

is the number of possible configurations* Using equation 

1*2, together with the Boltzmann equation gives

S = c - k fir'*- . (1.5)

The constant c includes the size of the volume element 

dxdydz and is used to indicate that only differences in 

entropy are of interest, but not absolute values of entropy* 

Substituting equation 1,5 into 1,4 gives dW = 2kT rdr* 

Because work had to be done to move the end of the subchain 

from r to r+dr, there is a restoring force acting on the

chain such that dW = fdr = 2kT/^ rdr ,or f=2kT/^r* The

tension is proportional to the length, each submolecule may

be thought of as a Hookean spring of equilibrium length zero

and spring constant 2kT = SkT/l2- since /?= ( 3 / 2 ) 1 ^  •
s

In all forthcoming discussion, polymer molecules will 

be thought of as consisting of N beads connected by N-1 

Hookean springs with these properties*

The 3N coordinates of the system will be obtained 

by assigning a Cartesian Coordinate system to each bead* 

The coordinate system assigned to the jth bead is

(x. ,y- ,z * ) where x- is the displacement in the x
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d i r e c t i o n  of the jth bead from its e q u i l i b r i u m  position. 

The coordinates, y and z describe similar d i s p l a c e m e n t s  in 

the y and z directions'.

Mo t i o n  of the P olymer Molecule.

The equations of m o t i o n  for the p o l y m e r  m o l e cules will
3be set up in a m a n n e r  analogous to the m e thod used by Zimm , 

but w i t h o u t  his inclusion of h y d r o d y n a m i c  interactions. The 

general e q u a t i o n  used to describe the forces acting on the 

jth bead of the poly m e r  chain upon a p p l i c a t i o n  of an
ile xternal force is the L a n g i v m  equat i o n  ,

m ( d v v. • /dt) - —  P v . +x + A ( t ) « (1.6)x J

Simi l a r  equations may be w r i t t e n  for the y and z dimensions.

The right hand side of the L a n g e v i n  eq u a t i o n  is the sum 

of the forces acting on the beads. These are

(1) A frictional force, v w. , w i t h friction constant 

P  caused by m o t i o n  of the bead through the solvent. The

v e l o c i t y  of the solvent in the x-direct ion at the jth bead

is v xj •
(2) the term X represents the external, systematic 

forces e xerted on bead j by the springs. The force exerted 

on bead j by the (j-l)st spring is - ( 3 k t / l A )(xj- -x j ). 

The force exerted on this bead by the jth spring is 

( -3kt/l2 )(x j - ) • The total force from the springs on 

the jth bead is
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- ( 3 k t / l 2' + 2 xj -xy ) for 0<j<N, (1,7a)

Because beads 1 and N are only affected by springs 1 and N -1
S~the force on these beads is

-(3kt/l1 )(x/- x 2) for j = 0 (1,7b)

and -(3kt/lZ ) (x^ -x^.,) for j = N , (1,7c)

(3) The force given by A(t) in the Langevin equation is

a fluctuating force resulting from the Brownian motion of

the solvent* This brownian motion causes the beads to

diffuse from regions of high concentration to regions of low

concentration. The driving force behind this movement may

be written as the change in the Helmholtz free

energy  ̂ , , Expanding this gives

A (t ) = 2 A/Jx = V j x ; ( E  - TS) = T ( J S / £ x j ) *  The

entropy may be written according to Boltzmanns relations, S =

k i n ^  with k being Boltzmanns constant. The unknown function

W  is a function of the coordinates x, ,x^ ,,,zyV , It is

to be interpreted as the probability of finding each bead

with coordinates between x^ to X y  tdx^ , to ŷ - +dy^ and

z^* to z x + dzy, so is proportional to the number of possible

configurations of the system , This leads to

A (t ) = -kT 2 Lu /J Xj * (1,8)

The quantity is a very high frequency on the order of
13 - i10 sec » Since only the low frequency response of the

chain is of interest and m(dv. , /dt) < <  f  v^ . the left handXj ' * J
side of equation (1,6) may be set to zero*



S u b s t i t u t i n g  equations (1.7) and (1.8) into e q u a t i o n  

(1.6) gives

*<» vAfl - 0 3u %x,,-
wh e r e  D = kT// and = SkT/l^/5.

These equations may be w r i t t e n  more c o m p a c t l y  in ma t r i x

f or m
a X

fd ̂ ~~ Xx O ) i/\J ̂  -  G? f\ X „

In this equat i o n

(1.9)

V  \

X
x

W (i*)=
Vo>X.

and

A =

-1 -1 0 0 • • 0 0 0
-1 2 -1 0 • • 0 0 0
0 -1 2 -1 • • 0 0 0
0 0 -1 2 • • . 0 0 0

0 0 0 0
• • 
• «

•
. -1 2 1

0 0 0 0 • • . -1 2 1
0 0 0 0 • • 0 -1 1

E q u a t i o n s  for the y 

s imilar way.

and z dimensions may be w r i t t e n  in a



T h ese equations may now be w r i t t e n  in terms of ^ by use 

of the equat i o n  of continuity,

d Vat ~ ~ 4 ' > f t  < 11 /a t )1
with the d i v e r g e n c e  o perator given by

( t ? r ,  (% r .  f % ) T .

The s u p e r s c r i p t  T is used to indicate the transpose of 

a ve c t o r  or matrix. This equation is a statement of the 

c o n s e r v a t i o n  of mass, that the rate at w h i c h  beads enter 

some volume element must be equal to the rate at w hich they 

leave ^ . S u b s t i t u t i o n  into the equation of c o n t i n u i t y  for

as given by e q u a t i o n  1.9 yields

'' ^  } +  0 ( V ^ v  )' - (J T/.ls. )

( K 1 0 )

T r a n s f o r m a t i o n  to Normal Co o r d i n a t e s

S o l u t i o n  of e q u a t i o n  1.10 is s i m p l i f i e d  by a 

t r a n s f o r m a t i o n  to normal coordinates. These new coordinates 

are d efined by the equations

u = R ” X , (1.11a)

< 1! ( y , and (1.11b)

II t>a z . (1.11c)



The m a t r i x  R in these equations is the orthogonal 

m a t r i x  w h ich d i a g o n a l i z e s  the A matrix, or

R'1 ar = _A_ = ( >f> S p a  ) • (1.12)

The pth e i g e n v a l u e  of A is given by and s t îe

K r o n e c k e r  delta.

The rules for t r a n s f o r m a t i o n  of partial de r i v a t i v e s  are
Ofound by use of the chain rule :

T. II

I*. I- r  j / d  u K 3

In m a t r i x  n o t a t i o n  this becomes

( 5 / j * ) -  (1.13)
It may be shown in a similar manner that

( 2 /p ^ )  =  R -1 ( s / a x ' ) .  ( 1 - 1A)
The t r a n s f o r m a t i o n  of partial d e i vatives in the y and z 

di m ensions are of the same form.

B efore it is possible to tr a n s f o r m  the first term of 

eq u a t i o n  1.10 to normal coordinates, it is n e c e s s a r y  to know 

more about the veloc i t i e s  ^v^ • A p p l i c a t i o n  of a shearing
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stress to the so l u t i o n  in the x y plane causes the v e l o c i t y 

of the solvent to be non zero only in the x direction, as 

shown in F igure 1.1. Therefore,

The shear rate <x is
o( Oi0 (2 x p ( / a; i ) »

(1 . 15a)

(1.15b)

2.

S/.

F i gure 1.1.
V e l o c i t y  g radient caused by a shearing motion 

in the x-y plane.

The v e l o c i t y  gradient is assumed to be constant over the 

d i m ensions of a molecule. This a s s u m p t i o n  will be good 

except for solvents of low v i s c o s i t i e s  at high frequencies**

The first two terms of equat i o n  1.10 now become

-  - vftl'ixY'Xi. = - Z j  .

This may be w r i t t e n  in terms of the coordi n a t e s  u,v,w by

m u l t i p l y i n g  by R 1 R = E, where E is the unit m a t r i x  as

fol lows :

- o c Y V ^ Y  ■■£ U ) T -
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T a k i n g  the transpose of both sides of equat i o n  1.11c

gives

( yVT ) = Z T K ~ ir ..

