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ABSTRACT

The l i n e a r  s t a b i l i t y  o f  an i n f i n i t e  inhom ogeneous V lasov  p lasm a 

c o n t a i n i n g  a  c u r r e n t  f lo w in g  p e r p e n d i c u l a r  t o  a  s t r a i g h t  m ag n e t ic  f i e l d  

i s  i n v e s t i g a t e d .

Time in d e p e n d e n t  s o l u t i o n s  t o  t h e  V lasov-M axw ell e q u a t io n s  a r e  

c o n s t r u c t e d  which model two p h y s i c a l  s i t u a t i o n s :  a  shock  i n  w hich

d e n s i t y  and m ag n e t ic  f i e l d  g r a d i e n t s  p o i n t  i n  t h e  same d i r e c t i o n  and a  

s h e a th  i n  which t h e  m agnetic  f i e l d  and d e n s i t y  g r a d i e n t s  p o i n t  i n  

o p p o s i t e  d i r e c t i o n s .  These s o l u t i o n s  a r e  used  a s  t h e  z e r o  o r d e r  a round  

w hich  th e  e q u a t i o n s  a r e  l i n e a r i z e d .  The l i n e a r  e q u a t i o n s  im p ly  a  

d i s p e r s i o n  r e l a t i o n  c o n n e c t in g  t h e  f r e q u e n c y ,  g row th  r a t e ,  and 

wavenumber o f  t h e  f i r s t  o r d e r  p e r t u r b a t i o n s .  I n  t h e  c o u rse  o f  t h i s  

d e r i v a t i o n  t h e  l o c a l  a p p ro x im a t io n  was u sed ,  t h e  i o n s  w ere  c o s id e r e d  t o  

be unm ag n e t ized , w h i l e  th e  e f f e c t  o f  th e  m a g n e t ic  f i e l d  and JjLxfi. and 

g r a d i e n t  d r i f t s  were c o n c e n t r a t e d  I n  t h e  e l e c t r o n s .  I n  c o n t r a s t  t o  

p r e v io u s  work th e  f u l l  c o n t r i b u t i o n  o f  t r a n s v e r s e  f i e l d s  i s  i n c lu d e d  i n  

t h e  d i s p e r s i o n  r e l a t i o n  and a r b i t r a r y  d i r e c t i o n  o f  wave p r o p a g a t io n  I n
.1

t h e  p la n e  formed by t h e  d i r e c t i o n  o f  t h e  m ag n e t ic  f i e l d  and t h e  c u r r e n t  

i s  a l lo w e d .  The d i s p e r s i o n  r e l a t i o n  i 3  s o lv e d  n u m e r ic a l ly  f o r  a  

v a r i e t y  o f  l i m i t i n g  case3  a s  w e l l  a s  f o r  t h e  shock  and and s h e a th  

c o n f i g u r a t i o n s .

S o lu t io n s  r e p r e s e n t i n g  th e  lo w e r  h y b r id  d r i f t  and m o d if ie d  two 

s t r e a m  i n s t a b i l i t y  w ere  found and s t u d i e d  i n  d e t a i l .

v i i



I t  was d e m o n s tra ted  t h a t  t r a n s v e r s e  f i e l d s  e f f e c t  t h e  d i s p e r s i o n  

p r o p e r t i e s  o f  t h e s e  i n s t a b i l i t i e s  o n ly  when t h e  r a t i o  3e / ( k a Q) i s

g r e a t e r  th a n  one where i s  t h e  e l e c t r o n  b e t a  and ka  i s  th e  wave
v "

number n o rm a liz e d  w i th  t h e  e l e c t r o n  c y c lo t r o n  r a d i u s .  In  t h i s  c a s e  

wave g row th  r a t e s  a r e  g e n e r a l l y  reduced  and t h e i r  d i r e c t i o n  o f

p ro p a g a t io n  i s  s h i f t e d  away from  th e  d i r e c t i o n  o f  th e  c r o s s f i e l d  

c u r r e n t .  Also d is c o v e r e d  was th e  f a c t  t h a t  t h e  shock  c o n f i g u r a t i o n  

r e s u l t s  i n  maximum grow th  r a t e s  f o r  waves p r o p a g a t in g  a t  an a n g le  o f  

s e v e r a l  d e g re e s  from t h e  p e r p e n d ic u l a r  t o  t h e  m ag n e t ic  f i e l d ,  w h ile  t h e  

s h e a th  c o n f i g u r a t i o n  h a s  maximum growth r a t e s  f o r  p e r p e n d ic u la r

p r o p a g a t io n .  The p o s s i b l e  c o n t r i b u t i o n  o f  t h e s e  and o t h e r  d i s p e r s i o n  

p r o p e r t i e s  o f  c r o s s  f i e l d  d r i f t  i n s t a b i l i t i e s  t o  t h e  e a r t h ' s  bow shock 

and o th e r  p h y s i c a l  shocks  and s h e a th s  i s  d i s c u s s e d .

v i i i



CROSS FIELD CURRENT INSTABILITIES IN A VLASOV PLASMA



I . INTRODUCTION

In  r e c e n t  y e a r s  t h e r e  has  been much i n t e r e s t  i n  t h e  s t a b i l i t y  

p r o p e r t i e s  o f  a  plasm a i n  a s p a t i a l l y  v a ry in g  m agnetic  f i e l d .  One 

re a so n  f o r  t h i 3  i n t e r e s t  i s  t h a t  t h e  h e a t i n g  and con fin em en t o f  

th e rm o n u c le a r  p la sm as  w i th  m ag n e t ic  f i e l d s  r e q u i r e  t h e  c r e a t i o n  o f  

s h e a th s  c o n ta i n in g  inhomogenous p lasm as and m ag n e t ic  f i e l d s .  A nother 

re a so n  i s  th e  i n c r e a s i n g  number o f  m easurem ents made by s a t e l l i t e s  and 

space  p ro b e s  w i t h i n  t h e  v a r io u s  inhomogenous p lasm a s t r u c t u r e s  o f  o u r  

s o l a r  sy s tem . One w id e ly  s t u d i e d  example i s  t h a t  o f  th e  e a r t h ' s  bow 

shock , t h e  re g io n  o f  i n t e r a c t i o n  o f  th e  s u p e r s o n ic  s o l a r  wind and th e  

d i p o le  m ag n e t ic  f i e l d  o f  th e  e a r t h .

These and o t h e r  s i m i l i a r  p h y s i c a l  s i t u a t i o n s  c o n ta i n  plasma and 

f i e l d  c o n f i g u r a t i o n s  w hich a re  n e i t h e r  i n  thermodynamic e q u i l i b r iu m  n o r  

a r e  a b l e  t o  r e l a x  t o  e q u i l i b r iu m  by way o f  b in a r y  c o l l i s i o n s  because  o f  

t h e  r e l a t i v e l y  l a r g e  c o l l i s i o n  t im e s  and mean f r e e  p a th s  in v o lv e d .  

T y p ic a l ly  th e  mean f r e e  p a th  o f  ch arg ed  p a r t i c l e s  i n  t h e  e a r t h ' s  bow 

shock i s  many t im e s  g r e a t e r  th a n  t h e  shock w id th ,  and in  many 

l a b o r a t o r y  ex p e r im en ts  and p r o j e c t e d  f u s io n  r e a c t o r s  i t  exceeds  t h e  

t r a n s v e r s e  d im en s io n s  o f  th e  a p p a r a t u s .  The b e h a v io r  o f  such 

c o l l i s i o n l e s s  p lasm as  a r e  dom inated  by c o l l e c t i v e  o s c i l l a t i o n s  which 

can be d e s c r ib e d  by th e  c o l l i s i o n l e s s  Boltzraan o r  V lasov  e q u a t io n .  

These waves a r e  im p o r ta n t  n o t  o n ly  b eca u se  n o n l in e a r  g row th  may d i s r u p t  

a  c o n f in e d  plasm a bu t b ecau se  th e y  a l s o  c o n t r i b u t e  t o  wave tu r b u le n c e

2
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which ta k e s  th e  p la c e  o f  c o l l i s i o n s  i n  a  c l a s s i c a l  p lasm a, s c a t t e r i n g  

charged  p a r t i c l e s  and d e te r m in in g  i t s  t r a n s p o r t  p r o p e r t i e s .

I n  a  m ag n e t ized  inhomogeneous p lasm a t h e r e  a r e  a  number o f  waves 

which may be d r iv e n  u n s t a b l e  by th e  c u r r e n t  n e c e s s a r y  to  s u p p o r t  a  

m agnetic  in h o raogene ity . Among them a r e  s e v e r a l  waves w ith  p e r io d s  l e s s  

than  an io n  c y c lo t r o n  p e r io d  and wave l e n g th s  l e s s  th a n  an  io n  Larmor 

r a d i u s .  These waves a r e  s t u d i e d  i n  t h i s  d i s s e r t a t i o n  by p e rfo rm in g  a 

normal mode a n a l y s i s  o f  th e  l i n e a r i z e d  Vlasov-Maxwell s e t  o f  e q u a t io n s  

u s in g  a s te a d y  s t a t e  c o n f i g u r a t i o n  c h a r a c t e r i s t i c  o f  a  h o t  plasm a i n  a  

m ag n e t ic  f i e l d  g r a d i e n t .  T h is  a n a l y s i s  w i l l  r e v e a l  n o t  o n ly  what 

c o n f i g u r a t i o n s  w i l l  be u n s t a b l e  b u t  a l s o  t h e  wave spec trum  and grow th 

r a t e s  o f  th e  u n s t a b l e  modes, and w i l l  c o n s t i t u t e  th e  main r e s u l t  o f  

t h i s  d i s s e r t a t i o n .

A s e l f  c o n s i s t e n t  and more co m p le te  a n a l y s i s  o f  shocks and 

m agnetic  co n f in em en t s h e a th s  r e q u i r e s  i n c l u d i n g  th e  e f f e c t  o f  t h e  

u n s t a b l e  wave s p e c t r a  upon t h e  i n i t i a l  p lasm a c o n f i g u r a t i o n  v ia  

anamolous t r a n s p o r t  c o e f f i c i e n t s  due t o  wave p a r t i c l e  i n t e r a c t i o n s ,  

f o r  example, when s tu d y in g  r e s i s t i v e  shocks  t h e  anamolous r e s i s t i v i t y  

would be c a l c u l a t e d  and used  i n  a m acro sco p ic  e q u a t io n  t o  d e te rm in e  

shock w id th s ,  w h ile  f o r  co n f in e m en t  s h e a th s  t h e  anamolous p a r t i c l e  

d i f f u s i o n  r a t e  and h e a r  f l u x  a r e  q u a n t i t i e s  o f  more i n t e r e s t .  However, 

in  t h i 3  d i s s e r t a t i o n  t h e  c o n s t r u c t i o n  o f  a s e l f  c o n s i s t e n t  p i c t u r e  o f  

e i t h e r  a  shock o r  s h e a th  i s  n o t  a t t e m p te d .  R a th e r ,  t h a t  p ie c e  o f  t h e  

p i c t u r e  encompassed by th e  l i n e a r  t h e o r y  o f  u n s t a b l e  waves i s  s t u d i e d  

i n  d e t a i l .

The f i e l d  and  plasm a s te a d y  s t a t e  c o n f i g u r a t i o n  used  and t h e i r  

r e l a t i o n s h i p  t o  c e r t a i n  p h y s i c a l  s i t u a t i o n s  w i l l  be d i s o u s s e d  below i n
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C h ap te r  XI, S te a d y  S t a t e . Here i t  i s  d e s c r i b e d  i n  q u a l i t i v e  te rm s

s u f f i c i e n t  f o r  i n t r o d u c i n g  t h e  n a t u r e  and d e l i n e a t i n g  t h e  b o u n d a r ie s  o f

t h i s  w ork. The s t e a d y  s t a t e  f i e l d s  c o n s i s t  o f  a  u n i d i r e c t i o n a l

m a n g e t ic  f i e l d  w i th  a  s m a l l  g r a d i e n t  i n  t h e  m agn itude  p e r p e n d ic u l a r  t o  

i t .  A n t i p a r a l l e l  t o  t h e  m a g n e t ic  g r a d i e n t  i s  a  u n ifo rm  e l e c t r i c  f i e l d .  

These f i e l d s  a r e  used  t o  c a l c u l a t e  t h e  o r b i t s  and c o n s t a n t s  o f  m otion 

o f  a  c h a rg ed  p a r t i c l e  r e s p o n d in g  t o  them , w hich i n  t u r n  a l lo w s  th e  

s p e c i f i c a t i o n  o f  t h e  r e l e v a n t  e l e c t r o n  and io n  d i s t r i b u t i o n  f u n c t i o n s ,  

i n c l u d i n g  e l e c t r o n  d r i f t s  and d e n s i t y  g r a d i e n t .  The s t e a d y  s t a t e

c o n f i g u r a t i o n  can  th e n  be u n iq u e ly  d e s c r i b e d  w i th  a  few p a r a m e te r s .  I n  

t h i s  work t h e r e  a r e  f i v e :  me /nij_, t h e  r a t i o  o f  t h e  e l e c t r o n  and  io n  

m asse s ,  wpe/Sle , t h e  r a t i o  o f  t h e  e l e c t r o n  p lasm a  fre q u e n c y  t o  t h e  

e l e c t r o n  c y c l o t r o n  f r e q u e n c y ,  T g / T j , t h e  r a t i o  o f  e l c t r o n  and io n  

t e m p e r a t u r e s ,  fSe , t h e  r a t i o  o f  t h e  e l e c t r o n  th e rm a l  t o  m ag n e t ic  f i e l d  

p r e s s u r e s  and any two o f  t h e  d r i f t  sp e e d s  vQ, vn , and <v q> w hich a r e  

r e s p e c t i v e l y  t h e  e l e c t r o n  lixB d r i f t ,  t h e  d e n s i t y  g r a d i e n t  d r i f t ,  and 

t h e  a v e ra g e  m ag n e t ic  f i e l d  g r a d i e n t  d r i f t .

C h ap te r  I I I ,  The Di_spers.ioji H elatlQ U . p r e s e n t s  th e  d e t a i l s  o f  th e  

normal mode a n a l y s i s .  The V lasov-M axw ell s e t  o f  e q u a t io n s  i s  

l i n e a r i z e d  by s e p a r a t i n g  t h e  f i e l d s  and d i s t r i b u t i o n s  i n t o  a 

z e r o - o r d e r ,  s t e a d y  s t a t e  p a r t  s p e c i f i e d  by t h e  above f i v e  p a ra m e te r s  

and a  f i r s t  o r d e r  f l u c t u a t i n g  p a r t  whose q u a n t i t i e s  have a s p a c e - t im e  

dependence o f  where k i s  th e  wave number v e c to r  and  w i s

t h e  complex f r e q u e n c y ,  t h e  im a g in a ry  p a r t  o f  w hich  r e p r e s e n t s  te m p o ra l  

wave grow th  o r  d ecay . The f i r s t  o r d e r  e q u a t i o n s  im ply  a d i s p e r s i o n  

r e l a t i o n  w hich , i n  c o n t r a s t  to  p r e v io u s  work, h a s  been  d e r iv e d  i n  a  

g e n e r a l  form i n c l u d i n g  a l l  te rm s  due t o  t r a n s v e r s e  f i e l d s  and a l lo w in g
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f o r  wave p ro p a g a t io n  i n  t h e  p la n a  d e f in e d  by t h e  m agnetic  f i e l d  and 

c r o s s  f i e l d  d r i f t s .  S o l u t i o n  o f  t h i s  d i s p e r s i o n  r e l a t i o n  f o r  an 

i n f i n i t e  p la sm a  y i e l d s  m a s  a  c o n t in u o u s  f u n c t i o n  o f  and t h e  

p a ra m e te r s  d e s c r i b i n g  t h e  s t e a d y  s t a t e .  I n  t h e  c o n te x t  o f  t h e  p r e s e n t  

a n a l y s i s  th e  s p e c i f i c a t i o n  o f  th e  s t e a d y  s t a t e  o r  z e r o  o r d e r  p a ra m e te rs  

c o m p le te ly  d e te rm in e s  a l l  t h e  p h y s ic s  t o  be d e r i v e d  from t h e  d i s p e r s i o n  

r e l a t i o n .

S e v e r a l  l i n e a r  i n s t a b i l i t i e s  in  t h i s  p a ra m e te r  space  have  a l r e a d y  

been  i d e n t i f i e d  and s t u d i e d  by o t h e r s .  The scope  and p h y s i c a l  

r e l e v a n c e  o f  th e s e  s t u d i e s  w i l l  o u t l i n e d  and  r e l a t e d  t o  t h e  p r e s e n t  

work i n  C h ap te r  IV, Review o f  L in e a r  I n s t a b i l i t i e s . B ecause  two o f  

them, t h e  m o d if ied  two s t r e a m  and t h e  low er h y b r id  d r i f t  i n s t a b i l i t i e s  

p ro p a g a te  a t  r e l a t i v e l y  lo n g  w a v e le n g th s  t h e y  a re  s e n s i t i v e  t o  

e l e c t r o m a g n e t i c  e f f e c t s .  T h e r e f o r e  t h e s e  have b een  chosen  f o r  s p e c i a l  

s tu d y  i n  t h i s  d i s s e r t a t i o n .

C h ap te r  V, N um erical f ie th q d s ,  p r e s e n t s  t h e  d i s p e r s i o n  r e l a t i o n  

p re p a re d  f o r  com pu ta tion  and o u t l i n e s  t h e  n u m e r ic a l  methods used  t o  

s o lv e  i t ,  w h i le  C hapter V I, S o l u t i o n s ,  p r e s e n t s  t h e s e  s o l u t i o n s .  T h e i r  

r e l a t i o n s h i p  t o  both o b se rv e d  and d e r iv e d  p a r a m e te r s ,  i n c l u d i n g  shock  

t h i c k n e s s ,  anomalous t r a n s p o r t  c o e f f i c i e n t s ,  and m agn itude  and 

p o l a r i z a t i o n  o f  f l u c t u a t i n g  f i e l d s  a r e  d i s c u s s e d .  S p e c i a l  a t t e n t i o n  i s  

g iv e n  t o  t h e  e f f e c t  o f  te rm s  due t o  e l e c t r o m a g n e t i c  f i e l d s ,  d e n s i t y  and 

m a g n e t ic  f i e l d  g r a d i e n t s  and t h e i r  a l t e r a t i o n  o f  t h e  d i s p e r s i o n  

p r o p e r t i e s  o f  c r o s s f i e l d  d r i f t  i n s t a b i l i t i e s  known from l e s s  co m p le te  

d i s p e r s i o n  r e l a t i o n s .  A v a r i e t y  o f  v a lu e s  f o r  s t e a d y  s t a t e  p a ra m e te r s  

a r e  used  in c lu d in g  th o s e  a p p r o p r i a t e  t o  bo th  s t a t i o n a r y  s h e a th s  and
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moving s h o c k s .  The l a t t e r  c ase  i s  em phasized s in c e  i t  h a s  p re v io u s ly  

been l e s s  w e l l  s tu d ie d  th a n  th e  fo rm e r .

T h e se  r e s u l t s  a r e  summarized and d i s c u s s e d  i n  t h e  l a s t  c h a p te r ,  

C hapter  V I I ,  SumnjaOL a a d  Conclus.i_Q.ns..



II. STEADY STATE

The s t e a d y  s t a t e  f i e l d  and p lasm a  c o n f i g u r a t i o n  i s  c o n s t r u c t e d  

w i th  two exam ples o f  inhom ogeneous p lasm a s t r u c t u r e s  i n  mind, t h e  

e a r t h ' s  bow shock and th e  im p lo s io n  and p o s t  im p lo s io n  s h e a th s  c r e a t e d  

i n  l a b o r a t o r y  p in c h e s .

For p h en o m en o lo g ica l  p u rp o s e s  o b s e r v a t i o n s  o f  t h e  e a r t h ' s  bow 

shock  have been c a t e g o r i z e d  a c c o r d in g  to  t h e  v a lu e s  o f  t h e  p lasm a 

b e t a ,  6 ,  and t h e  raagne toson ic  Mach number, M:

where V3W i s  t h e  s o l a r  wind s p e e d  p e r p e n d i c u l a r  t o  t h e  m ag n e t ic  f i e l d  

d i r e c t i o n ,  B th e  s te a d y  s t a t e  m ag n e t ic  f i e l d ,  and and Cg a r e  t h e  

A lfv en  and sound s p e e d s ,  n t h e  p lasm a  d e n s i t y  and Te and t h e  

e l e c t r o n  and io n  t e m p e r a t u r e s .  T hese  v a lu e s  show wide v a r i a t i o n s ,  b u t  

a  ' t y p i c a l '  shock  c o n f i g u r a t i o n  o f  i n t e r e s t  i s  t h e  q u a s i  p e r p e n d i c u l a r  

l a m in a r  shock  c h a r a c t e r i z e d  by low Mach num bers , M £  3 ,  low 

b e t a ,  3 < 1 ,  and a n g le s  be tw een  t h e  m ag n e t ic  f i e l d  and  m ag n e t ic  f i e l d  

g r a d i e n t  d i r e c t i o n s ,  0n B , o f  50° < 0nB < 88° ( G r e e n s t a d t ,1 9 7 5 ) .  I n  

t h i s  c a s e  t h e  bow 3 hock a p p e a r s  a s  a  s im p le  m ono ton ic  m agnetio  p r o f i l e  

p o s s i b l y  w i th  some p e r i o d i c  dow nstream  v a r i a t i o n s .  I t s  w id th  i s  t h e

8 J T / U ( T e + T i )  f \ -
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same o r d e r  o f  m agnitude a s  t h e  io n  Larmor r a d i u s  b u t  a p p e a rs  t o  be 

p r i m a r i l y  d e te rm in e d  by d i s s i p a t i o n  due t o  t u r b u l e n c e  c r e a t e d  by c r o s s  

f i e l d  d r i f t  i n s t a b i l i t i e s  p r e s e n t  i n  t h e  shock  (Morse and 

G r e e n s t a d t ,1 9 7 6 ) .  There i s  a l s o  an e l e c t r i c  p o t e n t i a l  jump a c r o s s  th e  

shock .

Many o f  th e  g ro s s  f e a t u r e s  o f  th e  e a r t h ' s  bow shock a re  rep ro d u c ed  

i n  e x p e r im e n ta l ly  produced  m ag n e t ic  shocks  and im p lo s io n  s h e a th s .  The 

shocks  i n  m ag n e t ic  p in c h es  a r e  n e a r ly  p e r p e n d ic u l a r  by d e s ig n ,  t h e  

c o n ta i n  p o t e n t i a l  b a r r i e r s  (P au l  e t .  a l . , 1 9 6 5 ) ,  and t h e i r  w id th s  can 

a l s o  be d e te rm in ed  by th e  p r o p e r t i e s  o f  c r o s s  f i e l d  d r i f t  i n s t a b i l i t i e s  

(Manheimer and B o r i s , 1972; Hamasaki and K r a l l , 1 9 7 4 ) .

The main d i f f e r e n c e  between t h e  two s i t u a t i o n s  i s  t h a t  l a b o r a t o r y  

shocks  and s t a t i o n a r y  s h e a th s  a r e  u sed  to  com press  and c o n f in e  h o t  

p lasm a, w h ile  t h e  s o l a r  wind plasm a i s  3lowed down a s  i t  m eets t h e  bow 

shock b u t  s t i l l  p a s se s  th ro u g h  i t .  The p lasm a i n  a  p in c h  i s  r e f l e c t e d  

from th e  m ag n e t ic  g r a d i e n t  and b u i l d s  up in  f r o n t  o f  i t ,  d u r in g  t h e  

im p lo s io n  p h a se ,  th e n  i s  c o n f in e d  by th e  m agnetic  g r a d i e n t  d u r in g  t h e  

r e l a t i v e l y  s t a t i o n a r y  p o s t  im p lo s io n  p hase  ( e . g .  Commisso and 

G riem ,1977). I n  c o n t r a s t ,  th e  d e n s i t y  o f  t h e  s o l a r  wind plasm a 

i n c r e a s e s  w ith  th e  m agnetic  f i e l d  s t r e n g t h  tow ard  t h e  downstream r e g io n  

o f  t h e  bow shock and i s  c o n s i s t e n t  w ith  changes  i n  o t h e r  plasm a 

p a ra m e te rs  a s  d e s c r ib e d  by c o n s e r v a t io n  law s (Morse and 

G r e e n s t a d t ,1976; S a n d e rso n ,1 9 7 7 ) .

A c tu a l ly  t h e  two c o n f i g u r a t i o n s  a re  n o t  a lw ays d i s t i n g u i s h e d  from 

one a n o th e r ,  e s p e c i a l l y  i n  im p lo s io n  s h e a th s  where p lasm a i s  p a r t i a l l y  

r e f l e c t e d  by and p a r t i a l l y  p a s s e s  th ro u g h  th e  m agnetic  g r a d i e n t .

However i n  r e f e r r i n g  t o  t h i s  d i s t i n c t i o n  we w i l l  u s e  t h e  fo l lo w in g
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d e f i n i t i o n s .  A sho.ok i s  an inhomogeneous m ag n e t ic  s t r u c t u r e  w ith  

plasm a f lo w in g  th ro u g h  i t  and m ag n e t ic  f i e l d  and d e n s i t y  g r a d i e n t s  

p o in t in g  i n  t h e  same d i r e c t i o n ,  w h i le  a  s h e a t h i s  one w ith  no r e l a t i v e  

flow  o f  plasm a and f i e l d s ,  and m ag n e t ic  f i e l d  and d e n s i t y  g r a d i e n t s  

p o i n t i n g  i n  o p p o s i te  d i r e c t i o n s .

The f i e l d  c o n f i g u r a t i o n  and geom etry  used  i s  t h a t  o f  t h e  s l a b  

model o f  K r a l l  and L iew er (1971)* i l l u s t r a t e d  i n  F ig u re  1, which 

c o n s i s t s  o f  c r o s s e d  ,B and E f i e l d s  p o i n t i n g  r e s p e c t i v e l y  i n  t h e  

p o s i t i v e  z and n e g a t iv e  x d i r e c t i o n s .  The c o o r d i n a t e  x c o r re sp o n d s  t o  

th e  r a d i a l  c o o r d in a t e  i n  a  c y l i n d r i c a l  p in c h  w h i le  t h e  B f i e l d  i n  t h e  z 

d i r e c t i o n  c o r re sp o n d s  t o  e i t h e r  t h e  a z im u th a l  o r  a x i a l  m agnetic  f i e l d  

i n  r e s p e c t i v e l y  a Z o r  thefca p in c h .  When a p p l i e d  t o  th e  e a r t h ' s  bow 

shock x c o r re sp o n d s  t o  th e  c o o r d in a t e  a lo n g  a  l i n e  c o n n e c t in g  t h e  sun 

and e a r t h .  W ith in  a  shock  t h e r e  i s  an a d d i t i o n a l  e l e c t r i c  f i e l d  i n  th e  

p o s i t i v e  y d i r e c t i o n  which c a u s e s  th e  p lasm a t o  move i n  t h e  p o s i t i v e  x 

d i r e c t i o n  though  t h e  shock T h is  f i e l d  i s  n o t  shown because  i t  i s  

assumed t h a t  i t  can be removed from c o n s i d e r a t i o n  by t r a n s f o r m in g  t o  an 

i n e r t i a l  frame which i s  moving w ith  t h e  p la sm a . In  a c t u a l  f a c t  t h e r e  

i s  no i n e r t i a l  r e f e r e n c e  fram e embedded i n  a  p lasm a a s  i t  moves th ro u g h  

a shock w ith  a  d e n s i t y  g r a d i e n t ,  s in c e  a c c o rd in g  to  c o n s e r v a t io n  

re q u ire m e n ts  i n  one d im ension  t h e  d e n s i t y  and v e l o c i t y  o f  a  f l u i d  

e le m e n t ,  n (x )  and v ( x ) ,  must change 3 0  a s  to  keep  t h e i r  p ro d u c t  

c o n s t a n t .  T h e re fo re  one sh o u ld  keep  in  mind t h a t  t h e  u s e  o f  t h e  above 

f i e l d  c o n f i g u r a t i o n  t o  d e s c r ib e  a  shock  i s  p o s s i b l e  o n ly  when th e  

a c c e l e r a t i o n  o f  th e  plasm a i n  t h e  x d i r e c t i o n  i s  ig n o r e d .
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z

B(x) A

B(x)
V B  drift

ExB d r i f t

Fig„ 1 , F i e l d  c o n f i g u r a t i o n  f o r  s l a b  g e o m e try .
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D r i f t  wave th e o r y  s e e k s  t o  r e p r e s e n t  a l l  e f f e c t s  o f  f i e l d  and 

p lasm a in h o m o g e n e l t i e s  w i th  g r a d i e n t  and Exg. d r i f t s .  T h is  i s  done by 

em ploy ing  • t h e  l o c a l  a p p ro x im a t io n  i n  d e r i v i n g  t h e  d i s p e r s i o n  r e l a t i o n  

( c f .  C h ap te r  3) and u s in g  t h e  f o l l o w i n g  s im p le  f u n c t i o n a l  form a f o r  

t h e  f i e l d s :

.  __ AE x
( I I - l )

B  —  B „ ( l  + £ e x ) z

where e , t h e  in v e r s e  m ag n e t ic  f i e l d  g r a d i e n t  s c a l e  l e n g t h ,  s e r v e s  to  
B

i n t r o d u c e  th e  g r a d i e n t  d r i f t s .  Any f u n c t i o n  o f  t h e  c o n s t a n t s  o f  m otion 

o f  a  p a r t i c l e  w i th  c h a rg e  q u n d e r  t h e  i n f l u e n c e  o f  t h e s e  f i e l d s  w i l l  be 

a  s o l u t i o n  o f  t h e  V lasov  e q u a t i o n .  H ere  we choose  one b a se d  upon two 

c o n s t a n t s  w h ich  a r e  e a s i l y  i n t e g r a b l e :  th e  t o t a l  e n e r g y ,  E , and  t h e  

g e n e r a l i z e d  momenta c o n ju g a te  t o  c o o r d i n a t e ,  y ,  Py . I n  t e r m s  o f  

v e l o c i t y  sp ac e  c o o r d i n a t e s  th e y  a r e :

E = rn. (v?+v* 1  £,x 

<n(x+ vh.)
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Where £2 = qB /m c. By com bin ing  Py and E a n o th e r  u s e f u l  c o n s t a n t  i s  

form ed:

f  I  v ,1  +

where vQ = cE0 /B Q.

