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ABSTRACT

The s ta b i l i t y  and tra n s it io n  properties o f a bounded, cu rren t carry ing 
magnetofluld are explored, using the hydrodynamic theory developed fo r plane 
shear flows as a guide. A driven magjietohydrodynamlc sheet pinch equ ilib rium  
Is employed, A s ix th  order, complex eigenvalue equation which governs the 
normal modes o f small o s c illa t io n s  is  derived, and solved num erica lly  by the 
Chebyehev tau method. Eigenfunctions are shown, as well as the curve of 
neutra l s ta b i l i t y .  The locus o f c r i t i c a l  Lundquist numbers has the fora  o f a 
hyperbola. The nonlinear s ta b i l i t y  o f a primary disturbance o f the system Is  
considered. For regions in  parameter space c lose  to c r l t i c a l l t y ,  a nonlinear 
s ta b i l i t y  equation o f the Landau type is  derived. These regions are charac­
te rize d  by low values o f the Lundqulst numbers, in  contrast w ith  the in v is c ld , 
h igh ly  conducting L im it considered by Rutherford 11973). Amplitude phase planes 
fo r  these disturbances are e xh ib ited . The f u l l  set of two dimensional magneto- 
hydrodynamic equations Is solved num erically by a semi -  Im p l ic i t ,  mixed Fourier 
pseudospectral -  f i n i t e  d iffe rence  a lgorithm . Both lin ea r and random p e rtu r­
bations o f the system are fo llowed num erically in to  the nonlinear regime.
Current sheets and d e fle c tio n  currents are nonlinear s tructu res found to  be s ig ­
n if ic a n t  to  the evo lu tion  o f the system. A secondary In s ta b i l i t y  mechanism, 
the dynamic ru p tu rin g  of the cu rren t density sheet, is  also observed.

v
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i .  INTRODUCTION

S ta b ili ty  and tra n s it io n  ara two centra l concepts in  f lu id  mechanics. The 

study o f s ta b i l i t y  focuses on the e ffe c t o f perturbations on e q u il ib r ia .  Tran­

s it io n  stud ies focus on the passage from la i ln i r  to  tu rb u le n t s ta tes, or in  a 

wider sense, on the passage from l in e a r it y  to  n o n lln e a rity . Such problems have 

been studied In  neutra l f lu id s  since the time of Belmholtz and Rayleigh, w h ile  

the in te re s t o f the fusion coMunlty w ight be said to  date frow the sealna l 

paper o f Xruskal and schmarzchild (1*54).

T ra d it io n a lly , the neutral f lu id  cow un lty  has focused I ts  th e o re tic a l 

e f fo r t  on the study o f somewhat Idealized p ro b lu s , e .g . ,  plane shear flow s, 

w ith  the u ltim a te  goal o f explaining the complea processes by which Lawinar 

flows evolve in to  tu rbu len t flows. There has resulted a development o f very 

powerful numerical and a na ly tica l aethods. Many of these flows can be rea lized  

qu ite  w ell In the labora to ry , so tha t experimentation has played a very s ig ­

n if ic a n t ro le  In advancing the understanding of s ta b i l i t y  and tra n s it io n  phen­

omena. The experimental resu lts  serve as touchstones in  judging the re la t iv e  

m erit o f theo ries .

On the other hand, the confined fus ion theo re tica l community gene ra lly  has 

attempted to  solve more re a lis t ic  problems in  the b e lie f th a t th is  would hasten 

the development o f a working fusion reactor. The wain in te re s t in  fus ion  re­

search has been to  determine and understand the processes tha t thwart plasma 

confinement. To th is  end, the fusion models endeavour to  account fo r  a wide 

range o f physical phenomena, e .g ., com press ib ility , to ro id a l e ffe c ts , complex 

magnetic f ie ld  s tru c tu re s , f in ite  Larmor radius e ffe c ts , e tc . This leads to 

an obviously considerable complication o f the governing d if fe re n t ia l  equations.

2
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These d i f f ic u l t ie s  are compounded by the rather low leve l of experimental in ­

formation th a t is  ava ilab le  fron the current generation of large magnetic con­

finement devices. In te rn a l probes cannot be maintained at the high operating 

temperatures in these devices. External d iagnostics, such as c o ils , provide 

somewhat in d ire c t Information about in te rna l magnetic f ie ld  s truc tu re , e le c tr ic  

current density , etc. numerical s im ula tion has been resorted to in order to 

answer many of the questions about the s ta b i l i t y  and tra n s itio n  properties of 

these devices. The re su lts  of the sim ulations are often the only information 

that is  possessed about the In te rn a l workings o f these devices, so chat the 

numerical algorithms have in no way been subject to the so rt of close comparison 

tha t occurs between sim ulation and experiment in the neutral f lu id  community.

In th is  d isse rta tio n  a magnetohydrodynulc con figu ra tion , the driven mag­

neto hydrodynamic sheet pinch, w i l l  be Investigated by using ana ly tica l and nu­

merical methods developed fo r the study o f the s ta b i l i t y  and tra n s itio n  of plane 

shear flows. F irs t ce rta in  aspects of the hydrodynamic theory w i l l  be reviewed, 

and then the magnetohydrodynanic problem w i l l  be introduced. F in a lly , the moti­

vation and structu re  of th is  d is se rta tio n  w i l l  be described

A. Review of Hydrodynamic Theory of Plane Poiseuille flow

The hydrodynamic s ta b i l i t y  theory of plane shear flows has a long h is to ry . 

We w i l l  consider the s ta b i l i t y  theory developed fo r plane P o iseu ille  flow  as a 

representative case. Excellent general treatments of th is  subject are given by 

Draain and Reid U9B11 and Herbert (1961) The lin e a r s ta b i l i t y  theory is  well 

reviewed by Lin (1945), while the nonlinear s ta b i l i t y  theory is  well reviewed 

by Stuart (1971) Good reviews of the computational work are found in Drazin
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and Raid (1 9 fll) , and G o ttle ib , Bussaini, and Orszag (1984).

The wotion o f a l l  incompressible neutral Newtonian flu id s  la  governed 

by the Havier -  Stokes equations, w ritten  here In  dlmejislonless for® ( c f 

Batchelor (1967), o r Yih (1969) ):

| £ -  +  J

V- o

where;

£  ■ d iu n s io n le s s  f lu id  ve loc ity  *  { u ( i , y , z ) ,  v (x ,y ,z ) ,  u(N ,y,z) )

p *  mechanical pressure /  mass density ,

fl *  Reynolds number ■ ( Hc Lt  ) y V

1) c *  c h a ra c te r is tic  ve lo c ity

L c  ■ c h a ra c te r is tic  length

V  ■ kinem atic v is c o s ity

He consider steady ( O  ). u n id irec tiona l ( v * ( u (y ) ,  fl, i  )>
o t

flow  between r ig id ,  p a ra lle l,  impenetrable w a lls  a t y ■ 1 and y -  - 1 . Ho s lip

boundary cond itions are enforced at the w a lls i u{ y * I  ) * u( y ■ '1  ) * >.

I t  can be shown th a t p ■ p( a ). For the case ^  -  constant, the normalized
i

v e lo c ity  p ro f i le  takes the fo ra  u( y ) -  1 * y. This type o f flow  is  termed 

plane P o is e u ille  flow .

This flow  is  lam inar, since the f lu id  s lides In planes, i . e . ,  f lu id  in the 

plane defined by y ■ y *  w i l l  always r t ia in  in  th is  plane. The flows encount-
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ered in  nature do not tend to  remain organized In  th is  Kay, Instead a 

high degree o f mixing o f the f lu id  ie genera lly  observed. In  1920 Davies and 

White ( c f. Drazin and Reid (1981) ) experimented w ith  pressure d riven  flows in 

rectangular channels w ith  large ra tio s  o f width to  height which approxiaated 

w ell the geometry required fo r plane P o lse u llle  flow . They observed th a t 

tu rbu le n t flows d id e x is t ,  and found th a t the behaviour o f the flo w  was param­

ete rized  by the Reynolds number. For Reynolds numbers below approximately 

1410, the flow  would remain lam inar asym pto tica lly , whereas fo r  Reynolds numbers 

approximately 10(0, d isturbances o f the basic flow pattern  would e ith e r  remain 

or am plify In  time, corresponding to  a tu rb u le n t s ta te . This t ra n s it io n a l 

value o f the Reynolds number, approximately l l f l ,  is  ca lled  the c r i t i c a l  

Reynolds number. One o f the main tasks faced by the hydrodynamic s ta b i l i t y  

th e o ris ts  has been to produce th is  c r i t i c a l  value o f the Reynolds number as a 

consequence o f a model. I f  a model p red ic ts  some other value o f the Reynolds

number a t c r l t i c a l l t y ,  then I t  is  c le a r ly  d e fic ie n t.

The f i r s t  In s igh t in to  the s ta b i l i t y  p roperties o f plane P o is e u ille  flow

was provided by Rayleigh in 19B0 during the course o f a somewhat more general

in ve s tig a tio n . Rayleigh considered the growth o f ln fln lte s m a l d isturbances in  

an ln v ls c ld  Ravler -  stokes f lu id  using a piecewise lin e a r mean flow  p ro f i le .  

This in v ls c ld  form of the Ravier Stokes equations is  o ften ca lled  the Euler 

equations. At th is  time v is c o s ity  was w ide ly believed to  have only a d is s ip ­

a tiv e  e ffe c t, so tha t presence o f f in i t e  d is s ip a tio n  would on ly serve to  re ta rd  

the growth o f the id e a lly  unstable modes. Since the disturbances are ln f in -  

Itesm al, the Euler equations can be lin e a rize d  about the mean flow  p ro f i le .

Using a normal mode ana lys is , Rayleigh cast the s ta b i l i t y  problem In  the form of 

an eigenvalue problem. He a rr ive d  a t the fo llo w ing  necessary co n d itio n  fo r the 

existence o f in s ta b ll i te s  in  in v is c id  plane shear flows - the mean flow  p ro f i le
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■mst have an in f le c t io n  po in t In it fo r l in e a r ly  unstable wodea to e x is t,  or 
e qu iva len tly , the » a n  v o r t ic i t y  nust have a naslnun In the channel. This re­

s u lt  i ip l ie s  tha t plane P o ls e u ille  flow Is  Id e a lly  stable to  in f in lte s n a l per­

tu rba tions tha t are noraal nodes of the systen since the wean flow p ro f i le  is 

non -  In fle c te d  w ith in  the channel.

Several decades la te r  a lin e a r s ta b i l i t y  theory fo r viscous plane shear 

flows began to  be developed ( c f Drazln and Reid (1981) ). Drr in 1987 and 

EoMerfeld in  19IB Independently derived a s ta b i l i t y  equation that has been 

flawed in th e ir  honor, v iz . ,  the Orr -  Som erfe ld equation:

f f f )  *■ perturbed streaa function 

■ Man flow p ro f i le  

o£ *  rea l p a ra lle l wavenuwber 

•  cospies frequency 

R ■ Reynolds nusber

For fined rea l alpha and ft, th is  equation defines an eigenvalue probles for the 

cosples elgenfrequency W . The aathesatica l cowplesity o f th is  equation 

defied the powers o f na thesatica l analysis ava ilab le  at the tin e , and i ts  

so lu tion  resalned an outstanding problen In applied watheiatics fo r a lnost 

seventy years.

where:
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During the 1921'5 Prandtl ahoned tha t v is c o s ity  could have a d e s ta b iliz in g  

e ffe c t by inducing Reynolds stresses which tra n s fe r momentum from the mean flow 

to  the disturbance, in  1924 Heisenberg obtained the f i r s t  so lu tions  o f the 

Orr -  Sonmerfeld equations by employing a s ingu la r perturbation theory. He 

discovered tha t lin ea r in s ta b i l i t ie s  did e x is t In plane p o is e u ille  flow due to 

the presence o f f in i t e  v is c o a lty . Furthermore, he ca lcu la ted the upper branch 

o f the curve o f neutral s ta b i l i t y  fo r  plane P o is e u ille  flow , as w e ll as obta in­

ing an estimate fo r the lower branch ( the curve o f neutra l s ta b i l i t y  is  de­

fined to  be the curve In  ( of , n ) space which separates the s tab le  region fron 

the unstable region ),

In the 1930's an Important re s u lt was given by Squire. Squire proved 

tha t two dimensional lin e a r In s ta b i l i t ie s  were the most dangerous, so that the 

minimum c r i t i c a l  Reynolds number and p a ra lle l wavenumber could be determined 

through consideration o f two dimensional disturbances alone.

The a n a ly tic  theory reached i t s  zen ith  in  the work o f c. c .  Lin ( Lin 

(1955) ). Using re fined asymptotic a na lys is , Lin obtained accurate so lu tions of 

the Orr Soomerfeld equation fo r a v a r ie ty  o f plane shear flows. He was able to  

ca lcu la te  both branches o f the ne u tra l s t a b i l i t y  curve. His 1955 monograph 

s t i l l  remains the a u th o rita tiv e  book on the sub ject.

At about the time tha t L in ’ s monograph was In preparation, the d is c ip lin e  

o f computational f lu id  dynamics was being born. In 1953 L, 9. Thomas published 

the f i r s t  numerical so lu tion  o f the Orr -  Som erfe ld equation { Thomas (1953) ). 

Thomas used a f iv e  po in t Numerov f in i t e  d iffe re n ce  scheme with about one hundred 

po in ts on the h a lf channel. Re was able to  compute eighteen elgenmodes using 

approximately three hundred hours o f computing time on an IBtt se le c tive  se­

quen tia l e lec tron ic  computer. Thomas ca lcu la ted  a c r i t i c a l  Reynolds number of 

57B0, w ith  a c r i t ic a l  alpha o f 1,026 fo r plane P o ise u ille  flow



Subsequently, many refinements In the numerical method occurred, of which 

two have special s ign ificance  to  th is  work F ir s t ,  several authors attempted to 

use spectra l methods to solve the Orr - Sonmerfeld equation ( o f. Dolph and 

Lewis (19581. Crosch and Sal wen (1983) ). Second, Cary and Belgason (1970't 

developed an ite ra t iv e  method fo r reducing the Orr - Sommerfeld equation to a 

standard eigenvalue problem. The standard eigenvalue problem can eas ily  he 

be solved by the QR algorithm  ( Wilkinson (1965) ).

These developments culminated in a 1971 paper by Orszag t Orszag (1971) ). 

Using Chebyshev polynomials as basis functions, Orszag combined the Lanczos tau 

method ( c f .  C o ttle ib  and Orszag (1977) ) w ith  the ite ra t iv e  method developed by 

Gary and Helgason and computed the eigenvalues and c r i t i c a l  parameters of the 

Orr Somnerfeld equation to  extremely high accuracy. This high accuracy can be 

a ttr ib u te d  to the exce llent convergence p roperties o f the Chebyshev polynomials 

used fo r the expansion functions. The accuracy is  said to be of in f in i te  order, 

meaning tha t the trunca tion  e rro r fa l ls  o f f  more ra p id ly  than any power of N, 

where N is  the number o f Chebyshev polynomials re ta ined in the truncated expan­

sion. Orszag calculated a c r i t i c a l  Reynolds number of 5772.22, w ith  a c r i t ic a l  

alpha o f 1.02156 fo r  plane P o ise u ille  flow.

P a ra lle l to  the linea r s ta b i l i t y  theory a nonlinear s ta b i l i t y  theory fo r 

plane shear flows has evolved, motivated p rim a rily  by the lack of agreement 

between the lin e a r theory and the experimental re s u lts , as w e ll as by the desire  

to  know what happens to the lin e a r ly  unstable modes when they achieve f in ite  

amplitude and exc ite  the nonlinear terms. These nonlinear s ta b i l i t y  theories 

share the common a ttr ib u te  of considering the e ffe c t of two dimensional f in i t e  

amplitude perturbations on the s ta b i l i t y  o f the mean flow  p ro f ile . The d i f f e r ­

ences in the theories occur in the methods used to s im p lify  the nonlinear prob-



9

le i  to a llow  fo r  successful ana lys is , or, more to the point, the decisions con­

cerning which terms to d iscard  and which to  keep in the analysis. Such dec i­

sions oust u ltim a te ly  have some ju s t if ic a t io n  in  experience Many of these the­

ories have focused on the pertu rba tion  energy balance ( for instance, Stuart 

[195B), and Joseph {1976} ) ,  o ften called the Reynolds - Orr energy equation. 

This approach focuses on the g lobal properties of the flu id  and hence minimizes 

the importance of localized s tructures. I t  has been especially useful for de­

termining the lower bounds o f the Reynolds number for the existence o f In s ta b i­

l i t ie s .  An a lte rn a tive  approach has been to  employ perturbation methods, and 

th is  approach has been somewhat more f r u i t f u l  than the energy methods with 

respect to  discovering s u b c r it ic a l in s ta b i l i t ie s .  An Important early re s u lt Is 

due to MeKsyn and Stuart [1951). By Ignoring the generation o f higher harmonics 

( the mean f ie ld  approximation ). they showed that su bcritica l in s ta b i l i t ie s  

could occur in  plane P o is e u ille  flow above Reynolds numbers o f about 2900. a 

value s t i l l  somewhat above the experimental c r i t ic a l  value o f about 1000, but 

lower than th a t predicted by the linear s ta b i l i t y  theory. Most o f the sub­

sequent development has been d irected toward the derivation o f landau type 

nonlinear in s ta b i l i t y  equations ( c£ Landau and L ifs h its  [1959) ) using an­

a ly t ic a l pertu rba tion  methods (Stuart (I960 ), Matson (I960). Reynolds and Potter 

( 1967). Herbert (1981) ), An important numerical result was given by lahn, 

Tooire, Spe ige l, and Cough (1974), who solved a highly truncated form of the 

Navler Stokes equations to determine the s ta b i l i t y  boundary o f plane P o iseu ille  

flow in the parameter space o f pa ra lle l wavenumber, Reynolds number, and p e rtu r­

bation amplitude,

The In a b i l i t y  of the above analyses to  produce the experimental c r i t ic a l  

Reynolds number fo r plane P o ise u ille  flow has motivated the study of the prob­

lem by means o f numerical s im ula tion. I t  is  hoped that such sim ulations obviate
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the need fo r s im p lify ing  assumptions th a t B ight pre judice the re su lts  of the 

analysis. Numerical analysis using spectra l methods o f computation has had an 

especia lly large Impact on these problems ( G o ttle lb  and Orszag (1977) ). Three 

spectral methods in  p a rtic u la r have emerged which vary p rim a rily  In the manner 

In which the co n tin u ity  o f the f lu id  in  enforced ( G o ttle lb , B u ss tin i, and 

Orszag (1904)). Orszag and Kells (19Bf) have developed a three leve l time 

s p li t t in g  technique in  which the f lu id  incom press ib ility  is  enforced at the In* 

termedlate time step. They employ Fourier series In the streaxwise and span wise 

d ire c tio n s , and a Chebyshev series In the cross -  stream d ire c tio n . Moin and 

Kim employ a semi -  im p lic it  time stepping schemer and solve the c o n tin u ity  

equation d ire c t ly .  They a lso  d isc re tize  w ith  Fourier series in the streamwise 

and spanwise d ire c tio n s , but use e ith e r Chebyshev series ( Moin and Kim (1981) ) 

or stretched f in i t e  d iffe rences ( Moln and Kim (1902) ) In the cross - stream 

d ire c tio n . The Mavler -  stokes system Is  reduced to a block tr ld la g o n a l form 

which can be e a s ily  inverted . K leiser and Schumann (1904) have developed a 

method s im ila r to tha t o f Holn and Kim, except th a t they solve the Navier -  

Stokes system of equations by an ite ra t iv e  technique. The Orszag and K e lls  code 

in  p a rtic u la r has been applied to the problem o f tra n s it io n  to turbulence 

in  plane P o iseu ille  flow, w ith  extremely successful re su lts . They have found 

that the re s tr ic t io n  of the tra n s itio n  problem to two dimensions is  an espe­

c ia l ly  severe one. These authors have found tra n s it io n  behaviour near Reynolds 

numbers of 1011 due to  an In te rac tion  between three dimensional ln fin lte s m a l 

perturbations and two dimensional f in i t e  amplitude perturbations. Orszag and 

Patera <1983) have speculated that th is  is  a secondary lin e a r In s ta b i l i ty  

mechanism.
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B. Magnetohydrodynamic Pinch Configurations

One o f the most important goals o f the nuclear fusion e ffo r t has been to 

achieve the magnetic confinement o f plasmas in configurations stable enough to 

to  a llow  fo r  heating  to  thermonuclear temperatures. While the mathematical 

theory o f such e q u il ib r ia  Is  s tra igh tfo rw a rd  ( see, fo r example, Van ftaapen and 

Felderhof (19-67> ) ,  in p ra c tice  any m agnetically confined plasma M il l  be per­

turbed due to  s ta rtu p  co n d itio n s , im pu ritie s , asymmetries, etc. I f  these per­

tu rb a tio n s  are a m p lifie d  in  time the plasma - magnetic f ie ld  system is  fun­

damentally a lte re d . This a lte red  con figu ra tion  in teracts w ith the ex te rn a lly  

imposed magnetic f ie ld s  and e le c t r ic  currents o f the confinement device in  a 

manner d if fe re n t  than what was intended in  the design. In a l l  like lih o o d  plasma 

confinement w i l l  no longer be maintained, confounding the expectation of the 

des igne r.

