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ABSTRACT

The ’bumpy t h e t a  p in c h  m ag n etic  con finem en t c o n f ig u r a t io n  r e ­

s u l t s  when th e  m ag n etic  s u r f a c e s  o f  a  t h e t a  p in c h  e q u i l ib r iu m , r i g h t  

c i r c u l a r  c y l in d e r s ,  a re  m o d if ied  s l i g h t l y  by th e  a d d i t io n  o f  a  weak 

Si = 0 h e l i c a l  f i e l d .

In  t h i s  d i s s e r t a t i o n  i d e a l  m a g n e to h y d ro s ta tic  e q u i l i b r i a  o f  

th e  bumpy t h e t a  p in c h  c o n f ig u r a t io n  a re  found v i a  p e r tu r b a t io n  th e o r y ;  

th e  e q u i l ib r iu m  m ag n etic  f i e l d  c o n s i s t s  o f  th e  b a s ic  t h e t a  p in c h  f i e l d  

p lu s  a  s u b s id ia r y  f i e l d  w hich i s  d e te rm in ed  from  th e  n u m e ric a l s o lu t io n  

o f  a  l i n e a r  b o u n d a ry -v a lu e  p rob lem .

The s t a b i l i t y  p r o p e r t i e s  o f  th e s e  e q u i l i b r i a  a re  i n v e s t ig a te d  

u s in g  th e  e q u a tio n s  o f  i d e a l  m agnetohydrodynam ics w hich have b een  l i n e a r ­

iz e d  abou t th e  s t a t i c  e q u i l ib r iu m , An e x p an s io n  i s  p e rfo rm ed  on th e  

l i n e a r i z e d  e q u a tio n s  and y i e ld s  a  sy stem  o f  o rd in a ry  d i f f e r e n t i a l  equa­

t i o n s ;  th e  s m a ll  d e v ia t io n  o f  th e  e q u i l ib r iu m  m ag n etic  s u r f a c e s  from  

r i g h t  c i r c u l a r  c y l in d e r s  i s  th e  s m a ll  p a ra m e te r  o f  t h i s  e x p a n s io n . The 

sy stem  o f  e q u a tio n s  w ith  a p p r o p r ia te  boundary  c o n d i t io n s  c o n s t i t u t e s  an 

e ig e n v a lu e  p rob lem  f o r  th e  grow th r a t e s  o r  o s c i l l a t i o n  f re q u e n c ie s  o f  th e  

norm al modes. T h is  e ig e n v a lu e  p rob lem  i s  s o lv e d  n u m e r ic a l ly . A p o r t io n  

o f  th e  sp ec tru m  o f  e ig e n v a lu e s  i s  o b ta in e d  f o r  a  v a r i e t y  o f  p a ra m e te r  

v a lu e s .  These in c lu d e :  a ) th e  w av elen g th  o f  th e  bumpy e q u i l ib r iu m

m ag n etic  f i e l d ;  b )  th e  p lasm a b e t a ;  c) th e  p o s i t io n  o f  a  c o n d u c tin g  w a ll

ix



r e l a t i v e  t o  th e  p lasm a; d) th e 'a z im u th a l  wavenumber; e )  th e  a x i a l  wave­

number o f  th e  p e r tu rb e d  q u a n t i t i e s .  The u n s ta b le  p o in t  sp ec tru m  i s  

found t o  be  n o n -S tu rm ian  a lth o u g h  S tu rm ian  b e h a v io r  som etim es o c c u rs .

T h is  work i s  a  g e n e r a l iz a t io n  o f  th e  p re v io u s  t r e a tm e n ts  b a sed  

on a  lo n g  w av e len g th  a ssu m p tio n . These lo n g  w av elen g th  t h e o r i e s  in v o lv e  

two s e p a r a te  a sy m p to tic  ex p an sio n s  i n  te rm s o f  tw o s m a ll p a ra m e te rs ;  th e  

wavenumber o f  th e  bumpy s u b s id ia r y  f i e l d ,  k ,  i s  th e  p a ra m e te r  o f  th e  

p rim ary  ex p an s io n  w h ile  th e  am p litu d e  o f  th e  s u b s id ia r y  f i e l d ,  6 , i s  

th e  Bmall p a ra m e te r  o f  th e  seco n d ary  e x p a n s io n . The lo n g  w av eleng th  a s ­

sum ption  i s  n o t made in  t h i s  w ork , b u t  i t  can be em ployed a t  any s ta g e  

o f  th e  c a lc u l a t i o n .  T h is  f i n i t e  w av elen g th  th e o ry  may be  a p p l ic a b le  to  

e x i s t i n g  e x p e r im e n ta l c o n f ig u ra t io n s  w hereas th e  lo n g  w av e len g th  th e o ry  

may n o t b e  a p p l ic a b le  b e c a u se  th e  e x p l i c i t  assum ptions abou t th e  s c a l in g  

o f  th e  two ex p an s io n  p a ra m e te rs  a re  a lm o st alw ays v io l a t e d  by th e  a c tu a l  

c o n f ig u r a t io n s .  F o r i n s ta n c e ,  t y p i c a l  p a ra m e te r  v a lu e s  from  th e  h e l i c a l  

f i e l d  e x p e rim en ts  on a  th r e e  m e te r t h e t a  p in c h  a t  Los Alamos S c i e n t i f i c  

L a b o ra to ry  a r e :

k -  . 1 9 , 6-  . 0 6 ,

3-  . 8 , tg  -  20-30  n s e c . ,

h e re  t Q i s  th e  t r a n s i t  tim e  o f  an A lfven  wave a c ro s s  th e  p lasm a column. 

The lo n g  w av elen g th  th e o ry  e x p l i c i t l y  assum es t h a t  0 < k «  6 «  1 ; t h i s  

c o n d it io n  i s  v io la t e d  by  th e  above p a ra m e te r  v a lu e s .  The f i n i t e  wave­

le n g th  th e o ry  assumes 0 < 6 «  1 , w h ile  k  i s  a r b i t r a r y .  I f  one u t i l i z e s  

th e  lo n g  w av elen g th  th e o r y ,  n e v e r th e le s s ,  one f in d s  th e  grow th r a t e  f o r

x



th e  v e ry  lo n g  w av e le n g th , m = 1 p e r tu r b a t io n s  t o  be

5 - 1y = 3 .0  x  10 sec  ,

w h ile  th e  f i n i t e  w av elen g th  th e o ry  g iv es

5 - 1  Y = 3 .1  x  10 sec

Thus, th e  r e s u l t s  o f  th e  long  w av e len g th  th e o r y  a re  c lo s e  t o  th e  p r e ­

d ic t io n s  o f  th e  f i n i t e  w avelength  th e o ry  when t h e  w avenum ber, k ,  i s  n o t 

to o  l a r g e  even though  th e  o rd e r in g  i s  v io la te d .  When th e  wavenumber i s  

n o t s m a l l ,  th e re  a re  m a jo r d i f f e r e n c e s  betw een t h e  lo n g  w av elen g th  and 

f i n i t e  w av elen g th  t h e o r i e s  in  b o th  th e  e q u i l ib r iu m  f i e l d  and th e  norm al 

mode e q u a tio n s  g o v e rn in g  th e  l i n e a r  p e r tu r b a t io n s .



STABILITY AND SPECTRA OF THE BUMPY THETA PINCH



I .  INTRODUCTION

C onfinem ent o f  d e n se , h o t  p lasm as i s  a  m ajo r g o a l o f  th e  i n ­

t e r n a t i o n a l  program s t o  ach iev e  c o n t r o l le d  th e rm o n u c le a r  fu s io n  f o r  th e  

p ro d u c tio n  o f  u s e f u l  pow er, c o n se q u e n tly , th e  p h y s ic s  o f  p la sm a-m ag n e tic  

f i e l d  system s i s  o f  c o n s id e ra b le  i n t e r e s t  and im p o rta n c e . The t h e o r e t i ­

c a l  p ro b lem  o f  m ag n etic  con finem en t o f  p lasm as in v o lv e s  s tu d ie s  o f  s y s ­

tem s; i t  i s  n o t s u f f i c i e n t  t o  i n v e s t i g a t e  th e  p r o p e r t i e s  o f  m a g n e tize d , 

i n f i n i t e  homogeneous p la sm a s , o r  p lasm a w ith  sm a ll l i n e a r  g r a d ie n ts  

s in c e  fu s io n  r e a c to r  d e s ig n  e n t a i l s  p r a c t i c a l  g e o m e tr ie s . The dilem m a 

i s  t o  choose a  s u f f i c i e n t l y  a c c u ra te  m odel o f  th e  p lasm a from  w hich s o lu ­

t io n s  can  be  c o n s t r u c te d  in  a  n o n t r i v i a l  geom etry . To d e s c r ib e  th e s e  

" sy s te m s"  one u s u a l ly  r e s o r t s  t o  a  con tinuum  ap p ro x im a tio n  o f  th e  p lasm a 

r a t h e r  th a n  a  d e t a i l e d  k i n e t i c  p i c t u r e ;  one m ust s a c r i f i c e  a  s u b s t a n t i a l  

p o r t i o n  o f  th e  p h y s ic s  i n  o rd e r  t o  s o lv e  th e  m a th e m a tic a l p rob lem s in  

th e  a c t u a l  geom etry  o f  th e  fu s io n  r e a c t o r .  I t  i s  hoped t h a t  th e  p h y s ic s  

r e l e v a n t  t o  th e  d e s c r ip t i o n  o f  th e  b a s ic  f e a tu r e s  o f  th e  p lasm a  i s  n o t 

ex c lu d e d  by th e  continuum  a p p ro x im a tio n ; in d ic a t io n s  a re  t h a t  i t  i s  n o t .  

These ap p ro x im ate  d e s c r ip t i o n s  o f  p lasm as w hich i n t e r a c t s  w ith  m ag n etic  

f i e l d s  o f  a  g iv en  geom etry  a re  th e  " s tu d ie s  o f  sy stem s"  m en tio n ed  above.

One exam ple o f  a  p la sm a-m ag n e tic  f i e l d  sy stem  i s  th e  t h e t a  

p in c h  e q u i l ib r iu m  w hich  c o n f in e s  a  p la sm a  b y  an a x i a l l y  sym m etric m agnetic  

f i e l d ;  th e  m agnetic  f i e l d  l i n e s  a re  s t r a i g h t  and p a r a l l e l  ( th e  n a t u r a l  

c o o rd in a te s  t o  d e s c r ib e  t h i s  c o n f ig u r a t io n  a re  th e  s ta n d a rd  c y l i n d r i c a l
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p o la r  c o o r d in a te s ) .  The t h e t a  p in ch  e q u i l ib r iu m  i s  an i d e a l  c o n f ig u ra ­

t i o n  b e ca u se  o f  i t s  s im p l ic i ty  and i t s  s t a b i l i t y  u n d e r p e r tu r b a t io n ,  b u t ,  

u n f o r tu n a te ly ,  i t  i s  n o t a  c o n f in in g  c o n f ig u ra t io n  and e x p e r im e n ta l de­

v ic e s  u t i l i z i n g  t h i s  c o n f ig u r a t io n  a re  p la g u ed  by  s e v e re  end lo s s e s .  The 

com pressed p lasm a does n o t d i f f u s e  r a p id ly  a c ro s s  th e  m ag n e tic  f i e l d  o r  

p h y s ic a l ly  t r a n s g r e s s  th e  m agnetic  f i e l d ,  i t  s im ply  flow s ou t th e  ends 

o f  th e  d e v ic e . A c o n c e p tu a l h ig h  b e t a  ( th e  p lasm a b e t a  i s  th e  r a t i o  

o f  th e  k i n e t i c  p re s s u re  o f  p lasm a t o  th e  t o t a l  p r e s s u r e ,  k i n e t i c  p lu s  

m a g n e tic ; f o r  co n fin em en t, b e t a  m ust be  l e s s  th a n  u n i ty ;  h ig h  b e ta  means 

v a lu e s  c lo s e  t o  b u t  l e s s  th a n  u n i ty )  fu s io n  r e a c to r  r e t a i n s ,  as much as 

p o s s ib l e ,  th e  s im p l ic i ty  and s t a b i l i t y  p r o p e r t i e s  o f  th e  t h e t a  p in ch  

e q u i l ib r iu m , w h ile  m in im iz in g  th e  end lo s s  p rob lem . Among s e v e r a l  schemes 

co n ce iv ed  t o  r e a l i z e  t h i s  s p e c i f i c a t i o n  a re :  a ) a  la r g e  a s p e c t  r a t i o

t o r o i d a l  t h e t a  p in c h ,^  w hich e l im in a te s  th e  ends a l t o g e th e r  (a n d , h en ce , 

th e  end  lo s s e s ;  how ever, th e  t o r o i d a l  c o n f ig u ra t io n  i s  u n s ta b l e ) ;  b ) 

v e ry  lo n g  (^  k i lo m e te r s )  l i n e a r  t h e t a  p in c h es  w hich e s s e n t i a l l y  e l im i­

n a te  th e  end e f f e c t s ;  c ) co m bina tion  t h e t a  p in c h -m a g n e tic  m ir ro r  d e -  
3

v ic e s  in  w hich th e  m a g n e tic -m ir ro r  f i e l d s  a c t  t o  impede th e . a x i a l  flow  

o f  th e  p la sm a . A ll  o f  th e s e  c o n f ig u ra t io n s  r e s u l t  from  s l i g h t  m o d if ic a ­

t io n s  o f  th e  t h e t a  p in c h  e q u i l ib r iu m  due t o  th e  in t r o d u c t io n  o f  sm all 

a x i a l  in h o m o g e n e itie s  i n  th e  m agnetic  f i e l d .  In  th e  c ase  o f  th e  t o r o i d a l  

t h e t a  p in c h  and th e  m ir ro re d  t h e t a  p in ch  th e s e  in h o m o g e n e itie s  a re  in t e n ­

t i o n a l  and a re  p roduced  by  e x te r n a l  w ind ings o r  sh ap in g  o f  th e  main com­

p re s s io n  c o i l .  The in h o m o g e n e itie s  in  th e  lo n g  t h e t a  p in c h  a re  u n av o id ab le  

b ecau se  o f  th e  u se  o f  d i s c r e t e  com pression  c o i l s .
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The "bumpy t h e t a  p in c h  e q u i l ib r iu m  and i t s  s t a b i l i t y  p r o p e r t i e s

a re  o f  i n t e r e s t  b e ca u se  o f  th e  r e le v a n c e  t o  e x p e r im e n ta l d ev ice s  l i k e

th o s e  m en tioned  above and a ls o  b e c a u se  i t  in v o lv e s  o n ly  a  s l i g h t l y  more

c o m p lica ted  geom etry  th a n  th e  o rd in a ry  t h e t a  p in c h  e q u il ib r iu m . In  t h i s

d i s s e r t a t i o n  th e  bumpy t h e t a  p in c h  e q u i l ib r iu m  and i t s  l i n e a r  s t a b i l i t y

p r o p e r t i e s  a re  exam ined u s in g  th e  e q u a tio n s  o f  i d e a l  m agnetohydrodynam ics

(MHD). W h ile , i f  th e  plasm a, p a ra m e te rs  a re  i n  a  c e r t a in  l im i te d  re g im e ,

th e  a c tu a l  b e h a v io r  o f  th e  r e a l  p la sm a  may be  d e s c r ib e d  by e q u a tio n s
I4. 5

■which re sem b le  th o s e  o f  MHD, * i t  sh o u ld  b e  r e a l i z e d  t h a t  i d e a l  MHD 

does n o t d e s c r ib e  any r e a l  p la sm a . F o r i n s ta n c e ,  th e  o p e ra tio n  o f  many 

d e v ic e s  w hich a re  m odeled by MHD r e l y  on a  f i n i t e  r e s i s t i v i t y  o f  t h e  p lasm a 

f o r  Ohmic h e a t in g ,  w h ile  i d e a l  MHD h a s  ze ro  r e s i s t i v i t y .  I d e a l  MHD i s  a 

m a th e m a tica l m odel o f  an i d e a l i z e d  sy stem , analogous t o  p o t e n t i a l  th e o ry  

in  f l u i d  m e ch a n ic s .^  G ra d 's  p h ilo s o p h y  i s  t h a t  by  s tu d y in g  such mathema­

t i c a l  m odels one i s  a b le  t o  b u i ld  up an i n s t i t u t i o n  abou t a  b a s i c a l l y  

n o n e x is te n t  f l u i d  by  th e  u se  o f  p ro fo u n d  and p o w e rfu l m a th em atica l t e c h ­

n iq u e s ;  i n  p r a c t i c e ,  one v i s u a l i z e s  th e  b e h a v io r  o f  th e  r e a l  f l u i d  i n  

te rm s o f  d e v ia t io n s  from  t h i s  f i r m ly  e s ta b l i s h e d  and 1 q u a n t i t a t iv e  i d e a l .  

T h is may o r  may n o t  be  a  f r u i t f u l  e x e r c is e  depending  on th e  v a l i d i t y  o f  

th e  m odel. T here i s  a  v a s t  l i t e r a t u r e  o f  a p p l ic a t io n s  o f  id e a l  MHD t o  

th e rm o n u c le a r  co n ta in m en t p rob lem s and l i t t l e  doubt abou t th e  v a l i d i t y  

o f  th e  a p p ro x im a tio n s  in v o lv e d . R e c e n t ly , e x p e r im e n ta l  d a ta  from  t h e  

SCYLLAC t o r o i d a l  s e c to r  e x p e r im e n t s c o n f i r m e d  th e  b e h a v io r  p r e d ic te d  by 

i d e a l  MHD a n a ly s i s .
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A. The Bumpy T h e ta  P inch

The humpy t h e t a  p in c h  c o n f ig u ra t io n  was f i r s t  co n sid e red  h y

7 5Haas and W esson; t h e i r  sh a rp  boundary  MHD c a lc u la t io n  p re d ic te d  t h a t

th e  plasm a was u n s ta b le  b u t  t h a t  i f  th e  p lasm a b e t a  w ere s u f f i c i e n t l y  

h ig h  w a ll  s t a b i l i z a t i o n  o c c u r re d  (se e  F ig , l a ) .  They assumed th a t  t h e  

a x ia l  dependence o f  a l l  q u a n t i t i e s  was much w eaker th a n  th e  r a d i a l  d e p en ­

d en ce , th u s ,  th e  w aveleng th  o f  th e  in h o m o g en e itie s  in  th e  e q u il ib r iu m  

m agnetic  f i e l d  i s  v e ry  much l a r g e r  th a n  th e  r a d iu s  o f  th e  plasm a colum n.

C a lc u la tio n s  w hich  make t h i s  a ssum ption  a re  te rm ed  " lo n g  w av e len g th " .

8 9W eitzn er an d , s im u lta n e o u s ly , F re id b e rg  and M arder exam ined th e  c a s e

o f  lo n g  w av e len g th  bumpy f i e l d s  b u t  a llo w ed  f o r  d i f f u s e  e q u ilib r iu m  p r o ­

f i l e s  (G a u s s ia n - l ik e  p r o f i l e s  o n ly ) ;  W eitzn e r assumed t h a t  th e  m a g n e tic  

f i e l d  was b a s i c a l l y  t h a t  o f  a  t h e t a  p in ch  p lu s  a  v e ry  s m a ll a m p litu d e , 

lo n g  w av e le n g th , Z -  0 h e l i c a l  (bumpy) f i e l d  ( h e l i c a l  f i e l d s  have d e p en ­

dence on 0 and  z in  th e  form  co s(£ 0  -  k z ) ;  F re id b e rg  and Marder a llo w e d  

a  f i n i t e  a m p litu d e , lo n g  w av e len g th  Z = 0 h e l i c a l  f i e l d .  W eitzner c a l c u ­

l a t e d  e ig e n v a lu e s  th ro u g h  th e  n u m e ric a l s o lu t io n  o f  d i f f e r e n t i a l  e q u a ­

t i o n s ,  w hereas F re id b e rg  and M arder u t i l i z e d  th e  R a y le ig h -R itz  v a r i a t i o n a l  

m ethod, A s m a l l  d if f e r e n c e  i n  th e  computed grow th r a t e s  o f  th e  u n s ta b le  

modes r e s u l t e d  from  th e  in c lu s io n  o f  f i n i t e  am p litu d e  Z = 0 h e l i c a l  

f i e l d s  as opposed  t o  v e ry  s m a ll  Z = 0 f i e l d s ;  b o th  c a lc u la t io n s  p r e d i c t e d  

grow th r a t e s  f o r  u n s ta b le  modes ( s e e  F ig . lb )  com parable t o  th o se  g iv e n  

by Haas and Wesson o n ly  i f  th e  p lasm a b e ta  was n o t l a r g e .  N e ith e r  d i f f u s e  

p r o f i l e  c a l c u l a t i o n  showed any h ig h  b e ta  w a l l  s t a b i l i z a t i o n  as p r e d i c t e d  

by th e  sh a rp  boundary  c a lc u l a t i o n .  S in ce  a  sh a rp  b oundary  plasm a i s  a
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l im i t i n g  c a se  o f  a  d i f f u s e  p r o f i l e  p lasm a, th e  two th e o r i e s  seemed t o  

c o n t r a d ic t  one a n o th e r .

T h is  p a ra d o x  was re s o lv e d  by  F r e id b e rg ,  M arder, and W eitzner*^  

who c a l c u la te d  th e  grow th r a t e s  o f  u n s ta b le  p e r tu r b a t io n s  o f  th e  e q u i l i ­

b rium  o f  t h e t a  p in c h  f i e l d  p lu s  v e ry  s m a ll ,  lo n g  w a v e le n g th , Z -  0 h e l i c a l  

f i e l d  w i th  r e l a t i v e l y  s h a rp , d i f f u s e  p r o f i l e  e q u i l ib r iu m  q u a n t i t i e s .  They 

found a  c o n v e n tio n a l  sp ec tru m  o f  u n s ta b le  e ig e n v a lu e s  ( s e e  F ig .  l c )  when 

th e  p la sm a  b e t a  was n o t  to o  l a r g e ;  th e  m ost u n s ta b le  mode h a d  no nodes 

in  th e  r a d i a l  d i r e c t i o n ,  th e  second  most u n s ta b le  had  one r a d i a l  n o d e , 

e t c . ;  t h e  grow th r a t e s  o f  th e  m ost u n s ta b le  mode a g re e d , t o  w i th in  15$ , 

w ith  th o s e  p r e d ic te d  b y  th e  sh a rp  boundary  th e o r y .  However, f o r  h ig h  

b e ta  v a lu e s  th e  sp ec tru m  was d r a s t i c a l l y  a l t e r e d  and u n c o n v e n tio n a l;  th e  

u n s ta b le  mode w ith  no r a d i a l  nodes was s t a b i l i z e d  w h ile  a  s t a b l e  mode 

w ith  no r a d i a l  nodes a t t a in e d  a  f i n i t e  o s c i l l a t i o n  fre q u e n c y . T h is 

r a th e r  c o m p lic a te d  t r a n s i t i o n  ag re es  q u a l i t a t i v e l y  and q u a n t i t a t i v e l y  

w ith  t h e  p r e d ic t io n s  o f  sh a rp  boundary  th e o ry .  D if fu se  p r o f i l e  th e o ry  

p r e d ic t s  th e  e x is te n c e  o f  u n s ta b le  modes f o r  h ig h  b e t a  v a lu e s ;  t h i s  i s  

th e  c a s e ,  b u t  th e  m ost u n s ta b le  mode e x h ib i t s  one r a d i a l  node r a t h e r  th a n  

no n o d e s . S h arp  b o undary  th e o ry  sim ply  can n o t acco u n t f o r  modes o th e r  

th a n  th e  g ro s s  n = 0 mode. S in ce  d i f f u s e  p r o f i l e  th e o ry  can  d is p la y  th e  

modes w ith  more c o m p lic a te d  n o d a l s t r u c tu r e  w h ile  th e  s h a rp  boundary  

th e o r y  c a n n o t,  th e  p a ra d o x  was re s o lv e d . T h is  i s  one i n d i c a t io n  t h a t  

s t a b i l i t y  c r i t e r i a  b a se d  on sh a rp  boundary  i d e a l  MHD may n o t  be r e l i a b l e .

In  a  s im i l a r  d i f f u s e  p r o f i l e  c a lc u la t io n  V a h a la ^  i n v e s t ig a te d  

th e  in f lu e n c e  o f  weak s h e a r  on th e  s t a b i l i t y  o f  th e  lo n g  w av eleng th  

e q u i l ib r iu m  o f  th e  bumpy t h e t a  p in c h .



F ig ,  l a .  R e s u lts  o f  sh a rp  boundary  i d e a l  MHD a n a ly s is  o f  p e r tu r b a t io n s  
w ith  tim e  dependence show ing s t a b i l i z a t i o n  f o r  8 > ,7  (m = 1 , & = 0 ;
m and  Z a re  th e  a z im u th a l and a x i a l  w avenum bers) ,

1.0

- 0)2
.5

- .5
.5 
8
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F ig .  l b .  R e s u lts  o f  d i f f u s e  p r o f i l e  i d e a l  MHD a n a ly s is '"  o f  p e r tu r b a t io n s  
w ith  tim e  dependence e_ia)^ showing no h ig h  8 s t a b i l i z a t i o n  (m = 1 , Z = 0 ) .  
The s m a ll  numbers d en o te  th e  numbers o f  r a d i a l  nodes o f  th e  e ig e n fu n c tio n s ,

_ (jJ2

0.

-.1

F ig .

i 2  r

R e s u l ts  o f  d i f f u s e  p r o f i l e

\0- l-r* ■ l-A
i d e a l  MHD a n a ly s is

J5
10

10 p
o f  p e r tu r b a t io n s

w ith  tim e  dependence show ing a  c o m p lic a te d  t r a n s i t i o n  a t  h ig h  8 f o r
sh a rp  p r o f i l e s ,  b u t  agreem ent w ith  sh a rp  boundary  .(F ig . l a )  p r e d ic t io n s  
(m = 1 , Z = 0 ) ,  The sm a ll numbers coun t th e  e ig e n fu n c t io n  r a d i a l  n o d es .
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I n  t h i s  d i s s e r t a t i o n  th e  i d e a l  MHD s t a b i l i t y  o f  an e q u i l ib r iu m  

w hich  c o n s i s t s  o f  a  t h e t a  p in c h  f i e l d  p lu s  a  v e ry  s m a ll ,  f i n i t e  w ave- 

l e n g th ,  % -  0 h e l i c a l  f i e l d  i s  c o n s id e re d . ( " F i n i t e  w av e len g th "  means 

t h a t  th e  w av e len g th  o f  a x i a l  in h o m o g e n e itie s  in  th e  e q u i l ib r iu m  m ag n etic  

f i e l d  i s  o f  th e  same o rd e r  as  th e  p lasm a column r a d i u s . )  The f i r s t  ob­

j e c t i v e  i s  t o  a s c e r t a in  th e  in f lu e n c e  o f  th e  f i n i t e  w av e len g th  on th e  

e q u i l ib r iu m  q u a n t i t i e s  and on th e  grow th r a t e s  o r  o s c i l l a t i o n  f r e q u e n c ie s  

o f  th e  norm al m odes. The seco n d  o b je c t iv e  i s  t o  s e e  how th e  f i n i t e  wave­

le n g th  a f f e c t s  th e  s p e c t r a l  p r o p e r t i e s  o f  th e  norm al mode e q u a t io n s .  In

1 12 13a c tu a l  e x p e r im e n ta l  d e v ic e s  * * th e  w av e len g th  o f  th e  bumpy f i e l d

ra n g e s  from  la r g e  v a lu e s  t o  s m a ll  v a lu e s  ( =  UO p lasm a r a d i i  i n  SCYLLAC,

= 2 p lasm a r a d i i  in  ELMO bumpy t o r u s ) ;  hence  a  f i n i t e  w av e len g th  th e o ry  

i s  n eed ed .