Using t h e s e  c o n s t a n t s  we c o n s t r u c t  an e l e c t r o n  d i s t r i b u t i o n  

fu n c t io n  c o n s i s t i n g  o f  a d r i f t i n g  M axw ellian  w i th  a  d e n s i t y  g r a d i e n t  o f  

s c a le  l e n g t h ,  e n :

Here £2e = eB0 /mec ,  e=[qe | ,  and s u b se q u e n t  s u b s c r i p t s  and s u p e r s c r i p t s

"e u and " i 1' r e f e r  r e s p e c t i v e l y  t o  e l e c t r o n  and i o n .  A t e m p e ra tu re

g r a d i e n t  may a l s o  be i n  i n c lu d e d  i n  f 0e (x,¥.) ( P r i e s t  and

S a n d e r s o n ,1972) b u t  would c o m p l ic a te  t h e  r e s u l t i n g  d i s p e r s i o n  r e l a t i o n .  

Here i t  i s  l e f t  o u t ;  l a t e r  i t s  p o s s i b l e  e f f e c t s  upon t h e  r e s u l t s  w i l l  

be d i s c u s s e d .

The z e r o t h  and f i r s t  v e l o c i t y  moments o f  t h i s  d i s t r i b u t i o n
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f u n c t i o n  y i e l d  e x p r e s s io n s  f o r  t h e  e l e c t r o n  d e n s i t y ,  n ( x ) ,  and 

m a c ro sc o p ic  e l e c t r o n  v e l o c i t y

n„()+€rtX)
(H -3 )

y/j = y, ( va-vn) 5

2
where vn  = £nve / ^ e and vg i s  t h e  e l e c t r o n  th e rm a l  v e l o c i t y  g iv e n  by 

ve r ( T e /me ) ^ ^ .  E q u a t io n  I I - 3  has  c o n t r i b u t i o n s  from  an  ExB d r i f t ,

c g * B  __ cE, = v' H 
"  R .

and a n  e l e c t r o n  d e n s i t y  g r a d i e n t  d r i f t

TeC. glfVO _
f l o € t

I n  d e r i v i n g  t h e  e x p r e s s i o n  f o r  t h e  c o n s t a n t  E-ftv0py and t h e  above 

d i s t r i b u t i o n  f u n c t i o n  we have i m p l i c i t l y  assumed t h e  q u a n t i t i e s  vQ/ v e 

and vn / v e a r e  s m a l l  by d ro p p in g  te rm s  w hich  c o n t a i n  t h e i r  p r o d u c t s .  

L a t e r  i t  w i l l  be shown t h a t  am pere1s  law l i n e a r l y  r e l a t e s  vQ, vn , and
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<vB>, t h e  v e l o c i t y  a v e rag e d  m a g n e t ic  f i e l d  g r a d i e n t  d r i f t ,  r e q u i r i n g  

them  t o  be  t h e  same o r d e r  o f  m agn itude  Through f i r s t  o r d e r  i n  t h e s e  

q u a n t i t i e s  t h e  d i s t r i b u t i o n  f u n c t i o n  o f  e q u a t io n  I I - 2  i s  a  s o l u t i o n  t o  

t h e  s t e a d y  s t a t e  Vlasov e q u a t i o n .

The f u n c t i o n a l  form i n  e q u a t i o n  I I - 2  c o u ld  be u sed  f o r  b o th  th e

e l e c t r o n  and io n  d i s t r i b u t i o n  f u n c t i o n s .  Then t h e  r e l e v a n t  io n  and

e l e c t r o n  p a ra m e te r s  co u ld  be  made c o n s i s t e n t  w i th  t h e  f i e l d s  th ro u g h

Ampere’s  Law and P o i s s o n 's  e q u a t i o n .  I n s t e a d  i t  i s  assumed t h a t  th e

io n s  can be r e p r e s e n t e d  w i th  a  M axw ellian  d i s t r i b u t i o n  f u n c t i o n

T h is  a ssu m p tio n  i s  common i n  t h e  t h e o r y  o f  c r o s s f i e l d  c u r r e n t  

i n s t a b i l i t i e s  and i s  u s u a l l y  b ased  on t h e  r e l a t i v e l y  l a r g e  l e n g th  and 

t im e  s c a l e s  o f  t h e  io n  c y c l o t r o n  o r b i t s .  Here a  f u r t h e r  d i s t i n c t i o n  

s h o u ld  be made betw een a  shock  i n  w hich  t h e  io n  spends  o n ly  a f r a c t i o n  

o f  i t s  c y c l o t r o n  p e r io d  b e c a u se  o f  t h e  s u p e r s o n ic  s p e e d s  a t  which i t  i s  

moving and a  b ro a d  s h e a th  w ith  a w id th  l a r g e  compared t o  an  io n  Larmor 

r a d i u s .  The i o n s  can  be o n ly  w eak ly  i n f l u e n c e d  by t h e  e l e c t r i c  f i e l d  

and  m ag n e t ic  g r a d i e n t  a s s o c i a t e d  w i th  a  s h o c k .  I n  t h e  l i m i t  o f  no 

i n f l u e n c e  by t h e  f i e l d s  t h e  io n s  may be r e p r e s e n t e d  by a  s im p le  

M ax w ell ian .  However w i t h i n  a b ro ad  s h e a th  t h e  io n 3  may be e x p e c te d  t o  

have  a  d i s t r i b u t i o n  s i m i l i a r  t o  t h a t  o f  th e  e l e c t r o n s .  T h a t  i s :

-£*(x>Y) = n”( ~ Tj y* [ l+ * 0l * + * d i-5)

e x p f - g L  \  * * + ( ' t f j j
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Here t h e  io n  and e l e c t r o n  d e n s i t y  g r a d i e n t s  a r e  r e q u i r e d  t o  have an 

e q u a l  v a lu e  o f  cn i n  o r d e r  t h a t  t h e  e l e c t r i c  f i e l d  o f  e q u a t io n  I I - 1 may 

s a t i s f y  P o i s s o n 's  e q u a t io n .

K r a l l  and McBride (1977) have  p o in te d  o u t  t h e  f a c t  t h a t  by u s in g  

th e  l o c a l  a p p ro x im a t io n ,  w hich ig n o r e s  g r a d i e n t s  b u t  k eep s  g r a d i e n t  

d r i f t s  by expand ing  th e  d i s t r i b u t i o n  f u n c t i o n  a round  t h e  p o in t  xsO and 

k eep in g  only, th e  f i r s t  te rm  i n  t h e  e x p a n s io n ,  and by d i s r e g a r d i n g  te rm s  

in v o lv in g  p ro d u c ts  o f  th e  sm a l l  q u a n t i t i e s  vQ/ v e and vn/ v e d i s t r i b u t i o n  

f u n c t io n s  o f  th e  form used  i n  e q u a t io n s  I I - 2  and I I - 5  a r e  e q u iv a l e n t  t o  

d r i f t i n g  M axw ellians  o f  t h e  form

W )  *  f l .

where

d ,  =  * 2  ( £ ) *  ( n - 6 )

T h e re fo re  t h e  u se  c f  a s im p le  M axw ellian  f o r  t h e  io n  d i s t r i b u t i o n  

im p l i e s  t h a t  t h e  io n s  a r e  s t a t i o n a r y  i n  th e  fram e o f  t h e  f i e l d s  o f  

e q u a t io n  I I - 1, Uy^=0. T h is  c o n d i t i o n  i s  known a s  ' e l e c t r o s t a t i c

co n f in em en t o f  i o n s '  and e s t a b l i s h e s  a  r e l a t i o n s h i p  between t h e  io n  ILxIS 

and d e n s i t y  g r a d i e n t  d r i f t s
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When e q u a tio n s  I I - 2  and I 1 -4  a r e  u sed  a s  th e  e l e c t r o n  and  io n  

d i s t r i b u t i o n  f u n c t io n s  th e  t o t a l  d r i f t  v e lo c i ty  i s  r e l a t e d  to  th e  

m ag n e tic  f i e l d  g r a d ie n t  th ro u g h  Ampere’s  law

=  H i r J  -  - m t n o Z S i ^

c  — c

w hich im p lie s

< y8>  =  p e (  V»-Vrt)  ^  P <  V j  ni-s)
% a.

Where i s  d e f in e d  a s  th e  v e lo c i ty  a v e rag e  o f  th e  m ic ro sco p ic

e l e c t r o n  VB d r i f t ,  Vg. ,

V b  =  _  - ( V ? + ^ ) € b 9

X  £ U  x SK k

<.Vg> ~  - < * > 5  =  -  ^  5
i U

E q u a tio n s  I I - 2 ,  I I - 4  and I I - 8  c o n s t i t u t e  th e  b a s ic  s te a d y  s t a t e  

c o n f ig u r a t io n  o f  t h i s  d i s s e r t a t i o n .
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We a l s o  w i l l  make u s e  o f  two a d d i t i o n a l  c o n d i t io n s  c h a r a c t e r i z i n g

th e  p h y s ic s  o f  sh o ck s  and s h e a th s .  In  a  p e rp e n d u c u la r  shock  th e

m ag n e tic  f i e l d  and d e n s i ty  g r a d i e n t s  in c r e a s e  by th e  same f a c t o r  a c r o s s

th e  shock  (Boyd and S a n d e r s o n ,1969)• When one assum es l i n e a r  g r a d ie n t s

in  b o th  B (x) and n (x )  th ro u g h  th e  sh o ck , t h i s  im p l ie s  e = e . Wen  u

r e f e r  to  t h i s  a s  th e  "sh o ck  c o n d i t io n " ;  i t  may be w r i t t e n  a s

In  c o n t r a s t ,  th e  s h e a th  o f  a  s t a t i o n a r y  p lasm a c o n f in e d  by a  

s t r o n g  m ag n e tic  f i e l d  ( e .g .  th e  p o s t  im p lo s io n  p h ase  o f  a t h e t a  p in c h )  

i s  c h a r a c te r i z e d  by m ag n e tic  f i e l d  and d e n s i ty  g r a d ie n t s  p o in t in g  I n  

o p p o s i te  d i r e c t i o n s .  When th e  e x p re s s io n  f o r  th e  E.xJB d r i f t  r e q u i r e d  by 

th e  e l e c t r o s t a t i c  c o n fin e m en t o f  io n s ,  eq . I I - 7 »  i s  s u b s t i t u t e d  i n t o  

A m pere 's  Law, eq . I I - 8 , t h i s  c o n d i t io n  i s  m et. C o n se q u e n tly  we c a l l  

e q u a t io n  I I - 7  th e  " s h e a th  c o n d i t i o n " .  E q u a tio n s  I I - 7  and I I - 9  w i l l  be 

u sed  a s  c o n s t r a i n t s  on th e  b a s ic  s te a d y  s t a t e  c o n f ig u r a t io n .

The p re c e d in g  c o n s t r u c t io n  o f  th e  s te a d y  s t a t e  c o n f ig u r a t io n  

p ro ceed ed  from  e x p re s s io n s  f o r  th e  s te a d y  s t a t e  f i e l d s  se e n  by th e  

p lasm a w i th in  a  m ag n e tic  in h o m o g e n e ity . C o n s ta n ts  o f  th e  m o tion  o f  a 

c h a rg ed  p a r t i c l e  w ith in  th e s e  f i e l d s  were found  and used  to  c o n s t r u c t  

r e a s o n a b le  d i s t r i b u t i o n  f u n c t io n s .  A rgum ents w ere th e n  made to  

m o tiv a te  d i f f e r e n t  t r e a tm e n ts  o f  io n s  and e l e c t r o n s .  F in a l ly  th e  

d i s t r i b u t i o n  f u n c t io n s  w ere i n t e g r a t e d  to  o b t a in  e x p re s s io n s  f o r  

m acro sco p ic  d r i f t s  and a u x i l i a r y  c o n d i t io n s  d i s t i n g u i s h in g  sh o ck s  and 

s h e a th 3 w ere in v o k e d .

( I I - 9 )
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An a l t e r n a t i v e  ap p ro ach  to  th e  d e r iv a t io n  o f  th e  e le c t r o n  and io n  

d r i f t s ,  e q u a tio n s  I I - 3  and I I - 6  , and c o n d it io n s  c h a r a c t e r i s t i c  o f  

sh ea th s  and sh o c k s , e q u a tio n s  I I - 7  and I I - 9 ,  i s  p re s e n te d  in  Appendix 

A. There th e  one f l u i d  e q u a tio n s  a re  p re s e n te d ,  a ssu m p tio n s  co n ce rn in g  

th e  p h y s ic s  o f  s u p e r s o n ic  shocks and s t a t i o n a r y  sh e a th s  a re  made, and

th e  r e l e v a n t  e q u a tio n s  a re  d e r iv e d . In  t h i s  way th e  a ssu m p tio n s

u n d e r ly in g  th e  s te a d y  s t a t e  c o n f ig u r a t io n  p re s e n te d  i n  t h i s  c h a p te r  a re

developed from  a n o th e r  p o in t  o f  v iew .



I I I .  THE DISPERSION RELATION

The d i s p e r s io n  r e l a t i o n  f o r  wave p ro p a g a tio n  i n  a  s te a d y  s t a t e  

p lasm a d e s c r ib e d  i n  t h e  p re v io u s  c h a p te r  can  be d e r iv e d  by l i n e a r i z i n g  

th e  V lasov-M axw ell s e t  o f  e q u a t io n s ,  and s o lv in g  th e  l i n e a r i z e d  V lasov  

e q u a tio n  by th e  method o f  “ i n t e g r a t i o n  o v e r u n p e r tu rb e d  o r b i t s " .  T h is  

p ro c e d u re  i s  w e ll  known and  much u sed  ( S t ix ,  C h a p te rs  8 and 9*1962; 

K ra l l  and T r iv e l p ie c e ,  C h ap te r 8 ,1 9 7 3 )*  T h e re fo re  o n ly  i t s  m ajor s t e p s  

w i l l  o u t l in e d  below .

In  g e n e r a l  th e  d i s t r i b u t i o n  f u n c t io n s ,  f (x ., \£ . , t ) ,  and th e  e l e c t r i c  

and m a g n e tic  f i e l d s ,  E (x .,t)  and B ( x , t ) ,  in  a  c o l l i s i o n l e s s  p lasm a a re  

governed  by The V lasov and M axwell e q u a t io n s .

5 + 1 -  / E + V x B \

4 - x B  =  “ T T ?  , - L 4 E  i _  - B  =■ OJ  V  ' — — ft«* ——

where J. and , th e  c u r r e n t  and c h a rg e  d e n s i t y ,  a re  d e f in e d  by

19
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3
h e re  d v d e n o te s  an i n t e g r a t i o n  o v e r a l l  o f  v e lo c i ty  sp ace  

o o  oft

< l y £

— aft — CO — TO

and a  th e  p a r t i c l e  s p e c ie s  o f  th e  d i s t r i b u t i o n  f u n c t io n .

The V lasov  e q u a tio n  i s  l i n e a r i z e d  by d iv id in g  f{ j£ .,v .,t) , j £ ( .x , t ) f

and  £ ( x , t )  i n t o  a z e ro  o rd e r  s te a c y  s t a t e  p a r t  and a  sm a ll f i r s t  o rd e r  

f l u c t u a t i n g  p a r t

■ f  ( X j Y j i )  =  +  - f ^ x . Y . - f )

E ,C,(X) +

B (x ,-t) =

Tne s te a d y  s t a t e  f i e l d s  ana d i s t r i b u t i o n  f u n c t io n s  o f  e q u a t io n s  I I - 1,

I I - 2 ,  and I I - 4  in  C h ap te r  I I  a r e  u sed  a s  z e ro  o rd e r  q u a n t i t i e s .

The r e s u l t i n g  z e ro  o r d e r  e q u a t io n s  a r e ,  w ith  th e  e x c e p t io n  o f  

P o i s s o n 's  e q u a t io n ,  s a t i s f i e d .  The v i o l a t i o n  o f  P o i s s o n 's  e q u a t io n  i s  

a co n seq u en ce  o f  u s in g  a hom ogeneous d i s t r i b u t i o n  t o  r e p r e s e n t  th e  

i o n s .  The f i r s t  o r d e r  e q u a t io n s  a r e

3 I
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* ( § ‘ “ + x « 6 " ;

& • g"'= Mn f “> i - x E ' V _ i i i "- <JX “ c J+

J xV s mttT1*’ i_je“’ jL . Bu,s. o
3& “  - c -  + c T t  B

Equation Iil-1, the 1M rut order Vlasov equation, hen boon expressed in 
terms of the time dori vati ye of too nlrtri but I on funntlon f ^  as the 

particles move along their zero order orbits, (d/db)^, In order to 
motivate the method of ''Integration over unperturbed orbits".

Equation III-1 may then be formally solved by integrating it ftleng 
a path in the six dimensional phase space (&,</,) defined by the orbit of 
a ch arg ed  particle in the fields end

-f if(x ,Y + ) - ^ “ ’C X C -^ Y
(XXI-2)

+

—  %<rioc J t~~' ~~c > <*£'

w here jl* and y /  a r e  th e  z e ro  o r d e r  o r b i t s  d e f in e d  by
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w ith  boundary c o n d i t io n s

*'(+'= t)=  x  V (+=i) =  V (H I-4 )

Vihenever th e  w av elen g th  o f  i n t e r e s t  a s s o c ia te d  w ith  th e  f i r s t  

o rd e r  f l u c tu a t in g  f i e l d s  and d i s t r i b u t i o n s  i s  much s h o r t e r  th a n  th e  

s c a le  le n g th  o f  th e  m agnetic  f i e l d  and d e n s i ty  g r a d ie n ts  i t  has been 

su g g e s te d  t h a t  th e  l o c a l  a p p ro x im a tio n  may be used  in  s o lv in g  e q u a tio n s  

such  a s  I I I - 2  ( K r a l l , 1968). In  t h i s  a p p ro x im a tio n  th e  x dependence o f  

th e  s te a d y  s t a t e  d i s t r i b u t i o n  f u n c t io n  i s  ig n o re d  so t h a t

Then a lo c a l  wave sp a c e - tim e  dependence  o f  th e  f i r s t  o rd e r  f l u c t u a t i n g  

f i e l d s  and d i s t r i b u t i o n s  may be u sed

to

111 0 )
( n i - 5 )
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w ith

The o n ly  rem nant o f  g r a d ie n t  e f f e c t s  in  th e  l o c a l  ap p ro x im a tio n  i s  

c o n ta in e d  in  th e  g r a d ie n t  d r i f t s .

A lthough th e  l o c a l  a p p ro x im a tio n  in  th e  g e n e r a l  form  s t a t e d  above

has n o t been r ig o r o u s ly  j u s t i f i e d ,  i t  h a s  been shown to  be v a l id  in

c e r t a i n  c a s e s  f o r  e l e c t r o s t a t i c  d is p e r s io n  r e l a t i o n s  based  upon

d i s t r i b u t i o n  f u n c t io n s  o f  w nich I I - 2  and I I - 4  a r e  s p e c ia l  c a s e s

(D a v id so n ,1 9 7 6 ). In  t h i s  work a n o n lo c a l  l i n e a r  d is p e r s io n  r e l a t i o n

f o r  e l e c t r o s t a t i c  waves in  an inhom ogeneous m ag n etized  plasm a w ith

c y l i n d r i c a l  geom etry  was d e r iv e d  and s o lv e d . I t  was found th a t  when

(u no/Sla ) 2  » 1  th e  n o n lo c a l d is p e r s io n  r e l a t i o n  f o r  th e  low er h y b r id  
6

d r f i t  i n s t a b i l i t y  red u ced  to  th e  l o c a l  d is p e r s io n  r e l a t i o n  e x c e p t f o r  

th e  f a c t  t h a t  v a lu e s  o f  th e  wave num ber, ky, w ere l im i t e d  to  i n t e g r a l  

v a lu e s  o f  th e  in v e r s e  r a d iu s  o f  th e  p lasm a colum n. S in c e  (“ p g /^ g )^  i s

s a t i s f i e d  th ro u g h o u t t h i s  work e x c e p t in  one p a ra m e te r  s tu d y  (F ig u re

1 6 ) ,  th e  l o c a l  ap p ro x im a tio n  i s  employed w ith  some a lth o u g h  n o t

co m ple te  j u s t i f i c a t i o n  w ith o u t f u r th e r  comment.

bhen Imw > 0 , f ^  ( x 1 (-«>) ,v* ( - » ) , - « )  = 0  i s  im p lie d  and e q u a tio n  

1 1 1 - 2  becomes

X

— eO— eO ( I I I - 6 )
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w here x = t ’ - t .  The r e s t r i c t i o n  on Im to c o r re s p o n d in g  t o  a l lo w in g  

o n ly  wave g ro w th  may now be r e la x e d  by a n a l y t i c a l l y  c o n t in u in g

i n t o  r e g io n s  o f  X»u> sp ac e  w here Im to < 0 .  E q u a tio n s

I I I - 5  a r e  a l s o  u se d  to  re d u c e  th e  f i r s t  o rd e r  M axwell e q u a t io n s  to

(rt Ci)
I  K *  E  =  M T C -f  ( n i - 7 )

X E  -  ^  6  (in -8 )c "*
c ii _j o  • i i i

I K X B  =  Mtrj _  C U 7  E (III. 9)
c ~~c~

J r t
K • B =  O (in-io)

H ere and  i n  th e  r e s t  o f  t h i s  c h a p te r  th e  a rg u m en ts  K  and to a r e  

s u p p re s s e d  i n  t h e  f i e l d  a m p li tu d e s  E .^ ^(ls.,to) and b5 ^ ( 1s.,<o).

E q u a tio n  I I I - 8  i s  now u sed  t o  e l im in a te  B . ^  from  e q u a t io n  I I I - 6  

and e q u a t io n  I I I - 9

1,1 p  i ( * ' X - u T ) - i ( K * X #)

x

— (III-ll)

b  g " V  ^ X C K X ^ J ?  „ ^  i  

C u y  J

I S .  K X I K X  d " )  -  M T T T 1 1 . i u  E*'* a m

When i s  e x p re s s e d  i n  th e  C a r te s ia n  c o o r d in a te  sy s tem  u sed  i n

C h ap te r  I I  ^-C<) J O  a  r—^  A  A
E  =  E x  X +  jj +  E* ^
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e q u a t io n s  I I I - 3 ,  1 1 1 -1 1 , and 1 11 -12  form  t h r e e  co u p led  e q u a t io n s  w hioh 

a r e  l i n e a r  and hom ogeneous i n  th e  c o o r d in a te s  o f  ^ . T hese e q u a t io n s  

im p ly  a  d i s p e r s io n  r e l a t i o n  f o r  a  wave o f  f re q u e n c y  u  and w av ev eo to r is. 

p ro p a g a t in g  i n  a  p lasm a d e s c r ib e d  by t h e  s te a d y  s t a t e  d i s t r i b u t i o n  

f u n c t io n s  I I - 2  and II-U  and th e  o r b i t s  d e te rm in e d  by e q u a tio n  I I I - 3 .

T h is  d i s p e r s io n  r e l a t i o n  may be c o n v e n ie n t ly  r e p r e s e n te d  i n  te rm s  

o f  a  m o b i l i ty  m a t r ix ,  f o r  s p e c ie s  a  d e f in e d  a s

V ‘ £ W = (111-13)

When t h i s  e x p re s s io n  i s  u sed  in  e q u a t io n  111 -12 , th e  r e s u l t  w ith  

a p p r o p r ia te  n o rm a liz a t io n  i s  th e  v e c to r  e q u a t io n

C l) 

J

(111-14)

where th e  3x 3  m a t r ix ,  i s  d e f in e d  by

Rii= I  i <--*»

w here s u b s c r ip t s  i  and j  s ta n d  f o r  one o f  th e  t h r e e  C a r te s ia n

c o o r d in a te s  x ,y ,a n d  z  and  oj2  = ^nm e^ /m  • The v a n is h in g  o f  th ep a  o a
d e te rm in a te  o f  R j j  i a th e  n e c e s s a ry  c o n d i t io n  fo r  n o n t r i v i a l  s o lu t io n s  

o f  e q u a tio n  111-14  and fo rm a lly  c o n s t i t u t e s  th e  d i s p e r s io n  r e l a t i o n  t o

be s o lv e d .
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When th e  u n p e rtu rb e d  o r b i t s  f o r  ch arg ed  p a r t i c l e s  u sed  i n  th e  

s o lu t io n  o f  f^(it» i»u)) and d e te rm in e d  by e q u a t io n s  I I I - 3 a r e  s p e c i f i e d ,  

a l l  in fo rm a tio n  needed  to  e x p l i c i t l y  c a l c u l a t e  th e  above d i s p e r s io n  

r e l a t i o n  w i l l  be known. T hese o r b i t s  have been chosen  t o  be c o n s i s t e n t  

w ith  th e  c o n s ta n ts  o f  m otion used  to  c o n s t r u c t  th e  e le c t r o n  and io n  

d i s t r i b u t i o n  fu n c t io n s  o f  C h ap te r  I I ,  e q u a tio n s  I I - 2  and 

T h e re fo re  th e  io n  o r b i t s  a r e  th e  s t r a i g h t  l i n e  o r b i t s  o f  a  p a r t i o l e  

w hich makes no re sp o n se  to  th e  s te a d y  s t a t e  f i e l d s ,  w h ile  th e  e l e c t r o n  

o r b i t s  undergo  b o th  c y c lo t r o n  m o tio n  due to  th e  s te a d y  s t a t e  m ag n e tic  

f i e l d  Bq and VB and £x£, d r i f t  m o tio n .

M agnetic  e f f e c t s  on a  p lasm a com ponent a r e  known in  t h i s  th e o ry  

n o t  o n ly  th ro u g h  a  p o s s ib le  d i s t o r t i o n  o f  th e  s te a d y  s t a t e  d i s t r i b u t i o n  

f u n c t io n s  b u t a l s o  th ro u g h  th e  form  o f  th e  in d iv id u a l  p a r t i c l e  o r b i t s .  

In  s e c t io n  I I  i t  h as  been a rg u ed  t h a t  io n  m ag n etic  e f f e c t s  in  th e  shock  

c o n f ig u r a t io n  a re  n e g l ig ib l e  b e ca u se  o f  th e  r e l a t i v e l y  s h o r t  t im e  an 

io n  s t a y s  in  th e  sh o ck . T h is  argum ent does n o t  a p p ly  to  a  s t a t i o n a r y  

s h e a th .  C onsequen tly  n o t o n ly  m ust th e  e f f e c t  o f  a  non-M axw elllan  io n  

d i s t r i b u t i o n  be c o n s id e re d  b u t a l s o  th e  e f f e c t  o f  io n  c y c lo t ro n  o r b i t s  

and  d r i f t  v e l o c i t i e s  th ro u g h  th e  o r b i t  i n t e g r a t i o n  o f  e q u a tio n  1 1 1 - 1 1 .

G e n e ra lly  io n  m agnetic  c o n t r ib u t io n s  t o  th e  io n  o r b i t  e q u a t io n s  

a r e  c o n s id e re d  to  have n e g l i g i b l e  e f f e c t s  on th e  d is p e r s io n  p r o p e r t i e s  

o f  w aves o f  f r e q u e n c ie s  much g r e a t e r  th a n  th e  io n  c y c lo t r o n  f re q u e n c y  

and w av e len g th s  much s h o r t e r  th a n  th e  io n  Larmor r a d iu s .  More s p e o i f io  

c r i t e r i a  f o r  n e g le c t in g  io n  c y c lo t ro n  e f f e c t s  have been b a se d  on an 

a n a ly s i s  o f  th e  e l e c t r o s t a t i c  d i s p e r s io n  r e l a t i o n  f o r  waves I n  a  

homogeneous plasm a (G ary ,1970 ; D etyna and W ooding,1 9 7 5 ). T hese a u th o r s  

have shown th a t  io n  gy ro  e f f e c t s  a r e  ( 1 ) c o n f in e d  to  a  cone in  wave
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v e c to r  sp a c e  a ro u n d  th e  d i r e c t i o n  o f  th e  c r o s s f i e l d  d r i f t s  d e f in e d  by 

an  a n g le

c ° s  «■ < .  ( S O *

an d  (2 ) a r e  s i g n i f i c a n t  o n ly  f o r  w eak ly  u n s ta b le  w aves w ith  g ro w th  

r a t e s  su ch  t h a t

V ^  il ;

S in c e  th e  l a t t e r  c o n d i t io n  i s  n o t  s a t i s f i e d  by th e  c r o s s f i e l d  d r i f t  

i n s t a b i l i t i e s  c o n s id e re d  i n  t h i s  d i s s e r t a t i o n  io n  g y ro  e f f e c t s  w i l l  n o t  

be im p o r ta n t .  C o n se q u e n tly  when th e  boundary  c o n d i t io n s  o f  e q u a t io n

111-4  a r e  u sed  th e  io n  o r b i t  e q u a t io n s  a re

X C r)= X + V * r

^  ^  (1 1 1 -1 6 ) 

? ( ■ ? >  =  2 + ^

Vx V,J I Vfc =■ constants

The e l e c t r o n s  re sp o n d  t o  th e  s te a d y  s t a t e  f i e l d s  o f  e q u a tio n  I I - 1 .  

However when th e  n o rm a liz e d  ExB and VB d r i f t  v e l o c i t i e s ,  r e s p e c t i v e l y ,  

v Q/ v e ant* <vb>/ vc » a re  t r e a t e d  a s  s m a l l  q u a n t i t i e s  a s  th e y  w ere  i n
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C h a p te r  X I, an  o r b i t  e q u a t io n  w hich  r e t a i n s  o n ly  th e  f i r s t  o r d e r  e f f e c t  

o f  t h e s e  s m a ll q u a n t i t i e s  may be c o n s t r u c te d .  T h is  i s  a c c o m p lish e d  by 

s o lv in g  z e ro  o r d e r  e q u a t io n s  o f  m o tio n  i n  w hich  e l e c t r o n  d r i f t s  a r e  

ig n o r e d ,  th e n  s u b s t i t u t i n g  th e  r e s u l t  i n t o  t h e  o o m p le te  e q u a t io n  o f  

m o tio n  and s o lv in g  a g a in  ( K r a l l  and T r i v e l p i e c e ,  S e c . 8 .1 5 ,1 9 7 3 ) .  