Many o f the d e s tru c tive  e ffe c ts  of perturbations are i l lu s tra te d  by the 

a x ia l pinch c o n fig u ra tio n . Consider a c y lin d r ic a l tube of plasma. An ax ia l 

e le c t r ic  cu rren t in  th is  plasma cy lin d e r w i l l  generate an azimuthal magnetic 

f ie ld .  The in te ra c t io n  o f the a x ia l e le c tr ic  current w ith  the azimuthal mag­

n e tic  f ie ld  produces a ra d ia lly  inward pressure gradient that confines, or p in ­

ches. the  plasma ( except a t the ends, where p a rtic le  losses are inev itab le  ~  

so le t  the cy lin d e r be in f in i t e  in  a x ia l extent ).

The most dangerous pe rtu rba tions  to  the system are called the ideal mag­

net oydrodynamic ( MHD ) in s ta b i l i t ie s  ( c f Bateman (1970) ). The plasma is  

modelled as a p e r fe c tly  conducting f lu id ,  w ith  the magnetofluid v e lo c ity  equal 

to  zero in  e q u ilib r iu m . Small displacements In  the nagnetofluld surface create 

changes In the exte rna l magnetic f ie ld ,  leading to changes In the magnetic
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pressure responsible fo r  con fin ing  the m agnetoflu id, These displacements can am­

p l i f y .  co n to rting  the plasma column, and o ften  leading to  a lose  o f confinement.

These id e a l HBD In s ta b i l i t ie s  can be co n tro lle d  in  seve ra l ways. A p p li­

ca tion  o f an a x ia l magnetic f ie ld  w ith in  the magnetofluid column is  one method 

th a t has proved to be e ffe c t iv e . Bulk motion o f the magnetofluid caused by the 

ideal HBD in s ta b i l i t y  tends to  compress these magnetic f ie ld  L ines, producing a 

re s to rin g  fo rce  that counteracts the d e s tru c tive  pertubation. s ta b il is a t io n  con 

also be ass is ted  by applying an a x ia l magnetic f ie ld  exte rna l to  the magneto- 

f lu id  column, as Hell as by surrounding the column by a h ig h ly  conducting con­

ta in e r made o f ,  e .g ., copper.

U nfo rtuna te ly , the s to ry  does not end a t th is  po in t. The to ta l magnetic 

f ie ld ,  which is  now sheared, Is  h igh ly  susceptib le  to  a v a r ie ty  o f re s is t iv e  In ­

s ta b i l i t ie s .  These in s ta b i l i t ie s  a l l  share the comon fe a tu re  th a t the magnetic 

f ie ld  lin e s  can be to rn  apart and reconnected to  form new magnetic f ie ld  to p o l­

ogies due to  the f in i t e  r e s is t iv i t y  o f the m agnetoflu id. Th is f lu x  surface d is ­

to r t io n  can lead to enhanced transport o f momentum and energy, magnetofluid t u r ­

bulence, and the possible breakdown of the s ta b il iz a t io n  o f the  ideal HBD nodes. 

The released magnetic energy from the tea ring  can alao be k in e t ic  energy, re s u l­

tin g  in  high speed notion o f the magnetofluid.

A re la ted  pinch co n figu ra tion  which re ta in s  many of the e ffe c ts  noted above 

Is the magnetohydrodynamic sheet pinch. This pinch consists o f an in f in i t e  

plane cu rren t layer In a s ing le  f lu id  magnetofluid w ith  a DC magnetic f ie ld  re ­

vers ing  sign a t the cu rren t la y e r. S tructures o f th is  s o rt are thought to  be o f 

importance In  several d if fe re n t physical con texts . In te re s t f i r s t  arose in  the 

space physics community, where these s truc tu re s  are believed to  account fo r  the 

acce le ra tion  o f charged p a rtic le s  to high speeds. An e x c e lle n t review o f th is
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m a te ria l Is  given by Sonne nip (1979). The nuclear fus ion community has sus­

ta ined In te re s t In the HBD sheet pinch because o f I ts  a n a ly tic  t r a c ta b i l i t y ,  as 

i t  can be studied in  the Cartesian geometry. This study of th is  con figu ra tion  

has a somewhat b r ie fe r  h is to ry  than th a t of plane shear flows. The fusion o r i ­

ented theory is  v e i l  reviewed by White (1991), and also by Menhelmer and 

Ltshmore-Bavies (1984).

The In te re s t o f the fusion community In the s ta b i l i t y  properties of the 

magnetohydrodynamic sheet pinch In te n s ifie d  in 1963, when Forth, K ille e n , and 

Rosenbluth published th e ir  in f lu e n t ia l paper on the lin e a r theory o f the tea ring  

■ode [ Forth , K illeen  and Rosenbluth (1963) ). The term "  tearing " re fers

ra the r g ra ph ica lly  to  the tendency o f the aagnetic f ie ld  lin e s  to break and re ­

connect In the re s is t iv e  nagneto flu id. They researched these in s ta b i l i t ie s  in 

an e f fo r t  to  explain the fa ilu re s  o f the Ideal s ing le  f lu id  WHO s ta b i l i t y  theory 

to accurate ly  p red ic t plasma confinement. These authors examined a plane In f in ­

i te  cu rren t layer In a conpresslble in v ls c id  plasma w ith  a sheared zeroth order 

magnetic f ie ld .  L im itin g  themselves to  the case o f ln f in lte s a a l perturbations, 

they employed a normal mode analysis to formulate the lin e a r s ta b i l i t y  problem 

as an eigenvalue problem, which they solved by the method of matched asymptotic 

expansions in  the high re s is t iv e  Lundqulet number l im i t .  They sought to de ter­

mine cond itions fo r in s ta b i l i t y ,  as w e ll as the sca ling  o f the In s ta b i l i ty  

growth rates w ith  various parameters o f the system. Subsequently, research in

th is  area has dominated a large portion  of the th e o re tic a l fusion e ffo r t .

wesson (1966) solved the eigenvalue equations given by Furth , e t. a ],  nu­

m e ric a lly , using an ite ra t iv e  f in i t e  d iffe rence  method. He relaxed the condi­

tio n s  required fo r the asymptotic ana lys is , i . e . ,  he solved the same equations 

In the inner end outer regions, and found substan tia l agreement w ith  the analy­

t i c  re s u lts . A re la ted  computation has been done by Dlbiase and K illeen  (1977),



14

who aged an i n i t i a l  valt)* method,

Tha theories dealing w ith  the temporal evo lu tion  o f the tea ring  mode have 

generally followed the evolution o f a s ing le  lin e a r  Mode in to  the nonlinear re­

gime. A theory tre a tin g  the nonlinear evo lution o f the tea ring  »ode ims  given 

by Rutherford (1973), Mho considered an Inv lac id  m agnetoflu id. Neglecting both 

the in e r t ia l te rn *  and the generation o f higher harmonics, he determined th a t 

the tearing aode should cease to  grow exponen tia lly  in  tim e , as is  appropriate 

to  the lin e a r ly  unstable modes, and begin to grow a lg e b ra ic a lly  in t la e  when the 

second order Lorentz forces becoae la rge  enough to  oppose the perturbed flow, 

This work was eitended by White, H o n tice llo , Rosenbluth, and Waddell (1977), who 

predicted that these a lg e b ra ica lly  growing aodes should satura te  n o n line a rly  due 

to  d is to rtion s  o f the  current p ro f i le  e x te rio r to  the te a ring  node. These au­

thors considered a h igh ly  conducting in v is c ld  m agnetoflu id, and assuaed th a t the 

fundamental disturbance would dominate the nonlinear s ta b i l i t y  process, a re ­

cent analysis o f in te re s t is  due to  Pao, Rosenau. and Guo (1983), who consider a 

viscous magnetofluid.

Computations th a t have been performed of the non linear evo lu tion  o f the two 

dimensional magnetohydrodynamic sheet pinch have exh ib ite d  some d iffe re nce s , 

both in te n s  of the Model and the numerical Method employed, schnack and 

K illeen (1979 and 1981) employed a conservative f i n i t e  d iffe re nce  scheme, and 

used an a lte rna tin g  d ire c tio n  im p l ic i t  temporal d is c re t iz a t io n . Using an in v is - 

c id , compressible model, they fo llowed the nonlinear evo lu tion  o f elgenmodes of 

the linearized  problem. They found a period o f exponentia l growth, followed by 

nonlinear sa tu ra tion . They were p a r t ic u la r ly  In te res ted  in  determining the non­

line a r e ffec ts  on the s tructu re  o f the magnetic f ie ld .  Hatthaeus and Montgomery 

(1981) employed a Fourier spectra l ( Galerltln trunca tion  ) method in  space and
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used second order Runge -  lo t to  time stepping. They considered a v is co re s is tive  

incompressible magnetofluid In a pe riod ic  bo i w ith  aides 2 TT w ith  two curren t 

sheets o f opposite sign present. Swell random perturbations were imposed I n i ­

t i a l l y  on both the magnetic end v e lo c ity  f ie ld s , and the system was allowed to 

evolve w ithou t any d r iv in g . These authors focused on the nonlinear behaviour 

of the cu rren t dens ity , which emphasizes the high frequency coaponents of the 

aagnetic f ie ld .  They found tha t h igh ly  loca lised  current s truc tu re s , which they 

called filam e n ts . would develop. This lo c a liz a tio n  ind icated th a t many of the 

high frequency coaponents o f the aagnetic f ie ld  were e ic lte d , a feature  ind ica ­

t iv e  of tu rb u le n t behaviour, decay o f the nean Is  s ig n if ic a n t during the course 

of th is  s ia u la tlo n .

C, D escrip tion  o f Research

In th is  thesis the evo lu tion  in  time o f the driven aagnetohydrodynaalc 

sheet pinch w i l l  be considered using a n a ly tica l and numerical techniques devel­

oped fo r the study of plane shear flow  problems in hydrodynamics. This worh 

represents the development o f ideas f i r s t  proposed by Montgomery (19B2 and 19B4), 

v iz . ,  th a t due to the s im ila r i ty  o f the MHD equations to  the equations of o rd i­

nary hydrodynamics, the hydrodynamlcal methods that have been developed fo r the 

study of the s ta b i l i t y  and tra n s it io n  of plane shear flows could be p ro fita b ly  

applied to  analogous problems In magnetohydrodynamlcs. This approach has a l ­

ready proven of value in  the study o f fu l ly  developed, homogeneous, is o tro p ic , 

two dimensional magnetohydrodynamic turbulence ( Fyfe and Montgomery (1976),

Fyfe, Joyce and Montgomery (1977), Fyfe, Montgomery and Joyce (1977), Hossain. 

et a l, (1963), Sheballn, e t a l.  (1983) ). A related analysis fo r the linea r
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s ta b i l i t y  of the nondriven TOD sheet pinch, which e xp lo its  th is  s im ila r ity  of 

the governing equations, has been given by Dahlburg, Zeng, Montgomery and 

Basaaini (19A3).

In  chapter I I ,  the governing equations are given end the magnetohydro- 

dynailc equilib rium  to be studied is  described. In chapter I I I  the linear 

s ta b i l i t y  properties of th is  system are examined both a n a ly tic a lly  and numer­

ic a l ly .  A quiescent MOD analogue o f the Drr -  Sommerfeld equation Is derived 

which is  solved numerically by the Chabyshev tau method. The c r i t ic a l para- 

eeters are determined, and the curve o f neutra l s ta b i l i ty  is  computed. A simple 

re la tio n  between the c r i t ic a l  viscous and re s is tiv e  Lundqulst numbers for neut­

ra lly  s tab le  modes is found, in  chapter IV a theory o f nonlinear s ta b il i ty  is  

given tha t re lie s  on ce rta in  assumptions about the pertu rba tion  energy balance.

A Reynolds - Orr energy equation fo r  magnetofluida la  formulated, A nonlinear 

s ta b i l i t y  equation of the Landau type Is  derived, and some o f the nonlinear 

s ta b i l i t y  properties of the system are Investigated. The amplitude phase plane 

for a primary disturbance is  given. In chapter V a mixed Fourier pseudospectral 

f in i te  d iffe rence  algorithm w ith  a s a m i- in p lic it  time stepping scheme used fo r  

numerical simulation o f the f u l l  set o f two dimensional nonlinear pa rtia l d i f ­

fe re n tia l equations that govern the MHD channel system Is given. In chapter VI 

the nonlinear evolution o f a primary disturbance is  described. The e ffec t o f 

the nonlinear terms is determined. The deformation o f the equilibrium  and p r i ­

mary disturbance is  described. The generation of higher harmonics is also con­

sidered. in chapter V II the evolution o f the system w ith  random In it ia l  p e rtu r­

bations Is  described. Several nonlinear structu res are seen to  evolve, inc lud ­

ing current sheets and d e flec tio n  currents. A highly nonlinear structure is  

seen to  develop during the magnetic 0 - po in t coalescence phase. A secondary
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In s ta b il i ty  aechanlsi, the dynaalc rup tu ring  of the e le c tr ic  current density  

sheet, is  observed and a n ipp le  podel is  given. In the appendii an MHD Rayleigh 

theorea is  proved.



I I .  EQUILIBRIUM

The e q u ilib r iu m  th a t we s h a ll consider consists o f an In f in i te  plane layer 

o f e le c t r ic  cu rren t, w ith  a DC magnetic f ie ld  reversing sign a t the current lay­

e r. The f lu id  v e lo c ity  Is  zero. This co n figu ra tion  Is  custom arily re ferred to 

the "  ugnetohydrodynamfc sheet pinch ” f c f Hattbaeus and Montgomery (19131) ) 

This d is s e r ta t io n  w i l l  focus on a driven vers ion o f the nagnetohydrodynamic 

sheet p inch. In th is  driven vers ion the Ohmic d iss ip a tio n  of the magnetic ener­

gy Is  balanced by an exte rna l e le c t r ic  f ie ld  and va ria tio n  o f the r e s is t iv i ty  

perpendicu lar to  the mean magnetic f ie ld .

The m agnetoflu id under study is  confined between p a ra lle l,  r ig id ,  Impene­

tra b le  p la te s . The p la tes  are regarded as p e rfec t conductors coated w ith a th in  

laye r o f in s u la tin g  m a te ria l. No s l ip  boundary conditions are Imposed on the 

viscous m agnetoflu id a t the w a lls . The normal component o f the magnetic f ie ld  

is  constra ined to  equal zero a t the w a lls , but the tangen tia l component o f the 

cu rren t is  u n re s tr ic te d . The it d ire c tio n  is  regarded as pe riod ic . A l l  va ria ­

tio n  in  2 i s  ignoredt as is  consis ten t w ith  the presence o f a s trong t constant, 

un iform , ex te rna l DC magnetic f ie ld .

The behaviour o f the magnetofluid Is  governed by the two dimensional incom­

p re ss ib le  MBD equations, w r itte n  in  a dimensionless form:

I I  -  2.
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where:

A ■ aagnetic vec to r po ten t!e l '  ( ^ - t )

J^‘ V x / 1 2 ^  - (  . B̂  , I ) ■  aagnetic field j£ ( K y ^ t)

j  « -  V aA  “ electric current density ^ J X x ,  t{( t )

B ■ constant aste rna l e le c t r ic  f ie ld

s p a t ia l ly  va ry ing  diaenslonless aagnetic d l f fu s lv l t y

v ■ flow  v e lo c ity  * ( u , v , l  ) = V ( K l i t )
~  f 1'

* ( • , # ,  ) —*  eagneto flu id  v o r t ic i t y  *

M  ■ dimensionless k ln e a a tlc  v is c o s ity

18«l
Flow speeds are oeasured in  te n s  o f the A lfven speed. £ *  -  ■— .A

where is  a c h a ra c te r is tic  value o f the aean f ie ld ,  and ^ l s  the easa density 

o f the aagne to flu ld . The c h a ra c te r is tic  length is  taken to  be the h a lf  channel 

width.

He consider an e g u lL ib r im  w ith  zero aean f lu id  flow . The a c tiv a tio n  be­

hind the choice o f s p e c if ic a tio n  o f the aagnetic te rns a rises  frow the need to 

balance the  aagnetic energy losses due to  O hiic d is s ip a tio n  ( Purth e t a l . .  

(1363), wesson (1966). Waddell e t a l.  (1976) )< Proceeding, we specify tha t 

u *  v ■ I  and A ■ A .( y ♦ t  ) , This sp e c ifica tio n  reduces I I  - 1 and I I  - 2 to :

I I  -  3. A

1 1 - 4 .

2 > t  1  7 * ¥

6  —  - oU n  ye

i K

f f

The temporal v a r ia tio n  o f A^can be e lla ln a te d  by re q u iring  th a t:
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£ s . l C r . ) ^ l

The constant e le c tr ic  f ie ld  w in  ta in s  the re s is t iv e  eq u ilib riu m , and hence is  

the magnetohydrodynaaic equivalent o f the applied pressure In plane shear flows. 

C lea rly  A0 *us t be re s tr ic te d  to functions tha t do not possess In f le c tio n  poin ts 

in  the do ia ln  y ■ +1 to  y ■ -1 . i . e . ,  w ith in  the channel.