In  C h ap te r  I I ,  th e  e q u i l ib r iu m  o f an i d e a l  MHD f l u i d  w i l l  be  

exam ined in  g e n e r a l  and th e n  th e  s p e c i f i c  f i n i t e  w av e len g th  bumpy t h e t a  

p in c h  e q u i l ib r iu m  w i l l  be com puted. In  C h ap ter I I I ,  th e  norm al mode 

e q u a tio n s  d e s c r ib in g  th e  b e h a v io r  o f  s m a l l  p e r tu r b a t io n s  o f  th e  e q u i l i b ­

rium  q u a n t i t i e s  w i l l  be  d e r iv e d  from  th e  l i n e a r i z e d  e q u a tio n s  o f  i d e a l  

MHD. An e ig e n v a lu e  p roblem  w i l l  be  d ev e lo p ed  and s o lv e d  n u m e r ic a l ly  f o r  

th e  v e ry  lo n g  w av e len g th  k in k  modes (v e ry  lo n g  w av e len g th  p e r tu r b a t io n s  o f  

t h e  f i n i t e  w av e len g th  e q u i l ib r iu m ) w hich  a re  th e  o n ly  e x p e r im e n ta l ly  ob­

s e rv e d  m odes. 1 ’10 In  C h ap ter IV , th e  n a tu r e  o f  th e  sp ec tru m  o f  e ig e n ­

v a lu e s  w i l l  b e  in s p e c te d .  I n  C h ap ter V, th e  tr e a tm e n t  i s  ex ten d e d  t o  

th e  case  w here th e  bumpy f i e l d  l i n e s  w i l l  be a llo w ed  t o  become v e ry  lo o s e ly  

wound h e l i c e s .  The p i t c h  o f  th e  h e l i x  w i l l  b e  la r g e  enough so t h a t  th e  

e q u i l ib r iu m  q u a n t i t i e s  s a t i s f y  th e  same c o n d it io n s  d e r iv e d  in  C h a p te r  I I ,
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b u t a  new te rm  w i l l  a r i s e  in  th e  norm al mode e q u a tio n s  w hich depends on 

th e  p i t c h  o f  th e  e q u i l ib r iu m  m ag n etic  f i e l d  l i n e s .  A no ther e ig e n v a lu e  

problem  w i l l  be  d ev e lo p ed  and s o lv e d  n u m e r ic a l ly  and th e  b e h a v io r  o f  th e  

e ig e n fu n c t io n s  d e s c r ib e d .  The rem a in d er o f  th e  p r e s e n t  c h a p te r  w i l l  be  

d ev o ted  t o  g e n e r a l  p r o p e r t i e s  o f  i d e a l  m agnetohydrodynam ics. These a re  

e x trem e ly  im p o r ta n t t o  t h i s  s tu d y . I t  w i l l  be  shown t h a t  a lth o u g h  th e  

ap p ro x im a tio n s  s e v e re ly  l i m i t  th e  ran g e  o f  a p p l i c a b i l i t y  o f  th e  m odel, 

i t  i s  b a s e d  on a  f irm  and e le g a n t  m a th e m a tica l fo u n d a tio n . B ecause o f  

t h i s ,  one may be  c e r t a i n  o f  th e  r e s u l t i n g  s o lu t io n s .  I t  w i l l  a l s o  be  

shown t h a t  in  a  bounded domain MHD y ie ld s  c o n tin u o u s  s e t s  o f  e ig e n v a lu e s  

and s in g u la r  e ig e n fu n c tio n s  in  a d d i t io n  t o  th e  p o in t  e ig e n v a lu e s  and  w e ll  

behaved e ig e n fu n c tio n s  u s u a l ly  a s s o c ia te d  w ith  th e  c l a s s i c a l  th e o ry  o f  o s ­

c i l l a t i o n s ,  The c o n tin u e  o f  i d e a l  MHD r e s u l t  from v e ry  s in g u la r  f e a tu r e s  

o f  wave p ro p a g a tio n  t h a t  w i l l  be e lu c id a te d  in  w hat fo l lo w s . F i r s t ,  th e  

system  o f  e q u a tio n  w hich c o n s t i t u t e  th e  MHD model w i l l  be  d e s c r ib e d ;  th e n  

th e  m ethod o f c h a r a c t e r i s t i c s  w i l l  b e  em ployed t o  d e te rm in e  th e  m athe­

m a tic a l  c l a s s i f i c a t i o n  o f  th e  system  and t o  i l lu m in a te  th e  n a tu re  o f  wave 

p ro p a g a tio n  in  th e  MHD f l u i d .  F i n a l l y ,  t h e  e q u a tio n s  o f  MHD w i l l  be  l i n ­

e a r iz e d  ab o u t a  tim e in d e p e n d e n t, s p a t i a l l y  dependen t s t a t e .  The e q u a tio n s  

w hich g o v ern  th e  e q u i l ib r iu m  and l i n e a r  ones w hich govern  th e  p e r tu r b a t io n s  

w i l l  b e  em ployed in  l a t e r  c h a p te rs  t o  s tu d y  th e  e q u il ib r iu m  and s t a b i l i t y  

p r o p e r t i e s  o f  th e  bumpy t h e t a  p in c h .

B. I d e a l  M agnetohydrodynam ics

I n  th e  c a lc u la t io n s  d e s c r ib e d  in  t h i s  work th e  h o t p lasm a i s  

c o n s id e re d  t o  b e  a  p e r f e c t  f l u i d  w hich i s  a l s o  a  p e r f e c t  e l e c t r i c a l
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co n d u c to r b u t  w hich h as  th e  m ag n e tic  p e rm e a b il i ty  o f  th e  vacuum. The

tim e  and le n g th  s c a le s  o f  a l l  q u a n t i t i e s  a r e  assumed t o  be  such  t h a t  th e

d isp la ce m e n t c u r r e n t  i n  M axw ell's  e q u a tio n s  may be ig n o re d  w ith  n e g l ig ib le

b 5 6e r r o r ;  th e  e l e c t r o s t a t i c  p a r t  o f  th e  L o ren tz  fo rc e  i s  a ls o  n e g le c te d .  * * 

These a ssu m p tio n s , to g e th e r  w ith  a  therm odynam ic e q u a tio n  o f  s t a t e  f o r  th e  

f l u i d ,  le a d  t o  a  c lo se d  system  o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  w hich 

d e s c r ib e s  th e  e v o lu t io n  o f  th e  i d e a l i z e d  p la sm a-m ag n e tic  f i e l d  sy stem .

I t  w i l l  be shown t h a t ,  m a th e m a tic a l ly , t h i s  system  o f  e q u a tio n s  i s  a  con­

v e n t io n a l  sym m etric h y p e rb o lic  t y p e .  B ecause o f  t h i s  p ro p e r ty  one i s  

a b le  t o  r e f e r  t o  theorem s on th e  e x is te n c e  and u n iq u e n ess  o f  i n i t i a l -

v a lu e  and b o u n d a ry -v a lu e  problem s and th u s  t o  know th e  p a r t i c u l a r  c ircu m -

lUs ta n c e s  in  w hich th e  p rob lem  i s  w e l l-p o s e d . I f  th e  m a th e m a tic a l s t r u c ­

tu r e  w ere u n c o n v e n tio n a l, one c o u ld  n o t b e  a s s u re d  o f  a  w e ll-p o s e d  prob lem  

and th e  a t t r a c t i v e n e s s  o f  th e  sy s tem  would b e  c o n s id e ra b ly  d im in ish e d .

The om issio n  o f  £ and qE th u s  y i e l d s  a  m a th e m a tic a lly  re c o g n iz a b le  s y s ­

tem , in  p a r t i c u l a r  one w hich i s  G a l i l e i - i n v a r i a n t ,  a s  d is t in g u is h e d  from  

th e  n a iv e ly  "more a c c u ra te "  sy stem  w ith  M axw ell's  e q u a tio n s  and L o ren tz
g

fo rc e  i n t a c t ,  b u t  w ith  no in v a r ia n c e  p r in c ip l e  and no sim p le  th e o r y .

I d e a l  m agnetohydrodynam ics (MHD) c o n s i s t s  o f  th e  fo llo w in g  s e t

o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  in v o lv in g  th e  f l u i d  v e lo c i ty  f i e l d ,  u ; 

th e  mass d e n s i ty ,  p; t h e  s c a la r  p r e s s u r e ,  p ;  th e  m ag n e tic  in d u c t io n ,  B; 

th e  c u r r e n t  d e n s i ty ,  J ;  th e  e l e c t r i c  f i e l d ,  E; th e  e n tro p y  d e n s i ty ,  s ;

and th e  e l e c t r i c  charge  d e n s i ty ,  p ^ .

C o n se rv a tio n  o f  m ass: 4 ^  s> 0

E q u a tio n  o f  m o tio n :
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A m pere's Law:
=  i  + P &

(3 )

F a ra d a y 's  Law: (b)

P o is s o n 's  E q u a tio n :
V ' % -

(5 )

N o n ex is ten ce  o f  m onopole: V ' B  - 0 (6 )

Ohm's Law ( P e r f e c t  C o n d u c to r): E + i * * 8 - 0 (7)

C o n se rv a tio n  o f  E n tro p y : ( 8 )

E q u a tio n  o f  s t a t e : o r  S = s C f > , p ) (9 )

I t  i s  co n v en ie n t to  change th e  u n i t s  o f  th e  e l e c t r i c a l  q u a n t i t i e s  from  

cgs u n i t s  t o  a  system  w here  th e  c o n s ta n ts  a re  u n i ty ,  th u s

B = fin B ,  J  =  ^  /
D ropping th e  p rim es and e l im in a t in g  th e  a lg e b r a ic  r e l a t i o n s ,  one f in d s

th e  fo llo w in g  e q u a tio n s  f o r  i d e a l  MHD flow

+ /"(C'S) = 0 (10)

fd * *'vb s " VP +  Cv*8) x  B (11)

(12)

| |  + (»V7)s * 0 (13)
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t u t )

t  55 (15)

On t a k in g  th e  d iv e rg e n ce  o f  Eq. (1 2 ) ,  one f in d s

Thus, Eq. (lU ) must he  i n t e r p r e t e d  as  a  c o n s t r a in t  on th e  v a lu e s  o f  th e  

com ponents o f  B, u n le s s  one i s  d e a l in g  w ith  tim e  in d e p en d e n t o r  s te a d y  

phenom ena. E q u a tio n  (1*0 w i l l  he  u sed  t o  d e s c r ib e  th e  e q u i l ib r iu m  s t a t e  

b u t w i l l  n o t  be  u sed  t o  d e te rm in e  th e  tim e  e v o lu t io n  o f  sm a ll p e r tu r b a ­

t io n s  b u t  o n ly  as an i n i t i a l  c o n d i t io n .  U sing Eq. (15 ) one may r e w r i te  

Eq. (1 0 ) and c lo s e  th e  sy stem  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s ;  th e  

c lo se d  sy stem  i s

( 16 )

/°(k+ = -VP + (& *)* - V&&)
(k + »'V) B » (B'V)» - 

(1 7 )

(18 )

w here c i s  th e  a c o u s t ic  sp ee d  in  th e  f l u i d  c T hese e q u a tio n s

may be w r i t t e n  in  m a tr ix  form  as

dH - o (2 0 )
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w here V i s  an e ig h t  com ponent v e c to r  and A -  D a re  8 x 8 m a t r i c e s .  The 

e x p l i c i t  m a tr ic e s  a re  r e a l  and sy m m etric . T hu s, th e  sy stem  i s  te rm ed  

’’sy m m etric1’ . C are m ust h e  e x e r c is e d  in  c l a s s i f y i n g  th e  sy s te m , EqB. (16 ) — 

( 19 ) s in c e  o n ly  sev en  a r b i t r a r y  fu n c t io n s  may h e  s p e c i f i e d  i n i t i a l l y ,  p ,  s ,  

t h r e e  com ponents o f  u ,  and tw o com ponents o f  B, th e  e ig h th ,  t h e  t h i r d  com­

p o n e n t o f  B , h e in g  d e te rm in e d  from  th e  c o n s t r a i n t ,  V*B = 0 ; t h e  sy stem  o f  

e q u a tio n s  w ith  th e  c o n s t r a i n t  i s  a  s e v e n th  o rd e r  sy stem  o f  p a r t i a l  d i f ­

f e r e n t i a l  e q u a t io n s .

System s o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  a re  c a te g o r iz e d  a c -

15c o rd in g  t o  t h e i r  c h a r a c t e r i s t i c  s u r f a c e s .  F o llo w in g  J e f f r e y  and  T a n iu t i  

one c o n s id e r s  c e r t a i n  g e n e r a l iz e d  s u r f a c e s  o r  m a n ifo ld s  i n  fo u r  d im e n s io n a l 

s p a c e - tim e  a c ro s s  w hich  th e  norm al d e r iv a t iv e s  o f  V can n o t h e  com puted, 

such  a  m a n ifo ld  i s  d e f in e d  t o  he  a  c h a r a c t e r i s t i c  s u r f a c e .  I f  a l l  th e  

c h a r a c t e r i s t i c  s u r f a c e s  a re  r e a l  s u r f a c e s ,  th e n  th e  sy stem  o f  p a r t i a l  

d i f f e r e n t i a l  e q u a tio n s  i s  h y p e r b o l ic ;  i f  a l l  t h e  c h a r a c t e r i s t i c  s u r fa c e s  

a re  com plex , th e  sy stem  i s  e l l i p t i c ;  i f  some c h a r a c t e r i s t i c  s u r f a c e s  a re  

r e a l  and some a re  com plex, th e  sy stem  i s  o f  m ixed ty p e .

C o n s id e r a  s u r f a c e  d e f in e d  b y  th e  e q u a tio n

# x , * ) = 0  (2 1 )

The d i f f e r e n t i a l  e q u a tio n  f o r  t h i s  s u r f a c e  i s

^'4? + i£J)t-°s lWl<to. + |£J* (22)
w here (dxn , d t )  i s  a  d isp la c e m e n t i n  th e  d i r e c t i o n  norm al t o  th e  s u r f a c e .

I f  t h i s  s u r f a c e  i s  c h a r a c t e r i s t i c ,  th e n  th e  n o rm al sp eed  a s s o c ia t e d  w ith  

i t  i s
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J X h  _  
At -%/w\ (23)

In  a  s u r fa c e  l i k e  t h a t  d e f in e d  b y  Eq. (2 1 ) ,  one may d e f in e  a  new c o o rd i­

n a te  system  and r e w r i t e  th e  sy s te m  o f p a r t i a l  d i f f e r e n t i a l  e q u a t io n s ,  

l i k e  Eq. (2 0 ) ,  c a s t i n g  i t  in  t h e  form

n a te s  in  th e  s u r f a c e  <|> = 0 . T h a t p a r t  o f  E q, (2^) (a s  a p p lie d  t o  Eq, ( 2 0 ) ) ,  

in v o lv in g  th e  n o rm al d e r iv a t iv e  a t  th e  s u r f a c e  i s  fo u n d  t o  be

The norm al d e r iv a t iv e s  cannot b e  computed from  s p e c i f i e d  v a lu e s  i n  th e  

s u r f a c e  w henever t h e  d e te rm in a n t o f  th e  c o e f f i c i e n t  m a tr ix  v a n is h e s ;  

t h u s ,  when t h i s  c o n d i t io n  i s  s a t i s f i e d  th e  s u r f a c e  <f> = 0 i s  a  c h a r a c te r ­

i s t i c  s u r f a c e .

r e l a t i o n  among th e  v a r io u s  p a r t i a l  d e r iv a t iv e s  o f  <f>; when th e s e  a re  known 

th e  norm al speeds o f  th e  d i s c o n t i n u i t i e s  can  b e  com puted by Eq. (2 3 ) ,  To 

f i n d  th e s e  d i s c o n t i n u i t i e s  one moves o f f  th e  c h a r a c t e r i s t i c  s u r fa c e  

(<j> = 0 ) an a r b i t r a r i l y  sm all d i s t a n c e ,  e ,  b o th  p a r a l l e l  ( c a l l  t h i s  th e  

+ s id e )  and a n t i p a r a l l e l  ( c a l l  t h i s  th e  -  s i d e )  t o  th e  u n i t  n o rm al.

T hen, i f  one s u b t r a c t s  th e  one form  o f  Eq. (2U) v a l id  on th e  -  s id e  from 

th e  one v a l id  on th e  + s id e  and  ta k e s  th e  l i m i t  as th e  sm all d i s t a n c e ,  e ,

(210

w here th e  a re  th e  c o e f f i c i e n t  m a tr ic e s  and  th e  L a r e  th e  new c o o rd i-

(25)

The c h a r a c t e r i s t i c  s u r f a c e s  a re  fo u n d  from th e  v a n ish in g  o f
3V

th e  d e te rm in a n t o f  th e  c o e f f i c i e n t  m a tr ix  o f  7̂  ; t h i s  y ie ld s  an a lg e b r a ic
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v a n is h e s ,  one f in d s  t h a t  o n ly  th o s e  te rm s in v o lv in g  th e  norm al d e r iv a ­

t i v e  s u rv iv e  s in c e  a l l  th e  o th e r  d e r iv a t iv e s  a re  co n tin u o u s  a c ro s s  th e  

c h a r a c t e r i s t i c  s u r f a c e .  The c h a r a c t e r i s t i c  e q u a tio n  i s  th e n

I f  V changes c o n tin u o u s ly  from  a v a lu e  V on th e  -  s id e  t o  a  v a lu e  V + 6V

on th e  + s id e  th e n  th e  jump i n  th e  norm al d e r iv a t iv e  a c ro s s  th e  c h a ra c -

f  9V1t e r i s t i c  s u r f a c e ,  I j ^ J  , i s  p r o p o r t io n a l  t o  th e  change SV a c ro s s  th e  

s u r f a c e ,  and th e  c h a r a c t e r i s t i c  e q u a tio n  may b e  w r i t t e n  in  te rm s o f  

th e s e  6V,

0&+bU+c£ + olt>v=o ( 26 )

Thus f o r  a  system  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s ,  l i k e  Eq. ( 2 0 ) ,  one

3Vmay w r i te  down th e  c h a r a c t e r i s t i c  e q u a tio n  by s im p ly  r e p la c in g  ^  by 

6V and V by  7<}>*<$V. The SV a re  th e  " d i s c o n t in u i t i e s "  t h a t  have 

been  m en tio n ed .

Upon a p p ly in g  th e  above p r e s c r i p t i o n  t o  th e  system  o f  MHD equa­

t io n s  ( l 6 ) - ( l 9 )  and th e  c o n s t r a i n t ,  Eq. ( lU ) ,  one f in d s

/(U + +  tySp W & S g M

+ #'W)SB-<fi‘W)8u + §(vt$u)=0

(It *0

( 28 )

(29)

(30)
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supp lem en ted  "by th e  c o n s t r a in t

W-SB = 0 on
One o f  th e  c h a r a c t e r i s t i c  e q u a tio n s  i s  i d e n t i f i e d  t o  h e  Eq.. (2 3 ) ,

namely

( | £ + a.V*)$s =  0  (3 2)

I f  ■|r‘ + u ’V<j> = 0 ,  th e n  an a r b i t r a r y  d i s c o n t in u i ty  in  th e  e n tro p y  d en -

s i t y  p ro p a g a te s  w ith  th e  sp eed  o f  th e  f l u i d  e le m e n t. T h is  d e s c r ib e s  th e  

m otion  o f  a  sh o ck , b u t  s in c e  t h i s  work w i l l  o n ly  a d d re ss  wave p ro p a g a tio n  

w ith  th e  e n tro p y  co n se rv ed  (6s = 0) th e  n o rm al sp e e d , un ( th e  flow  v e lo ­

c i t y ) ,  does n o t o ccu r as a  ro o t  o f  th e  c h a r a c t e r i s t i c  e q u a tio n .

One f in d s  upon s c a l a r  m u l t i p l i c a t i o n  o f  Eq, (28) by V<J>, and 

s c a l a r  m u l t ip l i c a t io n  o f  Eq. (28) and (29 ) b y  B t h a t  th e  r e s u l t i n g  equa­

t i o n s ,  to g e th e r  w ith  Eq. (27) form  a  c lo s e d  system

+  ( # • & )  = 0 (33)

/»(f£+»'tyJ(ty %)+|V*|2$p +IWftg*SB)»0 (3«
/ > ( &  +  + ( B - V ^ ) S f y - 0  (35)

*  ^ ) ( b - 8 b )-(BwXg-ty+^&yo(36)

In  m a tr ix  form , th e s e  become



1 6

/ - I o  o
r ^ J * 1 u  u

w r d f c  o  v m *

gty o o

\ / ‘r
t y - W

B'Sji
=  0 (37)

The d e te rm in a n t o f  th e  c o e f f i c i e n t  m a tr ix  i s

p<z&v<fpR4r\
i f  t h i s  d e te rm in a n t v a n ish e s  th e  d i s c o n t in u i t i e s  o f  Eq. (37) move w ith  

th e  norm al sp eed s  d e te rm in ed  from  Eq. (2 3 ) .  These a r e  th e  f a s t  m agneto- 

so n ic  wave and th e  slow  m agnetoson ic  w ave. I f  one re g a rd s  th e  d is c o n ­

t i n u i t y  in  th e  norm al component o f  v e l o c i t y ,  (V<J>*6u), as th e  a r b i t r a r y

q u a n t i ty ,  th e n  a l l  th e  o th e r  d i s c o n t i n u i t i e s  a s s o c ia te d  w ith  th e  f a s t

and slow  m agnetoson ic  w ave, <5p, (B*<5u) and (B*6b) a r e  computed from i t  

hy  e l im in a t io n  i n  E qs. ( 3 3 ) - ( 36 ) .  S ince th e  norm al v e lo c i ty  component i s  

d is c o n tin u o u s  a t  th e  c h a r a c t e r i s t i c  s u r f a c e ,  one i n f e r s  from th e  d iv e r ­

gence th eo rem  t h a t  th e  v e lo c i ty  f i e l d  i s  n o t  d iv e rg e n ce  f r e e  and hence

t h a t  th e  f a s t  and slow  m agnetoson ic  waves in v o lv e  com pression  o f  th e  

p lasm a.

S in ce  (V<}>*6u) i s  re g a rd e d  as t h e  fu n dam en ta l q u a n t i ty ,  th e  

o th e r  d i s c o n t i n u i t i e s  B eing  d e te rm in ed  from  i t ,  and s in c e  Eq. (37) y ie ld s  

th e  f a s t  and slow  m agnetoson ic  waves w hich in v o lv e  o n ly  th e  norm al
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component o f  <5u, one may* f in d  th e  waves a s s o c ia te d  w ith  th e  components 

o f  6u w hich a re  ta n g e n t  to  th e  c h a r a c t e r i s t i c  s u r fa c e  by  assum ing 

V(f>*6u = 0 , By th e  d iv e rg e n ce  th eo rem  th e s e  a re  waves w hich do n o t com­

p re s s  th e  p lasm a. Upon v e c to r  m u l t i p l i c a t i o n  o f  E qs, (28) and (29) hy 

V<f> one f in d s

, { § * + « - V + ) ( v t x S u )  -(B WXV**1B) = 0  

+ *  sb) -(BrVftfr* %)=°
th e s e  a r e  w r i t t e n  in  m a tr ix  form as

(sM f w A  
*  )  v+*s$)

The d e te rm in a n t o f  th e  c o e f f i c i e n t  m a tr ix  i s

I f  t h i s  d e te rm in a n t v a n is h e s ,  th e  d i s c o n t i n u i t i e s  in  th e  t a n g e n t i a l  com­

p o n en t o f  v e lo c i ty  and  m agnetic  in d u c t io n  move w ith  th e  norm al speeds 

d e te rm in e d  hy  Eq,. ( 2 3 ) .  The p ro p a g a tio n  o f  m agnetic  s h e a r  i s  one p ro p e r ty  

o f  an A lfven  wave.

T hus, th e  hydrom agnetic  waves r e s u l t  from  th e  s ix  r o o ts  o f  th e  

c h a r a c t e r i s t i c  e q u a t io n ;  t h i s  i s  a  s i x t h  o rd e r  p o ly n o m ia l in  and V<f>. 

D en o tin g  th e  norm al sp eed  hy c = - |^  /  [ V4> | , and th e  norm al component o f  

v e lo c i ty  hy  un  = (u*V<}>)/| V<f>| one o b ta in s  th e  fo llo w in g  ro o ts

( c - U M) i =  c l c o s 2 0  (39)
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(c-Unf = ^[(ci+cj) +J(fi+ cf)*-4<4c^cos*e] (to)

C c - U - f  =  2 [ c « i + ‘ J ) T i ^ S + < 5 ') * - 4 4 ‘ * « » a 0 'J  (Ul>

2 2where i s  th e  A lfven  sp e e d , = B / p ,  and 0 i s  th e  an g le  betw een th e  

u n i t  norm al t o  th e  su rfa c e  and th e  d i r e c t i o n  o f  th e  m ag n etic  in d u c t io n ,

B, i . e .