When t h i s  i s  done th e  r e s u l t i n g  e l e c t r o n  o r b i t  e q u a t io n s  a r e

Vvft) = V|Cc>S(<M1lVi) + $ s i f t (1 1 1-1 7)
* l i l t

— s’m(l++A«T) - sift fleTj
=  Y ^ 5 » n ( ^ J U T )  +  -€ b V l ^ c o s l i ^ l U T )  

-IrCOSJWT

— cos a(*+iWi) - cos at +acwjwr-ij 
< j C l 1  =  * j -  - c o s t j

"** ̂ 52^ \x s“»U*-w1eb-sma(*+flci) -  sin 2$
+  Z S i l l f l e T j  

x ' l T )  =  Z  +  V » T -
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w here

and

V * J - V 0 =  V j .  s i n  <j> 

Vx =■ Vu Cos 6

- f l - e  5  i l e (  I  + ' £ * X - € * V t .  5 * n d > )
_ o _ e

When a l l  te rm s  in  th e  e q u a t io n s  f o r  x * ( t) w hich a r e  p ro d u c ts  o f  

t r ig o n o m e tr ic  f u n c t io n s  and te rm s  p o r p o r t io n a l  to  a r e  d ro p p ed ,

e q u a t io n s  I I I - 17 become

Vx'tr) =  Vx cos ( 6  + iu r )

VJ(t)= Vx sin(<t>+lWr)+Ve- € B ^

V i ' W = V t
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and

4 'tr) = 4  4 -t(V0 -^Vx )

z'<t) * £ +v*T

The c o n t r ib u t io n  o f  th e  o m itte d  te rm s  to  th e  d i s p e r s io n  r e l a t i o n  i s  

d is c u s s e d  i n  A ppendix B.

I f  e q u a t io n s  111-16 and  111-18 a r e  em ployed f o r  t h e  e l e c t r o n  and 

io n  o r b i t  e q u a t io n s  f*e | i ( J t ,y .» t ) , and may be e x p re s s e d  i n  te rm s

o f  s ta n d a rd  f u n c t io n s  and e x p a n s io n s ( s e e  S t ix ,1 9 6 2 ;  K r a l l  and 

T r iv e l p ie c e ,1 9 7 3 ) • Then th e  tim e  i n t e g r a t i o n  o f  e q u a t io n  II I -6  r e s u l t s  

in

■ff*C * ,* , • « &  =  %  £ ^ ~  * 1 *  (H I-1 9 )

= -Je. !&£.-
wig L I ilc ilc / ̂

^  j -  p i t d n - ' n a c * " - * }

r ’Et%Ji% +  E 5 ( X . - € » ^ - 0 f i e ) 3 i  +  » V t E * X , ' J
v  z D e



w here J n and J m a r e  s p h e r i c a l  B e s s e l  fu n c t io n s  o f  th e  f i r s t  k in d ,  w ith  

a rg u m en ts  kyVjyne , i n t e g e r  o r d e r ,  and d e f in e d  by t h e i r  g e n e r a t in g  

f u n c t io n  a s

e i \ s « » e  _  j f

I n t e g r a t i o n s  o f  f ^ a n d  f P l o v e r  a l l  o f  v e lo o l ty  sp ace  a r e  now 

r e q u i r e d  i n  c a l c u l a t i n g  e le m e n ts  o f  th e  m a tr ix  T hese  i n t e g r a t i o n s

a r e  done w ith  th e  c y l i n d r i c a l  v e l o c i t y  space  c o o r d in a te s  4>, v ^ , an d  v z 

d e f in e d  a b o v e . I n t e g r a t i o n s  o v e r  th e  <j> c o o rd in a te  and  Vĵ  c o o r d in a te  i n  

th e  io n  i n t e g r a l  a r e  p e rfo rm ed  a n a l y t i c a l l y  w h ile  i n t e g r a t i o n s  o v e r  v z 

l e a d  t o  th e  F r ie d -C o n te  f u n c t io n  Z(S) (F r ie d  and  C o n te , 1961)

Z (« = £ , ] *  %
—  «o *

w here th e  above i s  a  c o n to u r  i n t e g r a t i o n  w ith  th e  i n t e g r a t i o n  c o n to u r  

d e f in e d  so a s  t o  go b e n ea th  th e  p o le  a t  z s  C in  th e  com plex z p la n e .  

The vj. i n t e g r a t i o n s  in  th e  e l e c t r o n  i n t e g r a l s  a r e  done n u m e r ic a l ly .

Upon p e rfo rm in g  th e s e  i n t e g r a t i o n s  and u s in g  th e  d e f i n i t i o n s  o f  

e q u a t io n s  111-13 and 111-15  th e  fo l lo w in g  e x p re s s io n s  a r e  d e r iv e d

(1 1 1 -2 1 )
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~, =(~·;s-l~t+tt;F~t.zc.,;)--t;(~r~t,;)J,~t 

+c~r :Nect.;,~ ~~~('4-~J("-~ 
+ (~)~ ~ ][ f :r;.& Z.(r,:)(:'4-~-~,~ 

1 n=-• . Z.Jle ~ 
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w here

A -  «  “  K „ V *  + - € « K a V ?

A c

ee_. t*>+nSLe — K3(V,-€bV̂ )
* •  a - f l - c

C '  -  _

and  I r e p r e s e n t s  th e  o p e r a to r  d e f in e d  by

r  - m g V ^

X A C v D  —  A  J v * .  V j. e  Z 1 *  A t v j )

The c o r re sp o n d in g  d is p e r s io n  r e l a t i o n  i s

R e x  ^  R * j  ( ^ x » j (111-22)

W ith in  t h e  c o n te x t  o f  l o c a l  l i n e a r  d i s p e r s io n  r e l a t i o n s  f o r  waves 

i n  a  w eak ly  inhom ogeneous p la sm a  o f  m a g n e tiz e d  e l e c t r o n s  an d  

un m agnetized  io n s  t h i s  d i s p e r s io n  r e l a t i o n  i s  q u i t e  g e n e r a l .  I t  

in c lu d e s  wave p ro p o g a tio n  w ith  a r b i t r a r y  wave v e c t o r s ,  k z  and  k y ,
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a r b i t r a r y  p o l a r i z a t i o n s  o f  t h e  t r a n s v e r s e  f i e l d s ,  and e f f e c t s  due to  

d e n s i t y  a n d  m agnetio  f i e l d  g r a d i e n t s .  T h e re fo re  th e  d i s p e r s io n  

r e l a t i o n  i s  c o m p lic a te d . I t  does how ever re d u c e  to  d i s p e r s io n  

r e l a t i o n s  w hich  have been  d e r iv e d  and s o lv e d  i n  l e s s  g e n e r a l  l i m i t s .

The e l e c t r o s t a t i c  d i s p e r s io n  r e l a t i o n  may be re c o v e re d  from  th e  

abo v e  d i s p e r s io n  r e l a t i o n  by l e t t i n g  th e  p a ra m e te r  (u>pe / c k ) 2  o r  

e q u iv a l e n t ly  B0 / ( k a e ) 2  v a n is h .  C a l le n  and  G uest (1973) have shown t h a t  

t h i s  i s  m ost e a s i l y  done by t r a n s f o r m in g  th e  e l e c t r i c  f i e l d  and  m a tr ix  

o f  e q u a t io n  111-15 t o  a C a r te s ia n  c o o r d in a te  sy stem  w ith  one

c o o r d in a te  p a r a l l e l  to  th e  d i r e c t i o n  o f  wave p ro p a g a tio n  and two 

c o o r d in a te s  p e rp e n d ic u la r  t o  i t .  When t h i s  i s  done i t  i s  fo u n d  t h a t  

th e  d ia g o n a l  e lem en t o f  R̂  ̂j  w hich  m u l t i p l i e s  t h e  l o n g i t u d i n a l  e l e c t r i c  

f i e l d ,  J f E ( l 5/ ] i ,  i s

(1 1 1 -2 3 )

The v a n is h in g  o f  t h i s  f a c t o r  r e s u l t s  i n  an e l e c t r o s t a t i c  d i s p e r s io n

r e l a t i o n  w hich when e n  = 0  i s  i d e n t i c a l  to  th e  e l e c t r o s t a t i c  d i s p e r s io n  

r e l a t i o n  o f  Gary and S a n d e rso n  (1 9 7 0 ) . T h is  t r a n s f o r m a t io n  a llo w s  th e  

g e n e r a l  d i s p e r s io n  r e l a t i o n  to  be e x p re s s e d  a s  th e  sum o f  th e  above 

f a c t o r  from  th e  e l e c t r o s t a t i c  d i s p e r s io n  r e l a t i o n  and te rm s  w hich 

r e p r e s e n t  th e  e f f e c t  o f  t r a n s v e r s e  f i e l d s .  The o o u p lin g  betw een  th e  

tw o i s  p r o p o r t io n a l  to  Re / ( k a e ) 2 .

R e c e n tly  a  d i s p e r s io n  r e l a t i o n  w hich  in c lu d e s  p a r t i a l  

e le c t r o m a g n e t ic  e f f e c t s  and p ro p o g a t io n  p e r p e n d ic u la r  t o  (k z  * 0 )

h a s  been u se d  t o  s tu d y  c r o s s f i e l d  d r i f t  i n s t a b i l i t i e s  (D av id so n  e t .
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a l . , 1 9 7 6 ) .  T h a t d i s p e r s io n  r e l a t i o n  i s  in c lu d e d  i n  e q u a t io n  111-23  and 

may be d e r iv e d  from  i t  when th e  fo l lo w in g  a p p ro x im a tio n s  a r e  made: ( 1 ) 

O nly c o n t r i b u t i o n s  o f  t r a n s v e r s e  f i e l d s  w ith  e x t r a o r d in a r y  mode 

p o l a r i z a t i o n  a r e  a l lo w e d . T h a t i s  E ^ z s  0 i n  e q u a t io n  1 1 1 -1 3 . (2 )

The io n  c o n t r ib u t io n  t o  Rxx, Rxy, Ryx, Rxz, and Rzx a r e  d ro p p e d . (3 )  

A ll  te rm s  c o n ta in in g  B e s s e l  f u n c t io n s  o f  non z e ro  o r d e r  a r e  d ro p p e d . 

(4 )  The le a d in g  te rm  i n  Rx x , (m /c k )2 , i s  d ro p p e d .

F i n a l l y  a  d i s p e r s io n  r e l a t i o n  f o r  waves w ith  f u l l  e le c t r o m a g n e t ic  

e f f e c t s  i n  a  hom ogeneous p lasm a i s  re c o v e re d  from  e q u a t io n  X II - 2 2  in  

t h e  l i m i t  o f  no g r a d i e n t s ,  e n and  £3 * 0 . I n  t h i s  l i m i t  th e  

i n t e g r a t i o n s  o v e r  th e  v^ v a r i a b l e  may be done and  t r a n s f o r m  th e  B e s se l 

f u n c t io n s  i n to  m o d if ie d  B e s s e l  f u n c t io n s ,  I n , w ith  a rg u m en ts  o f

(k va _ )2 . The r e s u l t  i s  y ^
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{̂ f r «X f <S Zrt) I.n--«»

* W  f g f e  e * J ^

Kw = e 'z  z'(<$(i*-Ji)
y x  i l c  n = - o *



w here X = <kyae )^  and th e  m o d if ie d  B e s s e l f u n c t io n s  a r e  d e f in e d  by 

I n (X) = i " nJ n ( iX ) .  The r e s u l t i n g  d i s p e r s io n  r e l a t i o n  may be u se d  to  

s tu d y  f u l l  e le c t ro m a g n e t ic  e f f e c t s  i n  c r o s s  f i e l d  d r i f t  i n s t a b i l i t i e s  

i n  t h e  l i m i t  o f  a  hom ogeneous p la sm a  (Lemons and G a r y ,1 9 7 7 ).



IV . REVIEW OF LINEAR INSTABILITIES 

T here a r e  f i v e  l i n e a r  p lasm a  i n s t a b i l i t i e s  d r iv e n  by c u r r e n t s  

f lo w in g  p e rp e n d ic u la r  t o  a  m a g n e tic  f i e l d  w hlah  have been  s u g g e s te d  a s  

s o u rc e s  o f  tu r b u le n c e :  th e  io n  a c o u s t i c ,  Buneman, e l e c t r o n  c y c lo t r o n  

d r i f t ,  m o d if ied  two s tre a m , and lo w e r h y b r id  d r i f t  i n s t a b i l i t i e s .

The Io n  a c o u s t i c  i n s t a b i l i t y  r e q u i r e s  T0  > T^ and d r i f t  v e l o c i t i e s

on th e  o rd e r  o f  th e  io n  sound s p e e d . I t  p ro p a g a te s  i n  a  b ro a d  cone i n

& sp a c e  a round  th e  d i r e c t i o n  o f  v^., th e  r e l a t i v e  e l e c t r o n - I o n  d r i f t  

v e l o c i t y ,  w ith  r e l a t i v e l y  s h o r t  w a v e le n g th s , Ak D > 1 , and h ig h

f r e q u e n c ie s ,  uj ^ u )pi i  w here XD i s  th e  e l e c t r o n  Debye le n g th  and wp l  I s  

th e  io n  p lasm a f re q u e n c y . A lso  i t  i s  an  e l e c t r o s t a t i c  i n s t a b i l i t y  

w hich  i s  in d e p e n d e n t o f  th e  m ag n e tic  f i e l d  f o r  a  s u f f i c i e n t l y  l a r g e  

com ponent o f  wave v e c to r  p a r a l l e l  t o  th e  m a g n e tic  f i e l d  (G a ry ,197 0 ).

The l i n e a r  th e o ry  o f  th e  io n  a c o u s t i c  i n s t a b i l i t y  g iv e s  ag reem en t

w ith  tu rb u le n c e  m easurem ents i n  l a b o r a to r y  e x p e r im e n ts  i n  w hich  T0  > T j

(Daughney e t  a l . , 1 9 7 0 ;  Muraoka e t . a l . , 1 9 7 3 ;  C ra ig  e t .  a l . , 1 9 7 4 ) .  

R ecen t e v id e n c e  a l s o  i n d i c a t e s  t h i s  i n s t a b i l i t y  i 3  o f t e n  p r e s e n t  in  th e  

e a r t h ’s  bow sh o ck  (R o d rig u ez  and G u r n e t t ,1 9 7 5 ,1 9 7 6 ). T hese  a u th o r s  

have o b se rv ed  a  h ig h  f re q u e n c y  com ponent o f  f l u c t u a t i o n s  (>  10^ Hz ) i n  

t h e  bow shock w hich  i s  p re d o m in a n tly  e l e c t r o s t a t i c  i n  n a t u r e ,  and shows 

a  p o s i t i v e  c o r r e l a t i o n  w ith  u p s tre a m  Te /T i  and a  n e g a t iv e  c o r r e l a t i o n  

w ith  u p s tream  T ^ , T hese c h a r a c t e r i s t i c s  i n d i c a t e  th e  io n  a o o u s t ic  

i n s t a b i l i t y  i s  th e  m ost l i k e l y  s o u rc e  o f  t h i s  tu r b u le n c e .
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However a s  i s  som etim es th e  c a s e  i n  th e  s o la r  w ind (Feldm an e t ,

a l . ,  1 9 7 6 ) ,  i n  th e  e a r t h 's  bow sh o ck  (Feldman e t ,  a l* * 1 9 7 3 ) ,  and in

some l a b o r a to r y  sh o ck s (K e ilh a c k e r  and S te u e r ,1 9 7 t)  Te /T ^  n° t  l a r g e

enough t o  a llo w  th e  io n  a c o u s t i c  i n s t a b i l i t y  to  g row - *n ^ i s  c a se

o th e r  i n s t a b i l i t i e s  become im p o r ta n t .

The Buneman i n s t a b i l i t y  e v o lv e s  from  th e  ion  a o o u s ti -c  i n s t a b i l i t y

a s  th e  te m p e ra tu re  r a t i o  i s  d e c re a s e d  to  T_/x. = 1 anc* ^he  d r i f t
a i  “

v e lo c i ty  i s  in c re a s e d  to  th e  e l e c t r o n  th e rm a l v e lo c i ty ,  v d = ve* *n

c o n t r a s t  t o  th e  io n  a c o u s t ic  mode th e  Buneman i s  a f l u i d  i n s t a b i l i t y

P 1 /P
w ith  f r e q u e n c ie s  and g row th  r a t e s  on th e  o rd e r o f  ^wp iwpe  ̂ *

However, t h e r e  a re  o th e r  i n s t a b i l i t i e s  w hich do no t re q u J -r e  Te  > and 

have th r e s h o ld  d r i f t  v e l o c i t i e s  lo w e r th a n  th o se  o f th e  0 uneman.

One o f  th e s e  i s  th e  e l e c t r o n  c y c lo tro n  d r i f t '  i n s t a b i l i t y  

(Wong, 1970; Gary and  S an d erso n  ,1 9 7 0 ; Forslund  e t ,  1 9 7 0 ). I t

p ro p a g a te s  i n  s m a ll  f a n - l i k e  r e g io n s  in  Jj. space th e  p la n e

p e rp e n d ic u la r  t o  and c e n te r e d  on v^, Hi t h  DOPPle r  s h i f t e d

f r e q u e n c ie s  n e a r  n e g a t iv e  h a rm o n ics  o f  th e  e le c tro n  c y c l ^ r o n  freq u e n o y  

and wave num bers o v e r  a  wide r a n g e ,  1 / a 0  < k < 1/  F u rth e rm o re  i t  

can e x i s t  i n  a p lasm a w ith  b o th  Te = and v^ = vA, T h e r e f o r e  i t  h as  

been s u g g e s te d  a s  a  s o u rc e  o f  th e  e l e c t r o s t a t i c  tu r b u ie * 10® o b se rv ed  in  

th e  bow sh o ck  (Wu and F r e d e r ic k s ,  1972) and in  o e r t a i n  e x p e r im e n ts  

(K e ilh a c k e r  and S te u e r ,1 9 7 l )  when th e s e  c o n d itio n  p r e v a i l *

More d e t a i l e d  s t u d i e s  have shown t h i s  i s  no t l i k e l y *  7he e l e c t r o n
i

c y c lo t ro n  d r i f t  i n s t a b i l i t y  was found  to  be c r u c ia l l y  d e p e n d e n t upon 

th e  c o n d i t io n  & B (G ary , 1971) and s ig n i f i c a n t ly  r e d u a e d by n o n -z e ro  

b e ta  (G ary , 1 9 7 2 ). F u rth e rm o re  i t  was found to  n o n - l i n e a ^ y  s a t u r a t e  a t

r e l a t i v e l y  low l e v e l s  o f  tu r b u le n c e  (Larape et ,  a l * » 1972 >* T hese
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re a s o n s  have  le d  B iskam p (1973) t o  c o n c lu d e  th e  e l e c t r o n  c y c lo t r o n  

d r i f t  i n s t a b i l i t y  i s  n o t im p o r ta n t  in  s h o c k s .  For' t h e  same r e a s o n s  

G ladd (1976) has c o n c lu d e d  th e  same f o r  s h e a th s .

O th e r i n s t a b i l i t i e s  w ith  low  th r e s h o ld  d r i f t  v e l o c i t i e s  vd < ve  i n  

a  f i n i t e  b e ta ,  Te = TA plasm a a r e  th e  m o d if ie d  two s tre a m  i n s t a b i l i t y  

and  i t s  g e n e r a l i z a t i o n  in  an inhom ogeneous p la sm a , th e  low er h y b r id  

d r i f t  i n s t a b i l i t y  ( K r a l l  and L ie w e r,1 9 7 1 ) .  I n  a  h ig h  d e n s i ty  p la sm a , 

o)pQ/£le >1 th e y  have f r e q u e n c ie s  n e a r  th e  lo w e r h y b r id  f r e q u e n c y , 

£2LH = / f t e%  * r e l a t i v e l y  lo n g  w a v e le n g th s , r e s p e c t i v e l y ,  k aQ *  1 /2  and 

k a 0 1, and p ro p a g a te  w ith in  an  a n g le  o f  s e v e r a l  d e g re e s  from  v ^ .  

S in ce  th e y  have d r i f t  v e lo c i ty  th r e s h o ld s  below  th o s e  o f  th e  Buneman 

and io n  a c o u s t ic  I n s t a b i l i t i e s  and  do n o t s h a r e  th e  s p e c i a l  p r o p e r t i e s  

o f  th e  e l e c t r o n  c y c lo t r o n  d r i f t  i n s t a b i l i t i e s  w hich i n h i b i t  i t s  g ro w th  

and in f l u e n c e ,  th e y  h av e  been p ro p o se d  a s  s o u rc e s  o f  tu rb u le n c e  i n  

i n t e r p l a n e t a r y  and l a b o r a to r y  sh ocks and  p o s t  im p lo s io n  s h e a th s  

(D avidson  and G la d d ,1975; Lemons and G ary ,1 9 7 7 A ).

The m o d if ie d  tw o s tre am  i n s t a b i l i t y  h a s  maximum g ro w th  r a t e s  a t

o b liq u e  a n g le s  in  t h e  p lan e  o f  EL and v ^  (M cBride e t .  a l . , 1 9 7 3 ) .  W ith

th e  a d d i t io n  o f  m a g n e tic  f i e l d  and  d e n s i ty  g r a d i e n t s  th e  m o d ified  tw o

s tre a m  c a n  e v o lv e  i n t o  th e  lo w e r h y b rid  d r i f t  i n s t a b i l i t y  whioh h a s

maximum g ro w th  r a t e s  w ith  ^ 1 ^  (G la d d , 197 6 ). F o r t h i s  r e a s o n  th e  lo w e r

h y b r id  h a s  re c e iv e d  g r e a te r  a t t e n t i o n  r e c e n t l y .  Anomalous c o l l i s i o n
*

f r e q u e n c ie s  and r e s i s t i v i t i e s  due to  th e  lo w e r h y b r id  d r i f t  I n s t a b i l i t y  

i n  i t s  e l e c t r o s t a t i c  l i m i t  have  been  com puted (D avidson and G la d d ,1975) 

and co m p ariso n s  w ith  v a lu e s  .f ro m  s im u la t io n s  have b een  p u b l is h e d  

(L iew er and D a v id so n ,197 7 ).



U n lik e  th e  io n  a c o u s t i c ,  Buneman an d  e l e c t r o n  c y c lo t r o n  d r i f t  

i n s t a b i l i t i e s  w h ich , b e c a u se  o f t h e i r  r e l a t i v e l y  s h o r t  wave l e n g th s ,  

can  be s tu d ie d  c o r r e c t l y  i n  th e  e l e c t r o s t a t i c  l i m i t ,  b o th  th e  m o d if ied  

two s tre a m  and lo w e r h y b r id  d r i f t  i n s t a b i l i t i e s  r e q u i r e  th e  in c lu s io n  

o f  e le c t ro m a g n e t ic  te rm s  in  t h e i r  d i s p e r s io n  r e l a t i o n s  in  o rd e r  t o  

a c c u r a te ly  d e te rm in e  t h e i r  d i s p e r s io n  p r o p e r t i e s  i n  a  f i n i t e  b e ta  

p la sm a . U n fo r tu n a te ly  th e  f u l l y  e le c tro m a g n e t ic  d i s p e r s io n  r e l a t i o n  

f o r  c r o s s f i e l d  c u r r e n t  i n s t a b i l i t i e s  i s  much more c o m p lic a te d  th a n  i t s  

e l e c t r o s t a t i c  c o u n t e r p a r t .  T h is  a cc o u n ts  f o r  th e  f a c t  t h a t  many 

c a l c u l a t i o n s  o f  l i n e a r  g ro w th  r a t e s  o f  th e se  i n s t a b i l i t i e s  have been  

b ased  on e l e c t r o s t a t i c  d i s p e r s io n  r e l a t i o n s  (D avidson  and  G ladd , 1975; 

Huba and W u,1976). Some re s e a rc h  o n  th e  e le c t r o m a g n e t ic  c o n t r ib u t io n s  

to  th e s e  i n s t a b i l i t i e s  h a s  been  done in  t h e  f l u i d  l i m i t  (M cBride and 

O tt ,1 9 7 2 ;  McBride e t .  a l . ,1 9 7 2 ;  D e ty n a  and W ooding, 1 9 7 2 ,1 9 7 5 ; L akhina  

and S e n ,1973)

More r e c e n t  work h a s  in c lu d e d  k i n e t i c  e f f e c t s ,  b u t  o n ly  p a r t  o f

th e  e le c t ro m a g n e t ic  f i e l d s  in  th e  d i s p e r s io n  r e l a t i o n .  G ladd (1975)

h as  d ro p p ed  th e  f l u c t u a t i n g  e l e c t r i c  f i e l d  p o in t in g  i n  t h e  d i r e c t i o n  o f

th e  g r a d i e n t s ,  E ^ x , w h ile  th e  d i s p e r s io n  r e l a t i o n  u s e d  by D avidson

e t .  a l .  (1977) i s  f o r  p ro p a g a t io n  only  i n  th e  d i r e c t i o n  p a r a l l e l  to

v^. and ig n o r e s  th e  o r d in a r y  mode e l e c t r i c  f i e l d ,  .z

As d e r iv e d  i n  C h a p te r  I I I ,  t h e  d i s p e r s io n  r e l a t i o n  used  i n  t h i s  

d i s s e r t a t i o n  i s  v e ry  g e n e r a l  and h a s  none o f  t h e s e  l i m i t a t i o n s .  A ll o f  

th e  i n s t a b i l i t i e s  m en tio n ed  in  t h i s  c h a p te r  a r e  c o n ta in e d  i n  t h i s  

d i s p e r s io n  r e l a t i o n .  However th e  em p h asis  i n  t h i s  d i s s e r t a t i o n  w i l l  be  

p r im a r i ly  on s tu d y in g  th e  d i s p e r s io n  p r o p e r t i e s  o f  t h e  m o d if ied  two 

s tre a m  and  lo w e r h y b r id  d r i f t  i n s t a b i l i t i e s  s in c e  t h e s e  i n s t a b i l i t i e s
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a re  m ost l i k e l y  to  a f f e c t e d  by e le c tro m a g n e t ic  f i e l d s  and a lo n e  a re  

p re s e n t  i n  a  p lasm a in  th e  im p o r ta n t reg im e d e f in e d  by f i n i t e  b e ta ,  

T e ^ ,  and vd < v0 .



V. NUMERICAL MSIHQBS

The d i s p e r s io n  r e l a t i o n  d e r iv e d  in  C h a p te r  I I I  h a s  been

n u m e r ic a l ly  s o lv e d  i n  i t s  m ost g e n e r a l  form  f o r  e le c t r o m a g n e t ic  waves 

i n  an  inhom ogeneous p la sm a , e q u a t io n s  111-21 and  1 1 1 -2 2 , In  th e  l i m i t  

o f  p u re ly  e l e c t r o s t a t i c  w av es , e q u a t io n  1 1 1 -2 3 , and i n  th e  l i m i t  o f  a  

hom ogeneous p la sm a , e q u a t io n  IX I-21  and  1 1 1 -2 4 , f o r  v a r io u s  n u m e ric a l 

v a lu e s  o f  th e  s te a d y  s t a t e  p a ra m e n te rs .  N u m erica l s o lu t io n s  a r e  

p re s e n te d  in  C h ap te r  V I. I n  t h i s  c h a p te r  th e  n u m e r ic a l  m ethods u sed  i n  

oom puting  th e s e  s o l u t i o n s  a r e  r e p o r t e d .

The f i r s t  s t e p  in  w r i t i n g  a  program  t o  s o lv e  th e s e  d i s p e r s io n

r e l a t i o n s  i s  to  r e c a s t  th e  m a tr ix  e le m e n ts ,  o f  e q u a t io n s  111-22

and 111-24 i n t o  a  form  in  w hich  a l l  q u a n t i t i e s  a r e  e x p re s s e d  a s

d im e n s io n le s s  p a ra m e te r s .  Among th e s e  p a ra m e te rs  th o s e  w ith  p h y s ic a l  

s i g n i f i c a n c e  can  be d iv id e d  i n t o  tw o g ro u p s  a c c o rd in g  to  t h e i r  r o l e  

w i th in  th e  p ro g ram , in p u t  p a ra m e te rs  and  o u tp u t  p a r a m e te r s .

The in p u t  p a ra m e te rs  have  been d is c u s s e d  b e f o r e .  Some o f  them  

r e p r e s e n t  th e  s te a d y  s t a t e  c o n f ig u r a t io n :  m g/n^ , TQ/T i t  “ pe ^n e» ®e»

v 0/V i ,  vn / v i (  and<vB> /v ^ , w h ile  th e  o th e r s  s p e c i f y  t h e  wave v e c to r

m ag n itu d e  and  o r i e n t a t i o n :  ka_ and 0 .6

O u tp u t from  th e  p rogram  i s  i n  th e  form  o f  p a ra m e te rs  w hloh

d e s c r ib e  th e  wave s o lu t io n  t o  th e  d i s p e r s io n  r e l a t i o n .  T hese  a r e  th e

n o rm a liz e d  fre q u e n c y  and  g ro w th  r a t e ,  r e s p e c t i v e l y ,  and  Y A ^n

p a ra m e te rs  d e s c r ib in g  th e  p o l a r i z a t i o n  o f  th e  e l e o t r i o  f i e l d s  i n  th e  

w ave. T hese  l a t t e r  p a ra m e te rs  a r e  r a t i o s  o f  th e  s q u a r e s  o f  th e
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m ag n itudes o f  th e  lo n g i tu d in a l  e l e c t r i c  f i e l d  to  th e  t o t a l  e l e c t r i c  

f i e l d ,  N ^ i / ^ ^ t o t  e l e c t r * c f i e l d  com ponent i n  th e  x

d i r e c t io n  t o  th e  t o t a l  t r a n s v e r s e  e l e c t r i c  f i e l d ,  | e ^ x / E ^  ^ t r ^ *  

en erg y  in  th e  t r a n s v e r s e  f i e l d  to  th e  t o t a l  e l e c t r i c  and m ag n etic  f i e l d  

en erg y  and th e  r a t i o  o f  th e  e n e rg y  o f  th e  f l u c t u a t i n g

e l e c t r i c  f i e l d s  to  th e  e n e rg y  i n  th e  f l u c t u a t i n g  m agnetio  f i e l d s ,  

(e ^ V b ^ P .  The th r e e  homogeneous e q u a tio n s  f o r  th e  f i e l d  com ponents 

£x ^ ,  and Ez ^  a r e  u sed  to  d e f in e  th e s e  p a ra m e te rs  in  te rm s  o f

com ponents o f  %  A s t r a i g h t  fo rw ard  c a l c u l a t i o n  r e v e a l s :

kx c i?.r+ nu* +rer)
 f i r 3 r - ____________________ t

+  (v-2 )iC r -
£tr _

£ W
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w here = RxxRyy+RXy , Pg = Hxy**xz+^yz^xx  * **3 = ^xx**yz”^yy^xz  •

I t  I s  i n t e r e s t i n g  t o  n o te  a  s p e c i f i c a t i o n  o f  th e  s te a d y  s t a t e  

d im e n s io n le s s  p a ra m e te rs  l i s t e d  above d o es  n o t  u n iq u e ly  d e te rm in e  

v a lu e s  o f  th e  a s s o c ia t e d  d im e n s io n a l  q u a n t i t i e s .  F o r ex am p le , o o n s id e r  

a  hom ogeneous e l e c t r o n - io n  p lasm a w ith  no d r i f t s .  In  t h i s  c a s e  th e r e  

a r e  t h r e e  d im e n s io n le s s  p a ra m e te rs  t o  be s p e c i f i e d :  Te /T ^ , wp e ^ e »  and 

&e . However, c o n ta in e d  in  th e s e  a r e  f o u r  in d e p e n d e n t d im e n s io n a l 

p a ra m e te r s :  Te , T ^ , nQ, B0 . T h e re fo re  c a r e  m ust be ta k e n  in

i n t e r p r e t i n g  th e  d im e n s io n a l p a ra m e te r s  i n  te rm s  o f  d im e n s io n le s s  o nes 

s in c e  more th a n  one i n t e r p r e t a t i o n  i s  p o s s ib le .