I f  we regard^* and I y ■ 0 ) ts  c h a ra c te ris tic  d is s ip a tio n  values, then 

the governing equations ( I I  -  1 and 1 1 - 2 )  can be w ritte n  in  another di(ten­

sion less fo r* :

& L  +  J ,. -  j? v s  +  v  uJ
^  t

where:

s  * "  r * l ia t lv e  tundquist number

-(
d iiens lon less r e s is t iv i ty
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> viscous Lundqulst number

where Lundquist numbers are s lup ly Reynolds numbers in  which the c h a ra c te ris tic  

ve lo c ity  is  defined to  be the Alfven speed • The magnetic f ie ld s  are then

measured In  te n s  of the e ite rna lly  supported f ie ld  B .

I t  is  important to  note that the dimensionless r e s is t iv i t y  ^  ( y ) remains 

f i le d  in  tim e, although the mean value o f the magnetic vector p o ten tia l can 

evolve in  time i f  the system is perturbed. The diaenslonless r e s is t iv i t y  la 

defined by the value o f the undisturbed equ ilib rium  magnetic vector p o te n tia l 

f ie ld .

Per fu tu re  purposes we define here a dlmenslonless conductiv ity  func tion

The normal component of the magnetic f ie ld  is  constrained to equal zero at 

the m a lls , o r;

i i - i i  Afti = 0 - cofcisrAiJr * -C M J s rA ^ T

The current density  is unrestrained a t the w a lls , as is  implied by the th in

, defined as;

I I  - 9

Ho s l ip  boundary conditions are enforced on the v e lo c ity  f ie ld :
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in su la ting  coating £ c f Montgomery <19641 ):

n - 1 2  '  * - V f y  I  u t J K f f S T M t J C b

( j - I  t  l l f z - l

The mean magnetic vector p o te n tia l tha t m i l l  be studied in depth in th is  

d is se rta tio n  Is  the fo llow ing :

n  -  u  / U < | )  -- <j j f f  -  U  )  ' * * ' ' $  r  s '

w ith  the associated magnetic f ie ld :

n - »  £ , ( ■ ( )  =  ' t * * ' ' # ! *

and current density:

i i - i i  T 0 ( < f ) =  -

where y  -  s tre tch  fac to r.

This sp e c ifica tio n  o f mean f ie ld s  produces a magnetohydradynamic sheet 

pinch cen fIgura tlon . There is  an In f in i te  plane layer o f e le c tr ic  current 

centred about y *  9, at which loca tion  the mean magnetic f ie ld  reverses sign. 

The mean f lu id  v e lo c ity  Is  zero.

These mean f ie ld s  are p lo tte d  fo r the case y *  fl, K * B * 111, in figu res  

11 -1 , n - 2 ,  and 11-3 respective ly .

In ce rta in  app lica tions i t  w i l l  be more convenient to replace I I  - 7 and 

U  -  6 by the corresponding magnetic induction equations, equations of no tion , 

and an equation of c o n tin u ity  fo r the magnetofluid;



„  ^  +  -  Jl

n  ■ 19 * t +  ~  ' ' t £ ~  *  +  / *  ^ 3 v
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where p is  defined to  be the mechanical pressure divided by the mass density.

In  th is  form ulation the perfec tly  conducting boundary condition can be 

expressed as;

» - 21

and the current boundary condition becomes;

i i  -  22 - / I X  Vx  g  -  o
~ r f

/ \  1 where n  Is defined to be a unit vector normal to the wall.
For the equilibrium specified ( 1 1 - 1 3  ). II - IS and 11 - 19 reduce to - .
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I .e . ,  the pressure gradient In the magnetofluid Is  due e n t ire ly  to the In te rac­

tion  of the e q u i l ib r ia  current w ith  the e q u i l ib r ia  magnetic f ie ld .  This 

pressure gradient tends to force the magnetofluid toward the current sheet from 

e ithe r side -  hence the name " magnetohydrodpamlc sheet pinch

As is  customary in the study of incompressible f lu id s , i t  w i l l  often be 

more convenient to use a stream function representation fo r the ve lo c ity  f ie ld .  

The stream function ^  u l l l  be re la ted to the components o f the v e lo c ity  

f ie ld  through the fo llow ing d e fin itio n s :

Of course no physical system m ill  e x is t in as p ris tin e  a state as the 

equilibrium  described In th is  chapter, especia lly in  an extremely complicated 

experimental device, There w i l l  Inev itab ly  be noise or some hind of disturbance 

present. Our objective in the next feu chapters u l l l  be to determine how the 

perturbed system w il l  evolve in  time.

1



111. LINEAR STABILITY 

The obvious way to  In i t ia te  the study of the e ffe c ts  of perturbing th is  

spate* is  to consider the e ffe c ts  o f small disturbances, i . e . ,  to  consider the 

lin e a r s ta b i l i t y  o f the arete*.

What is  lea n t by s ta b i l i t y  7 Consider s sys te i in e q u ilib r iu m  We impose 

small disturbances , e .g ., the n o ria l nodes of n a i l  o s c illa tio n s  fo r th is  sys- 

tea, on th is  e q u ilib r iu m  I f  these perturbations decrease as a function of 

time, we define the system os being stab le . I f  the perturbations amplify or re­

gain constant in t in e ,  we define the system as being unstable.

when the geometry, boundary cond itions, and I n i t ia l  conditions are fined, 

the growth rate of these pertu rba tions, as w ell as th e ir  phase ve lo c ity  and 

shape, is  completely determined by various patm eters which define the problem 

For the HBD channel system these parameters are the s ize  of the perturbation In 

the d ire c tio n  p a ra lle l to the lean aagnetic f ie ld ,  and the k ln e u t lc  v iscos ity  

and aagnetic d l f fu s lv i t y  o f the magnetofluid, Snail va ria tio n s  In these parame­

te rs  can produce la rge  va ria tio n s  in  the temporal evo lu tion of the aagnetofluid.

The linea r s ta b i l i t y  o f th is  system Is  governed by the quiescent magneto- 

hydrodynamic analogue o f the o rr -  Sommerfeld equation fo r the s ta b i l i ty  of 

plane shear flows, we present here a simple de riva tion  tha t takes as i ts  

s ta r t in g  point equations I I  -  7 and 11 - 3, I t  must be mentioned tha t the d e ri­

va tion  can done a t much greater length I f  the s ta rtin g  po in t Is  the three dimen­

s iona l MHD equations. In th is  mors complicated case i t  Is  possible to prove a 

" S qu ire 's  theorem " which im plies the fo llow ing  -  I f  a three dimensional linear 

in s ta b i l i t y  can be found a t a ce rta in  set of Lundqulst numbers, then a two d i­

mensional linear In s ta b i l i ty  can always be found at a lower value of the 

Lundqulst numbers. This means tha t the 2-0 disturbances are the most unstable

25
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lin e a r ly  ( c£. Montgomery (1901) ) . He now derive the equations tha t govern the 

the lin e a r  s ta b i l i t y  o f the  driven HBD sheet pinch.

Me s ta r t  w ith the governing equations:

h L j - ^ L ^  ~ ( ) !j £  x  3 - S L l

c M  !> * .  ~  ' i f /

111  -  2 = & £ / ' 2 2 4 + ' ^ ' W  g -
" b - t  - b u  b x  ' Z r x . ' i y  s  '

Linearize these equations about the equ ilib rium  described in  the previous 

chapter, a llow ing the r e s is t iv i t y  and the e le c tr ic  f ie ld  to  resale fixe d  In 

t ls e , i . e . ,

H. xt y , t )  -  V y ) + A ^ ,  1 $  =  A o + A

w ( *  y,^) =  7 '^  ~ ^

111 - 3

To f i r s t  order:
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3 f c  3 X  y  J f  / h  ^  £ x a  ^ " | V

H I  - 5 — 5 ® .  4 ^ 2  —  f / u \  l^ - S i-  - X ^ ^ t  ^

> t  b t  i > \  _ t c ^ U

This system of lin e a r p a r t ia l d if fe re n t ia l  equations can be reduced to a 

system o f lin e a r  ordinary d if fe re n t ia l equations in y by Invoking the p e rio d ic ­

i t y  In i  and assuming the existence o f a complex frequency GJ . Lett

Upon making th is  su b s titu tio n , I I I  -  1 and i l l  -  5 become respective ly ;

I I I

i i  - 1 - L o a  -  £ \ .

Note th a t

3 l



&  =  M .
S ubstitu ting  these q u a n tit ie s  into I I I  - 7 and I I I  -  8 and rearranging:

(D a- * a)  f  (D3 - * a,)<p

11 - U M  CD/0(C*3-** )a  (b X )o .

m  -  n  £ 1* - * * +  t ’w  5 ^ ) 3 a  = '  ^  ^ ®

no - s l ip  boundary cond itions are enforced on the v e lo c ity  f ie ld :

<P̂«f = 0  = a ( t f - -1)  = o

I I I  - 12

d f . i  m  ^ I  -  o

d * \  d < j  ^

The magnetic pertu rba tion  is  constrained to equal zero a t the w a lls : 

1 1 1 -1 3  =  ~  -  O

These equations represent the quiescent aagnetohydrodynanic analogue of
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the o rr - Sonuerfeld equation fo r the lin e a r s ta b i l i t y  of plane shear flows, 

Furth e t, a l,  have, to some extent, studied the H * 00 , high 5 l im i t  of th is  

system. A re la ted  system was studied in g reater d e ta il by Dahlburg, et a l. 

(1903), who studied the lin e a r s ta b i l i t y  of magnetic quasi - e q u il ib r ia , in  

that study, the r e s is i t iv i t y  p ro file  Is  uncoupled from the mean magnetic vector 

p o te n tia l, and there is  no external e le c tr ic  f ie ld .  The lin e a r s ta b i l i t y  prop­

e rtie s  of tha t system and the one studied in  th is  chapter are s im ila r  since the 

r e s is t iv i ty  is  only s ig n if ic a n t In the region of the current sheet

I I I  -  10 and i l l  - 11 are a s ix th  order, complex set of lin e a r ord inary

d if fe re n t ia l  equations. The complicated form of the system makes i t  a n a ly t i­

ca lly  In tra c ta b le . One way to a lle v ia te  the d i f f i c u l t y  of the a n a ly tica l prob­

lem is  to  reduce the order of the system of equations by passing to the ideal 

l im i t .  This is  equivalent to examining the l im i t  of In f in i te  It and s. In th is  

l im it  the lin e a r s ta b i l i t y  equations become:

In the appendix I t  Is  shorni tha t th is  system is  s tab le  to lin e a r perturba­

tions fo r any choice of equ ilib rium  magnetic f ie ld .  Hence I t  can be concluded 

that any in s ta b i l i t ie s  th a t occur must be a consequence of f in i t e  d iss ip a tio n .

Equations I I I  -  10 and I I I  - 11 are solved num erically by the Chebyshev tau 

method as adapted fo r the Orr-Sommerfeld equation by Grszag (19711 The numeri-
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ce l method is  described in  d e ta il  in  Dahlburg, e t e l.  (1903), Me present here a 

sho rt summary. The va rio u s  f ie ld  variab les ere expanded in Chebysiiev series* 

and the ays tea o f equations is  truncated by the Lanczos tau method { G o ttle lb  

and Orsrag (1977) ) . Only odd Chebyshev polynomial* are needed fo r  the per* 

turbed s treaa  fu n c tio n , w h ile  only even Chebyshev polynomials are required fo r 

the aagnetic  e igen func tion . The resu ltin g  generalized eigenvalue problem Is  re ­

duced by the  i te ra t iv e  aethod o f Gary and Helgason (1971) to a standard eigen­

value problea. This standard eigenvalue problea is  solved by the QR algorithm  

( W ilk inson (1965) ) . For cases in  which a so lu tion  is known, and so lu tions 

th a t are nearby in  the  parameter space are desired, i t  is computationally aore 

e f f ic ie n t  to  replace the  step invo lv ing  the Qfl algorithm with an ite ra tiv e  ae th­

od. In  these cases inve rse  Rayleigh -  power ite ra tio n  is eaployed ( D ahlqulst, 

e t a l .  (1974), Ortega and Poole (1901) ) . This Ite ra tive  method la  especia lly  

usefu l In  the computation o f the neutra l curve.

He f in d  the fo llo w in g  re su lts  num erically:

1. L in e a r ly  unstable modes were not found to  e x is t for sean current density 

p ro f i le s  w ithout in f le c t io n  points in  the domain y * +1 to y * -1. The pro­

f i l e s  o f th is  kind th a t were tested were found to  be lin e a r ly  stable a t ex* 

tre a c ly  large va lues o f  the Lundqulst numbers, on the order of l f f . f f f .

In  c o n tra s t, mean cu rre n t density  p ro f ile s  w ith  in fle c tio n  points in the 

domain y -  +1 to  y -  -1 were found to  be lin e a r ly  unstable a t extremely low 

values o f the Lunqu is t numbers, on the order of I I .  Steep current gradients 

alone were In s u f f ic ie n t  to  provoke l in e a r ly  unstable modes, no ana ly tica l 

p roo f o f these re s u lts  has emerged.

Zr For those p ro f i le s  th a t are lin e a r ly  unstable, the phase v e lo c itie s  of the 

unstab le  modes are always seen equal to  zero. This has an important conse­

quence fo r the e igen func tions . Let p 3 I (Q , g * la, Upon su b s titu tio n ,
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equations 111 -  Iff and I I I  - 11 become, respective ly :

(j>*-**) p * ; f A  ( & > - « * )  e [ ( M . ) 0 > V ) - ( £ > JA j J j

-  * 5 ^ )

Consider cases with p real ( i . e . ,  w ith  Oi  purely imaginary h

( D V ) ® r  oyt M ( b W ) f  -  *  M [ ( t > f i , W . s ) - ( o \ ) ] j

» K 5 ^ y > ( 0 A . U

By Inspection o f the above equations i t  can i n  seen th a t the real and imagi- 

nary parts o f p  and g s a t is fy  the sane set o f ordinary d if fe r e n t ia l  equa­

tions. This Implies tha t so lu tions o f these equations are possible in  which 

the imaginary f ie ld s  are simple n u lt ip le s  o f the real f ie ld s .  The computer 

code gives the re su lt th a t, fo r the l in e a r ly  unstable nodes, the imaginary 

part o f a and the rea l part o f are equal to  zero, aence we only consid­

er the rea l part o f a and the imaginary part o f ^  .

Figure I I I  - 1 shows the unstable magnetic e igenfunction fo r  alpha -  1,

H ■ S ■ 5fl, and gamma * 9. Figure I I I  - 2 shows the unstable v e lo c ity  eigen­

function fo r  the saie parameters. Figure I I I  -  3 shows the root mean square 

X component o f th is  perturbed magnetic f ie ld .  Figure 111 - 4 shows the root 

mean square y component o f th is  magnetic f ie ld .  Figure H I  - 5 shows the 

root mean square k component o f th is  v e lo c ity  f ie ld .  Figure I I I  - 6 shows 

the root mean square y component of th is  v e lo c ity  f ie ld .
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Figure I I I  -  7 shows the unstable aagnetic eigenfunction fo r alpha = 1,

H E S * H I ,  and gamma -  B. Figure I I I  -  9 shows the unstable ve lo c ity  

e igenfunction fo r the same parameters. The e ffe c t of ra is ing  the Lurquist 

numbers on the eigenfunctions can be seen by comparing these figures with 

figu res  I I I  - 1 and I I I  - 2 respective ly . The regions of maximum value of 

the aagnetic eigenfunction are seen to aove away from y = <, while the 

H hollow ’* in the centre becomes re la t iv e ly  deeper. The region of maximum 

v e lo c ity  e igenfunction are seen to  move toward y = 9, and the gradient of the 

eigenfunction at the centre Increases. The va ria tio n  of the eigenfunctions 

w ith  respect to Lundqulst number is  de a lt w ith  more thoroughly by Dahlburg, 

et a l.  (1983), fo r a c lose ly  re la ted case.

3, For the non-conducting f lu id ,  only one d iss ip a tive  mechanism ex is ts . Hence 

the zone of zero growth ra te can be characterized by the curve in ( o ( , H ) 

space which separates the stable and unstable nodes. In con trast, the mag- 

n e to flu ld  has two d iss ip a tive  mechanisms, and thus the zero growth rate zone 

has the forn  o f a surface in the ( o f , H , E ) space. A representative

" s lic e  H of th is  neutra l surface for the case B0( y ) = arctan( By ) is

shown in fig u re  I I I  * 9. This ”  s lic e  " , or neutra l curve, is  taken in  the 

( o< . if ) plane w ith  S held constant a t l i i .  The neutra l curve in the

(o< t E ) space w ith  H held constant at lflff is  geom etrically congruent The

form of the neutra l curve indicates tha t s ta b iliz a t io n  of the modes can a l ­

ways be achieved by decreasing the Lundquist numbers to a s u ff ic ie n t ly  low 

enough value. S ta b iliz a tio n  is  also achieved at both s u f f ic ie n t ly  high and 

low enough wavelengths of the disturbance.

On th is  neutra l surface B by d e f in it io n . Combining th is  w ith the pre­

vious re su lt ( 2. ) gives :
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£ j  ^  CJr  +  -  O

on the n eu tra l surface.

S ubstitu ting th is  resu lt in to  the linea r s t a b i l i t y  equations ( 111 - IS and

I I I  - 11 ) g ives:

( b ‘ - =  - UM (M.)(l>*- «!*■ f  m ‘) A

O * - * 2) *  = ( D O f >

These equations can he rescaled in  terms o f one Lundqulst number in  a v a r ie ty  

of d if fe re n t Mays. For instance, le t j -  ■ / I , s u b s titu tin g :

( D ^ a) a<p = -ck

where ^  ■ M S  Is the new Lundqulst number. The s ta b i l i t y  boundary Is  

then determined by th is  one Lundqulst number and the c r i t i c a l  * ,  .

This re s u lt Implies the existence of a M s ta b i l i t y  hyperbola H defined by the 

locus o f c r i t i c a l  points In  the fl - S plane fo r a unique c r i t i c a l  o< , For 

instance, fo r  ^ ( j ) -  i t  Is found num erica lly  th a t:

K c l c>f 3
for *  1 .4. The c r i t i c a l  locus is  shown in  fig u re  t i l  -  Iff.
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This re s u lt has re ce n tly  been co n fin e d  In the course o f soiewhat d if fe re n t 

analyses by Horton, T t j lM ,  end Gelvto (1983) end by Bondeson and Sobel 

(1984)*



IV. BOWLIHEAR STABILITY

A linea r I t  unstable mode M ill enlarge i ts e lf  exponential lv in time. At 

some time during I ts  evo lu tion  i t  w i l l  a t ta in  a large enough amplitude th a t the 

nonlinear terms tn the governing equations w i l l  no longer be neg lig ib le . These

nonlinear terns M ill then act by several processes to  a lte r  progressively the

system in  ways that in v a lid a te  the assumptions underlying the linear approxima­

tio n .

uhat are these nonlinear processes th a t occur when the linear disturbance 

a tta in s  f in i t e  aaplitude? in  order to  s im p lify  th is  problem, consider a s ing le

eigenmode that varies as exp( lx  )■ often called a primary disturbance, when

th is  disturbance a tta in s  f in i t e  amplitude, I t  can In te ra c t w ith I ts e lf  through 

the nonlinear terms in  the governing equations. This s e lf  - In teraction w i l l  

g ive  r is e  to  the f i r s t  harmonic o f the disturbance, o ften ca lled the secondary 

d isturbance. This new mode can also p a rtic ip a te  In the exchange of energy w ith  

the mean f ie ld ,  so th a t the energy budget o f the system Is fundamentally a lte red  

by I t s  presence. The primary disturbance w i l l  also in te ra c t Mlth Its  own com­

p lex conjugate, the re s u lt  being the deformation of the mean magnetic f ie ld .

