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ABSTRACT

The purpose of this work is to derive am on-shell pion-nucleus
optical model potential from multiple scattering theory in terms of TN
and TINN interaction amplitudes and to demonstrate that this K:lasl:lnger3u
type potential is adequate to satisfactorily describe pion-nucleus inter-
action data. The derivation of the potential leads naturally to a form
of the lorentz-lorenz effect with contributions due to virtual charge
exchamge and virtual spin flip. Also the derivation properly accounts
for some aspects of nucleon motion ud includes relativistic kinematical
factors like 1 + EI(/IN. Using the Fermi-averaged 1IN amplitudes o;o
Donmachie and Shl.vm and the calculated NN amplitudes of Dover,
one finds that the potential qualitatively and quantitatively describes
rather satisfactorily the pion-nucleus interactioa data for ulie , lac,

16 ko
0, and Ca for laboratory piom kinetic energy from 0-280 MeV.



A DIRECT REACTION MULTIPLE SCATTERING PION-NUCLEUS OPTICAL MODEL POTENTIAL



CHAPTER I

INTRODUCTION

This thesis derives an on-gshell plom-nucleus strong interaction
optical model potential from multiple scattering theory in the impulse
approximation and demonstrates the capability of this Kisslinger%-type
potential to describe pion-nucleus strong interactions over a wide energy
range. By formulating the on-shell pion-nucleus optical potential in
terms of the NN and NMNN interaction aupiitudea , one obtains an optical
potential with no free parameters. The usefulness of the potential is
checked by analyzing some recent experiments on pionic a.tmul"7 and some
precigse measurements of the pion-nucleus elastic differential scattering
cross sections on hKe s lac, 160, and l‘ot:a. at a variety of energiea.a'lu

The use of pions to study nuclei via the pion-nucleus inter-
action has developed slowly since the discovery of the pion in 1947.
This has been largely due to experimental limitatiomns. At first pion
beams vere lov in intensity and poor in emergy resolution. As a result
the early experiments ylelded poor statistics. Receatly, however, much
improved pionic atom experiments for a wide variety of muclei have been
performed at CERN7 and SREL.]'.“ In addition to these very low energy
experiments, some pion-nucleus elastic scattering experiments of good
precision and angular resolution have been performed in the energy
range 30-300 MeV for such muclel as ‘He, 12¢, 260, ana “°ca.8 ™ 1n the
near future some of the new high intemsity accelerators, the so-called

] 16 ' 18

"meson factories” such as um,l SIN, llevin,l and TRIUMF,  will



become operational with beam currents several orders of magnitude larger
than those currently available. Then a large gquantity of scattering
data with good statistics will be taken for many nuclei, and it will be
possible to study systematically the pion-nucleus differential scattering
cross sections from nucleus to nucleus to see vwhat effect the structure
of the nucleus has on the scattering of pions.

In Chapter II a survey of the previous work on the pilon-nucleus
strong interaction optical model potential that is compatible with this
vork is presented. Section A covers the analysis of the early pion-
nucleus scattering experiments. Section B deals with the absorption of
pions by the nucleus. Section C summarizes the more recent work on
pionic atoms.

A plon-nucleus optical model potential 1s developed in Chapter III
using multiple scattering theory and the impulse approximetion. This
development, vhich is similar to that of Ericson and Ericson, ad differs
fundamentally from their work in that it sums the infinite series of
multiple scattering equations assuming that only tvwo nucleon correlations
are important. The Ericsons truncate the series with an approximation
that 1s strictly valid only for crystalline structures. Their quasi-
crystalline approximation leads to a different form for the Lorentz-
loreng effect than is obtaiued im this work. Hufner168 has obtained a
form for the lLorentz-lorenz effect in agreement with this work.

Chapter IV contains an analysis of pionic atom x-ray transition
data for l"!Ie » 120, 160, and mc; using the optical model potential
developed in Chapter III. The analysis imdicates that inclusion of the
tvo-mucleon correlations is sufficient to descridbe the experimentally

observed pionic atom energy level shifts. Use of the predicted absorption



paramsters for absorption on nucleon pairs by I)over20 is gufficient
to explain the discrepancy between the predicted and experimentally
observed pionic atom energy level absorption rates as noted by many
investigators. 21-23

The elastic pion-nucleus differential cross sections for une »
120 ’ 16O, and l|’o(!a for various pion energies are also analyzed in
Chapter IV. In this case the energy-dependent Fermi-averaged WN
amplitudes of Donnachie and Shawlal are used in the potential and a
differential cross section is predicted for each nucleus at each of
the measured energies in the ramge 24-280 MeV. The predicted differ-
ential cross sections are in good agreement with the experimentally
measured values if one normalizes the experimentally measured values
to the theoretically predicted cross section.

This work is essentially an extension of the work of Auerbach,
Fleming, and Sternhe:lnau vho analyzed the elastic plon-mucleus differ-
ential scattering cross sections up to 87.5 MeV. Taking into account
only s- and p-wvave parts of the pion-nucleon interaction, the present
analysis indicates that the contributions for two-nucleon correlation
effects like virtual charge exchange and virtual spin flip become less
important with increasing energy. As a result the pion can only be
used as a probe of the long range Pauli correlations at very low energy.

Chapter V gives a summary of the results obtained from analyzing
the pionic atom data amd the elastic pion-nucleus scattering data. The
chapter concludes by enumerating th; possible future applications of
the optical potential for investigating other reactiom processes.

The details of the method of analysis used in Chapter IV and a

Fortran listing of the computer programs employed are given in the



appendices. 1In addition, appendices A amd C contain explicit derivations
of such important quantities as the 7N and TIRN scattering operators and
the nucleon-pair correlation length for an ideal Permi gas of nucleons,
Appendix D gives the method of obtaining all the relevant nuclear
density parameters for pions from the electron scattering nuclear charge

density parameters.



CHAPTER II

PREVIOUS WORK ON THE PION-NUCLEUS STRONG INTERACTION POTENTIAL
A. Pion-Nucleus Scattering

The fundamentel approach to the pion-nucleus strong interaction
problem is given by the field theoretic method. Unfortunately no
satisfactory Hamiltonian formalism for pion-nucleusinteractions has been
developed. Most of the work in the field has concentrated on the much
simpler pion-nucleon interaction problem.

Despite the small progress of the purely field theoretic
approaches to the pion-nucleus interaction, researchers have found it
possimble to describe the experimental pion-nucleus strong interaction
data in terms of phenomenological pion-nucleus potentials. Recent
theories leading to a phencmenoclogical pion-nucleus potential have been
predominantly direct reaction theories based on the impulse approx-
imation, the optical model, and multiple sc:cr:l;t;er:lng.a5

A direct reaction is a reaction in which the incident particle
reacts with only a part of the nucleus, while the rest remains undis-
turbed. In other words, a direct reaction involves only some of the
degrees of freedom of the nucleus. A compound reaction, by contrast,
involves many more degrees of freedom and proceeds more slowly. Direct
reactions take place in times of the order of transit times of nucleons

across nuclei, which are typically 10'22 sec.



According to the impulse approximation the scattering amplitudes
fa.r, o for pions incident on free and bound groups of nucleons are the
sane except for kinematical factors due to one group being bound. From
Goldberger and Watson's book26pp. 86 and 658 one sees from the Lorentz

transformation of the T matrix that

E
(11-1) (.FJJ',?T)bound = (':_E;'.ﬂ) (-FQJ'QT)-Frec
| + Enm )
M
The two amplitudes are nearly the same due to the smallness of the pion
mass comprred to that of a nucleon or group of nucleons.

An optical model is one that is capable of describing the partial
absorption and transmission of an incident wave or particle. The optical
model leads to a complex potential for describing the scattering and
absorption of some particle such as a pion by a nucleus. Usually the
optical model potential represents the interaction in the elastic
channel only, i.e. for the nucleus in its ground state with no transfer
of energy from the incident particle. One of the first optical model
calculations for pion-nucleus elastic scattering was performed in 1952
by Byfield &.}-'27 in vhich they fitted 62 MeVv T - carbon elastic
scattering data. The pion-nucleus interaction was representated by
the complex potential

~Vo-iW veR

(11-2) V) = { o v>R

vhere R = 1.37 A 1/3 £ is the uniform radius of the nucleus.
In multiple scattering theory the nucleus may be treated as a
syatem containing elementary subsystems such as nucleons, nucleon pairs,

alpha particles, etc. The interaction of the pion with the nucleus is



obtained by summing the interactions of the pion with the elementary
subsystems being careful not to double count. This approach separates
the elementary interaction problem from that of the structure of the
nucleus. Using theoretical or experimental knowledge about the elemen-
tary interaction, one can gain information about the structure of the
nucleus from pion-nucleus interaction data.

A multiple scattering formalism based on the Schroedinger
equation has been developed by Watson and others.26 In wany multiple
scattering theories the scattering operator g\is expressed in terms of
two-body scattering operators t 3 vhich act only on the pion and the
Jj-th elementary scatterer ‘noum;.~ in the nucleus. The single scattering

approximation for scattering from individual bound nucleons consists of

taking

A
(11-3) T=z4

-| -

28,29

vhere A is the number of nucleons in the nucleus. Watson et al.
shov how to calculate the pion-nucleus potential from basic pion-
nucleon scattering amplitudes in the single scattering approximation.
The single scattering approximation may be considered as the lowest
order contribution to a series of more complex interactions of the pion
with the nucleus. It is the first term in the multiple scattering
series.

The multiple scattering optical model picn-nucleus potential was
first used to analyze elastic scattering data. Several attelptaao’ *
vere made in the years 1952-1956 to fit a complex square well optical
model potential to the pion-nucleus scattering experiments for 60 <
Ty < 150 MeV. All experienced the same difficulty, namely that while

the differential cross section for small angles © < 60° could be fit



fairly well, the fit at larger angles was always tco small.
Baker et al. 3,33 analyzed the dats on scattering of 80 MeV pions
by 1i, C, and Al using a variety of local complex potentials with
sharp and diffuse surface ahnpeﬁ + They found that even a local potential
vith the more realistic Woods-Saxon shape did not significantly improve
the fit for the differential cross section for angles greater than 60°.
In order to improve the predicted differential scattering cross
section at large angles Kisslinger3 made a simple extension of Watson's
single scattering approximation which is useful for low energy pion-
nucleus scattering for which s- and p-wave pion-nucleon scattering

dominate. He took into account the momentum dependence of the pion-

nucleon interaction by writing the pion-nucleon scattering operator
(11-4) t (k'x)l = ts +tp Kk

Using this one obtains an optical potential which has the configuration

space form

(11-5) Vor = As e® - Ap ¥V (e®V)

where the gradient term gives rise to a nonlocal contridbution.

Baker g_u._1.32, 3 in analyzing their data in 1958 on scattering
of 80 MeV pions did find that a nonlocal potential of the Kisslinger
form with adjustable complex parameters for the strength of the volume
and gradient terms predicted larger differential cross sections at large
angles in substantially better agreement with the experimental data.

Three years later Edelstein et al. ¥ performed T elastic
scattering experiments on carbon at 69.5 and 87.5 MeV and on oxygen at
87.5 MeV with improved energy resolution. They also found that the

Kisslinger form of the potential with adjustable parameters was capable



of describing the scattering data at large angles.

Similar work by Valckx et al. * vith T scattering on C and 0
at 87 MeV gave support to the Kisslinger form of the potential. The
success of the Kisslinger form of the potential with adjustable param-
eters in fitting the differential cross section for large angles
indicated the importance of the gradient terms derived from p-wave pion-
nucleon scattering, but unfortunately these parameters could not be
predicted in terms of the -TN scattering amplitudes.

The work of Kisslinger was extended by Kerman and Logan37 in
1964 to include elastic charge-exchange scattering, where the nucleus
is scattered to various states of the i1sotopic multiplet of which the
ground state o_f the target nucleus is a member. For the case of
inelastic charge exchange the nucleus is scattered from one isotopic
multiplet to another. Actually elastic charge exchange is not purely
elastic, since there is a difference in energy in the various charge
states of an isobar due to. Coulomb effects, and the mass of the T°%1s
different from that of the charged pions.

Kerman and Logan's extension of Kisslinger's pion-nucleon

scattering amplitude has the form
(11-6) i (kk) = (A+BET)+ (C+D%T) kok'

vhere A, B, C, and D are functions of the s- and p-wave TN phase
shifts and 1_:_-,, and I i are isotopic spin operators for the pion and
the i-th nucleon respectively. The Za-TV terms, which may be written
in terms of isospin reising and lowering operators as

(-1 ta- T = i:.l:;:’f:f + 23Ty

%

10
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give rise to the elastic charge exchange scattering. With this extension

one obtains an optical potential with the spatial fom
(11-8) V() « A'epr) +8'en®) + V(c'e0V)+ Vb eatiy)

vhere €p(r) is the proton density and €p{r) is the neutron denmsity.

37
As a first approximation Kerman and logan assumed that the neutron and
proton densities were the same. Then the potential may be written in

the form
(1) V) & (A+B ?_,_z’rvj') em + V.{(cwg_z;vg‘)e(v) Vi

where E is the total isotopic spin of the nucleus, N is the number of
nucleons, and ©(r) is the nucleon density. This form is often used
in the analysis of pionic atom energy level shifts ,19’21-23 and it
describes the isotopic spin dependence of the data well.

In 1968 Chivers et al. % measured cross sections for single
charge exchange (', 71°) at 180 MeV on several light nuclei. Because
of the difficulty of detecting the ™° by means of its decay into two
photons, they measured the cross section by an activitation experiment
in which the residual target nucleus state is identified by its radio-
activity. From these measurements one notices that the (T47°) cross
section is largest where the fipal target has a bound state which is
an isobaric analog of the initial state. This implies a favoring of
AT = O elastic scattering.

In 1967 Auerbach M.ak made the first sericus attempt to
compare the parameters obtained from fitting elastic pion-nucleus
differential scattering cross section data using an optical model

potential of the Kisslinger form with that expected from TN scattering.
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They obtained best fit parameters close to those predicted from TN
phase shifts in the energy region 24k < T q < 87.5 MeV.

39
Three yea‘::a later Krell and Barmo extended the analysis of
2

Auerbach et al. for C to the energy region 120 < T < 280 MeV.
Their best fit parameters showed some deviations from those expected

from MmN phase shifts, but their fits to the differential cross sections
2L
vere poorer than those of Auerbach et al.
14
In 1972 Bercavw et al. fit their differential scattering data

for T on 160 in the energy range 160 < Ty < 240 MeV. Their best fit
parameters shoved drastic deviations from those expected from TN phase
shifts. They found that the parameters in the Kisslinger form of the
potential are strongly correlated and not well determined by the data
contrary to the earlier work of Krell and Barno39 and Auerbach ﬂ]_..ah
Bmechermauggested in 1955 an effect which should also con-
tribute to the pion-nucleus elastic scattering, particularly in the
case of pionic atoms. He noted that nuclei absorb pions and that if a
nucleus absorbed and subsequently emitted & slow pion, then the process
wvould contribute to the elastic scattering amplitude. This ;ffect bad
not been included in previous forms of the multiple scattering series,
since the intermediate state of the system between absorption and
emission contains no pion, and there was always one pion propagating
through the system in previous forms of elastic multiple scattering
theory. Thouleslul pointed out that it was also possible for the
emission to occur before the absorption. 1In ttis cagse the intermediate
state has twvo pions. Brueclmerwo and Thouless : made estimates of the
effect of absorption on the elastic scattering based on a simple model

for absorption of the piomn by two nucleons in a deuteron-like state in
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the nucleus. They concluded that the absorptive process's contribution
to the elastic scattering amplitude could be as large as the absorption
amplitude itself.
21
In 1669 Krell aﬁd Ericson, following the suggestion of Drell,
2
Iipkin, and de Shalit, introduced a type of double charge exchange

called virtual charge exchange. This process may be represented by

m P
,”n—
'IT—/’,
P m

vhere the pion interacts with two closely correlated nucleons. The
virtual charge exchange term makes a significant contribution to the
local part of the pion-nucleus potential.

In addition to the term for virtual charge exchange, Ericson and
Ericsonlg introduced in 1966 a double scattering term to represent
coherent scattering from two correlated nucleons. This double scat-
tering term taken together with that of the virtual charge exchange
glves rise to a contribution to the local part of the optical model

potential proportional to
2
(11-10) Si (Al m“) e

2
where the B term is due to virtual charge exchange and S is the

average nucleon-pair correlation length. y
3
Following the cbservation of Kroll that the derivation of the
33

Kisslinger form of the pion-nucleus potential by Baker et al. with
arguments wvhich were classical in nature should lead to results

analogous to electric dipole scattering in a polarizable medium,



1k

the Ericsons obtain for the monlocal part of the optical potential a
nonlinear dependence on the density of ascatterers giving rise to a

contribution proportional to

v.| C+raT)em |y
g totaT)en
"2

(11-11)

where the correlation parameter ") is a measure of the polarization of
the medium. For a medium of uniformly smoothly distributed protons
and neutrons "= 0, but the granular structure of nuclear matter leads
to M £ O such that very short range anti-correlations between nucleons
result in /= 1.

In order to obtain an optical model potential like those above
one needs the elementary TN scattering amplitudes. These amplitudes
may be measured experimeantally or obtafined from theory. There are two
dynamical approaches, not based on Hamiltonians, which have been used
to predict the TN scattering amplitudes. One is dispersion theory
which has been reviewed by Eanilton.u Dispersion relation theory is
important, because it provides one with methods which make it possible
to treat the dynamics of strong interaction. The other dynamical
approach vhich has been applied to lov emergy pion-pucleon scattering
18 Current Algebra theory and the "soft pion" approximations. It is
important for piom-nucleon scattering, because it gives a reasonable
prediction for the s-wave pioa-mucleon scattering amplitudes. The

L
Current Algebra theory has been reviewed by Adler and Dashen. g
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B. Pion-Nucleus Absorption at Very low Energy

Most of the theoretical vork on pion-nucleus absorxption as a
direct reaction at very low energy bhas been confined to a model in
which two nucleons in the nucleus absorb the pion, share the rest energy
between them, and leave the residual nucleus without scattering from it.
This model was used by Brueckner, Serber, and Weﬂ‘.aonu7 in 1951 to relate
the absorption probability to two-nucleon structure in the nucleus.

They suggested that the two-nucleon absorption process requires such a
close correlation of two nucleons in the nucleus that they must be in
relative s-states.

Some direct evidence on the two-nucleon emission following pion
absorption wvas first obtained in 1960 by Ozaki et al. who observed
the n-n and n-p pairs from étopped T~ absorbed in C and al. Using
counters which were sensitive to neutrons with E, > 10 MeV and
protons with 22 < Ep < 112 MeV, they found that n-n pairs were more
probable then n-p pairs by a ratio of 3.9 + 1.2 in Al and 5.0 + 1.5
in C.

k9

In 1968 Nordberg, Kinsey, and Burman investigated the nucleon
pairs emitted when a beam of T~ was stopped in a variety l‘gf light
nuclei using an apparatus similar to that of Ozaki et al. but with
much improved angular resolution. The relative angular distribution of
the two nucleons emitted in the subsequent pion absorption was measured
and found to peak at 180° supporting the two-nucleon model of the
absorption process. Hovever these emissions were found to acﬁount for
less than half of the total absorption. Also Nordberg et al. 7 tound

that within the limit of their energy resolution the spectra of the ...
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emitted nucleons were not sensitive to details in the nuclear structure
of the target nuclei. It may be that final state interactions account
for the loss of emitted pairs and the loss of information related to
the nuclear structure of the target nuclei. Bertin:l5o noted from a
study of T nucleus absorption data that the ratio of emitted n-n

to n-p pairs upon pion absorption is considerably different from the
ratio of n-p to p-p pairs that initially absorb the 'ﬂ'_, indicating a
masking of the original nuclear structure by the final state inter-
actions. The effect of the final state interactions can be removed by
performing a simultaneous total energy measurement on the two emitted ..
nucleons in addition to demanding coincidence.

The existence of final state interactions is also supported by
the work of Anderson et al. >t in vhich they obtained neutron spectra
for 1.8 < E, < 150 MeV using time-of-flight counters for stopped T~
absorbed by C, Ai, Cd, Pb, and U. The mean number of neutrons emitted
per absorption in the energy range 1.8 to 150 MeV was measured to be
2.8 + 0.3, 3.2 +0.3, 3.6 + 0.4, 3.5 + 0.4, and 5.0 + 0.5 for C, A1, Cd,
Pb, and U respectively. They found that the emitted neutron energy
spectra are characterized by a lov-energy "evaporation" part and a high
energy part due to "direct" neutron emission. This description is
derived from the notionsa-ss that the capture of stopped T~ mesons in
complex nuclel 1is a two step process. First fhe T~ is captured by a
pair of nucleons. Then the two nucleons share the pion's rest energy
end initiate nuclear cascades in which one or more nucleons are ejected
by direct emission. The energy that is not carried away by the direct
emission is distributed among the remaining nucleons, raising the

residual nucleus to a high temperature from which it deexcites by
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56
evaporating particles. Rosen has found experimental support for the

notion of a nucleon evaporation spectrum from his study of neutron
emission from selected nuclei bombarded with 14 MeV neutrons. A good
reviev of the evidence for neutron evaporation spectra from lov energy

57
neutron scattering experiments has been written by LeCouteur.

We:l.ukopf's8 suggested that the evaporation from a nucleus in a
glven state of excitation should follow a Maxwellian distribution law
with a temperature appropriate for the density of levels in the residual
nucleus. However in an evaporation cascade in which several nucleons
are emitted in series, the nucleus should cool appreciably with the
emission of each particle, and consequently the energy spectrum should
deviate from the Maxwellian form. LeCouteursg,a) has derived a formula
for the spectra at very low energies based on an improved statistical

theory of emission of neutrons by evaporation from a nucleus of

temperature ©
s/ _En/o
(11-12) N(En) ¢ En €

51
Anderson et al. fit their data with values of © ranging from

1.78 to 4.02 MeV, where © represents approximately the mean excitation

energy per nucleon for a nucleus in equilibrium after absorbing the

pion. After Anderson et al. > subtracted this evaporation spectrum

from the experimental spectrum, the mean number of neutrons emitted

per pion absorption was reduced to approximately 2 for all nuclei.
Another type of experiment that has been done to see if there is

some other process for pion absorption at very low energy besides

absorption on pairs involves looking at the heavier particles emitted

upon absorption. In particular for T absorptior by uﬂe the nonradiative

possibilities are



7+ e — p43m
(11-13) —> d+am
—> T +m

The last possibility is a two-body breakup, so the triton has a unique
energy. Por the p and 4 cases the energies of the charged particles
are distributed smoothly. Thus in the charged particle energy spectrum
the triton branch appears as a sharp peak on a smooth background of
protons and deuterons. Ammiraju and Ledermn61 used this idea and
looked for tritons. They found few triton events and consequently
assigned a branching ratio of 1/60 for this mode of absorption. Schiff

62
et al. performed a hydrogen bubble chamber experiment on dissolved

hﬂe and found a large triton peak with branching ratio 1/ 3. In oxder
to resolve the discrepancy between these two experiments Bizzari et
ﬁ.63 and Bloch et al .61& performed very precise hHe bubble chamber
experiments to obtain triton branching ratios of 18.4 + 1.4 % and
19.4 + 1.8 % respectively. :
In a similar vein Zaimidoroga et al .65 measured the branching

ratios for 3He obtaining

7~ 4 3He — P+am  (sPeisy )
(II-14) —~> d+m (15912.3%)
— Y orn® (363 %)

A T absorption experiment on mgglei in emulsion (C,N,0,Ag,Br)
has been performed by Vaisenberg et al. in vhich the emitted protons,
deuterons, and tritons were separated and their energy spectra crudely

measured. The branching ratios for p, d, and t were measured for

18
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absorption at rest in the light nuclei (C,N,0) and in the heavy nuclei
(Ag,Br). The large branching ratios obtained for emission of 4 and t
have been interpreted by Shapiro and Koly'bo.aov67 and Kolybauov68’69 as
evidence for direct pion absorption on virtual alpha particles in the
nucleus. Thus the process of pion absorption at low energy on pairs
of nucleons is complicated by the possibility of pion absorption on
virtual alpha particles and other clusters in the nucleus.

Eckatein7o first suggested a model for handling pion absorption
on nucleon pairs in which the unknown short range nucleon-nucleon
correlation is simply replaced by some specific short-range function
such as a delta function. In particular she assumed that the pion wave

TL
incident on nucleon pair 1J is given by

(11-15) ‘V;; o> = Y@ £r- fn’_*gj)é\(ﬁ-?i) o>

where |0 represents the nuclear ground state and ?1 and ?J are the
positions of the i-th and j-th nucleons respectively. For s-wave
absorption on nucleon pair ij, the scattering operator may be written
in terms of the invariant products of the dynamical variables with the

proper symmetry

(11-16) £550) = Bo + BIVT + BT 483 -Q%)2n G +%)
+ By DT + Be(-T %) [EnTea ) + €I 7) |

vwhere V) is the Pauli spin operator for the i-th nucleon, T is the
isotopic spin operator for the i-th nucleon, and én is the isotopic

spin operator for the pion. The explicit relationship between the B's
and the s-vave T NN amplitudes is derived in Appendix A. For a spin

gzero N = Z nucleus Eckstein's model for absorption gives rise to the



potential term
2
(11-17) Bo €M

vhere B_ 18 pure imaginary.
° 72
M. Ericson extended Eckstein's model to include absorption of
p-vave pions on correlated nucleons by adding a p-wave part to fiJ(r)’
o~

1. e.

(11-18) );(_‘._(é‘ [ Co+C U+ Ca T +C3 (l“fi"i}) t,l"@i*'].’i)
+ Cy (“1“:3)(71'5) + Cs(1-T; -y )[(tl"z':)('bl"g)"@'@(?ﬁ)]}

vhere the C's are explicit functions of the p-wave 7 NN amplitudes
derived in Appendix A. Yor a spin zero N = Z nucleus, the work of
Eckstein plus that of M. Ericson gives rise to the potential term in

configuration space
\
(119)  Bo € + V- [CeC®V]

This is essentially the form of the absorptive part of the optical

potential that has been most extensively used in fitting to pionic
19,21-23
atom data.
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C. Pionic Atoms

Soonhl.fter the work on the pion-nucleus optical potential by
Kiaslinger3 and others began to describe pion-nucleus elastic scattering
vith some success, an attempt was made to apply it to predicting the
energy level shifts and widths of pionic atoms due to the strong inter-
action. The fact that the shifts and widths vere small compared to the
energy level spacing due to the - electromagnetic interaction suggested
that the strong interaction might be treated as a pertur%tion on the

T3
electromagnetic interaction. Deser et al., Brueckner, and Ivanenko

and Pustovalov'm tried to predict the strong interaction pionic atom
energy level shifts and widths from the low energy TI N scattering
phase shifts using first order perturbation theory. In their predictions
the energy level shifts and widths had a stronger atomic number depen-
dence than the experimental shift and width data.3°’3l Seki and Croner75
vwere the first to point out that first-order perturbation theory is not
valid, due to the strength of the strong interaction potential. The
strong interaction potential has a small effect on the pionic atom energy
levels, since only & small fraction of the pion wave function overlaps
the effective interaction volume. However, the pion's wave function is
significantly distorted in the vicinity of the nucleus. Since this is
precisely the region where perturbation theory requires that the wave
function not deviate significantly from the unperturbed value, pertur-
bation theory is not applicable.