I T—B ecause R is an orth o g o n a l  matrix, R = R giving

(w)r = z ' ' R ,  (1.16)
A'

T Twith similar equations for (u) and (v) . Using equation

1.13 gives the first term as

- *  % T • ) = - o t Z v ' i  ( u r n
The third term of equation 1.10, the B r o w n i a n  m otion

term, may be t r a n s f o r m e d  as follows :

O e / a x ) T • ( a • (9%j)

T r a n s f o r m a t i o n  of the spring terms is similar : 

cr L(3Vl3*Y- A 1 f(3/9)i)T - f\-Xl

= -  [ ( ^ U o ) T .  ^  t r { 3 / ^  ) ̂  y  -j

^ [ ( 3 f i 3 u ) T . > k t ^ / \  f  l 

= X  Lu- fe O. + Y J .I i t
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(1.19)
Combination of equations 1*17, 1*18, 1*19 and their

counterparts for the y and z dimensions gives the diffusion 

equation for the polymer in the coordinates u^ v, and as

+ H I ■j-it' A*19’• / 2fc (1.20)
o 6

Solution of the Differential Equation

Equation 1,20 is easily solved when no shearing motion 

is involved. In this case, the first term is zero, and the 

unnormalized solution, T a i s

3 ;  =  ex.j» (-*- /9 o ' ) f  £  ^  ]  • ( 1. 21 )ki 1
Differentiating gives

s3r„/at = C - ^ / o )  ? *  <1 -2 2 >
The solution of 1.20 may be written as a power series

in o( , ^
t - 2 o  (1.23)

^ 0 = 1 and <?( given by equation 1.15b, Substituting 1,19

into 1.16 and equating the coefficients of gives the

recursion equations for ^

~ 11 i (o-/D )l^ V/̂  %-{ ~ ̂ 3  ?*>-( /3 ̂  1 
k 2 ̂

° * ‘ *' a  (..s.)
Solving this equation for will then permit use of

•k
V
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equation 1*25 as a recursion relation from which

may be f o u n d*

The equation for is

£ , I # ^ ^=c»ki/Ju>

* ^  /j  ̂ ) I •

A solution for ^  is given by

A./
f , 21 C fc ^  > with

f c 1

c < = ( ‘A  o^)x ) ( ' + ( "  4 .
For small cA , only this first term will be of importance and 

the relaxation times for the normal modes of vibration of 

the polymer are then given by

= '/(z r l k )  ! ^ P / C K T % K . d-27)
The O ^ a r e  the eigenvalues of the A matrix* These are

shown in Appendix A to be

T ^ K  = 4 s i n z  C7Tk/2N) for k = 0,1,**.N-1* (1*28)

Each of the normal coordinates represents a mode of 

motion of the polymer chain, These modes are independent of 

one another, so that superposition or combination of them 

gives vibrations that are not normal vibrations. All 

possible vibrations of the molecule can be represented by 

combinations of the normal vibrations*

Different types of experiments will excite certain 

modes of motion* For example, mechanical measurements will
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p r e d o m i n a n t l y  excite the lower modes of motion, whereas 

d i e l e c t r i c  type experiments will excite higher

frequencies / •



C H A P T E R  2

M onte Carlo Studies of R a n d o m  Coil P o l y m e r  Chains.

A second a p p r o a c h  used in i n v e s t i g a t i n g  both the 

e q u i l i b r i u m  and dynamic properties of polymers is the 

c omputer s i m u l a t i o n  of lattice model p o l y m e r  chains based on 

Monte Carlo techniques. This approach makes it possible to 

study the effects of excluded volume c o n f licts w h i c h  are not 

easily treated analy t i c a l l y .

Th e Mo del

A polymer chain is r e p r e s e n t e d  in this model as a 

series of points or beads on a cubic lattice. Each bead 

lies on one of the cubes vertices and they are connected 

along the cube sides. Each connection, called a bond, is of 

unit length. The initial chain c o n f i g u r a t i o n s  are generated 

randomly. M o v e m e n t  of the chain due to B r o w n i a n  mo t i o n  is

15
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then s i m u l a t e d  by p i c k i n g  either a bead or a bond at random 

and m o v i n g  it a c c o r d i n g  to the rules to be given later. 

Each m o v e m e n t  of a bead or a bond is called a bead cycle. 

W i t h o u t  exclu d e d  volume more than one bead may occupy a 

lattice site at a given time. The e xcluded volume condition 

is realized by a l l o w i n g  only one bead per lattice site at 

any one time.

The beads of a chain are indexed from 1 to N. Let 

(rf* be the v e c t o r  p o i n t i n g  from bead j to bead j + 1. The 

m o v e m e n t  of a bead that is not an endbead is a c c o m p l i s h e d  by 

an in t e r c h a n g e  of vectors. This interchange for bead j is
/I and <r— .J " j

w h e r e  the prime denotes the vector after the move. This
a-'.* ~ cT": _ i and <*— for 2£j*N-1j (2.1)' ^ ^ i J I ^

type of v ector exchange, w h i c h  involves the m o v e m e n t  of only

one bead is pictu r e d  in Figure 2.1. It is called a single

bead movement. The endbeads, numbered 1 and N are moved by

r e p l a c i n g  and ky a vector chosen at r a n d o m  from one

of the six v ectors o r i g i n a t i n g  at beads 2 or N-l, 

r espe c t i v e l y .

The second type of bead movement, p i c t u r e d  in Figure

2.2, is called a c r a nkshaft bead movement. It results in 

the m o v e m e n t  of two beads instead of just one. The bond

c o n n e c t i n g  bead j and bead j + 1 is moved by the following
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Figure 2*1

The possible Single Bead Moves for Mi d b e a d s  
in the Pr e s e n c e  of E x c l u d e d  Volume.

a) no move possible if the angle bet w e e n  beads is 180°.

>0 — *0  <— O — K) --------- > q
S <r. c--rt

b) move across the diagonal if angle is 9 0° b e t w e e n  beads

J
o - — * 0

orj + t
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Figure ^.2
The P o s s i b l e  C r a n k s h a f t  bead moves for midbo n d s  in the 

Prese n c e  of E x c l u d e d  Volume,

Q -

o ------------- - o <-— * o
S'
a o

o-i
o ■ > 0  ) Q

Q

o

a - ------- ' i
s

•vk
- 4 0
/6

i ■)

J /
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rules

0r"\ ^  <r ,^  j y

/ ~ £T; j f or 1< j< Nr f - (2.2)*'"j t-/ s -I

The subscripts 0, 1, N and N - 1 label vectors that are

chosen at r a n d o m  from the six possible vectors.

The time interval, in bead cycles, over w h ich the 

dynamics of the chains are observed is called a frame. Each 

frame is further divided into samples. The number of bead 

cycles in each sample varies, and is c o n t r o l l e d  by input to 

the progr a m .

At the start of each frame the initial end- t o - e n d
o-length, \D , of each chain is calculated, as well as 1̂ . and

the p o s i t i o n  of the center of mass. For each subsequent

sample, 1^, 1^, 1^, and the posit i o n  of the center of mass
% cuare again sampled. The products 1^ ’ 1^ and 1<> * 1 ̂  are

calculated. This pro c e d u r e  is r e p e a t e d  for some number of 

frames that is defined by input to the program. This group 

of frames is called a run.
2- -juThe products 10 ** l.t and 10 * 1^ are summed over all

JU *■/the frames for each time, t. The values of 1, 1 , 1  and

the change in the p o s i t i o n  of the center of mass from the

p r o c e e d i n g  sample,d ,are added into r unning sums at the end 

of each sample. At the end of a run the sums are averaged 

to the quan t i t i e s



20

< le - , < 1* - l £ > , , < 1* > and < d i>.

F ro m  this the c o r r e l a t i o n  functions for each c hain as a 

function of time may be computed as'

P ( 1, 1, t) = < l c ‘ \>  /< lx) ,
P ( l l ,ll ,t) = (<1„- 1 ^ >  (2.3)

This p r o c edure is repea t e d  for a n umber of runs, again 

d efined by input. The final c o n f i g u r a t i o n s  of each run are 

used as the intitial c o n f i g u r a t i o n  of the next. Final 

a verages are obtai n e d  over all runs for each chain, and then 

over all the chains. The standard d e v i a t i o n  of the final 

averages is used as a m e a s u r e  of the u n c e r t a i n t y  in the 

results.

It is evident that this model e m p h a s i z e s  the chain 

c o n n e c t i v i t y  p r o p e r t i e s  of a real pol y m e r  chain. It is not 

po s s i b l e  to look at effects due to short range forces w i t h i n  

the polymer. Its u t i l i t y  comes, how e v e r  in looking at the 

long range, longtime c o o p e r a t i v e  motions of the c h a i n ;/ .



CHAPTER 3

Comparison of Monte Carlo Techniques with the Rouse Model

model polymer chains without excluded volume have shown

remarkable agreement with the Rouse statistical bead 
12 13model ’ . In particular, a lattice model chain of N beads

behave svery much like a Rouse chain of N statistical

segments. Theoretical explanations for this have been given

by various a p t h o r s ^ ’^ ’^ ,  The method used by V e r d i e r ^  will

be used here -to show the similarities in -the relaxation

times and correlation functions for the two models.

Although only single bead moves are considered here, this

method may be extended to include either pure crandshaft or
1 7a mixture of crankshaft and single moves ,

The Relaxation Times

For single bead moves there are two types of bond 

exchanges which result in bead moves. The first is given by

21
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e q u a t i o n  2.1 w h i c h  is a simple exchange of vectors. The

second is one in w h i c h  an end bond is lost and replaced by

one created at random. C a l c u l a t i o n  of the rela x a t i o n  of

q u a n tities linear in the bond vectors may be a c c o m p l i s h e d  by 

finding the e x p e c t a t i o n  (t)7. This is just the

e x p e c t a t i o n  that the ith vector in the initial set of

vectors ^ <sr (o)^ ( O ) J ~ ^ - i (°^ 1 will m i g r a t e  in t

moves to the jth position. The ang u l a r  brack e t s  are used to 

denote the average over all p o s s i b l e  motions of the chain

for t steps. Any ve c t o r  that is absor b e d  by being r eplaced

at the end, or any vec t o r  created at the end will not

c o n t r i b u t e  to this expectation. It can be w r i t t e n  then as

Z _  (3.1)
/ -1 ,J /f) . . . .The p are the prob i b i 1 i t i es of a vector m o v i n g  from

i i
p o s i t i o n  i to p o s i t i o n  j in t bead cycles.