This deformation of the mean f ie ld  a lte rs  the rate o f energy tranfer between the 

mean f ie ld  and the primary disturbance. Bence the growth of the primary d is ­

turbance can no longer be characterised by the lin e a r growth rate.

The interaction o f the primary disturbance w ith i t s e l f  and with i t s  complex 

conjugate produce the highest order nonlinear e ffe c ts . By the same so rt of 

processes even higher harmonics o f the primary disturbance can be created and 

the primary disturbance I t s e l f  can be deformed. The extent of the e xc ita tio n  of 

higher harmonics is lim ite d  only by the le ve l of d iss ip a tio n  present in  the 

system.

35



lb  is  leg itim ate  to a r t what the consequences are o f the lin e a r perturba­

tions achieving f in i t e  amplitude? The severe n o n lln e a rltie s  present in  the 

governing equations sale the an a ly tic  exp lo ra tion  of th is  question d i f f i c u l t .  

Bowver, by making certa in  assumptions, some an a ly tic  headway can be made.

Ue can determine the f i r s t  order nonlinear co rrection  of the mean magnetic 

vector po ten tia l equation due to  the f in i t e  Lorentz forces. I t  is  assumed tha t 

the only s ig n if ic a n t nonlinear in te ra c tio n  occurs between the mean magnetic vec­

tor p o te n tia l and I ts  primary disturbance. Bence the generation of higher har­

monics o f the disturbances Is  considered to be n e g lig ib le  by hypothesis.

F irs t  consider the magnetic vector p o te n tia l equation;

Iso la te  the linear terms from the nonlinear terms:

Enpand sod |P , allow ing fo r a mean p a rt, the primary d isturbance, and i t s  

complex conjugate. Let:

IY * I H L  -  (  ES. +^ V )  - £  =

IV - 3

S ubstitu ting  these terms in to  IV - 2 w i l l  g ive, a fte r averaging over x
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IV -  *
-  f  - r  t o t  -  a  f * )

2 t  5  * 1

Near the n e u tra l ear face, o r In  the v ic in i t y  o f a seconder y e q u ilib riu m
»Ae

the growth or decay o f the pe rtu rb a tio n  should be n e g lig ib le , i . e , ,

This equation w i l l  then g ive  an expression fo r  the d is to r t io n  of the lean cur­

re n t p ro f i le .

1 V  5 "  r r ° ( ^  ”

The f i r s t  t e n  on the r ig h t Is  ju s t  the i n i t i a l  unperturbed current p ro file . The 

second t e n  represents the d is to r t io n  o f th is  current p ro f i le  caused by the ac­

t io n  o f the pe rtu rba tio n  Lorentz fo rces.

Second, we d e rive  an expression fo r the pertu rba tion  energy balance. I t  is  

necessary f i r s t  to  g ive  the aagnetic  induction equations fo r  the variable 

r e s is t iv i t y  case { equations IT -  16 to  I I  -  2* >. The equation fo r B ^  is :

The 9 ^ equation is  unaltered except fo r the d is s ip a tiv e  te rn :

' b t
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The equations of Motion governing the ve loc ity  f ie ld  are:

The co n tinu ity  of the f lu id  Is  assured.

Linearise IV -  6 through IV -  i  about the e q u i l ib r ia  described in chapter 

I I ,  a llo ttin g  fo r the Man f ie ld  to have sone tlae dependence, nence the per­

turbed Magnetic f ie ld  la  here being defined is  the d iffe rence  between the to ta l 

Magnetic f ie ld  and the nean Magnetic field.

- iS j.  _ o f e .  - ± 4L j  +  1
IV -  I I  ^ T T ' +  S  d y  £ ^  ^  ^

IV - U

iv  -  u  —  =  '  r £ -  ~  ■ £  ^  (  3} ^  +
'd o  _  3 .

a t  " " S c

" • u  at k (\t> *  y )
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He now derive an expression fo r  the pertu rba tion  energy d e n s itie s ; f i r s t  

the magnetic, then the k in e t ic ,  and f in a l ly  the to ta l perturbation energy den­

s i ty  equation.

M u ltip ly  IV -  I I  by IV - 11 by fc , and then add the re su lts . A fte r
I

soae rearrangeaent, th is  gives the fo llow ing  expression fo r the perturbation 

aagnetic energy density : .

IV -  14

M u ltip ly  IV -  12 by u, IV -  13 by v, and then add the re su lts . A fte r sone 

rearrangenent, th is  g ives the fo llow ing  expression fo r  the k in e t ic  energy 

density :

2 -  /  o V  y  -  — ( u +  V ^ ^
A  ^  J  * V  1

IV -  15 .

+  3 b '/ i> )c  +  % t,V J  +  ~ ~  ( u  ^  +

Adding IV - 14 and IV -  IS gives an expression fo r the perturbation energy 

density;
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IV -  16

'  +  C t x V 3 t x  + k ,

+  M  1 ^ °  * "  V ^ * V )n
He s im p lify  IV - 16 by noting th a t;

S ubstitu ting  th is  result in to  IV -  16 gives:

r  h  ► » $  - p K

■ ' £ ( ' ' £ - “ p

He In teg ra te  tv  - IB between the w alls a t v * £  1 and over one period in  x 

to  obtain an expression fo r the perturbation energy balance, i t  is  assuned tha t 

the f ie ld  va riab les  are period ic  in x. No - s l ip  boundary cond itions are In -
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posed on the v e lo c ity  f ie ld ;

H - i ) -  u ( y  - ~ l )  =  O

The nor M l  component of the perturbed perturbed u q n e t ic  f ie ld  la constrained to 

equal zero a t the w a lls ;

A fte r som  nan ipu la tion . we possess the fo llow ing  expression fo r the per­

tu rba tion  energy balance:

r ! i f  /  "
J Q J - 1

IV -  19

'  r J  ' U ‘ M

H r  f

A J 1
J  d.*j

rO J - t

This In te g ra l equation Is  the driven nagnetohydrodynanic equivalent of the 

Reynolds - Qrr energy equation fo r neutra l f lu id s , The In teg ra l te rn  on the 

le f t  hand side Is  s ing ly  the perturbed energy, nagnetic and k in e tic . The f i r s t  

tern on the r ig h t represents the action  of the Lorentz forces in novlng energy
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between the mean end perturbed fie ld s . He w i l l  c a ll i t  the interchange in te ­

g ra l.  The interchange In tegral can be e ither pos itive  or negative. I f  i t  is  

p o s it iv e , then there is  a draining o f energy fro>  the mean f ie ld  to  the per­

turbed f ie ld s . I f  I t  Is negative, then there is  a transfe r o f energy from the 

perturbed f ie ld s  to  the wean fie ld . The fore  o f the Man magnetic f ie ld  is  seen 

to  be important to  the energy Interchange. The interchange in te g ra l implies that 

no unstable node is  possible unless the second y de riva tive  of the mean magnetic 

f ie ld  is  aero, i . e . ,  the Man e le c tr ic  current density cannot be constant in  y. 

Obviously I f  the wean magnetic f ie ld  is  allowed to  change with tim e, then the 

exchange o f energy between the mean and perturbed f ie ld s  w i l l  a lso  change with 

t i « .  The second in tegra l on the r ig h t hand side represents the viscous d is s i­

pation o f k in e t ic  energy. The th ird  in te g ra l on the r ig h t hand side represents 

the Ohmic d iss ipa tion  o f perturbed magnetic energy. The viscous In teg ra l and 

the Ohalc In te g ra l are always po s itive , and both w il l  always serve to decrease 

the perturbed energy. The only c lrcuu tan ce  in  which unstable nodes w i l l  exist 

is  when the interchange in tegra l is  pos itive  and greater in  magnitude than the 

sum of the viscous and Ohmic in tegra ls combined.

By employing a method introduced by S tuart (195$) we can obtain some in fo r­

mation about the nonlinear s ta b i l i ty  properties of the primary disturbance. He 

f i r s t  rew rite  IV - 19 in  te n s  of the stream function ^a n d  the magnetic vector 

p o te n tia l :
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I f  we assume tha t only the primary disturbance and i t s  complex conjugate 

are s ig n if ic a n t, then:

■ t*  *  \  ' LC>C*

-  ? ( 1 & e  +  t  c

IV -  21

m  now employ the ” shape assumption " . He assume th a t the primary d is ­

turbance is  equal to  the eigenfunction of the lin e a rize d  problem m u ltip lie d  by a 

time am p lifica tion  fa c to r ) ( t ) :

A f y f . t )  *  } & ) [ * < • (>

n ' 12 X O l > ^ f t y «
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where a (y ) and ( jHy)  are under stood to  be the eigenfunctions of the linearized 

problem.

Por par*»eter regions near the neutral curve, or in the v ic in i ty  of the a 

secondary eq u ilib rium , the growth ra te of the disturbance w i l l  be neg lig ib le .
V A

Hence the ■— ^  term in  the Lorentz force in te g ra l can be replaced by the
V

equivalent expression IV -  5, which by the shape assumption becomes;

rv - 23 ^  ( < f )  e  +  4 * 5  > * # ■ [  )

ue sake these s u b s titu tio n s  and evaluate the x in tegra ls . A fte r several 

pages o f algebra, the fo llow ing  expression fo r the perturbation energy balance 

is  derived : -

l i t =

+2 *$ Uf : )  ̂  i  y

1

*  *  f  J L t

4- p i ‘ l u ^ Y - ^ i h P
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where ■ in ig in t r y  pa rt o f the s trc a i func tion  eigenfunction

As- ■ real part o f the aagnetlc vector p o te n tia l e igenfunction 

IV -  24 ha* the fo ra ;

I V ' 25

Mhere: ($?)'♦ * V h

1
r» - 26

f r i ( 0 A ‘

I f  mc define:



IV' 27 f  -  ^  la iJ P A u  o J s r / M r )
^  -  y ,
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then IV - 25 reduces to :

a
^ s .  s -  * \  4 

i v  -  2e , ,  ~ c. A ■* / i

I f  we define 0  ^  . IV - 2B la  fu rth e r s im p lif ie d :

This equation fo r the amplitude evo lu tion  was f i r s t  presented by Landau ( c f 

Landau and L ifs h itz  (15591 1, and la  w idely believed to  represent the essence of 

the evo lu tion  of nonlinear perturbations on certa in  systems in the v ic in i t y  of 

the In s ta b i l i ty  threshold ( Herbert (19B3) ).

Certain properties o f IV - 29 are immediately d isce rn ib le . For linea r 

disturbances the tern is  by d e f in it io n  n e g lig ib le . This means that

the lin e a r growth ra te o f the energy w i l l  be given by Cv  i . e . ,  by equation 

IV >27 . IE th is  lin e a r disturbance saturates non llnea rly , then iv  -  29 

reduces to :

„ - 3. o -  c , b  -  c ^ e

and the square of the saturated amplitude Is  given by:



The expression fo r the lin e a r  growth rate and w i l l  he used as a check on 

the accuracy of  the numerical work- This Is done by comparing these resu lts  

w ith the benchaark resu lts  of the eigenvalue code- 

Consider the case;

iv  - 32 f? *  ( t | )  -  t a *

This Implies:

s e * - *

The expression fo r the lin e a r growth rate ( iv  - 27 j reduces to :

The in te g ra ls  are evaluated accurately by using Sijnpaon’ s method.

Let the s tre tch  fac to r ■ B, and eL ■ 1- The eigenvalue code gives the 

the fo llow ing  re su lts  fo r the unstable elgennode:
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CASE I  1 t H ■ B -  50 ) -

4J- -  O . 0 1 O A &

IV -  35

CASE | 2  t M “ S ■ III )

cJ t - =  0 .  I *  A H

The n o n lln e tr theory flives:

CASE I  1

Z .  !  0 . 0 1 0 2 ? ?

7 .

C i  = ! S O i

8 ,  -  O . O o O l  3 ?-</

*  0 . 0 /  l ? 7 .

IV -  36

CASE | 2

^  <?c

C i ~  4 1 f t
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The am plitude phase plane fo r CASE I  1 la shown In figu re  IV - 1, and that 

fo r CASE t  I  Is  shown In fig u re  IV -  2 ( In these p lo ts , p is  defined be the 

square o f the am plitude, i . e . ,  p ■ &,  and pf Is defined to  be the time deriva ­

t iv e  o f p). Several features are coMton to  both p lo ts . Near p ■ I  a region of 

exponentia l growth Is  observed. As p Increases in magnitude, the tin e  deriva­

t iv e  reaches a maximum and u lt im a te ly  begins to decar At the sa tu ra tion  ampli­

tude the growth ra te  Is , by d e f in it io n , equal to zero. Above the sa tu ra tion  

am plitude the growth ra te  is  zero, ind ica ting  that a so lu tion  with a la rge r am­

p litu d e  w i l l  decay u n t i l  I t  achieves the saturation amplitude. Bence, the point 

on the  curve associated w ith  the  saturation amplitude Is  an a ttra c to r In the

phase space. By way o f comparison, CASE I  3 achieves la rge r values of p' than

CASE t  1 does, and Is  pred icted  to saturate i t  a larger amplitude.

The d is to r t io n  o f the mean current p ro file  is predicted by equation 

IV -  23. F igure IV - 3 shows the I n i t ia l  mein current p ro f i le  fo r CASE I  1.

The perturbed cu rren t dens ity  fo r  th is  case is  shown in  figu re  IV -  4, and the 

d is to r te d  mean cu rren t dens ity  p ro f i le  is  ah own in figu re  IV - 5, The analogous 

re s u lts  fo r CASE |  2 are shown in  figures IV - 6 through IV -  S. As Is  consist­

ent w ith  the re s u lts  o f the previous paragraph, the d is to r t io n  o f the mean cur­

ra n t d e n s ity  p r o f i le  Is  la rg e r a t the higher Lundqufst numbers.

This ana lys is  im plies th a t the primary disturbance w i l l  saturate non11ne­

a r ly  in to  a secondary nonturbulent equ ilib rium , i .e . ,  the nonlinear terms w il l  

act to  move the system to  a 'smooth’ f in a l state. This secondary equ ilib rium  

can i t s e l f  be unstable to small perturbations, so that a series of such tra n -
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s i t  ions is  possible. I t  is  necessary, however, to  bear in  mind th a t the many 

s im p lify ing  assumptions made in  th is  a na lys is  have caused the neglect of many 

processes th a t n ight have turned out to  be o f importance, e .g . ,  the generation 

of higher harmonics, the deformation o f the primary d is tu rbance , rap id  a l t e r ­

ations o f the mean magnetic f ie ld ,  e tc. Inc lus ion  of any one o f these e ffe c ts  

could a lte r  the conclusions.

This chapter has i l lu s t ra te d  the d i f f i c u l t ie s  involved in  mathematical 

analysis o f nonlinear tra n s it io n  problems I t  has been necessary to  make 

severe approximations to  get any resu lts  a t a l l ,  and apparently  the range of 

v a lid ity  o f the conclusions is  extremely lim ite d , in  a subsequent chapters 

these re s u lts  w i l l  be compared w ith  the re s u lts  o f numerical s im u la tion .



V. SIMULATION ALGORITHM
The preceding chapter hie aide I t  c lea r th a t, IE nothing e lse, I t  Is  d i f ­

f i c u l t  to  obtain much inform ation about the nonlinear behaviour o f the driven 

magnetohydrodynamlc sheet pinch by a n a ly tic a l methods. In such cases i t  Is  cus- 

td ia ry  to  have recourse to  the numerical analysis o f the p rob le i on a high speed 

computer. The nonlinear evo lu tion o f the driven magnetohydrodynamlc sheet pinch 

is  then considered as an I n i t ia l  -  boundary value p ro b le i. The numerical algo­

rithm  th a t we w i l l  e ip lo y  is  based on the Havier - Stoltes algorithm  developed by 

lo in  and Kim ( Moin and Elm (1980), Moin and Kim (1982) ),

The sim ulation w i l l  trace the nonlinear evo lu tion  o f the sys te i described 

In e a r l ie r  chapters, but the governing equations th a t are used w i l l  be d if fe re n t 

fo r numerical reasons. The i  -  y plane studied in  the previous chapters is  now 

replaced by the k -  z p lane, m utatis mutandis. The fo llow ing  system of nonlin­

ear, p a r t ia l d i f fe r e n t ia l  equations Is  solved num erically;

where;

51
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u ( u f3 , t  ) *  x  component o f v e lo c ity

h ( K,2 , t  ) *  x component o f v e lo c ity

A ( * , i , t  ) •  magnetic vector p o te n tia l

pressure head
U ^ h i ^71 t *,*.t ) - ■+ —  +  —  *

*  Y jt\ ■ dimensionleas v is c o s ity  

7 f e )  -  * « > £  ■ dimensionleas r e s is t iv i t y

Equations V -  1 through V - 4 re la te  to  the governing equations Introduced 

In chapter I I  In  the fo llow ing  nay: equation V - 1 replaces equation I I  - IB* 

equation V -  2 replaces equation I I  -  19; Equation V - 3 replaces equation

I I  -  2 9 and equation V -  4 replaces equation I I  -  1.

Equations V -  1 through V - 4 are w r it te n  in  the ro ta tio n  fo r i  in order to 

seal -  conserve to ta l energy pseudospectrally ( Dahlburg and Zang, to  be pub­

lished ), Both equations o f action are used In  the numerical algorithm  so tha t 

the no -  s l ip  boundary cond itions can be sim ply Inposed a t the w alls .

The p e rio d ic  d ire c tio n  ( a ) Is  n a tu ra lly  d isc re tized  by the Fourier

pseudospectral method ( G o ttle ib  and Drang (1977) ) r In the s p ir i t  o f the

pseudospectral method, computations are performed in the space o f greatest con­

venience. For instance, con figu ra tion  space d e riva tive s  are evaluated w ithout 

phase e rro r in  Fourier space, w ith simple m u lt ip lic a t io n s  and additions being 

the only operations required. Nonlinear terms are more e a s ily  evaluated in  con­

fig u ra tio n  space.

The perpendicular d ire c tio n  ( z ) is  d is c re tize d  w ith  second - order f in i t e  

differences on a stretched mesh. The f in i t e  d iffe rence  formulae are found by
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t i l t in g  d e riva tive s  o f the three -  po in t second order Lagrange in te rp o la tin g  

polynomial - the re su ltin g  espression being used fo r the numerical d e riva tive  a t 

the cen tra l po in t.