With the realization that perturbation theory was not valid for
analyzing strong interaction shifts and widths, most investigators

switched to solving the relativistic Schroedinger wave equation exactly



by numerical methods for the purpose of fitting and predicting pionic

atom data. Those optical model potentials which are derived through

the Schroedinger equation must be put into the relativistic Schroedinger
or Klein-Gordon equation in such a way that the original Schroedinger
equation is obtained in the nonrelativistic limit. Many im‘rest.:lgntorsal’22
exhibit this placement by writing the relativistic wave equation in

the form

* E-Vel)* - mac? ’
(11-20) g'mn Vit (_a_in'c_g Wi :) Yir) = Var® Yo

where Vel(r) is the electromagnetic pion-nucleus potential, Vgi(r) is
the strong interaction pion-nucleus potential, m 4 is the mass of the
pion, and E is the total energy of the pion.

A common form of the pion-nucleus coptical potential is that of

19,21-23 21
the Ericsons'. Krell and Ericson found that their form of
the potential predicted only half of the observed widths for all L= 0
pionic atom levels.
76

Recently Blum has proposed a different type of optical model
based rather crudely on the microscopic picture of the scattering and
absorption of pions by bound nucleons. The potential is constructed
such that the real part simulates the elastic scattering of the pion
by the nucleons. In analogy to the first order approximation of the
multiple scattering theories, the real part of the potential is assumed
to be proportional to the Qénsities of the protons and neutrons. The
imaginary part of the potential which must describe absorption of a
pion by a correlated neutron-proton or proton-proton pair is taken

proportional to the density of protons multiplied by the nuclear matter

density. In order to allow for the possibility that the correlations
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might be density dependent, a volume and a surface absorption term vere
introduced. Making a number of simplifying approximations for the
densities and correlation properties affecting absorption, Blum obtains

the potential

(m2) Ve = Asem-' %A[ blew - a? (ddc_;g))z]
s

vhere A is the atomic number, Z is the number of protons in the nucleus,
8 is the strength of the elastic scattering potential, (de/d Y‘) 2 is
the surface term resembling a p-wave contribution, and b and a are the
strengths of the surface and volume absorption modes respectively. With
this potential the pilonic atom 2p-ls and 34-2p data can be fitted as
well ags with the multiple scattering potentials.

Although Blum's potential gives rise to an attractively simple
mathematical description of the pilon-nucleus interaction, its usefulness
is limited, because it is not directly related through a model to

nuclear and nucleon properties.



CHAPTER III
DEVELOPMENRT OF AN OPTICAL MODEL POTENTIAL FROM A

MULTIPLE SCATTERING THEORY

The multiple scattering method has been used extensively for a

vide variety of problems. It has been applied to the scattering of

molecules in gases ,77 neutron diffusion,78'm radiative equilibrium in

81,82 83
stars, scattering of charged particles, ~ scattering of gamma
86, 87

8
rays, ~ _ cosmic ray shower theory,

88,89

conductors.

and the resistivity of

Many of these problems have been treated using the Boltzmann
integrodifferential equation for transport processes. The Boltzmenn
equation assumes that there are no correlations between the positions
of the scatterers. In addition this approach is classical in that the
vave nature of the incident particles is neglected. Such an approach
is valid for wavelengths small compared to the separation between
scatterers. For longer vavelengths a wave treatment is desirable,
since the diffraction pattern will contain information about the
correlation in scatterer positions.

The purpose of this chapter is to discuss systematically the
multiple scattering of pion vaves by a system of scatterers. Most of
the motation comes from m91 and Ericson amd Ericson].s Similar
discussions may be found in Goldberger and Wa'l;sona6 and in Hufner'5169
paper. Effects due to the correlation of nucleom pairs will be

included explicitly.

2h
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A. Validity of the Multiple Scattering Approach

The purpose of this section is to indicate qualitatively the
assumptions that restrict the validity of the multiple scattering
approach. Also the steps that will be taken to reduce the importance
of these assumptions are indicated.

One assumption that is usually made in a multiple scattering
problem is that the properties of the individual scatterers are unmod-
ified by the fact that they are bound in a many pa'rticle system. It is
poesible to properly account for the main modification in scatterer
properties by taking into account what is known as the chemical binding
effect. Such a correction has been used in treating the scattering of
neutrons by a molecule of ortho- or pa.ra.hydrogen.go This same correc-
tion is applied to the interaction amplitudes in the development to
follow.

Another assumption tacitly made in the multiple scattering
treatment 1s that the scatterers move sufficiently slowly that their
positions may be regarded as adiabatic parameters. With this assumption
the scattered vave f (r; ¥),¥p,.-+,F,;) can be computed for a fixed set
of scatterer positions and then averaged over the distribution of
scatterer positions in configuration space. The validity of this
assumption depends on vhether the velocity of the scatterer is small
compared to the velocity of the wave. For nucleons the average momentum
is approximately given by ‘\/57-5— of the Fermi momentum Py which 1is about

250 MeV/c for most nuclei. Thus the average nucleon velocity is

(1) Ty EZ43/s Pp/mn = .2l c



Due to the large velocity of the nucleons this approximation that
neglects the velocity of the mucleons is only weakly valid for even
very high energy pion-nucleus scattering where Vg R C.

A further agssumption implicit to the multiple scattering method
is that the interaction of the projectile with the scatterers in the
target is direct, i.e. there are no intermediate states in which the
projectile is strongly correlated with the scatterers. In this work
the contribution of such intermediate states is partially included by
explicitly taking into account processes like virtual charge exchange.

One shortcoming of the multiple scattering method is that it
does not conserve energy and momentum at each scattering in the same

reference frame.

26
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B. Construction of the Multiple Scattering Equations

Let us assume that the aingle scattering problems for pions
incident on the individual scatterers of the type found in the nucleus
can be completely described in terms of experimentally measured amp-
litudes or phase shifts. Furthermore, let us assume that the structure
of the nucleus may be expressed in terms of a many particle density
function which is sensitive to correlations between the elementary
scatterers.

Consider a system of scatterers vhose centers are located at §1,
?2,...,?;. Let the initial states of these scatterers be described by

the set of parameters 81y B, <es 'n vhere the parameter s; is a

2
shorthand notation for all the quantum numbers that describe the state
of scatterer i.

The probability that a set of n scatterers are located in a

volume element drl3dr23... drn3 with states 815 Bpy o0, By is given by

(111-2) P (¥ Y, ¥mi 5,5 55m )3, 43, -~ {3y,
where

(m1-3) £ 52 jp(y,,r,_'..-,vm',5‘,,‘1,":‘»1)43)',d’h.'"dgvm =4
§, 6. Sn

The probability distribution for a single scatterer may be obtained by

integrating over all other scatterers, i. e.
(1) Pi;s) = ési § Pt it 5,50 sm) v v
Y]

and the probability for the simultaneous locations of a pair of scat-

terers is obtained by integrating over all but that pair of variables,
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i. e.

(111-5) P(V.,?z.,'sa,sl) = 523 sim S\o(“.‘,}l,.",?ﬁ,-,s',s;)...lsn)

d3v3 - d3vm

If the distribution is completely random, the particles are
independent of one another. In this case the probabilities associated
vith a single particle are not influenced by information concerning

other particles, 1. e.

(111-6) P (i, %, ¥m ;8,52,25m) = P8 PR s) -+ PCimism)

A measure of the correlation or nonrandomness between the pair

of particles (1,2) is given by

(111-7) P, %y 5.5) - Phss) Plrg )

For a nonrandom probability distribution one can factor the probability

using conditional probabilities, i. e.
(111-8) P(;"t;?zy"'l?mi57151:""54') = P(Y';s“) F(Y,,‘S',l Yu, -t )

51)...' Sm)

vhere the conditional probability P(Ty;s) | ¥, ... ¥ 8 -0 8)
repregents the distribution of particles 2,3, ... n with the values of
o

rl and 8,
function may be factored out of the total distribution function to

known or fixed. In a similar manner the pair distribution

obtain

(I11-9) P (f.";,_,..-,ﬁn;s,,s,.,..-,S‘a) = P(Y,,%;S,,8) -

P ( VI 4;1.',54,$gl Fs,...’?m-) Ss, '"l"’l)



These probability distributions may be converted to density

distributions or correlations by multiplying by the appropriate pover

of the number of scatterers. For example

(111-10) e(r.s) = Ns P(xs)

(I11-11) e (¥ u; 5,5) = NgNs, P(W,1;5,%)

where €(r,s) is the density of scatterers of type s and Q(fl,i"a;

’1”2) is the density of scatterer pairs with guantum numbers 8y and

8
2
19
In the notation of Ericson and Ericson the total pion-nucleus
vavefunction Y (?;?l,?e, ‘o ,'Fn;sl,sa, P ,sn) corresponding to both

elastic and inelastic scattering of the pion can be written as

(111-12) P (%58 %, ¥y 51,52, 0m) = W (P, by By 8,5 o) 10>

o

vhere |0 refers to the nuclear ground state and \K(?;?l,?a, ceesTy;
L TARE ,sn) is an operator which connects nuclear excited states to
the ground state. This notation can be made more explicit by expanding
the total pion-nucleus wavefunction in terms of a complete orthonormal
set of wavefunctions \}‘1(?1,’1"2, cvesTy387,8,,+++,8,) describing the

various states i of the target with energies &€; , 1. e.
(111-13) I (?: ;“7‘;,---,?,' ‘,S.,S;"")sm) = 2 i (?'uvl-l"'cv'l;s;osll""s”) y'(b
]

The i:= O term in this sum describes the target nucleus in its ground
19
state wvith a pion of energy E. PFolloving Ericson and Ericson this

expansion may be cast into operator form, i. e.

(ITI-1h) E(;;i"f".,‘?ﬁ,-’ﬂ,s" “Sm)= S T.® *K(F;"ﬁ'...j.-'q,s,,...,s.w) [0>
) -



vhere the 1(?]_ ,'52 goee ,'i-n 381,8,.++,8,) are operators that connect
the nuclear excited states to the ground state.
In a similar manner the incident wavefunction E(f;?l,?a, vee ,'?-n;

8, ,32, ces ,sn) for the pion-nucleus system may be defined
(111-15) P(F; Tt )5, 50,050) = L BB, Ty i, S m) 10>

where @ 1(?1,?2,...,?n;sl,sa,...,s“) are operators that connect the
nuclear excited states to the ground state. If initially the nucleus

is in its ground state

(III-16) i (F;i"f‘z'...'vm; S'“S',_' -s,') = E.;(") ?o(ﬁ"ﬁ'--‘Fa;su“-p--}sﬂ)l O>
= .0 10>

91
This notation may be related to lax's probability notation by

projecting the incident pion-nucleus wavefunction onto the nuclear

ground state, i. e.
S S e 3
(II17) <o (0% %, Va5, S, 5m)

=<6l Z I;(V‘) ¢.‘(7;,W7:.,-",7m;5},51-,-";50) 16>
i -

52. s?n S?&) P (VTS - Sm)d%r, - Stm
= 3.0

If the position and type of scatterer 1 is held fixed and all other

scatterers averaged over, this is denoted by a subscript, 1. e.

(111-18)  <o| £ &, @i (¥, ~Ta; S -3$a) 10> 4
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2 “ee i S EO(V) P(? - Vm iKY "'SM) d3vt .:.Jgrm
S, Sm
= 3,0 Pis)

Similarly if scatterers 1 and 2 are held fixed, then this is denoted by

(111-19) <0| £ FMP: (% n - sm) [0
= ?3 si,,. S 3.0 PV V) 5 Sm) 30y d3vm

= P.0) PR 65)

Now that the formalism for handling the probability density
function has been defined, consider the multiple ascattering equations.
The total pion wave represénting the incident wave plus the sum of the

scattered vaves from each of the scatterers is given by
- - - - - . ’~..--h N e S
(In-eo) I(Y;Y,'Vt,—-',VA;S}"'Sm) - f(?,v‘ YM, S‘, ﬁ) )D>

= $mlo> + é S9(?;\6---74:;’7';r“.'»--h‘;sz---m)
a-‘-l ~

e{{b" -y &t . .
S(Fj,-;') SS'S'J" {S(F')(P“ (r';n_..u;s‘ ""A)

—

| 6> d3y!

vhere _f_J(;') is the pion-nucleon interaction operator vhich is defined
in section C of this chapter in terms of the experimentally measured
pion-nucleon phase shifts. The delta functions specify the range of
the interaction and insure that the scattering operator for the j-th

nucleon gives no contribution unless it operates on the effective pion
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wave incident on the j-th nucleon at the position of the j-th nucleon.
i(f;'f-l,';a, .o .,'}A;fl',?a' yes .,?A';sl,sz, -++58,) 18 a Green's function
operator describing both the outgoing pion wave and the propagation

of nuclear states. The Green's function may be defined for incident pions

19
of energy E in terms of the nuclear states |M> of energy €y as

) - - F -~ [}

(I1-21) G CF;%Fa B RL T g 0msa) = 2 gm (B Im> < |
~ M’

vhere g (F,r') is the pion Green's function at an energy E - € -

When no external potential acts on the pion, the pion's Green's function

vwhich satisfies the time independent Klein-Gordon equation has the form

(11I-22) gm (R F) = eikm;F-F'\/,{;-,:q

19,92
2 2 2 4
vhere k=~ = (E- € ) -mg.

In a sinilar manner the effective wave incident on scatterer J,

denoted by
eft _ .
(111-23) _\y Fay5i--3a) = Vi (FRFays, - sa) lo>

is given by the sum of the incident wave plus the pion waves scattered
from all the scatterers other than j under the condition that particle

J with quantum numbers s, is at ?J’ i. e.

(111-24) Slf',:ﬂ(y “¥'Va's s', SA)‘ E(F'))°>+ < S
)

3(;4 VTR yu f,.n_ ,;A”'- s"’...g,:) STRu-F" Ssis

ef - 1
£ (F1) ‘P;:f( (FU; RFa"; 51 547) 0> o3 Y



Alternatively the effective wave incident on particle J may be written

(111-25) \P} (y-')r V‘A S, $A)|°> \P(}" ;' 'FA';SO""S“')'°>

e - - -~ - > ) 4 - -
-—S 3 (YI; Y‘l"‘rA‘;r"; r‘"___ rA ),.f'l..-s‘A)J‘('vll_YJM)

Ssnsgt £5G" YTCEY BTt 505d ) o 3

Equation (III-25) defines the effective wave incident on scatterer j
to be Jjust the total pion-nucleus wave minus the scattered wave from
scatierer j.

Proceding in this fashion one can construct a sequence of
equations. The next equation would be for the scattered pion wave

from particle i knowing that particle j is at ‘PJ, i. e.

(111-26) k‘}lcf.c(Ful v.‘ll. . Fﬁn; S,"-"SA”) 16> = E(yu) ]0>

SSW" RY Tl FG RN 7" s s4')
k#;
S(;m M) 3s™s, l_{\k ") q/k' ('F'"' fire. Y'A’",S" Y )

'°> d3ym

This self-consistent method of handling wave scattering was
first employed by Ewald93 in order to treat the problem of the scat-
tering of x-rays by dipole scatterers distributed on a lattice. The
method of the self-consistent field assumes that a wvave is emitted by

each scatterer in a manner that is determined by the wave incident on
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that scatterer, 1. e. the effective wave. This effective vave is
obtained by adding to the incident beam the waves emitted by all the
other scatterers. The waves emitted by these scatterers are in turn

influenced by the radiation emitted by the scatterer in question.



C. Construction of the Interaction Operators

Before one can examine the multiple scattering equations above
in detail, it is necessary to obtain an expression for the interaction
operator for the pion incident on each type of scatterer in the nucleus.
The interaction operator must be applicable to a bound elementary scat-
terer instead of a free bne. In the impulse approximation these should
be the same except for kinematical factors.

Thﬁ effect of the nuclear binding has been investigated by
Rocknore9 in terms of the Born approximation. In the nonrelativistic
plane wave Born approximation

. - 2
(111-27) g—-!}—; = | o) = %\; fﬁSe's'vVO‘)d"‘Y
the scattering amplitude is proportional to the reduced mass of the
incident particle and the target. Thus the scattering amplitude for a
pion incident on a nucleon of mass By rigidly bound to a nucleus of

mass me . is related to the scattering amplitude for a pion incident on

a free nucleon by

m

—-— e ——"

(111-28) ™/bound = M = | + ma

(Fow) Hu e

N/ {vree
This result has been successfully used to describe the scattering of
95
neutrons from hydrogen molecules. The relativistic result according
26

to Goldberger and Watson was given in (II-1).
The basic processes or interactions involving one or two nucleons
vhich the interaction operators should represent in order to completely

describe pion-nucleon and pion-nucleon-pair interactions are as follows:
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ELASTIC SCATTERING

T +
(11-29) T~ + N — T~ +N
\
N
Tl'i\\
\
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//
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(m1-30) 1% 4 NN = T AN
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-+ — —T—T...!-_ /,/;‘-i
T -
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(II-31) T+ P > T+ M "
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DOUBLE CHARGE EXCHANGE

(11-33) T+ MM = T+ PP

(111-3%) =+ PP > 7t+ mMm

VIRTUAL CHARGE EXCHANGE

(m-35) % 4+ mp > w4 rm

(111-36) T~ +pPm — T+ MP



RADIATIVE ABSORPTION

(137 wt+m sy +p

P
+
-"—-——-——/vvvux» ¥
m
(111-38) ™+ P> Y+m
m
T ————- févvéY
[
ABSORPTION
m-39) Tt 4+ m > p
P
1r+,/'(
m

(Im10) - + P > m
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96,97
Experimentally at very lov energy ( £ 1 MeV) the contri-

bution from single charge exchange, double charge exchange, and radi-
ative absorption account for only a few percent of the total absorption
for all but the lightest nuclei such as lH %8 and 3He.65 For very low
energies the single and double charge exchange reactions are inhibited
compared to the absorption on pairs due to the small amount of momentum
phase space available for pion emission resulting from the small amount
of energy released in the charge exchange reactions. The radiative pion
absorption is an electromagnetic reaction which is expected to be much
veaker than the strong interaction absorption processes. Panofsky,
Aamodt, and Kadley97 find T radiative absorption comparable in yield
to the (T, 7°) charge exchange reaction at very low energy.

The absorption process can not occur on & free nucleon, because



energy and momentum can not be conserved in the process. It cam occur,
hovever, on a nucleon bound in a nucleus where the rest of the nucleus
is available to help conserve momentum by taking up the recoil. In the
impulse approximation the absorption process can be thought of as
ocecuring on a single nucleon which has the proper Fermi momentum to
conserve energy for the procesa. This type of process is represented

99
by

(11143) T+ (2,A)—> M+ (2-1,4-1)%

where the asterisk signifies that the product nucleus may be left in an

excited state. The Fermi momentum reguired for this process is given by

(III-hk) P‘F = I: QIMP (/”Incz—Eex - WP)} ya

where Eex is the excitation energy of the product nucleus and wp is the
separation energy of the last proton. The momentum required is of the
order SOO.MeV/c , but the average Fermi momentum of a typical nucleus is
250 Mv.av/c.l9 Thus the capture of the pion on a single nucleon at very
lov energy should be an improbable process. One would expect the
absorption of the pion on nucleon pairs to be more probable, since
energy and momentum are easily conserved in this process.

In the following development the nucleon and nucleon pair will
be considered as the principal elementary scatterers of the nucleus
with which the pion interacts. For formulating a multiple scattering
theory, it is convenient to characterize the interaction of the pion
with the elementary scatterers in terms of experimentally measurable
parameters such as interaction amplitudes or phase shifts.

For pioa-nucleon scattering the interaction operator is conven-



iently expressed in terms of a partial wave expansion, since both the
orbital angular momentum £ and the total angular momentum J of the
pion-nucleon system are conserved. In addition it is assumed that the
total isotopic spin T of the pion-nucleon system is conserved. Following
Ericson and Ericaon19 a partial wave expansion of the pion-nucleon
interaction operator ’{1(;) operating on the i-th nucleon in configuration,

isospin, and spin space is given by

(I-45) £ (F) = X, My + %2 Throgy + (uu)

TS

[o( Lotk 717:—)3 Un':,uya + °(3,al+I1TT=-‘/a ?_TJ'=HY.1

+ 0('132-! ZTT=Y.\ WJ:Q.ya + “3,3!—}21:]':% ?;r =‘!.y;]
Px(Cose)

vhere the partial wave amplitudes are X, and 0‘2,1.,2.1, the T 's
are projection operators defined in Appendix A, T is the pion coordinate,
and ?1 is the i-th nucleon coordinate.

In a similar manner a partial wvave expension of the low energy
pion nucleon-pair interaction operator f‘i J(;) for the nucleon pair iJ

in configuration, isospin, and spin space is given by

m __Anti Anti  sym Anli
(111-46) -F')-G:) = By TT;{ nT"I ‘ Beo lT:rzo 7__.Fl'-o + Boy 7TJ'~
Awly s sym Al
Ty +8oa Tlree n-f.’, + 2 @) [ Yauy, Tormtas T

Anl¢
+ X1,/ Try-h 7T7~, + rj,O 777:4 7[7*-0 4+ Y,!”(oli) JUEN

YW __ AW/ Anli syn,
Tl}-, + r&l(-’«")".r-g Ty +¥02 e Ty Pr(cose)



vhere BJT and Y JT(S’T) are the pion-nucleon-pair partial vave amp-
litudes, the 'l_l: 's are projection operators defined in Appendix A in
vwhich the sym- and antisymmetric refer to the nucleon pair, T 18 the
pion coordinate, and 'x"i and ?J are the coordinates of the i-th and
J-th nucleons.

The pion may interact significantly with other elementary scat-
terers besides the nucleon and the nucleon pair. For instance Koly-

68,69
basov finds evidence from a study of the angular correlation of

protons, deuterons, and tritons emitted upon capture of ™ by lzc
and 160 that absorption on transient alpha particles may play a dominant
role in pion absorption if one neglects final state interactions. On
the otherhand the inclusion of significant final state interactions may
allovw the plon-nucleus interaction to be described in terms of just
the pion nucleon-pair interactions. In order to keep the interaction
as simple as possible the latter view is adoptead.

Partensky and Ericsonloo have estimated the effects of the 4 and
f partial waves of the pion-nucleon interaction on the 4@ and f angular
momentum states of pionic atoms. They conclude that their contributions
are negligible ( < 10 % in all cases) when contrasted with the present
precision of the measured pionic atom energy level shifts. Thus for
the lovw energy pion-nucleus interaction only the s- and p-wave terms
of the partial wave expansion need to be considered. F¥or pion-nucleus
scattering at energies '1‘." > 100 MeV the 4 partial wave becomes
significant. o

In order to use the interaction operators above in a multiple
scattering theory to define a pion-nucleus potential for investigating
nuclear structure, it is necessary to know the 1U! and TINN partial

vave amplitudes. These are energy dependent and must be obtained by

k2



analyzing the scattering and absorption of pions incident on the various
elementary scatterers at a variety of energies. Unfortunately there
are no precise TIN scattering experiments at very low energies, so
these amplitudes are obtained by extrapolating the higher energy
results. Tables 1 and 2 contain a summary of the experimental extra-
polations for the very lovw energy s- and p-wave pion-nucleon scattering
amplitudes.

Some of the oldeat and perhaps the best determinations of the
low energy pion-nucleon s-wave amplitudes are those of B:lerm.nm2 for
T +p—>T"+p with 6<Ey <24 MeV and those of Fisher and Jenkj.nsm3
for TH+ p-> ¥+ p with 3.7<Eq <25 MeV as obtained from liquid
hydrogen bubble chamber experiments. McKinleylou has analyzed a large
number of pion-nucleon scattering experiments at different energies
and fit the tangent of the s- and p-wave phase shifts to a power series
in k. The leading terms in the series correspond to constant s- and
p-vwave scattering lengths. Hamilton and !vluolcocklos have deduced values
of the pion-nucleon s- and p-wave scattering lengths using forward
dispersion relations for T 2 +p—> Tl‘t+ p scattering at moderate to
high energy. Samaranayake and wOolcock106 bave made use of a sum rule
by Goldberger, Miyazawa, and Oeh-elo7 to eliminate one of the scattering
length combinations in the forward dispersion relations 6f Hamilton and
Woolcock for TI'I+ P - 1ri+ P scattering. With their improved
formulation they obtain a different set of s-wave scattering lengths.
More recently Haniltonme analyzed all the available 'l'l':t +p—~> 7l'1+ P
scattering experiments up to 41.5 Mev and obtained another set of s-
wave scattering lengths. Also Donald .e_'ng. 109,110 have performed

T~ +p-> M +pand T +p—> "+ n scattering experiments at

k3



35 and 39 MeV and analyzed their results using the method of Hamilton
and Woolcock.m5

Unfortunately there are no pion two-nucleon scattering or
absorption data available for determining the low energy -TINN inter-
action amplitudes. The best one can do is to use the principle of
detailed balance to relate processes like N+ N> T+ N + N to
T + N+ N —> N+ N. Using the principle of detailed balance and
the cross sections of lloodruf‘i’,lls Stallvood g:_g._}_.?e and Kazarinov
and Silonov,n6 Ericson and Ericaonlg have been able to determine the
imaginary parts of a fev of the TIrNN interaction amplitudes for the
absorption process. These are listed in Tables 3 and 4.