C a l c u l a t i o n  of the p ^  for this case is very similar

to that of the t-step transition p r o b a b i l i t i e s  for a random
/f?w a l k  on a line wit h  two a b s o rbing barriers • These t-step

p r o b a b i l i t i e s  may be calculated w i t h  only the k n o w l e d g e  of
. . .  (<)the one step t r a n s i t i o n  probilities, p , = p..* 4 1 J

The p r o b a b i l i t y  that an interior bond will move one

step to the right or one step to the left is given by

p. = 1/N or p. . = 1/N. The p r o b a b i l i t y  that the bondj i i+i J* » i ~ 1
will not move is p,. = (N-2)/N. The m a t r i x  of these

t i
t r a n s i t i o n  p r o b a b i l i t i e s  then looks like
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K 1/N 
1 /N K 
0 1 /N

0 0 
0 0

0 * * 0 0 0
1/N* * 0 0 0
K * , 0 0 0

0 * * * 1 /N K 1 /N
0 * * * 0 1 /N K

Here the constant K is used to denote (N-2)/N, and 'ff la a

matrix of order N-1*

D i a gonalization of this matrix yields the t step

transition p r o b a b l i l t i e s % Then, by expressing the bond

vectors as normal coordinates which are similar to the

Rouse normal coordinates, Verdier ^  shows that the

relaxation of these normal coordinates is simple exponential

and independent of initial configuration*

The relaxation times are therefore of the form

exp(-1/^j^) where

1“ ^ = - ln( 1 - ('t/N)sinl (kT/2N) ), (3.2)

Comparison of the relaxation times for the two models

requires rewriting equations 1*23 and 3*2 so that they can

be expressed in terms of the same unit of time* This is

done by computiong the translational diffusion constant,

, for both models* For the lattice model, Einsteins

relation gives = 1/6 • V  where ^ is the number of

times a bead is moved per unit time and (T* is the rms
19magnitude of each displacement * Only one bead is moved 

each bead cycle , so V  = 1 and 6^ = 2/N* The diffusion

constant is then = 2 / N 7"* 1/6 = 1 / 3 N ^  «
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For the Rouse Model, the diffusion constant of a single 

bead, D, in equation 1,5 is equal to kT // * This is related 

to the diffusion of the center of mass by D = D^^N*

The relaxation times for the two models may now be 

written a s T ^ K  = ( S N ^ D ^ l n O  - ( 4 /N ) sin'Z'( k7r/2N ) ) ) ) (3*3)

for the lattice model, and

Si,v2 ( K T t / 2 a 0 7  1 Oj\r ~w-/ (3.4)
for the Rouse Model* In writing 3*4 the mean square

7extension of a submolecule, 1 is taken as unity*

Both expressions exhibit the same general behavior.

The longest relaxatiion time is for k = 1 * Spacing between

relaxation times is large for small values of k, but

decreases as k increases* The relaxation times for both

models approach the same value for large N* Even for N = 8

the difference in the longest relaxation times for the two
I &models is less than 3% *

The Correlation Functions 

Direct comparison between the Rouse model and computer 

simulations may be made by calculating the correlation 

functions of equations 2,3 for the Rouse model* In 

p a r t i c u l a r , may be calculated as

follows*

The vector end-to-end length, 1 may be written as 1 =

r.. - r . where r = (x*,y.,z.) for bead i* Also, let u ^  be
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the normal coordinates of the Rouse Model* Then by a simple 

extension of equation 1.11 the^r^ may be written as r- = 

2  R- u _* Since R is an orthogonal matrix, its inverse is/v,= o J ̂  ̂  ™
~  I I/'T.equal to its transpose and R. - R^j = (2/N) cos(n/Kj -

1/2)/N)* Let = R ^  - R ^  = (2/N ),/z c os (7T n ( N - 1 /2 ) /N ) -
\/n(2/N) cos (- 1 /2 n77/N ) « The correlation functions for vector

1 may now be written as
AM fj-1

A  1,1,t) = < K t ) « i ( o ) ? / < i a > = X i ^ u - ( t ) u  *(o)>/2?<b^ua (°)>*
x- o'*' ^  /t- o ^

The normal coordinates, ju^ may be written as =

\ u £ ^  exp(-t/7^ ) where is the relaxation time of the kth

normal mode of vibration and ^ u ^  fa is the mean square of the

coordinate at equilibrium* Verdier shows that ^ u ^ X g  =

(1/4)Nsinz ( 1/T/2N) = 1//Si> This gives 1,1,t)

S! ( / / ^  ) exp ( - 1/^;*) / ̂  ( B^‘ / « These correlation
yi-o

functions were calculated by computer* The graphical 

results of these calculations for N = 9 and 15 are shown in 

figures 3*1a and b. Also shown are the results for Monte 

Carlo simulations for the same chain lengths*
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1.00
Figuae 3.1 a

Autocorrelation functions,f (1,1,t) for the Rouse 

Model and for Monte Carlo Simulation.0.84
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1 .00
Figure 3.1 b

Autocorrelation functions, P(l,l,t) for the Rouse 
Model and for Monte Carlo Simulation.0.8U

0.70

Rouse Model

Monte Carlo 
Simulation

0.00
O . O i i 0.08 0.12 C

3Time (units of N bead cycles)
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CHAPTER 4

Co m p u t e r  S i m u l a t i o n  of the 
E q u i l i b r i u m  and Dynamic P r o p e r t i e s  of 

R a n d o m  Coil Polymer Chains,

The c o n c e n t r a t i o n  depe n d e n c e  of both the e q u i l i b r i u m  

and dynamic p r o p e r t i e s  of polymer chains was studied. 

C o m p u t e r  e x p e r i m e n t s  for chain lengths of 10, 20 and 30 were

p er f o r m e d  wit h  c o n c e n t r a t i o n s  r anging up to 0.8. Both 

single bead m o v e m e n t  rules and mixed rules wer e  used. In 

order to m i n i m i z e  box edge effects, boxes the size of the 

chains wer e  used in as many simula t i o n s  as possible. 

Smaller boxes were used in some of the runs at h igher 

c o n c e n t r a t i o n s  bec a u s e  of limitations imposed by computer  

time. P r e v i o u s  e x p e r i m e n t s  have been p e r f o r m e d  by Bellemans 

for e q u i l i b r i u m  p r o p e r t i e s  only, and for chains of the same 

lengths. K r a n b u e h l  and Schardt studied the c o n c e n t r a t i o n  

d e p e n d e n c e  for both the e q u i l i b i u m  and dynamic properties 

for chain lengths of 10 and 20 for c o n c e n t r a t i o n s  of up to 

0.6 using single bead movement rules and smaller boxes than 

were used in this study.

28
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E q u i l i b r i u m  P r o p e r t i e s  

The e q u i l i b r i u m  data sampled in each s i m u l a t i o n  are

(.V , Kl and (d^/ frame) . Also of interest is the

e x p a n s i o n  factor, ■«£ . This quant i t y  may be defined by the

e q u a t i o n

<i*> =
The a verage e n d - t o - e n d  length squared of the u n p e r t u r b e d

. . . 2-chain is given by 1̂, . By u n p e r t u r b e d  is meant the

d i m e n s i o n s  of the r a n d o m  flight or gu a s s i a n  chain, in which 

the e n d - t o - e n d  length is affec t e d  only by bond angles and 

bond lengths. A p o l y m e r  m o l e c u l e  will assume u n p e r t u r b e d  

d i m e n s i o n s  at the theta temperature, w h e r e  d e v i a t i o n s  from 

id e a l i t y  vanish. However, in a good solvent at n o n - t h e t a 

cond i t i o n s  the a t t r a c t i o n  of the pol y m e r  to the solvent is

g reater than the a t t r a c t i o n  of the p olymer segments for each

other. The pol y m e r  will tend to expand so as to m i n i m i z e

these less f a v o rable contacts. Similarly, in a poor solvent

at n o n - t h e t a  c o n d i t i o n s  p o 1y m e r - p o 1ymer contacts are favored 

over p o 1 yme r-s e gmen t contacts and the chain will c o n t r a c t -10.

An e x p r e s s i o n  for { 1̂  ̂  may be o b t a i n e d  from equat i o n  

1.1 by p e r f o r m i n g  the in t e g r a t i o n  as d e s c r i b e d  by Flory*20. 