The second order Lagrange in te rpo la tin g  polynomial to  the function f(E ) is :

f  ( * . . . )

V -  5

^  K e - g ^ , )  ^  f a . )

D if fe re n t ia t in g  once and eva luating  a t the cen tra l po in t g ives:

€ 1  =   Z s M u ------- f a .  )

V -  6

f t e i -  } , ( e ;

te( - al >( )   ̂ ( k « ~

This espreeelon Is  used fo r eva luating  the f i r s t  d e riva tive  of f ( z )  i t  z *  z 

D if fe re n t ia t in g  the Lagrange in te rp o la tin g  polynomial tw ice and evaluating 

the re su ltin g  expression a t * ■ z ^ gives;
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d .2 1

V -  7

(  z t+l)

This expression is  used to evaluate the second de riva tive  o f f ( z l at 2 ■ z 

Note that z de riva tive  operators can be computed I n i t i a l l y  and then stored, The 

pressure head is  evaluated on a staggered g r id . The standard mesh po in ts are 

located halfway between the staggered g r id  points to  give second order accuracy 

on the z deriva tives o f the pressure head.

The aesh p rescrip tion  depends on the physical problem under consideration, 

fo r  th is  problen fine  scale s truc tu res  are expected to  develop at the w alls and 

near the centre o f the channel, t o  increase the reso lu tion  in these regions, 

the eesh should contain nany g r id  points near the w alls  and the channel centre. 

The staggered aesh ^  is  prescribed f i r s t :

C k - a ) i r
-  -  c o s

J

c o s 7 k - i V

The standard mesh *“  is  given by:
K
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’ • >  4 =  K ? k W j  '  k ~ - w  , < ■ ,

=  = L 0

A seal - im p lic it  aethod is  used to d is c re t iz e  the system In time. AH 

nonlinear terms end the p a ra lle l d iffu s io n  terms are advanced In tlae  by the 

second order Adams -  Bashforth aethod. The perpendicular d iffu s io n  terns are 

d iscre tized  by the Crank -  Nicolson aethod. This aethod Is  used because o f i t s  

exce llent s ta b i l i t y  properties fo r d iffu s ion  problems on neshes with small g r id  

spacing. This method, however, is  sometimes known to produce erroneous o s c i l la ­

tio n s  ( Dahlgulst. B lorck, and Anderson (1974) ). in th is  magnetohydrodynamlc 

code, as w e ll as Ln i t s  hydrodynaalc counterpart, for small f lu id  v e lo c it ie s  the 

pressure head Is  seen to o s c il la te  when i t  is  advanced ln  time by the crank - 

H ico l son aethod. This ob jectionable feature Is  removed i f  the pressure head is  

temporally d isc re tized  by the backward Euler method ( t .a . Sang, p riva te  commu­

n ica tion  ). Note a lso  that th is  d is c re tiz a tio n  decreases the amount o f computa­

t io n a l work required fo r each time step.

To i l lu s t r a te  be tte r the algorithm , is o la te  the terms th a t are d isc re tized  

e x p lic i t ly  in time, le t :



56

V - LI

=
=  -  u
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w >_A
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S u b s titu tin g  in to  v -  1 to  v -  4 g ivest

u  t o .  - i n
d t  i

V>>

V - w  *  * } l

V - J3 f - ’& fc i -  Z.  o

2 *  a a

V - •• r -  = ^ * i ^ 3

D is c re tiz in g  th is  sys te * in  t in e :

u 0  -  A * / ■ s e n  4 £ r 3 « - - r
A . L - '

I f

V - 15 t  ^
A t /^+ '/ ^ V \

( w  *
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where the superscript n indexes the time step.

This systen o f p a r t ia l  d if fe re n t ia l  equations is  Fourier transformed In  the 

x d ire c t io n , re su ltin g  In a set of ord inary d if fe re n t ia l equations ln  ? fo r  each 

value o f k ^  .

v - 19 U +■ LKv A t  77
6 t  

£

-h i  /3uJ N**'
' ■ a  ^  = o
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where the functions g represent terns invo lv ing  the pressure head, ve lo c ity  

f ie ld s ,  magnetic f ie ld s ,  and e le c tr ic  f ie ld s  at tin e  steps n and n - 1, The 

f ie ld s  are now to be regarded as one dimensional Fourier transformed quantities 

When th is  system o f equations is  d isc re tize d  in 2 , the c o n tin u ity  equation 

being evaluated on the staggered mesh, an a lgebra ic system o f equations fo r the 

Fourier transformed f ie ld  variab les resu lts . This a lgebraic system Is  block - 

tr id ia g o n a l and can be solved by standard e lim ina tion  methods. The system of 

equations is  most e f f ic ie n t ly  solved when the system of equations Is  ordered and 

scaled to es tab lish  diagonal dominance and so avoid the need fo r p ivo ting . This 

ordering and sca ling  is  an extremely c ru c ia l consideration in  the design of the 

vectorized version o f th is  a lgorithm .

Period ic boundary conditions In x on a l l  f ie ld s  are b u il t  In to  the algo­

rithm , No -  s l ip  boundary conditions are imposed on the v e lo c ity  f ie ld  at 

z * +■ 1 and z ■ - 1.

u ( 2 -  1 ) - u ( z  = - l )  = i

» ( r 1 1 ) * h I i  *  -  1 ) 3 I

The normal component of the magnetic f ie ld  is  constrained to equal zero a t the

w a lls , i . e . ,

A ( 2 » 1 ) “ A ( Z * - 1 ) -  CONSTANT
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Boundary conditions on the pressure ere unnecessary ( Ho in  and Kim (19BP) ).

Tno d if fe re n t fo n s  of in i t ia l iz a t io n  are p oss ib le . The code can be 

In it ia l iz e d  with eigenwodes from the codes developed fo r  the lin e a r  problem, 

or i t  can be in i t ia l iz e d  w ith random noise pertu rba tions.

When the i n i t i a l  perturbations are taken f ro *  the eigenvalue code, the 

i n i t i a l  f ie ld s  take the fora:

w 6c e, t*o ) = - *  «(p;fz)c=s^

where:

d,r m r e a l  oart o f the aagnetic e igenfunction 

■ " ^ j ’w ^p a rt o f the v e lo c ity  e igenfunction 

£  «  1

the  code can also be in i t ia l iz e d  w ith  random no ise  pertu rba tions. Some 

cere must be taken ln  doing th is  to  ensure that the noise f u l f i l l s  the boundary 

conditions as H ell as the constra in ts  undated by the  so le n o ld a lity  o f the 

f ie ld s .

For the perturbed aagnetic f ie ld  a lix e d  exponentia l -  trigonom etric  ex­

pansion suffices. The arguments o f the tr lg o n o a e tr lc  functions in  z are chosen 

so as to  set the perturbed vector p o te n tia l and cu rre n t egual to  zero a t the 

w a lls . The in i t i a l  magnetic vector p o te n tia l Is g iven  by;
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The perturbed stream (unction Is  expanded ln  a complex exponential series 

In x. end In Chandrasekhar -  Reid polynomials in z. The perturbed v e lo c ity  

f ie ld  components are found by taking the appropriate p a r t ia l de riva tives  of the 

perturbed stream func tion . The in i t i a l  stream function  is  given by:

(M x . t , t - o )  -  £  £  [ ( & *  « s « x  f  S ' * ' " ' )
I f t

C # J >  i \  .
\ c ~ k K  '  ^ r r j

, ' 25
* *  /  \  5 i* J y K „  S iy ^

• ■ / * * «  ;  *  *  y V / ■ ■ -

£ < - < ±

£  ^ h , 0 w  ^  * " * “  ‘W l™  

i2t/to AfJJi i>MiT M & iM ce:
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=■ ponTive taoTs o f  ^ = o')

y i A s ftsmi/e tcoon o f (co tk^  - c o - t u - o  )

Several versions of th is code e x is t ,  both in  sca lar and vector form. The 

most optimized version Is on the CDC CYBER 215 supercomputer at the In s titu te  

fo r  Computational Studies at Colorado State U n ive rs ity . The numerical simu­

la tio n s  reported in  th is  thesis were performed w ith  th is  version o f the code. 

This version o f the code has been vectorized to the fu l le s t  extent possible.

The code takes approximately 1.25 seconds per time step a t a sp a tia l resolution 

o f 64 Fourier modes by 121 f in i t e  d iffe rence  po in ts . The bulk of the computa­

t io n a l time is  spent in solving the b lock-tr{d iagona l equations, even though 

th is  section o f the code has been vectorized over the x Havenumbers to improve 

the speed ( lang, private communication ), The data generated during the runs 

Has processed on the CRAY computers a t the national Magnetic Fusion Energy 

Computer center a t the Laurence Livermore National Laboratory.



VI, NONLINEAR EVOLUTION OF A PRIMARY DISTURBANCE

In this chapter t he evolution of a snail primary disturbance into the n o n ­
linear regime Mill be simulated numerically. The most obvious candidate for the 
small primary disturbance is the linearly unstable eigenmode of the system with 
alpha equal to one. In this chapter we will determ ine by numerical simulation 
what happens to this mode when the nonlinear terns ln the equations governing 
the system begin to g et excited.

in chapter iv the significant nonlinear proces ses for the case of a system 
dominated by a single unstable primary node and its higher harmonics were given. 
Those nonlinear processes are reviewed here. W h e n  the primary distu r b a n c e  
achieves finite amplitude It will interact with Itself and generate the first 
harmonic of the disturbance. The finite amplitude perturbation will also inter­
act with its complex conjug ate and so distort the mean profile. By the same 
sort of process, still higher harmonics of the distur bance are generated by the 
interaction of the secondary harmonic with itself, the interaction of the t e r t i ­
ary harmonic with itself, etc. The finite amplitude perturbation can itself be 
distorted by the interaction of the secondary h armon ic with its c o m p l e x  c onju­
gate, and so forth. T he analysis given in chapter IV Ignored the generation of 
higher harmonics and the distortion of the primary disturbance in order to d e ­
crease the difficulty of the nonlinear stability problem. Numerical simulation 
will allow us to determine how valid the assumptions of chapter IV w e r e  with re­
spect to the importance of the various nonlinear processes on the evolution of 
the primary disturbance.

Several diagnostics are employed to characterise the time evolution of the 
system, contour plots are used to display within the computational box four
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significant scalar f ie ld s i the Magnetic vector potential A ( x, z,  t ), the v<-

) i  if, z ,  t  ) ,  and the  v o r t ic i t y  o f the Hagnetoflu id  £J ( x, z, t  In the 

two dimensional case, l in e s  o f constant Magnetic vector p o ten tia l are equivalent 

to  Magnetic f ie ld  l in e s  { s ince  B > 7  A * I  ), the  components o f the ve loc ity

The e le c t r ic  cu rren t dens ity  and the v o r t ic i t y  are superior d iagnostics fo r de- 

terMlnlng the  presence o f n o n lin e a r ity  and /  or turbulence In the systen, since 

these f ie ld s  eiphaaize the high frequency parts o f the magnetic and ve lo c ity  

spectra , re s p e c tiv e ly . The e le c t r ic  cu rren t dens ity  p lo ts  also reveal the re­

gions o f h igh  Ohmic d is s ip a tio n . Where the e le c t r ic  cu rren t density is  large, 

the Ohmic d is s ip a tio n  w i l l  be s ig n if ic a n t .  In the same way, the v o r t ic i t y  plots 

reveal the regions o f h igh viscous d is s ip a tio n .

The tim e e vo lu tio n  o f several g loba l q u a n tit ie s  also provides useful in fo r ­

mation about the s ta te  o f the  system. Of obvious s ign ificance  are the energies 

In  the va rio u s  f ie ld s ,  which provide a g loba l measure o f the degree o f e xc ita ­

t io n  o f these f ie ld s :

lo c i t y  stream fu n c tio n (p  { », z . t  ) ,  the e le c t r ic  current density

f ie ld  are re la te d  to  the stream func tion in  the fo llo w ing  way

/

k in e t ic  energy
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nagnetlc energy

perturbed magnetic f

one dimensional 
modal magnetic energy

one dimensional

2 r r r  <
energy £

J 9 J ' i
C ( 8 * - O a +

total energy 4 r  £  y

x l  I £ £ (< * ,  2 )  I

modal kinetic energy q  ‘ I V  ( k *  % ) \  d z
a  -  'V

The computed configuration space energies are volume averaged to allow for 
comparison with the one dimensional ( l - □ ) modal energies

Growth rates for the perturbations can be computed from the perturbed 
e n e r g i e s .
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k in e t ic  energy 

growth ra te

perturbed magnetic energy 

growth ra te

These growth rates are not computed a t each t i n  step, but ra ther a fte r  several 

time steps, ty p ic a lly  f i f t y  or one hundred. This Is  done because the evaluation 

o f the global q u a n tit ie s  Is a com putationally expensive step Invo lv ing  output, 

and hence the number o f such eva luations must be kept to a minimum.

Also followed are several o f the Ideal In va rian ts  of two dimensional 

magnetohydrodynamics ( Pyfe and Montgomery (1976) ):

( r 3 i r  r 1
—  f (  V - f i  d - x d i
^  -J *  J - r

I r ^ T T r  1 

* 1 1  * ^

cross h e lic lty

mean square
vector po ten tia l

j_  d e y
d ' t

—  i l k .
^  d t

The a c tiva tio n  o f the small scale structu res in the system is  re flec ted  in
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the f ie ld  enstrophies, Hhich provide a g loba l measure of the amount of d is s ip a ­

t iv e  a c t iv ity  present In the system ( Matthatus and Montgomery (1961) ),

enstrophy

J

magnetic 

enatrophy

■«?ir r  i

X J

I t  Mould have been more appropriate for the analysis o f the driven magnetohydro-

dynamic sheet pinch to  Height the magnetic enstrophy w ith  the dimensionless

r e s is t iv i ty  function , but th ia was ro t done.

Several methods are used to monitor the accuracy of the run, some more 

valuable than others, Me describe these methods here, as w e ll aa several 

general accuracy checks for the code.

An obvious question about the code is  th is  - can the code reproduce the 

equ ilib rium  so lu tion  when i t  Is  I n i t ia l l y  unperturbed? The answer is  yes, to  

w ith in  s ix  d ig its  fo r several thousand time steps. However, care must be taken 

in  de fin ing  tbe r e s is t iv i ty  p ro f ile  to use numerical d e riva tive s  of the mean 

magnetic vector p o ten tia l rather than a n a ly tic a l d e r iva tive s . This Is  q u ite  

s im ila r to  the manner in  which the external pressure gradient must he computed

fo r  the case o f plane P o iseu llle  flow,

A good check on the accuracy of the code is  to see how w ell i t  can rep ro ­

duce the linea r growth rate when I t  Is i n i t i a l l y  perturbed w ith  the appropriate
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magnetic and v e lo c ity  e igenfunctions. In th is  code the growth rates of the per­

turbed ve lo c ity  f ie ld  and the perturbed magnetic f ie ld  are monitored, so that 

e ith e r  or both of these cm be compared w ith  the lin e a r growth ra te  predicted by 

the eigenvalue code. The growth ra te  computed by the eigenvalue code is  regar­

ded as the benchmark growth ra te . This Is  one way to ensure tha t the f in ite  

d iffe rence  g rid  Is  accurately reso lv ing  the In te rn a l boundary layer.

The energy In the 1 / 4  Id modal energy is  monitored to  check fo r a lia s ing  

e rro rs  ( c f G o ttle lb  and Orszag (1977) ) ,  where I is  defined to be the number o f 

Fourier modes In the n d ire c tio n . Wien th is  mode in te rac ts  w ith I t s e l f  the re ­

s u lt  is  aliased back to  the mean, due to  the use o f the d iscre te  fas t Fourier 

transform . The a lia s in g  e rro r is  expected to become s ig n ific a n t i f  the energy
-  i

in  the I  /  4 modal energies exceeds order I f  o f the energy in the mean, 

although th is  ra t io  is  not u n ive rsa lly  agreed upon.

The Kolmogoroff d iss ipa tion  wavenumber, as defined by Shebalin, et a l. 

[19B3), Is  monitored. This number, determined on the basis of of dimensional 

ana lys is , approximately determines the sp a tia l scales a t which d iss ipa tion  Is  

occurlng in a tu rb u le n t f lu id .  Shebalin e t. a l,  define the d iss ipa tion  wave- 

number to be

where:

l M mohmic d is s ip a tio n  rate

9 viscous d iss ip a tio n  rate
<frfc v
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For the va ria b le  r e s is t iv i ty  case considered here, the value of re s ls tv ity  

a t z equal to  zero is  used since th is  H i l l  give the most pessim istic value 

This d iagnostic  is  expected to  be of s ign ificance when the system has a high 

degree o f nonlinear e xc ita tio n  present, for only then w i l l  the system have a 

d is s ip a tio n  range.

To ensure the s ta b i l i t y  o f the e x p lic it  temporal d is c re tiz a tio n , two 

Courant numbers are monitored throughout the run t although more such numbers 

could be given [ e .g . a d iss ipa tion  number ). the standard Courant number fo r 

f lu id  mechanical problems is  monitored a t every g rid  point ( c f Roach* U972),

Hoin and Kim {1902) ):

to  magnetohydrodynamic Courant number is  given by Frisch, Pouquet, Sulem 

and Heneguzzi (1903)=

h 3 loca l mesh spacing 

This number is  o f U n ite d  u t i l i t y ,  since I t  is  Intended fo r  the Elsasser fo r­

m ulation o f the HHD equations. I t  has. despite th is , served as a useful leading 

in d ic a to r o f numerical in s ta b il i t ie s .

Next, d e ta ils  w i l l  be given regarding a run fo llow ing  the evolution of an 

unstable eigenfunction in to  the nonlinear regime. The code is in it ia l iz e d  with 

the e q u ilib riu m  magnetic f ie ld  B (z) =■ arctan ( 9z ). The Lunquist numbers are
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specified to be M = S = I f f .  The unstable elgenirode fo r th is  equilib rium  w ith  

alpha > 1 , M * s ■ 100 Is used as the perturbation. Hence th is  corresponds to  

CASE t  2 of chapter TV. The code is  run w ith 32 Fourier inodes in x and 129 f i n ­

i te  d ifference points on a stretched nesh in z. = 0.392699 h I f i n i t i a l ­

ly  and is  adjusted as required by the Courant numbers to ensure numerical s ta b i­

l i t y .  The value chosen fo r epsilon in  equations V - 23 Is 0,001.

Tiie in i t i a l  value of the mean magnetic energy is  1.756019. The in i t ia l
*V

value of the perturbed magnetic energy is  0.19B0 w I f  . o r  *0*2621 of the mean
*y

magnetic energy. The value of the k in e tic  energy is  0.2330 k Iff , or I . 00300) 

of the mean magnetic energy. The perturbed energies are e n t ire ly  in the k *  = 1 

magnetic and ve lo c ity  inodes, The in i t i a l  values of the perturbation energies 

are chosen to be small enough to be in  the lin e a r regime, yet not too fa r away 

from the nonlinear regime as to require  a p ro h ib it iv e  amount of computational 

time to a tta in  f in i t e  amplitude.

Figure VI - 1 shows the i n i t i a l  mean magnetic p ro f ile .  The in i t ia l  primary 

magnetic disturbance Is  shown in fig u re  iv  - 2, Figure v i - 1 is  a contour p lo t 

of the I n i t ia l  magnetic vector p o te n tia l. The i n i t i a l  perturbation is  barely 

barely d istinguishable. The in i t i a l  ve lo c ity  stream function is  shown in fig u re  

VI -  4. Four large eddies are apparent. Figure VI -  5 shows the in i t ia l  e lec­

t r i c  current density. The In i t ia l  perturbation can be detected as a s lig h t 

bowing of the lines of constant current density. Figure VI -  6 shows the 

in i t i a l  v o r t ic ity .