For pion-nucleus scattering in the range 24< Ty < 280 MeV the
energy dependent values of the TN and TINN partial wave interaction
amplitudes are needed. The elastic parts of these amplitudes are
obtained from elaborate phase shift analyses of many plon-nucleon scat-
tering experiments in which the energy dependent phase shifts are fit
to various interpolating functions of the energy and momentum. The
first well known and widely used set of such functions for the experi-
mental s- and p-wave pion-nucleon scattering phase shifts was that of
Anderson-ll? This set was obtained by analysis of most of the scat-
tering experiments performed before 1956. Using a three parameter
relativistic Breit-Wigner formula for fitting S 33 and polynomial
expansions for the tangents of the other smaller phase shifts in terms
of povers of q2. Fifteen parameters vere varied simultanecusly to
obtain the best fit to the differential cross sections for energies up
to 300 MeV. An error matrix was calculated along with the optimum

values of the parameters. The existence of a negative element on the
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diagonal of the error matrix indicated that this fit was not entirely
satisfactory.
118
In 1963 McKinley fit the available data in the energy region
+1
up to 600 MeV using simple interpolating expressions for tan S:( /qal .
This form for the interpolating functions was suggested by the threshold
dependence of partial wave phase shifts for a short range potential
241

(tand; X q ) and by the effective range approximation for nuclear

119

118
forces. The interpolating functions that he obtained are

tan 83/q = <0.10 - 0.036q2 + 0.003q"

q3cot S =4k,208 + 0.7987q2 - o.8337q“
(III-4T) 33 2 b
tan Sl/q = 0.17 - 0.04q" + 0.01q

3 2
tan J‘n/q = -0.015 + 0.005q

3
tan 513/q = -0.0035

McKinley noticed that the experiments at 98, 150, and 170 MeV did mot
follow the general trend of the other experiments for the J = 1/2
phase shifts. Ignoring these three experiments he obtained an alternate

set of J = 1/2 phase shifts.

tan Sl/q = 0.17 + o.oaq2
(II148) tan &,/ = 0.016

tan 513/Q3 = tan 5;1/q3

Two years later Roper, Wright, and Feldlao completed their
exhaustive analysis of the energy dependemce of piom-nucleon phase
shifts. They obtaimed 32 differemt solutions. Solutionm mo. 24 for the

3, p, 4, and f phase shifts for 0 < Ty <350 MeV is their best one in



120
this energy range. PFor this solution Roper et al. obtained the

1
interpolating functions of the form tan S/q21+ , 1. e

tan S;?g = 0.195530 - 0.07722kq + 0.016‘#71‘]2 - 0.2299x10-hq3

tan §/q = -0.062097 - 0.038534q - 0.008068q" + 0.8734x10™"q3
v, 3 -4 2
tan S‘u/g = -0.100852 + 0.064993q + 0.3796x10" gq

|
tan 5’31/q3 = -0.052532 + 0.029051q - o.0063.73q2

1
tan 8’13/q3 -0.021752 + 0.010737q - 0.001356q2

3

3 -
(II11-49) tan 5'13/.;5 0.001929 + 0.1559x10 "q

k1 - -
tan S'33/q5 = -0.1609x1073 - 0.3038x10 39

0.001745 - 0.5365x10 g

tan ;/ q5

2 -
tan %5/(15 = -0.001185 + 0.6529x10 g

tan Si:/q7 = 0.2516x10'3 - 0.“&37x10-uq

tan %;/q7 - -0.6281x10™" - 0.1785x10™%q

3 -4 -4
tan A‘H/q7 = -0.1884x10 - 0.1229x10 gq

3

- b
tan é;f{/q7 = 0.2684x10 ~ - 0.4306x10 q

plus the resonance amplitude

)
- Teto /[ (2-e9) + i 187 ]

L

il

(111-50) C(33

where

@T)
(I11-51) P"x = YMmp kr.g”) ( n(a'r))2 Vx (kr.(iﬂ)

E+Eg



is the reson":ce elastic width,
- aT) 2 -
(111-52) VX (kY&iT)) = ml [ Py | (kYS_Q ) —+ /h&(kv'.gﬂ)]

is the barrier penetration factor,

) )
(111-53) I’-gT = Pe(::) + f‘;,.(Jl

is the resonance total width,

@ en _ =
(rm1-54) [, = Tiny = Tiny ek

£o0

92+{
)

is the resonance inelastic width,

1]

(III-55) Ko = |.477

is the threshold pion c. m. momentum for one-pion production, k is the

pion c. m. momentum,
(mz-s6) B = | i +k‘]ya

18 the total pion c. m. energy,

(I11-67) ES) = ’E?n = Lyl19

is the energy of the resomance,

(mr-s8)  (y@) = (¢F7)* = 0.133

is the reduced elastic width, and

(111-59) Y‘:f = \r'ogw7 = 06.9]

is the interaction range where f = ¢ = my= 1.
121
In 1966 Donnachie and Shaw published their best interpolating

1 .
functions for the reciprocal of tan 83/ o tor 04 Tn £ 250 Mev,



i.e.

geot éfl = 5.848 + 5.&82q2 - 3.830qu + 1.oohq6 - .1076q8

1
+ .003977q °

qcot 53 = -11.364 + 3.697(;2 - .801hqu + .0776q6 - .00285q8

6 8
aeot £y = 3048 - 70.85¢2 + 36.700" - 9.623q  + .968q
- .0330q™°

4 6 8
q3cot 5;1 = «26.30 + 8.&79q2 - 15.35q + 3.834q - .3560q

+ .0115q1o
6
q3cot S;3 = 4,6512 - .6207q2 - .lh73qu - .0829q

Unfortunately they did not report on a fit for J.

1 or include higher

partial waves.



D. Projection of the Total Pion-Nucleus Wavefunction

onto the Nuclear Ground State

The effect of the nucleons on the pion may be averaged by
projecting the total pion-nucleus wavefunction onto the nuclear grouad
state.

An expression for the total pion-nucleus wavefunction may be
obtained by substituting (III-24), (III-26), etec. into (III-20). The

first few terms in the resulting infinite series of terms are

(I11-61) ‘P(W;.- VS-sa)jo> = _Eﬁ(r)lo) + 2 SSO ,’...;A;

- meident wave

BTl 6 sn) SO Ssigr 509 Bae) 107> o 3r!
single scattered wAve

2 2
2 Sjgcv Voo T E R Vs 5a) SO LE) s 5 £509)
1{3

Gy BTt PRV 5, 9) £ R L F) Jsisi L) Potre) 187>
devéle scatfered wave

kq’S‘ng(r‘h Y‘/, Funt-a'; ;S -SA)

Ui e

d3rtd3pyn 4+ é

-'-,

SCH/-F) Fsrsy £50) GUFG T--Ta' VI R B 51 -54) STk 1)
5.5"5;'- £l'6'"/3(’;"2 BTl = B 5 ) ST 7 )

Esmgm Lulrn) P oeMian>SBridi i 4 - -
Triple scatfered wave higher ovden sorttering

k9



In order to project the total pion-nucleus wavefunction onto the
nuclear ground state one needs a number of definitions and identities.

From (ITII-6) one may write

-1 - { - ! > “a >
(I11-62) P(Y. < Ya; 8 8a) = P& (Y'i"si) P(Y‘g';si |Y‘""'Yj-’,,
;l > !

. . el J '
Y)’Hv I 7 A 8, - Sjq 53_"... SA)

Using the definition in (II1-18) one has

A
(m-63) S <o'lFa0lo'>y = 228 2

2 £
3=t o=t s/ S“Z., Si1 Sl 5 S

§°(Y') P(E’) Ss'l 'y'-‘ ... ;3'“' ?5_}" YA . S, '...s‘-_', 53;' SAI)
d3v/ .. I3y A3 - dOW
Thus
(111-64) <o | S¢H-F") 8g's’ :Qr°(r'))°’> = SZ 54‘(%'?'}5‘;{@
(]
R(F5e) F,609% = RBciist) $,09
Using the defimition in (III-10) one obtains
A 4
(1-65) S 2 5 SLg') Ssgf Py(i;5)d3y = en(r) 4 €per)
< S

where en(r) and Cp(r) are the nuclear neutron and proton densities
respectively.
From Appendix N the pion-nucleon scattering operator for scatter-

ing from the j-th scatterer is

(1I1-66) .= (1+ Ea) b;

t}n

- G(VV'+ B2 g°)/C1+ S

a d
+d _a.__cT_

sl !

q



vhere
(II1-6T) Ei = b +b, 22T
(III.68) c‘:\a- - QD + C_, 'b]"'f;'

-—

(111-69) d.i

—

)

de + 9, ’tvﬂ ‘T

The operator 177, may be defined by

(I11-70) ta T = 4+7F- +2-T+ + 212 T,

such that for a negative pion
A A

(I1r-711) <oj _€' trT o> = <o '2( 9¢3 M5 10> 2
d= ~ a:.

Thus for the proton and neutron

(I11-72) bf = bo -AI
b

(III-73) ~ be + by

Por arbitrary nuclei one obtains using (III-67), (III-68),
(111-69), and (III-T1)

(II1-74) o' |£ £330’ > = <o |g (1

3':.

Er) b

- ¢ (v vz+ 2)/(l+5tr/M~) +dj % §_,-_.§‘! Cdl—}i(*‘)“'

= <o'| £ [ (1 5E) (bor b2 - Corcn)(wvs Er g?)
(H- _n)

51
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From the definition of the pion-nucleus Green's function in

(III-21) one obtains

(1II-78) o g(¥; Y, Va3 LTy s/ Sa) 1o >

= <o| £ gn(FF)Im><a’'1o'> = JoCRF)

where go(?,?') 1s the pion Green's function at an energy E - €, €,
is the energy of the nuclear ground state.

Thus using (IXI-64), (III-65), and (III-T74) one may project the
second term in the series for the total pion-nucleus wavefunction given

in (III-61) onto the nuclear ground state to obtain

<o|Y (¥;¥- ¥a;5, - sa)lo> = $ . +Se(\f )[L+ (L,+b,~12)
Fo(F71) - <C°+°«§ Vi) v 4Gt B g2

+ Ex/My .
Hlordi2)aig B g, TRV
where the shape of the neutron a.nd proton distributions have been

(111-79)

assumed to be the same, i.e.

(1r1-80) Calr) - ) - el)
N 2 A

In oxrder to project the third term of the series for the total
pion-nucleus wavefunction onto the nuclear ground state one needs some

additional definitions and identities. From (III-9) one may write

S~ . > L . -~
(I11-81)  P(g". ' st -a") = PR, 5"s") PR "8 "s"
F Y "

-~ - » " N "
WY g 7)-! Ty YAy S S Sial < S ‘3‘“

e SA

Using the definition in (III-19) one has



(r8) £ 2 <o Foalotry =2 5 £k
3 |#| a® §" syt S
i3

si'g

~ . noan a0l H n .H N "
Yw oYy Y3y n YA S ©Sie Sigy v S S "'SA)

" "
d3 Y‘" ve e dsh'-( dar‘-‘l . YJ - dsra‘n . .d3rA”

= $ g0 PR"%";s"s"

Thus
-8 £ 2 -
) 3= 2-_4 <e'l S(Yg-?')gs,ss, 10" ><o" §(F " ¥ Fsrsyn B o>
i}
A A
?,,é% -3 5550, ¥)8si's' S F) Sorsn

P Y‘ . SA S.")i (wl)d?r CI3Y‘“

= e(FieMs,s")
From Appendix C for a Fermi gas

(III-84) e(¥F'!¥" 35!, = e(’ )CQ-N)Q _L)(_,L A__Q Gp(??"))

is the nucleon pair density fumction where GP(I" ,7") is the Fermi corre-

lation function which has the following properties

(1I1-85) I Gr (7, FY)
JFLE"| —» O

(111-86) lim =) =
Iy-F1] >0 Gp (V) = 4

(111'87) S Cp(F}’F")QQ'?dsr" = _1_

23



In the nucleus there are three sources of correlation, i.e. the
Pauli correlations due to the Pauli Exclusion Principle, the nuclear
force correlations, and the Coulomd correlatione. For this work the
Paull correlations which are of longer range than the nuclear force
correlations are assumed to doninate.19 We assume that the nucleon
pair correlation function is approximately GF(?'-?").

Using (III-67) and Appendix C one may write

A A
(1I1-88) 2 Z <o | &¢i#) fslgy! b; 10> <o | £ Fiym Ese i
a3t = =
it}

& F,oMlo"> = &) C(w')(l-‘k)[ bs +3b0b, 42 —’%a:

- 2 N-2)A4 2 4 g (VP
{(5«,1‘9506;.?3)?’ + ab, ,%:? } < (:{ r )]

Finally one may project the third term in the series for the total
pion-nucleus wavefunction given in (III-61) onto the nuclear ground

state using (III-81), (I1I-82), (III-83), (III-84), and (III-88) to
obtain

(111-89) SS e(y-)c(,u)(;—*)[( I+ 5@?{( bod dbod, M2 - AA_I; )
—( 4 (b3 +258,42) 408 42 ) G.H,?L”)} RGO RAD)

+ {(Cf+ac.c,lxii —_S_l;) - ﬁ_‘_'.;' (Coz-lJ('\Q,/_s-_E)

boachaa) c:Ecr'-ru)} ( V9e(KF)-V') -
7 |+ En/my

Sk
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(V'gocleEn).v") 4 {(d2+adodN2—dn )
[+ En/my At

—( %:ilji(doz'fadod,/yig) + gdzd__) Gg (‘y-_?n)

(VP rxv') (V'gu(FiFD X v")] @, (933

where the Green's function for the propagation of the neutral pion
after the pion has undergone single charge exchange bas been replaced
by go(?,?' ). Since the charge exchanged nuclear state has nearly the
same energy as the ground state due to the small amount of energy
released in the charge exchange process, this approximation is very
reasonable.

Adding (III-89) to (III-79) one obtains for the first three
terms of the total pion-nucleus wavefunction projected onto the nuclear
ground state

{111-90)

Py = F,00+ Se(\-')[(n %)(Lub,mg) Fo(Vi FY)

_ (C°+Q'&;‘2.) { VSOO‘.Y-')'V"* 5—%"990:.79313 + (do"NI’S'?)'
| 4 En/my

;:l égll ga(hT’) fli;, ] P rd3r + SSQ(»--) er) (%)

[(G8) f (b3 4okt B2~ __L) (&3 (b3 +3bebi1t2) +
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ACoC N ) ("‘" (c°+acoc,/:§$)+ac}%:_§)

L (o) YT ) _ (04
adoMT d‘) (do+adod/v~2)-;ad,%)

C‘E‘(:L = } ( VIoChiFIXY') - (V'go ¥ ) xv">]3€oer")d3r (VR
C‘E‘(:L = } ( VIoChiFIXV') (V'go i) xv">]3€oer")d3r (R

The higher order terms may be obtained in a similar manner; however,

the first three terms are sufficient for the purpose of this work.



E. Summation of the Series of Multiple Scattering Terms

The infinite series of terms in the expression for the total
pion wave in (III-90) may be easily summed in a self consistent manner
if there are no correlations, i.e. all the correlation functions
G'(?' ,T"), etc. are zero. In this case the definition of P (r) itself
may be used. Thus Y(r) may be exactly represented in a self consistent

manner by the equation

(r-9) Py = .0 + 5 e(r) [( I+ 80 ) (be+ by N2) 9oCh,7)

~CoAA) [V GochP) -V BE 90D B2 (11 smn)
—(do +d, Il;r?) % 5"5,7! 3«(?‘-,7‘)%;':] Poad3y!
Substituting the definition of ¥ (r) into the right hand side of (III-91)

one can see that (III-90) is reproduced provided there are no correlations.
If there are two-particle, three-particle, etc., correlations,
this self consistent method of truncating the multiple scattering series
will not work, because all the correlations are handled incorrectly. Om
the other hand, if only two particle or pair correlations are significant
one may correct (III-91) in order to properly handle the pair correlations.
In order to obtain the correction term one substitutes the definition of
T(r) given by (ITI-90) into (III-91) and then subtracts (III-91) from
(II1I-90). An infinite series of correlation terms is obtained. The
lovest order scattering terms involving the pair correlation function
Gr(i:' ,") are

s - §§ e ern (-GG (1 g Hchis

N
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aho":“%) + /—z::% ablz] 90(747“)95(7“'?") - [ <C° +

Acoc, a2 ) + 42 act | (VoutkN)- V') (700 27)- V')
(1+ En/my) (14 En/ma)

_[—g;._ﬂ'. (d:+ad°d.’%"|?)—+ l:_%% ad.,z] (ng(F‘f!)le) .
(V/qocf, t" x v")f Fotr)dSr dSp

The contribution of all the higher order terms may be included approxie-
mately by replacing §°(r") by E(r"). In this case all the higher
order correlations are still handled incorrectly, but presumably they

are not significant. Thus (III-91) may be corrected to obtain
(111-93) P (y) = $o6) + Se(w) [( 1+ %)(Aué,f_v;?_)g.cﬁm

~Coramz) § VuiF) V'3 B8 9RFIGRT _ (dytd,n2)

(’ + EH/MN)

% TVQ? 30(7.)7") 3_;'] I(T")dsw - S\S\e(ra)e(rn)( '_.k)@E(f’va)

f +5)°( A4 (b +abb e ) +;16|7-,%?[] 90 ChF)ge 1)

-— [ ﬂ_.(C + QCsC«UA-) +JC,"A‘9] ( Vﬂtﬁ'F') ' )(VQ«(Y'F") Vn)

a e NS

- [ %(Cg 430G )+ac,“A—9] % VM”')- v )(vge("’") ")
(2 5)* }
[ 7 (6 “d“d'”“’-)“"’z%](\?s-(& Frv)- (v's.m)xv")}

~
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Equation (IIT-93) is a self-consistent equation for ¥ (r) which
correctly handles 92 (r) for all uncorrelated multiple scatterings and
scatterings on correlated nucleon pairs. All the higher order cor-
related scatterings are treated in an approximate manner which is not
strictly correct.

In principle one can use the method above to handle any finite
number of higher order correlations. Thus a procedure has been defined
that enables one to expand the self-consistent wave equation (III-91)
for g?(r) in terms of correlation functions to some order. The more
correlations considered the more complicated (III-91) becomes due to
the addition of correction terms. As a first approximation this work
assumes that only pair correlations are significant and neglects all

others.

29



F. Formation of the Optical Model Potemtial

The Schroedinger equation or any wave equation of the form

A - 2 E
(rr1-9%) 7 (V74 k)T = ve PV k? = :1_/% 7

may be used to obtain a pion-nucleus potential from _q?(r). Consider

the operation of

(111-95) ,;,’f);-,, (V2k*) - Veour )

on I(r). The pion's Greem's function obeys the equation
(I11-96) [;'Thmin(vz*k") - Vcou:(v)] Go(F ¥ =~ %2 SCR-FY)
and the incident pion field @, (r) obeys the equation
(111-97) B‘th ViikY) - Vcwl(’)] _@:(v) =0

Thus operating with (III-95) on W(r) in equation (III-93) and integrat-

ing over the delta functions obtain for negative pions

(111-98) [ A (v kz)—Vc.ul(V)] Fe) = Va® Tar)

= - [ (14 5L ) (bt biti2) @) - (et i2) {7-00 ¥
| +En/my

"B 7] -t gen Sh & [T 4 (apery

(’“'k) CF(;'J") {( |4+ ﬁta”)a[ %:T‘( <‘,: 4)6.5,%;).} ﬂg Qbf-]
guci7) | Beadsrn + 4B (egnan] 44 (o
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+acic 2 ) + 3742 [(V G E) V) (V(?:gz;z -)?”)

T dr” + ‘g’”_’g S e(v")(:-*)[ 1;_‘{ (do"udad,asg) +

43997 [ (TxewGe BRI v) - (vauFrv!) Bor)d
None of the integrals in (III-98) can be evaluated exactly except

by numerical means. For the purpose of this work some simplifying

approximations will be made in order to easiJ.y evaluate the integrals.
Consider the first integral in (III-98). PFor the Pauli pair

correlation function GF( r-r") most of the contribution to the integral

must come in the region T ~T" for ¥" inside the mucleus. Assuming

€ (r") and Y(r") are smooth functions that are fairly constant over

small ranges in T", one may remove them from the integral, i.e.

(£r3-59) jecr") CRC™7) gu(hid) F ()
7 = e(r)?(v)SG‘E(v?F') 34{;;'/)(/3.."

The approximation made for €(r") is sometimes called the local density
approximation.

Also let us assume that the pion propagator mmy be approximated
by

(1I11-100) 90(7-’\ ) = [F-7n)

due to the short range of the correlations. All these approximations
are more valid the shorter the range of the pair correlation functionm.

Using approximations (III-99) and (III-100) one may write



= >, - ™ ~ O ' (i;“
(In_101) S e(YII)GF(Y~Y p) 30( ."“) T(vl')day” = e .‘E(W Sw'l G:E—‘T——) d’l’"
Ty
s ew P .
¥rg
vhere the value of the integral was obtained by changing the variable
of integration to X = ¥'- ¥ and using Appendix C. Thus the contribution

of the first integral in (ITI-98) to vst(r) is

- k(- I e ¢)- A4 2 4-
(I11-102) S [ ‘;_&, em (i -};) { F(O“ +aL.6,f%§)+ac. Aﬁ}]

In order to evaluate the second integral in (III-98) consider

the z-component of an integral of the form
R ! an U an
AN~
(111-103) K - S SX (X-AX) dcose df = S Scoso [sine cosg Ax
=i ~t o

]

+ Sinesing Ay + Coso A-!] dcose q’;a’

vhere X = ¥ - . Integrating over @ obtain

(1I1T-104) fsn.;{ql;( = - Cos,z{ L -0
o

(III-105) S cos g dF = —sm;{) =0

Thus

! an {
(1I1-106) X SS % (x-Ag)dcosedX = a7 \YA*“"’ cos? Y coro
o -

= anAechf_e)’ = 41 Aa%)
3 [~ 3

Evaluating the other components of the integral in the same manner one

obtains
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{ a7
1 an
(111-107) S Sx (X -AX)) deote g = 17 AW = S S 23__7? An)dcose ¥
- O

The third integral in (III-98) is proportional to

(111-108) 5 e (V' e(ﬂcéff") V)(V 84, ;,,)_vn) Fom) NERD

Noting that VGF(?-"") X TF-F =% and Vgo(?,?") XT -T" =X

and using (III-107) with A(x) = V" P (r") obtain

L am
A 4 2
(1II-109) 5§> X %(( X gx 8&3)-;4(102ﬂd(ar0 d;{
-1 {

= -3',.55 V- ¥ a0 AW deero
Thus (IIT-108) may be evaluated usix:g (III-101) and assuming
(1II-110) V2 9. (FF") & - 4n £ (FH)
to obtain
(111-111) ge(v") (V- ew GL";E'.') V) (VauCEm) V" gyn) ) 300
= L (e voew q.g;f:’) V29,754 7 s
= - T e¢) V- e V)

From (III-111) the contribution of the second integral in (III-98) to

Vst(r) is
_ynht -4)§ Al (ct+acqad) +9¢ 427 V- em V
(111-112) >y g. e(v)(l *){ A<l ( ° #) ¢ A m)t

In a very similar manner the contribution of the third integral

in (111-98) to Vat(r) is obtained to be



2 -
(111-113) - % 0 ew) (|~~‘,;){ AL (3 +adud 2 + 2di 427 VY

Substituting (III-102), (III-112) and (IYI-113) into (III-98)
one obtains the optical model potential V't(r) to be

(III-114) \/5_r ) = ‘%’5_:"_; (H%}(beﬁ b,rag) ey —(cwc.rgz) {V-e(*?V
(14 Ex/mw)

- - k3
] o ) 0 8, - 11, 0
A-4 - - -
(H%,;,‘)z{ At (b3+adeb 2y 4 ab? %__3,3 + 1 emU *){%’(CZ‘
+ a0, 02 )[4 81 ) + 4 (QUSHYRGAR) 4 (At

Q-i- En/m,,)‘-
+ L’dlt) %—:—%’3 V-QMV]

Thus ve have completed the derivation of a piom-nucleus strong inter-
action optical model potential from the multiply scattered wave approach.
The wave analysis enabled us to explicitly take into account scattering
on correlated pairs.

The V’ t(r) in (I1I-114) represents only the elastic pion-nucleus
interaction. In addition to the elastic interaction with the nucleus
the pion may be absorbed. For pionic atoms and low energy pion-nucleus
scattering conservation of energy and momentum prohibits pion absorptionm
on single nucleons. Experimentally most pion absorption at low energy
occurs on nucleon paira.he’w’ 21

The absorption process may be included in the multiple scattering
equations in the single scattering approximation by considering the
nucleon pairs for absorption as additional elementary scatterers. Thus
the pion-nuclieon pair absorption operators may be expressed in terms of

purely imaginary pion-nucleonm pair interaction amplitudes BJT and



¥ .rr( S,T). (See Appendix A for a derivation of the pion-nucleon pair
interaction operator.)

If the nucleon pairs for absorption are considered as additional
elementary scatterers, then in the single scattering approximation they

give rise to a contribution to V ( r) of

(TI1-115)  \for v) = -‘”’"" V(g )Bel - ¢ Vel y
I+EN/;MN

vhere B and C are pure imaginary. Thus the pion-nucleus strong inter-
action optical model potential including absorption on nucleon pairs

may be written

(II1-136) Vg () = —‘”‘;' [(H (bo+b N--’é)e(*) (C-"leaf)

1+ En/my
[ Ve V=358 V'ew  ~(do 4o 52§ cw &b d

-_L[ eQ‘)(I *)(H%l)n{ f (b2 +2 b0 b, MZ) +91,,A__}+

T eo (t-4)§ 41 (c*+aag 22) /C1+ Eapay) @ + 44 (adle™

Wl NB) 4 (3G d?) a-a
| NE) (th +Y .)%”? V-envV

I+ Enfamy

+ (1+,6a) Be¥ —C Ve V ]

This form of the potential is significantly different from that
b
of Bricson and Ericson J wvho obtained
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(I11-117) VST ¥ = - % ( I+ %)Cbo L NA;e)e(‘?
I+ ‘77"‘:2 (50 'l'&,/%g') e

-1
-1+ /%I/lv) V. (Catcnt) )
I~ Zg h (Co ¢ IgAg) ew)

(%‘V)Z<FN1> e — (dv 49, /.Yl;‘?) % S\g) 5.;;' gr +

(H%}B&V; - C V-ehv

L+ S

The main differences are that in this work the relativistic form involv-

YV + Ctant)

ing E"/'l instead of n-,r/n“ is obtained, the nucleon motion term is

ing E:,r“/‘l_sn“i&x;s?e-;d‘&f :’:r‘/’,;;‘isand the form of the Lorentz-Lorenz effect must
be different from the classical form due to the inclusion of effects
like virtual charge exchange. Also the spin dependent d term is found
to give a contribution to virtual spin exchange even for spin zero
nuclei.

Krell and Ericson a in fitting their pion-nucleus optical model
potential to pionic atom data for the 2p-ls transition data which is
very sensitive to the form of the lorentz-lorenz effect, discarded the
original Ericson and Bricuonlg form of the lorentz-lorenz effect in the
local part of the potential and replaced it with the form derived above
which includes contributioms due te virtual charge exchange.

Krell and Barloal in using the optical model potential of Krell
and Ericnonlg to fit the relativistic pion elastic scattering data om
12 failed to replace the -w/nl terms with the relativistic z-,r/-'
terms. As a result the agreement betveen their best fit parameters and

the values deduced from TN experiments was not too good.