In  p r e p a r a t io n  f o r  p ro g ram in g , a l l  I n f i n i t e  sums c o n ta in e d  in  

e x p r e s s io n s  111-21 and 111-24 w ere changed  to  sums w ith  o n ly  p o s i t i v e  

i n t e g e r s .  The e le m e n ts  o f  th e  m a t r ix ,  an<* d e te r m in a te

D(o),&), w ere th e n  programmed w ith  F o r t r a n  co d e . The co m p le te  F o r t r a n  

program  u sed  i n  th e  s o lu t io n  o f  e q u a t io n s  1 1 1 -2 1 , 1 1 1 -2 2 , an d  1 1 1 -24  i s  

g iv e n  in  Appendix C, a lo n g  w ith  sam ple  in p u t  and o u tp u t .

The c o m p u ta tio n  o f  th e  d i s p e r s io n  r e l a t i o n  p ro c e ed e d  i n  th e  

f o l lo w in g  o r d e r .  F i r s t  th e  s p e c i a l  f u n c t io n s  Z ( ? ) ,  I n , and J n were 

com puted w ith  w e ll  t e s t e d  s u b r o u t in e s  a c c u r a te  t o  fo u r  o r  f i v e  p l a c e s .  

B a s ic a l ly  th e s e  s u b r o u t in e s  u s e  a  c o m b in a tio n  o f  s e r i e s  and  a sy m p to tio  

e x p a n s io n s . Then th e  i n f i n i t e  sums w ere a p p ro x im a te d  w ith  a  sum o f  a  

number o f  th e  f i r s t  te rm s  in  th e  i n f i n i t e  sum n e c e s s a r y  f o r  

c o n v e rg e n c e . In  p r a c t i c e  th e  number u sed  was d e te rm in e d  by com paring  

s o l u t i o n s  o f  th e  d i s p e r s io n  r e l a t i o n  w ith  s o l u t i o n s  o b ta in e d  w ith  an 

in c r e a s e d  number o f  te rm s  in  th e  sum. When th e  two s o l u t i o n s  a g re e d  to  

fo u r  s i g n i f i c a n t  f i g u r e s  c o n v e rg e n c e  was assum ed . The number r e q u i r e d  

in c r e a s e d  w ith  th e  v a lu e  o f  k a e u s e d .  Most c a l c u l a t i o n s  w ere f o r
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k a@ < 1, i n  which c a s e  fo u r  o r  f iv e  te rm s  in  eaoh sum w ere a d e q u a te . 

N ex t, th e  i n t e g r a l s  w ere done w ith  a  s u b ro u tin e  u s in g  S im p so n 's  

fo rm u la . C onvergence o f  th e s e  i n t e g r a l s  was a s s u re d  by th e  p re s e n c e  o f  

an  e x p o n e n t ia l  f a c t o r  e x p (-v i 2/2 v e2 ) i n  th e  in t e g r a n d ,  and  t h e i r  

a c c u ra c y  was p e r i o d i c a l l y  checked by h a lv in g  th e  i n t e g r a t i o n  s t e p  u sed  

and  e x te n d in g  th e  u p p e r l i m i t  o f  th e  I n t e g r a l s .

The d e te r m in a n t ,  D(o) ,)£.), was th e n  c a l c u l a t e d .  The z e r o s  o f  i t s  

r e a l  and  im a g in a ry  p a r t s ,  which d e te rm in e  th e  f r e q u e n c y , and

grow th  r a t e ,  w ere found w ith  a n  i t e r a t i v e  r o o t  f i n d i n g  p ro c e d u re

em ploy ing  th e  s e c a n t  m ethod. U su a lly  o n ly  fo u r  o r  f i v e  i t e r a t i o n s  w ere 

n e c e s a ry  f o r  co n v erg en ce  o f  “ / ^ lh and Y>,nLH to  fchree p la o e  a c o u ra c y . 

When a  r o o t  was found  th e  f i e l d  q u a n t i t i e s  |E L/E fcot| 2 , )EX/E fcr| 2 , and 

^ t r ^ t o t  w ere c a l c u la t e d  and  p r in te d  a lo n g  w ith  v a lu e s  o f  f r e q u e n c y  and 

g row th  r a t e .

The program s w hich  im plem ented  t h i s  p ro c e d u re  w ere  u s u a l ly  

em ployed i n  th e  i n t e r a c t i v e  mode o f  t h e  com pu ters  u3ed . T h e re fo re  th e  

in p u t  p a ra m e te rs  c o u ld  be e n te re d  i n t o  th e  p rog ram , th e  program  

e x e c u te d , and th e  o u tp u t  p a ra m e te rs  r e c e iv e d  r e l a t i v e l y  q u ic k ly  v i a  a 

rem o te  te r m in a l .  U sing  th e  m ost g e n e r a l  d is p e r s io n  r e l a t i o n ,  e q u a t io n s  

111-21 and  1 1 1 -2 2 , a c t u a l  com puter t im e  r e q u ir e d  by a  PDP-10 com puter 

t o  p ro c e s s  one s e t  o f  in p u t  p a ra m e te r s  i s  a b o u t 20 s e c o n d s .  I t  i s  

e s t im a te d  a  t o t a l  o f  a p p ro x im a te ly  tw e n ty  h o u rs  o f  co m p u te r tim e  was 

u sed  i n  th e  c o u rs e  o f  t h i s  d i s s e r t a t i o n  work on b o th  th e  Los Alamos 

S c i e n t i f i c  L a b o r a to r y 's  PDP-10 and th e  C o lle g e  o f  W illiam  an d  M ary 's  

IBM 370.



V I. SOLUTIONS

T his  c h a p te r  p r e s e n t s  n u m e ric a l s o lu t io n s  to  th e  d is p e r s io n  

r e l a t i o n s  d e r iv e d  in  C h ap te r  I I I .  I t  i s  d iv id e d  in to  t h r e e  s u b s e c tio n s  

w h ich  t r e a t  th e  c a se s  o f  (A) a homogeneous p la sm a , (8 )  a  p lasm a w ith  

m a g n e tic  f i e l d  g r a d i e n t s ,  and (C) a  plasm a w ith  b o th  m a g n e tic  f i e l d  and 

d e n s i t y  g r a d ie n ts  a c c o rd in g  to  e i t h e r  th e  sh o ck  o r  s h e a th  c o n d i t io n s .

Of th e  l i n e a r  i n s t a b i l i t i e s  rev iew ed  i n  C h ap ter IV , n u m e ric a l 

s t u d i e s  o f  th r e e  a re  p re s e n te d .  Em phasis i s  i n i t i a l l y  p lao ed  on th e  

m o d if ie d  two s tream  i n s t a b i l i t y  b e c a u se  i t  i s  found i n  a  homogeneous 

p la sm a . W ith th e  a d d i t io n  o f  g r a d i e n t s  th e  m o d if ie d  tw o s tre a m  e v o lv e s  

i n t o  th e  lo w er h y b rid  d r i f t  i n s t a b i l i t y  under c e r t a i n  c o n d i t io n s .  In  

a d d i t i o n  th e  r e l a t i o n s h i p  o f  th e s e  two i n s t a b i l i t i e s  to  th e  ion 

a c o u s t i c  i n s t a b i l i t y  i s  e x p lo re d .

The n u m e ric a l v a lu e s  o f  th e  s te a d y  s t a t e  p a ra m e te rs  a r e  ch osen  and 

v a r i e d  b o th  in  o rd e r  t o  a p p ro x im a te  c o n d i t io n s  in  p h y s ic a l  p lasm as and 

t o  f a c i l a t e  com parison  o f  r e s u l t s  w ith  p re v io u s  n u m e rio a l s o lu t io n s  o f  

l i n e a r  d is p e r s io n  r e l a t i o n s .  In  a l l  t h a t  fo l lo w s  th e  r a t i o  o f  e le o t r o n  

a n d  io n  m asses used  i s  t h a t  o f  a  hydrogen  p la sm a , n ^ /n ^  = 1 8 3 6 . O ther 

p a ra m e te rs  a re  u s u a l ly  v a r i e d  o n ly  one a t  a t im e .  For in s ta n c e  in  much 

o f  th e  p r e s e n t  work th e  v a lu e s  tupe /f ie  = 68 and Tg/T^ a 1 .0  a r e  used  

a l th o u g h  v a r i a t i o n s  o f  grow th r a t e s  o f  th e  lo w er h y b r id  d r i f t  

i n s t a b i l i t y  w ith  b o th  th e s e  p a ra m e te rs  a re  in c lu d e d . T h is  v a lu e  o f 

/n  c o rre sp o n d s  to  c o n d i t io n s  in  a  p a r t i c u l a r  Z p in c h  shocku c

e x p e r im e n t ( P a u l , 1 9 6 9 ) and  to  p re v io u s  n u m e ric a l work ( e . g .  Gary and
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S a n d e rs o n ,1970; L ashm ore-D avies and M a r t in ,1973)•• As lo n g  a s  

iDp0/fie > 10, which i s  o f t e n  th e  c a s e  in  b o th  sp ace  and  e x p e r im e n ta l  

p la sm as(T ab le  1 -1 ,Boyd and S a n d e rso n , 1969)* i t s  e x a c t  v a lu e  h as  l i t t l e  

in f lu e n c e  on th e  m o d if ied  tw o s tre a m  in s ta b il i ty C L a sh m o re -D a v ie s  and 

M a r t in ,1 9 7 3 ). P re s e n t r e s u l t s  i n d i c a t e  th e  same i s  t r u e  f o r  th e  lo w er 

h y b r id  d r i f t  i n s t a b i l i t y .  L ik ew ise  th e  c o n d i t io n  o f  e q u a l e le o t r o n  and 

io n  te m p e ra tu re s  i s  commonly found in  b o th  th e  bow shock  and in  

l a b o r a to r y  p la sm as , a l th o u g h  i n  th e  fo rm er in s ta n c e  Tq/T ^ i s  a l s o  

som etim es g r e a t e r  th a n  one w h ile  in  th e  l a t e r  i t  i s  som etim es l e s s  th a n  

o n e , p a r t i c u l a r l y  in  th e  p o s t- im p lo s io n  p h ase  o f  l i n e a r  t h e t a  p in c h e s .

The o th e r  d im e n s io n le s s  p a ra m e te rs  a re  8 e and V jj/v^. Be can  v a ry  

betw een 0 and  o rd e r  u n i ty  in  b o th  th e  q u a s i - p e r p e n d ic u la r  bow shock and 

i n  th e rm o n u c le a r p la sm a s . A c co rd in g ly  th e  n u m e ric a l v a r i a t i o n s  w i l l  

sp an  t h i s  ra n g e . In  th e  homogeneous p lasm a d i s p e r s io n  r e l a t i o n ,  

e q u a tio n s  111-22 and 1 1 1 -2 4 , Be s e r v e s  to  in tr o d u c e  e le c tro m a g n e t ic  

e f f e c t s  a c c o rd in g  to  th e  s i z e  o f  th e  f a c t o r  Be / ( k a e ) ^ ,  w h ile  in  th e  

inhom ogeneous plasm a d i s p e r s io n  r e l a t i o n ,  e q u a t io n s  111-21 and 1 1 1 -2 2 , 

i t  a ls o  in tr o d u c e s  g r a d ie n t  B e f f e c t s  a c c o rd in g  to  A m pere's Law, 

e q u a tio n  I I - 8 .  The s i z e  o f  v^ in  a c tu a l  sh o ck s and s h e a th s  can  be 

e s t im a te d  from  th e  s i z e  o f  th e  r e s u l t i n g  m ag n etic  f i e l d  g r a d ie n t s .  In  

a  w e ll d iag n o sed  t h e t a  p in c h  shock  e x p e rim en t (K e ilh a o k e r  and 

S te u e r ,1 9 7 1 )  t h i s  d r i f t  was e s t im a te d  t o  be on th e  o rd e r  o f  a  few io n  

th e rm a l sp ee d  th ro u g h o u t th e  sh o ck . D r i f t s  o f  t h i s  s i z e  were o f te n  

u sed  In  th e  n u m erica l c a l c u l a t i o n s .  On th e  o th e r  hand v^ w ith in  p o s t  

im p l o s i o n  s h e a th s  may be much s m a l le r .  F o r ex am p le , sym m etry 

c o n s id e r a t io n s  r e q u i r e  th e  c r o s s f i e l d  c u r r e n t  in  l i n e a r  t h e t a  p in o h e s  

t o  ap p ro ach  zero  n e a r  th e  a x i s ,  im p ly in g  t h a t  th e r e  i s  a  r e g io n  in
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w hich  th e  e l e c t r o n  d r i f t  f a l l s  below  th e  io n  th e rm a l s p e e d . In  t h i s  

c a s e  th e  c r o s s f i e l d  c u r r e n t  i n s t a b i l i t i e s  c o n s id e re d  h e r e  h a v e  wave 

le n g th s  and f r e q u e n c ie s  on th e  o r d e r  o f ,  r e s p e c t i v e l y , th e  io n  Larm or 

r a d iu s  and th e  io n  c y c lo t r o n  f r e q u e n c y . Io n  g y ro  e f f e c t s  a r e  im p o r ta n t 

in  t h i s  re g im e . S in c e  th e  d e r i v a t i o n  o f  th e  d i s p e r s io n  r e l a t i o n s  in  

C h a p te r  I I I  assum ed s t r a i g h t  l i n e  o r b i t s  f o r  th e  i o n s ,  t h e  low  d r i f t  

reg im e  m ust be a v o id e d . T h e re fo re  Vjj/v.^ > 1 i n  th e  fo l lo w in g  n u m e r ic a l  

w ork .

A. Homogeneous P lasm a

R e s u l ts  in  t h i s  s e c t i o n  a r e  n u m e ric a l s o l u t i o n s  o f  e q u a t io n s  

1 11 -22  and I I I - 2 H . The p a ra m e te r  v a lu e s  u pe / ^ e  = 68 and Te /T ^  = 1 . 0  

a r e  u sed  w h ile  vd/VjL and Be a r e  v a r ie d  i n  o rd e r  t o  s tu d y  th e  

e le c t r o m a g n e t ic  c o n t r i b u t i o n s  t o  t h e  m o d if ied  tw o s tre a m  i n s t a b i l i t y .

F ig u re  2 shows t h a t  e le c t r o m a g n e t ic  m o d i f ic a t io n s  t o  th e

d i s p e r s io n  p r o p e r t i e s  o f  c r o s s  f i e l d  d r i f t  i n s t a b i l i t i e s  a r e

s i g n i f i c a n t  o n ly  a t  wave num bers su ch  t h a t  B e / ( k a e ) 2 > 1 .0 ,  an d  th e

g e n e r a l  p r o p e r ty  t h a t  e le c t r o m a g n e t ic  e f f e c t s  re d u c e  g ro w th  r a t e s .  In

t h i s  f i g u r e  an(* a r e  Pl o t ^ed  v e r s u s  k a e  f o r  = 5 .0  a t

t h e  a n g le  0 = 8 7 ° . The Be = 0 .0 1  c u rv e s  a r e  e q u iv a l e n t  t o  th o s e  from

t h e  e l e c t r o s t a t i c  d i s p e r s io n  r e l a t i o n ,  e q u a t io n  1 1 1 -2 2 , w h ile  th e

3_ = 1 .0  c u rv e s  show th e  ch an g es  due to  e le c t r o m a g n e t ic  e f f e o t s .  F or ©

k ae > 1 .0  t h e r e  i s  l i t t l e , d i f f e r e n c e  betw een  th e  tw o o a s e s .  For

kae  < 1 .0  th e  maximum g ro w th  r a t e  o f  th e  m o d if ie d  two s tre a m

i n s t a b i l i t y  i s  re d u c e d , a  r e s u l t  w hich  i s  i n  q u a l i t i v e  ag re em e n t w ith  

t h e  th e o ry  and n u m e ric a l  r e s u l t s  o f  L ak h in a  and  S en (1 9 7 3 )»  «ho s tu d ie d
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0.15 3.0
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0.0 0.0
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F ig .  2 . F req u en cy , and grow th  r a t e  ° f  th e  m o d if ie d  two

s tre a m  i n s t a b i l i t y  v e rs u s  wavenum ber, k a e , f o r  0 “  8 7 ° . T h ere  a r e  no 

g r a d i e n t s ,  83 <v^> = 0 . O th e r p a ra m e te rs  a r e  v ^ /v ^  "  5 .0  and  T^/T^ 

=» 1 .0 .  H ere and i n  a l l  s u b se q u e n t f ig u r e s  n^/m ^ 83 1836; a l s o  Wpe / ^ e 

= 6 8 .0  e x c e p t i n  F ig . 16.
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th e  m o d if ied  two s tre a m  i n  i t s  f l u i d  and low d e n s ity (w pe/£2e < 1 .0 )  

l i m i t s .  F u rth e rm o re  th e  i n s t a b i l i t y  i s  moved t o  h ig h e r  wave num bers 

w h ile  th e  r e a l  p a r t  o f  th e  fre q u e n c y  i s  s h i f t e d  s l i g h t l y .

F ig u re  3a shows a n o th e r  im p o r ta n t  e le c tro m a g n e t ic  e f f e c t .  H ere 

g row th  r a t e s ,  m axim ized o v e r  v a r i a t i o n s  in  kae , a r e  p lo t t e d  a g a in s t  9 

f o r  Vq/ vj  ̂ = 5 .0  w ith  0e = 1 .0  and 0 .0 1 .  F ig u re  3b shows f r e q u e n c ie s  

( s o l id  l i n e s )  and wave num bers (d ash ed  l i n e s )  w hich accompany th e  

g row th  r a t e s  o f  F ig u re  3 a . F o r p ro p a g a tio n  p e rp e n d ic u la r  t o  th e  

m ag n etic  f i e l d  (0 = 90°) th e  m o d if ie d  two s tre a m  i s  s t a b l e  f o r  b o th  

0e = 0 .01 and s  1 .0  a s  th e  f ig u r e  s u g g e s ts .  The maximum grow th r a t e  

in  th e  ft- = 1 .0  c u rv e  i s  red u ced  from  t h a t  i n  th e  B = 0 .01 c u rv e  andy

i s  s h i f t e d  away from  th e  p e r p e n d ic u la r .  F u rth e rm o re  th e  

e le c tro m a g n e tic  ({3„ = 1 .0 )  m o d if ied  two s tre a m  mode i s  u n s ta b le  f o r  

p ro p a g a tio n  o v e r a  w id e r ra n g e  o f  a n g le s  th a n  th e  e l e c t r o s t a t i c  

($e = 0 ,0 1 )  mode. For th e s e  p a ra m e te rs  th e  3e 3 1*0 i n s t a b i l i t y  c u rv e  

a c tu a l ly  e x te n d s  t o  an a n g le  o f  a b o u t 6 0 ° . However th e  w av elen g th  o f  

th e  i n s t a b i l i t y  a t  t h i s  a n g le  i s  on th e  o rd e r  o f  an io n  Larmor r a d iu s  , 

and c o n se q u e n tly  Io n  gy ro  e f f e c t s  sh o u ld  red u ce  th e  grow th  r a t e  o r  

c o m p le te ly  s t a b i l i z e  th e  i n s t a b i l i t y  in  t h i s  r e g io n (F re id b e r g  and 

G erw in ,1 9 7 7 ). N o n e th e le s s , even  th ough  e le c tro m a g n e t ic  e f f e o t s  red u ce  

maximum grow th  r a t e s  o f  th e  m o d if ie d  two s tre a m  i n s t a b i l i t y ,  th e  

c o n t r ib u t io n  o f  t h i s  i n s t a b i l i t y  t o  anam olous t r a n s p o r t  c o e f f i c i e n t s  

may become more Im p o rta n t s in c e  th e  volume in  & sp a c e  i n  w hich th e  mode 

i s  u n s ta b le  becomes l a r g e r  w ith  in c r e a s in g  0e »

The mechanism by w hich , th e  m o d if ied  two s tre a m  I n s t a b i l i t y  i s  

ex ten d ed  i n  0 sp ac e  away from  th e  d i r e c t i o n  o f  th e  c r o s s f i e l d  c u r r e n t
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Figo 3 a . Y /^m »  m axim ized w i th  r e s p e c t  to  k ae ,  v e r s u s  0 f o r

th e  m o d if ie d  two -s tream  i n s t a b i l i t y .  E le c tro m a g n e tic  e f f e c t s  

(h ig h  0g) re d u c e  g row th  r a t e s ,  s h i f t  them  away from  0 ** 9 0 ° , 

and s p re a d  them  in  s p a c e .  O th e r  p a ra m e te rs  a r e  th e  same a s  I n  

F ig . 2.
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F ig .  3b . Y/fiTtl ( s o l i d  l i n e s )  and k a = (d a sh ed  l in e )Lai e
c o rre sp o n d in g  to  g ro w th  r a t e s  in  F i g .  3 a . Numbers l a b e l l i n g

c u rv e s  r e f e r  to  3 .e
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(6  = 90° ) by e lec tro m ag n e tic s  e f f e c t s  i s  th e  c o u p lin g  o f  two d i s t i n o t  

s o l u t i o n s  t o  t h e  d is p e r s io n  r e l a t i o n .  T h is  i s  i l l u s t r a t e d  i n  F ig u re  4 

w h ic h  plotB th®  d is p e r s io n  p r o p e r t i e s  o f  t h e s e  tw o s o l u t i o n s  fo r  

0 e  = 1 ,0  and vd /v i  = 5 .0 ,  and tw o d i f f e r e n t  a n g le s  o f  p ro p a g a tio n ,

0 = 82° and 0 = 8 1°* The grow th  r a t e s  i n  th e  0 = 82° g ra p h  are

re p re s e n te d  w i th  th e  d o t te d  l i n e  and a r e  a s s o c ia t e d  w i th  the  

f r e q u e n c ie s  d e n o te d  w ith  t h e  s o l id  l i n e .  T h is  i s  th e  mode w hioh i s

a l s o  found i n  t h e  e l e o t r o s t a t i o  d is p e r s io n  r e l a t i o n  an d  upon w hich  the  

i o n  a co u s tic , Buneman, and  e l e c t r o n  c y c lo t ro n  i n s t a b i l i t i e s  a p p e a r .  In  

t h i s  graph i t  I s  u n s ta b le  b u t c lo s e  i n  freq u e n cy  t o  a  h e a v i ly  damped 

m ode whose f r e q u e n c y  i s  r e p r e s e n te d  w ith  th e  c ro s s -d a s h e d  l i n e  and

g ro w th  r a te s  w ith  c r o s s e s .  In  th e  o th e r  g ra p h  th e  sam e sym bolism  and 

p a ra m e te rs  a p p ly  excep t t h a t  now wave p ro p a g a tio n  i s  a t  8 1 ° .  The 

freq u e n cy  0f  t h e  damped mode a t  0 = 82° can be t o p o lo g ic a l ly  i d e n t i f i e d  

w i t h  the node a t  w hich i s  u n s ta b l e .  At low er v a lu e s  o f  0 the  

i n s t a b i l i t y  i s  a ls o  c a r r i e d  by t h i s  mode, c h a r a c te r iz e d  by low 

f r e q u e n c ie s .

This new mode i s  due t o  e le c tro m a g n e tic  te rm s  i n  th e  d is p e r s io n  

r e l a t i o n  s i n c e  i t  can n o t  be found i n  th e  e l e c t r o s t a t i c  ap p ro x im atio n  

t o  th e  d i s p e r s io n  r e l a t i o n .  F u rth erm o re  i t  e v o lv e s  i n t o  a  damped zero  

freq u en o y  mo d e  when t h e  so u rc e  o f  i n s t a b i l i t y ,  v ^ , i s  s lo w ly  removed 

a n d  can be i d e n t i f i e d  w ith  th e  ze ro  freq u e n cy  mode w h ich  c a r r i e s  the  

e l e c t r o n  m ir ro r  i n s t a b i l i t y .

This i d e n t i f i c a t i o n  was made by g e n e r a l i z in g  th e  homogeneous 

p la sm a  d i s p e r s io n  r e l a t i o n  and th e  com puter code t o  in c lu d e  the  

p o s s i b i l i t y  d i f f e r e n t  e le c t r o n  te m p e ra tu re s  i n  t h e  plane
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F ig . 4 . an(* ' '^ L H  ^o r  two d i f f e r e n t  a t  two a n g le s  o f  p ro p a ­

g a t io n ,  0 = 81° and 0 = 8 2 ° . v <j/v i  ”  ^ .0 ,  Pe  D an<* vn  * VB "
A lso T /T  = 1 . 0 .  I n  b o th  g ra p h s  th e  g row th  r a t e s  r e p r e s e n te d  by  c r o s s e s  6 6
a r e  a s s o c i a t e d  w ith  th e  f r e q u e n c ie s  r e p r e s e n te d  w i th  th e  l i n e  o f  a l t e r ­

n a te  d a sh e s  and c r o s s e s .  L ik e w ise  g row th  r a t e s  o f  t h e  o th e r  mode shown 

by d o ts  go w ith  f r e q u e n c ie s  r e p r e s e n te d  w ith  th e  s o l i d  l i n e .  N o tic e  

t h a t  w hen th e  v a lu e  o f  0 i s  changed  from  82° to  8 1 ° ,  a l l  o th e r  num bers 

re m a in in g  c o n s ta n t ,  th e  i n s t a b i l i t y  i s  s h i f t e d  from  one mode to  th e  o t h e r .
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p e r p e n d ic u la r  t o  th e  m ag n e tic  f i e l d ,  T^e , and a lo n g  th e  d i r e c t i o n  o f  

th e  m a g n e tic  f i e l d ,  T|| Q. When th e  te m p e ra tu re  a n is o t r o p y  p a ra m e te r  

Tl e ^ Tile was in c r e a s e d  above o n e , w ith  V j/v ^  = 0 ,  t h i s  z e ro  f re q e n c y  

mode became u n s ta b l e  a t  o b l iq u e  a n g le s .  T h is  i s  th e  e l e o t r o n  m ir r o r  

i n s t a b i l i t y ,  a  z e ro  f re q u e n c y  e le c t r o m a g n e t ic  mode d r iv e n  u n s ta b le  when 

T ie /T ||e  > 1 /8 ^ e+1 (S e c . 9 . 8 , S t i x , 1 9 6 2 ). I t  i s  i n t e r e s t i n g  t o  n o te  t h a t  

when T^e /T ||e  = 2 .0  th e  e l e c t r o n  m ir r o r  mode i s  u n s ta b l e  w i th in  th e

ra n g e  o f  a n g le s  60° < 0 < 8 5 ° , th e  same ra n g e  o v e r w hich  t h i s  low

fre q u e n c y  mode e x te n d s  th e  m o d if ie d  two sream  i n s t a b i l i t y  when

v(J/ v i  = 4 .0 .

The exchange o f  i n s t a b i l i t y  from  one s o l u t i o n  t o  t h e  o th e r  i s  made 

q u ic k ly  a s  0 i s  d e c re a s e d  and f o r  no v a lu e  o f  0 have  b o th  modes been

found u n s t a b l e .  T h is  ty p e  o f  phenomena h a s  been  s tu d ie d  by C ayton

(1977) and a p p a r e n t ly  o c c u rs  a t  th e  c r o s s in g  i n  <a,y sp ace  o f  th e  two 

s o lu t io n s  t o  th e  d i s p e r s io n  r e l a t i o n .  I n  any c a s e  F ig u r e s  2 and 3 show 

t h a t  t h e  g row th  r a t e s  and f r e q u e n c ie s  o f  th e  m o d if ie d  two s tre a m

i n s t a b i l i t y  a r e  a  c o n tin u o u s  f u n c t io n  o f  0 .