B - f y  -  | B | | W f « * e

These r o o ts  can be found by  d i r e c t  e v a lu a t io n  o f  th e  c h a r a c t e r i s t i c  de­

te rm in a n t ,  b u t  th e n  th e  a d d i t io n a l  in fo rm a t io n  c o n ta in e d  in  th e  c h a ra c ­

t e r i s t i c  e q u a tio n  (such  as th e  f a c ts  t h a t  c o m p r e s s ib i l i ty  e f f e c t s  p ro p a ­

g a te  w ith  th e  f a s t  and slow  waves and t h a t  A lfven  waves do n o t com press 

th e  p lasm a b u t  do p ro p a g a te  m agnetic  s h e a r )  i s  n o t  a v a i l a b l e .  The m ost 

im p o rta n t p o in t  i s  t h a t  a l l  th e  norm al sp eed s  a re  r e a l  so  t h a t  th e  system  

o f  e q u a tio n s  i s  h y p e rb o lic .  T h is g u a ran g ees  t h a t  th e  i n i t i a l - v a l u e  p ro b ­

lem i s  w e ll-p o s e d  m a th e m a tica lly  and hen ce  t h a t  n o rm al mode a n a ly s is  i s  

l e g i t im a te .  F o r v i s u a l i z a t i o n ,  one p l o t s  th e s e  ro o ts  on a  norm al sp eed  

d iag ram , F ig .  ( 2 ) ,  which i s  a  p o la r  p l o t  o f  sp eed  v e rs u s  o r i e n t a t i o n  w ith  

th e  m agnetic  in d u c t io n .  E q u a tio n  (39) d e s c r ib e s  th e  A lfven  wave and i s  

r e p re s e n te d  by  two c i r c l e s  in  th e  n o rm al speed  d iag ram ; Eq. (U l) d e s c r ib e s  

th e  slow  m agnetoson ic  wave and i s  r e p r e s e n te d  by  tw o o v a l cu rv es  w i th in  

th e  c i r c l e s  co rre sp o n d in g  t o  th e  A lfv en  w ave; Eq. (1+0) d e s c r ib e s  th e  f a s t  

m agnetoson ic  wave and i s  r e p re s e n te d  by  a  s in g le  c lo s e d  cu rve  w hich con­

t a i n s  a l l  t h e  o th e r  c u rv e s . F ig u re  (2 )  shows th e  n o rm al speeds f o r  th e  

case  w here c f
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F ig .  2 . Normal speed  l o c i  f o r  hyd ro m ag n e tic  w aves; two c i r c l e s  w hich 
to u c h  th e  o r ig i n  r e p re s e n t  th e  A lfven  w ave; two o v a ls  w hich  to u c h  th e  
o r ig in  r e p r e s e n t  th e  slow  m agnetoson ic  w ave; th e  la r g e  o v a l w hich 
e n c i r c l e s  th e  o r ig in  r e p r e s e n t  th e  f a s t  m agnetoson ic  w ave.
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I f  one c o n s id e rs  th e  e q u a tio n s  o f  MHD w hich have been  l i n e a r ­

iz e d  about a  c o n s ta n t ,  s p a t i a l l y  homogeneous s t a t e ,  th e n  th e  norm al 

sp eed  d iagram  g iv e s  th e  ph ase  sp eed  o f  p la n e  waves p ro p a g a tin g  in  any 

p a r t i c u l a r  d i r e c t i o n ;  n o te  th e  s in g u la r  b e h a v io r  a s s o c ia te d  w ith  p ro p a ­

g a t io n  p e rp e n d ic u la r  to  th e  m ag n e tic  f i e l d .  The re sp o n se  o f  th e  f l u i d  

t o  a  p o in t  d is tu rb a n c e  a t  th e  o r ig i n  may be a s c e r ta in e d  from  th e  d iagram  

by su p e rp o s in g  a l l  th e  in d iv id u a l  p la n e  w av es ; a f t e r  a  t i m e , t , th e  p la n e  

wave p ro p a g a tin g  in  a  p a r t i c u l a r  d i r e c t i o n  moves th e  d is ta n c e  from  th e  

o r ig i n  t o  a  p o in t  on th e  norm al sp ee d  lo c u s ;  th e  en v elo p e  o f  th e s e  

p la n e  waves form  th e  re sp o n se  to  th e  i n i t i a l  p o in t  d is tu r b a n c e .  The en ­

v e lo p e s  a re  c a l l e d  c h a r a c t e r i s t i c  l o c i  and t h e i r  c o n s t r u c t io n  i s  i l l u s ­

t r a t e d  in  F ig s .  ( 3 ) —(5 )•

From e lem en ta ry  geom etry  one s e e s  t h a t  th e  d is tu rb a n c e  a s s o ­

c ia t e d  w ith  th e  A lfven  w ave, F ig . ( 3 ) ,  c o n s i s t s  o f  two p o in ts  o f  u n co u n t­

a b le  m u l t i p l i c i t y  w hich p ro p a g a te  s t r i c t l y  o n e -d im e n s io n a lly  a lo n g  th e  

m ag n etic  f i e l d .  The slow  c h a r a c t e r i s t i c  lo c u s ,  F ig . (U ), c o n s is t s  o f  two 

c u sp ed , t r i a n g u l a r  shaped  f ig u r e s .  S ince  th e  c u rv a tu re  o f  th e  slow  n o r ­

m al speed  lo c u s  can be app rox im ated  by a  c i r c l e  s im i la r  t o  th e  c i r c l e  o f  

th e  A lfven  norm al sp eed  lo c u s ,  t h e r e  a re  two p o in ts  o f  i n f i n i t e  m u l t i p l i ­

c i t y  a s s o c ia te d  w ith  th e  slow  m agnetoson ic  lo c u s  w hich p ro p a g a te  s t r i c t l y  

one d im e n s io n a lly  a long  th e  m ag n e tic  f i e l d  (se e  A ppendix A ), th e s e  p o in ts  

a re  th e  cu sp s  lo c a te d  on th e  a x i s .  The f a s t  c h a r a c t e r i s t i c  lo c u s ,  F ig . ( 5 ) ,  

i s  th e  s im p le s t  cu rv e  g e o m e tr ic a l ly  and i t  re sem b le s  th e  f a s t  norm al sp eed  

lo c u s .  The f a s t  c h a r a c t e r i s t i c  lo c u s  becomes a  c i r c l e ,  c e n te re d  on th e  

o r i g i n ,  i f  th e  m agnetic  f i e l d  v a n is h e s ;  i t  c o rre sp o n d s  t o  an o rd in a ry  

a c o u s t ic  wave in  th e  f l u i d .  The A lfven  and slow  c h a r a c t e r i s t i c  l o c i
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F ig .  3 . C h a r a c te r i s t i c  l o c i  f o r  th e  ALfven wave. The d o ts  a re  p o in ts  
on th e  A lfv en  norm al sp eed  l o c i .  The l i n e s  r e p r e s e n t  p la n e  waves w hich 
i n t e r s e c t  a t  two s in g le  p o in ts  on th e  m ag n e tic  f i e l d  l i n e s ;  th e s e  two 
p o in ts  p ro p a g a te  one d im e n s io n a lly .
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F ig . U. C h a r a c te r i s t i c  l o c i  f o r  th e  slow  m agnetoson ic  wave. The d o ts  
a re  p o in ts  on th e  slow  norm al speed  l o c i ;  th e  dashed  c i r c l e  i l l u s t r a t e s  
t h a t  th e  cusp  on th e  m agnetic  f i e l d  l i n e  p ro p a g a te s  one d im ensionality  
as does th e  A lfven  wave shown in  F ig .  3.
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F ig .  5 . C h a r a c t e r i s t i c  lo c u s  f o r  th e  f a s t  m ag netoson ic  wave. As th e  
m ag n e tic  f i e l d  d is a p p e a rs  th e  f ig u r e  becomes le s s  a n i s o t r o p ic  e v e n tu a l ly  
becom ing a  c i r c l e  w hich r e p r e s e n t  an o rd in a ry  a c o u s t ic  wave in  th e  
f l u i d .  Note t h a t  th e  s c a le  i s  tw ic e  t h a t  in  F ig . 3 and U.
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d e g e n e ra te  i n t o  s i n g l e ,  n o n p ro p a g a tin g  p o in ts  i f  th e  m ag n e tic  f i e l d  van ­

is h e s .  W ith a  n o n zero  m agnetic  f i e l d  th e  d iagram  iB a n i s o t r o p ic ,  t h e  

f a s t  wave "being f l a t t e n e d  in  th e  d i r e c t i o n  o f  th e  f i e l d ,  w h ile  t h e  s low  

wave and A lfv en  wave move ou t p r e f e r e n t i a l l y  a lo n g  t h e  d i r e c t io n  o f  th e  

m agnetic  f i e l d .

The m ost im p o r ta n t a sp e c t o f  th e s e  p a r t i c u l a r  c h a r a c t e r i s t i c  

lo c i  i s  th e  v e ry  s in g u la r  b e h a v io r  o f  th e  slow  m ag n eto so n ic  wave an d  

A lfven  w ave: th e y  a r e  d is tu rb a n c e s  t h a t  p ro p a g a te  o n e -d im e n s io n a lly  in

th r e e  d im e n s io n a l s p a c e . One may c o n s id e r ,  f o r  i n s t a n c e ,  sim ple  w ave 

p ro p a g a tio n  in  th e  x -y  p la n e  w hich i s  governed by  th e  p a r t i a l  d i f f e r e n ­

t i a l  e q u a tio n

Now c o n s id e r  th e  c a se  w here th e  d is tu rb a n c e  p ro p a g a te s  o n ly  in  th e  x -  

d i r e c t i o n ,  b u t  w here th e  v e lo c i ty  o f  p ro p a g a tio n  i s  a  fu n c tio n  o f  y .

I f  th e  b o u n d ary  c o n d it io n s  <J>(0, y» ’t )  = y ,  t )  = 0 a re  im posed and  

i f  th e  v e l o c i t y  o f  p ro p a g a tio n  i s  c o n s ta n t ,  th e n  one f in d s  d i s c r e t e  

e ig e n v a lu e s . I f ,  how ever, th e  v e lo c i ty  o f  p ro p a g a tio n  i s  no t c o n s t a n t ,  

th en  th e  e ig e n v a lu e s  a re  c o n tin u o u s . The one d im e n s io n a l p ro p a g a tio n  o f  

th e  A lfv en  wave and th e  cusp  o f  th e  slow  m agnetoson ic  wave can b e  e x ­

p e c te d  t o  have a  p ro fo u n d  in f lu e n c e  on e ig e n v a lu e  p rob lem s w hich a r e  

d e r iv e d  from  th e  l i n e a r i z e d  e q u a tio n s  o f  i d e a l  MHD. I n  f a c t ,  th e  e x a c t  

norm al mode e q u a tio n s  f o r  th e  o rd in a ry  t h e t a  p in c h  e x h i b i t  b o th  t h e  

A lfven  con tinuum  and th e  cusp  continuum  e x p l i c i t l y .
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C. L in e a r iz e d  MHD

The l in e a r i z e d  e q u a tio n s  d e s c r ib e  th e  developm ent o f  s m a ll  

d e v ia t io n s  o f  th e  s t a t e  v a r i a b l e s  from  a  tim e  in d e p en d e n t s o lu t io n  o f  

E q s. ( 1 0 ) - ( 1 5 ) .  C onsider th e  s t a t e  v a r ia b le s

The g e n e r a l  form  o f a  s t a t e  v a r ia b le  i s  g = g0 (x ) + g -^ x , t ) ,  w here  

Ig -J  «  | s Q| . S u b s t i tu t i n g  E qs. ( U2)—( J+5) i n to  Eqs. ( 1 0 ) - ( 1 5 ) ,  one 

f in d s  te rm s w hich in v o lv e  o n ly  th e  e q u i l ib r iu m  q u a n t i t i e s  as w e l l  hs 

te rm s  w hich a re  l i n e a r  and  o f  h ig h e r  o rd e r  in  th e  s m a l l  q u a n t i t i e s .  

E q u a tin g  th e  tim e  in d e p en d e n t te rm s and l i n e a r  te rm s in d iv id u a l ly  one

f in d s  th e  fo llo w in g  e q u a tio n s

O - V f c + C V x f t O x B ,  (1.5 )

V 'B = 0  (1.6 )

ft3 p.fc’s«) (W
§ £  + f o v ) / g + / S ( V ' ‘i ' ) = 0
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+(V*B,)*g*+<S7«g»)*§, (u9)

(50)

(51)

(52)

E q u a tio n s  ( U5) —(1+7) d e te rm in e  th e  tim e  in d e p en d e n t e q u i l ib r iu m  q u a n t i ­

t i e s ;  E qs, (U 8 )-(5 2 ) d e te rm in e  th e  b e h a v io r  o f  s m a ll d e v ia t io n s  from  

th e s e  e q u i l ib r iu m  v a lu e s .  T h is p ro c e d u re  i s  v a l i d  p ro v id e d  t h a t  th e  de­

v i a t i o n s  rem ain  s m a ll  so  t h a t  q u a d r a t ic ,  and a l l  h ig h e r  d e g re e , n o n l in e a r  

te rm s a re  n e g l ig ib le  compared t o  th e  l i n e a r  te rm s .

i z e d  e q u a t io n s .  F i r s t ,  one f in d s  t h a t  t h e r e  a re  two fo rm u la t io n s  in  

w hich th e  sy s te m , E qs. (1*8)-(52), i s  s e l f - a d j o i n t ;  th e s e  fo rm u la t io n s  a re  

th e  v e lo c i ty  fo rm u la t io n  w hich r e s u l t s  when Eq. (U<?) i s  d i f f e r e n t i a t e d  

once w ith  r e s p e c t  t o  t im e , and th e  d isp la c e m e n t fo rm u la t io n  in  w hich one 

c o n s id e rs  th e  d is p la c e m e n t, f ( x ,  t ) ,  o f  th e  p lasm a from  i t s  e q u il ib r iu m

fo rm u la t io n s  p ro d u ces  th e  same d i f f e r e n t i a l  o p e r a to r ,  b u t  th e  c la s s e s  o f  

fu n c t io n s  on w hich th e  o p e ra to r  w orks a re  d i f f e r e n t .  As a  consequence , 

th e  d e f i n i t i o n  o f  an i n s t a b i l i t y  i s  co m p lic a te d ; f o r  i n s t a n c e ,  a  d i s ­

p lacem en t w hich in c r e a s e s  l i n e a r l y  w ith  tim e  co u ld  be c l a s s i f i e d  un­

s t a b l e  in  th e  d isp la c e m e n t fo rm u la t io n , b u t  w ould be  c l a s s i f i e d  s t a b l e  

in  th e  v e lo c i ty  fo rm u la t io n . The g e n e ra l  q u e s tio n  o f  i n s t a b i l i t y  i s  n o t

S evera l, im p o r ta n t p r o p e r t i e s  can be  deduced from  th e s e  l i n e a r -

p o s i t i o n ,  w h e re , £ (x ,  t )  i s  such  t h a t  U j(x» t )  = ^  . E i th e r  o f  th e s e



a d d re s se d  in  t h i s  work as  o n ly  e x p o n e n tia l  grow th w ith  tim e  w i l l  he  

c o n s id e re d ; in  t h i s  case  t h e r e  i s  no d i f f e r e n c e  be tw een  th e  tw o formu­

l a t i o n s .  The c a lc u la t io n  w i l l  be  c a r r i e d  out u s in g  th e  v e l o c i t y  form ula­

t i o n  o f  l i n e a r i z e d  i d e a l  MHD.

The v e lo c i ty  fo rm u la tio n  p ro d u ces  a  s e l f - a d j o i n t  d i f f e r e n t i a l  

e q u a tio n  and from  t h i s  one can p ro v e  t h a t  an en e rg y  i n t e g r a l  e x i s t s ,  t h a t  

a  v a r i a t i o n a l  m ethod f o r  com puting e ig e n v a lu e s  and e ig e n fu n c tio n s  e x i s t s ,

t h a t  th e  sp ec tru m  o f  e ig e n v a lu e s  c o n s i s t s  s o le ly  o f  r e a l  v a lu e s ,  and

16t h a t  any two e ig e n f u n c t io n s  a re  o r th o g o n a l. T hese  g e n e ra l  p r o p e r t i e s  

a re  v e ry  im p o r ta n t f o r  th e  s p e c i f i c  c a lc u la t io n  o f  th e  eigenm odes o f th e  

bumpy t h e t a  p in c h  t h a t  fo l lo w s .



I I .  MAGNETOHYDROSTATIC EQUILIBRIA

A. G en era l Theory

In  s t a t i c  e q u i l ib r iu m  th e  p r e s s u r e ,  p ( r ) ,  th e  m ag n e tic  induc­

t i o n ,  B ( r ) ,  and. th e  c u r r e n t  d e n s i ty ,  o f  an i d e a l  m agnetohydrodynam ic

(MHD) p lasm a must s a t i s f y  th e  seven  n o n t r i v i a l  i d e a l  MHD e q u a tio n s

V-g=0 (!)
= J (2)

Vp = Jx& (3>
S e v e ra l p r o p e r t i e s  o f  hydrom agnetic  e q u i l i b r i a  can  be deduced  d i r e c t ly  

from  th e s e  m a g n e to h y d ro s ta tic  e q u a t io n s . On t a k in g  th e  d iv e rg e n ce  o f  

Eq. (2 )  one f in d s  t h a t  th e  c u r r e n t  d e n s i ty  s a t i s f i e s

V'J =  0  w
S c a la r  m u l t ip l i c a t io n  o f  Eq. (3 ) by  B and J  g iv e s ,  r e s p e c t iv e ly

B • Vp=0 (5)

J*Vp=0 (6)
E q u a tio n s  (5 ) and (6 ) s p e c ify  t h a t  th e  f i e l d  and th e  c u r r e n t  a re  every­

where ta n g e n t  t o  s u r fa c e s  o f  c o n s ta n t  p r e s s u r e ;  h e n c e , J - l i n e s  and B-

l i n e s  m ust cover c o n s ta n t  p re s s u re  s u r f a c e s .  The s u r fa c e s  o f  co n stan t

p r e s s u r e ,  t h e r e f o r e ,  a re  a ls o  m ag n e tic  s u r f a c e s .

28
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S u b s t i tu t i n g  Eq.. (2) i n t o  Eq,. (3 ) e l im in a te s  th e  a u x i l i a r y  

v a r i a b l e ,  J ,  and re d u c e s  th e  s e t  ( l )  — (3 ) t o  fo u r  e q u a tio n s

V ' B  =  0  ( i )

V f > =  ( y * § ) * B

I t  i s  found from  th e  m ethod o f  c h a r a c t e r i s t i c s  (se e  A ppendix C) t h a t  t h i s  

f o u r th  o rd e r sy stem  o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  i s  a  mixed ty p e ,  

e l l i p t i c - h y p e r b o l i c ,  as  opposed th e  th r e e  s ta n d a rd  ty p e s  o f  e q u a tio n s  

e l l i p t i c ,  p a r a b o l ic ,  and h y p e rb o l ic .  F u r th e rm o re , th e  c h a r a c t e r i s t i c s  

f o r  t h i s  system  a re  d o ub ly  d e g e n e ra te .  Theorems r e g a rd in g  th e  e x is te n c e  

o f  s o lu t io n s  o f  t h i s  complex sy stem  have n o t  been  e s t a b l i s h e d .  T h u s , in  

g e n e r a l ,  MHD e q u i l i b r i a  may n o t e x i s t .

In  ap p en d ix  C i t  i s  shown t h a t  th e  r e a l  c h a r a c t e r i s t i c  s u r -  

fa c e s  which co rre sp o n d  t o  th e  h y p e rb o l ic  p a r t  o f  th e  sy stem  ( l )  and (3 ) 

a re  d e term ined  by  th e  e q u a tio n

w here <}>{r) = 0 d e f in e s  th e  c h a r a c t e r i s t i c  s u r f a c e .  T h is  r e a l  s u r f a c e  i s  

co v ered  by B - l in e s  and i s ,  t h e r e f o r e ,  a  m ag n etic  s u r f a c e  w hich i s  a l s o  

a  c o n s ta n t p re s s u re  s u r f a c e .  B ecause th e  m agnetic  s u r f a c e s  a re  c h a r a c ­

t e r i s t i c ,  i t  i s  p o s s i b l e ,  when c e r t a i n  sym m etries a re  p r e s e n t ,  t o  i n t e ­

g r a te  away th e  h y p e rb o l ic  p a r t  and th e re b y  red u ce  th e  system  ( l )  and  (3 1 ) 

t o  a  s ta n d a rd  e l l i p t i c  ty p e .

In  p a r t i c u l a r ,  on c o n s id e r in g  MHD e q u i l i b r i a  in  c y l in d r i c a l  

p o la r  c o o rd in a te s  w hich p o s se ss  a z im u th a l symmetry -  f ( r )  = f ( r ,  z ) ,  

w here f  i s  any e q u i l ib r iu m  q u a n t i ty  -  th e  s e t  o f  e q u a tio n s  ( l ) —(3 ) i s  

found  t o  be e x p l i c i t l y
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■} r ^ ( r & f o O )  +  ̂  l * A z) = 0  (T)

-  ̂  Bflfcz) a J^frz) (8)

j £  B f O y z )  -  B z C n z )  =  J a ( r , z )  (9 )

- j r ^ : ( » - B j [ 0 z ) ) = J 2 C ^ )  (1 0 )

^ p (0 z) = JeBj-JzBe (11)

0 - JtB*. -  J k82 <12)

^ P ^ z )  =  J r Be - J A
A ls o , Eqs. (10 and (5) a r e

i 2 .
F a r '- ( f j f ^ z) )  +  ^  Jkfcz) = 0

By in t r o d u c in g  two f u n c t io n s ,  i |j( r , z ) and x ( r * ZK  su ch  t h a t

B f O y z ) 3  ^ C t z )

6zC*»z) a * ^ ' 5 F * ^ z^

J z ( * > z )  =  F ^ : X ( r , z )

(13)

( l i t )

(15)

( 16 )

(17)

( 18) 

(19)

E q u a tio n s  (7 )  and (l*0  a r e  i d e n t i c a l l y  s a t i s f i e d .  I t  i s  a ls o  e v id e n t  

t h a t  E qs. ( l 6 )  and (17) im ply
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B ' V t y  -  0  ( 2 0 )

T hus, B - l in e s  l i e  on s u r f a c e s  o f  c o n s ta n t  ip -  th e  e q u a tio n  ip ~ c o n s ta n t  

d e f in e s  m ag n etic  s u r f a c e s  w hich a re  a ls o  c o n s ta n t  p re s s u re  s u r f a c e s  and 

w hich a re  c h a r a c t e r i s t i c .  On u s in g  th e  d e f in i t i o n s  ( l 6 ) - ( l 9 )  Eq. (12) 

becomes

( i 3 Z \(± 3 $ \_ f_ ± 32Y _ i ^ _ J. 2 & M  _ Q 
\ r  d r ) \ t r  3 z  )  {  t  3 z  ) \ .  r  3 *  J  |r*a(r,z) ( 21)

w here v /X j-'ft-). i s  th e  J a c o b ia n  o f  th e  t r a n s fo rm a t io n . T h is im p lie s  t h a t  3 ( r , z )

ij>(r, z) and x ( r » z) a re  n o t in d e p en d e n t fu n c tio n s  b u t  t h a t

X = %($) (22)
S im i la r ly ,  Eq. (15 ) becomes

(2 3 )

(2 i0

and y ie ld s

p
T h is  r e i t e r a t e s  th e  f a c t s  p ro v id e d  b y  Eq. (20) -  t h a t  th e  p re s s u re  i s  

c o n s ta n t  on s u r fa c e s  o f  c o n s ta n t E q u a tio n s  (22 ) and (2 ^ ) a re  im­

p o r ta n t  r e s u l t s ;  th e y  p ro v id e  two i n t e g r a l s  o f  E qs. ( 7 ) —(1 3 )•

Upon u s in g  th e  d e f in i t i o n s  ( l6 ) ~ ( l9 )  one f in d s  t h a t  E qs. ( 8 ) -  

(10) become

(25)

(26)
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By in s p e c t io n  o f  E qs. (25) and (27) one s e e s  t h a t

f f i e f c z )  =  Z f c z )  ( 2 8 )

T hus, a l l  th e  components o f  J  and B a re  g iv en  in  term s o f  ij) and one fu n c ­

t i o n s  o f  ip, x (^ )»  F i n a l l y ,  s u b s t i t u t i n g  E q s . ( l 6 ) - ( l 9 ) ,  (26 ) and (28) 

i n to  E q s . ( l l )  and ( 1 3 ) ,  and u s in g  E qs, (22) and (2U) one f in d s  (p rim es 

d e n o te  d i f f e r e n t i a t i o n  w ith  r e s p e c t  t o  th e  argum ent)

The e q u i l ib r iu m  f lu x  f u n c t io n ,  i|>(r, z ) ,  m ust s a t i s f y

i r  ( f  t r )+r 5 ^  ~  - rp'CfO-pI b f ) (2 9)
w here p(tf/) and x (^ )  a re  a r b i t r a r y  f u n c t io n s .  T hus, th e  o r i g i n a l  f o u r th  

o rd e r  sy stem  o r p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  h as  been  red u ced  t o  a  non­

l i n e a r ,  second  o r d e r ,  e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  e q u a t io n , b e ca u se  

th e  assumed symmetry o f  th e  e q u i l i b r i a  p e r m it te d  in t e g r a t i o n  o f  t h e  h y p e r­

b o l i c  p a r t .  As a  consequence o f  th e  two i n t e g r a t i o n s ,  two a r b i t r a r y  

f u n c t io n s ,  p((J>) and x ( ^ ) » o ccu r in  th e  d i f f e r e n t i a l  e q u a tio n . S in ce  

Eq. (29) i s  n o n l in e a r ,  nonunique s o lu t io n s  can e x i s t .

B. S im ple E q u i l i b r i a

In  th e  s p e c i a l  c a se  t h a t  e q u i l i b r i a  e x h ib i t  t r a n s l a t i o n a l  sym­

m etry  in  th e  a x i a l  d i r e c t i o n  in  a d d i t io n  t o  a z im u th a l symmetry s o lu t io n s
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o f  Eq.. (29 ) a re  e a s i l y  d e te rm in e d . S in c e  a l l  th e  e q u i l ib r iu m  q u a n t i t i e s  

a re  fu n c t io n s  o f  r  a lo n e ,  E qs. ( l 6 ) and  ( l 8 ) im m e d ia te ly  g ive

B ^ O

J t - 0

and Eq. (29) i s  e a s i l y  w r i t t e n

iWwXWv)' »  -  • ' ( f f ' f o )
Upon u s in g  E qs. (1 7 ) and  ( 2 8 ) ,  Eq, (3 0 ) becomes

i f t 1 = ~t$A ~ f  i f t 1
w hich i s  r e w r i t t e n  i n  th e  co n v en ien t form

30)

(31)

E q u a tio n  (31) i s  th e  w e l l  known p r e s s u r e  b a lan ce  r e l a t i o n  f o r  t h e  d i f f u s e  

l i n e a r  p in c h  (sc rew  p in c h )  c o n f ig u r a t io n ,  th e  m a g n e tic  f i e l d  o f  w hich i s

One o b ta in s  th e  t h e t a  p in c h  c o n f ig u ra t io n  -  th e  model sy stem  in  

t h i s  w ork-by  cho o sin g  t h a t  Bg v a n ish  i d e n t i c a l l y ,  i . e .  s p e c ify in g  one o f 

th e  a r b i t r a r y  f u n c t io n s ,  x W  = 0 . T h u s , fo r  th e  t h e t a  p in c h , th e  cu r­

r e n t  d e n s i ty  i s

J  = J(,<r) $  (33)
th e  m ag n etic  f i e l d  i s

B  ®  B t W  *  ^

and th e  p re s s u re  b a la n c e  r e l a t i o n  i s
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J = °  <»>.
F i n a l l y ,  i t  i s  n o te d  t h a t  f o r  b o th  th e  t h e t a  pinch, and sc rew  p in c h  e q u i­

l i b r i a  th e  e q u a tio n

—  c o n s ta n t

d e f in e s  a  fa m ily  o f  m ag n e tic  s u r fa c e s  w hich a re  r i g h t  c i r c u l a r  c y l in d e r s .