CHAPTER IV

ARALYSIS OF PION-NUCLEUS INTERACTION DATA

The derivation of the optical model potential of Chapter IIT
using multiple scattering theory involved a number of approximations.
Although the approximations made in the derivation were reasonable,
the magnitude of the terms involving correlations is only approximate
due to the use of the Fermi gas model and neglecting the eikr dependence
of the Green's function. As the energy of the pion increases the
correlation terms must eventually disappear due to the oscillatory
nature of e1kr in the Green's function.

The full justification of any pion-nucleus interaction potential
requires that it qualitatively and quantitatively describe the experi- :
mental data. There are many kinds of experiments in which the effect of
the pion interacting strongly with the nucleus can be detected. For
instance photo-pion production and electro-pion production exhibit final
state pion-nucleus interactions. In some sense these kinds of experi-
ments are two step processes. First the pion is produced electromagneti-
cally, then it interacts strongly with the nucleus. One needs to know
all the details of the production process in order to investigate the
final state interactions using the experimental data.

Although experiments such as pion-production can be used to
test the pion-nucleus interaction potential, it is advantageocus to use
the more direct processes such as elastic pion-nucleus scattering and its
very low energy equivalent, pionic atoms. In these processes one need
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deal vith only the well known elastic electromagnetic processes in
addition to the pion-nucleus strong interaction. For the purpose of
testing the pion-mucleus optical model potential only these two
processes are used in this work.

Tables 5-8 contain a listing of all the pionic atom x-ray transi-
tion energies and widths. Not all of the pionic atom data are equally
useful for testing the pion-nucleus optical potential, because not all
of the TrNN interaction amplitudes in the optical potential are known.
Also the nuclear density is only reasonably well known for N = Z spin

120, 160, and mCa are best fbr

zero nuelei. Thus the data for hﬂe ’
testing the potential.

In .testing the potential for pionic atoms ome could just substi-
tute into the potential the experimentally deduced TIN and TNN inter-
action amplitudes, and solve the Klein-Gordon wave equation for this
potential to predict the pionic atom tramsition data. This procedure
is not fully satisfactory due to the large uncertainty in the experi-
mentally measured TIN and TTNN interaction amplitudes compared to the
great precision of the pionic atom transition data. A better prdcedure
is to rit the TN and TTNN imteraction amplitudes to the piomic atom
data via the pion-nucleus optical model potential, and them compare the
resulting values with the experimentally determined ones. This proce-
dure is ocutlined in great detail in Appendix PF.

Following the method of analysis given in Appendix F, one obtaims
best fit values for the effective parameters

@D b = by - 3R O-R)+ I H 42+ 45 04]
ol = =gl [§1 5 gyt

I+ /My
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Bo -3 & -2 B gl 8- L (13) e,

(v-4) "' = C,- 2.c - %_7 G +('.‘7:ﬁ,(l+%,)Cq "%:,(qu)cs‘

wvhere R is the uniform radius of the density of nuclezon centers and the
parameters bo, bl, co, cl, do, dl, Bo, Bl’ 132, Bh’ BS, Co, Cl, 02, Cu,
and c5 are particular combinations of TN and TINN interaction amp-
litudes given in Appendix A. The best fit parameter values are dis-
played in Figures 1-U4 along with the extrapolated values from TN and
NN interaction experiments.

From Figures 1 and 2 one sees that the "b_ " and "c," predicted

105
using the TIN amplitudes of Hamilton and Woolcock are not in agree-

o

ment with the best fit values. On the otherhand the Fermi-averaged
values of both "ho;ta;nd "co" predicted by using the TN amplitudes of
Donnachie and Shaw agree satisfactorily with the best fit values.

For pion absorption on nucleon pairs, the picture is more com-
plicated. From Figure 3 one sees that the "B" predicted by Ericson
and Ericson19 from pion production experiments is off by a factor of
2 from the best fit value. The only other estimate for "B" is that of
Dcwerao who explicitly calculated the contributions of the various on-
and off-shell nucleon-nucleon T matrices and averaged them over the
distribution of two-nucleon relative momenta in the Fermi sea. His
calculations slightly overestimate the best fit values.

In the case of nonlocal absorption of pions on nucleon pairs,
one sees that the "C" predicted by Ericson and Ericnonlgron pion
production experiments is in excellent agreement with the best it

value. Again Dover overestimates the value of the absorption parameter



by about 10 %.

For pedagogical reasons some figures have been included to give
one a qualitative understanding of the influence of the strong inter-
action on pionic atoms. In Figure 5 is shown the ls bound state vave-
functions for l60 with and without the effect of the strong interaction.
A radial plot of the repulsive local and attractive nonlocal parts of
the optical potential for 160 is given in Figures 6 and 7. Pigure 8
displays the 2p bound state wavefunctions for hoCa. with and without the
effect of the strong imteraction.

Tables 9-45 contain a listing of the elastic pion-nucleus dif-
ferential scattering cross section data for une, lac, 160, and Ca
at a variety of pion energies. The precision of some of this data is
poor, and therefore not extremely useful for testing the pion-nucleus
potential. However much of the data is precise enough to make a check
possible.

For testing the pion-nucleus optical potential, one finds that
using the Perui-averaged pion-nucleon amplitudes of Donnachie and Shavlal
with all pair absorption amplitudes set equal to zero is sa;tisfa.ctory
for describing the available differential cross section data. In the
analysis of the elastic scattering data the pion absorption on pairs vas
neglected, because the effect of pair absorption on the cross section
seems to be rather small and the energy dependence of the pair absorption
parameters 1is unkn{ovn. The complicated procedure for calculating the
differential croﬁs section is described in great detail in Ajppendix L.

In Pigures 9-12 are shown the predicted values of the complex

parameters "bo" and "c_" as a function of the laboratory pion kinetic

12
energy T T for C. The Permi-averaged values of these complex

o
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parameters were predicted using the pion-nucleon amplitudes of Dommachie
and Shnv.lal Also the values of the complex parameters bo and co without
correlation effects are given to indicate the magnitude of the correla-
tion effects. Figures 13-18 give a comparison of the Fermi-averaged
complex parameters 'bo, co, and do as de::;nined from the pio:;;ucleon
amplitudes or phase shifts of McKinley, Roper and Wright, and
Donnachie and Shaw.lal Since no uncertainties are given for these sets
of pion-nucleon phase shifts a comparison of the various sets gives

some idea of what the uncertainties may be.

The predicted elastic differential scattering cross sections for
l’He, 120, 160, and l.oCa are given in Figures 19-60 along with the
experimental cross sections. On each figure is indicated the normali-
zation factor by which the calculated cross section must be multiplied
to obtain agreement with data. Also the average X*for the predicted
cross section is listed on each graph.

A cursory inspection of all the differential cross sections
reveals the merit of the Kisslinger-type optical potential. The
potential seems to satisfactorily predict the differential cross
sections for all nuclei qualitatively and gquantitatively. The quantita-
tive fit could be improved by varying the values of the pion-nucleon
amplitudes. Not all of the data is equally well predicted, because

some of the data are quite old and have serious systematic errors.



CHAPTER V

SUMMARY AND CONCLUSIONS

In this work a new pion-nucleus optical model potential has dbeen
derived from multiple scattering theory using the impulse approximation.
This potential differs from previously accepted pion-nucleus optical
model potentials, such as that of Ericson and Ericson,l9 in four
important aspects.

First, the form of the lorentz-lorenz effect ig different. The
form of the lorentz-lorenz effect in this work is due to the fundamental
approximation made to treat the series of multiple scattering equations.

19

Ericson and Ericson ” made what Lax9l calls the gquasi-crystalline
approximation to close the series of multiple scattering equa.tiozis. This
approximation, as its name implies, is appropriate for crystalline
structures. In this work the approximation made was to neglect all
correlations of nucleons higher than pair correlations in summing
exactly the entire series of multiple scatterings.

Second, the dominant contribution to the local part of the optical
potential--i.e., virtual charge exchange--enters naturally from this work
as one of the terms in the potential. This is not true in the case of
the quasi-crystalline approximation employed by Ericson and Ericaon.19
As & result Krell and Ericson’’ were forced to add in this term ad hoc.

Third, the relativistic kinematical factors involving E"/'N are

used. Many investigators, like Krell and Barmo, 39 have failed to use the
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proper relativistic factors in fitting to relativistic elastic pion-
nucleus scattering data. Also the factor (l-l/A) multiplying the nucleon
pair density amd correlation terms has been included in this work. This
factor has been neglected by many investigators.

Fourth, the contribution of nucleon motion is properly included
resulting in a o5f,Co V€®) term in the potential. Ericson and
Ericson neglected this term and instead found sn (Ea/Mn)2Co <PN>€()
nucleon motion term. According to Krajcik and l‘oldym this term should
be neglected if one does not use bound nucleon spinors in calculating
the potential from multiple scattering theory, because the contributions
due to the nucleons being bound are of the order (Eu/MN)E

In order to test the accuracy of the optical potential of Chapter
III to describe pion-nucleus interactions, the effective parameters in
the potential vere varied in order to obtain a fit to pionic atom x-ray
transition data. Then the values of the best fit effective parameters
were compared to those predicted by the theory using the pion-nucleon
amplitudes of Donnachie and Shav.lal

For the pionic atom data the optical potential is able to
satisfactorily describe the shift of the piomic atom energy levels due
to the strong interaction using the Fermi-averaged pion-mucleon amplitudes
of Donnachie and Sha.v.lal The width of the pionic atom energy levels
due to absorption om nucleon pairs is satisfactorily described for >0
states using the TINN amplitudes obtained from piom production experi-
ments using the principle of detailed balmce.19 For some reason the
TINN amplitudes from production experiments are imadequate to describe
the £ = 0 widths. Doverao has explicitly calculated the contributions

of the various on- and off-shell nucleon-nucleon T matrices and averaged
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them over the distribution of two-nucleon relative momenta in the Fermi
sea in order to obtain effective s- and p-vave palr absorption parameters
in fair agreement with the best fit values.

For the elastic pion-nucleus differential scattering cross section
data the optical potential seems to be able to satisfactorily predict
the more recent and more precise data. This is the first time any
optical potential has been able to satisfactorily describe the elastic
differential scattering cross section data for such a large energy range
for even one nucleus, much less a range of nuclei!

Now that the interaction of the pion with the nucleus seems to be
satisfactorily understood and described in terms of am optical potential,
it is possible to seriously investigate other processes involving
initial or final state pion-nucleus interactions such as photo-pion
production,la3 electro-pion production, pion single and double charge

exchange, and inelastic pion scattering.



APPENDIX A
Derivation of the Pion-Nucleon and Pion-Nucleon-Pair Interaction Operators

in Terms of Partial Wave Amplitudes

1. Pion-Kucleon Iateraction Operator
Folloving the suggestion of Ericson and Ericson 19 one may expand
the pion-nucleon interaction operator fl(;) in terms of the pion-nucleon
partial wave amplitudes Xop and 0(2.1»,;, since the orbital angular
momentum £, the total angular momentum J, and the total isotopic spin
T of the pion-nucleon system are conserved in the interaction. In order

to do this fl(;) may be written in terms of angular momentum and isospin
M

projection operators.
)
Al 'F:L r) = X, 7I-r=y; + Xg ?IT:% + é‘ (a‘“')\-_“',:2+075=Ya71-1'=ﬂ¥a

t X300 Mreyy Maanays + Ko Treyy Mreneyy + X300

TNyeay 7_1:-=4-v:] Fa(cese)

For s- and p-waves only £ =Oor 1l
A2 ) =
A2 fl (Y) = & ZIT=)’3 + “Sz_r'ra/a + 3 [ X3 Z‘TT'YG EJ'*!“YJ

+ Xgg ET=% lTa'um + Xy E‘T-Ya E:r: 2~y + 0 ‘_75-:%7574” "Z@““)

'ONES LSRR LY UM TR ISR T TRy 'LJ:..(-Y;J"."‘ -

The angular momentum projection operators may be defined using

the relations

BT = &Y 45"+ ags



A TEH) = au) 4+ 2+ + 7R

Note
X FOY 3- = ‘Q+ Ya

- = - -3y =
5 T X = g -AH) - Yy gl pev T=AVa

Thus the angular momentum projection operators may be defined in the
124
spatial representation by

-

A6 Tr:rm(-Ya ’i_:;é
- a+!

M My=a4ya = AH+TA
AL+

Usually the projection operators are written in the momentum
representation instead of the spatial representation. In order to
perform the transformation it is necessary to group the projection
operators with the angular-dependent part of the scattering operator.

The required transformations are as follows

A8 4 Palcose) = 4 m,(‘;—_g_') = l;_-_‘__('
k? K2

A9 T R Pay(cose) => 1 ¥ -{uxk) cose

= ‘\T-éb X Kk
(& g, o xK)

]
q
™
!
0
B~
o
)]
x

x
S—r

]
19
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x
Ix x
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124
Thus in the momentum representation

A10 T gy, Pn©058) = kk' ~ig{k'xk)
3 k?

AL Mrapivs Pei€os8) => 2 k-k' +ig-(k'xk)
3 k?

The isospin projection operators may be defined using the

relations
A12 T = 4T + %n
Al3 2 - 4 * 2 .
T It T | por T=tths
' _ _ _ 4) -
ALk T ?" = T(@T+) l(H'I) -15(,+2) B E-’fn‘l Fov T~CaVs

Thus the isospin projection operators may be defined

Al | - 'Z-'én

> T4z t2-m ==

— TMrsgapn = 2+ T%
3

Substituting the angular momentum and isospin projection operators

into 1'1('1"') obtain the interaction operator on nucleon 1_. to be

a1 fie) = “u(""l“f") + &3 (9'*7-1""!") + 3«,3(1-75,-1.)(75-3&:1:4@_)
~ 3 3 T 3kt =

+ 3ot (UG T Ak’ HIT () + 300, (l-q.-z.-)
3 3 k* 3

< kK- g-chg)) + 3 dlsy (aﬁzaf?({"i" -V "‘-"))
3

3kt 3kt



Rewriting ri(?) and regrouping terms obtain

m8 £ = % 'ga”‘_‘-‘ + 0(5:;“'('{7:-:7‘-')+(3“«3+Yds;+°‘n“"3'

+ ddaa- Mu-xn'l-o‘si(é.l,z...)) 5.5: +<

a2 X3 +20x3 ~AK)) ~3 a1
3 g

3

+ X33 -3 10 ~ K3 (‘én’T)) 2q?.(k'xk

3 =
= be + b,(aT)+ (co+ c,(z;:,-j:) K-k

+ @ +d,@27)) o k'xx)

vhere
~ X3-&i
Al9 Lg = d*—-—-' +axs )-‘l = 33
3
Co = a0&ia+¥xaztoln 43031 ¢, = ~ 9% 43xaa-0i 13
3k 3 k*
C'o - =03 —30;3:30(11’*2“3' d, = &13~03s~olyTAsi

3 k?

19
These results are in agreement with those of Ericson and Ericson.

Writing f, ( T) back in the spatial representation obtain

~

A20 .E;(F) = LQ + Ll(én'f;'/ — v~(Ct’fQ' tL'[-’Z‘.')VI

+i @+ an) v (TR AV')



where

I
M>»
N,
O—)
I

<

s

2L ()

-— A - . -
22 () = <o] g orLrv)le> = 9___2“"7

=1

and §1. the intrinsic spin of the nucleus. Thus
23 Lfimio> = [ bo+ b ta-Ti — V- (Cote,Zny)V!

8 (JotduT) V- (e #x V) 10>
vhere |O> represents the nuclear ground state.

Nov for a spherical spin density distribution €(r)

2 Vi Semx V! = - emiE Ty’
= Sin o
= a;e('r)

80

25 L))oy = [L.,+b,én-’£-—V-(cwctn-'r;)V'
+([do+oita7)g Tho g o>

Yor Ax = O or spin zero nuclei the d and d, terms give no contri-

bution.



2. Pion-Nucleon-Pair Interaction Operator

The pion-nucleon-pair imteraction operator 5'1 J(;) may be expanded
in terms of the pion-nucleon partial wave amplitudes Byp and XJT(S,T)
vhere 8 and T refer to the total spin and isopsin of the nucleon pair.
This expansion is valid, since the orbital angular momentum £, the
total angular momentum J, and the to%hl isotopic.spin T of the pion-
nucleon-pair system is conserved in the interaction. In order to make
the expansion, f; J(;) must be written in terms of angular momentum and
$sospin projection operators.

Anti Anli  sym Anli__ sym

sym
L L35 (F) = BuTlyo Ty, + Boo Trag Tree 480 MTaxe [T

oo SYm Anki
+Boa 7Ta--o TTT-; +£2_‘ (Jw)[ Yauy Tazarr Mrey

sym  Anh Anti  sym Andi SYMm
+ Ve, FI:A-( My + Vz,o Nr=p les +X1’.(Qﬂ T2 ]I‘M
sym Anli Anti  sywm
+¥g, (L,0) Mgy = +¥ra =1 77'r ] Fa(cose)
vhere the 7_!' 's are projection operators to be defined in which the

sym and anti refer to the nucleon pair and T is the pion coordinate.

For s- and p-vaves only

- syu Aty Sym
Asa fl} (Y') = Bll TTJ'.[ 7T7-, + Boe ”J’:b 7f1~-° &,nga. Ir.,

Anti  sym Anl sym __Ant/
+ Boa "J' 2o ”7-:; + 3 [ 3’3: ":r— ”7-, +r¢, ”J’.—. 7FI=1 !

o~

Sywm T H
+ Yo 77;-”,1 7Fr’.., + Y11(°1)"J'- ”"rel + ¥,@:0)1ly, 77‘:-:



Ah‘h
+ ¥ T EN 'n'.r =3 Cos &

Some of the angular momentum projection operators may be defined

using the relation for £ = 0O

A33 T?= g - S48t +an S = S +5+ GG
= = - T - I

80

| For$~

A3k 0},‘3}. - ;[s-(.s--n) -L<1+-L) _L(H.L)] {

Thus the £ = O angular momentum projection operators may be written

Anthi . o~
A35 Ty, = I- %’-'TA
Sym
A36 Tr = 3+UW
q

The isospin projection operators may be defined using the relations

A37 T = $m+im +¢a
BT = AT S ta @R i n
80

A39 ta @1T) + L o = TEHD-10)-50+4)-4(+)

'Si rgor 1:=2
= TCT-H) - 9/9» = -% kov T=]
~% fpor T=0

81



where ‘T, is the isospin matrix vector operating on nucleon i, 'En is
the pion isospin vector, and T is the total 1sospin vector for the pion-

nucleon-pair system. Thus the isospin projection operators may be

written
ALO sym 3+ tn @)+ L 0% %4 -t T T) -1 T T
e z <
sym .
Ahl 1TT=' = (—Z— +'é_1' ~(’I|+23)+~'i Iy )(% fn (r-i'r) . X34. 5
2
sym
A2 ey = ( % +%a-@m)+ -.-;r.)(% + % (T vr,)u- T o,)
- €
Anit
w3 My, = 1o 5

Yy
In order to simplify the terms in the projection operator

expressions note that
e [r(r4)-%]" = [@em) + 3 ww]”
= G (B) b)) 463
In amlogy to  (V-A)(T-B) = A8 +i5- AxB
ds o)) = %+ T (axk) = a-T
Thus

s [TEH)-27" = @ T T) + (ta- )& mi) + 7

~ta (TIT) + Ep (T NE ) +4E)* i

Also note
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W =t QB) + L BT ) = - v (e7) (25) =0

since (I-Ti-% )/ 4 1is nonzero only for antisymmetric ij isospin states
and 17- (71 *'T;) is nonzero only for symmetric states.

In addition note that

v\ e 9 YTy ~75)R
e 4 (121) - g L+ & 25+ )]
80

S O )

But
ASO (3 + ’B-E;)* = 3+TiTy
80

A51 (,T_‘T‘)z = - _"Z'. -3 0y 4+ 3 +T =

1
(1) .
*3)

[ 9

Substituting A51 and ALT into A46 obtain

w2 [Tre)-%]" = (¢ Tt m) + (- ) (g 1)+ ~4 0%

Also

53 [t mem) 4 $29](3225) - [ ta-(aenjer o)
+ 2 An-13) + S (h-m) T3 M)
l./

Using



Ak (fr,-.fr,-)(:s-r;h-'n'): 1 3%%}-:5-)

¥t T (AT = ()
b4 ~ T~ <

then
456 [1n-@%) +4 25 (34 A D) = 20 fi42)% 6005)
‘_/ ~ A - -~ -~
+ 7 i) + 4 3+@-§)
lf

= G T)@m) 1 (4 %)t ) 44 -2 0 47)

+ 4 @m) + 3 1 e

= @&rm T 7 4+ L(3+7%
1&a) + - H)(em) + 4 + 4 (3 ")

Substituting A52 and - A56 into the expressions for the projection

operators obtain

o T B[ 5 ) 42 s
- {2 %)) - —,} + 3 N



But
> (F-39)(253) - [3 sy

= g‘(é 34T -_';,)
y
and using previous identities for the { .S texrm obtain

sym { -
o T =7 [ 0)-4 00 @ nen

- G BT -4~ G (310 )]

- L m .
=3 L2+ 977 -4 G-k X7 -tr5)6

-

.Z;.{I

sym
@ Ty =3[ +5a %) +£ 00 3) + (1))

)

o mken) +g -4 75 ]

- H[,oq.st,, .'I7')+3'7‘: ‘I@‘ﬂ ’/)(‘L‘;r

+ €2 %) Z)]

Anti
M2 Tre, = 12T

y

Substituting these expressions for the projection operators into

the expression for f,, (';) obtain for the A = O part of the expansion
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vhere

A6l B, = 981 + Bos +3By 1580
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- 38 —-Bso ~3Bsl ~SBed
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These results are not identical to those of Ericson and Ericson vho

obtain a different 33, i. e.

A65 B3 = = 2800 +6786u ~9%86)

For the ¢ = 1 case the angular momentum projection operators

may be defined using the relations

1

A66 T L+ si+5;

g
w1 T = RPs+s" 10 (grs) vagiy

For the K = 1 p-wave

A68 TCTH) = 10+ EUB) 4 Ji(””’)*{'@?*@"*%_:!‘a‘
E2
or 5y por T2

- T=
A69 2T+5) +§W = T@H)-% = Ja por T7=I
T —% por Jd=20

Thus the R = 1 angular momentum projection operators may be defined

o Tl = <% *3-@:@:)&1;‘)(% +0@ wzm‘tf'f‘)

=3 <
"’
ATL TT::’-Z,“ = (S_":-’g @ *5)‘%"1‘:‘)(% i mHTE (3403-‘0'
- Y 2 ]
sz TN = -(‘/r&'(‘l"@?—@w' KAL) H TG
A.73 TrAh'h - ’ _ V",' V‘)'

L
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In direct anslogy to the simplification of the isospin projection
operators for the local s-wave amplitude the angular momentum projection

operators may be reduced to

A Tty =g [0+ s 2@Wong 02 "B)({-B')+<&"3)(*:"3’]

sym
A Ty =3 [2- 200 +208-0)U5)-4w)E) |

sym

W6 Tree =75[4- 2@H)-T8 4@ 0)(48) 1 (g)ew) ]
Andi

ATt Tye = O W

o

Usually the projection operators are written in the momentum
repregentation instead of the spatial representation. In orxder to
perform the transformation it is necessary to group the projection
operators with the angular dependeat part of the scattering amplitude.

The required transformations are as follows:

AT8 1 Py (cese) => 1 &-,(“"') k. k!

AT9 ((5.,_() Py €088) = 1 T «(Vixx) cos ©
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Similarly
B (W) (0-1) Pra (Co56) = (@ xx) - (Txw) /&

Thus the projection operators may be written in the momentum represen-

tation as
sym S .
e Ty = g | ok + SUTHB) - (kK'vk) + 26i) kx'

+(@ x41) - (T52k) +®X§')-(vj:x5)]
__SYm .
A83 My = 9+<’- 9’15.;‘5' + 9(\72173) K-k -'(VI*F)'("_"‘_{‘)

) @xk) - @)@ |
Sy ‘ ;o
e T = L[ kk' -0 0) k' - i@5) Grk)
+HT 1x') -6 xk) +(Txk') - (rxk)]

A85 (l-v: ) ok

The isospin projection operators are the same as for the local

s-vave amplitude. Substituting in for the angular momentum and isospin

projection operators cobtain for the ,Q = 1 part of the expansion for
fid(?)
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+ @ xk) (\T.XK)]("T 'TJ) + e (l ‘Fr) k!

+4 | 1-1y —t(n ¥) + G TR ) €T Xl‘ﬂ"'D

+)’,,(0,.1)< '%‘?)(Q) l [6 + €T-T; -3 ta (7))

kt
-3 & T)G ;) - 36 T)( _7):! + ¥ @,0 -5';1 [(6 +ET Gex!

- 31 () -K'xk) - 3 (@rk’)- (1 xx) ~ 3(@"*5')-@'*5)]

L ~T0T; 1-TWY k' !
(FE) + s (1R) 3 [1or st e

q

+ 3Ty +(é7, 4‘.)(&;, %) + G- 7)) ]
Rewriting and regrouping terms obtain

87 L. (v ' = (5-5' (o L L 3
Ti3 () M L0 %)+ 7L Yor +.L ¥ + E(a4)

P -~ -
tENEY R ]+ WY - L
L Ne L W) L] w4 [ L6

-i Yy - m + G x,,(o,a)— 6 Ync4ys) + 2 m}

() + { -k Yo -3, Yu(oa) + & ¥na ~S (1-%) & 7)

- - -8
+ {-3% Yar + 7-Yor +op e £ 0ea) § nao) ;,m}
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(T ) @:‘.Ts) ) { Tli Yio -% Y9 +3-'ana} (-oa)

Lam)B) + (- B)aw) | | +i0-m3) -

D

'Yk L Yoy -3 - T
(‘ik.t) ’3% Yai = Yo ﬁb’:l@«“)} + (1 "T:tlr-')
[(Gj-xs')-(@-xf) +([Tyx5') -(‘V}x_\k)] { - Yor +-L ¥
- 3
‘3_3‘ X'"(ilo)}
or
A88 -Ei;@) lkl = k&' [ Co +¢, V0V +C M-
+C3 (1IN0 W) €00 T) + &0 W) (%)
+0s (-08) [ 7) G 72) +€z-§?<énf")ﬂ
PO TTNG %) -Gink) + ¢, (-10)

L @xkhwynn) + (e ')'(‘F"")]

where
5%l +¥or + %10 3% (04) +3%(4, %) +5¥ia
9 Co = T 1Ck?
Yai1 - Yoi - ¥i0 ~3¥8,(0,2) +3¥% 4 °) ~S¥na
Co= 16 k*
~S¥a — Yo! =¥10 +3¥n(0,2) 3%, @) +¥1
Ca = 16 k*
-2Y¥0 -3¥) 0,4)+S¥n
CS - -

39 k*
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C, = ~—Jar+¥at X10- 3%, (©2) ~38,(4,0) -¥3
Y 16 k2
C - 2¥10 —3Y¥ (02) + ¥ia
g 3a k2
S¥a; — ¥ -3 ¥(4,0)
Ce B 34 k?
Cp = Y2, + 2 ¥o; - 3¥n&0)
3a k2

19
These results are not identical with those of Ericson and Ericson

who obtain a different value for 03, CS’ and Cg, 1.e.