The result is O * )  = x, where x is the nu m b e r  of bonds in

the chain, and < 1^ ̂  is e x p r e s s e d  in units of the bond 

length. This gives e< = ('12<),/(N - 1), w h ere N is the number 

of beads in the chain. The e x p a n s i o n  factor is expec t e d  to
* • • • 5./be u nity under ideal conditions. F ixman and P e t e r s o n  have
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d erived an analytical e x p r e s s i o n  w h i c h  des c r i b e s  the 

c o n c e n t r a t i o n  d e p e n d e n c e  of in a good solvent. Initially, 

o( will be greater than one. As the c o n c e n t r a t i o n  increases 

in dilute solutions, -a( decreases rapidly. This decrease  

slows at hi g h e r  conc e n t r a t i o n s ,  and oi ap p r o c a c h e s  unity as 

w h e r e  P is the c o n c e n t r a t i o n  of the solution.
jL A  CL 3  »2 LfStudies by B ishop e t a 1 , Wall e t a 1 , O k a m o t o  ,

K r a n b u e h l  and Schardt"^ , De Vos and B e 11 eman s ̂ ’<aj , and

Curro'2^ 2 ^ , have shown that for chains in d ilute solut i o n

< I2’ ? OC (N - 1) . As the s o l u t i o n  becomes more

c o n c e n t r a t e d  the chains contr a c t  and the poly m e r  sizes

appro a c h  a proport ionalal ity of (N - in the bulk

vphase. This implies that oi > 1 for dilute so l u t i o n  and

becomes one in bulk. This is in line with Flory's r e a s o n i n g

that in the bulk phase the i n t e r - c h a i n  r e p u l s i o n s  are

e x a c t l y  b a l a n c e d  by the i n t r a - c h a i n  repulsions. T h e r e f o r e

the chain w i l l  not contract or expand, and < 1 ̂  will be

p r o p o r t i o n a l  to (N - 1 Y' ° • An (N - 1 Y' ° d e p e n d e n c e  in the
3 /bulk phase has been observed by C otton e t a 1 by n eutron

s c a t t e r i n g  e x p e r i m e n t s  on bulk polystyrene.

The average squared dista n c e  traveled per frame, 

/frame, is another p r o p e r t y  sampled by the program.

This is used to c a l c ulate the t r a n s 1a t i o n a 1 diffusion 

constant, given by = ( l / 6 ) ^ D a ^ /t. The time t is the

n umber of bead cycles in a frame divided by the total number

of beads cubed. This time was chosen because a frame
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length, w h e n e v e r  possi b l e  was one r e l a x a t i o n  time. It is 

not k n o w n  if this time interval is of s u f f icient length for

the longest range mot i o n s  of the chain to occur. Data for

d i f f u s i o n  over longer time intervals w o u l d  help to answer 

this question.

The actual c a l c u l a t i o n  of the chains d i f f u s i o n  became 

c o m p l e x  b e c a u s e  the chain was allowed to p e n e t r a t e  the box 

walls. This means that whe n  a bead hit a box wall it was 

m oved to the other side of the box. The c o n t i n u i t y  of the 

chain was always preserved. Each such hit had to be 

recor d e d  and used to c a l culate the d i f f u s i o n  for each chain. 

Details of this p r o c e d u r e  are d i s c u s s e d  in A p p e n d i x  B.

Two factors were found to affect the d i f f u s i o n  of the 

chains. The first of these is the frame length, the 

d i f f u s i o n  being greater for greater frame lengths. The 

second is c o n c e n t r a t i o n .  Figures 4.1a and 4.1b show the 

effect of c o n c e n t r a t i o n  on d i f f u s i o n  for 20 and 30 bead 

chains. These are graphs of the p r o b a b i l i t y  d i s t r i b u t i o n  of 

the a verage square d i f f u s i o n  of the center of mass of the 

chain with d i f f u s i o n  m e a s u r e d  in the n u mber of lattice sites 

traveled. As can be seen in these plots, incr e a s i n g

c o n c e n t r a t i o n  causes the d i s t r i b u t i o n  to become sharper and 

the chains to travel less distance.

Exact c a l c u l a t i o n  of d i f f u s i o n  was not possible using 

our a l g o r i t h m  if the number of beads in the chain was

greater than the box length. However, beca u s e  of computer
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time r e s t r i c t i o n s  it b e came nec e s s a r y  to go to smaller boxes 

for the h i g h e r  c o n c e n t r a t i o n s  of the 2 0 and 30 bead chains. 

The d i f f u s i o n  of chains in these s maller boxes was

c a l c u l a t e d  by a s s u m i n g  that the chain w o u l d  travel no more 

than hal f  the box length. S e l e c t i o n  of a box size for which 

this c o n d i t i o n  w o u l d  be met was made using Figures 4.1a and 

4.1b.

The a p p r o a c h  used in c a l c u l a t i n g  the box size and frame 

length for these smaller boxes is e x e m p l i f i e d  by the m ethod 

used in c a l c u l a t i n g  these q u a n t i t i e s  for c o n c e n t r a t i o n s  of 

0.5 and grea t e r  for the 20 bead chains. An a l y s i s  of Figure 

4.1a indicates that by choos i n g  a- box size of 10 and not 

incr e a s i n g  the frame length no chain should travel more than 

5 lattice sites w h e n  the d e n s i t y  is increased to 0.5.

This box size of 10 was used for all c o n c e n t r a t i o n s  of 

0.5 and higher. The frame length for the d e n s i t y  of P = 0.6 

was chosen by m u l t i p l y i n g  the frame length used at P = 0.5

by the q u a n t i t y  D (P = 0.4)/D (P = 0.5). This allows the

frame length to increase w i t h i n  safe limits by taking into 

account the fact that as den s i t y  increases the d i f f usion 

will be less. Frame lengths for d e n s ities of 0.7 and 0.8 

were c h osen in the same way. A similar analysis of Fig.

4.1b led to the the use of a box size of 14 for 30 bead 

c h a i n s .
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Dyna m i c  Properties

As a m e a s u r e  of the dynamics of the system, the 

a u t o c o r r e l a t i o n  function,

P ( 1 , 1 , t) = < 1„- li > / < l a > , and

P( l2 , l2-, t) = (<1*-1*> - c i a>i )/(<l‘,>

w e r e  o b t a i n e d  from the program. The time, t, is m e a s u r e d  in 

N bead cycles, where N is the total number of beads. These 

a u t o c o r r e l a t i o n  functions are n o r m a l i z e d  so that they have a 

value of one at t=0 and decrease to zero as time increases. 

This r e l a x a t i o n  b e h a v i o r  of the a u t o c o r r e l a t i o n  functions is 

c h a r a c t e r i s t i c  of the overall r e l a x a t i o n  be h a v i o r  of the 

chain. It is not simple e x ponential. However, for times

after w h i c h  the a u t o c o r r e l a t i o n  function has dropped to

about 1/2, it is nearly simple expon e n t i a l  and may be fitted 

to a funct i o n  of the form /’(t) = e x p ( - t / ^  ). This part of

the graph is fitted to a function of the form In (1,1, t ) =

InA - t / %  . The r e l a x a t i o n  time, %  , may then be

c a l c u l a t e d  from the limiting slope. This r e l a x a t i o n  time 

should be r e p r e s e n t i v e  of the longest r e l a x a t i o n  time found 

in the Rouse Model. It will t h e refore involve the long 

range m o t i o n s  of the chain.

A second r e l a x a t i o n  time, Tf//e , is d efined as as the 

time it takes Z3 ( 1 , 1 , t ) to relax to a value of 1/e. This
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r e l a x a t i o n  time is c h a r a c t e r i s t i c  of the overall r e l a x a t i o n  

of the chain.

Resu l t s  and D i s c u s s i o n

The results for the e q u i l i b r i u m  p r o p e r t i e s  are shown in 

tables 4.1 and 4.2. Previ o u s  studies of the c o n c e n t r a t i o n  

effects on the e q u i l i b r i u m  dime n s i o n s  were made by De Vos 

and B e l l e m a n s  ' . For low c o n c e n t r a t i o n  Bel l e m a n s  used

the same model as in the present study, with crank s h a f t  bead

m o v e m e n t  rules. Samples of (1*/* wer e  made about every 200 

bead moves. B e c a u s e  this model has a large number of 

ex c l u d e d  v o l u m e  conflicts at high c o n c e n t r a t i o n s  r e s ulting 

in large amounts of computer time needed, a d i f ferent  

appro a c h  was taken. Bellemans a p p r o a c h  was to use single 

bead rules but to pick an empty lattice site at random. If 

an adjacent bead could move to this site it was moved. 

Be l l e m a n s  data is s u m m a r i z e d  in Table 4.3. Figure 4.2 shows 

a graphical c o m p a r i s o n  of our model to Bell e m a n s .  Mixed  

bead m o v e m e n t  results are shown, the results of the single 

bead m o v e m e n t s  are ver y  similar. All points are w i t h i n  one 

standard d e v i a t i o n  of B e l l emans results. This data shows 

that K 1*^ d e c reases with increasing density. The last four

points fit b etter to P  ' than V5'

The d e p e n d e n c e  of end-to-end length on chain length may 

be found by taking the slope of lines g e n e r a t e d  by a log-log
CL \plot of N - 1 vs ■( 1 ' . The results are shown in Table 4.4
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The parameter a is the exponent in the equation oC* (N

- 1 % It is simply the slope of the plot of log-O2^ vs

log(N - 1)* Results compare with those of Bishop ejt al
''Z £ ? ?and Bellemans  ̂ * They show a decrease in the exponent a

from 1*2 for a single chain to a value approaching 1 in 

b u l k *

That chains in concentrated solutions show the behavior 

of < 1  y  cKT (N - 1) means that they behave as Gaussian or 

ideal chains* This does not mean that the complete 

distribution of chain segments is gaussian, since the 

distribution is uniquiely ditermined by all even moments, 

not just the second*

The average end-to-end length squared vs density is 

plotted in Fig 4*3« The results have been extrapolated to a 

density of 1* The theoretical results for ^ 1  ? from second 

order (5 choice) random wald calculations on a cubic 

lattice at this density are guven by Curro as

< r 2 ? = ((1 + £  - S )) n - 2 (1 - S * " > n  1 - J'1)

where $ = 1/(q - 1) and q is the coordination number of the

lattice (6 for a cubic lattice)* The extrapolated results 

are close for all three chain lengths, as expected* No 

exact expression was readily available for <£1^7 » but the 

theoretical values for < 1 ^ / < 1 2 ^ 2 were obtained from Curro 

as 1*47, 1*51 and 1*55 for chain lengths of 10, 20 and 30

respectively* Plots of < 1 ^ 7 / < 1 2 }-^ for all three chain 

lengths vs density are given in Fig 4*4* They are again
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e x t r a p o l a t e d  to a d e n s i t y  of 1, and the a g r e ement is good

wit h  the results for a g a u s s i a n  chain.