F ig u re  5 i s  a d d re s s e d  t o  th e  q u e s t io n  o f  th e  p o l a r i z a t i o n  o f  th e

m o d if ie d  tw o s tre a m  i n s t a b i l i t y . • H ere th e  r a t i o  o f  e n e rg y  i n  th e  

f l u c t u a t i n g  e l e c t r i c  f i e l d s  t o  th e  e n e rg y  i n  th e  f l u c t u a t i n g  m ag n e tic  

f i e l d s  i s  shown v e r s u s  k a Q a t  an  a n g le  o f  p ro p a g a t io n  o f  0 a 8 9 .6 °  f o r  

Te /T ^ = 1 0 .0 , and a  d r i f t  o f  v ^ / v ^  = 2 0 .0 . The h ig h  te m p e ra tu re  r a t i o

r e p r e s e n t s  ex trem e  c o n d i t io n s  i n  t h e  e a r t h 's  bow shock  and e x te n d s  th e

ra n g e  o f  i n s t a b i l i t y  to  s h o r t  w a v e le n g th s . The d o t te d  l i n e s  i n d i c a t e

g row th  r a t e s .  N o tic e  a g a in  t h a t  h ig h  b e ta  r e d u c e s  g row th  r a t e s  o n ly

f o r  8 e / ( k a e )2 > 1  ̂ S o l id  l i n e s  r e p r e s e n t  th e  r a t i o  | e ^ / B ^ | ^ .  The



Ul

1.0

1Q01.00.1
ko«

F ig .  5 . P l o t s  o f  | e ^15/B ( 1 ) /B ( 1 ) | 2 ( s o l i d  l i n e ;  l e f t  hand

o r d in a te  a x i s )  arid Y7fi!T1J ( d o ts )  f o r  th e  m o d if ie d  two s tre a mLtt *
i n s t a b i l i t y .  6 = 8 9 .6 ° ,  ■ 2 0 .0 ,  ^ e /T ^ = 1 0 .0 ,  and

v  83 <v„> *» 0 . n  d
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s i z e  o f  t h i s  r a t i o  i s  an i n d i c a t io n  o f  th e  e le c tro m a g n e tio  n a tu re  o f  

th e  c r o s s  f i e l d  d r i f t  i n s t a b i l i t i e s  whioh a r e  p re d o m in a te ly  

e l e o t r o s t a t i o  a t  s h o r t  w av e len g th s  and e x h ib i t  p r o g r e s s iv e ly  g r e a t e r  

e le c tro m a g n e tic  p r o p e r t i e s  a s  k a e d e c r e a s e s .

Over th e  w hole ran g e  o f  i n s t a b i l i t y  f o r  th e s e  p a ra m e te rs  th e
2

m agnitude  o f  | E ^ / B ^ [  v a r i e s  o v e r  sev en  o r d e r s .  T h is  w ide ran g e  o f  

v a lu e s  i s  in  ag reem en t w ith  m easurem ents o f  t h i s  r a t i o  i n  th e  e a r t h 's  

bow sh o c k (F ig u re  9 , R odriguez  and G u r n e t t ,197 5 ). However, th e y  con clu d e  

t h a t  p u re ly  e le c tro m a g n e t ic  waves a r e  n e c e s s a ry  f o r  th e  low  v a lu e s  o f  

{E( 1 V b *i J | 2 . In  c o n t r a s t ,  F ig u re  5 i n d i c a t e s  low v a lu e s  o f  t h i s  r a t i o  

a t  lo n g  w av e len g th s  can be a  r e s u l t  o f  e le c tro m a g n e tio  c o n t r ib u t io n s  t o  

c r o s s f i e l d  d r i f t  i n s t a b i l i t i e s  w hich  a re  p re d o m in a n tly  e l e o t r o s t a t i o  a t  

s h o r t e r  w a v e le n g th s . T h is  f a c t  i s  em phasized by an e x am in a tio n  o f  th e  

r a t i o  o f  t r a n s v e r s e  f l u c t u a t i n g  e l e c t r i c  f i e l d ,  |E ^ r ^ | ,  to  

l o n g i tu d in a l  f l u c t u a t i n g  e l e c t r i c  f i e l d s ,  | e l ^ | .  The r a t i o

h a s  f o r  a l l  p a ra m e te rs  and i n s t a b i l i t i e s  i n v e s t ig a te d  

found to  be no g r e a t e r  th a n  1%. S p e c i f i c a l l y ,  f o r  th e  r e l a t i v e l y  lo n g  

w av e len g th  o r o s s f i e l d  c u r r e n t  i n s t a b i l i t i e s  |E |.r ^  /  E ^ ^ M  * 0 .01  a t  

m o s t, w h ile  f o r  th e  io n  a c o u s t ic  i n s t a b i l i t y  /  E ^ ^ | «  0 .0 1 .

The lo n g  w av e len g th  c r o s s f i e l d  c u r r e n t  i n s t a b i l i t i e s  c o n ta in  m ost o f  

t h e i r  energy  w i th in  th e  f l u c t u a t i n g  m ag n etic  f i e l d  b ecau se  o f  t h e i r  low 

phase  v e lo c i ty  w hich i s  s u g g e s te d  by e q u a tio n  V -4.

The r e d u c t io n  o f  g row th  r a t e s  by e le c tro m a g n e t ic  e f f e o t s  o v e r  a  

ra n g e  o f  d r i f t  v e l e o c i t i e s  i s  shown i n  F ig u re  6 w here grow th  r a t e s  

m axim ized w ith  r e s p e c t  to  b o th  kae and 0, a re  p l o t t e d  v e rs u s  v ^ /v ^ . 

Numbers l a b e l l i n g  th e  c u rv e s  in  t h i s  and i n  a l l  su b se q u e n t f ig u r e s  in
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F ig . 6 . Y /^lh» m axim ized w ith  r e s p e c t  to  k a £ and  0 ,  v e r s u s

f o r  v a r io u s  v a lu e s  o f  $e . Te ^Ti  = H ere  and i n  a l l  su b se q u e n t

f ig u r e s  num bers l a b e l l i n g  c u rv e s  r e f e r  to  v a lu e s  o f  3 .6
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th i s  c h a p t e r  r e f e r  to  v a lu e s  o f  0 e * G row th r a t e s  f o r  t h e  

e l e o t r o s t a t i o  (0e = 0 .0 1 ) m o d if ie d  tw o  s tream  I n s t a b i l i t y  a g re e  w i th  

p re v io u s ly  p u b l i s h e d  grow th r a t e s  in  F ig u r e  3 o f  G ary  (1973) and F ig u r e  

21 o f  L a sh o o re -D a v ie s  and M a r tin  (1 9 7 3 ) -  The e f f e c t  o f  i n c r e a s in g  0 e 

i B to  r e d u c e  t h e  growth r a t e s ,  e s p e c i a l l y  a t  l a r g e r  d r i f t  v e l o c i t i e s .  

The d r i f t  v e l o c i t y  a t  m a rg in a l  s t a b i l i t y  i s ,  i n  t h i s  c a s e ,  a b o u t  

a 2 . 0  a n d  i s  u n a f fe o te d  by Be . N o t ic e  a l s o  t h a t  maximum g ro w th  

ra te s  seem  t o  approach  an a s y m p to tio  v a lu e  w ith  i n c r e a s in g  d r i f t  s p e e d .  

This c o n d i t i o n  i s  a lso  c h a r a c t e r i s t i c  o f  th e  lo w er h y b r id  d r i f t  

i n s t a b i l i t y .

I n  su m m ary , e le c tro m a g n e t ic  e f f e c t s  a re  I n f l u e n t i a l  o n ly  w hen 

fjQ/(k a  )2  > 1 . 0 .  Their e f f e c t  upon t h e  m o d if ied  tw o  s tre a m  i n s t a b i l i t y  

i 8 to  r e d u c e  growth r a t e s ,  move t h e  i n s t a b i l i t y  away from  t h e  

p e r p e n d ic u la r  and sp read  th e  r e g io n  o f  i n s t a b i l i t y  i n  0 a p a c e .  

T hresho ld  d r i f t  speeds a re  n o t  s u b s t a n t i a l l y  chan g ed  by e le c t r o m a g n e t ic  

e f f e c t s .  F u r th e rm o re , much o f  th e  e n e rg y  o f  th e  i n s t a b i l i t y  i s  

a s s o c ia te d  w i t h  th e  f l u c t u a t i n g  m a g n e tic  f i e l d .

M ag n e tic  F i e l d  G rad ien t

A c c o rd in g  to  A m pere 's Law, e q u a t io n  I I - 8 ,  t h e  p re se n o e  o f  f i n i t e  

Be and v ^ / v i  r e 9 Ui r e a non z e ro  m a g n e tic  f i e l d  g r a d i e n t  d r i f t ,  <vB> , 

a lth o u g h  n o t  n e c e s s a r i ly  a  d e n s i t y  g r a d ie n t  d r i f t .  S in o e  t h e  

d is p e r s io n  r e l a t i o n  used i n  s e c t io n  A n e g le c te d  m a g n e tic  f i e l d  g r a d i e n t  

e f f e c t s ,  i s  no t b a se d  upon a  c o n s i s t e n t  s te a d y  s t a t e .  However i t

has b e en  c o n v e n ie n t f o r  i s o l a t i n g  e le c t r o m a g n e t ic  e f f e c t s  on a
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c r o s s f i e l d  d r i f t  i n s t a b i l i t y  s in c e  th e y  a lo n e  a r e  in t r o d u c e d  w ith  

f i n i t e  pe .

In  t h e  p r e s e n t  s e c t io n  m a g n e tic  f i e l d  g r a d ie n t  e f f e c t s  a re  

in c lu d e d  in  t h e  d i s p e r s io n  r e l a t i o n  th ro u g h  th e  e l e c t r o n  o r b i t  

i n t e g r a l s ,  1 1 1 -1 8 , a lth o u g h  m a in ta in in g  u se  o f  th e  M axw ellian  and 

d r i f t i n g  M axw ellian  io n  and  e l e c t r o n  d i s t r i b u t i o n  f u n c t io n s  o f  th e  

p re v io u s  s e c t i o n .  T h is  i s  done by u s in g  th e  d i s p e r s io n  r e l a t i o n  o f  

e q u a t io n s  111-21  and 111-22  w ith  vn = 0 . The p a ra m e te r  v a lu e s  

o)pe /S2e = 68 and = 1 .0  a r e  a l s o  u sed  th ro u g h o u t t h i 3  s e c t i o n .

The e f f e c t  o f  g r a d ie n t  B on th e  m o d if ie d  tw o  s tre a m  mode i s  see n  

i n  F ig u r e  7 a . T here b o th  g ro w th  r a t e s ( s o l i d  l i n e s )  m axim ized w ith  

r e s p e c t  t o  wave num ber and th e  c o rre sp o n d in g  wave num ber a t  maximum 

grow th  r a te ( d a s h e d  l i n e )  a r e  p l o t t e d  v e rs u s  0 .  D r i f t  v e l o c i t i e s  o f  

v0 = 0 .1 v e = H.28V* a r e  u s e d .  Growth r a t e s  w ith  8 e = 0 .0 1  a re  a g a in  

e s s e n t i a l l y  th e  same a s  th o s e  o f  th e  p u re ly  e l e c t r o s t a t i c  m o d if ie d  two 

s tre a m  w hich h a s  maximum g row th  r a t e s  a t  a n g le s  away from  th e  

p e r p e n d ic u la r .

I n c r e a s in g  8e to  0 .2 5  and 1 .0  n o t  o n ly  s p r e a d s  th e  i n s t a b i l i t y  in  

apace  a s  i t  d o e s  f o r  th e  m o d if ied  tw o s tre a m  (F ig u re  3 a )  b u t a l s o  

moves th e  maximum i n s t a b i l i t y  t o  th e  p e r p e n d ic u la r  d i r e c t i o n .  T h is  

l a t t e r  e f f e c t  h a s  been s tu d ie d  by G laddC F igure  4 ,1 9 7 8 )  an d  e s t a b l i s h e s  

th e  m ain d i f f e r e n c e  betw een  th e  m o d if ie d  tw o s tre a m  i n s t a b i l i t y  w ith  

maximum g row th  r a t e s  a t  0 ji 90° and th e  low er h y b r id  d r i f t  i n s t a b i l i t y  

w ith  maximum g ro w th  r a t e s  a t  0 = 9 0 ° .

P o l a r i z a t i o n  o f  th e  t r a n s v e r s e  f i e l d s  f o r  th e  lo w e r h y b r id  d r i f t  

i n s t a b i l i t y  i s  shown i n  F ig u re  7b w here th e  r a t i o  o f  th e  s q u a re  o f  th e
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F ig .  7 a . YA2Tti ( s o l i d  l i n e ) ,  m axim ized  w ith  r e s p e c t  t o  k a  and  ka Lxi 6  G
at.m axim um  g ro w th  r a t e  (d a sh ed  l i n e )  v e r s u s  0 f o r  8 ■» 0 .0 1  and  1 .0 .t«. 6
B oth e le c t ro m a g n e t ic  and g r a d ie n t  B e f f e c t s  a r e  in t r o d u c e d  w i th  f i n i t e

8 . v . / v .  *» 4 .2 8 ,  T /T , = 1 .0 ,  and  v  = 0 .  <v_> i s  f i n i t e  and  i s  e d i  e l  n  iJ
d e te rm in e d  by  A m pere 's  Law, e q u a t io n  I I - 8 .
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F ig .  7 b . |E  ^ / E  (1 > |2 ( o r d in a t e  a x i s )  v e r s u s  0 a s s o c i a t e d  w i th  th e
x  t r

g rap h  i n  F ig .  7 a . , _
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f l u c t u a t i n g  e l e c t r i c  f i e l d  i n  t h e  x d i r e c t i o n  t o  th e  a q u a re  o f  th e  

m agn itude  o f  th e  t o t a l  t r a n s v e r s e  e l e o t r i o  f i e l d ,  |E x ^ / E ^ r ^ | 2 i s  

p l o t t e d .  P a ra m e te r  v a lu e s  a r e  th e  same a s  i n  F ig u re  7 a . S ln o e  wave 

p ro p a g a tio n  i s  i n  th e  y - z  p la n e  Ex i s  a  p u re  t r a n s v e r s e  f i e l d  and when 

0 = 90° th e  r a t i o  l Ex ^  2 /  Et r ^ l 2 beoomes

. N o tic e  i n  t h i s  ln s ta n o e  th e  t r a n s v e r s e  

e l e o t r i o  f i e l d s  a r e  a lm o s t c o m p le te ly  in  th e  x d i r e o t l o n .  T h is  f a o t  

h a s  been  e x p lo i te d  by P av id so n  e t .  a l . ( 1 9 7 7 )  who have d e r iv e d  an  

e le c t r o m a g n e t ic  d i s p e r s io n  r e l a t i o n  f o r  p ro p a g a tio n  o f  th e  lo w er h y b r id  

d r i f t  i n s t a b i l i t y  i n  th e  9 = 9 0 °  d i r e c t i o n  by n e g le o t in g  th e  

f l u c t u a t i n g  Ez  f i e l d .  On th e  o th e r  h a n d , G ladd (1976) d ropped  Ex ^  and 

k e p t E j j ^  i n  d e r iv in g  h i3  d i s p e r s io n  r e l a t i o n  and  so  n e g le c te d  th e  

m ost im p o r ta n t  e le c t r o m a g n e t ic  c o n t r i b u t i o n s  t o  th e  d i s p e r s io n  

r e l a t i o n .

The t o t a l  e f f e c t  o f  f i n i t e  3 e on th e  maximum grow th  r a t e s  i s  n o t 

m o n o to n ic , a s  i s  f u r t h e r  i l l u s t r a t e d  i n  F ig u re  8 . H ere v ^ /v ^  a 3 .0  and 

th e  maximum g row th  r a t e s  th ro u g h o u t k ae  and 0 sp a c e  a r e  shown a s  a  

fu n c t io n  o f  E le c tro m a g n e tio  e f f e c t s  and g r a d ie n t  B e f f e c t s  a r e

shown in d e p e n d e n tly  and t o g e t h e r .  E le c tro m a g n e tic  e f f e c t s  on th e  

m o d if ie d  two s tre a m  i n s t a b i l i t y  a r e  t h e r e f o r e  i l l u s t r a t e d  by th e  c u rv e  

l a b e l l e d  e-m , Vb k  0 .  On th e  lo g  p l o t  Y ^ H  <te c re a f le s  l i n e a r l y  w ith  

B„. In  c o n t r a s t  e f f e c t s  o f  g r a d i e n t  B a lo n e  on th e  lo w er h y b r id  d r i f t  

i n s t a b i l i t y ,  d e n o te d  by th e  c u rv e  l a b e l l e d  e - s ,  Vb = 0 , a r e  more 

c o m p lic a te d  due t o  t h e  f a c t  t h a t  g r a d ie n t  B te rm s  e n t e r  I n to  th e  

d i s p e r s io n  r e l a t i o n ,  e q u a t io n s  IX I-2 1  and 1 1 1 -2 2 , v i a  r e s o n a n t  

d e n o m in a to rs . The I n s t a b i l i t y  i s  enhanced  by low  v a lu e s  o f  0e  and
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e -m iv B#0

.01
0 5

F ig .  8 . m axim ized w ith  r e s p e c t  to  ka^  and 0 v e r s u s  V( |/V£ " 3 . 0

and o th e r  p a ra m e te rs  a r e  th e  same a s  i n  F ig .  7 a . C urves a r e  l a b e l l e d  

a c c o rd in g  to  w h e th e r  f i n i t e  3 in t r o d u c e s  o n ly  g r a d ie n t  B e f f e c t s ,  ( e - s ,

VB 0 ) ,  o n ly  e le c t r o m a g n e t ic  e f f e c t s  (e -m , VB = 0 ) ,  o r  b o th  e l e c t r o ­

m a g n e tic  and g r a d ie n t  B e f f e c t s  (e -m , V B 0) .
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s t a b i l i z e d  by h ig h e r  v a lu e s .  T h is  r e s u l t  h a s  been  s tu d ie d  by Huba and

Wu(1976) who showed t h a t  th e  dam ping o f  th e  e l e c t r o s t a t i c  lo w er h y b r id

. d r i f t  i s  an  exam ple o f  e l e c t r o n  re s o n a n c e  dam ping. N e i th e r  o f  th e s e

f i n i t e  e f f e c t s  have p ro v en  t o  be am enable t o  r e p r e s e n ta t io n  w ith  ©

s im p le  a n a l y t i c  e x p r e s s io n s .

F ig u re  9 i s  a n a la g o u s  t o  F ig u re  6 and shows g ro w th  r a t e s  o f  th e  

lo w er h y b r id  d r i f t  i n s t a b i l i t y  d r iv e n  by an JSxg. e l e c t r o n  d r i f t  and 

m agnetio  f i e l d  g r a d ie n t  f o r  v a r io u s  d r i f t  sp e e d s . I n  c o n t r a s t  to  th e  

m o d if ie d  two s tre a m  i n s t a b i l i t y  f i n i t e  h a s  g r e a t e r  e f f e c t  on th e  

lo w er h y b r id  d r i f t  i n s t a b i l i t y  a t  low  d r i f t  v e l e o c i t i e s  th a n  a t  h ig h  

d r i f t  v e l o c i t i e s ,  and a c t u a l l y  i n c r e a s e s  g ro w th  r a t e s  and lo w e rs  

th r e s h o ld s  from  v a lu e s  i n  th e  @e = 0 c a s e .

In  summary, g r a d ie n t  B e f f e c t s  t r a n s fo rm  th e  m o d if ie d  two s tre a m  

i n s t a b i l i t y  i n t o  th e  lo w er h y b r id  d r i f t  i n s t a b i l i t y  w ith  maximum grow th  

r a t e s  i n  th e  p e rp e n d ic u la r  d i r e c t i o n ,  enhanced  g ro w th  r a t e s  and red u ced  

th r e s h o ld  d r i f t  s p e e d s . E le c tro m a g n e t ic  e f f e c t s  a r e  a lm o s t c o m p le te ly  

c a r r i e d  by  th e  f l u c t u a t i n g  Ex f i e l d .

C. D e n s ity  G ra d ie n t

I n  t h i s  s e c t io n  s o lu t io n s  to  t h e  d i s p e r s io n  r e l a t i o n  in  i t s  m ost 

g e n e r a l  fo rm , e q u a t io n s  111-21 and 111 -22 , a r e  p re s e n te d .  The
t

m agn itude  o f  th e  d e n s i ty  g r a d ie n t  d r i f t ,  v ^ , i s  now d e te rm in e d  in  two
\

d i f f e r e n t  ways: th e  s h e a th  o o n d i t io n ,  vn = - (T e / Ti ) v 0» and Bkook

c o n d i t io n ,  vn s <vB>. F ig u re s  10a and 10b show a  co m p ariso n  o f  th e  

co n seq u en ces  o f  th e  two c o n d i t i o n s .  F ig u re  10a shows grow th  r a t e s
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m axim ized w ith  r e s p e c t  t o  k ae a s  a  f u n c t io n  o f  9 f o r  vd /v i  = 4 .0  and 

= 0 .2 5 .  The c o r re sp o n d in g  f r e q u e n c ie s  and wavenum bers a r e  shown i n  

F ig u re  10b. H ere and i n  th e  r e s t  o f  t h i s  s e c t io n  = 68 and

Te /T± = 1 .0  u n le s s  o th e rw is e  i n d i c a t e d .

The d o t te d  l i n e  i n  F ig u re  10a i s  t h e  m o d if ie d  two s tre a m  

i n s t a b i l i t y  (<vB> = vn = 0 ) .  C h a r a c t e r i s t i c a l l y  i t s  maximum g ro w th  

r a t e  i s  i n  an o b l iq u e  d i r e c t i o n .  Maximum g ro w th  r a t e s  a r e  s h i f t e d  t o  

th e  p e r p e n d ic u la r  d i r e c t i o n  when non z e r o  VB i s  a llo w e d  a s  shown by th e  

o ro s s -d a s h e d  c u r v e .  F i n a l l y ,  th e  s o l i d  l i n e s  r e p r e s e n t  th e  a d d i t io n  o f  

th e  d e n s i ty  g r a d ie n t  d r i f t ,  w hich i s  added  i n  su ch  a  way a s  t o  k eep  th e  

t o t a l  o r o s s f i e l d  d r i f t ,  vd , a t  th e  c o n s ta n t  v a lu e  o f  vd /v d = M .0. T h is  

r e q u i r e s  d r i f t s  o f  <vB> = vn = (Be / 2 ) v d = vA/ 2  and

v0 = (1+pe /2 ) v d = S v i f o r  th e  sh o ck  c o n d i t io n  and <vB> 3 (8 e / 2 ) v d , 

vn = - (T e /T i )v d/(1 + T e /T i ) = - 2 .0 v i ( and vQ = v^ O + T q/T ^ ) = 2 .0 v 1 f o r  

th e  s h e a th  c o n d i t i o n .  What h ap p en s depends upon w h e th er th e  d e n s i t y  

g r a d ie n t  i s  i n  t h e  same d i r e c t io n  a s  th e  m a g n e tic  f i e l d  g r a d ie n t  (sh o c k  

c o n d i t io n )  o r  i n  o p p o s i te  d i r e c to n s  ( s h e a th  c o n d i t i o n ) .  I n  th e  fo rm er 

c a s e  th e  maximum g ro w th  r a t e  i s  re d u c e d  and moved baok t o  o b l iq u e  

a n g le s ,  e s s e n t i a l l y  r e s t o r i n g  th e  m o d if ie d  two s tre a m  i n s t a b i l i t y .  In  

th e  l a t t e r  c a s e  t h e  maximum g ro w th  r a t e  i s  s l i g h t l y  enhanced  and 

m a in ta in e d  i n  th e  p e r p e n d ic u la r  d i r e c t i o n .

Two p o in t s  s h o u ld  be made i n  c o n n e c tio n  w ith  t h i s  g ra p h . F i r s t » 

th e  maximum g ro w th  r a t e s  o f  th e  i n s t a b i l i t y  when th e  shock  c o n d i t io n  

o b ta in s  a re  f o r  o b l iq u e  p ro p a g a t io n  f o r  a l l  v a lu e s  o f  8 e  and  vd /v ^  

c o n s id e re d  i n  t h i s  s tu d y .  A p p a re n t ly , m a g n e tic  f i e l d  and d e n s i t y
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SHEATH CONDITION

SHOCK CONDITION

O.OI
008590

9 (deg)

F ig .  1 0 a . m axim ized w i th  r e s p e c t  to  k ae  v e r s u s  6 . v ^ /v ^  *» 4 ,0 ,

8 » 0 .2 5 ,  T /T . “  1 .0 .  D i f f e r e n t  c u rv e s  show grow th  r a t e s  when v„ * c  c l  n
<v„> “  0 ( d o t t e d  l i n e ) ‘ and v'“ ** 0 , ' <vn> m 3 „ v . /2  (d o t-d a s h e d  l i n e ) ,  o n  d 6 o
The s o l i d  l i n e  w ith  th e  l a r g e r  maximum g row th  r a t e  c o r re s p o n d s  to

v  g iv e n  by  th e  s h e a th  c o n d i t io n  w h ile  th e  s o l i d  l i n e  w ith  th e  s m a l le r  n
maximum g row th  r a t e  c o r re s p o n d s  to  vR "  <vg >* fck e  sh o ck  c o n d itio n *
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SHEATH CONDITION

SHOCK CONDITION

-  1.0

0.50.5

90°
Q

F ig .  XOb. ( s o l i d  l i n e s )  and w avenurabers a t  maximum g row th  r a t e

(d ash ed  l i n e s )  f o r  s h e a th  and sh o ck  c o n d i t io n  c a s e s  i n  F ig .  10a p l o t t e d  

v e r s u s  9 .

>
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g r a d ie n t s  o f  e q u a l  m ag n itu d e  p o in t in g  i n  o p p o s i te  d i r e c t i o n  r e s t o r e  th e  

m o d if ie d  tw o s tre a m  i n s t a b i l i t y .

S e c o n d ly t u n d e r t h e  s h e a th  c o n d i t io n ,  t h e  i n s t a b i l i t y  p r e s e n t  I s  

u s u a l ly  th e  lo w e r h y b r id  d r i f t  i n s t a b i l i t y  w h ich  i s  no lo n g e r  ex ten d e d  

i n  0 sp a c e  away from  0 = 90° a s  i t  i s  u n d e r th e  sh o ck  c o n d i t io n  and  i s  

c o n f in e d  to  a  n arrow  a n g le  o f  a b o u t 1° from  th e  p e r p e n d ic u la r .  

A n a ly s is  o f  t h e  e l e c t r o s t a t i c  d i s p e r s io n  r e l a t i o n  h a s  shown t h a t  th e  

m o d if ie d  two s tre a m  i n s t a b i l i t y  h a s  maximum g ro w th  r a t e s  a t  a n g le s  

c o rre sp o n d in g  t o  cos0 = k z /k  = (n ig /m ^ )^ 2 (0 s 8 8 .7 ° ) (M cBride e t .

a l . , 1 9 7 2 ) ,  w h ile  i n  s e c t io n  A o f  t h i s  c h a p te r  i t  was shown t h a t  

e le c t ro m a g n e t ic  e f f e c t s  move th e  a n g le  o f  maximum g row ht r a t e  t o  

s m a l le r  6 and  s p re a d  th e  i n s t a b i l i t y  i n  0 s p a c e (F ig u r e  3 a ) .  However, 

a s  i l l u s t r a t e d  i n  F ig u re  10a , th e  d e n s i ty  g r a d ie n t  a c c o rd in g  t o  th e  

s h e a th  c o n d i t io n  r e v e r s e s  th e s e  r e s u l t s  by c o n f in in g  th e  I n s t a b i l i t y  to  

an  even  s m a l le r  ra n g e  o f  a n g le s  a b o u t th e  p e r p e n d ic u la r  d i r e o t i o n  th a n  

th e  e l e c t r o s t a t i c  m o d if ie d  two s tr e a m .

The r o l e  o f  th e  d e n s i ty  g r a d i e n t  d r i f t  i n  d e te rm in in g  th e  e x te n t  

o f  o b l iq u e  p ro p a g a tio n  i s  I n d ic a te d  i n  F ig u re  11. H ere t h e  a n g le ,  

0 1 / 2 i a t  w hich  th e  g ro w th  r a t e  f a l l s  t o  one h a l f  o f  i t s  maximum v a lu e  

a s  d e c r e a s e s  i s  p l o t t e d  v e r s u s  vn / v ^ .  P a ra m e te rs  v a lu e s  a r e  th e  same 

a s  th o s e  i n  F ig u r e  10a e x c e p t t h a t  now th e  d e n s i ty  g r a d ie n t  i s  added i n  

a r b i t r a r y  am ounts in  su ch  a  way a s  t o  keep  v ^ /v ^  = 4 .0 .  The ex trem e  

l e f t  hand p o in t  in  th e  c u rv e  c o r re s p o n d s  t o  th e  s h e a th  c o n d i t io n  w h ile  

t h e  ex trem e  r i g h t  hand p o in t  c o r re s p o n d s  t o  th e  sh o ck  o o n d itio n *  The

Vn /V i a t  w hioh th e  i n s t a b i l i t y  ohan g es  from  th e  lo w e r h y b r id  d r i f t  t o  

th e  m o d if ie d  tw o s tre a m  i n s t a b i l i t y  i s  in d io a te d  by a  s o l i d  v e r t i o a l
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F ig .  1 1 . A ngle  a t  w hich  f a l l s  to  one h a l f  o f  i t s  maximum

v a lu e  a s  0 i s  d e c r e a s e d ,  01^2 » v e r su s  v ^ / v ^  O th e r p a ra m e te rs  a r e

h e ld  c o n s ta n t  a t  v . / v .  = 4 .0 ,  0 = 0 .2 5 ,  and  T /T .  •  1 .0 .  L e ftm o s td i  e  e l
p o in t  on th e  c u rv e  c o r re s p o n d s  to  a  v a lu e  o f  v ^ /v ^  w hich  s a t i s f i e s  th e

s h e a th  c o n d i t io n  w h i le  r ig h tm o s t  p o in t  on  th e  c u rv e  c o r re s p o n d s  to  

th e  sh o ck  c o n d i t io n .  The s o l i d  v e r t i c a l  l i n e  r e p r e s e n t s  th e  m in i­

mum v a lu e  o f  vn /v ^  a t  w h ich  th e  maximum g ro w th  r a t e  i s  a t  0 •  9 0 ° .

The h o r i z o n t a l  d a sh e d  l i n e  i n d i c a t e s  th e  0 i f  2  ° f  th e  m o d if ie d  two 

s tre a m  i n s t a b i l i t y  i n  i t s  e l e c t r o s t a t i c  a p p ro x im a tio n  w i th  no 

g r a d ie n t s  and  o th e r  p a ra m e te rs  re m a in in g  th e  sam e.
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b a r .  The c u rv e  shows how d e n s i ty  g r a d ie n t s  in  t h e  d i r e c t i o n  o p p o s i te  

t o  th e  m ag n e tic  f i e l d  te n d  t o  c o n f in e  th e  i n s t a b i l i t y  in  th e  

p e r p e n d ic u la r  d i r e c t i o n  w h ile  t h e  o p p o s i te  t r e n d  i s  e v id e n t  when th e  

d e n s i ty  and m ag n e tic  f i e l d  g r a d ie n t s  a r e  in  th e  same d i r e c t i o n .  These 

r e s u l t s  a r e  i n  q u a l i t a t i v e  ag reem en t w ith  s i m i l i a r  p l o t s  by 

G laddC F igure  3 ,1 9 7 5 ) .