A90 Cs = — aY%), + 9¥n(o1) -2¥n2
3a k2
_ Ao -3¥u o)+ ANia
Cs = 33 k2
C - D ¥y + A¥o) — T¥n(@,0)
e =
3a k?

writing £, J(':T-) in the spatial representation and neglecting the

Cg and C, terms which are small due to the AL and A2 dependence,

respectively, obtain
A91 _F;;(‘;) = Bo + B,\',J.P;- +Bg/l'i-"_l; +Bs("§'!—*’)§lﬂ7*":’)
+ 84 (T G)T-5)+ 8s (1-G5)[ (¢4 T) (2n- )
~+ tn'T' T .
@n-5) (s _)] 190G +0nT 4G T
+Ca (-G W)t M) + Co(@ T)(T- )

+ Cs (-G W) (ta- o)) + eg_-:/})(g-:r.-)]} v!
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APPENDIX B

Averages over Nucleon Scattering Operators

In order to evaluate the fraction of nucleons in the nucleus
that interact with the pion via any particular partial wave, it is
necessary to average the projection operators for that channel over
the nucleon states. For the purpose of averaging assume that the
nucleon spin and isospin are statistically independent, i. e. they may
be averaged separately, and the nucleus is in its ground state.

The follovwing definitions and averages are needed for isospin

A
Bl I = A_E\’E
B2 <ol£ T |o)> = aT
=

Tt o> = HA .Ia_(H-‘a-) = 3A

b Y

N>

3 <O

n
-

B <ol (£ /r;)2]o> = Y <oI1‘z[o> = Y T(T+H)

B < Mm-S = <ol ;% ?. Ti-T 10> /A@-)
3

= <o) ( 'é. ) - ?' 3t [0>/A@-)

= 4T(+H) - 2
A@A-1) Al

ok
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% <tn (TR = <ol £ 2, 4 @RIeY/Al) Lk
. 1=\ gf‘i A
B < (T a§) + G T)ta-T) >

A A
=<olz 2 (&) + T T) 0> /A4-1)
¥

- <ol £ 2 ta W) 160 W@ D> /467)
a2l (=
A

=<0l Z (&) T) + (&) @ e)10> /A A~

= <6] & (é(@-y))z _a %(1,,-7.')’“ jo>
AG-) A(A-1)

Using the identity
B <(&aT)aT)> 3 <&t +iTaxd)> = a-<4-7>
equation B7 is simplified to

B <&n)ET) +CrT)T) >

= LG T —H. + 4<LH-T>

AGD) A~ A-1
In these definitions |0D> represents the nuclear ground state, T3 = !ég form
and <7D = 2(t")3'1'3 =N - 2.

The spin averages are obtained in a similar manner.



APPENDIX C

Rucleon Pair Correlations for an Jdeal Fermi Gas of Nucleons

26
According to Goldberger and Watson the pair distribution

function P(a)(;,§') for N nucleons is defined as
a Pz = o <ol Z [ SGX) 8 E-R) o>

vhere K and B refer to various nucleons. The average pair distribution

function P(2)(f,§') is obtained by averaging over spin orientations.

The pair distribution function P(2)(SE,§') depends on the dynamical
properties of the scatterer. It can be easily calculated only for such
simple systems as an ideal gas.

For the ground state of atomic nuclei the pair distribution
function may be calculated in terms of the degenerate Fermi gas model
for nucleons. Consider such a gas of N particles confined to a box of

volume V. Plane wave states for these particles are of the form

Ty

23, oY
2wy () = Wy(?,,%,5) = —“!? Sl U}

> \J
where £ is the momentum, f, the space coordinate, S} the spin, ’X. )
the spinor, '77 the isospin, and 'l.qi the isospinor. 1In the lowest state
of the gas these plane wave states will all be occupied for £ < Pr,
the Fermi momentum, which is

= R (F)"



The lowest state of the gas is

ks o> = _\\:ﬁlv E eawgl(i,,so,z.) <o Wy, (2~,$mt~)
vhere f; ... {y represent all the states having a momentum less than
Pf, the Q's represent the N! permutations of the particle coordinates,
and 6& = + 1 depending on whether Q 1s an even or odd permutation.
Consider the distribution of those pairs of particles which are
in space-symmetric and space-antisymmetric states. The space exchange

operator for a pair of Fermi particles (o( , BY is
s Qas = ~H(1+ % B)(14 &)

where Vx and Vg are Pauli spin matrices and 7« szl 7 are the
isospin matrices. From the definition of the pair distribution function,
the desired distributions are

P Ereragy 1 N — -~ -
6 P+(XX) = - <ol = y(iu'x)é‘ﬁis‘x')(’iﬁks)lbsp;n
vhere + and - refer to space-symmetric and space-antisymmetric states.

Using the definition of |0> for the ground state one obtains

T Pi(XX) = zT;«: ‘Emm [(w4<a)wm(a),( I+ Qa) §(-2,)

(x-5) W, @ W @) = (@ windd) , (12 Q) Fc-5) K2 ) l«w?)]

vhere

u( 2, . m2; T
c8 w!(ﬂ)WM(a) = 3 ,Xl ’)' P)a
Using the definition of the space exchlnge' operator

- -~ a

- 2, > ‘4.3 ‘ﬁ.‘ P, - - .
c9 (H:Glﬂ) 8(*‘2.) J(X"Qa) elli‘.el 2 - ell Re.m x'Ieal 'c,mx
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and the orthogonality of the inner product
V2, T V2, T
€10 ((xv ’)*’X Pl:.,/x y, ’x; ha ) -/L

G QAT L Al AR et ’w..h"on) = 3 um STy

equation C7T may be written

$en = b + o L&D Ac-39)
a2 p'..."(x'x‘) T YNy V32 ,ém(?; [( 1xe € )

~ vy m fnc.(e R 1K) i)]

In order to introduce the definition of the Fermi correlation
function, one finds it convenient to change from a discrete to a
continuous sum using the prescription

- oy -
- TR 3 PeAX'-X)
as $ el AERD 5 %35 d°r e’
<1 @rf) Pes g

Defining the Fermi correlation function to be

s
ch Gp (XX') = 1V S i e GX °R)d3 = 9 T:;; (rg 1xx)
(aﬁﬁFA 9 (ﬁ: ';_i.l)s

one may write

as s C;I-o?'-)?)e.-ﬁ-cf-i') - A@l) S s o EM)-(R1%)

R#EML e A2y My

Il

A@-) Cp&-x")

c16 xz;w "S;V?!Wh g_qm .1(§L‘i)e‘.;.,.@;.) _ q(%) ($‘ ’)i Sortn

A XB
x s
Sy @ EATER A1) spx-x)



Thus one may rewrite C12 in terms of Gp(i-f') as

a1 PeGiR) = i k| AGD t AU G

— A(f-1) CrUFXY) T A(é}-l)]

where

c18 2 1= A(a)
Rim< ¥y

c19 = Svym S zn = H €s<3§‘l) = 4 <?; -1)
Rim<ry

26
This result does not agree with that given by Goldberger and Watson.

The average pair distribution function is given by

e P gx) = NiPXX) + N- BB X)
AGA-D /3

= v A [P0 -G )GF(H)]

I
s
i
'-_'s
)
o
3
~
x
}
X
—

A-|
and
4 (a) =~
ca < xx) = A@ [_’L - A ) G(R-%)
1$3=1 v? AT

A
e("’e("‘)("n)[i- 4-4 H']

= (k¥
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——————

2
Note that the result ngove for P( )(3?,5?') does agree vith that of
2

Goldberger and Watson despite the fact that it is obtained with

different expressions for P+(5?,'£').
The average pair dlistribution function may also be defined in

terms of the pair correlation function G(Xex'), i.e.

W l ol L
c22 P(’)(X,x') = R [_’L + G‘(x—x')]
Comparing C22 with C20 one obtains

R - vitvd
s GO = - A S

Substituting this function into the definition for the average pair

correlation length obtain

od
cal §iM = —RS -d‘_‘!) Cr ) xdx
o =1 q
® 3
= A4 59; Tya(Pex) x ok
(Pex)*
Iet y = Pfx
k4
a o A 9 T
c25 ?PAUI‘ - % ﬁ?;‘g '%99 d)'

125
From Gradshteyn and Ryzhik integral 6.574(2)

c26 3? Te@® Jd¢ = M-+t Ya)
o A

24+ p)rr+4+3)
Thus
® a
c27 53'%0’) dy = QP = 4
4 y:l aa p:@;)ﬂ@) am
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and

A-4
A

* = 7
c28 gmni CoEee AC

.@

Now that the formalism for averaging over spatially symmetric
and antisymmetric pairs has been defined, vwe are able to calculate the
very important average of (‘EW T )(Q-Ia ). Expressing these operators

in terms of unit operators and tz values one may write

029 (t"'Zl)(tzl.'T_a) = taTiata Tz + -g"'/p‘é-,lé-i +_é-,5+£+/£;
o]

Noting that

-+ - - - T T
e g [ g e dd 4 TR TR ] N h

- N A - A A e

2

:[ St&,-'l S\'Cq).'l - gz&’_, :%;, - ‘Y’h,a. ;7;51 - Ifn;( qu)l] .é'-'é

+ ~ggt gy
e y™ :'r.. T €t +T'f"ff_]h,%")fn

[’h%'fa‘ét; + =

(3

= [ ST ‘t‘; + { S"h,’l'h“ ‘r’h-l,’ra ( a J"h,’l‘arl J"hu,'l‘a i-}f}]

one may write

— 1) &'
32 Py(Xx) (& T)(&aT) = q_lu-i Vi xéﬁu {[11° *) .)]
M) (X LK
[ ( S\-C\,tm = Sm.,'rmn = :'lm,'rn)f’zl] - [C Em« )12]

[ J\u'\ym ‘r"ﬂ,’l‘n t; 4 ‘r\'l,'l'm :'h,/r,.,ﬁ L S In;';' FT&-;I,'I:'. t*ﬁr_l}
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Using the identities

33 £ Sare = 24@4-)=4-4
REm<tg

C3k Z J\'Q' T+l = 2 f'hu,'r,, = 4(4.) = %l
Rifm <Py REmerg

o £ MWD pad Guex

Limers
i R%m “e; PG Tl x%mqemzm.(;ki)f Tt T
= <n gn e;@&).@q);mwa = ét GHx-%)
c37 —Qi <:i@:':') ) fovm Pnre = ¥ 4 §) GET)
» £ S ) et G

= )%'* ,%‘u l(! #)- (X X)J\W% 'DH,'TA. = 2@)4} CR(F-%7)

‘039 é,,,,m&a,\rm dngm =4 é(ﬁ-') = %1_,4

o S Sugm fngmit = 2 Srvm Eniyrm = 9(4)921%‘
Rim<ry REm<ri

C32 may be written
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on Pi KRV T ) = pur W (4-A-4-404
t( 47 -A-L-A) G - (4-4)GOR) e

= £ e) (£t 4ute) (4A) % 7 %1(15"6"4-4"{)‘}

= give LCATEEA)E +(3A-448) GER) €]

Iy %1 @-¢t +~U{‘) - g‘c;;(ii')(i‘-é*-oﬁf) }

and

. _ 1 a 2
ck2 F’(”(x,x')(z:z-ja)(é,.-'p) = qvr AT { ~2A%ta
- a(%‘LA) CRFX)ta — 9%‘ Gr(¥%1) (¢ ‘fﬂtﬂs)}

% X~% }
43 2. PORIE-T) (6 T) = e § (-4 ~(F-A) e

134

_ la G (%-X") (*é‘i*-rt"é‘)}

Using C21 and CU3 one may evaluate terms in the optical potential
involving virtual charge exchange, e.g.
A A
ckh o] 2 _é| (batbtnT) 7)) (14, T ) Srvi) | 0D

(=t §=
i

Q

= emer)(-h)§ bE+abb -k - [(43 +abbns xy

+ a4t ﬁ;_?_] C’FQ‘;‘I')}
Y



APPENDIX D
Nuclear Density Parameters for Pions from Electron-Nucleus

Scattering Data

Two kinds of information are needed for the pion-nucleus inter-
action problem. For the Coulomb interaction part of the problem one
needs the charge distribution of the nucleus taking into account the
finite size of the proton and the pion. For the strong interaction
part of the problem the distribution of nucleon centers is required.
Usually one assumes that the distribution of neutron centers 1s the
same as that for proton centers. In this work nuclear density parameters
are needed for uHe, 120, 160, and hOCa.

The differential scattering cross sections for the scattering of
high energy electrons are the best source of information about the
nuclear charge distribution for most nuclei. In order to examine the
relationship between the nuclear charge density and the electron
scattering differential cross section, it is useful to consider the
scattering problem in the Born approximation. The differential scat-
tering cross section for an electron in the plane wave Born approxi-

92

mation 1s

@®
n dT = M I_'_ Se”f‘vmd%r: ‘laﬁ:l Ss'm gr V) rdv :
d k4 1T AR

where g = Ak sin®2 is the momentum transfer. Integrating the

integral twice by parts and using Poisson's equation

104
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D2 vivVe) = -;',- 2% ("’ V(")) = 4pzeew

ov2
one obtains
o) (e o]
D3 S sin(g@y) Ve rdr = - nZe’Ss'm gv e rdr .
5 3 Y
Thus
E ® z
I ‘il'Ss‘msr emrdr|
d.ﬂ- ,ﬁlk'l,‘m"a/a %
F °

For a point nucleus the Coulomb differential scattering cross
section is
55 d_f_l:P _ :&zxa{la
do Mkisin'ep
Writing the differential cross section D4 in terms of the point nucleus
differential cross section

<D
p6 4T = d_ﬂ—Pl “_“Ss'm gv e\\")\"d"r = (ﬂ.r, F@g3)|?

iy da | ¢4 dn
one may define a form factor F(qz) which is a measure of the charge
distribution.

The development above indicates that the form factor is what is
determined from electron scattering experiments and not the charge
density itself. Since F(qa) is the Fourier transform of Q(r), it is
necessary to know F(qa) for all q in order to obtain complete infor-
mation about @(r). Experimentally F(q2) is known only for 1 & q £

126
4 fm"l.

As a result €(r) is known only approximately.
With the present range of momentum transfer q that can be obtained
experimentally, it is possible to determine more than one parameter in

the charge distribution. For spherically symmetric charge distributions



106

[« =) K
[} - - ;-'Y
7 Flg*) = %’Ss‘m g emrdr = Sc § Ve d3r.
o

If the momentum transfer g of the electron is small compared to the
inverse of the nuclear radius R, i.e. qR<<1, then sin(qr) may be

expanded to give

a®
3 s
p8 F (g2 = "%’l§v~em[$v ‘(%? 4(%) - ]Jr

= ..%z '] .'r'l___.,
1 57<v> +%< >

Thus if only one parameter of the chafge distribution can be obtained
for small momentum transfer q, it is the rms radius.

The form factor F(q2) measured experimentally is the form factor
of the charge distribution i.e. the density of proton centers with
finite size of the proton included. 1In order to determine the density
of proton centers for use in the pion-nucleus strong interaction
potential, it is necessary to remove the effect of the finite proton
size. If one assumes as a first approximation that the nucleus consists
of interacting protons each with an undistorted charge density Qi(r),

then the charge density of the nucleus Gch(r) is of the form
9 Cch(v) = S ep(F-F) £orY) 3!

where f(r') is the distribution function for proton centers. The form

factor for the nucleus F(q2) may be written

no  F(gY) = Sc;i" ech(Mr =SS-F(V')e"K'reP(F—\?‘)d:’rcl‘r'
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Transforming the r variable of integration to X=T- ?', one obtains
By i X d3x
. F(g) = Jfee'Fhdsm | et 8% e

Using the definition D7 for the form factor, one may make the following

definitions:
D12 Fr@?) = S e §% e %) d 3x
D13 Fpe (@Y = S{‘(v') e'$" 3

Then
D1k F@) = Fo(@®) Fpc @Y

where Fp(qe) is the form factor for the charge distribution of a proton
and ch(qe) is the form factor for the distribution of proton centers.
Expanding F(q2), Fp(qg), and ch(qa) as a function of qr for small

gr obtain

t vee = (1~ @* 2 ce- WA Y IE
ms Fg) = 1- §<ro+ = (- £ <wid+ )(2-gren> )

1 - z‘.‘(<r;;> + L)+

Equating the coefficlents of the independent powers of g on each side

of the equation one has

D16 <v‘l.> = <Y:¢> + <Y;>
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or

P17 < Ype > = <> -<¥pd>

This result is in agreement with that obtained by Elf.on.]'27

Two basic approaches have been used in analyzing electron scatter-
ing data. These are based on theoretical notions concerning the form of
the charge distribution.

One approach is based on the harmonic oscillator shell model.
According to this shell model the distribution of proton centers epc( r)

is of the modified gaussian form for p shell nuclei, i.e.

(LR )

where Z ig the number of protons and a is the only density parameter.
The charge distribution of the nucleus including the finite size of the

protons is from equation D9
D9 € = § epFF)@petr)dSY!

In the shell model the charge distribution of the proton ep(r) is

assumed to be gaussian, i.e.

- Y'/q;

J
Bad

B0  €p(r) THa?

Thus the integration may be performed to obtain

P21 Qp®M = 2:a § 30 *-a?) 4«%"}] Y

211‘3/‘1)3 [i+ YL



where

2
pe2 be = a° + apz.

The form factor F(qa) for the nuclear charge distribution includ-

ing the finite size of the proton is given by D10 to be
- 8¢ /4
- 2
bes F(g?) = (1- 22 ag)e
2, 2
In analysis of the experimental value of F (q ) to determine the charge
2,2
parameters, one fits the theoretical F (q ) to the experimental one.
The fit is most sensitive to the first minimum in F2(q2) vhich essen-
tially determines the parameter a. From the shell model viewpoint the
first minimum originates from the interference between the s- and p-
nucleons. The rms radius of the distribution of proton centers is
determined from a.
128-131
Unfortunately most experimentalists analyzing

their electron scattering data have neglected the finite size of the

proton and fit their data using a charge density of the form

~-r¥Ygt
Dal, a l (l+o<’ﬁ)¢ /B = 2-2

Cch™ = s 290 & 3

As a result the form factors obtained have not described the data well.

In order to be able to fit the electron scattering data many experi-
131 .

mentalists such as Crannell have also allowed & = i;g? to be

varied as a second parameter. Thus one finds that the electron

scattering data have not been fitted in a proper manner for extracting

directly the density of proton centers in the nucleus.

In order to obtain the density of proton centers from the electron

scattering fits, one must remove the form factor for the proton from the
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form factor obtained from D24, i.e.

q+8Y4
p25 Fen(@?) = (.1. - ?:-ch' )e = Fpc @Y Fp(g)

Thus one obtains

D26 F’rc($1.) - (1 - 276—;61 ‘% E /‘/

—E = [ﬁ"—ﬂp]ya
qP = .59 'Pm

2
Taking the Fourier transform of ch(q ) one obtains the density of
proton centers to be

+ 30( Bz) —V‘/BZ
27 €pe(r) = 31153 243" [1 (1 ol ﬁ‘l at]e

131
From Crannell

the best fit values of the parameters &« ' and B for
120 and l6O are
12
c o' = 4/3 B=1.636 fm
160 !

= 8/5 B =1.851 fm

For He a similar procedure is followed in order to make use of

132
the electron scattering analysis of Frosh et al. They fit the
electron-scattering data with the form factor

_bz E X x
s Fun@) = (L-@3g)%)e™ " - F 39 FsY
ae = 316 fm

b = 1.3¢a2 fm

Factoring out the form factor for the proton one obtains
- B¢/
2
p29  F,.@") = [1 ‘(“°$‘)‘] e L4
J 2
Bt = b - QAp
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Taking the Fourier transform of ch(qg) one finds the density of proton

centers to be

-YY/%?
D30 @p(r) = de [1 - gq(gg)'a 135135 -540s4o ¥*
L 3 5
+syos¥o Y - 205920 r¢ + 3yzaor?®
T4 3 T®

B
—aq96 0 4 ¢y y'? }]
'ZI° TN

For heavier nuclei (beyond p shell) one finds that the shell
model becomes too complicated to use. 1In this case electron scattering
128
experimentalists have used a phenomenoclogical density shape such as

the Fermi density

€o

D Cen® T Ty FWA

133
Uberall has given a prescription for obtaining the density of proton

centers for these heavier nuclei using the Fermi shape.

€,
\2 -
b3 Cre &) | + e~(r-R)/C
where

R+ .3A° 3 £m
c/113

x|
]

D33

0l
"

Lo
This approach was used for Ca in conjunction with the electron scat-
134
tering results of Croissiaux et al. They obtained for hOCa

D34 R = 3.602 fm ¢ = .576 fm.



For the nuclear density parameters required for the pion-nucleus
Coulomb interaction one follows a similar procedure to that above.

First one needs to define

035 Frywe @) = Fon(3) Ry

2
Then taking the FPourier transform of r'ﬂ' (q ) one obtains the Coulomb
Nuc
charge distribution € (r). The Coulomb potential is defimed in

TTRue
terms of Gﬂmm(r) by

D36 VC ) =~ Crvve ') d3y!
1y- v
For this work the form factor of the pion is assumed to be approximately

the same as that of the proton, i.e.

ol Frg) = F@
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APPENDIX E

Vacuum Polarization Contributions to Pionic Atom Energy lLevels

The pion-nucleus vacuum polarization potential to order o due to
formation of virtual electron-positron pairs represented ‘by the Feynman

graph

T
135 Nveleus
is given by

B V00 = a«eSl__q‘S -"',R!-C'F”g(“ )\‘ d §d3v

7-v

where m, is the mass of the electron. Expanding e in terms of
spherical harmonics and integrating repeatedly by parts in oxder to
obtain standard integrals, one obtains the vacuum polarization potential

for a spherical charge distribution

<O
) ! llé_ +_x..3 - SEQ -B_X.:l
B2 V) =-% ;%c Se("”d"'[ a4 a1 ® 48
-]
< k3l
2z (@) {(Mx - o) [ g (1442
~ (k.‘ 2 2 K+l L] 4 q

+ x4 _2_(1.—3"'-&‘) - '?x‘+x:'
k) N
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@ ki) H
ames (r+v')

136
vhere W(2) is the digamma function which is defined in terms of

the gamma function by

E3 Ve = dn @ = re)
dz n(z)

The first few terms of the expression for va(v‘) above were first

137
obtained by Barrett et &

According to Mickelwait and Cor‘benl38 the effect of the finite
size of the nucleus on the vacuum polarization potential is less than
8% for the pionic states 15(Z£12), 2P(Z£30), 3D(Z£82), and LF(z£82).
Since the effect of the extended nuclear charge is small, the nuclear
charge distribution may be approximated by a uniform charge distribution
for calculational convenience. The error made in calculating the vacuum

polarization potential by this procedure is < 1%.

Using the charge distribution

2e r'e R
Eh e(r') = i-'l'Ka
0 v >R

vhere the uniform radius R is defined in terms of the rms radius by
R =-@ T ms’ the expression for the vacuum polarization potential may

be integrated to obtain
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k)
5 Ve = -2ae [(-%-%\Vang.m/g%q)g)z

+(4 +4 Y0 -dum meTCls) + (g({)z_“%%)
4
3

In(1-%) + (2 F)-a-48)en(1+x) + anmeck
%

FCGRN-3- 2R () + (3 gy
()" + e’y ]

and
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~amec Iv-#1§
From the mass dependence of the € 4 factor in equation

El for the vacuum polarization potential, the contribution of virtual
muon and more massive fermion pairs is expected to be negligible.
According to Fricke the formation of virtual muon pairs yields a
vacuum polarization contribution of only -261 ev for the ls state of
muonic U238. Due to the effect of the strong interaction, the contri-
bution from virtual pion pairs is unknown. F&dckel35has calculated
the contribution for a boson with mass equal to that of the pion
neglecting the effect of the strong interaction. He found the contribu-
tion to be very small (-27 ev for the 1ls muonic state of U238). The
fourth order contributions to the vacuum polarization potential propor-

tional to c<2

give a negligible contribution of fractional value
1/500.

The vacuum polarization contribution to the energy of a particular
pionic atom energy level may be obtained by numerically solving the
Klein-Gordon equation. First the Klein-Gordon equation is solved for
the energy of the nl state with the Coulomb, strong interaction, and
vacuum polarization potentials. Then it is solved with just the Coulowmb
and strong interaction potentials. The difference in the two solutions
for the energy of the nl state gives the contribution of vacuum polari-
zation to the energy of that state. Tablehf gives a listing of the
vacuum polarization contributions to various states of a number of

139
nuclei as calculated by Terrill and Lucas using the strong interaction

21
potential of Krell and Ericson.



APPENDIX F

Method of Solving the Klein-Gordon Equation for Pionic Atoms

The time-independent Klein-Gordon equation is usually written in
the form resemblimg the time-independent Schroedinger equation in order
to insert the nonrelativistic strong interaction pion-nucleus optical
model potential that was derived from multiple scattering theory via the

140
Schroedinger equation. Thus

Fl [ ﬁ Vz + (E - VC(V'))I_/M;KC" \F(-;) - VST(Y) (P(;.)
QMg c? A Myc? ,
- B [40-veV)¥0)

vhere Vy4(r) bas been separated imto local and nonmlocal parts g(¥) and

% (7)

G = —4m “b" o) ~ Ha1 8" etn +an%c°v1e_m
2
X(¥Y) = —4n “Co" e —qni IIC y e'?(r)

vhich have been written in terms of effective parameters "b,", "c,",
"B", and "C".

For muclei vwith only small deviations from spherical mass and
charge distributions, assume q(;) = q(r) and o((?) = oX(r) so that
the orbital angular momentum £ is & good quantum number. Using
separation of variables in the wavefunction Y (%) = Rl( )Yy pf©, P)

obtain for the radial equation
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L 2 vReOM _ a4 R (r)) + (Em“@“")z"’"f;cvx )
F3 ('+°‘("))(7 v =% e N

= 30 R - x') 2Hu)

where n = n' + £ + 1 is the principal quantum number having only positive
1k
integer values. (n' =0, 1, 2, ...)
This nonlocal wave equation can be transformed into a local one

by making the substitution

Fh P = [1 + x®] %5 v Ret®)
to obtain

p (Emg-Vd\'))‘-/Mn‘c" )
B g = [xg;g Y A

+

x';n 4+ “,(Y)z + °<"(Y‘7 } ] ')
v HCI+%0v)

Note that the total energy may be written

| /
F6 EM& = /MrC : 4 EMQ
such that
! ¢ 2

P71 (Emg-%W)*-mnc! = Ammc? (Eng - Ve®) + (Emg = V%)
So l 2

" @+ 2 mgc(Emy - Ve®) + Em -VeW)
¥o &0‘) = 4 Y2 B l+x<ﬁ { Alc?