The d i s t r i b u t i o n  function W(r) is c o m p l e t e l y  dete r m i n e d  

by the even m oments. It is a slowly c o n v e r g i n g  series, 

however, so it can only be w r i t t e n  in terms of just the 

second and fourth m o m e n t s  as a rough a p p r o x i m a t i o n .  Curro

gives this as

W(r) ^  TT'^expC-/’2 )((1 + 15g ) - 20 g )

wh e r e  P Z = 3r 1 / 2 < r a'/> and

g = 0. 1 25 ( (3/5 K r V  /<r*>* - 1).

The c o n c e n t r a t i o n  d e p e n d e n c e  of ^ lx ? and K 1 ^ ) / ilx 7 X 

with the ideal chain values suggests that this ap p r o x i m a t e  

d i s t r i b u t i o n  is the same for all chain lengths for the bulk

system and the g a u s s i a n  chain. Data for the hi g h e r  even 

m o m e n t s  w o uld be n e c e s s a r y  to show with a h i g h e r  cer t a i n t y  

that the two d i s t r i b u t i o n s  are the sa m e •

The c o n c e n t r a t i o n  d e p e n d e n c e  of 1A ̂  is p r e d i c t e d  by

theory 31 to be 1 ^ ?  ^  P ^  with Y  = 0.25 in three

di m ensions. Least squares fits of the plots of log<lx /> vs 

l o g F , shown in F igure 4.5, gave values of Y  to be 0.07 1 

0.005, 0 . 1 2 i 0.05 and 0.13 £ 0.04 for chain lengths of 10,

20, and 30. Table 4.4b shows a c o m p a r i s o n  of those of
J C J , .  x 3- . .Curro and Bis h o p  e t a 1 . Our results are w i t h i n  one

s tandard d e v i a t i o n  of both sets of data. The exponents for
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the small chain lengths are less than p r e d i c t e d  by theory.
. x.3-For the longer chain lengths used by B i shop e t a 1 , the

e x p o n e n t s  did ap p r o a c h  the e xpected result of 0.25.

Plots of Djt vs. bead den s i t y  are shown in F i g . - 4 . 6a for 

m ixed bead m o v e m e n t s  and in Fig. 4.6b for single bead 

m o v e m e n t s .  The d i f f u s i o n  c o n s t a n t . a p p e a r s  to be independent 

of c h a i n  length. D̂ . d e creases linearly wit h  increasing 

c o n c e n t r a t i o n .  This decre a s e  might be e x p e c t e d  to be less 

p r o n o u n c e d  b e c a u s e  frame lengths of less than one r e l a x a t i o n  

time wer e  used for the h i g h e r  c o n c e n t r a t i o n s  of the 20 and 

30 bead chains. This length of time is most likely not

sufficient for the long range moti o n s  of the chain to have 

occured, with the result that is too small •

Plots of l n ^ C l j l j t )  vs. time are shown in Figures

4.7a through 4.7 h . The time is m e a s u r e d  in N ̂  bead cycles, 

wit h  N being the total number of beads in the box. The

error bars c o r r e s p o n d  to one standard d e v i a t i o n  of the mean.

The D y n a m i c  results are shown in tables 4.5 and 4.6. 

F igure 4.8 is a plot of Ts vs. bead density. The behav i o r  

of 7̂  is d i f f e r e n t  for the m i x e d  and single bead m o v e m e n t  

rules. It is the same, however, for the three chain lengths

using a given rule. 'fs varies much more slowly at low

c o n c e n t r a t i o n s  for the m ixed plots than for the single ones. 

B e h a v i o r  is s imilar for the two bead m o v e m e n t  rules for

c o n c e n t r a t i o n s  above about 0.5.

For the m i x e d  moves, *7̂ changes ver y  little at the low
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densities, but increases very rapidly at the high densities. 

This effect is much less p r o n o u n c e d  for the single moves. A 

b e h a v i o r  was seen by K r a n b u e h l  and V e r d i e r /7 in the study of 

the effect of bead m o v e m e n t  rules on isolated chains of 

v arious lengths. They found that 'T$ increased much more 

slowly for m i xed moves at small chain lengths (10 to 20 

beads) than for either pure single or pure c r a n k s h a f t  moves. 

They also found that the increase in %  with chain length 

was sim i l a r  for all bead m ovement rules at longer chain 

1e ng th s .

The s maller d e p e n d e n c e  of Ts on d e n s i t y  at low 

d e n sities than at high densities may be exp l a i n e d  as 

follows. At low den s i t i e s  each chain is isolated from the 

others, each chain forming a cluster. As chains are added 

this s i t u a t i o n  does not change until some critical 

density, P* is reached. At this point the chains b e come 

e n t a n g l e d  and the r e l a x a t i o n  is slowed by these i n t e r c h a i n 

ex c l u d e d  v o l u m e  effects. At this density T* begins to rise 

sharply with i n c r e a s i n g  density.

F igures 4.9a and b are log-log plots of %  vs density. 

The c o n c e n t r a t i o n ,  P *  ,at which e n t a n g l e m e n t  begins is the 

c o n c e n t r a t i o n  at w h ich the two lines intersect. These 

c o n c e n t r a t i o n s  are given in Table 4.7. Schaefer, Jo a n n y  and 

Pincus have p r e d i c t e d  that P * is p r o p o r t i o n a l  to

1 / (N — 1 ) J • As expected, the critical den s i t y  .decreases 

with i n c r e a s i n g  chain length. It does not d e c r e a s e  as



39

r api d l y  as expected, however. L ittle can be seen from the 

runs u s ing single bead moves beca u s e  r u n s w e r e  not taken to 

high enough densities.

F igu r e s  4.10a and 4.10b are plots of In vs. ln(N)

for the v a r i o u s  densities. Table 4.8 shows the slopes for 

each of these lines. For both types of bead m o v e m e n t  rule 

the d e p e n d e n c e  on chain length increases with increasing 

density. This d e p e n d e n c e  is much larger in the single bead 

m o v e m e n t  rules than for the mixed ones.

Fig u r e s  4.10c and 4.10d are similar plots of In '"fy vs. 

ln(N). The overall r e l a x a t i o n  of the chain shows little 

change in its N - d e p e n d e n c e  with i n c r e a s i n g  d e n s ities until a 

dens i t y  of P  =0.6, at w hich point it also begins to 

i n c r e a s e •

The d i m e n s i o n  1ess quant i t y  'f's Dt /<li^ has been found to 

be n early linear, as shown in Table 4.5. This gives

T)± oc % / < ! * > .  (4.1)

Ei n s t e i n s  e q u a t i o n  relates D to the v i s c o s i t y , ^  , by the

equat i o n

D ̂  • (4.2)

C o m b i n i n g  equ a t i o n s  4.1 and 4.2 gives

< 13>/ra . (4.3)
Co h e n  and Turnbull derived a re l a t i o n  b e t w e e n  the 

d i f f u s i o n  and free vo l u m e  by c o n s i d e r i n g  transport in a 

liquid of hard spheres. The m o l e c u l e s  are pictu r e d  as 

t r a v e l i n g  in a cage c o n s i s t i n g  of their nearest neighbors.
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D i f f u s i o n  occurs when a hole large enough for the m o l e c u l e  

to move t hrough opens up in the cage and another m o l e c u l e  

occupies its original po s i t i o n  before it is able to return. 

Using this appro a c h  they found that

D = D ( v * ) e x p ( - V v*/Vj-). (4.4)

In this e q u a t i o n  v* is a critical vo l u m e  just large enough 

to allow a n o t h e r  m o l e c u l e  to jump in after the d i s p l a cement. 

The average free vo l u m e  per molecule, v^ , is the volume  

w i t h i n  the cage minus the volume of the molecule. The 

c o n t r i b u t i o n  of the m o l e c u l e  to the d i f f u s i o n  co e f f i c i e n t  is 

D (v *) , as D(v) is zero if v < v *. D ( v * ) is equal to ga*u 

with a* b eing the m o l e c u l a r  diameter, u the v e l o c i t y  of the 

m o l e c u l e  and g is a g e o m e t r i c a l  factor. The final quantity, 

Y is a n u m e r i c a l  factor introduced to include the overlap 

of free v o l u m e  b e t w e e n  m o l e c u l e s  and should lie b e t w e e n  1/2 

and 1 .