F o r c o m p a ra tiv e  p u rp o se s  th e  6 1 / 2  a s s o c ia te d  w ith  th e  m o d if ied  two 

s tre a m  i n  i t s  e l e o t r o s t a t i c  l i m i t  w ith  no g r a d i e n t s  and  a  d r i f t  o f  

vd / v i  = 4 .0  i s  p ro v id e d  by th e  h o r i z o n t a l  dashed l i n e .  N o tic e  t h a t  

t h i s  v a lu e  a s c r i b e s  more o b liq u e  p r o p a g a t io n  to  th e  i n s t a b i l i t y  th a n  i s  

p r e s e n t  when th e  s h e a th  c o n d it io n  i s  a p p l ie d .

The d e g re e  o f  wave p ro p a g a tio n  i n  th e  o b liq u e  d i r e c t i o n  i s  c r u c i a l  

i n  d e te rm in g  how much a  c ro s s  f i e l d  c u r r e n t  i n s t a b i l i t y  c o n t r ib u t e s  to  

anam olous t r a n s p o r t  a lo n g  f i e l d  l i n e s .  F o r exam ple, C aponi and K r a l l  

(1975) have d e te rm in e d  t h a t  th e  r a t i o  o f  th e  anom alous h e a t  p ro d u c tio n  

f re q u e n c y  p roduced  by tu rb u le n c e  d r iv e n  by c r o s s  f i e l d  d r i f t  

i n s t a b i l i t i e s  a lo n g  f i e l d  l i n e s  V|| and a c r o s s  f i e l d  l i n e s  V |, 

\>U t i s  p r o p o r t io n a l  to  th e  r a t i o  k z 2/k ^ 2 w here k z and k ^  a r e  

v a lu e s  o f  wave number com ponents a v e ra g e d  o v e r th e  r e g io n  i n  & sp ace  

c o n ta in in g  th e  i n s t a i b l i t y .  T h e re fo re  F ig u re  11 p ro v id e s  a  m easure o f  

t h e  s i z e  o f  V|| and shows t h a t  i t s  m agn itude  d ep en d s upon th e

m agn itude  and s ig n  o f  th e  d e n s i ty  g r a d i e n t  d r i f t .

W ith r e s p e c t  t o  th e  shock c a s e  i t  i s  im p o r ta n t t o  c o n s id e r  th e

r e l a t i o n s h i p  and  r e l a t i v e  Im p o rtan c e  o f  th e  m o d if ied  tw o s tre a m  and  Io n  

a c o u s t ic  I n s t a b i l i t i e s  s in c e  b o th  o f  t h e s e  may be a c t i v e  i n  a  shook 

when Te > Ti t  a  c o n d i t io n  w hich i s  n o t  u n u su a l i n  th e  p lasm a o f  th e
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e a r t h 's  bow shock(M ontgom ery e t . a l . ,1 9 7 0 ) . I n  F ig u re  12 I q/T^ = 10, 

vd / Vl = 2 0 , and $e  s 0 .2 5  a r e  u s e d  w ith  t h e  sh o ck  c o n d i t io n .  I n  t h i s  

i l l u s t r a t i o n ,  9 i s  f ix e d  a t  85° and th e  wavenumber i s  v a r ie d  so  t h a t  a t  

k a0 < 1 t h e  m o d if ie d  two s tre a m  I n s t a b i l i t y  i s  p r e s e n t ,  b u t a s  k a e 

i n c r e a s e s ,  th e  io n  a c o u s t ic  i n s t a b i l i t y  a p p e a r s .

The t h r e e  c u rv e s  shown i n  th e  f ig u r e  r e p r e s e n t  th e  e l e c t r o s t a t i c  

a p p ro x im a tio n  ( l i n e  o f  open  c i r c l e s ) ,  f u l l y  e le c t ro m a g n e t ic  r e s u l t s  

w ith o u t g r a d ie n t s  ( d o t t e d  l i n e ) ,  and  f u l l y  e le c t r o m a g n e t ic  r e s u l t s  w ith  

g r a d ie n t s  d e te rm in e d  by th e  sh o ck  c o n d i t io n  ( s o l i d  c u r v e ) .  The 

m o d if ied  tw o s tre a m  i n s t a b i l i t y  a t  k a0 < 1  i s  In f lu e n c e d  by b o th  

e le c tro m a g n e t ic  e f f e c t s  and by g r a d i e n t s .  The io n  a c o u s t i c  i n s t a b i l i t y  

a t  k ae > 1, how ever, i s  n o t changed  by e i t h e r  e le c t ro m a g n e t ic  e f f e c t s  

b ecau se  o f  i t s  s h o r t  wave le n g th  o r  by g r a d i e n t s .  The l a t t e r  f a c t  h a s  

p r e v io u s ly  been  n o t ic e d  by G ary (1970) and i s  a l s o  due t o  th e  r e l a t i v e l y  

s h o r t  w av e len g th  n a tu r e  o f  t h i s  mode.

T hese r e s u l t s  a r e  e x ten d e d  t o  o th e r  d r i f t  v e l o c i t i e s  in  F ig u r e  13 

w here g ro w th  r a t e s  a s  a  fu n c t io n  o f  th e  e l e c t r o n  d r i f t  sp eed  a r e  

p l o t t e d  a t  T g /T j = 4 .0  f o r  b o th  th e  Io n  a c o u s t i c  i n s t a b i l i t y  ( d o t t e d  

l i n e s )  and th e  m o d if ie d  two s tr e a m  mode ( s o l i d  l i n e s ) .  L ik e  th e  

m o d if ied  tw o s tre a m  i n s t a b i l i t y  w ith  no g r a d ie n t  e f f e c t s  in  F ig u r e  6 , 

g row th  r a t e s  o f  t h i s  i n s t a b i l i t y  i n  th e  p r e s e n t  c a s e  a r e  re d u c ed  by 

f i n i t e  8q e f f e c t s  more a t  h ig h e r  th a n  a t  lo w er d r i f t  s p e e d s . More 

s i g n i f i c a n t l y  g e  d oes n o t  s u b s t a n t i a l l y  a f f e c t  th e  io n  a o o u s t l c

i n s t a b i l i t y .  T h is  c o u p led , w ith  > t h e . f a c t  t h a t  e s t im a te s  o f  th e  

anom alous r e s i s t i v i t y  due t o  tu r b u le n c e  p ro d u ced  by th e  io n  a o o u s t lo  

i n s t a b i l i t y  a re  much g r e a t e r  th a n  e s t im a te s  due t o  tu r b u le n c e  p ro d u ced
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F ig .  1 2 . v e r s u s  k a g f o r  0 *» 8 5 ° , *B 2 0 , Be  ■ 0 .2 5 ,  and

T /T . w 1 0 . The l i n e  o f  open  c i r c l e s  i s  th e  e l e c t r o s t a t i c  a p p r o x i-  6 1
m a tio n  w ith  v  a  <vD> n 0 ;  th e  dashed  c u rv e  i s  th e  e le c t ro m a g n e t ic  n o
d is p e r s io n  r e l a t i o n  a l s o  w i th  no g r a d i e n t s ;  and th e  s o l i d  c u rv e  i n -  

e lu d e s  e le c t ro m a g n e t ic  e f f e c t s  and vn  =* <v^> » f$eV j /2 .  B o th  th e  

m o d if ie d  two s tre a m  and io n  a c o u s t i c  i n s t a b i l i t i e s  a r e  p r e s e n t .
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F ig .  13 . Maximum grow th  r a t e ,  when th e  sh o ck  c o n d i t io n  i s

s a t i s f i e d ,  a s  a  fu n c t io n  o f  e l e c t r o n  d r i f t  sp eed  f o r  6e  ■ 0

and 1 .0 .  T /T . = 4 .0 ,  The s o l i d  l i n e s  r e p r e s e n t  th e  m o d if ie d  two
e l  . . .  ___

s tre a m  i n s t a b i l i t y ;  th e  d o t te d  c u rv e s ,  th e  io n  a c o u s tic *

\
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by th e  m o d if ied  two s tre a m  i n s t a b i l i t y  (Lemons and Gary,1977AA) 

s u g g e s ts  t h a t  i n  h ig h  Te /T ^ sh o ck s  th e  io n  a o o u s t ic  i s  th e  dom inant 

i n s t a b i l i t y .

I n  t h e t a  p in c h  s h e a th s  and f u tu r e  th e rm o n u o le a r  r e a o to r s  T g /T j < 1 

i s  th e  more l i k e l y  c o n d i t io n .  T h e re fo re  i n  th e s e  a p p l i c a t io n s  th e  Ion  

a c o u s t ic  i n s t a b i l i t y  need  n o t be c o n s id e re d  and th e  lo w er h y b r id  d r i f t  

i s  p ro b a b ly  th e  m ost im p o r ta n t  i n s t a b i l i t y .  Maximum grow th r a t e s  o f  

th e  lo w e r h y b r id  d r i f t  i n s t a b i l i t y  a r e  shown i n  F ig u re  14 a s  a  fu n o tio n  

o f  v ^ /v ^  f o r  v a r io u s  $e when th e  s h e a th  c o n d i t io n  i s  s a t i s f i e d .  A ll 

th e s e  g row th  r a t e s  o c c u r  f o r  0 = 90° and s u b s t a n t i a l l y  a g re e  w ith  th o s e  

o f  D avidson e t .  a l .  (F ig u re  4 ,1 9 7 7 )*  I n c r e a s in g  $e d e o re a s e s  g row th  

r a t e s  m o n o to n ic a lly  f o r  a l l  v ^ /v i  a lth o u g h  th e  e f f e c t  i s  l a r g e r  a t  

r e l a t i v e l y  sm a ll v a lu e s  o f  th e  d r i f t  sp e e d . T h is  le a d  D avidson e t .  

a l .  (1977) to  s u g g e s t t h a t  f i n i t e  0e e f f e c t s  may be a b le  to  s t a b i l i z e  

th e  lo w er h y b r id  d r i f t  i n s t a b i l i t y  i n  th e  low d r i f t  v e lo c i ty  re g im e , 

vd^v i  < c h a r a c t e r i s t i c  o f  p o s t  im p lo s io n  t h e t a  p in c h e s .  However, an 

a c c u ra te  d e te r m in a t io n  o f  th e  0e n e c e s s a ry  f o r  s t a b i l i z a t i o n  r e q u i r e s  

c o n s id e r a t io n  o f  io n  m ag n e tic  e f f e c t s  f o r  re a s o n s  a l r e a d y  d is c u s s e d .

F ig u re  15 a l s o  c o n ce rn s  th e  lo w e r h y b r id  d r i f t  i n s t a b i l i t y  u n d e r 

th e  s h e a th  c o n d i t io n .  L ike  F ig u re  5 f o r  th e  m o d if ied  two s tre a m  

i n s t a b i l i t y ,  i t  p l o t s  g row th  r a t e s ( d o t t e d  l i n e s )  and 

( s o l id  l i n e )  v e r s u s  k a@. P a ra m e te r v a lu e s  a r e  $ e  a 1 .0  and 

v(J/v i  = 8 .0 .  As In  F ig u re  5 th e  p a ra m e te r  w hich d e te rm in e s  th e  e x te n t  

t o  w hich th e  e n e rg y  o f  th e  i n s t a b i l i t y  i s  c o n ta in e d  i n  th e  m agnetlo  

f i e l d  I s  th e  wavenum ber. However I n  c o n t r a s t  t o  th e  m o d if ied  two 

s tre a m  i n s t a b i l i t y ,  th e  lo w er h y b r id  d r i f t  i s  p re d o m in a te ly
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F ig .  14 . Maximum grow th  r a t e  o f  th e  lo w er h y b r id  d r i f t  I n s t a b i l i t y  

a s  a  f u n c t io n  o f f o r  » 0 .0 1 ,  0 .2 5 ,  and 1 .0 .  The s h e a th

c o n d i t io n  h o ld s ,  Te / Ti  ™ 1*0 .
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F ig .  1 5 . P l o t  o f  Ie ^ / B * 1 * | 2 ( s o l i d  l i n e ;  l e f t  hand o r d in a te  

a x i s )  and Y / ^ jj ( d o t t e d  l i n e )  v e r s u s  k a fi a t  0 =» 8 9 .5 °  f o r  th e  

lo w er h y b r id  d r i f t  i n s t a b i l i t y  when th e  s h e a th  c o n d i t io n  i s  

s a t i s f i e d .  v , j / v ^  * 8 .0 ,  $e  a  1 .0 ,  and  Te /T^ «  1 .0 .
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e le c tro m a g n e t ic  a t  k a e  = 1 .0 .  T h is  s u g g e s ts  t h a t  n o n l in e a r  t h e o r i e s  o f  

th e  lo w e r  h y b rid  d r i f t  i n s t a b i l i t y  b a sed  on  th e  e l e c t r o s t a t i c  

a p p ro x im a tio n  (D avidson and G la d d f 1976) need  r e e x a m in a t io n .

T h is  s e c t io n  c o n c lu d e s  w i th  tw o f ig u r e s  i l l u s t r a t i n g  t h e  g e n e r a l  

e f f e c t s  o f  d i f f e r e n t  v a lu e s  o f  eî q/A^ and Te /T j  on th e  lo w e r h y b r id  

d r i f t  i n s t a b i l i t y  when th e  s h e a th  c o n d it io n  h o l d s .  T h roughou t th e s e  

v a r i a t i o n s  th e  a n g le  o f  maximum grow th  r a t e  i s  a lw ays 9 0 ° .  In  b o th  

f i g u r e s  v Q/v i  = 4 . 0 ,  th e  g ro w th  r a t e s  a re  r e p r e s e n te d  by s o l i d  l i n e s ,  

and wave numbers by d ash ed  l i n e s .

wp e A2Q i s  v a r ie d  o v e r  t h r e e  o r d e r s  o f  m a g n itu d e  in  F ig u r e  16. F o r 

many sp a c e  and th e rm o n u c le a r  p la sm a s  o f  i n t e r e s t  wpe ^ e  i t  10 (T a b le  

1 - 1 ,Boyd and S a n d e rs o n ,1 9 6 9 )• In  t h i s  p a ra m e te r  reg im e  g row th  r a t e s  

change by l e s s  th a n  one p e r c e n t  from  “ pe/ n e = 10 to  wp e /fie  = 100. T h is  

r e s u l t  h o ld s  f o r  th e  e le c t r o m a g n e t ic  (8e  = 1 .0 )  a s  w e l l  a s  th e  

e l e c t r o s t a t i c  (Ba = 0 .0 1 )  i n s t a b i l i t y .

I n  F ig u re  17, a)pe /J2e i s  s e t  e q u a l to  68 and  T g / ^  i s  oh an g ed . 

Growth r a t e s  in c r e a s e  w ith  T g/T ^ a lth o u g h  th e  e f f e c t  i s  n o t  s t r o n g .

The d is p e r s io n  p r o p e r t i e s  r e p o r te d  i n  t h i s  s e c t i o n  can  be  

sum m arized by d iv id in g  them  i n t o  th o s e  a s s o c i a t e d  w i th  th e  sh o ck  

c o n d i t io n  whioh im p l ie s  t h e  p re s e n c e  o f  t h e  m o d if ie d  two s tre a m  

i n s t a b i l i t y  and th o s e  a s s o c i a t e d  w ith  th e  s h e a th  c o n d i t io n  and th e  

lo w er h y b r id  d r i f t  i n s t a b i l i t y .  The m o d if ie d  two s tre a m  i n s t a b i l i t y  

h as  s u b s t a n t i a l  o b l iq u e  p r o p a g a t io n .  I t s  g ro w th  r a t e s  a r e  red u o ed  by

f i n i t e  and th e r e f o r e  h a v e  grow th  r a t e s  much l e s s  th a n  th e  io n  

a c o u s t i c  i n s t a b i l i t y  i n  a  sh o ck  w ith  T0 > when b o th  modes a r e  

u n s t a b l e .  The lo w e r h y b r id  d r i f t  i n s t a b i l i t y  i s  c o n f in e d  t o  a
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F ig . 16 . V a r ia t io n  o f  low er h y b r id  d r i f t  I n s t a b i l i t y  maximum grow th  r a t e s

y /JL „  w ith  (i) /fi f o r  8 = 0 . 0 1  and 1 .0 .  S h e a th  c o n d i t io n  I s  s a t i s f i e d ,' LH pe e  e
v . / v .  = 8 . 0  and T /T . = 1 .0 .  d 1 e l
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F ig .  1 7 . V a r ia t io n  o f  low er h y b r id  d r i f t  i n s t a b i l i t y  maximum g row th

r a t e s  w ith  T /T . f o r  8 = 0 . 0 1  and 1 .0 .  S h e a th  c o n d i t io n  i s  s a t i s f i e de i  e
and v ^ /v ^  = 8 ,0 .
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r e l a t i v e l y  s m a ll  cone o f  p ro p a g a tio n  a ro u n d  th e  p e rp e n d ic u la r  t o  th e  

m ag n e tic  f i e l d .  I t s  grow th  r a t e s  a r e  a ls o  red u ced  by f i n i t e  0O 

e s p e c i a l l y  a t  low  d r i f t  s p e e d s . The m a jo r p o r t io n  o f  i t s  en erg y  i s  

c o n ta in e d  i n  f l u c t u a t i n g  m ag n e tic  f i e l d s  and v a r i a t i o n s  i n  p a ra m e te rs  

t0pe /S2e  and Tg/T^ make l i t t l e  d i f f e r e n c e  i n  i t s  d i s p e r s io n  p r o p e r t i e s .

S inoe  th e  s te a d y  s t a t e  e l e c t r o n  d i s t r i b u t i o n  fu n c t io n  u sed  i n  t h i s  

d i s s e r t a t i o n  d o es  n o t  in c lu d e  an  e l e c t r o n  te m p e ra tu re  g r a d i e n t ,  r e s u l t s  

from  o th e r  work on t h i s  g r a d ie n t  w i l l  now be sum m arized. I n  g e n e r a l  an 

e l e c t r o n  te m p e ra tu re  g r a d ie n t  c a u se s  a  m acro sco p ic  d r i f t ,  jsê l, g iv e n  by

V -  c BX VT 
T e f s 1

When th e  geom etry  o f  e q u a tio n s  I I I - 1  i s  u sed  may e i t h e r  add t o  o r  

s u b t r a c t  from  th e  fijcfi. d r i f t  d ep en d in g  upon w h e th er o r  n o t  th e  

te m p e ra tu re  g r a d ie n t  r e s p e c t iv e ly  o p p o ses  o r  I s  in  th e  same d i r e c t io n  

a s  th e  m ag n etic  f i e l d  g r a d i e n t .

I n  a  p e rp e n d ic u la r  shook i f  th e  p lasm a a d l a b a t i o a l l y  h e a ts  a s  i t  

p a s s e s  th ro u g h  th e  m ag n etic  g r a d i e n t ,  t h e  te m p e ra tu re  g r a d ie n t ,  a s  w e ll  

a s  th e  m ag n etic  f i e l d  and d e n s i t y  g r a d ie n ts  w i l l  p o in t  i n  th e  same 

d i r e c t i o n .  P r i e s t  and S an d erso n  (1972) and A lle n  and S and erso n  (1974) 

have d em o n stra ted  t h a t  in  t h i s  c a se  th e  te m p e ra tu re  g r a d ie n t  en h an ces  

th e  grow th  r a t e  o f  th e  Io n  a c o u s t i c  i n s t a b i l i t y .  Huba and Wu (1975) 

and D avidson e t .  a l .  (1977) have  d e m o n s tra ted  th e  same r e s u l t  f o r  th e  

lo w er h y b rid  d r i f t  i n s t a b i l i t y .

In  p lasm a s h e a th s  c h a r a c t e r i s t i c  o f  v a r io u s  m ag n etio  co n fin em en t 

d e v ic e s  th e  te m p e ra tu re  g r a d ie n t  c o u ld  c o n c e iv a b ly  p o in t  i n  e i t h e r
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d i r e c t i o n  d ep en d in g  upon w h e th e r t h e  m a jo r h e a t  l o s s  i s  a o ro s s  o r  a lo n g  

f i e l d  l i n e s .  When th e  te m p e ra tu re  g r a d i e n t  i s  i n  th e  d i r e c t i o n  

o p p o s i te  to  t h e  m ag n e tic  f i e l d ,  a s  m ig h t be t h e  c a s e  i n  a  t o r o i d a l  Z 

p in c h  w here t h e  o n ly  h e a t  l o s s  i s  a c r o s s  t h e  m a g n e tic  f i e l d ,  g row th  

r a t e s  o f  th e  lo w e r h y b r id  d r i f t  i n s t a b i l i t y  a r e  re d u c e d  (D avidson  e t .  

a l . , 1 9 7 7 ) .  More d e t a i l e d  s ta t e m e n ts  c o n c e rn in g  t h e  r o l e  o f  te m p e ra tu re  

g r a d ie n t s  i n  c r o s s  f i e l d  d r i f t  i n s t a b i l i t i e s  m ust w a it  f u r t h e r  

r e s e a r c h .



VII. SUMMARY AND CONCLUSIONS 
The r e s u l t s  o f  t h i s  w ork in c lu d e  b o th  d i s p e r s io n  p r o p e r t i e s  o f  

c r o s s  f i e l d  c u r r e n t  i n s t a b i l i t i e s  and  c o n c u ls io n s  c o n c e rn in g  th e  

c o n seq u en ces  o f  th e s e  p r o p e r t i e s  f o r  sh o ck s  and sh e a th s*  I n  t h i s  

c h a p te r  th e s e  r e s u l t s  a re  sum m arized and d i s c u s s e d .

S e v e ra l  s ta te m e n ts  may be made sum m ariz ing  d i s p e r s io n  p r o p e r t i e s  

o f  c r o s s f i e l d  c u r r e n t  i n s t a b i l i t i e s  found  i n  th e  c o u rs e  o f  t h i s  s tu d y .
O

F i r s t ,  e le c t ro m a g n e t ic  e f f e c t s  a r e  im p o r ta n t  o n ly  when 0e / ( k a e ) > 1. 

T h is  h a s  been  d e m o n s tra te d  by th e  a n a l y t i c a l  work o f  o th e r s  ( e .g .  

C a l le n  and G u e s t ,1973) and c o n firm e d  by th e  p r e s e n t  n u m e ric a l r e s u l t s  

(F ig u re s  2 ,3 > an d  1 3 ) .  In  g e n e r a l ,  e le c t ro m a g n e t ic  e f f e c t s  re d u c e

g ro w th  r a t e s  (F ig u re s  6 , 8 , 1 3 , and 14) and s p re a d  th e  d i r e c t i o n  o f  

p ro p a g a tio n  o f  th e  i n s t a b i l i t y  away from  th e  p e r p e n d ic u la r  (F ig u re s  3 a , 

and 7 a ) a l th o u g h  th e  l a t t e r  e f f e c t  a p p l i e s  more t o  th e  m o d if ie d  two 

s tre a m  i n s t a b i l i t y  th a n  t o  th e  lo w e r h y b r id  d r i f t  i n s t a b i l i t y  (F ig u re  

1 0 a ) .  In  th e  a b se n c e  o f  te m p e ra tu re  g r a d ie n ts  th e  o r i e n t a t i o n  o f  th e  

d e n s i ty  g r a d ie n t  w ith  r e s p e c t  t o  th e  m a g n e tic  f i e l d  d e te rm in e s  th e  

d i r e c t i o n  o f  p ro p a g a t io n  o f  th e  i n s t a b i l i t y  (F ig u re s  10a and 1 1 ) .  When 

th e s e  two g r a d ie n t s  a r e  i n  o p p o s i te  d i r e c t i o n s  maximum g row th  r a t e  

o c c u rs  f o r  p ro p a g a tio n  i n  th e  o b l iq u e  d i r e c t i o n  im p ly in g  th e  m o d if ie d  

two s tre a m  i n s t a b i l i t y .  When th e  g r a d ie n t s  a r e  i n  th e  same d i r e c t i o n  

th e  i n s t a b i l i t y  h a s  a  maximum g row th  r a t e  i n  th e  p e rp e n d ic u la r  

d i r e c t i o n  im p ly in g  th e  p re s e n c e  o f  th e  lo w er h y b r id  d r i f t  i n s t a b i l i t y .
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Both of these instabilities have a substantial part o f their field  

energy in the fluctuating magnetic f ie ld .

F i n i t e  b e ta  e f f e o ts  a r e  d i f f e r e n t  f o r  th e  m o d if ie d  two s tre a m  and 

lo w er h y b r id  d r i f t  i n s t a b i l i t i e s .  On th e  fo rm er th e y  re d u c e  growth 

r a t e s  p ro d u c e d  by h ig h  d r i f t  s p e e d s ,  vd > v ^ , more th a n  th e y  reduoe 

grow th  r a t e s  n e a r  m arg ina l s t a b i l i t y ,  v d % (F ig u re s  6 and 1 3 ) . In  

c o n t r a s t ,  lo w e r h yb rid  d r i f t  i n s t a b i l i t y  grow th r a t e s  a r e  red u ced  more 

a t  low d r i f t  speeds than  a t  h ig h  o n e s  (F ig u re  14) ,

U n lik e  th e  lower h y b r id  d r i f t  and m o d if ie d  two stream  

i n s t a b i l i t i e s  th e  ion  a c o u s t i c  i n s t a b i l i t y  i s  i n f l u e n c e d  n e i th e r  by 

e le c tro m a g n e t ic  o r m agnetic f i e l d  a n d  d e n s i ty  g r a d ie n t  e f f e c t s  (F ig u re  

12 ) .  In  a  Te > shock  I t  c o m p e tes  w ith  th e  m o d if ie d  tw o stream  

i n s t a b i l i t y .  In  th is  s i t u a t i o n  t h e  io n  a c o u s t ic  h a s  h i g h e r  th re s h o ld  

d r i f t  s p e e d s  b u t a lso  l a r g e r  g ro w th  r a t e s  th an  th e  m o d if ie d  tw o stream  

(F ig u re s  12 and 13).

These dispersion properties suggest several conclusions regarding 

wave and wave processes In the earth's bow shock. The conclusions, 

however, are made tentatively and are meant to provide direction for 

further research.

(1) The modified two stream ins tab ility  can cause appreciable 

growth in  the bow shock. An in s ta b ility  driven by crossfield currents 

within the bow shook must grow fo r a period of several e-folding times 

while i t  is  In  the shook in o r d e r  to  have any influence upon the 

transport prooess within I t .  Therefore the number o f e-folding times 

of an in s ta b ility  in the bow shook, n, is  related to the instab ility
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g ro w th  r a t e  y ,  th e  bow shock  w id th ,  A L, and th e  s o l a r  w ind sp ee d  

p a r a l l e l  t o  th e  shook n o rm a l, vgH, by n = ALy / v gW.

I n  o r d e r  to  a r r i v e  a t  an e s t im a te  o f  th e  s i z e  o f  n , v a lu e s  f o r  AL

and v sW a re  ta k e n  from  fo u r  o b s e r v a t io n s  o f  th e  Q uasi p e rp e n d io u la r  

la m in a r  bow shock r e p o r te d  by G re e n s ta d t  e t .  a l .  (1 9 7 5 ) . In  th e s e  

o a se s  A L /vsh was a  m easured  q u a n t i t y  w ith  v a lu e s  sp an n in g  .2 6  to  1 .4  

s e c o n d s ,  w h ile  th e  a v e ra g e  m ag n e tic  f i e l d  i n  th e  bow sh o ck  to o k  on 

v a lu e s  o f  7 .5  to  1 3 .5  gammas. The a v e ra g e  m a g n e tic  f i e l d  i s  n e c e s s a ry  

to  d e te r m in e  , th e  f r e q u e n c y  w hich  c h a r a c t e r i z e s  th e  s i z e  o f  y .  

C o n s u l t in g  F ig u re  13, y  = l.H/ 2 i s  choaen  a s  a  r e p r e s e n t a t i v e  g ro w th

r a t e  o f  t h e  m o d ified  two s tre a m  i n s t a b i l i t y  i n  a  f i n i t e  b e ta  sh o o k . 

When t h e  above num bers a r e  u sed  th e  r e s u l t  i s  7 < n < 4 7 .  S in c e  n = 7

c o r r e s p o n d s  to  a  1000 f o ld  in c r e a s e  i n  f i e l d  a m p li tu d e , th e  m o d if ie d

two s t r e a m  i n s t a b i l i t y  may und erg o  a p p r e c ia b le  g ro w th  i n  th e  bow sh o c k ,

( 2 )  When Te >T^  th e  io n  a c o u s t i c  mode i s  th e  m ost im p o r ta n t  i n  t h e  

bow s h o c k .  At l a r g e  te m p e ra tu re  r a t i o s ,  t h e  io n  a c o u s t i c  th r e s h o ld  

d r i f t  s p e e d  i s  w e l l  beow th e  e l e c t r o n  th e rm a l s p e e d . I n  t h i s  re g im e , 

0e h a s  l i t t l e  e f f e c t  on t h i s  I n s t a b i l i t y  and  th e  e l e o t r o n  c y c lo t r o n  

d r i f t  i n s t a b i l i t y  i s  p ro b a b ly  w iped o u t by i t s  v e ry  na rro w  ra n g e  o f  

p ro p a g a t io n  ab o u t th e  p e r p e n d ic u la r .  We d is a g r e e  w ith  th e  c o n c lu s io n  

o f  Wu an d  F r e d r ic k s  (1972) t h a t  0 = 1  " p r a c t i c a l l y  e x c lu d e s "  th e  o r o s s  

f i e l d  i o n  a c o u s t ic  i n s t a b i l i t y .  T h e ir  c o n c lu s io n  was b a sed  on th e  

a s s u m p tio n  t h a t  k a ^ l  was n e c e s s a ry  to  o b ta in  t h i s  mode; F ig u re  12

i l l u s t r a t e s  t h a t  t h i s  i s  n o t  th e  c a s e .

C om parison  o f  th e  io n  a c o u s t ic  w ith  th e  m o d if ie d  two s tre a m  

i n s t a b i l i t y  in v o lv e s  more d e t a i l e d  a rg u m e n ts . F ig u r e  13 shows t h a t  th e
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grow th  r a t e  f o r  t h e  fo rm er mode in c r e a s e s  much more r a p id ly  a f t e r

th r e s h o ld  th a n  t h a t  o f  th e  l a t t e r  i n s t a b i l i t i e s .  F ig u r e  3 o f  R o d riq u ez

and G u rn e tt  (1975) shows t h a t  th e  in c r e a s e  i n  e l e c t r i c  f l u c t u a t i o n s  f o r  

th e  io n  a c o u s t ic  f r e q u e n c ie s  th ro u g h  th e  shock  i s  s e v e r a l  o r d e r s  o f  

m agn itude  g r e a t e r  th a n  t h a t  f o r  th e  lo w e r f r e q u e n c ie s .