$(“) + e(___) + O('(V) -+ “__"__m } ] ¢&(")

2 MO 2



In this equation for ¢i(r) the energy Eng' and the strong
interaction potential terms g(r) and & (r) are unknown. To solve for

the parameters in q(r) and &(r) one needs to know E Pionic atom

ne'’

experiments measure the pionic atom x-ray transition energies E‘. =

En+l,£+ 1 - En,L and linewidths [' ng* Since the strong interaction

significantly affects only the lower energy level of a transition, the

energy of the upper level E can be determined by solving the
n+l, L+l

Klein-Gordon equation with the appropriate Coulomb and vacuum polar-

ization potentials. Then the real part of the experimental energy of

the lower level Enl' can be obtained from the relation
{ - E / - E
F9 Emx = FEauen g

Now there is a complex energy shift AEnL of the pionic atom
electromagnetic energy levels due to the pion-nucleus strong interaction

represented by Vgi(r) where

[ Y
F10 E/,ﬂl = EMQ + AEM
- +1 AE
Fl1 AEm = AE"ML =
o
Fl2 E MR = unperturbed electromagnetic energy of nAf state

The time dependence of the pionic atom wavefunction is given by

. e.;s,’.utm i e-i(En'g+AERM)'t/,ﬁ e O8ap t/h

Thus the probability density for finding the pion in a certain state nfg

at time t, which is given by the absolute square of the wavefunction, 1is

t -Mmat
Flk e,aAE-‘m. ‘4 - e” ™M %
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Therefore the imaginary part of Vst(r) which gives rise to AEIng leads

to an exponential decay of all states nf and results in a broadening of
the energy levels from which pion capture occurs. The width of the
observed transition x-ray gives directly the width due to the strong
interaction of there is no unresolved fine or hyperfine structure present,
since the electromagnetic radiation width of the levels due to the
probability of making a radiative transition is negligible in the range
of observation compared to the strong interaction absorption width. So

the lmaginary part of the energy shift is given by
- - lnnl,/a
F15 Ja\ E:M“

Note that the wave equation describing plon absorption must necessarily
be complex, since the energy of the shifted state is complex.

In general the equation for q&gr) is quite complicated and must
be solved numerically. However, it is possible to separate the solution
for all of space into two regions, i. e. the inner region in which the
short range strong interaction potential and finite size Coulomb potential
are important and the outer region in which only electromagnetic
potentials for point sources are important. The wave equation for g&gr)
can be solved exactly in the outer region for a Coulomb potential. By
using the logarithmic derivative of the outer wavefunction at the
boundary of the two regions as a boundary condition on the inner wave-
function, it is possible to greatly reduce the region over which the
wave equation must be numerically integrated. In practice the inner
region need be only a few nuclear radil for high accuracy in the
solution.

Now the vacuum polarization potential is also present in the
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outer region and destroys the simple exact solution possible for the
pure Coulomb point charge potential. However, the vacuum polarization
may be treated separately using perturbative methods, since it gives
rise to only a small shift in the energy and wavefunction of the state.
To do this the wave equation is solved numerically for the energy eigen-
value using the Coulomb potential, the vacuum polarization potential,
and an approximate value of the strong interaction potential. Then the
same wave equatlon without the vacuum polarization potential is solved
for the energy. The difference between the two energies obtained gives
the shift in the energy of the state due to vacuum polarization. Now
this energy shift may be subtracted from the experimentally determined

energy of the ng state E and the wave equation solved with this new
n,

Q'
energy Enn" in the absence of the vacuum polarization potential. This
method of handling the vacuum polarization potential 1is particularly
convenient, since the vacuum polarization potential is fairly long-
ranged (500-2000 nuclear radii for 1 % accuracy) and rather time con-
suming to compute on the computer.

For the outer region the wave eguation to be solved is

") + { - M + amac? Emg - Vc(ﬂ) -I-(Ed’l'{ - Vc("'))2
4 ra it

]¢&Q‘) =0 =0

where Im Engu = r'ﬁu./a and

= -2 - - 2 he
F17 Vc(“) —Y'- Y'

Writing out all powers of r explieitly obtain

i3

[{] nh 2 2
n - Mo+) + amac*Eme 4+ Eme  + ammC” 24
F18 ¢l o) + [ ’%’ At At hc

[
+ ABmr 20 4 21 = O
he ¥ v $ )
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let
_Ell k3 Ya,
Hc
F20 A= 2% (Emg+mect) 2
he )

Substituting in obtain

P21 B + [-— %’ + AS - 12“2;3"0("] B = O

A g
Dividing by 82, letting € = dr, and replacing ¢!(r) by ¢&(€) obtain

re2 Pye) + [ L+ 4 M@i‘] F@ =

136
Now Whittaker's equation 18 of the form

" -L ¢+ Kk 1 g-M* =
3 w'e +[h+ &+ 1 T we
with solution that is finite as |e€] —> CO

- M+Ya
roh Wkn@®) = N & %(‘ Y ( mth-k, 1+au € )

vhere N is a normalization constant,

a
o=+ [erasi-vadR® o [aar) - v2%]" )

F2
5 > >

and W(&,Y¥,2) 1s the confluent hypergeometric function of the second

142
kind with complex arguments given by

ros V(%2 = 0V F(‘r)[ )k 2"

PCI+a-¥) k3o Pgrek) k.

(> -]
-_1 2 (H-K-Y)k %k-;hr
M@ ko fGr k7

where

F27 () = ok (XH)CK4) -+ - (Kk+k~1)



F28 ) = A
let m = g + 1/2, then

Py B = Wyu@ = N €™ Vim-aame)

Using the recursion relation for Whittaker functions from Whittaker and
143
Watson p. 352

FO @ W) = (A- &%) Wau® - La*-A-4 Ty 4@

one obtains

[
P @ WAR® - \-ef - [a-Q)Y] Wain @
Wa,u (€) Wa,u @)

Now

P2 Wan® o ™Y Wiy -0, 1438, €)
WA)“ ‘e) e“*'ya e_qa \P (A"’Ya ..(\’ 1ta M 7 C)
= Y(m+3m-a, l4an,e)

V(m+Ya =A, Han, e)
. Thus the logarithmic derivative of ¢g(€) is given by

P33 CPL€ - A-%3 - [(my)'-(-5)"] Vami-d am, €)
" AQ) V(m-A,am €)

or

‘ _)=-AA-D] womi-A,am, €)
o Bl = HE [__5.-4% - [/QOcl) AQ ]wf:;(\"wl e)]

Let the boundary between the interior and exterior regions be

spherical with radius Toe The derivative of ¢,_(€) at the boundary where

€= @, is given by

-L+A -
F35 ¢,:(e)}e=e‘ = 9‘(6\)[ s e

L mon-0-A@-1)] W+, am &)
<. Y(m-A am, Q)
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Now the interior equation is an eigenvalue equation for the parameters
in the optical model potential. Since the eigenvalue is independent of
the normalization of the wavefunction, one may for convenience use an

unnormalized wavefunction at the boundary such as ¢2(e.) =1+1i. In

this case the boundary conditions on the interior solution are

F36 P (@) = I+i

N -AQ-I) Ym+i-a, M, es)
77 @], = () ["'15 +4 -Lak e)¢ L wg:-,\, om, &)
3 €=Q ‘
In addition to these two boundary conditions on the interior solution
there is a third condition resulting from the fact that Rg(r) must be
finite at the origin, i.e. ﬁ(ﬁ) ok rfggr) -~ 0., Thus the third
r>0

boundary condition is
F38 ¢‘t(€=°) = 0

The interior equation to be solved is

1
w . T a@+) — I LA e . V()
s #o = [ - gl 1 sk Y e

| d x@©4))?
i} ’—%’Q SR S 4(|+o<(e/.r))(3'e )

+4 9 “(%)] P2 @)

2 de?
In solving this complex equation it is convenlent to separate %( e) into
real and imaginary parts. However the use of a complex dependent
variable € complicates this separation in the case of derivative terms.
The most desirable procedure is to rewrite the equation in terms of the

real variable € = €/€o = 1/ r,. Thus
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ro Ble) = [ Aty 1 {-S’Yo‘ — ASVEVeEn)
I+ &EY) q Tecke

+ Yo V‘(er. -qEevwrd + L d «xlv) + I i“@'.))z
“’Cz < ) ? € de q('+q€r‘) de

+ L d g
L a_éz:x(er)gl %€

Z Fge) gy(e)

with boundary conditions

Fh1 #e© =0

) go) = 1 +1

r3 @@y, =0tY) [ -ip +A- L) =00 Yot i)
V(m-A, 3m,S)

Separating the real and imaginary equations obtailn
1
- - €)
Fll e ) = RS Eep€) ~ RO $©

B gy @ = R@%® * R® %1 &)

Let us define a matrix type of notation and write the second order

differential equations as two first order equations.

X, €) = % &
Xa(e) = #,©)
X3€) = $ @
X@) = ¢y @

Xt
"

FLo



In terms of this new notation the differential equations become
1
BT X, €) = Xa€) = f(x¢€

e Xa(e) = Fr 40 Xf€) - F € %@ = £5 X,€)

"

P9 X3 @) Xy€) = £3(X€)

]

0 X4 @ = ROXE + RO X© = £y (%€

In order to solve for one real and one imaginary parameter in the
optical model potential such as Re("b,"”) and Im("B") the following

equations must be added

F51 Re (\\ L,") /

52 TIm ("3")'

Xs @ = 0 = Fs(X,€)

1
]

Xe@) =0 = £ (X€)

The six boundary conditions needed to solve the six simultaneous first

order differential equations are in terms of the new notation
53 X €=0) = O

P Xa(e=0) = O

$5 X, (e=]) = 14

F6  Xa(e=1) = 4

BT Xa(€:1) = Re 8@

ovt | €=l
P Xe(€) = Im #o |
out 'E=I

Now the first order differential equations are nonlinear in the

variables X;, X,, x3, X),» xs, Xg. Their derivatives can be linearized,
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however, by using a type of Newton's method called quasilinearization
in which the derivatives of the variables are expanded in a Jth order
Taylor series, i.e.

: - 2
F59 Xz ®) oy = JF;,-(X,e)lk +(X1€) eny ~X{€)x) b‘F:r("‘ )
2 X,€)

K

+ (X;LE)k,“ ‘Xa(@)K) a'FJ(RIG-) +
0Xa\€) Ik

vwhere 'i(e)k _o represents the initial approximation for X(€) and '}?(G)k +1
represents the corrected or improved approximation to‘fﬁi). Keeping
only those terms through the first derivative in the Taylor series

expansion, the quasilinearized equations are

FEO0 X,(e) kol S Xa € + (Xa €y~ Xa(@k) 1 = Xa(€) ka
Pl Xa@ ke = Fo,'€) X€) ] K 51@:7X3(e7lk + (X & g4 ~ Xk )
Fa® | - (Xs@ot =X 1) Fag @2 + (s

- Xs(€7k)( BF‘ui’) x,@ - 2@ Xs@) I X
0 Xs X5

+ (Xe@®ien =X €) ) ( e x,@) - 2Fy@ x,@),
2 XdE) 2 %€

P2 X3@kn = X3€ + (Xe@py ~X €)1 = X3@%y
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F&3 ).(q ©rn = R, € Xz@ )k + Fy € x,\e))k + (X @i X €k )

+ ( Xs€)iep)— Xs€)y ) ( 35637 Xg® + 2Ry © x,Le))
)

k

+(Xe@hu ~ %@ ) ( 2P4E) X, + 2 ©) x,(e7)

%O 2 Xc€©)
+ ( Xe@ — XCLE)/‘)( dFy € x,) + A€ Xp(€7)
%O 2 X€©)
Fok Xs €y = ©
FG5 X¢@k#t =0
1hk

where k = 0, 1, 2, ... According to Bellman the solution to the
quasilinearized equations will give an improved approximation for fﬁi)
provided the initial guess is close enough to the proper value.

In solving these quasilinearized equations, one finds it con-
venient to start with some arbitrary linearly independent initial
conditions. When arbitrary linearly independent initial values are
used, the solutions obtained must be combined with arbitrary constants
to form the general solution. These constants are determined by the
actual boundary conditions.

Let the homogeneous equations be solved with the initial

conditions



X &e)\ Hin @)
H 21(€)
Hsi@©

1L

|
/ o Xa€)
- (e . S - XS@)
F66 X () = o To obtain X(€) = Xy €) Hy©)
() X5 (€) Hsi(€®
o we, \wo)

o H1a€)

' Haa @)

- ' = - H’a@

7 X©) = | © +o obtain X@ = g%
© H @

© Hea €

etc., and let the inhomogeneous equations be solved with the initial

conditions

TH,©)
THy€)

. - THa@
“+o obtan X(G) = I“q(e)

THsE©
T H¢E€)

o]

o

= . _|o

P68 X©) = o
O

O

Then the general solution obtained by adding the homogeneous and inhomo-

geneous solutions is given by

res X, €) = C HuE€ + Ca Hia© +CaHis®) +Cqy Hiy®

+Cs His® + CeHic® + TH(E©
Flo Xa@€ = € Ha(€) + CaHxp® +Cs Has €) +Cy Hat®)
+cs Hais@©@) + c¢ Ha;@) + T Ha(€)
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etc.

To evaluate the C's use the boundary conditions
P72 X.(o) =0 = (C, =0

3  Xg(©) =0 => Cs=o

Ll XS-(O) - Re (\\L°II) = Cs = Re (“bg”)
P15 Xe¢®© = Im("B) => C¢ = Im("B")

6 X, ()= 1 = CaMia() + Cy Hiy@® +Re ("b)His()

+Tm ("8") Hie) + TH(D =4

P17 Xa®) = 4 => Ca Hag®) + cy Hay @) + Re("'b") Has)
+Im ("B Hag () + THa() = 4

P8 Xa() = Re @) = CaHap® +CyHoy® + Re("b")Hastt
ot ezt

+Tm ("8")Hact) + TH() = Ke &E)
out |g:=)

F79 Xy () = Im WE) . ,=> CaHya (1) +Cy Huy (1) 3 ke ("b.1) Hus )
oV =

+ T ("B") Hy¢® + THy()) = Tm y!.’e),
ovt lé=l

Equations F76-F79 can now be solved simultaneously for Cy C Re("d,"),

L’
and Im("B").

Once the C's are known the improved approximation for X(€) can be
constructed. Using this improved approximation for 'i(e) as the initial
value a still better approximation may be obtained. The whole procedure
is iterated until the improved approximations converge to the proper

value of 'i(e). In general the approximations will converge to withim
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one part in 10‘6 of the correct solution of the wave equation in 3 or
L iterstions if the initial guess for X(€) has the proper order of
magnitude.
In practice the integration is not started at € = 0 but at
€ = 10’6 of the integration step size due to the presence of 1/€ terms

in the wave equation.



APPENDIX G
Fortran Computer Program for Solving

The Klein-Gordon Equation for Pionic Atoms

In this appendix is listed the actual Fortran computer program
used to analyze pionic atom data. The notation in the program conforms
closely to that of Appendix F. Due to the extensive comments one can

easily follow the logic of the program.
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APPENDIX H.
Method for Determining Phase Shifts and Differential
Scattering Cross Sections for Pion-Nucleus Elastic Scattering
26
According to Goldberger and Watson the differential cross
section in the barycentric coordinate system for scattering by a

Coulomb plus a short range force is given by
2
Hl dr@e = |{@)
da

where £(@ ), the total scattering amplitude, may be separated into a
point Coulomb amplitude fc( © ) and the short range force amplitude

fs(e), i.e.

2 f(e) = f () + f,(e)

where

© 2175
3 fc(e) = 2 2L+ (e "R ‘) Pn(caee)

2=0 &k
and

co . .

vy , iV

B (e) = agH e (e” - 1) Plcose)

=0 aik
) 26
The infinite series for the Coulomb amplitude may be summed to obtain

~ANIn(sing) + Q7
B £,(8) = - Nhe 7 Ging) °
chsin’%

where
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6 N = Z&% (EIE?-)
ke \E+E;

HT eam‘ = PQ@+1+iN)/ n@+1-iN)

and k is the momentum of the pion in the barycentric system. The
number of partial waves that must be included in the sum of fS(EB)
depends on the energy of the pion. For Ty = 300 MeV about 8 terms are
needed for 1% accuracy. For lower energy less are needed. At higher
energles more are needed.

The short range partial wave phase shifts are calculated by
integrating the Kleln-Gordon equation with the Coulomb potential for an
extended charge distribution and the pion-nucleus strong interaction
potential from the origin out to some point R beyond the range of the
finite size nucleus Coulomb effects and the strong interaction potential.
Outside the region where the short range potentials are important, the

asymptotic form of the radial wavefunction is given by

i

B R = CLFR®Wrcos 7 + Sx(NkR) sin vy |

B Ry ,nn = C[ Fe (N, kK) cos Ty + GaQV, kK) sin 0'4]

where Fh(N,kR) and G!KN,kR) are the regular and irregular Coulomb
functions, the primes denote derivatives taken with respect to r,
and C is a constant normalization factor needed to make R‘(r) match the
Coulomb wavefunction.

An expression for ¥, may be obtained by dividing both equations
by cos(V¥y) and dividing the second equation by the first to eliminate

the normalization constant C, i.e.

17h



ERR 1Y) }

mo Ra®) | - Fa(Wkr) + tanvy Gy (Nkr)
r=R reR

REW) vk F{(N,kv) + 4anvy G{v.kv)

Solving for tan(Vjy) gives

g1 tAn Ty, = 2 (N kv) ~ Ya(r) FXCM kr)

~Gr(NkY) + Wa(r) GR(NkY)

r=R

Using the identity for the scattering amplitude for the R-th partial
146

wave

1V . .
e ag = e -l = ePamwn = !
Ak kK -1k + k cetwy
obtain
0 Qi
mn3 50 = 12 (ar+)ag € P (Coso)
o
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APPENDIX I
Procedure for Averaging the Theoretical Differential Scattering

Cross Section over the Finite Angular Resolution of a Physical Detector

For all pion-nucleus scattering experiments there is an effective
detector angular resolution due to the finite size of the detector, the
finite size of the target, and the associated detector electronics. 1In
order to predict the experimentally measured differential cross sectioms,
it is necessary to average the theoretical differential cross section

over the effective angular acceptance of the detector, i.e.

S+ 4/
1 Zl_?_l'(e..) = -ALS :l‘_SYL"ce) P(6-05)d 6
-4/

where P(© ~®p) is the effective angular response of the detector

which 1s zero for le-e.] greater than some angle 4/2. In general
P(©-©¢o) is a function of the geometry of the detector and the target
and the electronic detector circuit. Usually it is assumed to be
symmetric about So.

For any region in © the differential scattering cross section

may be expanded in a power series in ©

p 9TC© = A+Bo+CO% + ‘-
ds

Assuming P(©~@e) is symmetric about ©g implying



17t

eo+d/9
13 S Bo PE-6.) de =0
S~4/

gives the result that the lowest order correction to the theoretical
%‘l;_(e) due to the finite angular resolution of a real detector
depends on the quadratic or parabolic term in the expansion.

In order to estimate this correction assume as a first approxima-

tion that P(©-©¢) is purely geometrical and can be represented by

1 | ©-6e) £ a/5
i P@E-6)) = Ple)
o l6-e> 4

o S~ 4 = Q“'%
Fitting the theoretical differential scattering cross section at three
points ©s, ©o+ A/2, ©o - A/2 with a parabola, one may use Simpson's
rule to obtain an average %_%:(9) in the angular range of the

detector about e

ol otla
15 dT@y) = J S ©) PE-69do =LS$I(e)de
L@ = i;{ 3 T
ds
6 ~4/p 640
& o I7 (B~
< [t o g ]

This result gives a first approximation to the average differential
scattering cross section as measured by & detector with a purely

geometrical effective angular resolution of +. A/2.

An improved estimate of %%:(O,) may be obtained by approximat-

ing P( ®~©p) by a parabola over the region of interest, i.e.



16 P(©-0¢)

a.‘.e. ;“ “*-Az e

o

and using Simpson's three point integration formula to obtain

64/ N
dvey = S d7e) Ro-6) d% 5 Pe-e0)de
dn d=

645 6s-4>

I7

=4 [ 4T (out84) P8 + 4 4T PO
+ 9T (o) Pe45)] /% [ pes)+4ro
+ Pedn]
= L[L ey + 4 TE)+ L 3’{@«-4'2)]

where

18 P@y) = PE4H) = V3
P (©)

)
[N
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AFPENDIX J

Procedure for Fermi-Averaging the TN Interaction Amplitudes

Many types of nuclear experiments indicate that the nucleons in
the nucleus have a momentum distribution of some sort. Thus, in order
to evaluate the TN intersction amplitudes which are a function of the
relative momentum in the WN CM system in the pion-nucleus CM system,
it becomes necessary to average in some way over the momentum of nucleons
in the nucleus. For this work the Fermi gas model of the nucleus is
used in order to obtain approximately the momentum distribution of the
nucleons in the nucleus.

From the general form of the lLorentz transformetion the relative
momentum of a pion with laboratory momentum -ﬁu and energy Eq with respect
to a nucleon bound in the nucleus with laboratory momentum -I;N and energy
Ey is

>CcM

Jl Pr ° (F“ EN"?NEN)/[/m: + My +aE,.E,.,+aF,,-F~]Ya

vhere -
P Ev -ata-PuEnEn 'H';:E;]ya
>em - - .
g2 1P| = | m@+m3 +9EaEn+3PnFa

wm
The average value of the TN interaction amplitude &g o s@Pn)

defined in Appendix A may be defined by

5 fan) o(a'r,a;ru;ﬂc ?N) der
§ s@odzen
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vhere f(?n) is the probability of a nucleon in the nucleus having a
momentum FN’

For the Fermi gas model of the nucleus

% o 3
# Kgrax(ft) = an S f X 57,27 Ee ) p,q‘d\'ndcoae,m/lg_r B
-1 o

vhere Pf is the Fermi momentum defined by
Y3
J5 P, = (3¥ C)

and © is the density of nucleons in the nucleus. For a first approx-
imation € is taken to be the uniform density of the nucleus with the
finite size of the proton removed as determined from electron scattering
experiments.

The & 31‘.33'(7'“ ) are the quantities which appear in all pion-

nucleus potentials derived from multiple scattering theory.



APPENDIX K
Coordinate Transformations from the Iaboratory

To the Barycentric Frame of Reference

Consider the scattering in the laboratory frame of reference of
two particles having masses Ml and M2. The incident momenta and

o )
energies of the particles are Pl # 0, P.2 = 0, and

2 2.2\Ya - 2
K1 €ip, = (M,c" +#c?) €a,p, = Mac

The total energy of the two particles is
K2 E_ = €|' P, + ezlfz

When the scattering is completed the two particles emerge from the

o
region of interaction with momenta-Kl and '1?2 and energles E.,g' and
€., kg + An element of solid angle into which ‘fl is directed may be

expressed as

X3 doy, = dg, sine do,

where the polar angle ©,_ and the azimuthal angle d,_ are measured

with respect to a polar axis defined by the direction of '131.
In the barycentric coordinate system particles 1 and 2 have

momenta -‘k and --.i and energies €,., and €2, prior to the scattering.

The total energy of the particles is

K4 Eg= €,a t €34
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o o
After scattering the two particles will have momenta.-h.(: and --k.(:.
For elastic scattering conservation of energy requires that lﬁl = &)
o
in the final asymptotic state. An element of solid angle into which '*1.

is directed may be expressed as
K5 d-n.a = d¢"ln93de.

o
where the polay axis is defined by the direction of ® . Since 'lg:L and

L
R are parallel, this axis is the same as that about which ( 6., #)
are measured.
26
According to Goldberger and Watson the differential cross
sections in the laboratory and barycentric frames of reference are

related by

K6 dv - 3-<3&‘)d'g:

d'&‘L 5-.9—.'. dn.

where J( _:%t ) represents the factor for transforming the differential

cross section from the barycentric to the laboratory frame of reference.

Using the Lorentz transformation equations of Chapter 6 of Goldberger
26

and Watson, one obtains a simplified form of their expression for

o8
J( _an:.) which is

T/ 1
. 3‘(3_&1) - ki / &
. kiEr ~ €Lk cos oL

A Eg Myc?
vhere
2y Q Y 2E )Ya
8 Eg = (M.c. -Mac’ + amc £,

Ae = Mac? 5.:_,))’:
Es
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ke = €Lk g, + VA (1-8Y) ~M<Y83(I-cods)
¥
|~ 8* COS‘SL
€,h = (—k'c’ + M c") Ya
€an = (K + MacY) Ya
B = -k<://€53“h
Y =

€ak /Mact

The transformation of angles from one reference frame to the other is

obtained from the Lorentz transformation equations to be

©  cose > Y (hcosog + B ELy)
k'

k.s;ne’_ = 'k s;n 98

cosop = (Sux —€ua) /e
r



APPENDIX L
Method of Solving the Klein-Gordon Equation

For Pion-Nucleus Scattering

The time-independent Klein-Gordon equation which describes pion-

nucleus scattering in the barycentric coordinate system may be written

26
in the form

2 2_ Y
1 [4\_ v + (E-V:(V» Mac Q(V) : Vn(ﬁi(")

aMyp -‘)MaC‘(J. + E-R() - pret )
Mt ¥ myyc?

where ¥ is the pion-nucleus relative radial coordinate, E is the total
pion energy, Ve(¥) is the pion-nucleus Coulomb potential, Var(¥)

is the optical model pilon-nucleus potential, My is the mass of the
pion, and My is the mass of the nucleus. The total pion energy E

in the barycentric coordinate system is determined from the total pion
energy in the lab using Appendix K. For nuclei with only small devia-.
tions from spherical mass and charge distributions, one assumes that the
orbital angular momentum A is a good quantum number. Using separation

of varlables in the wavefunction
12 QE(V) = Kﬁ?ﬂ‘h4l6?1¢)

one obtains the radial equation

122y - a) + (E-%m):mict
B1¥ S %r + ) : Re) = Var®) Ka(¥)

amgct (14 E¥O - frct )
Apxct IRy

18k
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Making the substitution
Ik G = v Ra®

one obtains for 13

AQ+) - (B-vet)* - mac? —— M:NC‘ Vs (9| 2o
YT R(14 EBUWY) - e ) #et
Mpyc? 7 Wy

15 fw =

For a realistic extended nuclear charge density () is quite
complicated, and the equation for #10‘) must be solved numerically.
However, it is possible to separate the solution for all of space into
two regions, i.e. an inner region in which the Coulomb potential due to
the finite size of the nuclear charge distribution and the pion-nucleus
strong interaction potentiel are important, and an outer region in which
only the electromagnetic potential for a point source is important. The
wave equation for ¢A(V) can be solved exactly in the outer region for
the Coulomb potential of a point source. By using the logarithmic
derivative of the outer wave function at the boundary of the two
regions as a boundary condition on the lnner wavefunction, it is
possible to greatly reduce the region over which the wave equation
must be numerically integrated. 1In practice the inner region need be
only a few nuclear radii for high accuracy in the solution.