C. Bumpy T h e ta  F in c h  E q u i l i b r i a

The p r o p e r t i e s  o f  e q u i l i b r i a  w hich a r e  s l i g h t  m o d if ic a t io n s  o f  

t h e  t h e t a  p in c h  e q u i l ib r iu m  w i l l  now b e  e lu c i d a te d .  The e q u i l i b r i a  a re  

t o  be a x i a l l y  sym m etric  and th e  m ag n etic  s u r f a c e s  w hich a re  d e f in e d  by  

th e  e q u a tio n

s constant

a re  assumed t o  d e v ia te  o n ly  s l i g h t l y  from  r i g h t  c i r c u l a r  c y l in d e r s .  I t  

i s  a ls o  assumed t h a t  th e  e q u i l ib r iu m  m ag n etic  f i e l d  has no 0-com ponent 

( i . e . ,  choose x W  = 0) so  th e  c u r r e n t  d e n s i ty  l i e s  i n  th e  0 d i r e c ­

t i o n  on ly

J = J0C«yz) 0
A* ^

Under th e s e  c irc u m sta n c e s  th e  d i f f e r e n t i a l  e q u a tio n  (29) becomes

A pproxim ate s o lu t io n s  o f  Eq. (36) w i l l  be  c o n s tr u c te d  by s ta n d a rd  p e r t u r ­

b a t io n  a n a ly s i s ,  b u t  b e fo re  p ro c e e d in g , i t  i s  n e c e s sa ry  t o  re d u c e  (3 6 ) to  

d im e n s io n le ss  form .

From th e  p h y s ic a l  q u a n t i t i e s ,  r ^ ,  th e  r a d iu s  o f  th e  p lasm a 

colum n, pQ, th e  a x i a l  p la sm a  d e n s i ty ,  and B^, th e  m agnetic  in d u c t io n  a t  

th e  s u r fa c e  o f  th e  p lasm a colum n, one f in d s  a  c h a r a c t e r i s t i c  l e n g th ,
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3
L = r Q, a  c h a r a c t e r i s t i c  m ass , M = *qPq , and a  c h a r a c t e r i s t i c  t im e ,

2T = r 0 /(B Q/p 0 ) ( f o r  u n ifo rm  d e n s i t y ,  p ( r )  = p ^ , t h i s  i s  th e  A lfv en  t r a n ­

s i t  tim e  a c ro s s  th e  p lasm a co lum n), w hich a re  u sed  t o  c o n s t r u c t  n a t u r a l  

u n i t s  f o r  th e  p ro b lem . F o r co n v en ie n c e , th e  co n v e rs io n s  be tw een  th e  

d im ensioned  and d im e n s io n le s s  (d en o ted  b y  t i l d e )  q u a n t i t i e s  a re  l i s t e d  

below

le n g th ;

m ag n etic  in d u c t io n : =  f t , ]  BCf.i)
d e n s i ty : f*t) = IfApCr)
v e l o c i t y :

t im e :

p r e s s u r e ;

m ag n e tic  f l u x : Wr)= [n?BJ *p(i)
c u r r e n t  d e n s i ty :

S u b s t i tu t i n g  th e s e  i n to  Eq. (36) and a l l  p re v io u s  e x p re s s io n s  g iv e s  th e  

d e s i r e d  r e l a t i o n s  among th e  d im e n s io n le s s  q u a n t i t i e s , f o r  in s ta n c e

H e r e a f te r ,  th e  t i l d e  i s  su p p re s se d  and on ly  d im e n s io n le s s  q u a n t i t i e s  a re  

c o n s id e re d .
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A tte n t io n  i s  now r e s t r i c t e d  t o  a  p a r t i c u l a r  c la s s  o f  e q u i l i b r i a  

by assum ing  th a t  th e  m agnetic  f lu x  fu n c t io n  h a s  th e  fo llo w in g  form

fO-.z) .  + S ‘I'#) cos(kz) + OC&*) (37)

where th e  sm a ll p a ra m e te r  6 , 0 < 6 « 1 ,  m easures th e  d e v ia t io n  o f  th e

m agnetic  s u r fa c e s  from  r i g h t  c i r c u l a r  c y l in d e r s  (6 m easures th e  bumpi­

n e ss  o f  th e  m agnetic  f i e l d  l i n e s ) .  B ecause o f  th e  assumed form  o f  i |j ( r ,z ) ,  

th e  d i f f e r e n t i a l  e q u a tio n  fo r  a  m agnetic  s u r fa c e  i s

A t y - 0 ~  \ ^ f r )  & s ( k z ) ] j t - [ $ k $ r ) s w ( k z ] j j z

o r ,  e q u iv a le n t ly

t'(z) = Jk^jlgjr S.rf(kz) +0G*)
H ence, th e  e q u a tio n  o f  a  m agnetic  s u r f a c e  i s

ttz) = tr,- 8 ^ ^ s ( k z )  + 0($*) os)

The u n i t  norm al t o  a  s u r fa c e  o f  c o n s ta n t  \p i s

t . S L ^ r - l S k » >

Assuming th e  above form  fo r  ty (r, z) a ls o  r e q u i r e s  t h a t  th e  e q u il ib r iu m  

m ag n etic  f i e l d ,  g iv e n  by  E qs, ( l6 )  and (1 7 ) ,  have th e  form

fyfoz) * Skbfr) sm (kz)+ 06*) (*»

s 0 (l,1)
Bz(nz)= ac*-) +  Sect-) cos (kz) + OG*) M
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w here

trail-) = -  y l4'(r) (1.3)

rbcr) = - / ’O') (VO
rctr) = -  (lt5)

In  te rm s  o f  t h e s e  e q u i l ib r iu m  q u a n t i t i e s ,  th e  f l u x  s u r f a c e s  and t h e i r  

u n i t  no rm als a re  th e n

Kz) = fc-  s jjj^cos(kz) + 06S2) (1,6 )

=  ,1.7)

S u b s t i t u t i n g  th e  assum ed form  o f  if>(r * z ) ,  Eq. (37)* and th e  

T a y lo r  s e r i e s  e x p a n s io n  o f  p'(*jO

p W  = p ' ( f (0>) + S t f & C k z )  p " ( f (0))  + 0 ( S * )  C8)

i n t o  Eq. ( 36 ) and expand ing  o rd e r  by  o rd e r  i n  6 , one f in d s

0£f): (±^'y=-rfW«) w

e(S): ( f  F  ̂  -  'r'ffCV*) (5°>

By m u l t ip ly in g  E q. (1*9) by ( l / r  ) and u s in g  E q s . (2U) and (1*3), °ne

can r e w r i t e  E q . ( 1*9) * c a s t in g  i t  i n  th e  form

[ p + £ a z ] - 0  (51)
w hich  i s  re c o g n iz e d  a s  th e  p r e s s u r e  b a la n c e  r e l a t i o n  f o r  a  t h e t a  p in c h .
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T h is  r e l a t i o n  d e te rm in e s  th e  “b a s ic  m a g n e tic  f i e l d ,  a ( r ) ,  f ° r  a  given p r e s ­

s u re  p r o f i l e ,  p ( r ) .  An is o th e rm a l e q u a t io n  o f  s ta te  i s  assum ed so t h a t  

th e  p la sm a  d e n is ty  i s  p ro p o r tio n e d  to  t h e  p la sm a  p re s s u re  i n  th e  e q u i ­

l ib r iu m  s i t u a t i o n .  The d e n s i ty  p r o f ic e  i s  s p e c if ie d  so  t h a t  (p ( r ) -D )c tp (r )

w here D i s  th e  ( s m a ll)  d e n s i ty  o f  a u n ifo rm  background o f  c o ld  P lasm a:

18t h i s  i s  th e  e x p e r im e n ta l s i t u a t i o n .

Two s p e c i f i c  p re s s u re  p r o f i l e s  w i l l  be c o n s id e re d  here  -  a

6 ,9G au ss ian  p r o f i l e

p ( i - ) = ^ 0 e * p  ( ~ r * ) (5 2 )

( th e  p a ra m e te r 8 i s  th e  a x i a l  plasm a b e t a ,  |  — ) and a r e l a -
q Lp(0)+7ja (0 )  J

t i v e l y  sh a rp  p r o f i l e

(5 3 )

(a  i s  a  sh ap rn ess  p a ra m e te r ;  a  = 3 i s  a  t y p i c a l  v a lu e ) . Plasma i s

assum ed t o  ex ten d  t o  a  r i g i d  p e r f e c t ly  c o n d u c tin g  w a ll ;  h o w ev er, th e  

h o t  p la sm a  column i s  w e l l  s e p a ra te d  from  t h e  w a ll as i n  t h e  e x p e r im e n ta l 

s i t u a t i o n .  Thus f o r  s u f f i c i e n t l y  l a r g e  v a lu e s  o f r  t h e  p lasm a i s  e s ­

s e n t i a l l y  p r e s s u r e l e s s . I n te g r a t in g  Eq. ( 5 l )  y ie ld s  t h e  f i r s t  e q u i l i b ­

riu m  r e l a t i o n

p ( r ) + ) = jo^rwje) = \  (sw

The c o n s ta n t  a ( r ,  ) i s  u n i ty  b ecause  o f  t h e  d e f i n i t i o n  o f  th e  c h a r -  la r g e

a c t e r i s t i c  m agnetic  f i e l d  B^. F in a l l y ,  t h e  b a s ic  m a g n e tic  f ^ l d
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c o rre sp o n d in g  t o  th e  two g iv e n  p re s s u re  p r o f i l e s  i s  w r i t t e n  down f o r  th e

. n 8 >11G au ss ian  p r o f i l e  *

cftr) = I -  C-*"*) (5 5)

a n d  fo r  th e  s h a r p  p r o f i l e 10

The problem t h a t  rem ains i s  t o  d e te rm in e  s u b s id ia r y  f i e l d s ,  h ( r )  and c ( r ) .

By d iv id in g  Eq.. ( ^ 9 )  by r  an d  d i f f e r e n t i a t i n g  w ith  r e s p e c t  to  

r ,  one can o b t a i n  an e x p re s s io n  fo r  p* ( i | J ^ )  w hich i s  c a s t  in  th e  con­

v e n ie n t  form.

.  . #.1. 1
(57)- r p i m  -  U t I

S u b s t i tu t i n g  Eg.* (57) i n t o  t h e  r ig h t  h an d  s id e  o f  Eq. (50) p rod u ces  a  

se c o n d  o rder o rd in a ry  d i f f e r e n t i a l  e q u a t io n  w hich  ^ " ^ ( r )  m ust s a t i s f y :

(58)

B e fo re  tu r n in g  bo  th e  s o l u t i o n s  of Eq. (5 8 ) ,  w hich must b e  found  num eri­

c a l l y ,  two o t h e r  r e l a t io n s  among th e  e q u i l ib r iu m  q u a n t i t i e s  in  a d d i t io n

t o  Eq. (5!*) msy  be no ted . The f i r s t  one i s  an im m ediate consequence o f

E qs • ( ^ )  and  ( ^ 5 ) ,  namely

(rb<W) ® rcOr) (59)
The second one r e s u l t s  from  E q. (58) and  th e  d e f i n i t i o n s  m en tioned  above; 

i t  i s  c o n v e n ie n tly  w r i t te n

< ■ '- # ( £ ) ' =  k'b ■ «



F i n a l l y ,  one must so lv e  th e  boundary  v a lu e  p rob lem  f o r  i f / ^ t r ) ,

£ ( £ ) ' ] * “’ (&>

,  ^ c r j  =  - r w  ( 62 )

by n u m e ric a l m ethods. The s u b s id ia r y  e q u i l ib r iu m  m ag n etic  f i e l d s  b ( r )

and c ( r )  may th e n  be computed from  th e  d e f i n i t i o n  (MO and (^ 5 ) .  The

boundary  c o n d it io n  i / / ^ ( o )  = 0 r e s u l t s  from th e  req u ire m e n t t h a t  b ( r )  be

r e g u la r  a t  r  = 0 ; th e  boundary  c o n d it io n  i f / ^  ( r  ) = - r  r e s u l t s  fromw w

s p e c if y in g  t h a t  th e  a p p l ie d  A = 0 h e l i c a l  f i e l d  have u n i t  v a lu e  a t  th e  

c o n d u c tin g  w a l l  -  c ( r  ) = 1 .

T h is f ix e s  th e  v a lu e  o f  6 f o r  any p a r t i c u l a r  c o n f ig u r a t io n .

The f l u x  s u r fa c e  as in  Eq. (38) i s  d e te rm in ed  by  th e  e x p e r im e n ta l s i t u a ­

t i o n .  S p e c i f ic a t io n  o f  i i / ^ ( r ) ,  as by  th e  b o undary  c o n d it io n  t l / ^ ( r  ) =w

- r  le a v e s  th e  p a ra m e te r  6 t o  be  a d ju s te d  t o  f i t  th e  a c tu a l  shape o f  

th e  bumpy s u r f a c e .

I f  th e  p re s s u re  p r o f i l e  i s  a  w e l l  behaved  fu n c t io n  o f  r ,  th e  

b a s ic  m agnetic  f i e l d ,  a ( r ) ,  must a l s o  be  w e l l  b eh av ed , and have a  v a l id  

power s e r i e s  ex p an sio n

ofr) = oXo) + ^af(o) r2+ ■goO'Co) r3+—

(n o te  t h a t  a ( r )  h a s  a  minimum a t  r  = 0 ) .  U sing  t h i s  f a c t ,  one f in d s  a 

power s e r i e s  ex p an s io n  f o r  th e  fu n c t io n

r (aSY- 1 °? (0) h i 1 °^ Co) ■ .
a . \ . r ) ~  z  CUP) 3 < « « > ’  + "



In

One s e e s  t h a t  th e  d i f f e r e n t i a l  e q u a t io n  (6 l )  h a s  a  r e g u la r  s in g u la r  p o in t

19 20a t  r  = 0 ,  t h u s ,  F r o b e n iu s 1 s e r i e s  m ethod ■ may be u sed  t o  f in d  a  s o lu ­

t i o n .  Assum ing
<K»

n*<x

and s u b s t i t u t i n g  i n t o  Eq. (6 l ) ,  one f in d s  

A - 2t + Cci+Ofr-Ofr r*'1* [ot(o(+z) r ‘

p  - k y , -  i  g g  p ]

Thus

d C * - Z )  =02 ) j 0  =

( # t + i X '‘- 0  f ,  = 0

The i n d i c i a l  e q u a tio n  h a s  s o lu t io n s  a  = 2 and  a  = 0 , th e  f i r s t  o f  w hich 

y ie ld s  a  v a l i d  s e r i e s  s o lu t io n

= p r z  +  £ p r * +

T his s o l u t i o n  s a t i s f i e s  th e  b o u n d ary  c o n d i t io n  i | / ^ ( 0 )  = 0 . To f in d  

a se c o n d , l i n e a r l y  in d e p e n d e n t s o l u t i o n ,  one u se s  th e  s ta n d a r d  m ethod 

o f  v a r i a t i o n  o f  c o n s ta n t s ,  f in d in g

I n t e g r a t i o n  by  p a r t s  y i e l d s

.M

n=o



1+2

T his  s o l u t i o n  i s  e l im in a te d  "by th e  r e g u l a r i t y , c o n d i t io n .  T h e r e f o r e ,  

one h a s  f o r  t / ^ ( r ) ,  h ( r ) ,  and c ( r )

* ^ r) *  <k * 0 + < 6 3 )

bOr) = - £ r ( |  + 1 r V -  - )  (6k)

C ( t )  =  - J , ( l  +  - 2 , ’V " )  (6 5 )

I t  i s  e x p e c te d  t h a t  th e  f i r s t  few te rm s a re  a  good ap p ro x im a tio n  when r  

i s  s m a l l .

When r  i s  l a r g e ,  th e  d i f f e r e n t i a l  e q u a t io n  (62) becom es ( a ( r )  = 

c o n s ta n t  f o r  l a r g e  r )

4 ^ " =  1 * 4 ^  (62a)

th u s, lfj (r) behaves asym ptotically  as an exponential function  -
( X) —k rt|r z  e , U n f o r tu n a te ly ,  one can n o t say  w i th  a b s o lu te  c e r t a i n t y  w hich  

i s  t h e  p ro p e r  s ig n ,  + k r o r  - k r ,  and as th e  f o l lo w in g  exam ple w i l l  Bhow, 

t h i s  i s  a  p o s s ib le  s e a t  o f  n u m e ric a l d i f f i c u l t y .

An Exam ple

C o n sid e r th e  I n i t i a l  v a lu e  problem

= yfa)=*-a$ o & x & e o  (66)

w ith  a n a ly t i c  s o lu t io n  y ( x )  = a e “x . A num erical, i n t e g r a t i o n ,  b e c a u se  o f  

ro u n d  o f f  and t r u n c a t io n  e r r o r s ,  alw ays m ixes i n  a  sm a ll p o r t i o n  o f  th e  

o th e r  s o lu t i o n ,  e x , w h ich  w i l l  a lw a y s .dom inate t h e  s o lu t io n  f o r  s u f f i c i e n t l y  

l a r g e  x .  T hu s, one a lw ays f in d s  a  d iv e rg in g  s o l u t i o n .  The same d i f f i c u l t y
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may o c cu r in  i n t e g r a t i n g  Eq.. ( 6 l ) ;  one may f in d  ^  e^r  when i n  f a c t

( l )  —k r(J) ^  e i s  th e  p ro p e r  s o lu t io n .  However, t h i s  d i f f i c u l t y  can  be

overcom e,

C o n sid e r th e  change o f  v a r ia b le s

*  A  e x p J * ' ]  (67 )

Then y ’ (x ) = f ( x )  y (x )  and y M(x) = f ’ (x) y{x) + f 2 (x ) y ( x ) ,  an d  Eq. ( 6 6 ) 

becomes

The s o lu t io n  i s  im m e d ia te ly , f ( x )  = - 1 ,  and i s  a l s o  th e  n u m e r ic a l  s o lu ­

t i o n  s in c e  th e  com puter e v a lu a te s  f 1 t o  be z e ro  ( t h e r e  i s  no ro u n d o f f  

b e c a u se  a  number i s  s u b t r a c te d  from i t s e l f ) .  U sin g  Eq. (67 ) ,  one f in d s  

y (x )  -  A e x p [ /X-d x ]  = Ae”X. T hus, b y  u s in g  t h e  change o f  v a r i a b l e s  (6 7 ) ,  

th e  seco n d  o rd e r  d i f f e r e n t i a l  e q u a t io n  i s  re d u c e d  t o  one o f  f i r s t  o rd e r .  

T h is  a l l e v i a t e s  th e  p o s s i b i l i t y  o f  f in d in g  th e  w rong s o lu t io n .

The S p e c i f ic  Problem

S u b s t i tu t i n g  ( 6 7 ) i n t o  E q. ( 6 l ) ,  one f in d s

f'(r) = %r- + l< + £(¥)' <“>
w h ile  th e  boundary  c o n d i t io n  i{ /* ^ (r ) = - r  becom es

X  •  -  (6 9 )

An im p o r ta n t f e a tu r e  o f  t h e  e q u i l i b r i a  i s  e v id e n t  from  Eq. ( 6 9 ) > nam ely, 

t h a t  a t  a  g iv e n  p o s i t i o n ,  r ,  w i th in  th e  p lasm a colum n, ^ ^ ( r )  depends 

on th e  w a ll  p o s i t i o n  o n ly  th ro u g h  t h e  s c a le  f a c t o r  A, g iv en  b y  Eq. (69 ) ;



th e  f u n c t io n a l  form  o f  i | / ^ ( r )  i s  n o t  d ependen t on w a l l  p o s i t i o n .  The 

a sy m p to tic  form  f o r  s m a l l  r ,  Eq. (6 3 ) i s  re c o v e re d  p ro v id e d  t h a t  f o r  

sm a ll r

Jto -  -f
T his  a sy m p to tic  form p ro v id e s  an i n i t i a l  v a lu e  f o r  s m a ll  w hich i s  u sed

as  a s t a r t i n g  p o in t  i n  a  n u m e ric a l i n t e g r a t i o n  o f  Eq. (68) t o  d e te rm in e

( 1 )f ( r ) .  T h is  fu n c t io n  r e v e a ls  th e  n a tu r e  o f  »|j ( r ) .  The c o n s ta n t ,  A, may

th e n  he com puted from th e  n o rm a liz a t io n  c o n d i t io n ,  Eq, ( 69 ) .

I* /  EL ̂  ^F ig u r e  6 shows th e  fu n c t io n  —(—-) f o r  th e  G aussian  p r o f i l ea  r

w h ile  F ig .  7 shows th e  same fu n c tio n  f o r  th e  sh a rp  p r o f i l e .  E x p l i c i t l y ,  

t h i s  f u n c t io n  i s

r ( a t \  exp(-rx)  f~„ 0 exp(-t*) ~|
*Vr) l-feujK-r1) [  ( -  J (70)

F o r th e  G au ss ian  p r o f i l e ;  f o r  th e  s h a rp  p r o f i l e ,  i t  i s

t p f .   ______^ s e c m ^ - 0 3  ,
AVK/  ( + t n l l M  U n K ^ ^ - l ) ]

, _ _______ ol0

I+W iftJ  - p ♦ jSWiWrM)]
Both fu n c t io n s  a re  w e l l  "behaved and r a p id ly  app ro ach  z e ro  w ith  in c r e a s in g  

r .  E q u a tio n  (68) i s  i n t e g r a te d  n u m e r ic a l ly  u s in g  a  s ta n d a rd  fo u r th  o rd e r  

R unge-K u tta  i n t e g r a t i o n  s u b ro u t in e ,  RKGS, from  th e  IBM S c i e n t i f i c  Subrou­

t i n e  P ack ag e . The r e s u l t i n g  s o lu t io n  i s  p l o t t e d  i n  F ig .  8 f o r  th e  G aussian  

p r o f i l e  and i n  F ig .  9 f o r  th e  sh a rp  p r o f i l e .  The m ost im p o r ta n t f e a tu r e

r )
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F ig .  6 . The e q u i l ib r iu m  fu n c tio n  r / a t a ' / r ) 1 f o r  v a r io u s  v a lu e s  o f  p lasm a 
b e t a  p l o t t e d  a g a in s t  r ,  th e  r a d iu s  o f  th e  p lasm a c o lu m n ,fo r G aussian  
e q u i l ib r iu m  p r o f i l e s .  The fu n c tio n  i s  n e g l ig ib ly  sm a ll f o r  r  > 3 .0 .
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F ig ,  7 . The e q u i l ib r iu m  fu n c tio n  r / a ( a ' / r ) '  f o r  v a r io u s  v a lu e s  o f  p lasm a 
b e ta  p l o t t e d  a g a in s t  r ,  th e  r a d iu s  o f  th e  p la sm a  column f o r  sh a rp  e q u i­
l ib r iu m  p r o f i l e s .  The fu n c tio n  i s  n e g l ig ib ly  sm a ll fo r  r  > 1*6 ,
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F ig . 8 . N um erical s o lu t io n  o f  th e  f i r s t  o rd e r  d i f f e r e n t i a l  e q u a t io n ,  
Eq. (6 8 ) ,  f o r  G aussian  e q u il ib r iu m  p r o f i l e s  w ith  8 = .8 .  The s o lu t io n  
approaches th e  v a lu e  f ( r )  = 1 f o r  l a r g e  v a lu e s  o f  r .
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F i g .  9 .  N um erical s o lu t io n  o f  th e  f i r s t  o rd e r  d i f f e r e n t i a l '  e q u a tio n , 
Eq.. ( 6 8 ) ,  f o r  sh a rp  e q u i l ib r iu m  p r o f i l e s  w ith  (5 = .8 .  The s o lu t io n  
ap p ro ach es  th e  v a lu e  f ( r )  = 1 f o r  l a r g e  v a lu e s  o f  r .



i s  t h a t  a l l  th e  s o lu t io n  approach  th e  v a lu e  +k as  r  i n c r e a s e s . A lthough

an answ er can now be  o b ta in e d  by c a l c u l a t i n g  th e  n o rm a liz a t io n  from Eq..

(69 ) ,  i t  i s  c o n v en ie n t t o  r e t u r n  t o  th e  second  o rd e r  e q u a t io n ,  Eq. ( 6 l ) ,

a f t e r  h a v in g  e s ta b l i s h e d  t h a t  th e  p ro p e r  a sy m p to tic  form  i s  ( j / " ^ ( r )  ^  e^r .

21 22The s h o o tin g  m ethod * i s  employed t o  n u m e r ic a l ly  s o lv e  th e  

boundary  v a lu e  p rob lem

* f % - )  -  7  •J'V) +[|< «• £ ( £ ) ]  (6l)

«#o)= 0  » 1f9ir„)--r¥, (62)

The a sy m p to tic  form  f o r  s m a ll r ,  E q. (6 3 ) ,  p ro v id e s  two i n i t i a l  c o n d i­

t i o n s  w hich a r e  p r o p o r t io n a l  t o  th e  unknown c o n s ta n t  gQ. T h is  u se  o f  

Eq. ( 6 3 ) g u a ra n te e s  t h a t  th e  f i r s t  b . c . ,  ^ ^ ( 0 )  = 0 , i s  s a t i s f i e d ,  w h ile  

a v o id in g  d i f f i c u l t i e s  b ecau se  o f  th e  s in g u la r  p o in t  a t  r  = 0 . Decomposing 

Eq. ( 6 l )  i n t o  a  p a i r  o f  f i r s t  o rd e r  d i f f e r e n t i a l  e q u a tio n s  a llo w s th e

use  o f  th e  s u b ro u t in e  RKGS o f  th e  IBM S c i e n t i f i c  S u b ro u tin e  Package f o r

C i ) 1i n t e g r a t i n g  th e  i n i t i a l  v a lu e  p ro b lem . The v a lu e  o f  iJj ( r w) now d e ­

pends on th e  i n i t i a l  c o n s ta n t  g^ and one may show t h i s  e x p l i c i t l y  by 

d e f in in g  a  fu n c t io n  z

z(K,}fr)s r„ +

When z fg g ) v a n is h e s ,  th e  s o lu t io n s  o f  th e  i n i t i a l  v a lu e  p rob lem  and th e  

b o undary  p rob lem  a re  i d e n t i c a l .