I n  c e r t a i n  c a s e s  a  sh o ck  w id th  may be d e te rm in e d  by th e  d r i f t

v e lo c i ty  th r e s h o ld  o f  a  c r o s s  f i e l d  c u r r e n t  i n s t a b i l i t y  a c c o rd in g  to  a  

c r i t e r i o n  due to  M anheimer and B o r is  (1972) w hich  s t a t e s ,  i n  e f f e c t ,  

t h a t  t h e  n o n l in e a r  a c t i o n  o f  tu r b u le n c e  due t o  a  c u r r e n t - d r i v e n  

i n s t a b i l i t y  i s  t o  m a in ta in  v d a b o v e , b u t c lo s e  t o ,  an i n s t a b i l i t y  

t h r e s h o ld .  T h is  d r i f t  may th e n  be r e l a t e d  to  t h e  m agnetio  f i e l d  

in c r e a s e  a o ro s s  t h e  shook AB and sh o ck  w id th  AL v i a  A m pere 's Law.

Morse and  G re e n s ta d t  (1 9 7 2 ) have  u sed  t h i s  c r i t e r i o n  and th e  above 

m en tio n ed  d a ta  t o  d e te rm in e  t h a t  a t  l e a s t  i n  th e s e  c a s e s  th e  bow shock  

w id th  i s  c o n s i s t e n t  w ith  th r e s h o ld  d r i f t  sp e e d s  o f  th e  io n  a c o u s t ic  

i n s t a b i l i t y .  T h is  j u s t i f i e s  o u r u s e  o f  a  g ro w th  r a t e  o f  y  3 n LH/2  

f o r  t h e  m o d if ied  two s tre a m  i n s t a b i l i t y  c a l c u l a t i o n  ( e .g .  F ig u re  13) 

b u t r a i s e s  th e  q u e s t io n  o f  why th e  th r e s h o ld  vd o f  th e  m o d if ie d  two 

s tre a m  i n s t a b i l i t y ,  w hich i s  lo w e r  th a n  t h a t  o f  th e  io n  a c o u s t lo  

i n s t a b i l i t y ,  d o es  n o t  d e te rm in e  th e  bow shock  w id th .

The answ er t o  t h i s  q u e s t io n  may have t o  do w ith  t h e  d i f f e r e n t  ways 

in  w h ich  th e s e  i n s t a b i l i t i e s  s c a t t e r  p a r t i o l e s .  I f  th e  w a v e - p a r t io le  

i n t e r a c t i o n s  due t o  an i n s t a b i l i t y  o f  low th r e s h o ld  ( t h e  m o d if ie d  two

s tre a m ) a r e  n o t s t r o n g  enough t o  s i g n i f i c a n t l y  slow  th e  e l e o t r o n  d r i f t  

s p e e d , t h e  m a cro sco p ic  f o r c e s  i n  t h e  shook w i l l  c o n t in u e  t o  in c r e a s e  vd 

u n t i l  i t  re a o h e s  th e  h ig h e r  th r e s h o ld  o f  a  s t r o n g e r  i n s t a b i l i t y  ( i n
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t h i s  c a s e ,  t h e  io n  a c o u s t i c ) .  T h is  c o n je c tu r e  i s  su p p o rte d  by a  

com parison  o f  th e  anom alous r e s i s t i v i t y  due to  th e s e  I n s t a b i l i t i e s  

(Lemons and G ary ,1977B ).

(3 ) R odriguez  and G u rn e tt  (1975) have su g g e s te d  t h a t  th e  low  

v a lu e s  o f  th e  r a t i o  |E ̂ 1^/B C1) | 2 observed  i n  th e  bow shock  a r e  due t o  

e le c tro m a g n e tic  w h i s t l e r  m odes. T h is  c o u ld  be th e  c a s e .  However 

o b s e r v a t io n s  a re  a ls o  c o n s i s t e n t  w ith  th e  p o s s i b i l i t y  t h a t  th e s e  

f l u c tu a t io n s  a re  due t o  c r o s s f i e l d  d r i f t  i n s t a b i l i t i e s  a t  lo n g  wave 

le n g th s  (F ig u re  5 ) .

W ith re g a rd  to  p lasm a s h e a th s  th e s e  r e s u l t s  have s e v e r a l  

im p l ic a t io n s  w hich i n  t u r n  p o in t  th e  way t o  f u tu r e  s t u d i e s .

(1 ) The low er h y b r id  d r i f t  i n s t a b i l i t y  a p p e a rs  to  be th e  m ost 

im p o r ta n t i n s t a b i l i t y  i n  th e  sh e a th  c o n f ig u r a t io n  (F ig u re  1 0 a ), a s  

p re v io u s ly  in d ic a te d  by Gladd ( 1976) .  In d e e d , F ig u re  10a shows t h a t  

th e  m o d ified  two s tre a m  i n s t a b i l i t y  i s  n o t  p r e s e n t  when d e n s i ty  and  

m ag n etic  f i e l d  g r a d ie n ts  p o in t  i n  th e  same d i r e c t i o n .  The e f f e c t s  o f  

e l e c t r o n  te m p e ra tu re  g r a d ie n ts  may be im p o r ta n t  i n  t h i s  o o n te x t and 

need  to  be s tu d ie d  b e fo re  a  more c o n c lu s iv e  s ta te m e n t can  be  made*

(2) F i n i t e  b e ta  e f f e c t s  re d u c e  grow th  r a t e s  (F ig u re s  8 and 14) o f  

th e  t h i s  i n s t a b i l i t y  and a l s o  r a i s e  th r e s h o ld  d r i f t  v e lo o i t l e s *  T h is  

o o n c u ls io n  was e a r l i e r  s u g g e s te d  by D avidson e t .  a l .  (1977)* 

However, an  in v e s t i g a t i o n  o f  t h i s  p o s s i b i l i t y  r e q u i r e s  w orking  i n  th® 

low  d r i f t  v e lo c i ty  re g im e , v^ < v ^ , i n  w hich w 'o and ka^ ^  1 w here 

io n  m agnetic  e f f e c t s  m ust be c o n s id e re d .

(3 ) E le c tro m a g n e tic  f i e l d s  and t h e i r  e f f e c t s  a r e  an  im p o r ta n t p a r t  

o f  th e  lo w er h y b rid  d r i f t  i n s t a b i l i t y .  F lu c tu a t in g  m agnetio  f i e l d s
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o o n ta in  moat o f  i t s  en erg y  and th e r e f o r e  need  to  be in c lu d e d  i n  b o th  

p a r t i c l e  s im u la t io n s  and t h e o r i e s  o f  anom alous t r a n s p o r t .  Among th e  

l a t t e r ,  i n  p a r t i c u l a r ,  a re  th o s e  t h e o r i e s  whioh th e  u se  th e  Fow ler 

bound method by assum ing  a  l im i t e d  amount o f  f r e e  e n e rg y  i n  th e  p lasm a 

and r e l a t i n g  t h i s  e n e rg y  to  th e  en erg y  o f  th e  f l u c t u a t i n g  f i e l d s  

(F o w le r ,T .K .,1 9 6 8 ) . A m plitudes o f  th e  f l u c t u a t i n g  f i e l d s  d r iv e n  by th e  

low er h y b r id  d r i f t  i n s t a b i l i t y  i n  a  f i n i t e  b e ta  p lasm a c a lc u la te d  by 

t h i s  method w i l l  be i n  e r r o r  by o r d e r s  o f  m agnitude u n le s s  th e  en erg y  

o f  th e  f l u c t u a t i n g  m ag n etic  f i e l d  i s  ta k e n  i n t o  a c c o u n t.



V I I I .  APPENDIX

A. S te a d y  S ta t e  F lu id . E q u a tio n s

The c h o ic e  o f  f i e l d s  and d i s t r i b u t i o n  f u n c t io n s  i n  C h a p te r  I I ,  

S te a d y  S t a t e , and t h e i r  r e l a t i o n s h i p  t o  shock  and s h e a th  c o n f ig u r a t io n s  

may be m o tiv a te d  from  an  e x a m in a tio n  o f  th e  s te a d y  s t a t e  f l u i d  

e q u a t io n s  f o r  a  s in g l e  s p e c ie s  o f  an  inhom ogeneous p la sm a . I n  th e  

fo l lo w in g  g eo m etry , f i e l d  and  f l u i d  q u a n t i t i e s  a re  a llo w ed  t o  be 

f u n c t io n s  o f  o n ly  one C a r te s ia n  c o o r d in a te ,  x ,  m ag n e tic  f i e l d  l i n e s  a r e  

s t r a i g h t  l i n e s  w ith  u n i t  v e c to r s  p o in t in g  i n  t h e  z d i r e c t i o n ,  end 

e l e c t r i c  f i e l d s  and flo w  v e l o c i t i e s  V. l i e  in  t h e  x -y  p la n e :

U sing  t h i s  geom etry  th e  f i r s t  tw o v e l o c i t y  moments o f  th e  s te a d y  s t a t e  

V lasov  e q u a tio n  y i e l d ;

B  =  ( o , t V $

( E x , e v o )

jL nUx = o (A -l)
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A .  ( a l l  -  c j o  [ e x  +  U j B \  ^A” 2^
A X  - ^ *  *

d _ x ( m a u x  o , )  *  s o  (  e ,  -  I M S )  (A. 3)

E q u a tio n  A-1 i s  th e  tim e  in d e p e n d e n t c o n t i n u i t y  e q u a tio n  w h ile  

e q u a t io n  A-2 and A-3 r e p r e s e n t  momentum b a la n c e .  I n  a d d i t io n  th e  

s te a d y  s t a t e  M axwell e q u a t io n s  r e q u i r e ,  I n  a  two f l u i d  e l e c t r o n - l o n  

p la sm a ,

A E- = O «-4>

d _ B _  ( n c 0 ^ e - n i U ^ )  (a- 5 )

O ~ ( OeOge -  Oi Uxi)

=  M i r e  ( r i i  - n c l  <*-*>
J *  '

Here e q u a tio n  A-4 i s  im p lie d  by F a ra d a y ’s  Law, e q u a t io n s  A-5 and  

A -6 by A m pere 's  Law and e q u a t io n  A-7 by P o i s s o n 's  e q u a t io n .  S u b s c r ip t s  

" i "  and ”e n r e f e r  r e s p e c t i v e l y  to  io n  and  e l e c t r o n .

The s te a d y  s t a t e  s h e a th  i s  c h a r a c te r i z e d  by th e  a b se n c e  o f  any  

plasm a flo w  th ro u g h  th e  m a g n e tic  In h o m o g e n e ity . I n  th e  p r e s e n t  

n o ta t io n  t h i s  flo w  i s  r e p r e s e n te d  by Vx . A cco rd in g  t o  e q u a tio n  A-3 th e  

v a n is h in g  o f  Vx a l s o  r e q u i r e s  a  z e ro  Ey. T h e re fo re  t h e  s h e a th  l i m i t  i s



a t t a i n e d  by ta k in g  Vx = 0 and Ey “  0 . I n  t h i s  c a s e  e q u a t io n s  A -1,A -3» 

and A-6 a r e  i d e n t i c a l l y  s a t i s f i e d .  E q u a tio n  A-2 may th e n  be s o lv e d  f o r  

th e  d r i f t  v e l o c i t y  Vy

Vu -  — c E x  , L  X l U  nTL (a-s>
J " g "  T  s l  m

When e x p r e s s io n s  f o r  th e  s te a d y  s t a t e  f i e l d s ,  e q u a t io n  I I - 1 ,  a r e  

u sed  and  te m p e ra tu re  g r a d ie n t s  a r e  ig n o r e d ,  th e  r e s u l t i n g  e x p re s s io n  

f o r  t h e  e l e c t r o n  d r i f t  from  th e  f l u i d  e q u a t io n  A-8 i s  i d e n t i c a l  t o  t h a t  

im p lie d  by th e  e l e c t r o n  d i s t r i b u t i o n  fu n c t io n  c o n s t r u c te d  from  

c o n s ta n t s  o f  m o tion  i n  C h a p te r  I I ,  e q u a t io n  I I - 3 .  E q u a tio n  A-8 a l s o  

a p p l i e s  t o  th e  io n s  w i th in  a  s h e a th  i f  th e y  have had tim e  t o  re sp o n d  

s u f f i c i e n t l y  to  th e  f i e l d s .

When th e  p r e s s u r e  g r a d i e n t  a c t i n g  on th e  io n s  i s  b a la n c e d  by th e  

e l e c t r i c  f i e l d  i n  th e  x d i r e c t i o n  th e  io n s  a r e  " e l e c t r o s t a t i c a l l y  

c o n f in e d " .  In  t h i s  l i m i t  , Vy = 0 ,  and i n  th e  a b se n c e  o f  te m p e ra tu re  

g r a d ie n t s  e q u a t io n  A-8 f o r  th e  io n s  re d u c e s  to



94

w hich i s  i d e n t i c a l  to  eqUatlon ^  ^  c b a p t e r  I I .

A c o n s i s t e n t  shock steady a t a t e  w i t h  s u f f i c i e n t  s i m p l i c i t y  fo r  u se  

b a s i s  f o r  a  l i neai, d l jJ p e f l |io 0  r e l a t i o n  hao n o t  y e t  been

T he shock oonfigU pfttlcn ( v x  4  0 ) i s  i n g e n a ra x  tnuch m0 re

m p llc a te d  th a n  t h a t  of the sh ea th  a n d  c o n s e q u e n t ly  Qan be r e p r e s e n te d  

by t h e  s te a d y  s t a t e  in  Chaptep Ix o n ly  u n d e r  sevePal a p p r o * i  m otions. 

Here we i d e n t i f y  th e s e

I n  th e  l i m i t  o f  mao-i
®a3aloBa e l e c t r o n s ,  th e  e leo tron  f l u i d  e q u a tio n s

A-1 th ro u g h  A-K o a n  be redu08d to  c h „  f o i l o w i n g  equa t lo n s

h  U ,  =  c o n s t .  (A -io )

B  U x  =  c o n s t  (A-i d

" c- | *  +  j l  ^  U  n T x  (a- i 2)
b  x l  m  * * *

-  < S
t

q u a tlo n s  A 10 and A -i, i nply o q u a l  e le c t r o n  d e n s i ty  a n d  

g r a d i e n t s ,  a r e s u l t  lde„t l f l8 d  ^  ^  „ s n o o k  Oo„dl t lo n „ c h a p te r  n >

w hile  e q u a tio n  A -12 i s  id ft„ n
d en tio a i to  A- 8  s n d  n a t i o n  1 1 , 3 ,

Khen th e  I o n  th e ra a l  velo o l ty  I s  • « “  S p a r e d  t o  « »  flo w

V*’ and °thei‘ ai'lf t  v e lo o l* 1 ®3’ a oondition w»1o*i Is not 
always se t  In t h is  d isser ta te , th8  co ld  ion  l lnll _ 0 )  be0oBM

v a l i d .  Then when charge ni.«t «  a
b e t r a l i t y ,  ne 35 ni» i s  re q u ired  th® ion f l u i d

e q u a t io n s  re d u c e  t o
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U j  =  O  (A-1A)

VJjj cHJjf -  q  (A-15)

< JX

U x  =  c E !i/ b  (a ' 16)

E q u a tio n  A-16 i s  i d e n t i c a l  to  A-13 and em p h asizes  th e  f a c t  t h a t  

th e  io n s  and e l e c t r o n s  flo w  th ro u g h  th e  sh o ck  a t  th e  same sp e e d . 

E q u a tio n  A-15 I n d i c a t e s  t h a t  th e  Ex f i e l d  s e r v e s  o n ly  t o  s low  down th e  

io n s  a s  th e y  p a ss  th ro u g h  th e  shock  w h ile  A-14 s a y s  t h a t  no m acro sco p ic  

io n  d r i f t s  a re  d r iv e n  by g r a d i e n t s .

B. N e g lec t o £  Sm all Terms i n  O r b i t  a q u a t ion .

The n e g le c t  o f  te rm s  i n  th e  o r b i t  e q u a t io n s ,  1 1 1 -1 7 , p r o p o r t io n a l  

to  t r ig o n o m e tr ic  f u n c t io n s  and egv^/fig  i s  r e a s o n a b le  b e c a u se  o f  th e  way 

in  w hloh th e s e  te rm s  e n t e r  i n t o  th e  d i s p e r s io n  r e l a t i o n .  The

d is p e r s io n  r e l a t i o n  form ed w ith  e q u a t io n s  I I I - 6  and 111-13  c o n ta in s  

i n t e g r a l s  o f  th e  form

JtTC ct> ,

- X )w e  3 C A , t )
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w here g((J>,x) i s  a  fu n c t io n  o f  th e  t im e  p a ra m e te r  t and  v e lo o l ty

v a r i a b l e  0 w hich i s  d e te rm in e d  by th e  z e r o  o r d e r  d i s t r i b u t i o n  f u n c t io n t 

w h ile  th e  v e c to r  x ' - x  i s  d e te rm in e d  by th e  o r b i t  e q u a t io n s .  From th e

c o m p le te  o r b i t  e q u a t io n s  th ro u g h  f i r s t  o r d e r  i n  egV ^/R g, 1 1 1 -1 7 , th e

above e x p o n e n t ia l  f u n c t io n  would c o n ta i n  te rm s  to  f i r s t  o rd e r  in

e Bvi  w hich a r e  b o th  o s c i l l a t o r y

F o r weak g r a d i e n t s ,  << 1» 33 I 3  c o n s id e re d  i n  t h i s

d i s s e r t a t i o n  th e  e x p o n e n t ia l s  may be expanded  s o  t h a t

* )

s m i i c T

C  - i l e "

and s e c u l a r  in  Qex

i € B K ^ V x  

£  x O e

JS e * -
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T h e re fo re  when i n t e g r a t i o n s  o v e r  <f> and t a r e  p e rfo rm ed  th e  s i n  <}> and 

s in  0x te rm s  a r e  s m a ll  com pared t o  th e  s e c u la r  te rm .

T hese e x p a n s io n s  and i n t e g r a t i o n s  have b een  done e x p l i c i t l y  i n  th e  

c a s e  o f  th e  e l e c t r o s t a t i c  d i s p e r s io n  r e l a t i o n .  N u m erica l e v a lu a t io n  o f  

th e  r e s u i t i n g  d i s p e r s io n  r e l a t i o n  h a s  r e v e a le d  t h a t  t h e  c o n t r ib u t io n  o f  

th e  o s c i l l a t i n g  te rm s  t o  f i r s t  o r d e r  i n  e BVj/Sle  t r e a t e d  i n  t h i s  

a p p ro x im a tio n  a r e  in d e e d  n e g l i g i b l e .  A lth o u g h  c o n t r i b u t i o n s  o f  th e s e  

te rm s  t o  an e le c t ro m a g n e t ic  d i s p e r s io n  r e l a t i o n  h ave  n o t  been  

c a l c u l a t e d  i t  i s  f e l t  t h a t  r e s u l t s  w i l l  be no d i f f e r e n t  from  th o s e  

b a se d  on an e l e c t r o s t a t i c  d i s p e r s io n  r e l a t i o n  s in c e  t h e  I n t e g r a t i o n s  

In v o lv e d  a r e  fo rm a lly  s i m i l a r .

C. Com puter P rogram s and Sample O u tpu t

Below a r e  l i s t i n g s  o f  th e  com puter p rog ram s and o u tp u t  d is c u s s e d  

i n  C h a p te r  V. F i r s t  i s  a  p rogram  s o lv in g  th e  d i s p e r s io n  r e l a t i o n ,  

e q u a t io n  I I I - 22, w ith  th e  m a tr ix  e le m e n ts  a s s o c ia t e d  w ith  g r a d ie n t

d r i f t s ,  e q u a t io n  1 1 1 -2 1 . T h is  i s  fo llo w e d  by a  s i m i l i a r  p rogram  f o r  

th e  hom ogeneous c a s e ,  e q u a t io n  I I I - 2 1!. A t y p i c a l  page o f  com pu ter 

o u tp u t  f o r  t h e  l a t t e r  program  c o m p le te s  t h i s  a p p e n d ix .
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T l * 40
1 C IDNSs HOT» UNMAGNETIZED
2 C ELECTRONS: HOT* MAGNETIZED
3 C E CROSS B* GRAD B* AND GRAD N DRIFTS
4 C PERPENDICULAR TO B
5 C WAVES: OBLIQUE PROPAGATION
6 C REQUIRES SUBROUTINES: PDF*FCFCN.GBJ*CQSF*ZEARCH*OUTPUT 
? C 
8 
9

10 
11 
12
13
14
15
16 
1?
18
19
20 
21 
22
23
24
25
26
2? C
28 C
29 C PLASMA PARAMETERS
30 NELS=2
31 MEOM1 = 1 .0^ 3674
32 T E O T I= l.0
33 VEQVI-SQRT <TEOTI/'MEDMI>
34 BETAE=0.25
35 VN= 0 . 0
36 V D =4 .0
3? WRATID=68
38 WRSQ=WRATI0 * WRATID
39 5 TVPE 310
40 810 FORMAT C^SX* 10HENTER DAT AO

COMMDN C> S* ZERO* HEMAX* NTRIAL* INDC»NELS
CDMMON/'PARAM/' EETAE* TEOTI * MEOMI» VEOVI * VO* VN* VB»*WRATI0* THETA 
CQMMON-'FIELBS-' PHASQ* EXOES0* TNOTOT* EOBSG 
DIMENSION FACTP<500) *FACTM<500>
DIMENSION BSJ <100> « DBSJ<100> »BSJS0 <1 00> *BLDW<1 00)
REAL MEOMI
COMPLEX S»SSQ*SHEW*ZERO*ZEROLD*IMAG»LAMBDA 
COMPLEX 2ARGI» 2 1 * D 21> DDZI
COMPLEX 2ARGEP <1 00) * 2EP <1 00) * D2EP <1 00) »DPZEP <1 00>
COMPLEX 2APGEM <1 00) * ZEN <1 00> * D2EM Cl 00) * DD2EM <100)
COMPLEX RXX* RYV*R22* RXY*RY2* RX2 
COMPLEX XX»YY * 2 2» XY> X 2»Y2
COMPLEX XXG <5 0 0) * YYG <5 0 0) »22G<500) *XYG<500) »X2G C500) * Y2G C500) 
COMPLEX XXI <500) »YYI C500) *221 <500) »XYI <500) *XZI  < 500 )»Y 2 I <500) 
COMPLEX P1*P2*P1C»P2C  
COMPLEX CHECK 
DATA STOP/-1 .0  E - 3 '
IMAG=CMPLX < 0 . 0 * 1 .  0)
NBMAX=4
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99

t 4 1 » 9 0
41 READ <5» 8 1 5> NELS
4 2  8 1 5  FORMAT C IO
4 3  RERD<5»830> VD» BETAE» THETR* NBMAX
4 4  3 2 0  FORMAT < 3F 1 0 . 0 - I2>
4 5  E E TW D -P E TR E ^2.0
4 6  VB=BETWO*VD
4 7  VN=-TEDT I ♦ VD^ < 1+TEO TI >
4 9  VO=VD+VN
4 9  VD =VO /VEDVI
5 0  VH=VN.'VEDVI
51 VB=VB^VEOVI
5 2  CDSINE=CDSD<THETR>
5 3  CDSQeCDSINE+COSINE
54  3 IN E = S IN D  CTHETR^
5 5  S IN SQ —S IN E *S IN E
5 6  T A N ^ IN E /C O S IN E
5 7  TRNSQ=TRN<*TAN
5 8  C
5 9  C F IR S T  GUESS FOR WAVE HUMBER C RHD FREQUENCY1 S
6 0  2 0  RERDC5' S30> CSTRRT< S» DC» NPRINT
61 8 3 0  FORMAT<4F10 * I2>
6 2  C
6 3  C INCREMENT WAVE NUMBER BY DC W ITH DO LOOP
64 DO 6 0 0  IN B C = 1» NPRINT
6 5  C =C S T R R T + < IN B C -n »B C
6 6  CSQ=C*C
6 7  N T R IR L = -1
6 8  C
6 9  C CALCULATE ELEMENTS OF D ISPER SIO N  RELATION
70 5 0  SSQ=S^S
71 ZflRG I  -S *V E O V I ✓ < 1 . 4 1 4 2 1 3 * 0
72  CALL P D F < Z R R G I> 2 I» P Z I>
7 3  D D Z I= -2 .  O ^C Z I+Z A R G I^D Z P
7 4  RXX=SSQ» EETWD/'MRSQ-CSQ+MEDM I ♦BETUO^ZRRG I  ♦ Z I
75  RYY=SSQ *BETW 0''W RSQ -C SQ *C0SQ +M E0M I»BETW 0*ZA RG I»<C0SQ *ZI-S INSQ *
76  $  ♦ZA R G I> +S*BETWO» <VB-VtO ^<C *S IN E >+B E TM O * <VO-VN> *  <V0-VB>
7 7  RZZ=SSQ*E:ETWO/'WRSQ-CSQ*SINSQ+MEOMI*BETWO»ZARGI
78 $  ♦ < S IN S Q *7 I“ C Q SQ *D ZI*ZA R G I>
7 9  R Y Z -C D S It iE+$2HE+  fCSQ+MEOMI ♦BETWO^ZAPG I  ♦ D D Z I^ 2 .  0>
8 0  LAMBDR= < S -S IN E *C *< V O -V N > > ^ < 1 .4 1 4 2 1 3 *C *C 0 S IN E >
81 C
8 2  C
83  C INTEGRATION OF V-PERP INTEGRALS
34 C STEP S IZ E *  H
8 5  C UPPER L IM IT  OF INTEGRATION! VMAX
8 6  C INTEGRATION VARIABLE! V
8 7  H = 0 . 05
8 8  I F  <TH E TA .G E .3 9 . 51> H = 0 .05
8 9  VMAX=6 . 0
9 0  INMRX=VMAX>'H+1. 0
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t91»140
91 C DQ LOOP TD PREPARE VECTOR WITH VALUES OF iNTEGRfiwrn?
9 5  DO 9 0  I N = I t  INMAX 'fcfcPANPS
93 V = H *C IN - i:>
94 \>SQ=V+V
95  B A R G =S IN E *C *V
96 C
9? C CALCULATION OF ALL FRIED-CONTE AND BESSEL FUNCTfnriS W IT H  DO LOOP 
99  NBMAP=NEMAX ‘ U
99  IF  CHBMAX. EQ. 1> NBMAP=NBMAX+1

100 DO 6 5  N N = 1 »NBMAP
101 N =N N -1
105 CALL BESJCBAR6 *N.BSJCNM> > l . E - 3 *  IOQQ)
1 °3  BSJSQ CNN> = BS J <MN) *B S J <HN)
1 04 y jrflC T= <VO-VB*VSC!*. 5>
105 FRCTN <NN> = VFACT-N^ <C*S I  HE)
106 FACTP<NrO=VFACT+N/'<C»SlNE>
107 ZAR6 EP CNN> = <S+N-C*SINE*VFACT> ✓ <1. 4 1 4 2 n # c * rn M U C ?
109 2 ARGEM <NN> = < S -N H >S  I  H E * VFACT> ✓ <1. 4 1 4 2 l3 # c *c n *T N E >
109 CALL PD F C2AR6EP (NN> , SEP  CNN) » DEEP CNN) ) J
110 CALL PD F C2ARGEM <HfO »2EM <MH) , DZEM CNN) >
H I  IF  <N N -1>  6 5 * 6 5 * 6 0
U S  60 D BSJC 1>=-B SJC £>
113 IF C B A P G .E O . 0 . 0)BARG=1. 0 E - 6
114 DBSJ CNN*> =PSJ C N N -1 )-N *E S J  CNN) ■'BARG
115 -65 C O N TIN U E
116 C
117 C CALCULATION OF INTEGRANDS
118 C ZERO ORDER <NM=1 > BESSEL FUNCTION PART 
H 9  XX=D B SJC 1>*D FSJC 1)«ZEP<1>
120 YY=ESJSQ  Cl> -HEP <1> ♦VFACT^VFACT
151 2Z=B S  JSO C 1 > ♦ZARGEP C1 )  ♦  DZEP C 1 >
125  XY=BS'J Cl > *D£SJC1> ♦ZEP <1 > *VFRCT
123 X Z=B S J Cl > *DESJC 1)♦D ZEP C l)
124 YZ=BSJSG>C1)»DZEPC1>*VFACT
125 C IN F IN IT E  SUN PART
126 IFCNBM AX. EQ. 1 )6 0  TO 8 5
157 DO 7 5  J=2»NBMAX
159 X X=XX+D B S J <J> ♦ BBSJ <J> ♦  <ZEP <J> +ZEM <J> )
129 YY^YY+BSJSG <J>* <2EP CJ) ♦FACTN CJ) ♦FACTM<j> +
130 5  Z E M C J)*F A C T P < J)*F R C T P C J))
131 2 Z —ZZ+B SJSQ  CJ> ♦ C2ARGEP CJ) *D2EP < J> +2ARGFH < *r .? F rt CJ >  >
135 X Y =X Y +B S J CJ> *BBSJCJ> ♦  CZEP CJ) *FACTM CJ) +
133 $ ZEN  CJ) ♦FACTP C J ) >
134 X Z=X Z+B S  J  <J ) ♦DBSJ CJ) ♦  CDZEP CJ) +D2EM < J ) )
135 Y Z =Y Z+£S JS O  CJ) ♦  <DZEP CJ> *FRCTM CJ) +
136 $ DZEM CJ) *FACTP CJ) )
1 3 7  ? 5  CONTINUE
138 C INTEGRAND VECTORS DENOTED WITH A ‘,G"
139 85  EXA RG =V*EXP<-VSQ ^e. 0>
140 x x g c i n > = e x a r g * v s q * x x
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t 141 p 190
141 YYG<IN>=EXAPG»YY
142 Z 2G <im =E X A R G *Z2
143 XYG <IN>“ EXARG<*V^XY
144 X26<im>=EXARG^V^XZ
145 Y2G <IN> =EXARG^YZ
146 9 0  CONTINUE
142 C
143 C COLL INTEGRATION SUBROUTINE AND PREPARE ELEMENTS OF DISPERSION RELAT!
149 C INTEGRAL VECTORS DENOTED WITH A " 1 “
150 CALL COSFCHpXXGpX X Ip INMAX>
151 CALL CGSF<H. YYG» Y Y I» INHAX>
152 CALL COSF<H,Z2G «2ZI«INM AX>
153 CALL C G SF<H «XYG 'XYI» INMAX)
154 CALL CQSF<H'XZGpX Z I p INMAX>
155 CALL COSF<H. Y2Gp YZIpINM AX>
156 RXX=RXX+BETWO*LAMBDA«-XXI<INMAX>
15? RYY=RYY+BETWO+LRMEDA^YYI<INMAX>
158 R2Z=RZZ-BETW0«-LAMBDA»ZZI dNMAJO
159 RXY=-IMRG»BETWO*LRMBDA*XYI fINMAX>
160 RXZ=IMAG*BETWn<*LAMBDR»XZI<INMAX>/1 . 4 1 4 2 1 3
161 RYZ-RY2“ B E T W D *L A M B D A *Y Z Id N M A X ^ a . 4 1 4 2 1 3 >
162 C
163 C
164 C D ISPERSION RELATION
165 ZERO=RXX* CRYY*R2Z-RVZ»RYZ> +R X Y * <R XY^RZ2-2*RX2*RYZ> +RX2*RXZ*RYY
166 IF < N E L S .E C .l> 2E P 0= P Y Y ^ S IN S G + R Z 2*C D S G + 2 ,0 *S IN E *C D S IN E *R Y Z
16? 4 0 0  FDRMAT <2X p 2 E 1 0 .3  p 5Xp 2 E 1 0 .3  p 5X  p 2E 1 0 .3 )
168 C
169 C
1?0 C SEARCH FOR 2ER0S OF DISPERSION RELATION V IA  SUBROUTINE "ZEARCH"
1?1 CALL ZEARCH<S>ZEROpSNEWpNTRIAL>
1?2 C
1?3 C IF  RELATIVE CHANGE IN  S IS  SMALL PUT RESULTS IN  DUTPUT 
1?4 C OR IF  AIMAG S IS  OF ORDER OF REAL S STOP SEARCHING 
1 ?5 RTEST= CREAL <SNEW> -REAL <S> > ✓REAL <S>
176 A ITE S T=  <AIMAG <SNEW>-AIMAG <S> > /A IM AG <S^
1?? S«SHEW
1?8 IF<ABS <R TEST>.LT. STOP. AND. ABSCAITESTi ,LT .S T0P >G O  TD 500
179 IF  (N T R IA L -1  0> 5 0 p 5 0 0 p500
180 C
181 C
182 C BEFORE OUTPUTING RESULTS CALCULATE WAVE PHASE INFORMATION
183 C PHASO=SGUARE OF AMPLITUDE OF LONGITUDINAL E F IELD  OVER TOTAL E F IE L D  
134 C EXOESO=SGUflPE OF AMPLIUDE OF X E F IE LD  OVER TRANSVERSE E F IE LD
185 C TNOTOT-PATIO OF ENERGY IN  TRANSVERSE F IE L D S  TO ENERGY IN  TOTAL F IE L D
186 C EDBSC'=RATIO OF MAGNETIC F IE L D  ENERGY TO ELECTRIC F IE L D  ENERGY
187 5 0 0  PI=RXX*RYY+PXY+PXY
183  PlC=CONJG<Pl>
189 P1SQ=REAL<P1*P1C>
190 P2=RXY»RXZ+RYZ*RXX  
♦