For the outer region the Coulomb potential has the form

16 Ve® = -~ 2_5._‘ = - 2 hc
\g r

Writing out all povers of ¥ explicitly for equation L5 except for the

Ver) term in the denominator obtain



ManC? 4Mpye

L7 ¢£(_y) + [ AoH) + 2 0(1'/(14 E-Ve(") I_‘}r_cT q)
v‘l

- dEZ2& |

Yhe |4 B - At
Mo c? MY

+ E*- mpc?
2 (o
At (4 + EU - poe” ) Ba(r) =

Let MM(‘ ”MMC"
18 §= ai |E ~-myct JYa

fic |1+ E-k® - Pac?

MuwC? Y Mt
19 i = B2 |
§ he | + E-k) - it

Mawc*  gMpic?

Substituting these definitions into equation L7 obtain

o gre) + [-%f +;jFA: - x_%:_:)

+ 2%* l 0
Y 4+ E-WM) - 1Y)

My C* fM;w&

Dividing by §, letting €=dY , and replacing () by %(€)

obtain

i 2 E-Ve0) - tn
L ¢ @ + [ +iho_ M) -2X A Mo VM:nc')]%!?) o
:2



136
Equation L1l resembles Whittaker's equation which has the form
112 (e)-}[-.'z""e" +'4_‘_"_‘_1W4(e)=o
143

According to Whitaker and Watson the solution to this equation has

the form

23 Wie) = R@cosy + Gr@sinv

where Fy(€) and Gp(€) are the regular and irregular Coulomb wave-
functions respectively, and Vi is the phase shift. The normalized

2
Coulomb wavefunctions may be defined by

L Fr@ =% Y + ¥i© =2 Rul()ﬁ(e))

2
t G (@) ='d—%— YA(C)-Y{(C) =*{§: Tmn.giuy()ﬁ(f))
2 m
where )
- TR -€/3 m
L16 Y&(e) = cvicm /ae_hn/ac /a( W(m-)n,am,¢)

117 ek = p(r+14iy) /N1
118 m = M+YQ

119 M= L [(Qxﬂ)" 42% /(1 + EKO) - Fic )]Yg

MunC® MY

V3 1is the Coulomb phase factor and W(m-im,2m, @) is the confluent
142
hypergeometric function of the second kind.

A
From L13 one mey write an expression for W(e), i.e.

120 M{"(e) = F,f(g) Cos Wy + Gy (@) sinny
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Dividing equation 120 by 113, one obtains an expression for the
logarithmic derivative ¥p(e)

121

Y () = M@ = Fi@) + TAnvx 61
Wace)

Fe(e) + 1AnTr Gr(e)
Equation 121 may be solved for tanVy to obtain

122 tanVx =

% ©) Fr(e) - Fe@)
-X1(€) Ge(€) + Gy )

Since the energy of the pion is known when solving equation L5,

one can Simply integrate numerically from the origin out to the
boundary €=6€,

between the interior and exterior regions.
origin one uses’' the boundary conditions

Near the
123

e«l
@ = e

e«l
12k e = &’é‘ ()

to start the integration.

The value of ¢£( €) is not properly normalized by this procedure,

but the boundary conditions at €=€e may be used to normalize @(©.

Using the numerical solution for ¢4(€) and ¢4’ (e¢) at €=€o , one can
evaluate the logarithmic derivative

Y‘l (e.) » ioeo
[4

125 e = %@

PeC®) | ez €0

From 122 tan V3 may be obtained.

Once tanvy
wavefunction may be constructed at

is known the normalized

€= €o from
126

Nl ¢Q (e.) = F:Q(Co) COSfl + G.Q(et) S;nﬁ



21 sin Vi = [ RQFRO-F{O]/P |ece.
1286 Cosvy = [‘ Y2(€) Gy e) + @-Q,(e)]/P ,e=e°

2 P = [ (-%@FRE + R@)? + (©60-6e) ]

The method of Appendix H is used to calculate the pion-nucleus
differential cross section from the set of phase shifts Vg obtained
above. Then the cross section is averaged over the finite angular
resolution of the physical detector using the method given in Appendix
I. These cross sections may then be compared to the experimental data
as is done in this work.

It is also possible to vary the parameters in the pion-nucleus
strong interaction potential to fit the pion-nucleus differential
scattering cross section data at various energies. Then these energy
dependent bert fit paramsters may be compared to those predicted from
TN and TINK interaction amplitudes.

In order to obtain a set of pion-nucleus strong interaction
potential parameters that will fit the experimentally observed pion-
nucleus differential scattering cross section data, it is desirable to
perform some sort of weighted or constrained least squares fit to the
data. Since the differential cross section is a nonlinear function of
the potential parameters and the parameters are strongly correlated,
most nonlinear least square fitting procedures are not suitable. The
most satisfactory procedure this investigator has found is to use an
ordered nonlinear least square fit in which the variables are fit two

at a time. By carefully choosing the order in vhich the variables are
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f£it to be Rea.l(co) R Imginsry(co) , Rea.l(bo) R Imginary(bo) , and finally
the overall normalization of the data, one can to a large extent remove
the effect of correlations between the parameters and obtain fitted
values in agreement with theoretical values. The program for doing
this is given in Appendix M, but the results of this procedure are not

presented in this work.



APPERDIX M
Fortran Computer Program
For Solving the Klein-Gordon Equation for Pion-Nucleus Scattering

And Calculating the Elastic Differential Scattering Cross Section

In this appendix is listed the actual Fortran computer program
used to predict the pion-nucleus elastic differential scattering cross
sections for Tn' £ 280 MeV. The notation in the program conforms
closely to that of Appendixes F and L. Due to the extensive comments
one can easily follow the logic of the program.

This program will also perform a least squares fit on the
pafameters in the potential if one removes the appropriate

GO TO 1
card from the main program. Due to the strong correlation of the
parameters in the potential, this least square fitting program may

give spurious results.

101



192

((IXT*E°0T1A)YeXT)/2IE)LVHEUS
(WANCT=T*(T)IVLIIHLA(TIVLIHLC (TIINNS (T INA)ICMTCINCWAN ($06%G) AV
{E°0TA*XTrE 0Ta*XT*E A XT G TIA*XT E* A XT*B %2
TASXT2I*XT42°8A*XT42°80*XT42°6Q%0VXT/4DTDe*XA* 4D X64,0s*%X0T%01
Be*X64 1T 4X6 1SSV X9 4 T1 X9 4SS i XL Ve X644 Z1 X941 3NN ¢ ) LVWAHOA
222420 U AU THCSSYWLT4SETZ4DNN (€0649)I1THM
(€°60/8°604C*604€°0T104C"6048°CTA*C1*1°2,0%2°80*T°LQ*9V)1VWHOAL
2304409 U T1ICSSYNC ISV EZ4ONN (206¢9)AVaY
({(XT*€°0T1Q)%*XT/+1AI4Xx82
CaTOH X8 0T X8 400U ¢ XY/ IXT E0TQIEXT/ i WHON*XB* T2 4 *X844 191
He* X8 40DI o 8XB4 02U X8 TAT4XB s THY*XB* 00U 14X8* 00 4XYy) LVWYOS
TGICTAY0CTI ‘00U WHON*TITI*TOHC0DT400Y*THI*THY0dI*08Y (L0649)3L]uM
(L°%TQ%*XT)LVWHOA

I+9131 = 9141

000T 0L 09 (04°0°03°0dY)dl

TAI4T10Y400T400Y TOTTIDY*0DT40DH*THI*TdH*0dI*08Y (90646)0AVIY

00°T = WYON

((€°0TQ% = Vv1130 +)/€1%s = N +*€T1%: = TAYINI 4+ )LiVWYO4

(dN*T = T4(T1IVLIIA)I*N*TAYLNT (T10649)311uM

(€°0TQAS*EI*El)LIVIWIOS

{(dN*T = [*(I)IVLT3A)*N*TAYLINI (006°S)QVIY

% = dN

81 = 9141

NOI124dS
SSOY¥D ONIY3IL1IVIS IVILINIY3II4IA ANV SNITIINN NO NOTLVWHOINI NI av3d

T+9141 = 9Id1
OIJI*XIANI*dN*MTI4NE
CTAYEINT CINCWANCWAONCTAT*TAY0aT¢0AY ¢TI 4TI 00140D0*T19I4T9Y 0814041
NP0 TIIESSYWESVEZAVEIHLIACVLIHL*INN*NACOHYAA*OHAQ*OHY* IA NOWWOD
{(#)Vv¥L7130¢tH)X02¢
NOE(HIXAE(H)FE(H47 )0V R ) XN (09 ) THI4(0Y)0ONS* (T9)0HYAA* (19 )UHYAT
CCT9)0HY*(T9)IIAL(H)X4(OY)IVLIHLUC (O7)IVLIHLE(O%)INN*(0Y)MA NOISNIWIA
OIJIAXIANT S (H) TN (Y ) TWEDTIdI NP AN TEMTICTIN*WANS TENS TAYLINT YIDILINI
(Z-v)8%1v3Y LIDJINdWI

%06

€06

206

L06

906

106

006

LVLOWY



193

WNN*T = r 91 0a
00°0 = (A*I )W
dN¢T = ¥ 0¢ 0a
Zak (CIINN/Z(CTIXASAX((C)IONS=(TINAI+(I)D = (1) Gl
WAN¢T = £ 61 0Q
06°0 = (114
dN*T = T 02 0a

3 OGNV SNOILVNOI TTVWUON ¥0d W XIYLVW DIUIIWWAS 3IHL 1INULSNOD

OO0

((DHVLTIAX(TIX)/C(C)IONS=(FITAD) = (¢ T)IXN4Q 0
WAN*T = £ 0T 0a
((I)vLI130+00°1T)/(1)X = (1}X

% = dN
(X*ZIHD*TY4) VA3 1TVD
0 = dN
((DIVLT30+00° TIx(IIX = (1)X
dN¢T = I 01 0@ S
1 01 09
(X*OIHD*ON4)IVAT 11VD
(L*HTQ% = V +4L°%10% = Z +)LVWHOAL 9

V¢Z (949)3114M

(NY*TAYINI *N*OHYUO*OHUA*OHY*IA40NSZ  )%IHIOd 1TVI (0G°%°03°V)dI
SNyt

TAYINI *NCOHYAQ*OHYA*OHY*IA4Z4084Y $DDD4DD)I0HWLOd T1VD (0Q°0°03°Y)dI
(Vénu*1

TAYINI *NOHYOOOHEA*OHY*IA4Z40Y4DDD444DD2404)10d 11IVD (TQ*»°03°Vv)4I
0G°T = (%)X

00°1 =.(€)X
00°1 ="(Z)X
00°T = (T)X
§ = X3IONI
0 = X3aNI

(CIXTCET0TAIY XTI/ VLIIHIAQ XL e VLIIHL 4 XT
BEIONNI XIS VWOISAW*XE/ET s = M 4 €E1%y = AN o+*€l*s = WAN +)LVWYHUS G506
(WANCT=T¢(I)VLIIHLG*(T)VLIHLC (TIINNS (T INA)*MT*INCWAN (G0649)I LT UM



194

an3
d01S 0001
S 0L V9
T+X3ANI = X3AaNI
0Z21IHD = OIHD
T 01 09 (%°19°X3ANI*H0*04T0°**1L7°(0IHI-021IHD)SEVQA) I
(2 )XAINN%X0II = ZINN
{#)X%021 = 292
(€ )XAINNX0IY = OINN
(€)Xx00Y 02
(21 XAINNX0Y]L = 29NN
(2)Xx04d1] cd
(T)XAINN£0Ed = 089NN
(1) X049y o4
(X*0Z2IHD*OXN3)IVAS VD
(/7L°910%y =+ +*L°H1Q%42
= WHON o/L°HTA%y =+ +4L°HT10% = 0J1 +/L°%T10% =+ (*L°HT10%y = 024 1
1 /L%T0% =+ 429 T10¢% = D8I /L°%T10% =+ +*2°%T10%, = 0HY «)1VWA0I el6
(dN*T=C*(r)XAINN*(rIX) (€T6* 9)3LTUM
(CIXA+(r)X = (M)X 0¢
0Q*2/7(f)X~ = (£IXA (04119 (MIX/7(r)IxX0-)d1
dN*T = [ 0¢ 0d
04/ (I )dx(I*CIN+(IM)IXA {rixa Y4
dN¢ T = 52 04
0a°0 (r)xa
dN¢T = I 62 Q3d
((C*CIWILHOSA = (F)IXUINN 12
dN¢* 1T = 1¢ 0a

W e=n

SS3N9 IVILINI 01 SNOILI3Wd0D 30 ¥OLI3A LINAYLSNOID

VOO

(ANAIN* T TWCA AN WIANIW T1TVD
dN=dN = dNdN
JONTLINOD 0¢
Cxx{T)INAZLCENIXNAAR (T IIXHAQ+(ACTIW = (N*T)W 91



195

Cx%(4/Sd3x0¥) = 2424
AVIANILOd 4WOTIN0D 3IHL 40 NOILVINDVI

(29888=)dXF0x(2xx(BY/ 9 ) xM22%x29H2 U0+ (2HHZ Y% xx( 9/ D) xM+2xx (9T
H/78)xMx006°2-M%005°T+00°T )% (2xx2HE2YA~2H24AQA) ) =WIHONSA= = (N )LSAQQ
dxx48/00°2 = Z42304a
(29928~ )dX30x(29928x2#xx (1

d9/86 ) xM+2%%(48/9)xM2006*2-Mx00G°T+00° T ) =294 ZHUxWIONSA- = (N JLSAQ
Cx%94/Sd43x0¥%00°¢ = 2499240
(2942d~)dX3I0%x1
(29828%x2%xx(99/9 ) xM+(22x(899/9)-00°T)xM%00G°T+00°T)xWIONSA = (N )LSA
Cx%(89/Sd3%x0¥) = 2942y
9-0°T+(00°TxIAYINT)/(00*T-N) = Sd3

W¢T = N 02 0d
: 9-0°1 = 101

*1SAdQ OGNV 1ISAG S3AILVAINYEQ
SLI OGNV LSA ALISN3Q NOTLIVYILINI ONOMLIS 3HL 40 NOILVINDVD

(dx{ I1d)LH0SA)/IUVHHEVYHAIVZ%003* 2~ = WYONIA
({Mx00°€+00°2 ) %E%x%89x00G°* Txx1d)/ VxZ = WHONSA
0088e0°Le1/Z = VHA1VZ

0ace*L6l = JUVYH

0065€5926S1TH91°€c = Id

(dVxdV-9x8)140SA = 49

((0AS*T+(Z)SAva/(00°2-(2)SYVA) ) #HxH%(00°€/00°G) ) L¥0SA = NY
= dVv

00eL*=(00°€/00°2)140SQ
SYILIWVIVd 40 NOILVZITVILINI
(W)JAC(WILSAQQ*(W)LSAQ*(W)LSA NOISN3IWIQ

(N~T)Y39FINI*($-0*H-V)B8%TVIY LIDITdWI
(NYLTIAYUINT “WELSAQQCLSAQCLSACIACZ0Y vV E*M)OHWLOd 3INTLNOYENS

VOO

(SHS NS



196

>

((CxxdV-C=x00L9°T)%(00°€/700°5))140SA= N

00°%9xZ1xx(09/0V)x00° #9~
00°96%2%21%x(09/70V)%=00*%9
00°02ereExZTxx(04/0V )%00° %9
00°02650Z%2T%x(04/0V)%=00°*%9

m_l

00°0%50%6xC1%%x(08/0V)%00° %9
00°oelaelx2Txx(08/0V)%x00°%9-00"1
9-d*1 =

W n

<roowe Oo

1

0l

0a88¢0°Le1/Z = VHd4VZ
oace*t61 = Juv

0d669e692651TH1°¢€
{dV=dV-04%08)140Sa
0aéoe“l

0g9ie*
0402L°#(00°€/0G"2) 140Sd

gH
Id
44
o4
ov
dv

SY3ILINVEVd JO NOILVZITIVILINI

(WIDA* (W)OHYAU* (W)OHYA* (A)OHY NOISN3WIQ
(N=I)HIIVIINI *(Z-0°*H-V)I8xTVIY LIDINdWI
(NY4TIAYINT *WEOHAIQQ ‘OHUA*OHY DA 0U*Z ) ¥3HL0d 3NILNOYUNS

a

N3

NYNL3 Y
(2d2¥=)dX3Ax{WNS+(M=0G°€+00°2 ) /M- )I=WIONIA = (N )IA
OT 04 09 (T01°19°(WNS/WY3IL)SEVA)ILI]

2+

WYIL+WNAS =

W/ 2928x00° ZxWH3IL =
€

WydlL =

og°1 =

W

A
ns

WY3d L

W

W
Y

b
ns
IL

(RGNS

0¢

01



197

€+00°8/4%00°€T12+00°%/3200°ST+00°2/0 ) =€ xxdU=(00°2E/9%00*S0022+0Q°*91%
/3x00°6%75T1+00°8/3x00°€21+00°*%/0x00°11+00°2/2)-4H%x(00°%9/9%00* 5602 1€
I1+0Q°C€/3x00°6669+00°91/32196 +00°*8/0x00°LS+00*H/DI%x00°L+00°2/9)~-We
NS=(00°*%9/9%x00°GEISET+00°2E/4200°G6€0T1+00*91/32%00°9%6+00°*8/0%00°501
1+00°%#/3%00°GT+00°2/4%00°€+V ) )% (SdIx0U )/ (242U~ ) dXIAxWHONIA = (N)DA
O1 O1L 09 (10L°19°(WNS/WY¥31)S4dvQ)4l

2+ = M

WYIL+WNS = WNS

A/ Z2H2d%00°ZxWY3L = WYL

€ =
Wadl = WNS
¥ = Wy3dl

Cx%dd = 24ZY
08/Sd3%x04 = d¥

TVILINILOd 4WOIN0D 3IHL 40 NOI1VINJIV)

(2T1%%(99/0V) =2 (Gxx298289%00°* %900 2ET+¥xx2882¥:00°96%2x0¢
A°06-c%x%29du%x00°02E2E %0096+ xxZ9HZUx00°026502:200°0€~-2942Y%00*0%82
0%5%00°2T1+00°0%G0%G%00° 2~ ) xC=xx(UUx(Id)LH0SA)/(298Cu~-)dXIA%x00*"H»9+(NT
YOHYx (284928 %00°2+00°T)+{N)DHIO0=%SdI=0¥x00*2 I x2=:84/00°2~- = (N)OHYAQ
Clsn(dd/0V ) (9x::28H28%00°*H%9x00*2T+SE
#%28829x00°96%2%0Q° 0T~ %2842 8000 EHLEXOQ* R+ Exx2dHZU%00* 026502002
*9-Z%x2€82d:00°0%S0%G %00 H+24H2¥%00*09S04%Gx00* 2= )% {SdI=0YxExx(dy=x(1
I1d)140SC))/(298248=)dX30x00°82T=-(N)OHY%xZ2xdH/SdIx08x00d*Z~ = (N)OHYQ
((9xx28Y2Yx00°*H9+G x4 88 2Y%0Q*96H -l

#2828 %00°0C2EHE+Exx29H2U=00°026502-2#x2942ux00°*0#504%5+2494829%00° 0%S1
064S9-00°6eT1GET )%l T%x(H8/70V)%00°*°%9-00°"T)x(24H2H~)dXIAxXWHONY = (N)OHY
Cxx{d8/Sd3Ix=0¥) = Z442¥

9=U°*T+(0U* TxTAYINI ) /Z7(0OU°*T~-N) = Sdi

WeT = N 02 U@

(1d)1430SA/UVEHxXVHAIVZ%0A*Z- = WHUNIA

exx(ddux{Id)LY0SA)/00°2 = WIONY

OHY¥A OGNV OHYAG S3AILVAIY3A
SLI GNV OHY ALISNIQ NOILIVYILINI INIYLIS 3HL 40 NOILVINDIVI

0¢c

ot

Lo O

LOO



198

Tnealaente s

e

WYONIA LINVLISNOD NOTLIVZITVWYON IVILNILOd 4WOINOD 30 NOILVINDIVI

(V/1dx00°7xWYONSAX (WWNSxGx %0000 * 42 -0lscHhxx( [dx0D ) %00*ST1T
/00°L+Exx0U%xdxdx02%02x00*€/00°2+00°G/S%%08)%00°€/03°S)L¥0SC = Ny
((WNST

%€ %%x00%00°C-00°€/€x08+00° /080D x0T dx1d)x1dx00° %) /V = WYU(ONSA
9 0L 09 (9-Q°T*19°(WNS/WYIL)SUVA)LI

¢ 0L D9 (9-Q°T°*L9°({WWNS/WWY31)SHVva) 41

OQ*T+NN = NN

130%TWd3Ll = TWY3L

WY3L+WNS = WNS

*%NN/TWY31 = W¥3Il
WWHI L+WHNS = WWAS
GaxNN/TWY3IL = WWedl
03°T = NN

130 = TWY3L
{02/0¥-)dX30- = 130
04*0 = WWNS

00°*0 = WNS

0065€59265T%1°e = 1d

WYONSA LINVLISNOD
NOTLVZITVWYON TVILNILO0d NOTLIOVY3ILNI ONOYLS 3JHL 40 NOILVINDTIVI

AUCVEXIC (W) LSAUQ* (W)LSAQ*Savate
LH0SA4dX3A NN NYCWWEILAWWNS ¢ ST WHONIAC AHONSACVHATVZ ¢ DHVEH EWYNILT

SZWYHILTWHIL*WYIL423CTIAWNS IA  (WILSAC(WIDACZ4D4Y0D40Y 8% V3
(VENYLTAUUINT ‘W LSAQACLSAQLSACIACZ4HY*D*¥¢0D40Y)L0d INILNOYYNS

anN3

NdNnl3y

(TT2x94x00°2/9-6%x984%{00° % /9200°€2+00d*2/9
4)-L2xxg9¥%(00°8/9%00°L2€+00°*%/3%x00°6T1+00°2/3)~6%xx89%(00°*9T1/9%00°6%2%

LoV



192

WH3L+WNS = WNS
ExxNN/EWHIL+Lx:NN/CWHIL+ExxNN/TWHIL = WH3IL
230%(Sd3x0Y)/€xx3%00%2 = ¢WH3ll

¢30%JxJ-= Z2WY3l

T130%(Sd3Ix0Y)/E€xxIx00° 2~ = TWHAL
(3/7(4-Sd3x0d))dx3ad- = 230
(2/74¥-)dX304- = 1340

0G°T = NN

0Q°0 = WNS

Y>0xSd3 Y04 IVIINILOd €WOTINAD

09 01 09 (0Y/¥°19°Sd3)dl
03°0 = (N )LISAQGO (T1°03°N )3I

({X3+00°T)/X3I%00°2-00°1)=0I/(N )LSAQ = (N )LSAdQ

00°0 = (N JLSAQ (T°03°N )41
(X3+00°1)/X3x%03/7(N )L1SA- = (N )LSAQ
(02/04:(00°1-Sd3)}dx3d = X3

((02/049%(00°T-Sd3))dX3A+00* T ) /WHONSA = (N )1ISA

9-0°T+(0Q°Tx=TAUINTI )/ (O0A*T-N) = Sd3
W¢T = N 08 0d

STVILNILOd G3ZITVWION 340 NOILVINDIV)

(WNSHE4XIX0F*Z-00°C/ExxH+00° €/ dx I Dkl dx1d )/ DIVHHRVHIIVZ~- = WAUNIA

0Z 01 09 (ST-Q°T°19°(WNS/WYIL)SHVU)dI
00° T+ NN = NN

130=TWYIL = TWY3L

W33 L+HNS = WNS

Ex:NN/TWYIL = WH3IL

0d*t = NN

130 = TW¥3l
(3/4¥-)dX30- = 130
04°0 = WNS

0088¢c0°Le1/Z = VHdIIVZ
0ale*l61 = JuvdH

0¢g

VOO

0%
O¢e

(SRS NS ]

0e



(dd*Z2IHIN*GIV)TIVAI INILNOYYNS

aNd

N¥n13d

IANTLNGD

(0YxSdAV/(WNS+0AE/ txTdxIdxI=I+00° €/ ExxY ) xWHONIA = (N )IA
0L 01 09 (80-0°T1°19°(WNS/WY3L)SHVA)II