The z e ro e s  o f  z{g^) a re  found by a  m arch ing  m ethod and th e  

e s t im a te s  a re  r e f in e d  by  I n t e r v a l - h a lv in g .  T h a t i s ,  an i n i t i a l  guess o f  

th e  p o s i t io n  o f  th e  z e r o ,  G, i s  g iv e n  to g e th e r  w ith  an i n i t i a l  in c re m e n t,
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A; th e  i n t e g r a t i o n  r o u t in e  y i e l d s  z ( r , G) ,  th e n  z ( r ; G + A) ,  one o f
w w

w hich  i s  a  " b e tte r  e s tim a te  o f  th e  p o s i t io n  o f  th e  z e ro . I f  z ( r w, G + A) 

i s  b e t t e r ,  z ( r  ; G + 2A) i s  com puted, e t c .  I f  z ( r  , G) i s  th e  b e t t e r  e s -

t im a te ,  z G  -  A) i s  com puted, th e n  z ( r w» G -  2A), e t c .  I f  z ( r ^ ;  G +

nA) v a n is h e s ,  th e n ,  o f  c o u rs e , G + nA i s  t h e  m iss in g  i n i t i a l  v a lu e  w hich 

p ro v id e s  th e  s o lu t io n  o f  th e  boundary  v a lu e  p rob lem . I f  z ( r w; G + nA)

and z ( r  ; G + (n  + l)A ) have o p p o s ite  s ig n ,  th e n  th e  z e ro  l i e s  in  th e

i n t e r v a l  betw een th e s e  two v a lu e s .  To r e f i n e  t h i s  e s t im a te ,  z ( r  ; G +

(n  + 1 / 2 )A) i s  com puted. T h is  v a lu e  i s  e i t h e r  z e ro , o f  th e  same s ig n  as 

z ( r  ; G + nA ), o r  o f  o p p o s ite  s ig n .  I f  z e r o ,  th e n  G + (n  + 1 /2 )A  i s  th e  

d e s i r e d  v a lu e ;  i f  o f  d i f f e r e n t  s ig n  from z(G + nA ), th e n  th e  ze ro  l i e s  i n  

th e  s u b in te r v a l  (G + nA, G + (n  + 1 /2 )A ); i f  o f  th e  same s i g n ,  th e  ze ro  

l i e s  in  th e  o th e r  s u b in te r v a l .  B is e c t io n  o f  th e  a p p ro p r ia te  s u b in te r v a l  

i s  c o n tin u e d  u n t i l  a  s u f f i c i e n t l y  a c c u ra te  e s t im a te  i s  o b ta in e d .

Two c la s s e s  o f  bumpy t h e t a  p in c h  e q u i l i b r i a  a re  -co n s id e red . 

F i n i t e  wave w av elen g th  e q u i l i b r i a  a re  c h a r a c te r iz e d  by a  f i n i t e  v a lu e  

o f  w av ev ec to r k ,  w h ile  lo n g  w av elen g th  e q u i l i b r i a  (see  A ppendix  B) a re  

c h a r a c te r iz e d  by  a  v e ry  sm a ll v a lu e  o f  k .  The v a lu e  k = 1 i s  chosen as 

r e p r e s e n ta t iv e  o f  th e  f i n i t e  w av elen g th  c a se  and k  = 1CT^ as r e p r e s e n ta ­

t i v e  o f  th e  lo n g  w aveleng th  c a s e .  Note t h a t  w aveleng th  e f f e c t s  a re  p r e ­

s e n t  in  th e  s u b s id ia r y  f i e l d s  o n ly ; th e  p r im a ry  t h e t a  p in c h  f i e l d ,  a ( r )  

i s  th e  same f o r  a l l  v a lu es  o f  k .

F ig u re s  (10) and ( l l )  show th e  p r e s s u r e  p r o f i l e  and th e  b a s ic  

t h e t a  p in c h  f i e l d ,  a ( r )  f o r  t h e  G aussian p r o f i l e  and th e  s h a rp  p r o f i l e ,  

f o r  t y p i c a l  p a ra m e te r  v a lu e s .  In  F ig s .  (1 2 ) and (13) th e  s u b s id ia r y
i

f i e l d s ,  b ( r )  and c ( r ) ,  c o rre sp o n d in g  t o  th e  G aussian  p r e s s u r e  p r o f i l e  a re
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 SHARP PROFILE

—  GAUSSIAN PRO FILE

p(r)

F ig .  1 0 . The e q u il ib r iu m  p re s s u re  p r o f i l e s  f o r  3 = .5 .
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a(r)

 SHARP PROFILE

— GAUSSIAN PROFILE

.5

0

F ig . .  11 . P r o f i l e s  o f th e  b a s i c  e q u i l ib r iu m  m agnetic  f i e l d  f o r  3 = .5 ,
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2.5
R„= 4 .2

2.0

0.5
b(r)

F ig .  12. T y p ic a l  s u b s id ia ry  e q u i l ib r iu m  m agnetic  f i e l d  q u a n t i t i e s
p lo t t e d  a g a in s t  r  fo r  th e  f i n i t e  (k  = l )  w aveleng th  ( s o l i d  c u rv e s)
and long  (k  ~ 0 ) w aveleng th  c a s e  (d a sh ed  cu rv es  and d e n o ted  by
a s te r i c k )  f o r  G aussian  p r e s s u r e  p r o f i l e  w ith  3 -  -7 and r  = b .2 .w



5U

2.5 r

2.0

b*(r) '

0.5
b(r)

F ig ,  1 3 , T y p ic a l  s u b s id ia r y  e q u i l ib r iu m  m ag n etic  f i e l d  q u a n t i t i e s  f o r  
f i n i t e  (k  = l )  w av e len g th  ( s o l id  c u rv e s )  and lo n g  (k  s  0) w av elen g th  
case  (dashed  c u rv e s  and d en o ted  by  a s t e r i c k )  f o r  G au ssian  p re s s u re  p ro ­
f i l e  w ith  0 = .7  and r w = 3 .0 .  N ote t h a t  o n ly  th e  f i n i t e  w av elen g th  
f i e l d  i s  a f f e c t e d  by  w a l l  p o s i t i o n .
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shown f o r  th e  f i n i t e  w av elen g th  and lo n g  w av elen g th  (d e n o te d  by *) 

c a s e s ,  f o r  two w a l l  p o s i t i o n s ,  r  =■ U.2 and r  = 3 .0 .  I n  F ig s ,  (ll*)n W

and ( 1?) th e  s u b s id ia r y  f i e l d s  f o r  th e  sh arp  p r o f i l e  a re  shown fo r

r  = k .2  and r  = 1 . 6 .  One sees  t h a t  th e  e x p o n e n tia l  t a i l  o f  ( r ) w w

p r e d ic te d  by Eq. ( 67a) s t r o n g ly  in f lu e n c e s  th e  s u b s id ia r y  e q u il ib r iu m

m agnetic  f i e l d s  in  th e  f i n i t e  w av elen g th  case  ( i n  th e  lo n g  w aveleng th

( l ) * 1 ( l )  *c a s e , Eq. (62a) becomes = ip / r  and p r e d i c t s  q u a d r a t ic  b e h a v io r ) .

B ecause o f  t h i s  e x p o n e n t ia l  t a i l ,  t h e  s u b s id ia r y  f i e ld s  w i th in  th e  p la sm a  

depend on th e  p o s i t i o n  o f  th e  c o n d u c tin g  w a l l  i n  th e  f i n i t e  w aveleng th  

case  b u t  n o t  in  th e  lo n g  w av eleng th  c a s e . T h a t i s ,  th e  s c a l e  f a c to r  

m entioned  in  co n n ec tio n  w ith  Eq. (6 9 ) changes w ith  w a ll p o s i t i o n  in  th e  

f i n i t e  w av elen g th  c a s e , b u t  i s  c o n s ta n t  in  th e  lo n g  w av e len g th  c a se .

These d i f f e r e n c e s  may be  e x p ec te d  t o  a f f e c t  th e  s t a b i l i t y  p r o p e r t ie s  o f  

th e  e q u i l i b r i a .

D. Summary

F or ax isy m m etric  id e a l  hyd ro m ag n e tic  e q u i l i b r i a  t h e  m agnetic

f i e l d ,  (B ( r ,  z ) ,  0 ,  B ( r ,  z ) ) ,  i s  d e f in e d  in  te rm s  o f  a  m ag n etic  f lu x  X* z

fu n c t io n ,  ip (r , z ) .  A pproxim ate s o lu t io n s  o f  t h e  second o r d e r  n o n l in e a r  

p a r t i a l  d i f f e r e n t i a l  e q u a tio n

a re  found under th e  assu m p tio n  t h a t  th e  f lu x  s u r f a c e s  d e v ia te  s l i g h t l y  

from  r i g h t  c i r c u l a r  c y l in d e r s .  T h is  d e v ia t io n  i s  m easured by  a  sm a ll 

p a ra m e te r 6 i n  te rm s  o f  w hich th e  f l u x  fu n c tio n  i s  expanded in  th e  fo rm :

(3 6 )



R„,= 4.2—*-

P i g .  1^ , T y p ic a l s u b s id ia r y  e q u i l ib r iu m  m agnetic  f i e l d  q u a n t i t i e s  p l o t ­
t e d  a g a in s t  r  f o r  t h e  f i n i t e  (k  = l )  w av e len g th  ( s o l i d  c u rv e s)  and  lo n g  
(k  s  0 ) w av e len g th  c a s e  (d ashed  c u rv e s  and  den o ted  b y  a s t e r i c k )  f o r  
s h a rp  p re s s u re  p r o f i l e  w ith  3= .7  and r  = ^*2.Vf



4r

c*(r)

b(r)

F ig .  15 . T y p ic a l s u b s id ia r y  e q u i l ib r iu m  m ag n e tic  f i e l d  q u a n t i t i e s  p l o t ­
t e d  a g a in s t  r  f o r  th e  f i n i t e  (k = l )  w a v e le n g th  ( s o l id  c u rv e s )  and lo n g  
(k ~ 0 ) w aveleng th  case  (d ashed  c u rv e s  and d e n o te d  by a s t e r i c k )  fo r  
s h a rp  p re s s u re  p r o f i l e  w i th  3 = .7  a n d  r v  = 1 .6 . Note t h a t  o n ly  th e  
f i n i t e  w av elen g th  f i e l d  i s  a f fe c te d  b y  w a ll  p o s i t i o n .
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%r,z) = if/%) +  $ *$&) cos(kz)+ 0(&*) (3T)

A s ta n d a rd  p e r tu r b a t io n  ex p an sio n  o f  Eg, . ' ( 36 ) y ie ld s  s e v e r a l  r e l a t i o n s  

among th e  e q u i l ib r iu m  q u a n t i t i e s

) * > • ) + (5k)

(rblf= rc (59)

( 60 )

and a  second  o rd e r  o rd in a ry  d i f f e r e n t i a l  e q u a tio n  f o r

• f u = m ; ,  +[k** a f r k «  m i

The n u m e ric a l s o lu t io n  o f  t h i s  e q u a t io n ,  s u b je c t  t o  a p p ro p r ia te  boundary 

c o n d i t io n s  co m p le tes  th e  d e te rm in a tio n  o f  th e  e q u i l ib r iu m  m ag n etic  f i e l d  

fo r  g iv e n  p r e s s u r e  p r o f i l e s .  Two c la s s e s  o f  e q u i l i b r i a  a re  c o n s id e re d  -  

f i n i t e  w av e len g th  e q u i l i b r i a  w ith  k  = 1 and lo n g  w av elen g th  e q u i l i b r i a
_5

w ith  k  = 10 . Im p o rta n t d i f f e r e n c e s  in  th e  b e h a v io r  o f  th e  s u b s id ia r y

f i e l d  q u a n t i t i e s  b ( r )  and c ( r )  as th e  w a l l  p o s i t i o n  v a r ie s  a re  n o te d .



I I I .  STABILITY OF THE BUMPY THETA PINCH EQUILIBRIA

A. L in ea r S t a b i l i t y  A n a ly s is

In  t h i s  c h a p te r  th e  s t a b i l i t y  o f  th e  e q u i l ib r iu m  c o n f ig u ra ­

t io n s  w hich w ere d e s c r ib e d  in  th e  p re v io u s  c h a p te r  i s  i n v e s t ig a te d .  The 

v e lo c i ty  fo rm u la tio n  o f  l i n e a r i z e d  i d e a l  MHD i s  employed t o  s tu d y  th e  

tim e  e v o lu t io n  o f sm a ll p e r tu r b a t io n s  o f  th e  e q u i l ib r iu m  q u a n t i t i e s . I f  

th e  sm a ll p e r tu r b a t io n s  rem ain  sm a ll as  th e y  e v o lv e  in  t im e , th e n  th e  

e q u il ib r iu m  c o n f ig u ra t io n  i s  s a id  t o  b e  s t a b l e ;  i f  th e  s m a ll p e r tu r b a t io n  

i s  found t o  become la r g e  as th e  tim e  e v o lu tio n  p ro c e e d s , th e n  e v e n tu a l ly  

th e  assum ptions t h a t  p e rm it te d  l i n e a r i z a t i o n  o f  th e  e q u a tio n s  w i l l  b e ­

come i n v a l i d ,  in  t h i s  c a se  th e  e q u i l ib r iu m  c o n f ig u ra t io n  i s  s a id  t o  be 

u n s ta b le .  The a n a ly s is  i s  u n d e rtak en  i n  th e  s ta n d a rd  c y l i n d r i c a l  p o la r  

c o o rd in a te  system .

F o r conven ience  th e  l i n e a r i z e d  e q u a tio n s  o f  id e a l  MHD a re  

re p ro d u ced  below  in  te rm s  o f  th e  d im e n s io n le s s  v a r ia b le s  o f  th e  p re v io u s  

c h a p te r .

^ + / ? C V ' * s . ) = o  «

< 3 )

59



6o

The v e lo c i ty  fo rm u la t io n  r e s u l t s  when Eg,. (2) i s  d i f f e r e n t i a t e d  once w ith  

r e s p e c t  to  t im e , y ie ld in g

D ire c t  s u b s t i t u t i o n  th e n  p rod u ces  a  second  o rd e r  p a r t i a l  d i f f e r e n t i a l  

e q u a tio n  w hich m ust be s a t i s f i e d  by th e  p e r tu rb e d  v e lo c i ty  f i e l d ,  u ,  ( jc»t ) .  

The d i f f e r e n t i a l  e q u a tio n  may be i n t e r p r e t e d  as th e  r e s u l t  o f  a c t io n  o f  a 

l i n e a r  o p e ra to r  o p e ra t in g  on th e  v e lo c i ty  f i e l d ;  t h i s  l i n e a r  o p e r a to r  i n ­

v o lv e s  th e  e q u i l ib r iu m  q u a n t i t i e s  as c o e f f i c i e n t s .  Because o f  th e  symme­

t r i e s  o f  th e  e q u i l ib r iu m , i . e .  th e  t r i v i a l  in v a r ia n c e  under i n f i n i t e s i m a l

tim e  t r a n s l a t i o n  and i n f i n i t e s i m a l  a z im u th a l d isp la ce m e n t t h i s  l i n e a r  o p -

8 3e r a t o r  commutes, t r i v i a l l y ,  w ith  th e  two l i n e a r  o p e r a to r ,  and t̂ q .

S in ce  two l i n e a r  o p e ra to rs  w hich commute p o sse ss  s im u ltan eo u s  e ig e n fu n c ­

t i o n s ,  th e  p e r tu rb e d  v e lo c i ty  f i e l d  can be  expanded i n  term s o f  th e  e ig e n -  

fu n c tio n s  o f  th e  two o p e ra to r s  and namely e ”  and e m , w here to 

i s  an a r b i t r a r y  p a ra m e te r  and s in g le -v a lu e d n e s s  i s  a s s u re d  by r e s t r i c t i n g  

m t o  be  an i n t e g e r .  F u r th e rm o re , each  v a lu e  o f  th e  two p a ra m e te rs ,  to and 

m can be t r e a t e d  in d e p e n d e n tly  s in c e  E q. (5 ) i s  a  l i n e a r  e q u a tio n .

Upon s u b s t i t u t i n g  and r e a r r a n g in g ,  Eq. (5 ) becomes

w here P ,  th e  " t o t a l  p r e s s u r e " ,  and T , th e  " te n s io n " ,  a re  g iven  by

( 8 )

(9)
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The f a c t o r  e has h een  su p p re sse d . V a rio u s  q u a n t i t i e s  a r e  now

w r i t t e n  down u s in g  th e  fo llo w in g  n o ta t io n :  BQ = (B^, 0 ,  = (h ^ ,

Bq, }̂ L = (u » v » w)* ®ne f in d s

w Br)  - * y v B r  (10)

^ C v 8 r) +  |t(irBz) a u

■ ^kz -  ~r 3r(~r w ^r) -  j^ (* 'M)+ i F iJd 2 )

P* ?+§>'§,) =  O f *  (u)

\ =  f e § F  +  & + * *  w B r) -  W

T « =  {ft-fr+ 'fr +  f c ^ } [ s :̂ v8*-)+  » ^ ) ]

Tz = + B (tS + f |t} [ f

These e x p re s s io n s  a r e  u sed  i n  th e  a n a ly s is  t h a t  fo l lo w s ,

I t  i s  r e c a l l e d  t h a t  th e  e q u il ib r iu m  m agnetic  f i e l d  com ponents 

have t h e  fo llo w in g  form

B t -  S k b ( r ) * i * ( k z )  +  0 & x )

(1 7 )
Bz =axr) +$c(t)cos(kz) + 0(SV
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To make th e  e x p re s s io n s  f o r  P and T , E q s . ( l 3 ) - ( l 6 ) ,  e x p l i c i t ,  a  r e p r e ­

s e n ta t io n  f o r  th e  form o f  th e  p e r tu rb e d  v e lo c i ty  f i e l d ,  u  , i s  assumed 

w hich  re sem b le s  th a t  o f  m ag n etic  f l u x  fu n c t io n .

+ Siftr)cos(k£) + CKSZ)] W>

\y?r) + $ V*?*') cos(kz) +  (19)

* S J U  sin(kz)+ 0 0 * )] (so.

H ere th e  dependence on 0 and t  i s  shown e x p l i c i t l y .  I f  m = 1 t h i s  p e r ­

tu r b a t io n  i s ,  t o  lo w est o rd e r  in  6 , a  k in k  mode o f  wavenumber £k6 (£  i s  

a  r e a l  n u m b er). The wavenumber i s  s m a l l  and i s  s c a le d  to  th e  sm a ll 

q u a n t i ty  kS ; th e  w av elen g th  o f  th e  mode i s  l a r g e .  In  h ig h  b e t a  t h e t a

p in c h  ex p erim en ts  v e ry  lo n g  w av elen g th  k in k  modes a re  th e  o n ly  u n s ta b le

1 12modes th a t  a re  o b se rv ed . * E q u a tio n  (7 ) w i l l  now be in v e s t ig a te d  f o r  

modes o f t h i s  ty p e .

B. Modes w ith  to = < 9 (l)  in  k<S

S u b s t i tu t i o n  o f  Eqs. ( l 8 ) - ( 2 0 )  in to  E q s . ( l 3 ) - ( l 6 )  y ie ld s

Then to  lo w e s t o rd e r i n  6 Eq. (7 ) becomes

z f o t H e j f c & f r ' P )  + 3 V 9)]

- f x S y j *  ,  +  T  1 ^ ) ]  ( 2 1 )

=■ 0
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T h u s, th e  p e r tu rb e d  flow  m ust he  t r a n s v e r s e  to  th e  b a s ic  m ag n e tic  f i e l d  

a ( r ) z .  In  w hat fo llo w s  an arrow  o v e r a  q u a n t i ty  d e n o te s  th e  r  -  0 com­

p o n e n t v e c to r ,  = u ^ ^ r  + ^ 0 .  E q u a tio n  (2 1 ) i s  r e w r i t t e n  in  t h i s

n o ta t io n

v[(jrp+a?) V '^ ]= °  (22)

In t r o d u c in g  a  v e lo c i ty  p o t e n t i a l ,  x ( r )» such  t h a t

one f in d s  t h a t  x  s a t i s f i e s  th e  fo llo w in g  d i f f e r e n t i a l  e q u a tio n

Thus

-  ? •  y \ ^ J l S z -  f ’ « >  < «

Two s e p a r a te  c a se s  m ust be  in c lu d e d ;  f i r s t  th e  s i t u a t i o n  w ith  m 4  0 i s

c o n s id e re d , th e n  m = 0 i s  d is c u s s e d .  S in ce  t h i s  w ork i s  co n cern ed  w ith

k in k  modes w ith  m = 1 ,  l i t t l e  space  i s  d e v o ted  t o  th e  l e s s  i n t e r e s t i n g

m = 0 sau sag e  mode.

A f te r  d iv id in g  by  e ^ ^ z , i f  m ^  0 th e  l e f t  hand s id e  o f  Eq. (2^)

i s  a  fu n c tio n  o f  r  and 0 w h ile  th e  r i g h t  hand s id e  i s  a  fu n c t io n  o f  z;

t h i s  i s  p o s s ib le  o n ly  i f  th e  fu n c tio n  o f  z i s  a  c o n s ta n t ,  A. I f  one th en

d iv id e s  by e th e  l e f t  hand  s id e  o f  th e  e q u a tio n  i s  a  fu n c t io n  o f  r

im0a lo n e  w h ile  th e  r i g h t  hand  s id e  i s  a  fu n c t io n  o f  0 a lo n e , Ae ; t h i s  

i s  p o s s ib le  o n ly  i f  b o th  th e  l e f t - h a n d  s id e  and th e  r ig h t -h a n d  s id e
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s e p a r a te ly  e q u a l  th e  same c o n s ta n t ,  B. The r ig h t -h a n d  s id e  o f  Eq. ( 2U) 

i s  th u s  seen  t o  g ive

w hich  i s  p o s s ib le  on ly  i f  b o th  c o n s ta n ts  a re  i d e n t i c a l l y  z e ro . T h e re ­

f o r e ,  th e  v e l o c i t y  p o t e n t i a l  f o r  th e s e  modes s a t i s f i e s  th e  s e l f - a d j o i n t  

o rd in a ry  d i f f e r e n t i a l  e q u a tio n

w hich i s  s i m i l a r  t o  B e s s e l 's  e q u a tio n  ( i f  th e  p rim ary  m agnetic  f i e l d  and , 

c o n se q u e n tly , th e  p lasm a p r e s s u r e  and d e n s i ty ,  a re  c o n s ta n ts  Eq. (25)  is_ 

B e s s e l 's  e q u a t io n ) .  A p p ro p r ia te  boundary  c o n d itio n s  a re  a) r e g u l a r i t y  

o f  x ( r ) r  = 0 ,  and b )  s in c e  th e  p lasm a i s  assumed t o  ex ten d  t o  a  

r i g i d ,  p e r f e c t l y  co n d u c tin g  w a l l ,  th e  v a n ish in g  o f  th e  norm al v e lo c i ty  

component t h e r e ,

To lo w est o rd e r  i n  6 t h i s  re q u ire m e n t becomes

H e re , r  i s  t h e  mean p o s i t i o n  o f  th e  (bumpy) c o n d u c tin g  w a l l .  E q u a tio n s  

(25)  and (26)  c o n s t i t u t e  a  s ta n d a rd  e ig e n v a lu e  p rob lem  o f  S tu rm -L io u v ille  

ty p e .  The e ig e n fu n c tio n s  form  a com plete  s e t  and th e  r e a l  e ig e n v a lu e s

c o n s ta n t(c o n s ta n t)  e

hence

( 26 )
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form  a  d i s c r e t e  sp ec tru m  w hich e x h ib i t s  a  lo w e r bound. The s m a l le s t  

e ig e n v a lu e  co rre sp o n d s  t o  an e ig e n fu n c t io n  w ith  no n o d e s , th e  n e x t  sm al­

l e s t  e ig e n v a lu e  co rre sp o n d s  t o  an e ig e n f u n c t io n  w ith  one n o d e , e t c .  In  

th e  c ase  w here th e  e q u i l ib r iu m  p r o f i l e s  a re  c o n s ta n t ,  th e  e ig e n fu n c tio n s  

a re  th e  B e sse l iu h c t io n s  and  th e  e ig e n v a lu e s  a re  th e  ze ro es  o f  t h e i r  

d e r i v a t i v e s ,  i f  th e  w a l l  r a d iu s  i s  n o rm a liz e d  t o  u n i ty .  I t  i s  w e l l  known 

t h a t  th e s e  z e ro e s  a re  n o n -n e g a t iv e ;  t h u s ,  t h e r e  a re  no u n s ta b le  modes of 

t h i s  ty p e  i f  th e  p r o f i l e s  a r e  c o n s ta n ts .  F o r th e  d i f f u s e  p r o f i l e  case  

th e  e ig e n v a lu e  p roblem  m ust be so lv e d  by  n u m e ric a l m ethods.

21  22The e ig e n v a lu e  p rob lem  i s  s o lv e d  b y  th e  sh o o tin g  m ethod * 

u s in g  th e  n u m e ric a l p ro c e d u re  d e s c r ib e d  i n  th e  p re v io u s  c h a p te r .  I n i t i a l  

v a lu e s  a re  o b ta in e d  from  an a sy m p to tic  ex p an s io n  o f  Eq. (25) v a l i d  f o r  

s m a ll  v a lu e s  o f  r ,  th e n  w ith  a  v a lu e  assum ed f o r  th e  e ig e n v a lu e  p a ra m e te r , 

Eq. (25 ) i s  in t e g r a te d  t o  th e  mean p o s i t i o n  o f  th e  co n d u c tin g  w a l l ,  r  .

I f  Eq. (26) i s  s a t i s f i e d ,  th e  assumed v a lu e  o f  th e  p a ra m e te r i s  an  e ig en ­

v a lu e ;  i f  Eq. (26 ) i s  n o t  s a t i s f i e d ,  th e  assumed v a lu e  i s  m o d if ie d  and th e  

p ro c e d u re  re p e a te d .  In  F ig .  ( l 6 ) a  p o r t i o n  o f  th e  computed sp e c tru m  i s  

shown; th e  e ig e n v a lu e s  r e s u l t i n g  from  E q. (25 ) w ith  m = 0 a re  a l s o  shown 

i n  F ig .  (16 ) a lth o u g h  th e s e  do n o t r e p r e s e n t  modes o f  th e  p la sm a . I t  Ib

no s u r p r i s e  t h a t  th e re  a re  no u n s ta b le  modes s in c e  t h i s  p o r t i o n  o f  th e

sp ec tru m  o f  th e  bumpy t h e t a  p in c h  i s  i d e n t i c a l  t o  t h a t  o f  an o rd in a ry  

l i n e a r  t h e t a  p in c h  w hich i s  known to  be  MHD s t a b l e ,  3?ypical e ig e n fu n c tio n s  

a re  sk e tc h e d  i n  F ig .  (1 7 ) .