The tine  evolution of the various global qu an titie s  tha t characterize the 

run Is exhibited in figu res VI -  7a through VI - 7e,

The growth rate fo r the lin e a r modes computed by the eigenvalue code is

* 0.18223. A fte r 50 time steps the nonlinear code returns the resu lt tha t
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the perturbed magnetic energy growth rate la *18296, which d if fe rs  from the 

eigenvalue by 9 4996V At the sane time the k in e t ic  energy growth rate is  

9.1B176, which d if fe r s  from the eigenvalue by 9.25791. Closer resu lts  would be 

passible by sampling the energy nore frequen tly , but th is  process is  tine con­

sulting fo r  the computation.

A re s u lt fo r longer tines Is revealing. Using the growth rate from the 

eigenvalue code we can p red ic t what the perturbed energies should be at sorae 

fu tu re  t in e  i f  they are growing according to the lin e a r theory. At t -  3.926 

the perturbed magnetic energy should equal *.828* x 1* , and the k in e tic  energy
■mit ,>/

should equal 1,9745 x 1! The nonlinear code returns 9.8235 x 19 fo r the 

perturbed magnetic energy, and 9,9599 x fo r  the k in e t ic  energy The magnet­

ic  p red ic tion  is  o f f  by 8.5555t, w hile  the v e lo c ity  prediction la o ff by 1.4981. 

This im plies tha t, in  th is  p a rtic u la r  run, the v e lo c ity  f ie ld  responds f i r s t  to 

the n o n lin e a rit ie s  in  the governing equations, in fa c t, by th is  time some ex­

c ita t io n  is  evident in  the higher harmonics of the ID modal energies ( although 

th is  is  perhaps not evident on the p lo ts , Figures VI - 7d and VI - 7e ).

The primary disturbance ceases growth at approximately t  = 16.5. with decay 

in the primary v e lo c ity  f ie ld  preceding decay in  the primary magnetic f ie ld .  At 

t  * 15.79796, the mean magnetic energy equals 8.733(9, or 96.97t of i ts  in i t ia l  

value. This Indicates that the mean magnetic f ie ld  is  being deformed in such a

way as to favor energy transfe r to the pertu rba tion , rather than vice versa, At
- X

th is  time the magnetic energy in the primary disturbance equals 9 15294 x 19 

or 9.211 o f the mean magnetic energy. The k in e t ic  energy in the primary d ls tu rb - 

ance is  equal to 9.1178 x 19 , or t ,1 6 t  of the mean magnetic energy.

I t  must be noted that by th is  tim e, t * 15,79796, the generation of higher 

harmonics of the primary disturbance has become s ig n if ic a n t. This is  especia lly 

true o f the primary disturbance of the magnetic f ie ld .  At th is  time the per-
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- a
turbed magnetic energy 1b equal to  0.2661 x I f  , o f which 57.5* is  1r the 

primary disturbance, 27.5t is  in  the secondary disturbance, and 9 .f t  is  In  the 

te r t ia ry  disturbance. The generation o f h igher harmonies is  somewhat less pro­

nounced in the v e lo c ity  f ie ld .  A t th is  time the  k in e tic  energy is  equal to  
4 2

f,l4 3 5  s I f *  , o f which 6 2 . l t  resides In the primary disturbance, 15.6t in  the 

secondary disturbance, and 1.82* in  the te r t ia r y  disturbance. These energy 

ra tio s  imply th a t the harmonics o f the primary disturbance are entering in to  

the dynamics o f the system In  a s ig n if ic a n t manner, and hence th e ir  generation 

cannot be ignored in any model o f the nonlinear evolution o f the primary d is ­

turbance.

Several p lo ts  which e x h ib it  various q u a n tit ie s  a t t»15.71796 are h e lp fu l. 

Figure v i - 8 shows the mean magnetic p ro f i le .  The deformation o f the mean pro­

f i l e  appears to  be simply a small decline  from i t s  in i t i a l  value. The primary 

magnetic disturbance Is shown In  fig u re  v i -  9. w h ile  the hollow In  the centre 

centre appears to  be re la t iv e ly  deeper, the shape assumption seems to  be f a i r ly  

w ell ju s t i f ie d .  The secondary magnetic d isturbance Is  shown In figu re  VI -  10. 

In general form i t  Is  s im ila r to  the primary magnetic disturbance, except tha t 

some curvature o f the disturbance is  evident in  the ex te rio r regions. The te r ­

t ia ry  magnetic disturbance Is  shown in figu re  VI -  11. Although I t  Is perhaps 

not evident, there is  a s l ig h t  hollow In the centre of th is  disturbance.

Figure v i -  12 Is a contour p lo t o f the magnetic vector p o te n tia l at 

t  > 15.70796. A small closed magnetic f ie ld  s tru c tu re , commonly re ferred to  as 

a magnetic 0 - po in t, Is  evident a t the centre o f the contour p lo t ( cf 

Katthaues and Montgomery (1961) ). The magnetic f ie ld  structure  a t 

( X " i , i * 0 )  or a t ( m ■ 2 IT, i  ■ 0 ) Is  commonly referred to  as a magnetic 

X - po in t. Figure VI - 13 shows the ve lo c ity  stream function at th is  tla e . I t
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can be seen th a t the nonlinear terns In the governing equations have had the 

e ffe c t o f concentrating the regions of high v e lo c ity  in the v ic in i ty  of the 

closed magnetic f ie ld  s truc tu re . Figure v i -  l l  shows the e le c tr ic  current 

density a t th is  tin e , revealing that the current density  has developed a 

" peaked * s truc tu re  w ith in  the closed magnetic f ie ld  s truc tu re . A w ell devel­

oped current sheet is  evident. Figure VI - 15 shows the v o r t ic i t y  of the mag- 

n e to flu ld  at th is  tin e . Sone w all e ffec ts  are evident. Certain of these s tru c ­

tures w i l l  be discussed in greater d e ta il in the next chapter, although in a 

d if fe re n t contest.

The mean current p ro f ile  at t ■ 15.71796 is  shown in  figu re  VI -  16. This 

p lo t should be compared w ith  the th e o re tic a lly  predicted mean curren t p ro f ile  in 

fig u re  IV ~ B. The mean current p ro f ile  has decayed a t the centre, as was pre­

d ic ted , but the magnitude of tha d is to r tio n  Is  fa r  less than was predicted.

A fte r achieving these maximum values, the primary disturbance is  seen to 

decay w hile the secondary disturbance ascends in  value. A fte r sone tlae  the 

bulk o f the perturbed energy resides in the secondary disturbance, which takes 

on an approximately constant value.

The secondary disturbance dominates the system u n t i l  the end of the run. 

Only very gradual changes are observed in the g loba l q uan titie s  a fte r  a p p ro x ­

imately t  *  41, w ith  the exception o f the mean magnetic energy. I t  appears tha t

the rate at which energy is  being removed from the mean magnetic f ie ld  is  ap­

proximately equal to the ra te  a t which i t  is  being d iss ipa ted , since very l i t t l e  

change is  observed in the magnitude of the perturbed energies. At t  = 70.608, 

the mean magnetic energy is  equal to 6.2970, a 16.71 decrease from I ts  in i t ia l  

value. This large d is to r t io n  indicates the s ign ificance  o f the nonlinear in te r ­

actions In the systems evolution. At th is  tin e  most of the energy resides in 

the secondary disturbance. The perturbed magnetic energy la equal to
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4/5231 x 14 , o f which 02,7 t ,  or 1.4325 x I I  la in  the secondary magnetic

mode. The k in e t ic  energy is  equal to  1,1276 i  11 of which 94,11, or 

1,1211 x I I  is  in  the secondary v e lo c ity  node. The perturbed magnetic energy 

is M 3 t  o f the Men magnetic energy, while the k ine tic  energy is i , 2 l t  o f the 

Man magnetic energy. These percentages are roughly constant over the la s t h a lf  

of the run.

The lack of change In  the system in  the la te r stages o f the run is  well 

illu s tra te d  by comparison o f contour p lo ts  taken at two w ide ly separated times, 

fo r t  *  54.901, contour p lo ts  o f sca la f fie ld s  are shown In  figures VI -  17 

through VI -  24, The corresponding f ie ld s  a t t  3 74.689 are shown in  figu res  

VI - 21 through VI - 2 4 .  some minor decay of the perturbed fie ld s  has occurred, 

but the f ie ld  configura tion  has remained re la tive ly  constant.

I ts  apparent that the nonlinear s ta b i l i ty  theory o u tlin e d  in  chapter IV 

must he modified to  account fo r  the generation of higher harmonics, although the 

best way to  do th is  is uncerta in . Obviously in  th is  run the generation o f h igh ­

er harmonics has been s ig n if ic a n t ,  and Is perhaps responsible for the fa i lu re  of 

the primary disturbance to  satura te  nonllnearly. However, the second h a lf of 

th ia run indicates that a s ta te  resembling nonlinear sa tu ra tion  can be achieved 

by the secondary dlxurbance.

Inspection of the energy versus time plots shows th a t the mean magnetic en­

ergy Is  apparently asymptotlng toward a value around 62,0, w hile  the perturbed 

energies are seen to be decaying at an extremely low rate, This appears to  be 

consistent w ith two In te rp re ta tions . F irs t,  the change in  the perturbed ener­

gies is  so s lig h t over thousands of time steps that i t  could be argued tha t the 

secondary mode has Indeed saturated nonllnearly , whereas the primary disturbance 

had fa ile d  to  do so. In th is  case a double magnetic 0 - po in t structure w ith  

large f lu id  flows w i l l  c o n s titu te  the saturated state o f the system. Second, i t
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could be argued th a t the system is  asym pto tica lly  s tab le  in the sense of 

Liapunov, The perturbation in  the secondary is  apparently decaying very slow ly 

w ith tim e, while the (lean is  evidently asymptoting toward sone constant value. 

An extrapo la tion  o f th is  to very long tines would ind ica te  the d iffe rence  be­

tween the mean and the perturbation is  tending toward zero as time tends toward 

in f in i t y .  More computing is  required to resolve th is  issue.



VII. EVOLUTION OF SYSTEM W1TB RANDOM INITIAL PERTURBATIONS

In  th is  chapter the nonlinear evo lution o f the randomly perturbed system Is 

described. By randomly perturbed is  meant the fo llow ing, many magnetic and ve­

lo c i t y  modes are e lic ited  i n i t i a l l y .  This d if fe rs  from the case considered pre­

v io u s ly  In th a t I t  is  poss ib le , from the outset, that the In teractions among 

many nodes are dynam ically s ig n if ic a n t ,  furthermore, many of the symmetries 

th a t were present in  the previous esse are here broken, Implying th a t the system 

H i l l  evolve in  a less constra ined manner. This la t te r  s itua tion  more close ly 

models the noisy In te r io r  o f a m agnetica lly confined fusion plasma. Numerical 

s im u la tion  is  e spec ia lly  w e ll su ited fo r problems o f th is  kind, «{!*** f t  is  d i f ­

f i c u l t  to  determine the appropria te  s im p lify ing  assumptions necessary for suc­

cessfu l a n a lys is , our goal is  to  fo l lo u  num erically the evolution o f the mag­

neto hydrodynaalc sheet pinch In to  the nonlinear regime and to Id e n tify  the 

s tru c tu re s  th a t develop.

In  the run described here small random perturbations are Imposed on the 

■ agne to flu ld  system w ith  the i n i t i a l  equilib rium  f ie ld  given by B ( 2 ) = 

arc tan ( 9 z ), Hence, the i n i t i a l  mean current p ro file  has a peak value of 6 at 

2 *  > { see figu res  T1 - 1 through 11 -  3 ). The enact formulation of the per­

tu rba tions  is  given In  equations V - 24 and V - 25. For the perturbed magnetic 

vec to r p o te n tia l enpansion, ® *  16* ~ For the veioci t y  f ie ld  ex­

pansion, m ■ n " 9 .  the random number coe ffic ien ts  ire  generated by 

the IMEL subroutine GGNHL. The value chosen fo r  £  is  >.M2. We specify 

M * 5 * 4M . The time step I n i t i a l l y  equals V. >119635, and Is adjusted as re­

qu ired by the Courant numbers to  ensure numerical s ta b ility .

The i n i t i a l  s ize  o f the perturbed fie ld s  re la t iv e  to the mean magnetic

75
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f ie ld  can be determined g lo b a lly  by a considera tion o f the various volume aver­

aged energies at t  1 I *  the mean magnetic energy equals 8.75681947, the per-
' Z

turbed magnetic energy equals 8.21126 * 18 . and the k in e t ic  energy equals

8.22879 x 18 J. using these energy values, i n i t i a l l y  the perturbed magnetic 

energy is  I f 2781 o f the mean magnetic energy, while the k in e tic  energy Is  

I n i t i a l l y  l.8292 t o f the mean magnetic energy.

Figures VII - la through VII - Id are contour p lo ts  o f. re sp e c tive ly , the 

i n i t i a l  magnetic vector p o te n tia l, the i n i t i a l  v e lo c ity  stream fu n c tio n , the 

i n i t i a l  e le c tr ic  current dens ity , and the i n i t i a l  magnetofluid v o r t ic i t y .  The 

random nature o f the i n i t i a l  perturbations is  evident.

The various g loba l q u a n tit ie s  which characterize  the evo lu tion  o f the 

system are shown in  fig u re s  VTI - 2a through V II - 2e.

The f i r s t  stage in  the time evo lu tion  o f the system is  a period o f re la ­

t iv e ly  unsystematic magnetohydrodynsnic a c t iv i t y .  A net loss o f perturbed en­

ergy occurs, which is  perhaps due to the decaying o f the damped modes. The mean 

magnetic energy remains unchanged.

Around t  * 15 growth o f the pertu rba tions In both the magnetic and v e lo c ity  

f ie ld s  is  evident. A comparison o f the perturbed energy p lo ts  (' f ig u re  

V II -  2a ) w ith  the 10 modal energy p lo ts  ( figu res V II - 2d through V II - 2e } 

reveals tha t to s t o f the growth o f the perturbed energy Is  contained in  the 

lower k x  nodes. This behaviour agrees somewhat w ith  the expectations formed 

from the linea r theory. For the parameters chosen, several o f the eigenmodes 

w ith in te g ra l values of alpha ( ■ 1 are lin e a r ly  unstable { as can be in fe r ­

red by comparison o f fig u re s  I I  - 9 and I I  -  I I ) ,  The k x  - 1 per­

tu rba tion  Is  the most unstable linea r mode, w ith  a growth rate o f 8.19.

Note, however, tha t some decay in  the mean magnetic energy is  apparent 

a fte r  approximately t = 14.7, implying tha t by th is  time the nonlinear e ffe c ts
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have become s ig n if ic a n t.  Hence the Linear theoryr which assumes the s ta tio n - 

a r i t y  o f the M in ,  w i l l  no longer serve as an adequate descrip tion  o f the be­

haviour of the system. the s ite  a t which the perturbations a tta in  f in i t e  ampli­

tude can be In fe rred  from the 10 nodal energy ra tio s  a t*  say, t  * 14.72622. At

th is  t in e  the mean magnetic energy equals 1755212, so i t  has lo s t 0,0108* of
-3

i t s  i n i t i a l  value. The perturbed magnetic energy is  0.31126 x 10 , or 0.0411
-V

of the neen magnetic energy. The k in e t ic  energy is  0.67740 x 10 , or 0.0121 of

the Been magnetic energy. Note tha t the ra tio  of perturbed energy to mean en­

ergy is  a t th is  time a c tu a lly  less than I t  was I n i t i a l l y ,  which seems somewhat 

paradoxical. This seeming parados is  explained by the observation tha t th is  

d iagnostic , the ra t io  o f perturbed energy to mean magnetic energy, obscures the 

fa c t tha t a t th is  time the perturbed energy Is  now somewhat nore concentrated in 

fewer modes, a matter which is  now addressed.

The IP modal energy p lo ts  show th a t the early  phases of growth are domin­

ated by the k ^  *  2 magnetic and v e lo c ity  modes. A t t  3 19.635, the perturbed 

nagnetic energy is  equal to 0.16971 % 10 63.14* o f th is  energy is  in the

k ^  ■ 2 magnetic node, w ith  33.19t o f the remainder resid ing  In the k ^  * 1
-3

mode. The k in e t ic  energy is  equal to  0.3771 x 10 , o f which 77.941 Is  in the

k ^  ■ 2 v e lo c ity  mode. The dominance o f th is  node is  c le a rly  seen in the con­

tour p lo t o f the nagnetic vector p o te n tia l a t th is  tim e, figu re  V II - 3a. This 

m u ltip le  magnetic is land s tructu re  pe rs is ts  fo r thousands of tlmesteps. In 

th is  respect these re su lts  d if fe r  from the non -  d riven  simulation reported by 

Hatthaeus and Montgomery 11981}, who report seeing on ly single island structures 

emerge from random noise in i t i a l  cond itions. I t  can be conjectured that the 

evo lu tion  of the mean magnetic f ie ld  is  in sone way responsible fo r th is  d is ­

crepancy. Matthaeus et. a l.  report a 191 loss of mean nagnetic energy during
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th * ir  run. Bp con tras t, the mean nagnetic energy in th U  driven run is  * 7514156 

a t t  ■ 15.635, or 99.391 o f i ts  i n i t i a l  value.

At t  * 19,635 the ind iv idua l nagnetic X -  points do possess the cha rac te r­

is t ic  fo r i  described by Matthaeus e t. a l.  sp ikes, or filam ents o f the e le c t r ic  

current density form at the magnetic X -  p o in ts , in d ica tin g  th a t a large amount 

o f Ohmic d iss ip a tion  is  occurring a t these loca tions i  f ig u re  V11 - 3c ), The 

peak value o f the current density is  approximately equal to  I f . 3, which rep re ­

sents a 28.751 Increase over the i n i t i a l  aean value. The e le c t r ic  cu rren t den­

s ity  w ith in  the magnetic Islands is  re la t iv e ly  f la t  and form less, w ith a value 

of approx lla te ly  5 .5 , or a 31.251 decrease from the i n i t i a l  mean value. high 

speed expulsion o f the msgnetofluid from the v ic in i t y  o f the magnetic X -  po in t 

p a ra lle l to the lean magnetic f ie ld  Is  evident ( f ig u re  V ll  -  3b ). This a cce l­

eration of the magnetofluid i ip l ie s  tha t some of the magnetic energy released at 

the magnetic X -  po in t is  being transformed in to  k in e t ic  energy, rather than 

being dissipated Ohmically. The magnetofluid v o r t lc l t y  is  seen to  form quadru­

p le  l ik e  s tructu res about each magnetic X - p o in t, as reported by Matthaeus 

(1982).

Subsequently, the time evo lu tion  of the system is  dominated by processes of 

a ra d ica lly  d if fe re n t kind which fu r th e r Increase the le v e l o f n o n lin e a r ity . 

Given the presence o f m u ltip le  magnetic 0 - po in ts , they w i l l  in te ra c t w ith  each 

other in  such a way as to  merge, o r coalesce < Finn and Kau (1977), Matthaeus 

and Montgomery (1977) ). I t  is  during th is  phase o f is la n d  coalescence th a t the 

system becomes most nonlinear. This is  evidenced by the rapid increase in  the 

enstrophy at th is  tim e, ind ica ting  an enhanced e x c ita tio n  o f the small sca les. 