An em p e r i c a l  relat i o n  of the same form, ~

Ae x p ( B v ^ / v o ) was found by D o o l i t t l e  for simple

h y d r o c a r b o n s ^  . Here v ̂  is the free v o l u m e  of the 

m o l e c u l a r  unit or bead and v 0 is the v o lume of the bead.

C o m b i n i n g  equations 4.2, 4.3, and 4.4 gives

K I3"} / Yj OC D(v*)exp(Y'v*/v^_). (4.5)

The q u a n t i t y  V v* must be nearly equal to the m o l e c u l a r  

v o l u m e , giving

< 1*> /r5 OC exp (Wfy). ,
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The free volume, , is the total free volume divided by

the number of beads, N. Letting V be the total volume, v̂.

= (V - N)/N = ( • Therefore ^ 1 V  / Tv. o c  ( p (/ - p)

A plot of lnfl 3̂ / T *  vs. is given in Figure

4.11. As predicted it is a linear graph. Also ^ l ^ / ' T j  r 

which is proportional to D f is independent of chain length..

Table 4.9 shows the values for /fye ( la ) and T\-(l^) for
the correlation functions PCI \  / 2, t 3 . Plots of

l.o /Y' 2 i xj t  ̂ vs time are shown in Figures 4.12a and b. 
The dependence of (1^) on concentration is shown in figure 

4.13. There appears to be no difference based on chain 

lengths. Figure 4.14 shows that a break point occurs at a 

density of 0.46. This is comparable to the density at which 

the break point occured in T5 for the longest chain length 

stud i e d .

The effect of concentration on equilibrium properties 

agrees with previous studies. < la > is proportional to (N -
ex.1) where the exponent a is near 1.2 for the single chain 

and approaches an exptrpolated value of 1.0 in bulk. 

Agreement of <lx> and < 1 * 0 /  < lx) ̂  at high concentrations 

with random walk calculations in bulk is good. This 

suggests that the distribution of end-to-end length for the 

bulk system is consistant with that of the gaussian chain. 
The exponent in the equation < lx > £>c_ (N - 1) was found to 

be lower than predicted by theory. The exponent agrees with 

previous simulations, which show that the theoretical value



42

is approached as chain length is increased. Diffusion 

decreases linearly with concentraiton and is not dependent 

on chain length.

The behavior of the longtime relaxation, Tj , is 

different for mixed and single bead movement rules at low 

concentration. Behavior is similar at high concentrations. 

The critical density was found to decrease with increasing 

chain length, but at a much slower rate than predicted by 

theory. The N dependence of %  increases with increasing 

density. This increase appears to be stronger for the 

single bead movement rules than for the mixed ones. The 

slope of In (7* ) vs. N increases by a factor of 1.33 for the 

mixed moves vs. 1.73 for the single moves in the 

concentration range 0.04 to 0.5. The N dependence of is

less pronounced for low concentrations than, high ones. 

Again this increase is larger for single moves. For single 

moves the slope of I n (7^) vs. N increases by a factor of 

1.45 vs. an increase of 1.08 for the mixed moves in the 

concentration range 0.04 to 0.5. The overall increase in 

the N dependence of the long-time relaxation is less than 

that of the overall relaxation. This suggests that the 

short range, faster relaxation modes are less affected by 

concentration changes than the long range coperative 

relaxation modes.

The quantity In < 1 ^  /-jj vs C'/V'-i p) is linear as

predicted by the free volume theories of Doolittle and
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Williams, Landel, and Ferry. The free volume theory

provides a good description of the dependence of the 

relaxation time on polymer volume fraction.
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Table h.h 
2

q,. The dependence of <1 > on chain length

<  14> ex. ( N - l )

density a
O.Oii 1 .18
0.20 1 .16
o.ho 1 .11
0.50 1 .12
0.60 1 .06
0.70 1 .12
0.80 1.17

O,

WJ]>e The dependence of < 1 > on density

1 V v(Curro) Y (Bishop)

5 .061 .01
10 .071 .005 .131 .02
15 .076
20 .121 .005 .077 .1631 .02
30 .13- .OU
32 .20 1 .03
5o .22 +.02
70 .23 t .02

o z  p ~ Y



hd

/ \
<1

_>/
d °

v ?
_ d
o

ud-d
o  o  o  o  o  o  o

o  o o o o o o o

_dmrn_dUNNO-dT—
o  o  o  o  o  o  o  o

<~0 4 ^ r -  0_dO  O  O  O  O  O  -do
O O O O O O O O  O  O O O O O O o

o o  nO  nO  CM O  ONoo \0\A o  C^-f̂ ’lAr'-• • • • • • CNJ T—
«— t—  t— r -  O  O  •  *I I I l l I o  «—

\ O l A O ^_ d  rn CNJ _ d  CM nO  ro r-
•  •  •  •  O  c n  «— O5— »— *— o  • • • •
t I I I O  O  t-  CM

O n  O  O n  O n <—
t—  OO 0O  -r- CNJ CX> VO r-
• • • • t— U N  - d _ d

<—  O O O  • •
I I I I O  O  r -  CNJ

U N

- d

<DrH
cdE-<

coCD•H
P
U
Q)
P«O
U
P-.

O•H

CO-P
C
CD
ecd>
oe
cd
CD

JO

t j
CD
X•H
S

4
r - 'i

U N

c
CD
P I•

&
5 *•H
CO
£
CD
«

-P
bO
£
CD
PI

v . -  -  n9 
O  «?
-H -H +* ^  

o n  t— n o  o  o o  o  o n
t— cnj o n  U N  NO CM CM

_  U> ̂9 Oo V> ^O O O - - * <T)
-H H +1 +1 +l ^ +1

rn NO O  U N  CNJ m  O n NO
CM CM rn NO 0 4 0  _ d

o .  +  V -
T' °  d  T

o  o  o  o  o  o o n o o o o o n

U N  CNJ
on O  r — CNJ _ d - d U \ —d
o  o o o o o o o

U N U N N O O _ = f u n r — r—  
O O O r - O O O O

CNJ
o n

NO
o

o

^  4-1 +1 H

u n  o n  o n  o n  o
_ d  - d  oo • • •o o o

on

nO  _d o—  r—  On
o  o  o  o  o

O  O O O O O O O  O O O O O O O O  o  o o o o o o o

- d  I A O n O  r -  O n  O  o n  
jO  T— r - r - r n d U N O r -

•  •  • • • • • •
C” O  O O O O O ' r - C N J

CO
d
cd

s o  o  o  o  o  o
_ d  CNJ _ d  U N  n o  o o

o o o
o  o o o o o o c o
O  O  O  O  O  O  CNJ CNJ

o o  u n  i —  c o  o n  cnj t— t—

o  O O O  U N  O O O  
U N  CNJ CO T— O n  U N  O  O  

r -  o n  o n  n o  c^ -  * • • • • • • •
O  O O O O O O C M

| _ d  o  o  o  o  o  o  
; o  cnj _ d  u n n O  r—  c o  
• # • • • • • •1 o o o o o o o

O n
o o o o o o o

NO O  C—  U N  U N  —d  O  r -  
r -  CNJ C V d N O  O  O n v O

U N  - d  O n 
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Table U.7
Densities at which chain entanglements begin

Mixed Moves

Chain Length

10

20

30

?

o.5l*

0.1*9
0.1*2

Ratio 1 : .91 : *86 
Predicted Ratio 1 : .6 : .U

Table lj.,8

The dependence of relaxation times on chain length

Density Slope of Ln Xs vs LN(N) Slope of L N ^  vs LN(N)

__________________Mixed__________ Single____________ Mixed_________ Single
1 chain 0.58 1.18 o.5o 1.09
O.OU 0.68 1.17 0.58 1.13
0.2 0.67 1.U0 0.60 1.39
O.k 0.76 1.18 0.57 1.31
0.5 0.77 2.Oli 0.5U 1.58
0.6 0.90 0.70 2.09
0.7 1.13 0.95
0.8 1.16 0.79



Table 4*9 

Relaxation of /*(L^,L^,

Length_____ Density 'Tve_____ A_P______ /Jj_

10 0*04 0*03 0*04 0*04

10 0*20 0*04 0*04 0*05

10 0*40 0*07 0*07 0*1 1

10 0*50 0*07 0*11 0*17
10 0*60 0*09 0*15 0*13
10 0*70 0*17 0*15 0*23
10 0*80 0*26 0*32 0*56

20 0*04 0*03 0*80 0*05
20 0*20 0*03 0*21 0*08

20 0*40 0*04 0*43 0*06

20 0*50 0*09 0*13 0*09
20 0*60 0* 11 0*35 0*16

20 0*70 0*26 0*22 0*52

20 0*80 0*41 0*26 0*74

30 0*04 0*04 0*24 0*07
30 0*20 0*03 0*17 0*07

30 0*40 0*07 0*30 0*13
30 0*50 0*08 0*21 0*21

30 0*60 0*04 0*25 0*21

30 0*70 0*12 0*19 0*26

30 0*80 0.20 0*42 0.65

&Ts 

0* 01  

0* 01  

0*02 
0*05 
0*08 
0, 14 

0*15

0 * 0 1

0 * 0 1

0 * 0 1

0*02
0 * 1 6

0*19

0*25

0*01
0*02
0*13

0*19
0*20
0*20
0*25
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Figure U.1 a
The effect of concentration on
Diffusion for 20 bead chains

20X20X20 Box

o,5

symbol Frame Length
0.01;
0.20
o.Uo

0.21
0.25
0.33

0.3

0.0
0.0 20

D (number of Lattice Sites)
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Figure 4.1 b

The effect of concentration on

Diffusion for 30 bead chains

30 X 30 X 30 Box

Frame Length
0.04
0.20

0.26
0.450.4

P(D )

3

0.