The case  w ith  m = 0 i s  s l i g h t l y  more c o m p lic a te d . U n lik e  th e  

c a se  f o r  m 4  0 ,  upon d iv i s io n  b y  l e f t - h a n d  s id e  o f  E q, (2U) i s
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F ig .  1 6 . N u m erica lly  computed e ig e n v a lu e s  o f  modes w ith . w ~ 0 [ l )  i n  
The modes a re  s t a b l e .  The e ig e n v a lu e s  w i th  m = 0 a re  n o t  normal modes 
o f  th e  p lasm a h u t  a re  n e c e s s a ry  t o  compute th e  s o lu t io n s  o f  the  m = 0
c a s e .  These a re  f o r  a  G aussian  p re s s u re  and d e n s i ty  (D = .001) p r o f i l e
w i th  fJ = .5 ,  Y s  5 /3 ,  and r w -  k . 2 .  The s m a l l  numbers r e f e r  to  th e  num­
b e r  o f  nodes o f  th e  e ig e n f u n c t io n s .
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F ig . 1 7 . T y p ic a l e ig e n fu n c tio n s  f o r  modes w ith  oj = £ ){ l)  i n  k 6 w ith  m = 2
and n = 0 ,  1 ,  2 ,  3 (n i s  th e  number o f  r a d i a l  n o d e s ) . These a re  f o r  a
G au ssian  p r e s s u r e  and d e n s i ty  (D = .001) p r o f i l e  w ith  3 = .5 ,  Y = 5 /3 ,
and r  = k . 2 .  w
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a  f u n c t io n  o f  r  a lo n e  w h ile  th e  r ig h t - h a n d  s id e  i s  a  f u n c t io n  o f  0 a lo n e .

T h is  i s  p o s s ib le  o n ly  i f  e ach  s id e  o f  t h e  e q u a tio n  s e p a r a te ly  e q u a ls  th e
2

same c o n s ta n t ,  A. Then upon d iv i s io n  by  th e  n o n -z e ro  q u a n t i ty  ( ^ — —) 

one f in d s  t h a t  th e  v e l o c i t y  p o t e n t i a l  m ust s a t i s f y  t h e  inhom ogeneous 

e q u a tio n

To s o lv e  t h i s  e q u a t io n ,  th e  s o lu t io n s  o f  E q, (25 ) w i th  m = 0 a re  u s e d .

I t  i s  w e l l  known t h a t  Eq. (2 5 ) p ro d u ces  a  com plete  s e t  o f  o r th o g o n a l

e ig e n f u n c t io n s  XQ(yQn ” ) • T h u s, a  G re e n 's  fu n c t io n  can be r e p r e s e n te d
w

in  te rm s  o f  t h i s  com ple te  s e t  as can th e  D ira c  d e l t a  f u n c t io n .  Then by 

G re e n 's  th eo rem  th e  s o lu t io n  o f  Eq. (2 7 ) i s  found t o  b e  an i n t e g r a l  o f  

th e  p ro d u c t  o f  th e  G re e n 's  f u n c t io n  and  th e  inhom ogeneous te rm . T h is  

p ro c e d u re  i s  n o t  c a r r i e d  o u t e x p l i c i t l y  s in c e  th e  m -  0 modes have  n o t 

p ro v en  t o  be  e x p e r im e n ta l ly  im p o r ta n t  i n  h ig h  b e t a  t h e t a  p in c h e s

C. Modes w ith  0) = (9 (k 6 ) i n  k 6

A g ain , s u b s t i t u t i o n  o f  E qs. ( l 8 ) - ( 2 0 )  i n t o  E q s. ( l 3 ) - ( l 6 )  y i e ld s

p= - (Y f> + a * )($ V * )+ 0 (S )

T = O + 0@)/V

T hen , s in c e  w = 0 ( k S )  th e  e q u a t io n  o f  m o tio n , E q. ( 7 ) ,  becomes

V P = T  + 0 6 * )  <28>
T h is  im m e d ia te ly  im p lie s

v p = 0  *o(s)
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and

V*T=0*0($*) (30>
E q u a tio n  (29 ) y i e l d s ,  upon e x p an s io n  in  6

( ? [ - f r p + “ 2) V - v ‘* ]  = 0

hence

S ince o n ly  th e  k in k  mode i s  e x p e r im e n ta lly  r e l e v a n t ,  i t  i s  assumed t h a t  

m 4 0 ; t h e n ,  as in  th e  p re v io u s  s e c t io n ,  th e  c o n s ta n ts  m ust v a n is h , g iv in g

V ' V * * = 0  (3 D

Thus th e  p e r tu rb e d  flo w  i s  in c o m p re ss ib le  t o  lo w e s t o rd e r  ( th e  z v a r i a ­

t io n  i s  o f  h ig h e r  o r d e r  in  6 ) .  E quation  ( 31 ) i s  a u to m a tic a l ly  s a t i s f i e d  

upon in t r o d u c t io n  o f  a  v e lo c i ty  s tream  fu n c t io n  Xq M  su ch  t h a t

With th e  c o n d itio n  g iv e n  by E q. (31 ) im posed, th e  t o t a l  p r e s s u r e ,  P ,  i s

red u ced  from  an O d )  q u a n t i ty  t o  an 0 (« ) q u a n t i t y .

P ro ceed in g  w ith  s u b s t i t u t i o n  and a lg e b r a ic  m a n ip u la tio n  th e  

fo llo w in g  e x p re s s io n s  a re  o b ta in e d  from th e  components o f  T.

(32)
+Slcafcw ^sin(kz) +  0 & z)
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1̂ =-Sk2a[al/,>+(b^)y- c*»] cos(lcz) + Q ( S * )  (33)

Tz = Ska[a^>+ k*b £*.]sin(kz) + Sk*(K'b**^
-^ w »]a .s(k z)+ 0(5z) <3W

The e q u i l ib r iu m  r e l a t i o n  Eq. ( I I - 60 ) and Eq. (31) have  b e e n  u s e d . At 

t h i s  p o i n t  i t  i s  c o n v e n ie n t t o  in tro d u c e  th e  fo llo w in g  a u x i l i a r y  v a r i ­

a b le s  and n o ta t io n :

,t»_ rtf* , ,
a  =  ~ t m  (3 5 >

p  a F + b X ' - ( £ - * £ ) % < ,

a i ^ + c b j ^  y  -

(36)

(37)

D ir e c t  d i f f e r e n t i a t i o n  o f Eq. (35 ) and th e  d e f i n i t i o n  o f  ^ 'v ^ ^  y i e l d

S " =  (38)
* f n  w

T his to g e th e r  w ith  E q s . ( 36 ) and ( 37) g iv e s

T*i>
#'= t V £ + W c- -  ( c - 4 ) ' J x 0 - % ( 39)

E q u a tio n s  (3 2 )-(3 * 0  may now 136 r e w r i t t e n  i n  te rm s o f  t h e  new v a r i a b l e s

* " ] w s ^ + S k a b ^ s f t C b )  c o )

T e = - l ^  c o s O c z )  (Ul)



71

Tz = S ^ V V '^ + ^ b Z olsm d cz) +  S tta ^O rh J^ksy  

- # » ^ > ]  c * s (k z )

E xpanding Eq.. (30) t o  ( 6 ) g iv e s :

_£U feC^ l?b̂ l »u(kz)+̂ Jl(rtw«r- #>]x
3  ( l f l ) '

co sflcz) -  k a ^  sin(kz) -  0

-* T $ °fyc  +  k^abw^cosflcz) -  jp

[fl£ ̂ vw+ J<l>&]sin(kz) + ka[p(H»'»<w/- ̂^costkz^o

- i [ f c * w ^ ] i > s ( l z ) + ■ - " ^ M b s >

S ince  th e s e  e q u a tio n s  a re  v a l i d  f o r  a l l  v a lu e s  o f  z th e  c o e f f i c i e n t s  o f  

s in  (k z )  and  cos (k z ) m ust v a n is h  in d e p e n d e n tly , s o ,  Eq.. (1*5) g iv e s

* — <*>

and

V y W - 0  (*‘T)
T his  e x p a n s io n  p ro ced u re  th e r e f o r e  le a d s  t o  modes w ith  flow  t r a n s v e r s e  

to  th e  p r im a ry  m agnetic  f i e l d .  E q u a tio n s  (1*3) and (1*7) th e n  g iv e

+  ( 1*8 )

F i n a l l y ,  E q s . (1*1*) and (1*8) rep ro d u c e  E q. (1*6).
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E q u a tio n  (30) le a d s  t o  th e  two c o n d it io n s  E q s. (46) and (1+8), 

h u t  s in c e  th e r e  a re  th r e e  components o f  th e  o r i g i n a l  e q u a tio n  o f  m o tio n , 

Eq. ( 3 8 ) ,  th e r e  may he one a d d i t io n a l  c o n d i t io n  w hich  h a s  n o t heen  e x -
OO

p o sed . To r e v e a l  i t  th e  e x p l i c i t  form s o f  P and T v a l i d  t o  0 (« ) a re  

w r i t t e n  down a g a in  and E q s . (46) and ( U8 ) a re  im posed so  t h a t  Eq, (30) 

rem ains s a t i s f i e d .  One f in d s :

P = - S Y ) » ( V ' £ i +

=  - S l ? < w z c o s ( l ( z )  +  0 ( $ x )

Tz = S £  kaafrsin(kz) + 0(S*)

( 1 )w here (V*u^) ' i s  th e  f u l l  d iv e rg e n ce  o f  th e  p e r tu rb e d  v e lo c i ty  v a l id

t o  ( J ( 6 ) .  When th e s e  e x p re s s io n s  a re  s u b s t i t u t e d  i n t o  Eq. (28 ) i t  i s  

e a s i l y  seen  t h a t

V * U , =  0  +  < W S * )  (53)

Thus, th e  p e r tu rb e d  flow  i s  in c o m p re ss ib le  t o  O C a )-

The e q u a tio n  o f  m otion  v a l i d  t o  0(a) y ie ld s  th e  th r e e  con­

d i t i o n s ,  E q s. ( 4 6 ) ,  (48 ) and (5 3 ) . To p ro c e ed  w ith  th e  ex p an s io n  th e s e  

c o n d it io n s  a re  im posed and th e  e q u a tio n  o f  m otion  i s  w r i t t e n  down v a l id

(49)

(50)

(51)

(52)



73

2t o  0 ( 6  ) .  The th r e e  com ponents o f  th e  e q u a tio n  o f  m o tion  a re

+ £ P  =  T , +  0tfi3)

- r + x : * * ?  p = T 0 + o ( s 3 )  

^ p = T z + o ( ^ ) (56)

(55)

(5^)

The e x p l i c i t  e x p re s s io n s  f o r  P and th e  t h r e e  components o f  T in v o lv e  

te rm s w hich  a re  in d e p en d e n t o f  z as w e l l  a s  te rm s p r o p o r t io n a l  to  s in ( k z )  

and cos ( k z ) ,  and s i n  (2 k z) and cos (2 k z ) ;  a g a in , E q s . (5 4 ) - (5 6 )  a re  v a l i d  

f o r  a l l  v a lu e s  o f  z ,  hen ce  th e  c o e f f i c i e n t s  o f  th e  v a r io u s  F o u r ie r  com­

po n en ts  m ust v a n ish  in d e p e n d e n tly . I t  i s  seen  t h a t  Eq. (5 4 ) - (5 7 )  le a d  

to  n in e  s e p a ra te  e q u a t io n s ,  how ever, a l l  e x c e p t th o s e  w hich a re  r e l a t i o n s  

among th e  term s o f  P and T t h a t  a re  in d e p en d e n t o f  z w ould in v o lv e  th e  

h ig h e r  c o r r e c t io n s  t o  th e  e q u il ib r iu m  m ag n e tic  f i e l d  components and th e  

p e r tu r b a te d  v e lo c i ty  components i f  a  more g e n e ra l  ex p an s io n  th a n  E qs. ( 1 7 ) -  

(20) w ere u se d . S in c e  o n ly  th e  f i r s t  o rd e r  ( in  6 ) c o r r e c t io n s  t o  th e  

e q u i l ib r iu m  m agnetic  f i e l d  and p e r tu rb e d  v e lo c i ty  a re  needed in  t h i s  

a n a ly s i s ,  many o f  th e  n in e  e q u a tio n s  a re  o f  no i n t e r e s t  and w i l l  th u s  be  

ig n o re d . The r e le v a n t  p o r t io n s  o f  th e  e x p re s s io n s  o f  P and T a re  e x -  

p l i c i t l y .

(57)
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_  \ > ( c + 4 ) 'x o

- 4 4 ^ z 4 b ^ + 4 H ^  4 ^  - t > ( £ v t ” ) }  (58)

Te =  S O i f W f a * * ; -  i f c -  4 ) 1 *  *  ̂ % - 2 # ^ ] } (59)

T z = S O zf +  <*,)

One im m e d ia te ly  s e e s  t h a t  Eq. ( 56 ) i s  s a t i s f i e d  t r i v i a l l y ,  a l s o ,  t h a t  

w ^  o c c u rs  o n ly  in  t h e  e x p re s s io n  f o r  P and i t  may h e  e l im in te d  by  su b ­

s t i t u t i o n  o f  Eq. (55 ) i n t o  Eq. ( 5 4 ) .  T h is  y i e l d s  a  sec o n d  o r d e r  d i f ­

f e r e n t i a l  e q u a tio n  (E q . ( 6l )  below ) w hich to g e th e r  w i th  E q s . ( 3 9 ) ,  ( 4 6 ) ,

and (4 8 )  form  a  c lo s e d  sy stem  o f  e q u a tio n s  in v o lv in g  th e  v a r i a b l e s  Xq »

* tfc *^(l)
X0 » ^ 2 * ^ i v e r £ence  c o u ld  b e  e l im in a te d  a l g e b r a i c a l l y ,

b u t  i t  i s  more c o n v e n ie n t t o  r e t a i n  i t  f o r  p u rp o se s  o f  co m parison  w ith
Q

th e  lo n g  w av e len g th  th e o r y  o f  W e itz n e r , T hus, th e  t r a n s v e r s e ,  incom ­

p r e s s i b l e  modes w i th  id = (k 6 ) a re  governed  by  th e  f o u r th  o r d e r  sy stem

o f  d i f f e r e n t i a l  e q u a t io n s  ( th e  modes a re  th re e -d im e n s  i o n a l l y  in co m p res­

s i b l e ,  b u t  two dim ens i o n a l l y  c o m p re s s ib le ) .

1 | r flffeu

$-4H-4fly#4fo43(‘-4)-4kl'£y(‘-4)k] 
H + P + [ S M f t  ( 3 9 ,
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K < + J £ ) f c +

- i «  £ G £ f * +  b % *)

(MS)

( M )

One f e a tu r e  o f  t h i s  sy stem  i s  im m ed ia te ly  ap p aren t from  E q. ( 6 l ) ,  nam ely

t h a t  th e  d i f f e r e n t i a l  e q u a t io n  in  s i n g u l a r  a t any p o s i t i o n  r  such  t h a t  

2 2 2w = £ a  /p*  S ince  a  and p a re  m onotone fu n c tio n s  o f  r ,  t h e r e  i s  a  con­

t in u o u s  s e t  o f  v a lu e s  f o r  to f o r  w hich  th e  d i f f e r e n t i a l  e q u a tio n  i s  s in g u -

2 2 2 l a r ,  H ( l  -  8 ) <_ to <_ Z /D . T h is continuum  o f  r e a l  f r e q u e n c ie s  i s  th e

A lfven  continuum  and a r i s e s  b ecause  t h e  A lfven wave p ro p a g a te s  one d i -

m e n s io n a lly  a lo n g  th e  m ag n e tic  f i e l d  l i n e s  in  th r e e  d im e n s io n a l space

(se e  A ppendix D f o r  d e r iv a t io n  o f  th e  e ig en v a lu e  p ro b le m , l i k e  E qs. ( 3 9 ) ,

( U 6), ( U8) and ( 6 l ) ,  f o r  an o rd in a ry  t h e t a  p in c h ) .

The e q u i l ib r iu m  m ag n etic  f i e l d  components have v a l i d  power

s e r i e s  e x p a n s io n s , th e  f i r s t  few te rm s  o f  which a re

a ( t )  =  a t o ) + t  r 3 +

b ( t )  -  +

From th e s e  a l l  th e  c o e f f i c i e n t s  t h a t  o c cu r in  th e  sy stem  o f  d i f f e r e n t i a l  

e q u a tio n s  may be w orked o u t .  I t  i s  found  th a t

A  _  b b  t ,
a  o ( o )  r
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Upon s u b s t i t u t i o n  o f  th e s e  form s and an assum ed pow er s e r i e s  s o lu t io n  

i n t o  th e  d i f f e r e n t i a l  e q u a tio n s  ( 3 9 ) ,  ( ^ 6 ) ,  (^8 ) and ( 6 l ) ,  e x a c t ly  fo u r  

s o lu t io n s  r e s u l t ;  two s o lu t io n s  a re  r e g u la r  a t  r  = 0 and two s o lu t io n s  

a re  i r r e g u l a r  t h e r e .  The fo u r  s o lu t io n s  a re

and

ii f i  i 2 -™ *  1  a t o & d  

_ ? m 3  atto)B&) .A ± n  .

r  -  - .* ± m

( 62 )

Jttn  ( 63 )I — r -I--

The g e n e ra l  s o lu t io n  o f  th e  sy stem  o f  e q u a tio n s  i s  a  l i n e a r  co m b in a tio n  

o f  th e  fo u r  s o lu t io n s  b u t  s in c e  r e g u l a r i t y  i s  r e q u i r e d  f o r  a  p h y s ic a l ly  

m ean in g fu l f l u i d  v e l o c i t y ,  two o f  th e  s o l u t i o n s ,  th e  i r r e g u l a r  o n e s , a re  

e l im in a te d .  T hus, tw o r e g u l a r i t y  c o n d it io n s  a re  im posed on th e  g e n e ra l  

s o l u t i o n .  Two a d d i t io n a l  c o n d i t io n s  must b e  im posed t o  d e te rm in e  th e  

s o lu t io n  c o m p le te ly , th e s e  a re  th e  boundary  c o n d it io n s  im posed a t  th e  

p la sm a -c o n d u c tin g  w a l l  i n t e r f a c e .

The v e lo c i ty  component norm al t o  th e  c o n d u c tin g  w a l l  must

v a n is h .

The e q u a tio n  o f  th e  c o n d u c tin g  w a l l  and i t s  u n i t  norm al a r e ,  from  th e  

p re v io u s  c h a p te r



77

KZ) = rw-  S ^ c o s C y )+<%&*)

(XX-1*7)

( 6?)

^ r-^ k g g sL n C lo O + C K ^

Upon ex p an s io n  i n  pow ers o f  6 ,  Eq_. (61*) becomes

u U *  “  * « «

T his g iv e s  upon ex p an s io n

iPOw) + Su(iw)cos(tz) - S u  (rw) ^ C k z )-  O (66)

To lo w e s t o rd e r  in  6 t h i s  c o n d i t io n  i s

tt\r w) = &  % fi«) = 0
t h u s ,

XjTw)=0 (6?>
The n e x t  o rd e r  i n  6 g iv es

-  ~  [ a 0 * ) 2 ? t w )  +  b O w )  - ( f -  = 0

T hus,

% (r„)=0 tea)
The e ig e n v a lu e  p rob lem  i s  now c o m p le te ly  s p e c i f i e d  by th e  s y s ­

tem o f  d i f f e r e n t i a l  e q u a tio n s  (39)»  (MS), (1*8) and ( 6 l ) ,  th e  two r e g u l a r i t y  

c o n d i t io n s ,  and th e  two boundary  c o n d i t io n s ,  E q s. ( 67 ) and (6 8 ) .  The 

e ig e n fu n c tio n s  m ust be d e te rm in e d  n u m e r ic a l ly . T h is  i s  accom plished  by
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th e  s h o o t in g  method a s  d e s c r ib e d  i n  s e c t io n  I I I B ;  th e  p rob lem  i s  on ly  

s l i g h t l y  more c o m p lic a te d  th a n  th e  p re v io u s  one . As m en tio n ed  e a r l i e r  

th e  g e n e r a l  s o lu t io n  c o n s i s t s  o f  a  l i n e a r  co m b in a tio n  o f  fo u r  s o lu t io n s .  

Two o f  th e  s o lu t io n s  a r e  e lim in a te d  b ecau se  th e y  a re  i r r e g u l a r  le a v in g  a  

l i n e a r  com bination  o f  tw o r e g u la r  s o lu t io n s .  I t  i s  t h i s  l i n e a r  combina­

t io n  w h ich  must s a t i s f y  th e  boundary  c o n d itio n s  a t  th e  p la sm a-c o n d u c tin g  

w a ll  i n t e r f a c e .  The c o n d i t io n  i s

where a  and 8 a re  c o n s ta n ts  and th e  s u p e r s c r ip t s  i d e n t i f y  th e  in d ep en ­

d en t s o lu t io n s  o f  th e  sy stem  o f  e q u a t io n s .  As a lw ay s , i f  t h e r e  a re  

s o lu t io n s  t o  Eq. (6 9 ) ,  th e n  th e  d e te rm in a n t o f  th e  c o e f f i c i e n t  m a tr ix  

must v a n i s h .  The bo u n d ary  c o n d itio n s  become

te g r a t i o n  o f  te n  d i f f e r e n t i a l  e q u a t io n s .  Two o f  th e s e  g iv e  th e  s u b s id ia r y  

e q u i l ib r iu m  m agnetic  f i e l d  com ponents, b and c .  The f o u r th  o rd e r  sy stem  

i s  I n t e g r a t e d  tw ice  f o r  th e  two s e t s  o f  i n i t i a l  c o n d it io n s  g iv en  in  E qs. 

(62 ) and  (6 3 ) .  The r e s u l t  o f  th e  i n t e g r a t i o n  i s  t e s t e d  a g a in s t  th e  con­

d i t io n  g iv e n  by Eq. ( 7 0 ) .  I f  Eq. (70 ) i s  s a t i s f i e d  th e n  th e  assumed 

p a ra m e te r  v a lu e  i s  an e ig e n v a lu e  and th e  l i n e a r  co m bina tion  o f  th e  two 

in d e p e n d e n t s o lu t io n s  i s  an. e ig e n f u n c t io n ;  i f  E q. (TO) i s  n o t  s a t i s f i e d ,  

th en  th e  p a ra m ete r i s  a d ju s te d  and th e  p ro c e ss  r e p e a te d .

The a c tu a l  n u m e ric a l p ro c e d u re  in v o lv e s  th e  s im u lta n eo u s  i n -
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I n  F i g s .  (1 8 ) , ( 1 9 ) ,  and  (20). t h e  n o rm a lized  g ro w th  r a te  
o

squared  (y  ) o f  th e  most u n s ta b l e  mode i s  p l o t t e d  a g a in s t  p lasm a b e t a

fo r  th e  G a u ss ia n  p re s su re  p r o f i l e .  In  F ig .  ( 1 8 ) ,  th e  c o n d u c tin g  w a l l  i s

lo c a te d  a t  r  ~ h ,2 and th e  s u b s id ia r y  f i e l d s  a re  n o rm a liz e d  so t h a t  w

c( 1+ .2 ) = 1 . I n  F ig .  ( 19) th e  w a l l  i s  lo c a t e d  a t  r  = 3 . 0  and th e  e q u i -w

lib r iu m  f i e l d s  n o rm a lized  so  t h a t  c (3 .0 )  = 1 .  In  F ig .  ( 2 0 ) ,  th e  w a l l  i s

lo c a te d  a t  r  -  3 .0  b u t th e  f i e l d s  a re  n o rm a liz e d  so  t h a t  c (U .2 ) = l .  w

Thus, in  F ig .  (20 ) th e  e q u i l ib r iu m  m agnetic  f i e l d  i s  i d e n t i c a l  to  t h a t  

o f  th e  case  r e p r e s e n te d  i n  F i g .  ( 1 8 ) ,  t h i s  i l l u s t r a t e s  t h e  w a l l  s t a b i l i ­

z a tio n  p r e d i c t e d  by very  g e n e r a l  argum ents b a se d  on a n a ly s i s  o f <SW, t h e  

energy p r i n c i p l e  o f  id e a l  MHD. N o tic e  t h a t  th e  growth r a t e s  fo r  th e  

f i n i t e  w a v e le n g th  case  a re  s u b s t a n t i a l l y  s m a l le r  th a n  th o s e  o f  th e  lo n g  

w avelength  c a s e .  The m ajor r e a s o n  fo r  t h i s  i s  th e  l e s s  e f f e c t i v e  p e n e ­

t r a t i o n  o f  t h e  e q u il ib r iu m  m a g n e tic  f i e l d  i n t o  th e  p la sm a . When th e  

conducting  w a l l  i s  lo c a te d  n e a r e r  th e  p la sm a  th e  s u b s id ia r y  e q u i l ib r iu m  

f i e ld s  have a  s m a lle r  d is ta n c e  t o  p e n e t r a te  and th e  grow th  r a t e s  in c r e a s e  

in  th e  f i n i t e  w aveleng th  c a s e ,  b u t  d e c re a se  s l i g h t l y  in  t h e  long  wave­

le n g th  c a s e .