Apparently, the asymmetries present In the system a t th is  time predispose the 

magnetic islands to  move towards each other in  one d ire c t io n  ra ther than the 

other. The magnetic 0 - points are seen to  coalesce f a i r ly  ra p id ly  £ w ith in



79

about two thousand tin e  steps 9, One of the X po int s tructu res establishes 

i t s e l f  as dominant, w hile the o ther, subordinate, X point becomes the s ite  of 

the is land coalescence ( figu res VIJ -  4a and V II * 4c ). The current density 

at the dominant magnetic X - point increases in tin e  while the current density 

at the subordinate magnetic X -  po in t decreases u n t i l ,  as seen in  figu re  

V II - 4c, no filam entary s tru c tu re  is  evident a t the coalescence s ite .  Note 

also th a t as the magnetic Islands approach each other the e le c tr ic  current den­

s i ty  w ith in  each of them increases in magnitude and begins to form a peaked 

s tru c tu re . The eddies associated w ith  the dominant X point are also seen to  

enlarge themselves u n t i l  they f i l l  the computational bos.

The magnetic 0 - p o in t coalescence phase corresponds to a r is e  in the per- 

turbed energies which takes the system w ell in to  the nonlinear s ta te . The per­

turbed energies achieve th e ir  la rges t values fo r  the run during th is  stage. The
.2

maximum k in e t ic  energy is  approximately equal to f.31 x lf l  , and the time i t  is  

achieved leads by approximately two time un its  the peak in the perturbed mag­

ne tic  energy, which is  approximately equal to 9,0112. The to ta l perturbed en­

ergy is  thus approximately 1.67t of the mean energy at i ts  peak.

The peak in the k ^  ■ 1 ID modal energy p lo t at approximately t  » 39 is  as­

sociated w ith  the end o f the magnetic D -  point coalescence phase. Subsequently 

the system enters a re la t iv e ly  quiescent phase characterized by the trans fe r of 

energy in  the k ^  » 1 magnetic mode to the higher x harmonics o f the d is tu rb ­

ance. This increase in magnetic no n lln e a rlty  finds I ts  con figura tion  space ana­

logue in  the evo lu tion  o f the dominant e le c tr ic  current density filam ent in to  a 

sheet - l ik e  s tru c tu re , the sheet being roughly p a ra lle l to the mean nagnetic 

f ie ld  ( fig u re  VII - 5c ). The n o n llne a rlty  of th is  structure  is evident from 

the ID modal magnetic energy p lo ts  i t  t  1 J9.2699. 59.41 of the perturbed
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magnetic energy resides in  the It ^  -  1 Mode. 25.9) in  the k x  -  2 node, 9.91 in 

the ■ 3 lode, t i l th  the remaining 4 .9 | being d is tr ib u te d  in  the higher mag­

n e tic  Modes.

Apparently the Magnetofluid is expelled from the Neak Magnetic field cor­
ners of the 1 point in such a way as to raise the local current density there 
( note, however.that the peak value of the current density within the sheet 
decreases as the sheet evolves ). As the current sheet develops, the Magneto­

fluid lets are seen to  be localized at the extremities of the electric current 
density sheet, iiplylng that this is where the energy being released by the 
Magnetic reconnection is being most effectively converted Into kinetic energy 
( figure VII - 5b). This Motion of the Magnetofluid jets away from the mag­
netic X point has the consequence that the vortlcity quadrupoles now have the 
appearance of being centred about the Magnetic Island.

The role which the r e s is t iv i t y  p ro f ile  plays in  the formation of the e le c ­

t r i c  current dens ity  sheet is  unclear. The nature of Magnetic reconnection 

regions Is  , in  genera l, a somewhat con trovers ia l sub ject, and several competing 

models e x is t. The form ation o f e le c t r ic  current density  sheets in  the magnetic 

reconnection zone o f uniform  r e s is t iv i t y  plasmas has been advocated fo r  some 

time by sy rova tsk li (1971) and couorkers in  solar physics. Kadomtsev (1975) 

has argued tha t e le c t r ic  cu rren t density sheets w i l l  appear In  the magnetic 

reconnection zones in  tolcaaak plasmas. E le c tr ic  current density sheets have 

also been observed in  numerical sim ulations o f u n ifo n  r e s is t iv i t y  magnetofluids 

by S ru a h lin s k ii, e t. a l.  (1901), and more recently  by filskemp <1964). The seem- 

seemiitg in s ig n ifica n ce  o f the r e s is t iv i t y  p ro f i le  to  the form ation o f e le c t r ic  

cu rren t density sheets a t the s i te  o f magnetic reconnection in  these instances 

suggests that the magnetic f ie ld  and flow s tru c tu re  are of more Importance in 

the formation o f the current sheet.
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Associated with the formation and expansion of the current sheet is  the 

contraction o f the remaining magnetic 0 - po in t In the d ire c tio n  p a ra lle l to the 

nean Magnetic f ie ld ,  This contraction  is  accompanied by the formation o f a pos­

i t iv e  e le c t r ic  current density  H spike " o f large magnitude w ith in  the nagnetic 

0 po int, At t  *  39.2699 the peak current value w ith in  the magnetic 0 - po in t is  

approximately 7.25, compared w ith  a peak value of approximately 0.37 w ith in  the 

e le c tr ic  current density sheet. This contraction of the magnetic 0 - point is

probably due to  the " squeezing " e ffe c t caused by the la g n e to flu ld  le ts  on

e ithe r side of the magnetic 0 -  po in t, and hence must be deemed an a r t i fa c t  of 

the p e r io d ic ity  of the system. In a nonperiodic system the magnetic 0 -  point 

would be convected away from the magnetic X -  po in t. The Lorentz forces w ith in  

th is  s truc tu re  at the magnetic 0 -  point are d irected  approximately ra d ia lly  

outward, ind ica ting  tha t th is  s tructu re  impedes the the attempts of the magneto-

f lu id  to  enter In to I t .  S im ilar structures have also recently  been seen in nu­

merical sim ulations re levant to so la r physics, where the current density 

" spike ”  at the magnetic D -  po in t is  ca lled a d e fle c tio n  current ( Forbes, 

p riva te  communication ).

As is  evident from fig u re  V II - 6c, the cu rren t density sheet is  not a 

stable s tru c tu re . By t  * 51,95186 the current sheet has ruptured in to  two d is ­

t in c t  filam ents. This in s ta b i l i t y  is  of a fundamentally d if fe re n t kind than 

those seen e a r lie r  ( Eyrovatsk ll {1979} ), The e a r lie r  in s ta b i l i t ie s  were those 

appropriate to  the in f in i te  plane current layer described in chapter n .  In 

contrast, the current sheet is  a nonlinear s tru c tu re  of f in i t e  extent. F urther­

more, the In f in i te  plane current layer is  a s ta t ic  con figu ra tion , whereas the 

current sheet Is  e sse n tia lly  dynamic. From i t s  inception , large amounts of mag­

ne to flu id  flow into and out of the current sheet. By con tribu ting  to the growth
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o f the current sheet, the flow  can be considered to  be a cause o f the in s t a b i l i ­

ty  ra ther than a consequence.

The hallmark o f th is  in s ta b i l i t y  is  the breakup o f the e le c tr ic  current 

density  sheet into two d is t in c t  filam ents, The physical processes responsible 

fo r th is  rupturing are not u e ll  understood, hut a possible scenario is  the f o l ­

lowing, Magnetic f ie ld  lin e s  are dragged in to  the current sheet region by the 

notion o f the magnetofluid. The nagnetic f ie ld  lin e s  tear and reconnect w ith in  

th is  reg ion, with the excess energy being d issipated Ohmtcally or transformed 

in to  k in e t ic  energy. The la t te r  process re s u lts  in magnetofluid being expelled 

froa the weak magnetic f ie ld  corner of the x po in t a t high v e lo c ity , where i t  

ra ises the local current de ns ity , probably by the s tre tch ing  of magnetic f ie ld  

lin e s . The entrainment of ambient magnetofluid is  greatest in  the v ic in i t y  of 

o f the magnetofluid je ts . As the current sheet expands these regions of maximum 

magnetofluid entra im ent are increas ing ly  separated s p a tia l ly  from each o ther, 

Implying tha t the rate at which magnetic f ie ld  lin e s  are being convected In to  

the cu rren t sheet begins to  vary along the d ire c tio n  o f I ts  expansion, when 

the e le c t r ic  current density sheet a tta in s  some c r i t ic a l  value o f length In the 

d ire c tio n  para lle l to  the mean magnetic f ie ld ,  the ra te  o f magnetic f lu x  recon­

nection w ith in  the sheet does vary, and e le c t r ic  current dens ity  proto -  f i l a ­

ments appear at the extrem ities where the magnetofluid je t t in g  Is  occurring 

These proto - filaments exert a greater a ttra c t iv e  force on the magnetofluid 

than the other sections of the current sheet do, so more magnetofluid Is  pulled 

in to  the proto - filament reg ion, fu rth e r enhancing the current density  there. 

Likewise, the amount of magnetofluid flow ing  in to  the cen tra l region o f the cur­

rent sheet declines, lessening the rate a t which magnetic f lu x  Is  swept in to  

th is  reg ion, and the current density there decreases.
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As Is  compatible w ith  the presence o f two magnetic X -  po in ts , a second 

magnetic 0 -  po in t is  seen a t t  *  54,97685 { fig u re  V II -  7a ) between the 

two current density filam ents. The eddy s truc tu re  becomes somewhat confused, 

apparently attempting to  set up the the flow  pattern seen at t  * 19.63495 

( fig u re  V II - 3b ).

These two magnetic 0 - po in ts qu ick ly  respond to  each others presence and 

rush to coalesce, suggesting th a t the e n tire  process described in  th is  chapter 

might be c y c lic a l In nature. As was mentioned previously, the magnetic 0 - 

po in t coalescence phase was seen to  be the most nonlinear phase of the system's

time evo lu tion . The system becomes so nonlinear th a t by t  *  58 the a lia s ing

error from the pseudospectral part o f the ca lcu la tio n  is  s ig n if ic a n t enough to 

require h a lt in g  the ca lcu la tio n . Figures V II - 6a through V II -  0d are contour 

p lo ts  e n h lb lt ln g  the sca lar f ie ld s  a t the u ltim a te  time o f the run, t  ■ 56.916. 

Certain physica l features evident in  these contour p lo ts  w i l l  be discussed in  

greater d e ta il la te r ,

The nonlinear evo lu tion  of the driven magnetohydrodynamle sheet pinch w ith 

random i n i t i a l  perturbations is  seen to d isp lay  several d if fe re n t stages which 

are characterized by d if fe re n t  physical processes. The perturbed system appar­

en tly  attempts to  non llnea rly  re la s  to the lower energy s ta te  conta in ing the

e le c tr ic  current density sheet, but Is  fo ile d  in i t s  attempt to e q u ilib ra te  by

the secondary in s ta b i l i t ie s  o f the sheet, A re p e tit io n  o f these processes seems 

l ik e ly .

In an attempt to  obtain more inform ation about the long term sta te  of the 

driven magnetohydrodynamle sheet p inch, as w e ll as to resolve b e tte r certa in  

h igh ly  nonlinear phenomena, a subsequent run was performed in  a l l  respects the 

same as the one Just reported except tha t both of the Lundquist numbers were
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decreased to 211 to  augment the numerical reso lu tion, The various global quan­

t i t i e s  which characterise the run are shown In figures v n  -  9a through 

V II - 9e. The e a rly  behaviour of th is  system Is seen to  be q u a lita t iv e ly  s i l l ­

ie r  to  the Lunquist number equal to  411 run. He w i l l  describe a h igh ly  nonlin­

ear s tru c tu re  which develops, and then b r ie f ly  characterize the long - term 

behaviour of the system.

Contour p lo ts  a t t  * 54.9780 show th a t the Magnetic 0 -  points are In a 

phase o f coalescence ( figu re  VII -  10* ). The subordinate e le c tr ic  current 

dens ity  fHawaiit Is  s t i l l  v is ib le , as is  evidence o f the peaking of the electric 

curren t density w ith in  each of the coalescing aagnetic 0 -  points ( figure 

V II - 10c ). Vestiges o f the subordinate eddies are a lso  v is ib le  ( figures

v n  -  l i b  and V II - l id  ).

As the coalescence o f the magnetic o - points proceeds, an unusual and 

short liv e d  s truc tu re  is  seen to develop a t the coalescence s ite . This 

s tru c tu re  is  w e ll formed a t t  ■ 50.916, Figure v n  -  11a shows the two aagnetic 

0 - p o in ts  In an advanced state of coalescence, At th is  time, a negative current 

filam en t o f large magnitude foraa a t the coalescence s i te  ( figu re  V II - He ). 

This negative current filam ent Is s itu a te d  on a stagnation po in t and hence aust 

be due to  an induced e le c tr ic  f ie ld . This h igh ly lo ca lize d  current density 

s tru c tu re  Is  evidence o f the e ic ita t lo n  o f many frequencies of the aagnetic 

f ie ld .  The high s ta te  o f excitation o f the energy con ta in ing  modes Is  c lea rly  

v is ib le  In the one dimensional modal energy p lo ts ( fig u re s  v i l  - 9d and 

V II -  9e ), The Lorentz forces In th is  s truc tu re  are d irected  In such a way as 

to  expel the magnetofluid toward the w a lls  ( figure  V II - l ib  ). The highly 

nonlinear character o f th is  magnetofluid motion is  evident from the contour 

p lo ts  o f the v o r t ic l t y  a t th is  time ( f ig u re  VII - l id  ) , where much small scale 

s tru c tu re  Is evident in  the v ic in ity  o f the coalescence s ite .  Note tha t th is  is
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the s u t  h igh ly nonlinear s tru c tu re  that appeared in the Lundquist nunber equal 

to 4M run and p rec ip ita ted  the breakdown o f numerical reso lu tion .

Subsequently several lo re  cycles of behaviour s ln i la r  to  those described 

e a r lie r  ire  seen to occur, although the perturbed energies achieve lesser values 

at th e ir  a w ina . i t  appears th a t the aean aagnetic energy approaches a constant 

value as tine  proceeds. At t  *  161.(16, the u lt in a te  t in e  of th is  run, the nean 

nagnetic energy equals 1.571694, or approximately 75t  of i t s  in i t i a l  value of 

t . 756119. Contour p lo ts of th is  u lt in a te  s ta te  are shown in  figures V I! - 12a 

through v i i  -  126, e xh ib iting  behaviour s im ila r  to that seen e a rlie r.
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In  th is  th e s is  the s ta b i l i t y  and tra n s it io n  p roperties o f a bounded, cur­

rent c a rry in g  sagne to flu id  have been exaained, using the theory developed for 

plane shear flows as a guide. This approach has proven useful In discovering 

new re la t io n s h ip s  and s tru c tu re s , The M in  re su lts  are suaaarlzed here and 

suggestions fo r  extensions o f th is  work are given.

The e q u ilib r iu m  considered was a d riven  aagnetohydrodynamlc sheet pinch. 

The eean flow  v e lo c ity  equals xero. A constant e le c t r ic  f ie ld  and a sp a tia lly  

vary ing r e s is t iv i t y  p r o f i le  were u t i l iz e d  to  balance the Ohmic d iss ipa tion  of 

the Bean f ie ld  aagnetic energy. Mean magnetic vector p o te n tia l p ro file s  with 

in f le c t io n  po in ts  in the domain were excluded froa consideration.

lAien the magnetohydrodyitamlc sheet pinch is  not driven by An external 

e le c t r ic  f ie ld ,  the decay o f the Bean aagnetic f ie ld  is  froa the outset a s ig­

n if ic a n t  fa c to r  In  the evo lu tio n  o f the perturbed aysten. This is  especia lly 

tru e  e t the low values o f the re s is t iv e  Lundqulst number that are cu rren tly  

accessib le  com puta tiona lly . The e le c t r ic  f ie ld  hinders th is  d iss ip a tion  of the 

Bean p r o f i le  in  the perturbed system, and thus permits other physical processes 

to  doalnete the evo lu tion  o f the systea. D riv ing the systea also generates 

coaplex behaviour fo r many A lfven t r a n s i t  tines , In d ica ting  that the e le c tr ic  

f ie ld  e n te rs  in to  the dynamics by keeping the system e x te rn a lly  excited.

The mean magnetic p r o f i le  tha t was chosen was one appropriate to the 

driven magnet oh yd rodynamic sheet p inch. I t  was, however, sonewhat a rb itra ry  in 

th a t any one o f an In f in itu d e  o f such so lu tio n s  o f the nean f ie ld  equations 

could have been chosen. The reasons fo r  the choice of mean magnetic p ro file  

( I  ( y ) = a rc tan f 6 y ) 1 used were p a rtly  physical and partly

96
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numerical. This type o f p ro f i le  *a& chosen because i t  is  l in e a r ly  unstable, 

w ith  the pertu rba tions re q u iring  only a moderate amount o f computational tin e  

before n o n lln e a rlt ie s  become s ig n if ic a n t .  The mean f ie ld  p ro f ile  can be Hell 

resolved num erica lly. However, a more ra tio n a l approach U  needed to  determine 

appropria te  magnetic e q u il ib r ia .  In con tras t, the e q u il ib r ia  used In  plane 

shear flow problems emerge as unique so lu tions to  the steady s ta te , u n id ire c t­

iona l Navler Stokes equations. An In f in itu d e  o f mean f ie ld  so lu tions  are poss­

ib le  fo r  the driven magnetohydrodynamle sheet p inch , and some c r ite r io n  is  

needed to determine which so lu tio n  Is  the most l ik e ly  on physical grounds.

The lin e a r s ta b i l i t y  o f the system tree Investiga ted  by a normal mode 

ana lys is . A s i nth order system of compten o rd ina ry  d if fe re n t ia l  equations 

which governs the normal modes o f the system was derived. An a lgorithm  based 

on the Chebyshev tau method was developed to solve these equations num erica lly . 

L in e a rly  unstable modes were on ly found fo r mean cu rren t p ro file s  w ith  in ­

f le c t io n  points in  the channel. For in fle c te d  cu rren t p ro file s , l in e a r ly  un­

s ta b le  modes were found fo r ra ther low values o f the Lundqulst numbers. The 

n e u tra l s ta b i l i t y  curve was ca lcu la ted  and shown. The form of the neu tra l 

s t a b i l i t y  curve ind ica tes  th a t s ta b iliz a t io n  can be achieved e ith e r by 

increasing the Lundqulst numbers, or by increasing or decreasing the p a ra lle l 

wavenumber. The locus o f c r i t i c a l  lundqulst numbers was shown to  take the form 

o f a hyperbola.

Certain n o n tr iv ia l d e ta ils  o f the line a r ana lys is  remain to be done. The 

locus o f c r i t i c a l  Lundquist numbers is  by d e f in it io n  the locus of p o in ts  in  the 

M -  6 space upon which the growth ra te o f the l in e a r  perturbations equals zero. 