4 14 16106 82 12 18 20
D (number of Lattice Sites)
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Figure 4.3 

• O V  as a function of density.

Chain Length Symbol | Chain Length
10
20
30

12.87
27.87
42.87

10
20
30

x indicates ideal chain 
obtained from second 
order random walk calculations.

80

70

50

40

30

20

10 Bead Density

0.3 0.4 0.6 0.7 0.8 0.9
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Figure 4.4 

>/<iv as a function of density

ideal chain value, 
obtained from 
second order random 
walk calculations.

<1

6

.4

6

4

6

1.4

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Bead Density
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Figure Lu6a

The Concentration dependence of the 
translational diffusion constant 

mixed bead movements

symbol Chain Length

20

0.60.2
Bead Density
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Figure 6.6 b
The concentration dependence of the 
translational diffusion constant 

single bead movements

Symbol Chain Length
202.0 -

0.8

0.6

o.a

0.5 °-6
Bead Density

0.2



Fi
gu
re
 
In 
7 a 

,tjj
 v
s 

tim
e 

for
 
mix

ed 
bea

d 
mo
ve
me
nt
s

60

- d -  o  c
O  CNJ

CNJ

rH

CO o

CO

o

&
o

I—i
o-p

rH

O

OJ

o

o

o
o

O  I — CNJ O J o n  r o1 I I I I I

Tim
e 

(N 
bea
d 

cy
cl
es
)



61

o

o

CD - H  X> rti . ̂  TJ O 
CD
X XJ

J3
CM

o

rH

o

• H
in  vo c— co

o o o o
I—I o

□ <l • o
. p p .Q>-

o
o

oU"\ o
o

I CM CM

T
i
m
e
 

(i
P 

b
e
a
d
 

c
y

c
l

e
s

)



62

co

-C? O  O  
C  CM J

O O Oft

□  <! «rH

C\JCO

o
CM

i—I ft CC
o

I—I
MD-P OrH

O

CM

O

lOO OO
CM CM

Tim
e 

(N 
bea
d 

cy
cl
es
)



63

o

CMI Oy— (

CM

CM

f—I

- -  COT3

U  O  O  
p i  Ch CM bO

• H  Q> Q) I_jT>h s h  rv9j
i—I

o

r-i
P•H

CO

O O O O

r - i
CMo < a <§>
o

C/J

o

o\f\ o o• • • • • o
O ' — '— CM CM rr\l ( I I I I



6h

CO

v O

CJ

e &
fn oO CO 

<Vh
CDO  r— I

o

CO>H -rH
rH

-P
O

n o o o

I—I CM

oa <
CO

o
oo o o

CM CM



65

i_r\ vO c— co • • • •
o  o  o  oQ

CO

O

i—I
OJ

O

O  CM -Cf \Q CO  O  CM \£> CO O  CVJ• • •  • • • •  • •  • • •
O O O  O  O  <— <— T - T -  *— CM CMI I  I I I | I I  I I I



66

o

<D, ON

O  CM S  °  °^  ir\ vOO  O  O  0* Q* COO

CO CD i—I
o
{j~’ ^

O
CM

m

i—i
-p
rH

r—I

CM

O
o O

o CMo OJr



67



12

11

10

9

8

7

6

5

h

3

2

1

68

Figure In 8 
^5 vs Bead Density

symbol
chain
length

type
move

• 10 mixed
▲ 20 mixed
M 30 mixed
o 10 single, Schardt’s Data
0 10 single
A 20 single, Schardt’s Data
&> 20 singleD 30 single

 , 1 1 1 1---
.1 0.1 0.2 0.3 O.U 0.5

Bead Density

V
0.6 0.7 0.8
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Figure U-9 a 
Log-Log plot of % vs Density 

mixed bead movement rules

Chain LengthSymbol
20

0 .6 -

-0 .2-

-O.h

-0.6-

-0.8'

Log(density)



F i g u r e  4.9 b 
L o g - L o g  p l o t  o f  %  v s  D e n s i t y  

S i n g l e  bead m o v e m e n t  r u l e s .

1 .01

0.8-

0.6-

0.4_

0 .2.

0.0'

0.2,

0.4,

0.6,

0.8

S y m b o l C h a i n  L e n g t h

& 10
a 20

30m

A

- 1*.8 -1 *.6 4774 -1V2 -i'.o -o'.8 - 0 .6 . -0.4 -b.2 -6.0
L o g ( d e n s i t y )
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2.8 .

2.0.

1 . 2

0.1;
0.0
-0 .1;

-1 .2.4

- 2.0

- 2.8

F i g u r e  U.10 a F i g u r e  U.10 b

ln% vs ln'(N) for l n l £ v s  ln(N) f o r

Mixed bead movements. Single bead movements.

f ** ■*
J  o ( * S

/  z * ' " 1 /  / J* ? ~

/

° yS’o F ^/  a/

* s '

/  / *  J ̂’oL*/O
X S c h a r d t ’ s  D a t a

0  S i n g l e  C h a i n  

v a l u e s

Q  S i n g l e  C h a i n  

v a l u e  s

------ k--------r*--:---- Ti--------- 'I
ln(N)
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Figure U.10 e Figure U.10 d 
ln'T^vs ln(N) for 
Single bead movements

ln'7yevs ln(N) for 
Mixed bead movements

0.0 -

Single Chain 
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X Schardt’s Data

u32 U2 3

ln(N)
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Figure U.11 
The dependence of ln(l 

on Free Volume

Symbol Chain Length

205

Closed symbols : single 
bead movements•

Open symbols : mixed bead 
movements
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Figure I|..1U 
Log-Log plot of %  (1̂ ) vs Density fr 

Mixed bead movements.
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A P P E N D I X  A

A S o l u t i o n  of the E i g e n v a l u e  Prob lem,

The m a t r i x  A der i v e d  in Chapter 1 may be w r i t t e n  as

2 -1 0 0 . . 0 0 0
1 2 -1 0 . . 0 0 0
0 -1 2 -1 . . 0 0 0

0 0 0 0
• •
. . -1 2 -1

0 0 0 0 . . 0 -1 2

A =

by p r e f o r m i n g  a series of row and c o l u m n  add i t i o n s  on the 

original matr ix. This m a t r i x  may be d i a g o n a l i z e d  by an 

o r t h o g o n a l  transfor m a t i o n ,

R AR — _A- ~

w h ere /y is the pth e i g e n v a l u e  of A , and 1 s the

K r o n e c k e r  delta.

W r i t i n g  A as the sum of two mat rices, C and D gives

78
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0 -1 0 0 . . . 0 0 0
-1 0 -1 0 . . . 0 0 0
0 -1 0 -1 . . . 0 0 0

0 0 0 0
• • •

. . . -1 0 - 1
0 0 0 0 . . . 0 -1 0

+ D • The or t h o g o n a 1 mar i x

2 0 0 . . . 0 0
0 2 0 . . . 0 0
0 0 2 • . . 0 0

0 0
• • • 

0 . . . 2 0
0 0 0 . . . 0 2 /

diagonaliz.es D. The e i g e n v a l u e s  of A are rela t e d  to the
3 yeig e n v a l u e s ,  c^ , of C by

A- = 2 + . (a d
The e i g e n v a l u e s  of C are easily found by c o n s i d e r i n g  a 

more gene ral matrix, 7T » w hich is of the save form as C,

V -
0 p 0 0 •
q 0 p 0 .
0 q 0 p .

0 0 0 0 
\ 0 0 0 0

0 0 0 \ 
0 0 0 
0 0 0

q 0 p /
0 p 0 '

Us i n g  the o r t h o g o n a l  t r a n s f o r m a t i o n  B n B / = X ‘ SVj , or 

B 7 =' > B  w i t h  B = . /3,o-, )> yields upon

m u l t i p l i c a t i o n  the following set of second order d i f f e r e n c e  

equat ions :

p fix-1 +q/^, = K $ k

The q u a n t i t i e s  and are set to zero'

(k = 0,1,2,. . N - l ). (A 2 )
iS

This set of equ a t i o n s  may be solved by assum i n g  a
3Hs o l u t i o n  of the form

fit. (A3)= ot r .