F ig u r e s  (21) and (2 2 ) show th e  n o rm a liz e d  grow th  r a t e  s q u a re d  

v e rsu s  p la sm a  b e t a  f o r  th e  s h a r p  p re s s u re  p r o f i l e  f o r  b o th  lo n g  wave­

le n g th  (k  n 0 )  and f i n i t e  w a v e le n g th  (k  = l )  c a s e s .  In  F i g .  (21) th e  

conducting  w a l l  i s  lo c a te d  a t  r w = U.2 w h ile  in  F ig , (2 2 ) t h e  w a ll i s  

a t  r ^  = 1 .6 .  A gain th e  f i n i t e  w av e len g th  a f f e c t s  th e  p e n e t r a t i o n  o f  t h e  

s u b s id ia ry  f i e l d s  and t h i s  h a s  a  p ro fo u n d  e f f e c t  on th e  g row th  r a t e s  o f  

th e  f i n i t e  w av e len g th  c a s e ,  b u t  n o t  th e  lo n g  w aveleng th  c a s e .
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F ig .  18. N orm alized  grow th r a t e  Bquared v e rsu s  p la sm a  b e ta  f o r  l e a s t  
s t a b l e  mode o f  f i n i t e  (k -  l )  w aveleng th  c ase  ( s o l i d  cu rve) and lo n g  
(k  s  0) w a v e le n g th  case (d a s h e d  curve) f o r  G aussian  p re s s u re  an d  d en ­
s i t y  (d = .0 1 )  p r o f i l e s  w i th  r w = 1+.2. N o te  th a t  t h e  e ig e n v a lu e s  f o r  
t h e  f i n i t e  w av e len g th  case  a r e  two o rd e r s  o f  m agnitude s m a lle r  th a n  
th o s e  o f t h e  lo n g  w av elen g th  c a s e . (m = 1 ,  A = 0 ) .
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P ig ,  1 9 . N orm alized  grow th r a t e  sq u a red  v e rsu s  p lasm a b e ta  f o r  l e a s t  
s t a b l e  mode o f  f i n i t e  (k  = l )  w av elen g th  case  ( s o l i d  cu rv e) and  lo n g  
(k  k 0) w av elen g th  c a se  (d a sh ed  cu rv e ) f o r  G au ssian  p re s s u re  and den­
s i t y  (D = .0 1 ) p r o f i l e s  w ith  r w = 3 .0 .  Growth r a t e s  f o r  th e  lo n g  wave­
le n g th  c a se  a re  d e c re a se d  s l i g h t l y  from  th o s e  o f  F ig .  ( l 8 ) w h ile  th o se  
o f  th e  f i n i t e  w av e len g th  c a se  a re  d r a m a t ic a l ly  in c r e a s e d .  T h is  i s  due 
t o  th e  in c re a s e d  p e n e t r a t io n  o f  th e  s u b s id ia r y  e q u i l ib r iu m  m ag n etic  
f i e l d ,  (m = 1 , I  = 0 ) .
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F ig .  2 0 . Same i l l u s t r a t i o n  as F ig .  (19) b u t  w ith  th e  s u b s id ia r y  e q u i­
l ib r iu m  m agnetic  f i e l d  o f  th e  f i n i t e  (k  -  l )  w aveleng th  c a se  re n o rm a liz e d  
so  t h a t  th e  f i e l d  i s  th e  same as t h a t  in  F ig .  ( l 8 ) .  The grow th r a t e s  o f  
b o th  c ase s  a re  now s l i g h t l y  d e c re a se d  in  agreem ent w ith  th e  w a ll  s t a b i l i ­
z a t io n  p r e d ic te d  b y  6W a n a ly s i s ,  (m = 1 , Z = 0 ) .
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F ig .  21 . N orm alized  grow th  r a t e  sq u a re d  v e rs u s  p la sm a  b e ta  f o r  th e  
f i n i t e  (k  = l )  w av elen g th  c a se  ( s o l i d  c u rv e s )  and lo n g  (k z  0 ) .wave­
le n g th  c a se  (d ash ed  c u rv e s )  f o r  sh a rp  p r e s s u r e  and d e n s i t y  (D = .01 ) 
p r o f i l e s  w ith  r w = k . 2 .  n d e n o te s  th e  number o f  r a d i a l  nodes o f  th e  
e ig e n f u n c t io n  (m = 1 , H, = 0 ) .
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F ig .  2 2 . N orm alized grow th  r a t e  s q u a re d  v e rs u s  p la sm a  b e ta  f o r  th e  
f i n i t e  (k  = l )  w av eleng th  c ase  ( s o l i d  c u rv e s )  and lo n g  (k  a 0) wave­
le n g th  c a se  (dashed  c u rv e s )  f o r  s h a rp  p r e s s u r e  and d e n s i t y  (d = .0 1 ) 
p r o f i l e s  w i th  r w = 1 .6 .  N ote th e  h ig h  b e t a  s t a b i l i z a t i o n  o f th e  n = 0 
mode f o r  b o th  f i n i t e  and lo n g  w a v e le n g th  c a s e s ,  (m = 1 ,  & = 0 ) .
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B efo re  tu r n i n g  t o  th e  s p e c t r a l  p r o p e r t i e s  o f  th e  sy stem  i t  

sh o u ld  h e  m en tio n ed  t h a t  th e  sy s te m  o f  E q s. (39)» Cb 6 ) ,  ( U8) and ( 6 l )
Q

re d u c e s  t o  t h a t  d e r iv e d  by  W eitzn e r i n  h i s  lo n g  w av e len g th  th e o ry  o f  

th e  bumpy t h e t a  p in c h  upon m aking th e  f i n i t e  wavenumber v a n is h in g ly  

s m a l l .  I n  f a c t ,  th e  tw o d im e n s io n a l d iv e rg e n c e  in  Eq., (1+8) th e n  v a n ish e s
l )

and  th e  v a r i a b le  u v may be  i n t e r p r e t e d  as a  v e lo c i ty  s tre a m  fu n c t io n .  

The fo rm u la t io n  o f  th e  p rob lem  i s  th e n  i d e n t i c a l  t o  W eitzn er* s  fo rm u la ­

t i o n  in  e v e ry  d e t a i l .  An im p o r ta n t d i f f e r e n c e  betw een  th e  f i n i t e  wave­

le n g th  and lo n g  w av e len g th  fo rm u la t io n s  o f  th e  p rob lem  i s  t h a t  th e  modes 

a r e  two d im e n s io n a lly  c o m p re ss ib le  i n  th e  f i n i t e  w av e len g th  c a se  b u t  a re  

tw o d im e n s io n a lly  in c o m p re s s ib le  in  th e  lo n g  w av e len g th  c a s e .

}



IV . SPECTRAL PROPERTIES OF THE BUMPY THETA PINCH

A. G e n e ra l Theory

In  t h i s  c h a p te r  some f e a tu r e s  o f  th e  sp e c tru m  o f  e ig e n v a lu e s  

o f  th e  sy stem  o f  d i f f e r e n t i a l  e q u a tio n  d e r iv e d  i n  th e  l a s t  c h a p te r  f o r  

th e  humpy t h e t a  p in c h  a re  in v e s t i g a t e d  a lo n g  l i n e s  fo l lo w in g  th e  e a r l i e r  

work o f  W e itz n e r . '1’0 The i n v e s t i g a t i o n  i s  e a se d  by  w h a t i s  known g e n ­

e r a l l y  a b o u t th e  l i n e a r i z e d  e q u a tio n s  o f  i d e a l  MHD. The system  o f  e q u a ­

t i o n s  o f  th e  v e lo c i ty  fo rm u la t io n  i s  s e l f - a d j o i n t  so  t h a t  e ig e n v a lu e s  

a re  r e a l  and e ig e n f u n c t io n s  a re  o r th o g o n a l .  T hese p r o p e r t i e s  a re  v a l i d  

f o r  th e  bumpy t h e t a  p in c h  c o n f ig u r a t io n  i n  p a r t i c u l a r .  O ther p r o p e r t i e s  

o f  th e  sp ec tru m  a re  p e c u l i a r i t i e s  o f  th e  bumpy t h e t a  p in c h  and r e f l e c t  

th e  e x p a n s io n  p ro c e d u re  w hich le d  t o  th e  d e r iv a t io n  o f  th e  d i f f e r e n t i a l  

e q u a t i o n s .

F o r c o n v en ie n c e , th e  sy stem  o f  d i f f e r e n t i a l  e q u a tio n s  i s  r e ­

p ro d u ced  b e lo w .

+ * + [ t f M b - H B l * O  -  (

$  =  "  K l + ■*£ ) + ^ ( $ 1 ' z  T T * * )

+ g 4 [ 2 y l 3 ( < - l t ) - 4 ] Z ‘ ]  C
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2 2 2As p re v io u s ly  n o te d ,  Eq. (U) i s  s in g u la r  w henever th e  q u a n t i ty  (pto a  )

v a n ish e s  a t  any  p o in t  in  th e  ra n g e  o f r .  F o r th e  p a r t i c u l a r  e q u i l ib r iu m

p r o f i l e s  c o n s id e re d  in  t h i s  w ork a  con tin u o u s s e t  o f  v a lu es  o f  t h e  param - 

2e t e r  to. le a d  t o  s in g u la r  d i f f e r e n t i a l  e q u a t io n s ,  namely

j F O - f )  ( 5)

o
w here ( l  -  3) i s  th e  minimum v a lu e  o f  a  ( r )  and  D i s  th e  minimum v a lu e

o f  th e  d e n s i t y .  The s in g u la r  s o lu t io n s  o f  E q. ( k )  which s a t i s f y  th e

boundary  c o n d i t io n s  a re  s in g u la r  e ig e n fu n c tio n s  and th e  c o rre sp o n d in g  

e ig e n v a lu e s  b e lo n g  t o  th e  c o n tin u o u s  sp ec tru m . As was m en tio n ed , t h i s

i s  th e  A lfven  con tinuum . The continuum  c o n s i s t s  o f  a  l i n e  seg m en t, g iven

2 2i n  Eq. ( 5 ) ,  on th e  p o s i t iv e  h a l f  o f  th e  r e a l  to a x is  in  th e  com plex to -

p la n e  f o r  any n o n v a n ish in g  wavenumber, I .  I t  i s  bounded away from  th e  
2

o r i g i n ,  to = 0 ,  f o r  a l l  v a lu e s  o f  b e ta  l e s s  th a n  u n i ty .  As th e  w ave­

num ber, £ , v a n is h e s ,  th e  l i n e  segm ent d e g e n e ra te s  t o  a  s in g le  p o in t  
2

to = 0 . T h u s, th e  A lfven continuum  does n o t to u c h  th e  o r ig i n  i n  th e  
2

to -p la n e  e x c e p t when th e  p e r tu r b a t io n  wavenumber v an ish es  and in  t h i s  

c a se  th e  con tinuum  d e g e n e ra te s  t o  a  s in g le  i s o l a t e d  p o in t .

E q u a tio n s  ( l ) - ( U )  a l s o  adm it d i s c r e t e  e ig e n v a lu e s ;  th e s e  occu r 

w henever th e  r e g u l a r  s o lu t io n s  s a t i s f y  th e  b o u n d ary  c o n d i t io n s .  The r e g ­

u l a r  s o lu t io n s  o f  a  system  o f  o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  w hich  i n ­

v o lv e  a  p a ra m e te r  in  th e  c o e f f i c i e n t s ,  such  as  E q s . ( l ) - ( l t ) ,  a re  i n t e r -

25p r e te d  as a n a l y t i c  fu n c tio n s  o f  th e  p a ra m e te r . The re g io n  o f  a n a l y t i -  

c i t y  does n o t in c lu d e ,  o f  c o u r s e ,  th e  l i n e  segm ents and i s o l a t e d  p o in ts  

t h a t  make up th e  co n tin u o u s sp ec tru m  s in c e  th e  d i f f e r e n t i a l  e q u a tio n s  a re
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s in g u la r  t h e r e .  Hence, t h e  boundary c o n d i t io n s ,  l i k e  Eq. ( I I I - 6 9 ) *  fo r
g

th e  r e g u la r  s o lu t io n  o f  E q s . ( l ) —(U) in v o lv e  a n a l y t i c  fu n c tio n s  o f  to

2
as c o e f f i c i e n t s  and th e  c o n d it io n  w hat (i) be an e ig e n v a lu e  i s  o f  th e  form

= o
p

Where A(to ) i s  a n a ly t ic  e x c e p t  on th e  p o in ts  o f  t h e  p re v io u s ly  in tro d u c e d

2 2 co n tin u o u s sp ec tru m . In  th e  re g io n s  where A(to ) i s  a n a ly t i c ,  A(to ) can

o n ly  v a n ish  a t  i s o l a t e d  p o i n t s ,  o th e rw ise  i t  v a n is h e s  i d e n t i c a l l y .  I t  i s

assumed t h a t  th e  system  o f  e q u a tio n s  g e n e ra te s  a  n o n t r i v i a l  e ig e n v a lu e
p

problem  so  t h a t  i t  i s  n o t  th e  case  t h a t  A(to ) v a n ish e s  i d e n t i c a l l y ;  th e
2

e ig e n v a lu e s  a re  th e  i s o l a t e d  ze ro es  o f  A(to ) .  F u r th e rm o re , th e s e  i s o l a -
2

t e d  ze ro es  may accum ulate  o n ly  a t  to = “  o r  a t  th e  t i p s  o f th e  co n tin u o u s  

sp ec tru m .

A d e s c r ip t io n  o f  th e  sp ec tru m  o f  th e  modes o f  th e  bumpy th e t a

p in c h  i s  as fo llo w s . The e ig e n v a lu e s  a r e  r e s t r i c t e d  t o  r e a l  v a lu e s  o f

2 2 to ; a  c o n tin u o u s  s e t  o f  e ig e n v a lu e s  occu rs  f o r  p o s i t i v e  v a lu e s  o f  to , th e

c o rre sp o n d in g  e ig e n fu n c t io n  a re  s in g u la r  e ig e n f u n c t io n s . T h is  continuum
2

d e g e n e ra te s  t o  a  s in g le  p o i n t ,  u  = 0 ,  when Z = 0 .  A p o in t  sp ec tru m  o f
2

i s o l a t e d  e ig e n v a lu e s  a l s o  occu rs  f o r  r e a l  v a lu e s  o f  to ; th e  c o rre sp o n d in g  

e ig e n fu n c tio n s  a re  r e g u la r  s o lu t io n s  o f  th e  o rd in a ry  d i f f e r e n t i a l  equa­

t io n s  . T h is  p o in t  sp ec tru m  may have p o in ts  o f  a ccu m u la tio n  on th e  t i p s  

o f  th e  con tinuum  o r a t  i n f i n i t y .  The d i r e c t i o n  o f  a ccu m u la tio n  o f  th e  

d i s c r e t e  e ig e n v a lu e s  i s  im p o r ta n t as i t  r e f l e c t s  g e n e r a l  f e a tu r e s  o f  

th e  p o in t  sp ec tru m .
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B. L o c a liz e d  Modes

The s e t  o f E q s . ( l ) - ( U )  may adm it h ig h ly  l o c a l i z e d  o r  r a p id ly  

o s c i l l a t i n g  r e g u la r  e ig e n f u n c t io n s  where

$ > » %

% » *

K » * o

In  t h i s  c a s e , E q s , (2 ) and (3) g iv e  

and

w h ile  Eq. (U) y ie ld s

2 2 2T h is  i s  p o s s ib le  on ly  i f  (pw -  I  a  ) ^ 0 .  T hus, i t  i s  co n clu d ed  t h a t  

su ch  h ig h ly  l o c a l i z e d  o r  r a p id ly  o s c i l l a t i n g  e ig e n f u n c t io n s  can o n ly  

o c c u r  f o r  e ig e n v a lu e s  v e ry  c lo se  to  th o se  f r e q u e n c ie s  a s s o c ia te d  w ith  

th e  A lfven  continuum ; i n  th e  c a se  where th e  a x i a l  wavenum ber, v a n ish e s  

th e s e  r a p id ly  v a ry in g  modes o ccu r f o r  f r e q u e n c ie s  v e ry  c lo s e  to  z e ro .

T h is  s i t u a t i o n  w i l l  be in v e s t i g a t e d  in  th e  r e s t  o f  t h i s  c h a p te r  s in c e  i t  

i s  p a r t i c u l a r l y  i l lu m in a t in g .
2

To in v e s t ig a t e  th e  b e h a v io r  o f  s o lu t io n s  w ith  to v e ry  sm a ll 

when th e  a x i a l  wavenum ber, &, i s  i d e n t i c a l l y  z e ro  c o n s id e r a t io n  i s  g iv en  

to  r a p id ly  v a ry in g  e ig e n fu n c tio n s  l o c a l i z e d  ab o u t a  p o in t  r  = r ^ .  A s m a ll 

p a ra m e te r ,  e ,  w hich m easures th e  l o c a l i z a t i o n  i s  in tro d u c e d  by  w r i t i n g
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r-r0 = £%Cn,,r)
w here £ i s  O d )  i n  e .  Then

a _ ii 
3 ?  -  e  a ?

and upon a lg e b r a ic  e l im in a t io n  o f  Eq.. ( l ) ,  E q s. (2 ) and (3 ) r e q u i r e

Jfi -  OCe)

i f  i t  i s  assumed th a t  Xq O ( ^ )  i*1 e * Then w ith  th e  fre q u e n c y  sm a ll

6 ) =  e £ »

E q u a tio n  (H) g iv e s  t o  le a d in g  o rd e r  in  E

p O Q & T G M  *  =  0  (6)

where th e  e q u i l ib r iu m  q u a n t i ty  A ( r ) i s  d e f in e d

X(r) = ^  -  2(cCr) "  (T)

T hus, Xq ( 5) i s governed  by a  d i f f e r e n t i a l  e q u a tio n  w hich  d e s c r ib e s  th e  

m otion  o f  a  harm onic  o s c i l l a t o r ;  i n  t h i s  ap p ro x im a tio n  x0 v a n ish e s  o u t­

s id e  th e  lo c a l i z e d  re g io n  abou t r ^ ,  h e n c e , s o lu t io n s  o f  Eq. (6 ) m ust s a t ­

i s f y  homogeneous boundary  c o n d i t io n s .  I f  X(r) > 0 ,  th e n  s o lu t io n s  o f

~2 ~2Eq. (6 ) a re  l o c a l ly  o s c i l l a t o r y  i f  S > 0 ;  i f  to < 0  th e n  th e  s o lu t io n s  

a re  l o c a l l y  e x p o n e n t ia t in g .  L ikew ise  i f  A(r)  < 0 ,  th e n  th e  s o lu t io n s  o f

Eq, (6 ) a re  l o c a l l y  e x p o n e n t ia t in g  o r  o s c i l l a t o r y  depend ing  on th e  s ig n

~2o f  C . Only i f  th e  s o lu t io n s  a re  o s c i l l a t o r y  may th e  p h ase  be a d ju s te d

*-2by s l i g h t  v a r i a t i o n s  i n  th e  v a lu e  o f  to so  as t o  m atch th e  r e q u ir e d  

bo undary  c o n d i t io n s .  T hus, th e  s i t u a t i o n  i s  sum m arized as fo l lo w s . F o r
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th o s e  re g io n s  in  r  w here A (r) > 0  th e r e  a re  i n f i n i t e l y  many s ta b le  e ig en ­

fu n c tio n s  w hich  a re  lo c a l i z e d  i n  th o s e  r e g io n s .  F o r th o s e  re g io n s  i n  r  

w here A (r) < 0 th e r e  a r e  i n f i n i t e l y  many u n s ta b le  e ig e n fu n c tio n s  w hich  

a re  lo c a l i z e d  i n  th o s e  r e g io n s .  T hus, i f  A (r) > 0 ,  th e n  0) = 0 i s  an

accu m u la tio n  p o in t  o f  a  s t a b l e  d i s c r e t e  sp ec tru m , w h ile  i s  A(r) < 0 , then  

2
oi = 0 i s  an accu m u la tio n  p o in t  o f  an u n s ta b le  d i s c r e t e  spec trum .

g
In  F ig .  (23 ) A and A ( s t a r r e d  q u a n t i t i e s  r e f e r  t o  th e  lo n g  

w av elen g th  c a se )  a re  p l o t t e d  a g a in s t  r  fo r  tw o v a lu e s  o f  plasm a b e t a ,

3 = .9 and 3 = *95, u s in g  th e  sh a rp  p re s s u re  p r o f i l e ,  Eq. (1 1 -5 3 ) . For 

th e  lo n g  w av elen g th  c a se  one f in d s  f o r  3 -  *90 t h a t  th e re  shou ld  b e  two 

c la s s e s  o f  u n s ta b le  m odes, one lo c a l i z e d  in s id e  th e  p la sm a , one lo c a l iz e d  

o u ts id e  th e  p la sm a , as  w e ll  as  one c l a s s  o f  s t a b l e  modes lo c a l iz e d  n e a r 

th e  s u r fa c e  o f  th e  p lasm a colum n. As th e  p lasm a b e t a  in c re a s e s  t h e  un­

s t a b l e  modes lo c a l i z e d  o u ts id e  th e  p lasm a d is a p p e a r .  F o r th e  f i n i t e  

w av elen g th  c ase  on ly  one c la s s  o f  m odes, u n s ta b le  m odes, i s  found when 

3 £  . 9^ w h ile  f o r  3 > *95 th e r e  a re  b o th  e x te r n a l ly  and i n t e r n a l l y  lo c a l ­

iz e d  u n s ta b le  modes as  w e l l  as one s t a b l e  c l a s s  o f  modes. In  th e  n e x t 

th r e e  f i g u r e s ,  F ig s ,  (2U)—( 26 ) ,  e ig e n fu n c tio n s  a re  shown f o r  v a r io u s  

v a lu e s  o f  p lasm a b e t a ,  th e  lo w e s t b e t a  v a lu e s  f o r  th e  upperm ost p l o t ,  

th e  h ig h e s t  b e t a  v a lu e s  fo r  th e  low er most g ra p h . F o r th e  low est b e t a  

v a lu e ,  th e  e ig e n fu n c tio n s  have  n = 1 , n = 2 ,  and n  = 3 r a d i a l  n o d e s , 

th e y  a re  a l l  u n s ta b le  modes and a re  l o c a l i z e d  o u ts id e  th e  p lasm a. As 

th e  p lasm a b e t a  i n c r e a s e s ,  th e  t r a j e c t o r i e s ,  -w (3 ) (a s  i n  F ig . ( 2 0 ) ) ,  

a re  fo llo w e d  and one s e e s :

( i )  (F ig .  ( 2 h ) ) The n = 1 e x te r n a l ly  lo c a l i z e d  mode b e ­

comes an n = 1 i n t e r n a l l y  lo c a l i z e d  mode.
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X(r)

F ig . 2 3 a . P lo t  o f  th e  e q u i l ib r iu m  fu n c tio n  X (r) f o r  sh a rp  p r o f i l e s  w ith  
fl = .9 f o r  f i n i t e  (k  = l )  and lo n g  (k  Z 0 ) w av e le n g th  c a se s  w hich i n d i ­
c a te s  th r e e  c la s s e s  o f  lo c a l i z e d  modes a re  p o s s ib l e  in  th e  lo n g  wave­
le n g th  c a se , b u t  on ly  one c la s s  fo r  th e  f i n i t e  w av elen g th  c a se .

4

2

0

2
X(r)

-4

6

8

F ig . 2 3 b , P l o t  o f  th e  e q u i l ib r iu m  fu n c tio n  X (r) f o r  sh a rp  p r o f i l e s  w ith  
3 =. .95 fo r  f i n i t e  (k  = 1 ) and lo n g  (k s  0 ) w av e len g th  c a se s  w h ich  i n d i ­
c a te s  t h a t  t h r e e  c la s s e s  o f  lo c a l iz e d  modes a r e  p o s s ib le  f o r  th e  f i n i t e  
w avelength  c a se  and tw o f o r  th e  long  w av elen g th  c a s e .
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F ig .  2k .  High "beta dependence o f t h e  e ig e n fu n c tio n  w ith  one r a d i a l  node 
( to p ,  3 = .9 0 ; m id d le , 3 = .9 3 ; b o tto m , 0 = .96) show ing a  change in  
l o c a l i z a t i o n  o f  th e  mode from o u ts id e  t o  in s id e  th e ' p lasm a column.



9 k

F ig .  25* High "beta dependence o f  th e  e ig e n fu n c tio n  v i t h  tw o r a d i a l  nodes 
( to p ,  3 = ,90 ; m id d le , 3 = *93; b o tto m , 3 = *9 6 ) showing an inw ard  p r o ­
g re s s io n  o f  th e  f i r s t  n o d e . T h is  node e v e n tu a l ly 'd is a p p e a r s  le a v in g  an 
e ig e n f u n c t io n  w ith  o n ly  node and w ith  e x te r n a l  l o c a l i z a t i o n .  T hus, f o r  
h ig h  h e t a  v a lu e s  th e r e  a re  two e ig e n v a lu e s  w hich c o rre sp o n d  t o  e ig e n fu n c tio n s  
w ith  one n o d e . The sp ec tru m  o f  e ig e n v a lu e s  i s ,  t h e r e f o r e ,  n o n -S tu m ia n .
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P ig .  26 . High b e ta  dependence o f  th e  e ig e n fu n c t io n  w ith  th r e e  r a d i a l  
nodes ( to p ,  0 = .90;  m id d le , 0 = .9 3 ; b o tto m , 0 = .9 6 ) show ing an inw ard  , 
p ro g r e s s io n  o f  th e  f i r s t  node . T h is  node e v e n tu a l ly  d is a p p e a rs  le a v in g  
an e ig e n fu n c t io n  w ith  o n ly  tw o nodes and w ith  l o c a l i z a t i o n  sw itc h in g  
from  e x te r n a l  t o  i n t e r n a l .  N ote t h a t  th e  bo tto m  f ig u r e  has b een  r e ­
f l e c t e d  th ro u g h  th e  l i n e  X = 0 ( th e  f i r s t  minimum o f  th e  m id d le  f ig u r e  
becomes th e  f i r s t  maximum o f  th e  b o tto m  f ig u r e .
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( i i ) (F ig . (2 5 ))  The n  = 2 e x te r n a l ly  lo c a l i z e d  mode

lo s e s  a  node and becomes an n = 1 e x te r n a l l y  l o c a l ­

iz e d  mode. T hus, t h e r e  a re  two c la s s e s  o f u n s ta b le

m odes.

( i i i )  (F ig , ( 26 ))  The n  = 3 e x te r n a l ly  l o c a l i z e d  mode

lo s e s  a  node and becomes an n = 2 i n t e r n a l l y  l o c a l ­

iz e d  mode,

S ta b le  e ig e n fu n c tio n s  a re  found  f o r  e x trem e ly  h ig h  b e t a  v a lu e s .  The 

mode w ith  n = 1 nodes ap p ea rs  b e f o r e  th e  n = 0 mode. T his b e h a v io r  o f
Q

th e  s t a b l e  spectrum  h as  b een  r e p o r te d  by  F re id b e rg , e t  a l . i n  connec­

t i o n  w ith  th e  lo n g  w av elen g th  c a l c u l a t i o n .

C. Summary

The e ig e n v a lu e  sp ec tru m  o f  th e  bumpy t h e t a  p in ch  c o n s i s t s  o f  

p o in t  s p e c t r a  and th e  A lfven  con tinuum . When th e  p lasm a b e t a  i s  n o t to o  

la r g e  th e  computed u n s ta b le  e ig e n v a lu e s  e x h ib i t  S tu rm ian  b e h a v io r .  F o r 

h ig h e r  b e t a  v a lu e s ,  how ever, th e  d i s c r e t e  spectrum  i s  c o m p lic a te d  and 

n o t s im p ly  S turm ian  o r a n t i -S tu rm ia n . An u n u su a l change ta k e s  p la c e  in  

th e  n o d a l s t r u c t u r e  o f  th e  e ig e n f u n c t io n s  g iv in g  r i s e  to  tw o c la s s e s  o f  

u n s ta b le  m odes. S ta b le  e ig e n fu n c t io n s  ach iev e  a  f i n i t e  o s c i l l a t i o n  f r e ­

quency in  th e  h ig h  b e t a  l i m i t .  The f i n i t e  w av eleng th  case  th u s  e x h ib i t s  

th e  same f e a tu r e s  as th e  lo n g  w av e len g th  c a se , b u t  on ly  a t  much h ig h e r  

b e t a  v a lu e s . In  view  o f  th e  p h y s ic a l  p a ram ete rs  r e le v a n t  i n  most h ig h  

b e t a  t h e t a  p in c h  ex p erim en ts  one w ould n o t ex p ec t t o  o b serv e  th e  w a ll  

s t a b i l i z a t i o n  o f  th e  n=0 mode i n  a  f i n i t e  w aveleng th  bumpy t h e t a  p in c h , 

b u t  t h i s  w ould be e a s i l y  o b se rv ed  f o r  a  lo n g  w av eleng th  t h e t a  p in c h .