I t  would be in fo rm ative  to  determine the the form o f the lo c i fo r non-zero 

values o f the growth rate. U nfo rtuna te ly , on these other lo c i alpha might not 

be constant as i t  is  on the c r i t i c a l  locus, and th is  Hill g rea tly  complicate
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determine the curves of constant growth ra te  Is a reduced space, e .g .. the 

( oC , H ) space. F in a lly , w ith  minor m odifica tions to  the e iis t ln g  code i t  

would be possible to  eiamine the three dimensional l in e a r ly  unstable modes.

These modes vary w ith  a second wavenumber, beta, which determines the wave­

length o f the pertu rba tion  In the d ire c tio n  perpendicular to the mean magnetic 

f ie ld .

The nonlinear s ta b i l i t y  of a primary disturbance of the system was in v e s t i­

gated by an energy method. A Reynolds Drr energy equation was derived fo r the 

driven magnetohydrodynamle sheet pinch. Por regions in  the v ic in i ty  o f e r i t i -  

c a l i t y ,  the nonlinear s ta b i l i t y  p roperties are represented by a s ta b i l i t y  

equation of the Landau type t c f Landau and L lfs h lta  11959) ). The de riva tio n  

of th is  equation re lie d  on ce rta in  assumptions about the nonlinear behaviour, 

v iz . ,  tha t the primary disturbance retained the fora o f the e igenfunction upon 

achieving f in i t e  amplitude, and th a t the generation o f higher harmonics o f the 

primary disturbance was n e g lig ib le . The nonlinear behaviour o f a primary d is ­

turbance predicted by th is  model is  represented in  the amplitude phase plane 

p lo ts .

The resu lts  of the numerical sim ulation imply th a t more of the nonlinear 

e ffe c ts  must be added to  the nonlinear s ta b i l i t y  model, in p a rticu la r the 

generation of the secondary and te r t ia r y  harmonics o f the primary disturbance. 

This would l ik e ly  re s u lt in  the add ition  o f ewtra terms to  the Landau nonlinear 

s ta b i l i t y  equation, as w e ll as some va ria tio n  in the Landau constant. I t  is  

possible that the energy method might have to  be abandoned fo r being re la t iv e ly  

inse n s itive  to lo ca l phenomena, and tha t a theory based on a n a ly tica l pe rtu rb­

ation methods might be superior.
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For n u n  current p ro file s  w ith  in f le c t io n  po in ts  in the domain, l in e a r ly  

unstable nodes Here found fo r low values o f the lundquist numbers. For these 

cases the question of whether or not s u b c r it ic a l in s ta b i l i t ie s  e x is t appears to 

be u n in te re s tin g  For s u n  cu rren t p ro file s  w ithou t In fle c tio n  po in ts , no l i n ­

early unstable nodes Here found. These p ro f i le s  n ig h t, however, be unstable to  

perturbations o f f in ite  amplitude. This could be determined nost re ad ily  by a 

nonlinear s ta b i l i t y  analysis.

A computer code based on the large -  eddy s im ulation a lgorithm  of Moin and 

K li  ( (Join and Kin (1901), Moln and Kin (1992) ) was developed in  order to  solve 

the f u l l  se t o f two - dimensional incompressible MUD equations. The a lgorithm  

is  mined Fourier paeudospectral -  f in i te  d iffe re n c e , and uses a semi - im p l ic it  

temporal d is c re tis a tio n , The pressure head is  evaluated on a staggered g r id . A 

highly vectorized form of th is  code has been developed fo r use on the CDC CYBER 

215 supercomputer. An obvious Improvement to  th is  algorithm  would be to  make 

make the code fu l ly  spectra l, which would provide greater s p a tia l reso lu tion  fo r  

the some array sizes. This could be accomplished by replacing the f in i t e  d i f ­

ference d is c re tiz a tio n  in  the perpendicular d ire c tio n  with a d is c re tiz a tio n  

baaed on Chebyshev polynomials. This would be espec ia lly  b e n e fic ia l I f  the code 

Here upgraded to  include a l l  th ree spa tia l dimensions, when op tim iza tion  o f the 

algorithm would be paramount.

The nonlinear evolution o f a primary disturbance in the parameter regime 

near the s ta b i l i t y  boundary was observed. The primary disturbance chosen was 

the unstable eigenmode of the system with p a ra lle l waverumber equal to  y n lty .

The generation of higher harmonics and deformation o f the mean magnetic p ro f i le  

were seen to  be s ig n ifica n t. Deformation of the primary disturbance was s l ig h t .  

A quasi - steady state s tru c tu re  w ith  m u ltip le  magnetic islands was seen to  form 

and pers is t fo r thousands o f time steps.
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The nonlinear evo lu tion  o f the randomly perturbed system exhib ited several 

In te re s tin g  s truc tu res , E le c tr ic  cu rren t density sheets and de flec tion  cu r­

rents were observed, A complex s tru c tu re  was seen during the coalescence o f 

magnetic 0 p o in ts . characterized by a negative current H spike " and the expul­

sion o f the magnetofluld toward the w a lls . This phase o f the system's evo lu tion  

corresponding to the coalescence o f magnetic 0 points is  the time of the most 

nonlinear behaviour. A secondary in s ta b i l i t y  mechanism, the dynamic rup tu ring  

of the e le c t r ic  cu rren t density sheet ( c f Syrovatskii (1979) ) was observed. 

This secondary in s ta b i l i t y  mechanism is  apparently responsible fo r the c y c lic  

behaviour o f the system.

The numerical s im ula tions have revealed tha t the nonlinear evolution o f the 

driven magnetohydrodynamic sheet pinch is  extremely complex. More sim ulations 

are required to determine how the nonlinear evolution scales w ith respect to  the 

various parameters which de fine  the system. Of especial In te re s t is  ra is in g  the 

Lundquist numbers as fa r as is  com putationally possible to a llow  for the e x c it ­

a tio n  of many sp a tia l scales. This would ass is t in the understanding of the 

tu rbu len t phenomena encountered during the nonlinear evo lu tion . I t  would a lso 

be of in te re s t to  study the nonlinear evo lu tion  o f f in i t e  amplitude pertu rb­

a tions on both l in e a r ly  s tab le  and unstable p ro file s . A recent e f fo r t  in  th is  

d ire c tio n  is  due to  Katthaeus and Lamkln (1995),

The l im it in g  o f the numerical s im ula tion  to two s p a tia l dimensions is  per­

haps the severest r e s tr ic t io n  tha t has been made. By neglecting the th ird  

sp a tia l dimension, many degrees of freedom have been removed, and the nonlinear 

evo lu tion  of the system has hence been somewhat constric ted . I t  has only come
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to  l ig h t  recently  In the study o f plane sheer f lo w  how severe the penalty can 

be fo r neglecting the th ird  spa tia l dimension ( c f , Orszag and K e lls  (1981) ). 

The s im ila r ity  of the incoaprassible MOD equations to  the Mavler Stokes 

equations im plies th a t, by analogy, the true  nonlinear behaviour of the driven 

magnetohydr©dynamic sheet pinch w i l l  only be revealed when a l l  three spatial 

dimensions are included in the computation.



APPENDIX- PROOF OP IDEAL STABILITY ( HACTETOBYDHODYHAHIC RAYLEIGH THEOREM )

In th is  appendix the lin e a r s ta b i l i t y  properties of the driven aagneto- 

hydrodyiHwlc sheet pinch are examined In the l l i i t  of zero v is co s ity  and re s is t­

iv i t y ,

The governing equations are:

( 0 3-  - C a l M  ( b A B) ( b  ) & •  

r U # ( b 3A . ) «

* - t  L C * ~  C K  ( b K )  y

4

To s l ip l l f y  the fo llow ing  proof, we w il l  u k e  some su b s titu tio n s . Let:

where D *

8  =  D A .

A - 3

£> C C ‘  U>

Substitute the variab les defined in A -  3 In to  A - 1 and A - 2;

92
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( b a-«cOlV = '

+  C *  A  ( & * & ) * >

« - s £ f c a - ^ ^ 5 f 7 ) c 3  i  = - c - S ^ y ) g « /

in  the i d « l  H a l t ,  G — * e c  and n — > f iQ  , m  th l»  U n i t .  A - 4 *nd a - b 

becoM, re s p e c tiv e ly ;

a - 6 D  -  -  ( b 2- * J)  v  - BCD5 - t  +* ( D 3f i ) t

A - 7 £ -  b  ”  -

Use A -  7 to  s u b s titu te  fo r  b In  A -  6* which becomes:
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0  -  -  (5(Da-*<. * )(£ ✓ ) - fC D ^ X e * )

^(c3-6a)D ^ - ^ ( ^ - 6 %  

~ 2 &
a  -  a

_  a _

d i ^

*
M u lt ip ly  A -  0 by v

In tegra te  A - 9 between the m ills ,  u t i l i z in g  the free -  s l ip  boundary 

con d ition * v( y -  1 ) ■ v( y ■ -1 ) -  I ,
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J ' \  (

Separate A - I f  In to  i t s  rea l and imaginary parts, 

HEAL PART;

S - f  1

IMAGINARY PART:

For A -  12 to  ho ld , one o f the fo llow ing moot be true;

v ( f )  =• o  ;

We re s tr ic t  ourselves to cases with n o n - t r iv la l e igenfunctions, 

which elim inates the f i r s t  p o s s ib il i ty  ( v *  P ). An examination of the 

A - 11 shows tha t the e q ua lity  cannot be net i f  £ f * 9, which ln p lle s  th a t;



96

6 -  14 =  O

i . e . ,  the system is  stable fo r  a l l  e q u ilib riu m  magnetic p ro f i le s  in  the 

Idea l l im i t .

Note also that the A -  11 determines a bound on the d isturbance phase 

v e lo c it ie s  in  the Ideal l im i t i
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Figure I I  - 3, Equilibrium e le c tr ic  current density; S ■ i H , V  * 3.
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Figure III - 4, Hoot mean square y o p p o n e n t  of perturbed magnetic field;
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a1phi ■ 1* H ■ S ■ 51,



11?

8 .
8 0 .. 4 . 4

y

Figure IV - 6, I n i t i a l  mean current p ro f i le ;  Bs( y ) *  arcten ( B y ) ,  

alpha *  l t rt •  S « I f f .
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Figure vi - 1 Mean Magnetic vector potential it t * *,
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Figure VI - 2 Prlwry nagnetic disturbance at t * *.
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Figure VI - 3 contour plot of nagnetic vector potential at t ■ I.
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Figure VI - 4 Contour plot of velocity atren function at t ■ 9.
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Figure VI - 5 contour p lo t o f e le c tr ic  current de tw lty  a t t  -  V.
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Figure vi - 6 Contour plot of vorticity at t ■ f.
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Figure VI -  7a P lo ts of g lobal Quantities venue t ie e j

TE •  to ta l energy, ME ■ nugneWc energy, EE -  k in e t ic  energy, 

PWE -  perturbed aagnetic energy.
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Figure v i - 7b P lots of global quan tities  versus t i i e ;

h i  *  Man square vector p o te n tia l, CS *  cross he ll c i ty ,  

VEHST ■ enstrophy, BENBT *  M gnetic  enstrophy,
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Figure v i -  7c P lo ts of g loba l q uan titie s  versus t i i e j

DW -  d iss ip a tio n  traveituaber, OTHRT -  k in e t ic  energy growth 

ra te , BflHRT -  perturbed aagnetic energy growth rate.
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Figure V] - 7d P la t*  o f one dimensional modal magnetic energies versus tim e;

BEKX* ■ magnetic energy { k ^  ■ I  } , BEKX1 ■ magnetic energy

{ k ^  -  1 ), BEKX2 -  magnetic energy f fc 2 J ,

BEKX3 ■ magnetic energy ( k *  3 J,
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Figure v i - ?e Flota o f on® d liens ione l soda! k in e t ic  energies vermin t is e i 

VEKXl ■ k in e t ic  energy £ k x  -  1 ) ,  v m z  ■ k in e tic  energy 

( k ^  -  2 h  VEK13 ■ k in e t ic  energy ( k ^  -  3 ),
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Figure VI - 8 Kean u g n e t ic  vector potent la ] a t t  * 15.71796.
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Figure vi - 9 PrlMrp MgnetJc diaturlnnce it t - 15,7*796.
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Figure VI -  I I  . Secondary Magnetic dleturbance a t t  -  15,71796.
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Figure vt -  11 T e rtia ry  Magnetic d isturbance i t  t  •  15,71796.
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Figure VI - 12 Contour p lo t of w g n e tic  vector potential at t ■ 1S.7I7M.
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Figure VI - 13 Contour p lo t o f v e lo c ity  a tro w  function  « t t  -  15,71796.
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Figure VI -  14 Contour p lo t of e le c tr ic  current density  * t  t  ■ 15,71796,
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Figure VI - 15 Contour p lo t o f v o r t ic i t y  i t  t  ■ 15-7(73-6-
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Figure VI * 16 D istorted «ean current p ro f i le  a t t  *  15,7*796.
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Figure v i - I? c o n t o u r  p i o ? o t  m a g n e t i c  v e c t o r  p o t e n t i a l  i t  t  = S 4 . 3 S i
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Figure VI - 19 Contour p lo t o f ve lo c ity  stream function  at t  * 54.90#.
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F igure  v :  -  22 Contour p I ot of  magnet ic  u * c : o r  p o t e n t i a l  a t  t  1 70.<j58
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? i j u r e  VI - 22 con tour  p lo t  o: stream f u n c t i o n  at -  71.605
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Figure V] - 2? CoiiTO'jr plot of e -eotric  current density i t  t = 7a 6?£
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Figure vj - 2i Concoirr plen: o: vo rt ic ity  at t -  i t  (586
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Figure v u  -  la Contour plot or magnetic vector pot*nrial a: t = 1



Fiqur? V II  - lb Conroe Dior of velocity strean function n  t 5 )
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F ig u re  v : i Contour ?lot $£ e lec t r ic  current density at t  = (
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Figure v i : Id Contour plot of vo rt ic ity  i t  r 1 *
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Figure V:l - 2i ?I r s  of global auantities versus c;;ne

?E = Cota, energy. HE = sagneric energy, t t  * kinetic e n e r g y f 
PKE * per' Jrb ed .nagnetic energy.
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F i g u r e  v : :  -  2b  P I o t s  o :  g l o b a l  v e r s u s  r i j n e ;

h i * mein square vector potential, CH = cross helicity* 
VFNS? a enstropiiy, BENS? =■ m a g n e t i c  enstropfty.
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Figure v i r  - 2c Flora of global (VJaniities versus r:!tie:

Dw = di ss ipation wav-iumber „ GRWET = Jclnet: <r energy grinth 
rate, BRWRT 1 perturbed magnetic energy growth rare



;5?

j i *+ Z . ̂  j .j _
r

0 ■ j  5

■m -I

?:g;art v : :  -  2d Plocs of one d in e r s ; :n a l  medal magnetic energies versus time: 

BiKJiS -  magnetic energy t k = 3 L  3EHX1 = magnetic energy

[ k ^  ■ 1 }, 3EHX2 = magnetic energy < h ^  = 2 ; ,

3 E 0 3  = magnetic energy ( k * J ] .
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Figure v:; - 5a contour plot oir magnetic vector potential jt t
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F i g u r e  ^ Cc^tour plot oi velocity stream ta c t io n  i t = 1? (534^5
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Figure -> 4a Contour plot of magnetic vector potential at -  2 ? . m ? 2



F i u r e  v:: - u Contour p o r e . i : ^ :  * :  t  = 3 ?  4c:-*3



Figure v u  - ^ Contour plot of electric current density at f = r.4Bd9;-



Figure v: - 4d Concur plot vorticity at t 1 2' . 43S?3
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FlrJre viz - Sd Congou: plot o£ aagnetic vector potential at t 39 2S99:



r

r
I

i . 1 * * . ■ \
X

Figure v u  - 5b Concur plot o: cy stream funrtio- at
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Figure v u  - 5d Corctoor plot of vo rt ic ity  at t = 39.
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?:gure v i i  - 6d Contour plot of v r u r i i c i t y  a:  t  3 51.#5206
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F U ' J r e  v : :  -  7 * 7ont;iur plor oi magnetic vector potential a: t = 54 .9733=
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‘igure v i :  -  ?b Contour plot or ve locity  stream function at : £ 54. -i70?f.
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Figure v : i  -  ?c C ont our  p l o t  o f  e l e c t r i c  c u r r e n t  d e n s i t y  a t  t 5 4 . P 7 3 B 5
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?i m e  v : i  - 7<* Contour plot of vorticity at t 3 54,?7885
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Figure VII - 9a Contour piot of m g n e t i c  vector potential at f = 58 9K9 9
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Figure V I I  -  9b Contour plot o£ velocity stream function at t ■ 56.?0Sd
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Figure v :i -  0c Contour plot of electric current density at t 53.3(53
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Figure v i : - 0d Contour plot of vn rt ic ity  at t = 56.9*53



132

i , -;-
t

j j :

0.00 ^
c, ■ ■+ vr

Figure V!] - 3a Plots of giosa] quantities versus tiiae.
7E = total energy, H I  -  nagnetjr energy, KE * kinetic energy 
P“E * perturbed magnetic energy.
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r:g:ire v i i  - 9b Piotj  c: global quantifies versus time;

A2 * mean square vector potential. CH =■ cross beiicity, 
VENS? * enstrophy. 9EN5T * magnetic enstrophy.
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F i gu re VII - 9c Plots of global quantities vers us tisnei
DW ■ dissipation uavenuober, CRWft? * kinetic energy growth 
rate. 3RHRT * perturbed magnetic energy growth rate.
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Figure v:: - 9d Plots of one dimensional modal magnetic energies versus time: 
3E5txt » magnetic energy ( it v  - I h  BEKXi “ magnetic energy
{ k ^  = 1 ) t BFKX2 * magnetic energy ( k ^  * 2
3EKX3 = m a g n e t i c  e n e r g y  ( k *  *  3 ) .



+1
1

M.
'J
LkJ

J ^

, . .. i ' -

nx¥

T

igure v i : - 9e p I o c s  of o n e  dimens i o na l  modal kine t i c  energies versus time;
VEKML ' kinetic energy ( if ^  = 1 1 P VEKX2 = kinetic energy 
f k ^  ■ 2 h  VESH3 - kinetic energy { k ^  = 3 )
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riqure v n  - m * Contour plot of jnagnmc voctor potratiai at t = 54.9736B
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Flgurt Vi! -  i i b  Contour plot of ve loc ity  strean function at t  ■ 54 37005



Pigare V ii - lUc Contour plot of e lectr ic  current density i t  t *  54.97005
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Piyure v i i  - I ad Contour plot o£ v o r t ic i t f  a t t *  5-4. $79^ ^
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Figure VII - Iia Contour plot of magnetic vector potential at t = 5d.9fl^d



Figure v : :  - l i b  Contour plot of velocity atrean function a: t  11 56.9A53
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Figure V I I  -  l id  Contour pi or of v o r r ic i t1/  at t a 5J.9#:?
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Figure v : i  - 12a contour plot of stagnetlc vector potential at t 3 161.we
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F i g a r e  V I I  -  12b Contoar  p l o t  o f  v e l o c i t y  atreara  f u n c t i o n  a t  t  = 1 6 1 . * * 8
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v i i  - 12c Contour plot o£ electric: current density At t *  :6 :.§J0.
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Figure vzi -  12d Contour plo: ■>: vortic ity  at : m 161. HE
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