S u b s t i t u t i n g  A3 into A2 shows that this can be a solution 

only if r is a root of the q u a r d r a t i c

p - ,\ r + qrx - 0 . (A 4 )
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There will, in general, be two distinct, independent roots 

to this quardratic, r, and r^. T h e r e f o r e  a s o l u t i o n  to the 

d i f f e r e n c e  e q u a t i o n  (A2) will be in the form of a g e o m e t r i c  

pr ogress ion

A .  = + • (A5)

B e c a u s e  /5C- /3^ ~ O » easy to show that and
jO .that r/ = r̂  • R e w r i t i n g  this last e q u a t i o n  gives

r* = r* exp(27Tij)} or 

r , = r % exp(27fij/N) for j = 0,1,2, N -1 • (A6)

where'3'1 i = fl and exp(27fij) = cos 2 j 77 + i sin 2 jV' = 1 + i*0

= 1.

By e q u a t i o n  A 6 , r, and r^ must be c o m p l e x  c o n jugates of 

each other. The a bsolute values of r, and r^ may be found 

by using this fact as follows, r a - ^/q + p/q = (r - t . )(r -

r^) = 0. E q u a t i n g  the coe f f i c i e n t s  of the two e q u a tions

gives } = q(r + r ) and r r = p/q. The roots of A4 are
I  Am •

r = p/q expC^i j/N) and 

rx = iTpTq exp( - ffi'j/N ) (j = 0 , 1 , 2 , . . , N - 1 ) . (A7)

The e i g e n v a l u e s  o f 77 are ^ - = q ( r̂  + r^ ) =

- 2̂ J~pq cos(7Ti/N) j = (1,2, .. ,N-1). S u b s t i t u t i n g  p = q = -1

gives c- = 2cos(/fi/N) (i = 1,.. N - 1 ) , and from equat i o n  A1

Xj = 2 + 2cos (if i /N) = 4 s i n 4'(/fi/2N) (i - 1, .. N-l) (A8)
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The corresponding eigenvectors are given by the columns of the

matrix R. The elements of R are given by Verdier^ as R . =nj
cos((n - 1/2T7 j/N).



A P P E N D I X  B

Procedure used for the calculation of Diffusion Data

The exact number of lattice sites each chain moved

during some time interval was calculated by the following 

method* This method is valid only if the chain length is 

less than or equal to the box size*

The subroutine performing the bead movements needed two 

arrays. These are IMOVE(I,J) and IWALL(I,J), The subscript 

I is 1,2, or 3 if the chain moved in the x,y, or z 

dimension, respectively* The J subscript is used to denote 

the chain of interest.

Each time an end bead moves out of the box a one is

added to or subtracted from IMOVE(I,J), If the new 

coordinates of the bead in the I dimension is greater than

the box size then a one is added. Otherwise a one is

subtracted from IMOVE(I,J), The wall through which the 

the bead moved is also recorded. The walls are defined as:
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Wall Hit I I W A L L (I ,J )

x < 0 1 1

x y Box 1 4

y < 0 2 2

y > Box 2 5
z < 0 3 3
z > Box 3 6

Initially, IMOVE(I,J) is set to zero if the chain is 

connected. If it is broken then IMOVE(I,J) is set to -1 if 

0 < t h e  center of the chain c Box S i z e / 2 , If Box Size/2 < the 

Center of mass of the chain then IMOVE(I,J) is set to +1.

If the chain is broken more than once then the 

diffusion of the chain is not calculated for that frame. 

This initialization procedure also occurs before each call 

to the subroutine which performs bead movements. The center 

of mass of each chain is calculated by summing over the x, 

y, or z coordinates and dividing by the number of beads in 

the chain. These suras always start with the first bead of 

the chain. If the difference in coordinates between two 

beads is greater than one then the chain is split and a box 

dimension is added or subtracted to the bead coordinate 

before the center of mass is calculated. This is to say 

that the center of mass is always calculated from a fully 

connected chain. If the center of mass lies outside the box 

then a box dimension is added to or subtracted from it to 

put it inside the box.
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The diffusion is then calculated by the procedure

outlined in Figure Bl. The variables in this flowchart are

defined as

C M O ( I fJ) = the position of the center of mass of the chain 

the last time its properties were sampled,

CM(I,J) = the current position of the center of mass of the 

cha in

Box = the box dimension and

DCM = the distance the chain has moved in one of the three

dimensions since the last time its properties were 

s a m p l e d .

The function INT(A) where A is a floating point number is 

defined as INT(A) = largest integer ^ / A f -

There is one exception to this procedure which had to 

be accounted for. This case is outlined in Figure B 2 . 

Diffusion is considered in the x dimension only. The bead 

represented by the open circle is bead number 1. The arrows 

mean that some number of bead movements have occured to 

cause the chain to reach the new configuration pictured. It 

was reached in such a way that the variales IMOVE(I,J) and 

IWALL(I,J) set according to the above rules are as shown.

To calculate DCM by the procedure of Figure Bl the 

following choices would be made:

(1) The chain is not connected

(2) A wall was hit

(3) The center of mass, C M (I ) is nearest wall 1
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(4) Wall 1 waw hit.

The formula used to calculate DCM is, then

DCM = C M (1) - C M O (1,1) + I N T ( I M O V E (1,1) + I N T (I M O V E (1,1)/ 2 )

* BOX. Substituting for these variables from Fig B2 gives

DCM = 2.2 - 7.3 + 0 = -5.10.

This is clearly wrong. The chain did not move 5.10 lattice 

sites to the left but 10.2 - 7.3 = 2.9 lattice sites to the 

r i g h t .

The correction was made to the program by the addition

of the subroutine CHAIN. This subroutine checks to see if

an end bead moves through a wall, and then through the 

opposite wall. If this type of movement is detected the 

IWALL(I,J) is set to zero. In the above example, the 

choices made in Bl are

(1) The chain is not connected

(2) no wall was hit.

Therefore, DCM = C M (I ) - CM0(1,1) = 2.2 - 7.3 = -5.10
and

(3) -5.10 < BOX/2, so

DCM = 8.0 - 5.10 = 2.90 ,

which is correct.



FIGURE 131

Algorithm for calculation of diffusion

DCM » CM{I) - 
CKOtI,J) 

HWT( J.M0VE(I,J)/2)- 
*B0X

START

yes

-f
A

'the chain 
connected

BOX/2

no

' ___ •-/
DCM « c m  I) " CMOCI DCM K CM \ I j -

J)-BOX + CMC U'.D + BOX +
INT(IM0VElI,J)/2 IMT(IM0VE(I,J)/2)

•k-BCX *t3CX
------------- , ,____



Figure B2 

Example of diffusion in the^ 
x dimension for a 

1 chain system

f tI

1

CM0(1,1) = 7.3 
IM0VE(1,1) = 1 

IWALL( 1*1.) *.0

-e-

IM0VE(1,1) 

IWALL(1,1)

”■{

--c
c

CM( 1) = 10.2 - 8 - 2 . 2  

IM0VE(1,1) - 1 

IWALL(1,1} - 1
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CĈ -r̂ Nh-CO — >>*ci© OP © © © X © © Ll  I L  © L l Il U . i l

H
© H < H <  « I- <■H H © _)

—> _1 _1 «4- lo © © tr hi o _j o, hi x<c
z

tr > o
© tn >CD 44 ©HX z S —
hi — — ©X

. X ■ N © z  ©

~9 "

' > p m lj ©' u cj © © in <j u. in
J 2 tr o  c c' c  o o o o o o c o

i/itn
OQ

in no 
o p

Hi
©

• o 
KQ

_j! uji . !
*>r i— a©j n £eiu!
o:_J 2 <!lUC<Oi 
a  D  o <  j  q: a h  -J’

ip w 
U1QC o

u; © © 
O O Q

H
<Y —!
<  o
t- 7- 

-V ip LO
z z z

UUUi
O q O!

c . p j a a
w W_JWW._, .---- . - ,w ! 2  j< CG <  «u
4i < , IO lf la « t - l f lC  *  *  *  H ffi*

UIQ
— UJ

L _
I- ©iCJOO! 2 -cd <-> in C O <  2 lut—UJ CD©

’ 2 : c- I u 
* ' * <

i

"1



1119

i

a o c\j n in c* <r o-, o •-« c\j n <* in >o n  ® o ̂

u im. oiioou,1 ii. il o vn o o _J 
u. o  o  o  &  o  o  u

_w
Ci “ f U_LLU.Ll U.1i.LLU.

—• u. il o: i n in in o m tr > 
«-u.o u.n'’;*- —

>
!

i:.. c- C V) CO V  T: CO f.f> V I': fr> , j (J ro
Q

to <n a  lo to a, in in 2

i

S O C a Q Q Q O C ^ O C i C O - c c c a o c b o  u' ! 1

. 2
a ■' v 2 2 2 »-

■■■ 12 t-t •_> »— U'll.1 C t
cc ■ Z  1 «■ «  H _ J >  CC <  o
2 < W 1 0 l «  X x x > GT O  o' D I- 2
LU a u x > m Z u C'u LL v  2  1- v  10 UJ

■: z  
!-;

z  •-*
1

* Z  2 V -  Z Z Z 2
! ;

H © - c  c r  c  e e c  c o O O



12

O o o  
•-< c-i n
O O O
O o o 
O O o 
o O o 
O O o 
o O o

O0O00O0O
in kO n  ;.u o o ̂O o o  O  O  0 ~« 

O O O  O O O o O
o O o O O o o o 
o o o o o o o co o o  O O O o O  O0O0OO0O

O0OOOO0O O0OOO f\iro<f-invOh-a.'OÔ cjnJt 
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