V. EQUILIBRIUM AND STABILITY OF THE BUMPY SCREW PINCH

In  t h i s  c h a p te r  th e  in f lu e n c e  o f  a  weak m ag n e tic  s h e a r  ( i . e .  

a  weak t h e t a  component o f  th e  e q u il ib r iu m  m ag n e tic  f i e l d )  on th e  s t a b i ­

l i t y  o f  th e  bumpy t h e t a  p in c h  w i l l  be i n v e s t ig a te d .

A. E q u ilib r iu m

The ax isy m m etric  e q u i l ib r iu m  is  g o verned  b y  Eq. (1 1 -2 9 )

^ (ifr )  + r Tz* = -  r XW X'W  (1I-2S»
w here ^  B z = - 4 = § £ *

The e q u i l ib r iu m  m ag n e tic  f i e l d  i s  assumed to  have  th e  form

g=(sM >69*i*(kz), $U (ri,  afr)+ScCr)cs(lcz:))
T h a t i s ,  a  weak m ag n e tic  s h e a r  ( i . e . ,  Bq = 6k d ( r )  ^  0 )  i s  added to  th e  

bumpy f i e l d  l i n e s  o f  th e  p re v io u s  problem . I t  i s  e v id e n t  t h a t  th e  q u an ­

t i t y  d ( r )  e n te r s  Eq. (1 1 -2 9 ) a t  <9(<S2 ) s in c e  x ( ^ )  = < 3 (6 ); t h u s ,  th e  r  

and z components o f  th e  bumpy sc rew  p in ch  e q u i l ib r iu m  m ag n etic  f i e l d  a r e  

i d e n t i c a l  t o  th o s e  o f  th e  bumpy t h e t a  p in ch  w hich  w ere d e t a i l e d  in  

C h ap ter I I .  The t h e t a  component o f  th e  e q u i l ib r iu m  m ag n e tic  f i e l d  i s  an  

a r b i t r a r y  fu n c tio n  o f  r .

B. S t a b i l i t y

The a d d i t io n  o f  a  t h e t a  component t o  th e  e q u i l ib r iu m  m ag n etic  

f i e l d  (m ag n e tic  s h e a r )  r e s u l t s  i n  s l i g h t l y  more c o m p lic a te d  e x p re s s io n s

97
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f o r  P and th e  th r e e  com ponents o f  T w hich o ccu r in  th e  e q u a tio n  o f  mo­

t i o n

T ( I I I - 2 )

The f o u r  q u a n t i t i e s  f o r  th e  sc rew  p in c h  a re

T, ={b, £ - b/ > +

~ {? m k & s - ' B . ) - £ ( u f c - * « ,)] + [ |f i r } [ i±  [rx  (x,

Tfl = { & r w +  - p +  - g f a k - v f y l

+ { I P + ¥ l l f ( “ e » - v B ' )  -  f e e * * — « o ]  + { # } x (2)

fjr£p[i'(*8> --‘i B z)]  -tjpC irB z -w Q t)]

Tz = { ^ + 8>t? + f t+ e k $ E ) l i

+ [ § & } [ ~ ( * B t - * - 6 r )  -  k ^ B * ~ u B z ) l

P =  -  + Cz ) ( t ( ^ +  v )  -  (Y p + B ?) s z - g i p v -

+ § * ) +

+ w B z f f ' '

Upon e x p l i c i t  e v a lu a t io n  i t  i s  found  th a t  th e  d i f f e r e n c e s  betw een  th e  

above e x p re s s io n s  and th e  c o rre sp o n d in g  e x p re s s io n s  f o r  th e  bumpy t h e t a
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p in c h  e n te r  a t  0 ( 6 2 ) . Thus th e  modes w ith  0) = 0 ( 1 )  in  k 6 a r e  i d e n t i ­

c a l  t o  th o se  o f  th e  u n sh e a re d  sy stem  d is c u s s e d  i n  C h ap ter I I I .  F o r th e  

modes w ith  U) = 0 (kS) one a g a in  f i n d s ,  e x a c t ly  as in. C h ap ter I I I  t h a t

V 'U i  “  0 + O C & * )  (8 )

g
Upon expand ing  t o  0 ( 6" )  one f in d s

\  -  s(T rf - $ * k ‘ ¥ ( f a + w Y x , - £ [ b t f + 2 k , f , + g y k ( c < £ r x ,  

¥ x , - l £ t i x . - b & & 9 0 ] - 2 j [ s <

+ * & + * ( $ ] ]  + o ( * z * i” C z k L V

F o llo w in g  th e  same p ro c e d u re  to  e l im in a te  P as d e s c r ib e d  p r e v io u s ly ,  one 

f in d s  th e  e ig e n v a lu e  e q u a tio n

i f f r s - ^ + f j r ]  r t f -

4 $ M £ K - # ) ] * + g # f o - [ 3 (‘ - $ ) - 2 $ f c ]  ( 1 1 )

- £bfc-#)'*>J -  2 g[M  +lt)V«+?J)]Xo



100

T h u s , th e  e ig e n v a lu e  e q u a tio n s  o f  th e  bum py t h e t a  p inch  a re  changed in

th e  fo llo w in g  way: a) The f a c to r  (&a) becomes (Ha + 2- d) on th e  l e f t

hand s i d e ; b )  an a d d i t i o n a l  te rm  ap p ea rs  on th e  r i g h t  hand s id e .  T h is

a d d i t io n a l  te rm  a r i s e s  b e ca u se  o f  th e  s h e a r  and i s  i d e n t i c a l  t o  th e  r i g h t

hand s id e  o f  th e  norm al mode e q u a tio n  o f  an o rd in a ry  sc rew  p in c h  (s e e

17 2 6A ppendix E ) . The o rd in a ry  screw  p in ch  i s  known t o  be u n s ta b l e ,  ’ 

hence t h i s  s tu d y  exam ines th e  r e l a t i v e  im portance  o f  te rm s on th e  r i g h t  

h an d  s id e  o f  Eq. ( l l )  w hich a r i s e  s o le l y  from bum piness and o th e r s  w hich 

a r i s e  s o le l y  from s h e a r .

To make th e  p rob lem  e x p l i c i t  a  p r o f i l e  f o r  th e  t h e t a  component 

o f  th e  e q u i l ib r iu m  m ag n etic  f i e l d  m ust b e  s p e c i f i e d .  One p r o f i l e  i s  con­

s id e r e d

dfr) =  4o(l"  + * ) <12)

Then f o r  sm a ll v a lu e s  o f  r

< /(*■ )=  < k r 0 ' % r + " ‘ )

The a sy m p to tic  form  o f  th e  s o lu t io n s  f o r  sm all v a lu e s  o f  r ,  a re  found to

d i f f e r  from  th o se  o f  th e  bumpy t h e t a  p in c h , E q s. (111-1+9) and ( I I I - 5 0 )

2 2 2i n  on ly  one d e t a i l ;  t h a t  b e in g  t h a t  th e  f a c to r  ( p (0 )w -  8, a  (0 ))  in

Eq. (1 1 1 -5 0 ) i s  r e p la c e d  by  th e  f a c t o r  (p(O)to^ -  (&a(0) + m d^)^).

The boundary  c o n d it io n s  a re  i d e n t i c a l  t o  th o s e  d e r iv e d  f o r  th e  

bumpy t h e t a  p in c h . T hus, th e  s t r u c t u r e  o f  th e  e ig e n v a lu e  p rob lem  i s  mod­

i f i e d  o n ly  s l i g h t l y  by th e  a d d it io n  o f  th e  s h e a r  o f  th e  m agnetic  f i e l d  

l i n e s .  These changes in f lu e n c e  th e  sp ec tru m  o f  e ig e n v a lu e s ,  p a r t i c u l a r l y  

th e  co n tin u o u s  sp ec tru m  an d , c o n se q u e n tly , th e  p o in t  e ig e n v a lu e s  w hich
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accum ulate  a t  th e  t i p s  o f  t h e  con tinuum . The A lfv en  continuum  f o r  th e  

bumpy t h e t a  p in c h  i s  bounded away from  th e  o r ig in  f o r  any n o n z e ro  wave­

num ber, Jt, and  p la sm a  b e t a  l e s s  th a n  u n i ty

« * <  t y o

W hile f o r  v a n is h in g  wavenumber th e  continuum  d e g e n e ra te s  to  a  s in g l e  

p o in t  a t  th e  o r i g i n .  The A lfv e n  con tinuum  fo r  th e  bumpy screw  p in c h  

can alw ays e x te n d  t o  th e  o r i g i n  b e ca u se  o f  th e  c a n c e l la t io n  w hich  may
i

occur in  th e  sum

J a ( r i +

T hus,,w hen  th e  p e r tu r b a t io n s  a r e  h e l i c a l  and th e  p i t c h  o f  th e  h e l i x  

m atches th e  p i t c h  o f  th e  f i e l d  l i n e s  a t  anywhere i n  t h e  range o f  r

A __  JfijL
m " fair)

th e  continuum  h i t s  th e  o r i g i n .  For m = 1 ,  n e g a tiv e  wavenumbers a re  

p a r t i c u l a r l y  p ro n e  t o  i n s t a b i l i t i e s  s in c e  th e  con tinuum  ex ten d s  t o  th e  

o r ig in  and s in c e  p o in t  e ig e n v a lu e  can accum ula te  o n ly  on th e  t i p s  o f  

th e  con tinuum . T h is  i s  th e  e s s e n c e  o f  th e  Suydam c r i t e r i o n ^  f o r  i n ­

s t a b i l i t y  i n  t h e  d i f f u s e  l i n e a r  p in c h  (sc rew  p in c h ) .  The asym m etry i n  

dependence on a x i a l  wavenumber i s  i l l u s t r a t e d  in  F i g s .  (27) an d  (28)

which show n o rm a liz e d  grow th  r a t e  sq u a re d  p l o t t e d  a g a in s t  a x i a l  wave­

num ber, fi-, f o r  a  p a r t i c u l a r  v a lu e  o f  p la sm a  b e t a .  The asymmetry in  2, 

i s  c h a r a c t e r i s t i c  o f  a  sc rew  p in c h  (modes in c r e a s in g  u n s ta b le  t h e  s m a l le r  

th e  a z im u th a l w avenum ber, m ). As th e  m agnitude o f  t h e  th e t a  component
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-2

.0804 .20

F ig . 27 . N orm alized grow th  r a t e  sq u a re d  v e rs u s  a x i a l  wavenumber fo r  
l e a s t  s t a b l e  modes o f  th e  bumpy screw  p in ch  f o r  G au ssian  p r o f i l e s  w ith  
3 = . 5 ,  r w = h .2 t and dQ = 1 .
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F ig .  2 8 . N orm alized  grow th r a t e  sq u a re d  v e rsu s  a x i a l  wavenumber f o r  
l e a s t  s t a b l e  modes o f  th e  bumpy screw  p in c h  f o r  G aussian  p r o f i l e s  w ith  
8 = .5 ,  r  = It.2 ,  and dn = .1 ,w U



o f  th e  e q u i l ib r iu m  m agnetic  f i e l d  i s  re d u c e d , th e  cu rv es  become l e s s  

asym m etric  and approach  th e  sym m etric cu rv es  c h a r a c t e r i s t i c  o f  a  t h e t a  

p in c h  (modes in c r e a s in g ly  u n s ta b le  th e  l a r g e r  th e  a z im u th a l wavenumber, 

m ). When th e  t h e t a  component v a n is h e s , th e  grow th r a t e s  a re  i d e n t i c a l  

t o  th o se  o f  th e  bumpy t h e t a  p in c h .

C. G e n e ra l iz a t io n  o f  Four S t a b i l i t y  Problem s

One can e a s i l y  d e r iv e  a l l  th e  cases  d is c u s s e d  in  t h i s  work from 

g e n e ra l  e x p re s s io n s  l ik e  E q s . ( 5 ) —(8 ) and ( l l ) .  One c o n s id e rs  th e  e q u i­

l ib r iu m  f lu x  fu n c t io n  o f  th e  form

ty(r,z) = + S\,$r)cos(k) + OC**)

and p e r tu rb e d  v e l o c i t i e s  o f  th e  form

+ < W ]

and a  c u r r e n t  f lu x  fu n c tio n

X(r) = t-S kXidfr)

H ere, A^, and Ag a re  a r t i f i c i a l  p a ra m e te rs  u sed  t o  tu r n  th e  v a r io u s  p e r ­

tu r b a t io n s  on and o f f .  I f  Ag i s  u n i ty  th e  s h e a r  i s  f u l l y  on b u t  i f  Ag 

i s  made t o  v a n is h  th e  sh e a r  u n ifo rm ly  d is a p p e a r s .  L ik ew ise , i f  A  ̂ i s  

u n i ty  th e  f i e l d  l i n e s  a re  bumpy and th e  p e r tu rb e d  v e lo c i ty  resem b les  th e  

f lu x  fu n c t io n .  I f ,  how ever, A  ̂ v a n is h e s ,  th e n  th e  f lu x  s u r fa c e s  u n ifo rm ly
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become r i g h t  c i r c u l a r  c y l in d e r s  and th e  p e r tu rb e d  v e lo c i ty  f i e l d  r e ­

g a in s  i t s  t r a n s l a t i o n a l  in v a r ia n c e  in  th e  a x ia l  d i r e c t i o n .  I n  t h i s  form ­

u l a t i o n  a l l  th e  e q u a tio n s  g o v e rn in g  b o th  e q u i l ib r iu m  and p e r tu rb e d  quan­

t i t i e s ,  rem ain  u n ifo rm ly  v a l i d  a s  th e  a r t i f i c i a l  p a ra m e te rs  a r e  v a r ie d  

from  u n i ty  t o  z e ro  ( th e  b o u n d ary  c o n d it io n , Eq. (1 1 -6 2 ) , becom es

\ . ip ( l ) , ( r  ) = -  A ,r ) .1 T w 1 w
One f in d s  th e  e ig e n v a lu e  problem  i s  g iv en  by th e  fo llo w in g  

sy stem  o f e q u a tio n s

* i  % = A . f  £(j+£')fc+ -  2 4 x »)}

V - u ,  = 0+&&)

I f  both X.̂  and Xg are unity t h is  system i s  id e n tica l to th a t derived in  

th is  chapter for the bumpy screw pinch. I f  X̂  i s  unity but Xg is  made 

to  vanish then the system i s  id e n tic a l to  that derived in  Chapter III  

for  the bumpy th eta  pinch. I f  Xg i s  unity but X̂  i s  made to  vanish then 

the system i s  id e n tica l to  th at o f an ordinary screw pinch discussed in
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Appendix E. F in a lly , i f  "both Â  and Ag are made to  vanish then the sys­

tem is  id e n t ic a l to  that o f an ordinary theta pinch discussed in  Appen­

dix D.

I f  both parameters, A.̂  and Ag vanish id e n t ic a lly  the spectrum 

of eigenvalues i s  purely continuous, however, i f  e ith er  or both pertur­

bations are nonvanishing, the spectrum consists o f  a d iscrete  spectrum 

as w ell as a continuum. The weak shear or small bumpiness i s ,  th u s, an 

example of an extremely singu lar perturbation o f  the o r ig in a l th eta  pinch 

equilibrium.



V I . APPENDIX

A. D erivation o f the cusp v e lo c ity

The normal speed locus for the slow magnetosonic wave i s  de­

termined by the root

For the cusp one i s  p articu lar ly  in terested  in  the behavior for angles 

near tt/2 . Assuming that cos (0 )  i s  very sm all, one may approximate the 

square root by the f i r s t  two terms o f i t s  ser ie s  expansion finding

equation for  the Alfven normal lo c i .

Thus, the portion o f the slow normal speed locus corresponding 

to  nearly perpendicular propagation i s  approximated by a c ir c le  o f diam­

e te r  Cc and a l l  the plane waves propagating in  these d irection s converge 

at two s in g le  points o f in f in ite  m u lt ip lic ity . These points propagate 

s t r ic t ly  one dim ensionally.

Q
B. Long Wavelength E quilibria

F o r  lo n g  w av elen g th  e q u i l i b r i a ,  assume k  = E «  6 . E q u a tio n s  

( I I —̂ 9) and (1 1 -5 0 ) become

C z ~ C c  c o s 20  - 0

where c defines the cusp speed. This i s  sim ilar to  the

107
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(B l)

(I  *#*')' = -  r (Ba >
By fo llo w in g  th e  same p ro c e d u re  d e s c r ib e d  in  th e  t e x t  one f in d s  t h a t  th e  

lo n g  w av e len g th  e q u i l ib r iu m  q u a n t i t i e s  s a t i s f y

< r b y * r c

C ' - £ ( ¥ ) ' =  0

E q u a tio n  (B5) i s  e a s i l y  r e w r i t t e n

( a c - a i b y - O

E q u a tio n  (b 6) i s  im m ed ia te ly  in t e g r a te d  and y i e ld s

< • _ « £ - 1
C  CL “  CL

S u b s t i tu t i n g  E q. (B7) i n t o  Eq. (Bl+) g iv e s

O i ) '-  i-
I n te g r a t io n  g iv e s

f a r )  -  M i

Kr) f J [ac^r

(B3)

(BU)

(B5)

(B 6 )

(B7)

(B8)

(B9)

E q u a tio n s  (B3) ,  (B9) ,  and (B7) d e te rm in e  th e  lo n g  w av e len g th  e q u i l ib r iu m  

c o n f ig u r a t io n .
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C. Equilibrium MHD C haracteristics

To determine the ch a r a c ter is tic s  of the system o f p a r t ia l  

d if fe r e n t ia l  equations

one follow s J e ffrey  and T an iu ti, introducing a fam ily of su rfaces in  

three dimensional space and finding conditions such that the normal 

d eriva tives across th is  surface can no longer be computed, I f  the nor­

mal d er iva tives cannot be computed across the su rfa ce , then th e  surface  

i s  defined to  be ch a r a c ter is tic  su rface. The ch a ra cter istic  su rfaces  

are not dependent on any p articu lar  coordinate system , hence, no gen­

e r a lity  i s  lo s t  i f  one examines Eqs. ( l )  and ( 3 1) in  a cartesian  sy s­

tem. In a surface y ,  z) = constant one may d e fin e  a new coordinate

system and rew rite the system o f p a r t ia l ,  d if fe r e n t ia l  equations; that 

part involv ing the normal derivative fo r  the fourth order system (1) and

(3' )  i s  w ritten  in  matrix form

V - B » o

Vp -  (V *g)x B

( I I - l )

lit

Rc

%

(Cl)
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The normal derivatives are indeterminate when the determinant o f the 

c o e ff ic ie n t  matrix vanishes, thus, the vanishing o f th is  determinant 

provides the condition necessary for the su rface <J> = constant to  he 

ch a r a c ter is tic . The evaluation o f th is determinant i s  fa c i l i ta te d  by 

recognizing that the second, th ird , and fourth  column o f  the matrix 

may be rew ritten

Then the ru les of determinants lead to an immediate reduction to

The f ir s t  condition s ta te s  th at the ch a ra cter istic  surface i s  covered 

by magnetic f ie ld  l in e s ,  th u s, magnetic su rfaces are ch a r a cter is tic . 

The second s ta te s  that the characteristic  surface has no normal, thus, 

no rea l surface e x is t s . The fourth order system possesses a doubly

C2)

The ch aracter istic  surfaces are thus those which sa t is fy

0 .  s  0 (£ourtUA ihfice)

\7 < f =■ O  tw ic e )
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d e g e n e ra te  r e a l  c h a r a c t e r i s t i c  s u r f a c e  and a  doub le  d e g e n e ra te  complex 

s u r f a c e .  The sy s tem  o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  i s  th e r e f o r e  a 

m ixed ty p e , e l l i p t i c - h y p e r b o l i c ,  and  has m u l t ip le  c h a r a c t e r i s t i c s ,

D. Long W avelength Modes o f  an O rd in a ry  T h e ta  P in ch

In  th e  case  o f  an o rd in a ry  t h e t a  p in c h  th e  e q u i l ib r iu m  mag­

n e t i c  f i e l d  l i n e s  a re  s t r a i g h t  an d  i t  may be  assum ed t h a t  a l l  q u a n t i t i e s  

v a ry  as

$(r,d,z,t)- f(r)e e e

The wavenumber i s  ZS and i s  s c a le d  t o  th e  sm a ll q u a n t i ty  6 . I t  i s  th e n

found  th a t  P and th e  components o f  T a re

p= -(yp+a2)( £fr*.y+*«v) - 
T

=  _ S ? £ 2a V  

j z  =  ± ? v )

Modes w ith  to = ( 9 ( l )  in  6 . The e q u a tio n  o f  m otion  in  t h i s  case  i s  

i d e n t i c a l  to  t h a t  d e r iv e d  f o r  modes o f  th e  bumpy t h e t a  p in c h  w ith  

to = ( 9 ( l )  in  6

+ [ - f t p * o +■0 & 1 )

-fco*ir+ * 0+061)

s  O + 0 P )

The modes a re  t r a n s v e r s e .  Upon in t r o d u c in g  a  v e lo c i ty  p o t e n t i a l ,  x ( r )» 

su ch  t h a t  .
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i t  i s  found x ( r ) m ust s a t i s f y  th e  s e l f - a d j o i n t  o rd in a ry  d i f f e r e n t i a l  

e q u a tio n

s u b je c t  to  th e  boundary  c o n d it io n  x ’ ( r  ) = 0 and r e g u l a r i t y .w

Modes w ith  0) = 0 ( 6 ) . E xpansion  o f  th e  e q u a tio n  o f  m otion  g iv e s ,  to  

lo w e s t o rd e r  in  6
1

[̂CKp+a*) V v J  - O

T hus, th e  flow  m ust be in c o m p re ss ib le

• « |  =  0 +  0 ( 8 )

2
Then P and th e  components o f  T a re  no l a r g e r  th a n  (6 )

p* - x S t l f y w

\ =

Tg =  s l t & v

T z  -  O

A v e lo c i ty  s tre a m  fu n c t io n  x ( r ) such  t h a t

ir= -X '
may be  in tro d u c e d  and th e  e q u a tio n  o f  m o tion  i s  found  to  g iv e

%  -  [ i j e t p w Y = - i v f z

-fxf-X'- = JLMZ'
0-0
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Upon e l im in a t io n  o f  w th e s e  two e q u a tio n s  g iv e

rl']'- ̂ (p^-JPc^Z = O
S o lu t io n s  m ust s a t i s f y  r e g u l a r i t y  a t  r  = 0 and th e  boundary  c o n d it io n  

X(r w) = 0 t o  be p h y s ic a l ly  a c c e p ta b le .

2kT h is  e q u a tio n  was s tu d ie d  by  B a rs to n  who found t h a t  th e  sp ec ­

trum  o f  e ig e n v a lu e s  c o n s i s t s  s o l e l y  o f  a  continuum  o f  r e a l  v a lu e s .  T his 

s t a b l e  con tinuum  i s  th e  A lfven con tinuum .

E, O rd in a ry  Screw P in ch

C o n sid e r th e  e q u il ib r iu m  m agnetic  f i e l d

B -  (o , SJ(tyf aoo)
The e q u a tio n  o f  m otion  o f  th e  p e r tu rb e d  v e lo c i ty  in v o lv e s  th e  fo llo w in g  

q u a n t i t i e s

+ S * ^ a J * +  S x i a J v

- S 2d G k ) ' - i S 7 d V  

J a  -  f  +  $ * 2  u .) '

T0 = - S ^ a + ^ d jV  -  

Tz * - iS a .(A L * ^ (mV+ iSy)-?f< i(£a+*J)w

F o llo w in g  th e  ex p an s io n  p ro ced u re  f o r  modes w ith  a) = 0 ( l )  in  6 e x a c t ly



t h e  same e ig e n v a lu e  e q u a tio n  i s  found  f o r  th e  v e lo c i ty  p o t e n t i a l ,  Xi 

as  was found i n  th e  p re v io u s  cases

w here

v  -
F o r modes w i th  U) = 0 ( 6 )  one expands t h e  e q u a tio n  o f  m otion o rd e r  by  

o rd e r  in  6 and  f in d s  t o  lo w est o rd e r  t h a t  th e  flo w  i s  in c o m p re s s ib le ,

7-a. = O+OG2)
In tro d u c in g  th e  v e lo c i ty  s tream  f u n c t io n ,  x ( v ) , one f in d s

Tr - & L + & i f x  +S*2i 3*2^ A & i

T0 =

Tz = 0 + 0(Ss)

The e q u a tio n  o f  m otion  th e n  g iv e s  th e  th r e e  r e l a t i o n s

P= -$ (& + ? jfz  + Zit*TZ'+ 2 f J & Y  
& p  =  C & L + ^ J f z ' -  2

0=0
Upon e l im in a t io n  o f  P one f in d s  t h a t  x ( r ) ®hst s a t i s f y  th e  e ig e n v a lu e  

eq u a tio n

JJT] rX']~ ??[/<*'-(& * T * f]%=

- 2 ? [ & ? i + ( T ) ' ( f a + T * ) ] Z
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The a d d i t io n  o f  a  th e ta  component t o  t h e  a x ia l  m a g n e tic  f i e l d  o f  a  t h e t a  

p in c h  changes t h e  e q u a tio n  o f  m otion  i n  tw o w ays. F i r s t ,  th e  f a c t o r  

(Aa) on th e  l e f t  hand s id e  "becomes (Jla + “  CL). S eco n d , a  n o n z e ro  te rm  

a p p e a rs  on th e  r i g h t  hand s id e  o f  th e  e q u a t io n .  B ecause  o f t h i s  te rm  on 

th e  r i g h t  hand  s i d e ,  th e  d i f f e r e n t i a l  e q u a t io n  may adm it w e l l  "behaved 

e ig e n f u n c t io n s  and a  d i s c r e t e  sp ec tru m  a s  w e ll  as  t h e  s in g u la r  e ig e n ­

fu n c t io n s  and th e  co n tin u o u s  spectrum  d e s c r ib e d  f o r  th e  o rd in a ry  t h e t a  

p i n c h .
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