1 0 2

t 1 9 1 f £ 4 0
191 PSC=CDNJGfP£>
192 P£SP=REAL<P2»P2C>
193 P3SG=REAL < <RXY^RYZ-RYY*RXZ> «>C0N JG <RXY*RYZ-RYY*RXZ> >
194 PSQ=P1SP+P2SP+P3SP
195 S2=REAL <S*CON JG<3> >
196 D U M l= S IN S O *P £S P + C O S O *P lS P -£ . 0»C O S IN E *i:IN E *R E A L  (P 2 C *P 1 )
197 D U M £=CO SP»P£SQ +SINSP*PlSP+P3SG +£. 0 *C D S IN E *S IN E *R E A L  <P£C*P1>
193 DUM=S2^BETRE^<.£. 0 *CSQ-*MRSQ>
199 DUM3=1. 0+BUM
£ 0 0  PHASQ=BUM1spSO
£01 EXDES0=P3SP/PUM £
£ 0 £  EOBSP=DUM*PSP^DUM£
£ 0 3  TNOTOT= <DUM3*DUH£> ✓ <BUM3*PUM2+DUM1♦S2*BETAE^ <£. 0»CSP*MRSP>>
£04 C
2 0 5  CALL OUTPUT
£06  6 0 0  CONTINUE
£ 0 7  7 0 0  GO.TO 5
2 0 8  C 
£ 0 9  C 
£ 1 0  C
211 C
2 1 2  9 0 0  STDP
£ 1 3  END
£14  SUBROUTINE OUTPUT
2 1 5  CDMMDN C .S . ZERO.NBMRX. N T R IA L .IN D C .N E L S
2 1 6  COMMON/PARAM-' B ETA EfTEOT1»MEOMI» V E O V I. V O .V N .V E » W RATIO.THETfi
£ 1 7  COMMON' F 1ELDS-'' PHASQ. EXOESP. THOTOT. EOBSQ
2 1 8  COMPLEX S.ZERO
£ 1 9  REAL MEOMI
2 2 0  C
2£1 C F IR S T  T IM E  THROUGH "OUTPUT" P R IN T  HEADINGS
£ 2 2  IF  <IN D C . NE.1 > GD TO £ 0 0
2 2 3  VO O VI=VEO VI♦VO
£ 2 4  VN O V I=V E O V I*V N
£25  VBO VI»VEO VI ♦VB
£ 2 6  C
2 2 7  TYPE 9 0 0
2 2 8  IF (N E L S .E P .1 >  TYPE 9 0 5
£ 2 9  IF (N E L S .H E .1 > T Y P E  9 0 6
£ 3 0  TYPE 91 O fT E O T I. M RRTIO.BETRE* THETA
231 TYPE 9 3 0 .V D .V N .V B
2 3 £  TYPE 9 4  0 . V D O V I. V N O V I» VBOVI
£ 3 3  TYPE 9 5 0
234  C EACH T IM E THROUGH "OUTPUT" P R IN T DATA
2 3 5  £ 0 0  G AM 0LH =AIM R6CS/SQ PT<M E0M m
£ 3 6  RBZERO=CRBS <ZERO>
2 3 7  TYPE 9 6 0 . C .S .G AM O LH.PHASP.EXO ESP fEDESQfABZEROf NBMAX.NTRIAL
2 3 3  3 0 0  RETURN
2 3 9  C
£ 4 0  9 0 0  F O R M A T IX .2 0 H IN H O M D G E N E D U S  PLASMA>
♦
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t 2 4 1 * 2 9 0
241 9 0 5  FORM AT<lX»33HEL£CTR0STflTIC  OISPERSJON RELATION)
2 4 2  90S  FORMAT<1Xj 35HELECTR0MRSNETIC D ISPER SIO N  RELRTIDN>
2 4 3  91 0 FORMAT </'/'» £X» SHTE^TI = > F 4 . 1p6 X* SHWPE/WCEcf F 6 .  3»  2Xp 6 HBETRE«»F6 . 3»
2 4 4  $  4X »6H T H E T A = .F 5 .2>
2 4 5  9 3 0  FORMAT <£X. 6 H V 0 .'V E -. F6 . 3« 4 X p 6 HVNA'E=p F 6 , 3» 4X * SHVE^VE^. F6 . 3>
246  9 4 0  FORMRT <2X* SHVO -'V I-p  F6 . 3p  4X« S H V fW I = » F 6 . 3p4X» 6 HVE^VI = « F £ . 3>
24?  9 5 0  FORMRT < / ' * 4 X » I K K . 6 X»SHOMEGAp 3Xp 5H G R M M R .12X .6H E L2/E 2*IX .7H E X 2>"E T(
£ 4 8  t  lX .6H E 2^ B 2 »3X .4H Z E R D .4X »£H H r:i£X » 6H T R IR L S » /'>
2 4 9  9 6 0  FORMRT <1X» F ? .3* F 3 . 4 ’ £ X > 1 P E 9 .£ p 2 X p E 9 . 2 p 2 X p
£50  3 0 P F 4 .£ j1 X »  F 4 ,2 » 1 X . E 7 . 2 j IXp E8 .  Ip  £ X » I3 p 2 X » 13)
£51 END
♦



1 0 4

T l » 50
1 C ID N S : HOT* UNMRGNETIZED
2  C ELECTRONS: HOT, MAGNETIZED
3  C D R IFTS  PARALLEL AND PERPENDICULAR TO B F IE L D
4 C TEMPERATURE ANISOTROPY
5  C WAVES: OBLIQUE PROPAGATION
G C REQUIRES SUBROUTINES:  P D F *F C F C N *E X B I. SEARCH.OUTPUT
7 0
8  COMMON INDC* C* ZERO* N TR IA L* MB. S* NELS
9  COMMON/PARAM.' A E• BETAE* T E O T I* MEOMI* VPERP»VPAR* W RATIO. THETA

1 0 COMMON-'F I  ELDS-' PHA i  9 * EXOESO>TNOTOT
1 1 PEAL MEOMI
IE COMPLEX S.SSO.SHEW * ZERO vZERDLD*TEST.IM AG
13 COMPLEX ZARG1. 2 1 * D Z I
14 COMPLEX ZARGEP.ZEP.DZEP.ZAPGEM * ZEM,D2EM
1 5 COMPLEX ZARGEO* ZED* DZEO* DELTA*DELTAO.GAMMA
16 COMPLEX RXX* RYV* P Z Z * RXV* RYZ* RXZ
17 COMPLEX FACT * FACTSG
18 COMPLEX P I *  PS * P 1C * PSC
19 DATA E N D -'l. E -5 - '
SO DATA STO P^'l. E - 5 ^ .  NBSTOP-'SO-'
S I IM RG-CM PLX<0. 0 * 1 .  0-'
E£ C
S3 C PLASMA PARAMETERS
£ 4 H E L S = 0 .0
£5 MEOH1 = 1 .0 ^ 1 8 3 6 .0
£ 6 T E D T I= 1 . 0
£ 7 B E T A E = 1 .0
S3 WRATID=6 8 . 0
£ 9 W R S Q = W R A T IM R A T I0
3 0 V EO VI=SO R T(TED TIxM EO M I)
31 A E=0. 0
3E V P A R = 0 .0
3 3 5 TYPE 8 1 0
34 310 FORMAT < V 5 X ,1 OHENTEP DATA-')
3 5 READ< 5 * 3 1 5 )NELS
36 3 1 5 FORMRT<I1>
37 READ <5* 8£0> VPERP* BETAE.THETA
33 8 3 0 FO R M A T<3F10.0)
39 VPERP=VPEPP-xVEOV I
40 COSI N=COSD ’-.THETR)
41 CDS0=CO SIH *C D SIN
4 3 S IN E = S IN D  <THETR>
4 3 S IN 8 0 = S IN E *S IN E
44 T AN= S I NE-'COS IN
4 5 TANSQ=TAN»TAN
4 6  C
4 7  C VARIABLE IN IT IA L IZ A T IO N
48 SO READ <5* 3 3 0 )  C S TA P T.S * D C .N P R IN T
4 9 8 3 0 FORMAT C4F10 . 0 . IS )
50  C



105

t50» 100
5 0 C
51 C INCREMENT WAVE NUMBER EV EC W ITH DO LDOP
52 DO 6 0 0  IN D C = 1* NPRINT
53 C=CSTART
54 CeC+ <IN D C -1> ♦DC
55 CSQ=C*C
56 c
57 c IN IT IA L IZ E  NUMBER OF ATTEMPTS TO SEARCH FDR ZERO
5 8 N T R IA L = -I
59 c
60 c CALCULATE ELEMENTS OF D ISPER SIO N  RELATION
61 50  SSQ=S<*S
62 FA C T=S-C *S IN E«VPER P
63 FACTSQ=FRCT^FACT
64 Z A R S I= S ^ V E 0 V I/'< 1 ,4 1 4 £ 1 3 ^ C >
6 5 CALL PDF (ZAPGI * Z I » D Z I>
6 6 RXX=-2*CSC^EETAE+SSQ/MPSC!+ME0M I  ♦ZARG I * Z I
6 7 R Y Y = -2 #CSC>#C0 SC!-''''BETAE+SSQz'WRS£r+2^ZARG1 ♦ZA R G I#S  I  NSO*MEDM I
6 8 $ +MEOMI ♦ZARG I * Z  I  ♦COSQ* <1+£^ZRRGI^ZARGI#TANSS>
6 9 RZZ=-2#CSG #S I  NSCf^EETRE+SSP^l/lRSC+2*MEDM I#2ARG  I  #ZARG1 ♦CDS#
70 $ + M E D M I♦ Z A R G I*Z I*S IN S Q ^  <1♦2^ZARG I♦ZARG I✓TANSG )
71 R YZ=2^C S O S IN E ^C O S IN <B E TA E + < 2 # M E 0M I*Z R ftG I#Z fiR G I#S IN E #C 0$ IN >
7 2 3  ♦  < 1+ZARGI♦ Z I ♦  ( 1 ~ 1X <£+ZARG I  ♦ZARG I  > > >
7 3 NB=*0
74 BARG=CSG^SINSQ# <1-AE>
75 CALL EXBI CBARG»NB*EXB> IER>
76 CALL E X B i(B A R G *N E +1* EXBPL*IER >
77 ZARGEO= (S -C ^ S I NE^VPERP-C^COS I  NWPAR> ✓ < 1 .4 1 4 £  1 3^C#C0S I  N>
78 CALL PDF(ZARGEO*ZED*DZEO>
7 9 DELTAO=-AE^DZEO-£#ZARGEO^ZEO-
80 RXX=RXX-BARG^DELTAO#<EXB-EXBPL>
81 RYY=RYY+VPERP#VPERP^CSCHSINSGH <l-EXB^DELTAOz-2> ✓BARG
82 RZZ-RZZ+TANSG^FACTSO^ <1 -EXB^DELTROz'£> ."BARG
8 3 R X Y «-IM A G W P E R P ^C ^S IN E #(E X B -E X B P L>♦D E LTA 0^2
84 R XZ=-1 MAG#TAN#FACT# <EXB-EXBPL> ♦BELTADz'2
8 5 RY2=RYZ+TAN^C^SINE#VPERP^FA CT^<l“ EXB^DELTA0^£>z'BARG
8 6 2ERD=PXX^(RYY^RZZ-RYZ^RYZ> +RXY^CRXY#PZZ-£#RXZ#RYZ> +RXZ^RXZ#RYY
8 7 IF (N E L S .E G . 1> ZE R 0=R YY^S IN SQ +R ZZ^C D SP+2.O ^S IN E#C O SIN *R Y Z
8 8 c
8 9 c SUM OF TERMS W ITH M O D IF IE D  BESSEL FUNCTIONS------
9 0 60  ZEROLD=ZERO
91 NB=NB+1
92 NBSG=NB^NB
93 EXB=EXBPL
94 CALL E X B I(B A R G *N B +1* E X B P L *IE R )
95 ZARG EP=(S+NB -C^SINE^VPERP-C^CDSIN^VPAP>✓ < 1 .4 1 4 2 1 3#C *C O SIN >
96 ZA R G EM =(S-NB-C^SINE^VPERP-C^CDSIN#VPA R>✓ ( 1 .4 1 4 2 1 3^C #C 0S IN >
97 CALL PDF(ZARGEP* ZEP* DZEP>
98 CALL PDF(ZAPGEM* ZEM* DZEM>
99 GAMMR=-AE^ <DZEP-PZEM> -z2-ZARGE0^ <ZEP-ZEM>

1 0 0 DELTA=-RE+ (DZ£P+DZEM> /'2-ZARGEO# <ZEP+ZEM>
♦



1 06

T l O l f 150
101 RXX=RXX-DELTA* <EXB* <NBSG?<''BARG+2*BARG-2*NB> -£ *B ftR 6 *EXBPL>
102  RYY=RYY- CEXE* <CSC>» SINSC!* VPERP+VPERP+NBSG^ *D E lT R
1 03 $-2*EXB *VPER P*N B *G A M M A *C *S IN E> /'EflRG
1 04 RZ2=RZ2~TANSC'*EXB* <DELTA* CFACTSQ+NBSC!) +2*GAMMA*NB*FACT> -'BARG
1 05 RXY=RXY+1 MAE* CEXB* a-NB>"BftRG> -EXBPL> ♦  <NB*GAMMA-VPERP*
106 $C *SINE*DELTA>
1 0? R X2=R XZ-IM A G *TA N * CEXP* <1 -NB/'BAPG> -EXBPL> ♦  <NB*GAMMA*FACT*DELTA>
1 08 RY2=RYZ+TAN*EXB* (DELTA * <NBSA+CSG!*SINSC!*VPERP*VPERP-C*SINE*S*VPERP>
109  *  +NB*GAM M A*(;S-2*C*SIHE*VPERP:>>/'BftRG
110 2E R 0=R X X *(R Y Y *R Z Z -P Y Z *R Y Z >+R X V * <R X Y *R 2Z~2*R X Z*R Y 2>+R X Z*R X Z*R Y Y
111 IF < N E L S .E O .l> Z E R 0= R Y Y *S IN S G H F :Z Z *C 0S C !+ 2 ,0 *S IN E *C 0S IN *R Y Z
112 C
1 1 3  C IF  A D D ITIO N  DF HEW BESSEL FUMCTIDM TERN TD "ZERO" RESULTS IN
114 C ONLY ft SHALL CHANGE DR IF  NUMBER DF BESSEL FUNCTIONS USED EXCEEDS
115 C NBSTDP STOP CALCULATION OF "ZERO"
116 IF  <CABS(ZERO-ZEPDLIO . L E .C ftB S (ZE R O >♦E N D ,A N D .N B ,G T ,3>G O  TD 100
11? IF<NB-NBSTOP> 60» 1 0 0 > 1 0 0
118 C
119 C SEARCH FOR ZEROS OF D ISPER SIO N  RELATION V IA  "SEARCH"
120  100 CALL ZEAPCH<S»ZERO* SNEW* NTRIAL>
121 4 00 FORMAT </'» 2 E 9 . 3* 5X» 2 E 9 .3 *  5X »2E 9 . 3>
122 C
123 C IF  RELATIS'E CHANGE IN  S IS  SMALL OUTPUT RESULTS
124 C OR IF  ftIMAG S IS  DF ORDER OF REAL S STOP SEARCHING
125 TEST=<SNEU-S>^S
126 S=SNEW
12? RTEST=REAL<TEST>
128  A ITEST-AIM AG<TEST>
1 2 9  IF<A B S <P T E S T > .L T .S T D P .A N D .A B S C A IT E S T > .L T .S TO P >  GO TO ,5 0 0
130  IF < N T R IA L -1 5 > 5 0 f5 0 0 .5 0 0
131 C
132  C
133  C BEFORE OUTPUTING RESULTS CALCULATE WAVE PHASE INFORMATION
134 C PHASQ=SCUAPE OF AMPLITUDE OF LONGITUDINAL E F IE LD  OVER TOTAL E F IE L D
135  C EXDESG=SOUAPE OF AMPLITUDE OF X E F IE L D  OVER TOTAL E F IE L D  .
1 36  C TNOTOT=RATIO DF ENERGY IN  TRANSVERSE F IE L D S  TO ENERGY IN  TOTAL FIELDS  
13? 5 0 0  P1=RXX*RYY+RXY*RXY
1 38  P1C=C0NJG<P1>
139  P1SQ=REAL<P1*P1C>
140  P2=RXY*RXZ+RYZ*RXX
141 P2C=C0NJG CP£>
142  P2SG>=REAL <P£»P2C>
143  P3SQ=REAL < <R XY*PY2-PYY*R X2> ♦CONJG <RXY*RYZ-RYY*RXZ> >
144 PS0=P1SQ+P2SQ+P3S0
145  S2=R£AL <S*CONJG<S> >
146  DUM1 = S IN S Q *P 2 S 0 + C 0 S 0 *P 1S O -2 .0 *C O S IN *S IN E *R E A L < P 2 C *P 1 >
14? DUM£=CDSG!*P£SQ+SINSO*P1SQ+P3SC!+2. 0 *C 0 S IN *S IN E *R E A L < P 2 C *P 1 >
143  DUM3=1. Q+SS+BETREs<2. 0+CSQ*WRSQ>
149  PHASQ=DUM1/'PSP
150  EXDESt!=P3SG!^DUM2
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r i s i
;S1
;S 2
5 3
5 4  

.5 5
5 6  

.5 ?
5 8
5 9
6 0  
6 1  
6 2
6 3
6 4  

. 6 5
66 

: 6 7  
68
6 9
7 0
7 1
7 2
7 3
7 4
7 5
7 6
7 7  
7 3  
7 9  
SO 
6 1  
0 2  
8 3  
S 4  
8 5  
0 6  
8 7  
S 3  
0 9

:0O
9 1
9 2
9 3
9 4  
0 5
9 6
9 7  
0 8  
9 9

0 0 0
0 0 1

* 201

C
C
C

600
700

900

C

TNOTDTe t DUM3*ttiJM2* s (p L ^ ^ I'U M E + P U M  1 ♦S £*B E T fiE ^  <2. 0*CJ0*WRS0* * 
CfiLL OUTPUT
c o n t in u e
GO TH 5

STOP
END
SUBROUTINE DUTPUT 
COMPLEX S.ZEPQ  
RFAL MEOMInu ■ '^u> * *
COMMON INDC. C. ZEPO. N T  & 1 > N R .S - HEL S 
COMMON''PRPRM-' RE* TETJA^ * TE° T ! , MEDMI * VPERP* 

PH R -C - g X M S C ' ’ TMOTOT

VPRP* WRATID* THETA

COMMONER IE L D I.

“  PRINT HEADINGSc PIRST T IM E  THROUGH “OUTPL, 'r
IF<INBC.HE. I> EP TO S 0.^artn.
VfiOCSOMEOMIx eweATIU* u ' 11D>
VROC=CORT <VftQcZO> ^
VEOVI =SPRT <TE0T 1 >*MEOtf *  ?
v o o v i= v p e p p * v e o v i
T R flT lO = l.0 -ftEC
TYPE 9 0 0
IFC N E uS .E P . O TYPE 9 0 5  
IF  <NELS.ME. 1 * TYPE 9 0 6  „  llc. * T T n  
TYPE 9 1 0 . T E O T I . V E O V T - ^  2 1  
TYPE 9 1 6 . B E T R E .flE .T F '^ , ,p 5 'THETfi 
TYPE 9 I£ *  VPEPPtVO Q Vl*  v HR 
TYPE 9 £ 0

C EACH TIM E THROUGH " O U T P U T D A T A  
£00 GRMOLH=RIMPG < ;^CC'PT *

TV?|R§sI?  ? f ^ | S £ LM .pH «50.E X D E S C l.TN D TD T,flB ZE R O ,N B -«rR X flL

900 RETURN

900 FORMAT O'^  
905 FORMAT <1

IX. lPHH0r*O^er<E0|JS PLASMA* 
X.ppHELfCTfoSrT^Tlc DISPERSION RELATION* 
v.^un.. r-̂ Trsn.,fP**3NETlC DISPERSION RELATION*

P6 . 3 . AXiSMVPRfWE®* F6 . J 
*=»F5.2»

ft. B> p i  QuypERP^VI=*F6.3*4>{*SHV'PA
912 F0P M A T<3X .9H V P E P P ^V E =*^£ ; ™ ’ ^ e = . F 4 . i ,  1 £ X . lOHTPERyTPAR 
916 FORMAT<3X.7HE p .ETA =».P^ '

♦ 6X .6H T H E T A = ,F 5 .£ >  tjOMPGfl. 5 HGAMMA* 1 £ X .6 H E l2 'E 2 »  IX.7HEX2^ET2<
920 FORMAT <ss . 4H. 1 H L .6 X» S tJ ? ER0?4J(. 2HNB * £ *  > 6H T R IALS, ✓) 

: . s h t iu t u t . k . ^ 7 = ™ ;4*  | v , E? . J . a x ,
* 5 ’ J '  f  ̂ •  F 4 . a ; l i . E S .  1 . s x ,  1 3 .  3X . I3>
>F 4 .c :. 1 X .F 4 .2 *  1 /

t  IX
922 FORMAT f  

$ 0PF4
END
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JiFRSflFR Ft_ofiTiN<3 u n I'E p fld w  PC— 7345

JjFRSflPR F i_o«t i n <3 u n d e p p l d w  PC= 7345

HOMOGENEOUS PLASMA
ELECTROMAGNETIC DISPERSION RELfiTIDN

T E /'T I"  1 .0  V E /'V I=  0 .4 3 E + 0 2  VA'C=> 0 .3 4 E - 0 3  WPE^WCE** 6 3 .0 0
E BETfl= 0 .2 5  AE« 0 . 0  TPERsTPRR- 1 . 0 0  T H E T A = 87 ,00
VPERP^VE= 0 .0 9 3  VPER P^VI= 4 .0 0 0  VPAR/'VE= 0 ,0 0 0

K DMEGR GAMMA E L 2 / E 2  EX2sE T2 TN^TOT ZERO NB TR IA LS

0 .3 0 0 0 . 0 1 2 1 3 .3 4 E -0 3 1 .4 3 E -0 1 1 . 0 0 . 3 0 I .  00 0 . 3 E -0 9 7 4
0 .2 8 0 0 .0 1 1 6 3 .4 9 E -0 3 1 .5 0 E -0 1 1 . 0 0 .3 0 1 . 0 0 0 . I E - 08 6 4
0 .2 6 0 0 . 0 1 1 1 3 .5 9 E -0 3 1 .5 4 E -0 1 1 . 0 0 .3 1 1 . 0 0 0 .8 E - 0 9 6 4
0 .2 4 0 0 .0 1 0 6 3 .6 2 E -0 3 1 .5 5 E -0 1 1 . 0 0 . 3 2 1 . 0 0 0 .6 E - 0 9 6 4
0 . 2 2 0 0 . 0 1 0 1 3 .5 S E -0 3 1 .5 3 E —01 1 . 0 0 . 3 3 1 . 0 0 0 .5 E - 0 9 6 4
0 . 2 0 0 0 .0 0 9 6 3 .4 8 E -0 3 1 .4 9 E -0 1 1 . 0 0 .3 4 1 . 0 0 0 .3 E - 0 9 6 4
0 .1 8 0 0 . 0090 3 . 3Q E -03 1 .4 1 E -0 1 1 .  0 0 . 3 5 1 . 0 0 0 .3 E - 0 9 6 4
0 .1 6 0 0 .0 0 8 5 3 .0 5 E -0 3 1 .3 1 E -0 1 1 . 0 0 .3 7 1 . 0 0 0 .3 E - 0 9 6 4
0 ,1 4 0 0 .0 0 7 8 2 .7 3 E -0 3 1 . 1 7 E - 01 .9 9 .3 9 1 .  0 0 0 .2 E - 0 9 5 4
0 . 1 2 0 0 . 0071 2 .3 5 E -0 3 1. 0 1 E -0 1 .9 9 .4 1 1 . 0 0 0 . IE - 0 9 5 4

ENTER DATA

1
4 .0  0 .2 5  8370
0 .3  0 .0 1 2  0 .0 0 3  " 0 .  OS 10

HOMOGENEOUS PLASMA 
ELECTROSTATIC DISPERSION RELfiTION

TE^TI= 1 .0  
E BETfi= 0 .2 5  
VPERP^VEs 0 .0 9 3

V E / 'V I-  0 .4 3 E + 0 2  
AE= 0 . 0
VPER P^VI= 4 .0 0 0

Vfi^C= 0 .3 4 E - 0 3  
TPER^TPfiR - 1 .0 0  
VPfiR^VE- 0 .0 0 0

WPÊ WCE» 6 8 . 0 0  
THETA=S7. 00

K □MEGA GAMMA EL2^E2 E X 2 /E T 2  TN/'TOT 2ERD NB TR IA LS

0 .3 0 0 0 , 0 1 0 1 —1 . 2 3 E -0 3 - 5 .2 5 E - 0 2 1 . 0 0 . 4 0  1 . 00 0 . IE - 0 8 6 15
0 .2 8 0 0. 0094 —1 . 1 O E-03 - 4 .7 3 E - 0 2 1 . 0 0 . 4 3  1 .0 0 0 . I E - 08 6 5
0 .2 6 0 0 .0 0 8 6 - 9 .9 1 E - 0 4 - 4 . 2 5 E -0 2 1 . 0 0 .4 6  1 .0 0 0 .2 E - 0 8 5 5
0 .2 4 0 0 .0 0 7 9 - 8 .8 5 E - 0 4 - 3 .7 9 E - 0 2 1 . 0 0 . 4 9  1 .0 0 0 .3 E - 0 8 4 5
0 . 2 2 0 0 . 0072 - 7 .8 7 E - 0 4 - 3 .3 7 E - 0 2 1 . 0 0 . 5 3  1 .0 0 0 .5 E -0 8 6 5
0 . 2 0 0 0 .0 0 6 5 -6 .9 6 E -G 4 - 2 .9 3 E - 0 2 1 . 0 0 . 5 7  1 .0 0 0 .8 E - 0 8 5 5
0 .1 8 0 0 .0 0 5 3 - 6 . 10 E -0 4 - 2 .6 2 E - 0 2 1 .  0 0 . 6 2  1 . 0 0 0 . I E - 07 4 5
0 .1 6 0 0 .0 0 5 1 - 5 .3 0 E - 0 4 - 2 .2 7 E - 0 2 1 .  0 0 . 6 7  1 .0 0 0 . I E - 09 4 6
0. 140 0 .0 0 4 5 - 4 .5 4 E - 0 4 - 1 .9 5 E - 0 2 1 . 0 0 . 7 2  1 . 0 0 0 .5 E - 1 0 5 6

0 . 1 2 0 0 .0 0 3 3 - 3 .8 2 E - 0 4 - 1 .6 4 E - 0 2 1 .  0 0 . 7 8  1 , 0 0 0 .7 E - 0 9 4 6

ENTER DATA
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