00°T + NN = NN

C3A%eEWYIL = ctWH3dl

230x¢WY3L = ZWd3l

00°*0 = 230 (61-0*1°11°(230)S4va)ldl

130:xTWYH3L = TWY3IL

00°0 = TWY3L (GT-0°T°LT°((WNSxExxNN)/TWHYIL)SEVQA) ]
WAIL+WNS = WNS

ExxXNN/EWHI L+ NN/ ZWYIL+ExxNN/TWYIL = WY3IL

230xexxI%00°2 = WYL
230%08%Sd3xI%I = ZWyaL
T3UxexxIx00°2- = TWY3IL

(/7 (¥4-08%Sd3)-)dX30- = 230
(J/4-)dX30- = 130

00°T = NN

040°0 = wWNS

¥4 < 0¥xSd3a ¥03d IVILINILOd SWOTINUID

08 04 09

(WNS+0Q°9/1dxId%Id%3+00°9/Zxx(0UxSdI)-00° 2/ ) =WHONIA = (N )IA

06 0L 09 (80-0°T°19°(WNS/WY¥31)S8VA)dl

O0Q°*T+NN = NN

Z3aAxeWHIL eWY3al

Z30xZWH31 cWddl

03°0 = 230 (s1-@°1°L17°(230)s8valdil

130%TWY3IL = TWu3l

00°0 = TWH3L (GT-0°T°LT°((WNSxExxNN)/TWYIL)SEVA)III

08

oL

09

VOV



201

0400°* = 10119

0aQo* = 219
0ds* = 019
00s* = 109
0as* = 129
040°0 = 204
0a%s0°* = 104
0a0°0 = 004

odrLot = 114

(L°%TA%) = WYON +4L°%10%y = 031 *L°1

%104 = 00Y «*L°%10%y = 0G1 «*L°»10a%, = 08Y VAT ONIY3ILNI 4 ) LVWHOS
WUON¢2J¢0D42d40d (T196*9)3LIHYM (0°19°dN)dI

YON = WUON
{#)dd*021 = 22
{€)dd%=02% = 0D
(2)dd*041 = 249
(T)dd#=0dd = 0d

/ot b 4= /ENYISINIIS viva
((TISO24TASOIIC (CTINLIS* TANIS) 3INITVAINOI
(CTIWNS*WWNS) ECCTIAQETAQ) CCLTIASTIAS((T) M INY) 3INIIVAINOI
OIJT*XIANTCdN*MIENC TAYLINIZ
CANCWNANSHONCTAT ¢ TAH40AT 400 TII4TIUC0DI 400U THI *THYOHI oY N 0UT
$JESSYWASAVAZVLIIHIQ VLIIHLOISTIACVWIISA*OHNATOHYCQ*OHY* IA NOWWOD
(0%)191IST130*(07)VWIISA(T9)duy
(2)SOD24(ZINIS*(0%)VLIIHLA (Y )dd* (0T )d (TIIOHYAA* (T9)OHUA* (2IKNS* (2)€E
AQLIZIAL(OY)TIVHLOY)IBIVE(OY)TUr (0 )ZHENIS*(09)E8S0D4(0%)VLIIHLC(0Y)E
INN(OHRIIVA(Z)NYE(TIINA(TIIUNA(TIIIN (TIIUN (H)D*(22IH(ZIHI (T
PITXA(Z24H)2X4(24%)0X (S )X (T T34 (T9IU4¢(T9I0HY* (TI9)IA NOISNIWIGA
TU*NG*TASOI*TANISOHAED* (0#)I3D4VSL4DISdX3¢(0T)2
Vs CYWWOAD*HWNS ¢ 1SdAI 490100 TAQ  TACMCV LI W TT NN VLI *dX3AD* (0T
T)IVETIGTIVEY3IANTEXTdWIA L YOSADCINYC (TI)O (TOINONVE(T9 )NV 9TxX3ITdWUID
A TONS* (OSTIWIV &%1v3Y
ZNIISCTINIIS T#xVvII90T
XI4I¢VI¢O9IdI*XT
JANT “ANC*MICTINCANCSWAN S TTEWW S OWESHONNC TAYINT PP TENSTI4Ner4 T ¥IOILINI
(Z-v) 8%17v3Y¥ 1IJIdWI

186



202

SY3LINVEVd 40 NOTLVZIIVILINI

(SSVHV+IdW) /SSVHVYxITdW
00116°-008LY°TE6=SSVNW
0ae6Ls 6¢el

SSVWY
SSVWV
= JdW

a34aNIINI SI SNO¥1I2313 1-2Z

0a°o

0ag*o
0a°o0
04a°0
00°0

04a°0
0a*o
0a4°0
0Q°0
04°*o0
0a°o0
0a*o
0a*o0
0a*o

1d9°6/(219+10119x00°€-019%00°%2)
108°H/(219-0T119200°€-T0T19%00*€-0T19+109+129~)
1d9°6/(219%00°9+10119::00°€~019%00°2~)
1a8°H/7(219+011T9%00°€-T0T119%00°*€+0T19-109~129+04°*G~)
108°%/(219%00°6~-01T119x00*€+10119x00°€-019-109-1¢9)
1a8°%/(219%x00°S+0TTT9%x00°€+T10119%x00° €+0T9+109+129%00°*G)
109°6/(204+104%00°€-004x00°2)
108°%/(208-109%00°¢-004d+1T4x00°c~)
109°6/(204x00°5+104x0Q°€-009%x00°¢~-)
108°%/(204+108%x00°+008-114x00°6~)
1a8°%/(204%00°s-10H%x00°€-004-119x00°¢€)

1089/ (204%x00°G+1049%00d°€+00d+T114%x00°6)
0Q0* =

40 SSVW 3Y3IHM WOLV JINOId d40 SSVWY = SSVW Q32nA3¥ 40 NOILVINDVI

0324
oddy
Ss3J)
%39
€Jd
23]
132
022
644
744
£494d
244
1494
odd
923
#2)
€30
Z3)
= 19392
032
%49
vdd
€48
244
= 1494
= (4dd
01119

i

LCLL O



203

+LIXx(FSISX-00°T)xedO+MLILX%x288+MSISXxTHU+0dY ) xENx1d=00°% = (IdX
V/1%x00°% = 11X

(0Q°T-V)/(00°1~-1)%x00°%+((0Q°1-V)xV)/L:1%00°8 1i11X
(0Q°1~-v)/0Q°€~((0Q°T-V)=V)/(00°T+1)%1%x00"% fLILX
(0Q°1-V)/00°€-((00°T-V})%V}/(0Q°T+S)xS%00°% = (SISX

TAYINI/0Y = ¥S

[dW/JdvEH = MdD

(00°1¢04°0) = I1I
(00°0%0GQ°T) = NN
0065€4992651%1°t = Id
(NWx0Q°2)/(3+1dW)+00°T = ¢EN
NW/(3+1dW}+00°T = IN

NOILVNO3 NOGY09-NIIIN IHL ININII30 ¥0d SHILIWVHVL FZITVILINI

[36UI4NZIATICNICEI 4T ($06%9)3LTHM (0°19°dN) LT

0g°0 = I3

ZH-TW~-493 ¥3

Cax( (Ca%xCWx0Q°Y ) /2%xIAN-CNWT
JUIN)IA-2W-83)+00°T) /7 ((C2Wx00°2)/ {2xxTW+2xx(2W-83))+2W-93) = 8TIUAN

(% CW+Ix%xIN) LY0OSA = MHZ3
(ZxeTW+Zx%IN)LB0OSA = M13
(00°T-2%x%x93/2%x13)LHO0SAxCW = I
(T3 Wx00°C+CxxCW-2xxTW}L1YOSA = 93
H+TW+ 3 = 13

SSVWVY = ZW

[dW = TW

NOTLVNO3I NOGYOO-NIIM
404 WIALSAS JLYNIQWOO3 JIYIN3IIAHVE OL A9Y¥3INI 40 NOILVWHO4SNVHL

0088€0°LET/Z = VHdAIVZ

002¢*L61 = JYVEH
00°2/(00096°6£6+00992°8€6) = NW
0Q*2/((Z)S9gvax0Qa°c-v) = |1

VOO

LOLO



20k

#%xMdI*(V/(00°2-V )& (ToYxTAI+TII%TAY) %002+ ((V/Z%00°2-00° T)x(0I%x18I+1
108%29+20%T9U+1J1%08)+0I%28+20%09)%V/(00°*%~-V) ) x1dW/4d4%x00°8~ = [D29X
el
#%MdIx(V/(00°2-V)x(TOI%xTHI-T12YxT8Y)%x0G*Z+((V/Z%x00°2-00° 1) %(2I*19I~-1
I21%28-00%19Y+12¥%09)+2I*%28-0D%09)%V/(00° %~V ) )xIdW/4d%00°8~ = ¥IEX

9xxMdIx(V/(00°2-V)x(TAI%TAY%00*2+T1DIxT2

(ExxNIY*00° €/ [dx00°Y ) /Vx9xxMdI%(V/ (00 2-V )= (TAIx=10Y%00°2+T1I %12

Y9I %0C°H+((V/Z%00°2-00° 1) ={ ( TAUxO0GI +TA[ %00y ) %00°Z+TI¥%2I+121%02)%01

Q°*2+00I%x0QU%x00°*2+273%07)%00°*ZxV/(0Q*H~=V }})x0Q°€/IdxId=x00*H~- = [IDIIX
9uxMdI%ZI%0Ix00°2%00° €/ 1d%x00*yx1d%00°*H- = IIDIDX
9%x¢

(€=xxNYx00°€/ [dx00*H )/ Vx9%E

*#MdI=(V/(00°C-V )% ((0QI%0Q1-00Yx00Y)=00*2+TII%TII-T2ux=12Y)1%0Q0*2+( (V2
/Z7%00°2-00°T)=((T0Ix00I~-10¥%000)%00°*2+TII1%2I-1I4%x0D)=x00*2+(00I%0QI1
-0Q¥x00d)%x0Q°2+22%23=-02%0D)=xvV/{(00*»=-V))x=0Q0°€/Id=1dx00"H—- = YIDIIX
9uxMdIx(2D%2I-0I%0D)%00°€/1d%x00y%1d%x00°*H~- 4121I2X

Exxd
MdD%(V/(00°2-9)=(ToUxT8I+TDIxT8Y)%00°*2+((V/Z7x00*2-00°T)=(0D2%T81+2D1
*TOU+TJUxZ9+TII%08)+2I2x09+02%29)xV/(00°H»-V ) )xIdW/4d%x00°2+ = 11D219X

1 %23

MdDIx(V/(00°2-V )= (101 x=T91-T109%=18%)200°2+((V/Z%00°2-00° 1) x(191%2D2-181
Yx0D+TII=x2H-TIY%0H ) +2I%C8-02%04d)xVv/ (00*H~V) ) xIdW/dd%x00°2+ = ¥HIJIgX
MdI=(V/(00°2-V)=THIxTd9Y%=00° 4+ ((V/Z%00°2-00°T )1

(T9Y%29+T191%009)%00°H#+28%x08%x00°2)%=V/(0Q* %=V ) ) xIdW/3d=00°9- = 1161dX
MdId%(V/(0Q°2~-V)x(TdI=TaI-T8Y=TAY) =002+ ({(V/Z%00°2-00° 1 )%(1

19l %x28-194%08) %00 °*2+28%x28-08%x09 ) xV/{(0Q*4-V) ) =1 dW/dd%00*°9~ = YI14I14X
(00°€/700° T ) % (ExxNY/V£:1d%x00°8/00°6)#JUVHH = 4d

ExkMdI%x (V/ 1121 %x0Q°2+20)%IN/1d%x00*y = ¢2IX
ExxMdI*x(V/1%T1I8%x00°2+0D)*IN/Id%00°% = 13X
MdO={V/1x1dIx00°2+249)=TIN+xId=00"*y = 24X
MdI%(V/Lx19d%x00°C+09) % IN*xId%0Q°% = [dX

9xxMdIx0I DN/ 1d%=00°*H = IFIX
QaxMdIx(LLLIXXx(TSISX-00°* T)x=GDI+ P LI LX%FSISXx%D01
+LIXR(CSISX=-00°T)I%EDI+QLILX:ZID+LSISX%:TDD+0DD)I%2N/1d%00° Y 12X
xeMdIx0898Y%ZNxId%00°Y Irgx
HaxMdIx(LLLIXX(FSISX-00° T )98+ ML ILIX%xFSISXx»E81

it



205

(A)OHY/ Zxx (N)OHEG %Y IDEEX=( (H)OHYA=(SdI=04)/00°* 21

+(M)0OHIYAA) = (WOTIX+YIDIUX ) == (M) OHY=ICYX~(H)OHYx (AIHIGX+TUX )~ = YO
(INONV *UNONV ) X TdWIAsx (SSVWY%0Q°* 2 )}/ Z%xD8VHH~ = (M )NONV
CWIx00G2°+00*2/INAVAU-(0Y%Sd3 )/ INVA~ = INONV
234%00S82°+00° 2/ %V A0~ (0U*Sd3)/dAXVA- = YNONV

NIA/( (Cxx INVA=CxxUAVA) = INV-INVIxANVOX00*Zx(4NV+ IVI)) = 2WI

NIQ/ (IAVAINVOxUNVA%00° 2+ (I WVA=2 xxUNVA) 2= { UMY+ JV4)) = 239
N3G/ IMNv- TWI
N3Q/ (dyV+ DJvd4) = 139

CAae INV+Cxx (UMV+ IVH) = N3Q

(X)0HYAA%( T ID2IIX+2IX)~ = IMNvad

(Zxx{A)0OHIA+ (M) T

OHYAAx (X )I0OHY ) =00 2% ( (MIOHY/ IDGX+TIDIDX+FIDX)I=(H)OHUAAREDIX~- = INVOQ
(MY0HYAQx(YIJIIX+1IIX )= = Wivaa

(Zax(MN)0OHYA+(N) T

OHYQA% (M )0OHY ) x0Q°2x( (M)OHY/YIIX+PIDIDIX+ICIX )= (N)OHHAAXIIX~ = ¥MNVAU
(AYOHYA=(TIDIDX+23X )= = I¥vQ

(M )0OHAAx{ M) OHY%00"* N*..xvozxxﬂumx+~_u_ux+ﬁ~uxvnﬁxvoxmoﬁmuxl = Ixva
(M)OHYAx=(UIDIIX+IIX)= = udNva

(N)OHIA%: (M )OHYE0A* Cx( (X)) OHYZUIUXHYIDIIXHITIX ) =({N)0OHYAXIIX~ = ddVQ

(INVEUNVIXTAWIA = (N)IAY

(N)OHY:(TIJIIX+CIX)- = IV
S (N)OHYR((HIOHY/ IDEX+TIDIIX+CIIX )= (H)OHY%ZIX- = 1INV
{(N)OHY=(YIDIIX+IIX )~ = YAV

Cax (N)0HE=( (NIOHY/ ¥IBX+UIDTIX+ICIX )= (AIOHYRIDIX- = YAV
(CxxlWx00°H)/2=xIN~-CW/((N)IA-2W~-93)+00°T = Ivd
9-0°T+(00°TxTAULINI)I/(T-M) = Sd3

N*¢T = 3 €% 0Oa

Q0 =1

0G*0 = 129X

00°0 = ¥IdX

00°0 = 11I214¢X

0d°0 = dlJIdX

004G **IN%CIXxNW/( IdW+¥3) = 101X
00S**«TN%IIX*NW/(IdW+d3} = dOIDIX

el



206

*9evy 39vd

+1SA0OHLIW TVITHIWNN ANV NOILVINAWOD IVLI9IAs ¢ 009 S+HLUOMHLINOS 33S
*SINIOd TYNOILIQAV 33dHL ¥04 S3NTVA ONIGIACHYd A8 GOHLIW S.Wvav
ONISN NOTLVYIIINI QuvMd0d LYVLS 01l GOHLI3IW S«¥3TN3 G3I4IA0W 3ISN

(THYINA = (T1%%)X
(2)WNS = (1)INna
(1)dNG = (142)X
' (T)WNS = (1)dNna

{((DY%9-0°T1)9074%(NN-TT))dX30AI=T11 = WWNS

(1)INn = (T¢¢)X

{2)WNS = (T)IN

(1)dn = (T*1)X

{THWNS = (1)3n

((0¥%9-Q°T)9070=T11)dX3AI = WWNS

(CCTIAVHNNR (x5 Wx0A*H ) /a2 IAN-NNHZW/ ( { T)IAT

~CHW-83)+NN) /2 %x%VHD TIVZ200°Hy=2xx(NN+T1x00°2 ) ) 1¥OSAI=00G*+NNx0dS* = 11
og°1+1 = 11

00°0 = (1¢112X

0G°0 = (1¢I)0X

rI¢1 = 1 oL 0OaQ

v = rl

*NOILVYOIINI

¥0d4 S3NTVA IVILINI 31VY3IN3I9  °*NOILVNOQ3I NOGYO9-NI3IN IHL 3A70S
WAIVHYRTWI-INIVYE%TId- = (M) 14

(H)IH+Zx2{0Y£SdII/(0A°T+T)%T = (A)dd

IIVAHLHTWI+UNIVELxT3d= = (A )d4Y
It

NONV+10-{ CxxDYVEH) /7 (((A)IDA-YI ) %1 3I%00°Z+]I% TWx00°2) = IMNOVvYd

dNONV+H0-(1

CxxJUVEH) / (Cae I F=C A% ( (N)IA=YI )+ (HA)IA~-dI ) % TWx00°2) = dNIvid
(T1O*HO )X VIdWIAx=(SSYWYx0Q°2) /2%xYVEH = (X)O

(H)OHY/ % (H)OHYAXTIDIBX=-( (X)) OHYA=(SdI*x0Y) /700° 21

+(M)0OHYAA) % ( IOTIX+TIDIEX) =Cxx (N)OHYXCTUX- (N )OHYx(T1819X+28X)~ = [0

LoV

0L
09

ToOLOwW



207

u.ﬁ¢.¢-x..¢.m.x;.¢.m.x.ﬂ¢.ﬁ.x 1d%x00°65)1%00°%2/7AqS+(» 11X = (2¢110X

4]
¥ = Z°T=-3 = T LN3IWN9YV GNOJI3IS 04 9]
(=N %6~ (E=-NVId%LE+(Z-N) %65~ (T=N)4xGG ) %xH2/4S+(T=-N)X = (M)OX o)
NOILVYOILNI QuVvM¥04 ¥04 NOILVNO3 ¥0LDIQ3dd )
0!
f1¢1T = 1 021 0@ .

N¢S = X% 042 0Q
9]
: _ *94%% 39Vd 4+ SOOHL3W IVITYIWNAN ANV 3
NOILVINAWOD TVLIOIAss MNO0Y S HINOMHLINOGS 33S °*AVM 3HL 40 LS3Y 3IHL )
JLIVY9IINI Ol QOHLIW ¥Y0LIIHUODI-H0LDIATdd HLHOJHSYE-SWVAVY 3IHL 3ISN )
)
(G¢v)X = (M) Ina o001

(N*€E)X = (MIN

(3*2)x = (M)and
OIFTIX = (O1)HN
| 0a°¢
Z/7UEIY  DDIAEONYI O IXS (HEIXS (N4ZIX UM TIX )+ T ¢ (T-X)I4*(T
T=X) US4 (TN )X (T=NOEIX S LT=H2) X (T=HeTIX)F)=dS+(T-H*I)X = (H*1)X 6

rI¢t = 1 ¢6 03
€¢T = MY 66 04

J
(M)X 04 S3INTVA ¥3L1i39 NIvigo 0L J
C/EEMONIX IS+ (LT=HIX) DI %US+H(T-AIX = (MH)X J
VINKWYO0d NOILVY9ILINI QYVMY04 SSNVI-¥3IN3 3Iivyeall J
_ J
(1¢ (IT-M)Id4*1
(TIA (TN HIXE(T-NE )X (T=HZIX (TN T )X ) I=YS+H(T=N*TIX = (N*I)X 06

fI¢T =1 06 0d
v¢eZ = M 001 0Q

(MIX 40 3INTVA G343103¥d Vv NIVidO UL
((T=-H)X)I%US+H{T=-AH)IX = (M)X
VINWY0d NOILVY93AINI d¥vYMd04 ¥3IN3 3sSN

(OGRS NSRS NS



208

(THMITIX = (NI )X
%41 = X 0%2 00
(2¢1)12x = (1¢1)12X
(¢¢1)10X = (T1*¢1)0X
fI¢T =1 0%2 0a

d31S LX3N ¥0d4 SUILIWVYVL 1TV 3AVi9dN

(6¢%)X = (M) Ina

(ste)X = (MIN

(421X = (A)una

(S¢T)X = (M)un
((2¢1)2X-(2%1)0X)x00°02L/0Q°6T+(2*1)2X = (S*I)X

N = G $T-N = & $Z=)% = € ¢g=% = 2 *H=) = 1 AINIWNOYV GNOI3IS ¥0d
((AIEX=(ANIOX)I%0CL/6T+HIN)CX = (AH)X
HOUY3 G3LVWILS3 ¥0Od G3103¥¥0D SI NOILVAOI ¥0L33¥¥0D

(ere (e IdeleMNrade(2svIxeletcIxe(esIxs(ee
fTIX)d+(T ¢ (Z=M)Ide(Z-H1dde(etH)IXt(EtE)IX*(E*2)IX*(E*T)IX)4%00°G5~(2
Ié (T T4 (T-M) a4 v eH )Xt (Hee )Xt (HZ2)IX4(H*T)X)d%00°6T+(T¢ ()1

T34 ()3 (H)IXC(ENTIXC(Z)TIX4(T)ITIX)I%00°6)%00°%2/dS+(H¥*1)X = (2*1)eX
rI¢T = 1 0€1.00

A = 2 *T-% = T LIN3IWN9YV AGNOI3S ¥Od
((E-N)I+(2-N)d=G=(T-AH}d=6T+(N)dx6)xH2/dS+(T-AIX = (H)2X
NOILVNO3 d0LIIAIUd 40 LINS3IY JAOULAWI OL NOILVNO3 ¥OLI3WHOD
((T41)2X-(T41)0X)*=00°0L2/0Q0°152-(2*1)0X = (I)1IX

((T=M)ZX={T-NIOX)I=0L2/TGC-(%H)IOX = (A)IX
d0¥Y¥3 dILVWILST Y04 (Q3123¥¥0D SI NOILVNO3 ¥0LDIA3dd

((r¢ (P=N)TIE(H=AN)PI (T H)XE(TEEIXS(TC )X (T*T)IX)4d%00°6-(T* €

(e=M)T4(e=NIY (49X (e )X (22 IX (T IX)d%00% Le+(T" (Z-%)142
LlZ-M)Ydeedh)Xslete)Xe(et2)IX (et T)X)dx00°65~(1" (T=X) I3 (1)l

0+e

(SRR

oel

LVOLOLLO

CLOLLHOLLL Y



209

-

(/7L°%10a% = ((421%4)VLT30)9VNWIZ
0 4L%HTA% = ((4*2140)VL730)TVIY (/72°%T0 44 = (4*21% 1 )VWIIS 14L°HTT
2% = ((4*TI44)VLIIA)IS0D +/L°HTA24 = ((4*TI*4)IVLI3CQINIS o+ )LVWHOS

TATATCTAYETLIVHOIS T TASOD 14 TANIS T (0%€E*9)ILTHM (0°L9°dN)LI
((T)SOJ/(ZINISIHNVLIVA = ATl (0G*0°3N°(Z2)INIS)HI

0Q0°0 = 1Al

((T)SOI/(TINISINVLVA = TAY

NG/ (190+19%330NT=-) = TASGD

NG/ (T140=-"T14%xY3ANT) = TANIS
(Zx%x(T190+79%¥3IANT-) +2xx ( 140-Td%x¥3IANT) ) LHOSAD = NG
(JYVEH/ (DVI/ (e TW-Cx%1
*.NZlmmv..thmo*..zvmz..zvmzvxaazuc.\Aszuzo {N)YNA)IXTdW3IA = ¥3IANT
(L*%1a¢, = 7901

1409104 = 140 4L°9TA% = 19 *L°%TA% = T4 4 *21% = T +)LVWYOS
7904740479474 (€5649)3LIUM (0°L9°dN)4I

(Z2)AG = 19a
(T)AG = d4a
(2)A = 19
(TYA = 14

IIx00°2x((0HYD*Wx0Q°Z2VLI3I-W)ISdAI/{OHYD *Wx0Q*2*NN+VT
13-W)TSdAI=0HUT/ ((NN-VLI)£VLI-(NN=-W}xW)=00*2/NN-0HHYDI/V1iI)=TA = TAQ
M ((VLII-NN=-W)xIdx00G*=TYWOIS)=II-)dX3AI%xIT = A

(Z2YWNS = TTVAOIS

{((VI3I+WIVWWIAI)IO0T1AD = WWNS

(OHYD *Wx00°2*¢V13-W) ISdAI=( (0HAD)I01AI=W+00*2/0HYI-)dX3IAD = M

{oart

04 (IVI/2xx=VHATIVI%0Q°»-2%x(00°*T+1x00°2)) L¥OSAx0A5*+005°* )X 1dWIQ = W

SIATAVAINIA ¥I3IHL ANV SNOILINNJIAVM 9WOIN0D 3HL 31vH3INI9
V1130%08%(9-0°T+{00° T+TAYINI ) /(T~N)) = OHYD

((IVS) LYOS i ( 2k TW—-2 e (ZW-83) ) LHOST) /7 ( ZW~-43 ) «VHAIVZ=I 1= = V13
(DV3/ (ZxxTW-2%x(ZW-83 ) ) ) LUOSTIUVEH/ 11£00%2 = V1130

3ANLITdWY INIYILLVIS 3IHL 31VINIIVI

Ove

€66

(SRR ]

LDOVO

LR CTCPE T ETNGRYY



210

{ NN:=NN+0Q* 121
2% (1~T) )/ INNX(T-T)%00°2 *NNxNN=0Q* TxCxx (T~ ) )X 1dWIA=x9ISdX3 = 9ISdXx3
: (I-C)LVvO3d0/7((2-T)d=-9)=-9+(Z-T)}d-9 = (()d
(1-C)dx(1)9S0Ud = 9
(I-F)/(Z-P)d2(2-T )= (1= )dx([)HSOIx{E~Ix2)) = ()d o)
Ml¢e = [ 69¢€ 0Q
(Z2)Iv%91SdX3x00°€+04 = 04
(2379 1SdX3=(2)d*x00G*E = (2)VS
{NNxNN+OQ*T )/ (NN=xOQ*Z*NNx:NN-O0G°*T)X1dWIA = 91SdX3
(1)9S02 = (2)d

(1)1v = 04

(T)Iv = (T)VS

0g*t = (1)d
(((1)ZHZNIS)IN0TU«NN=(0G*T~-*00*0))dx30AD1
2(([I2ZHENISHIUVEH/ (IV/ (CaxTW-C%xx(ZW-93)) ) LHOSGEx00*Z)/NN- = (1)2D4D

00°2/((1)49S02-00°1T) = (I)29ENIS

{9V 13HL1)S03a = (1)HSOID
00e°*2G/((1)VLI3H1IQ-(1)VI1I3HL) = gV1i3HL (€°03°*%)d1
00e°LS/ ((1)VLIIHLA+(T)IVLI3HL) HVi3IHL (2°03°*MN) 41
ode*Ls/(1)VLI3HL GV1I3IHL (T°03°M)dI

WAN*T = I 0L€ 0Q

(OVd/ (2% TH-C%2x(CW=-83)))LH0SA/9TI34ANxVHATIVZ~ = NN SG¢

T =¥
J
NOILNI0S3Y dVINONY JLINII HLIM ¥013313Q IVWIISAHd v A9 N33S SV 2
NOIL123S SSOUYWD ONIW3LivIS TIVILINIYIILSIO TvIIL3IW03IHL I9VYI3AV 1D21034d 2
2
(L°9TAC% = (2*E1%,)V ¢ )1lVWYOA L0O6

(MI4T=14(1)IV*I) (L0649)3LIYM (0°L9°dN)HI

S% 0L 09 (MI°17°1)dI

() Y+ 2#%(0UxSdI) /(00 T+T)%T = (N)¥d  OGE
Q*T+(0Q° TxTAYINI ) /(T-%) = Sd3
N*T = % 0S€ 0OQ
1+ = 1
(CTI=T97TV)#I%) /2WVEH = (T+1)1V
(140-33ANT%T4)/(¥3ANT%19-190) = 187V



211

(((TIVHITISAIOTIO0TIAITI9NS = (CIWIY
((I)VLI3HL)TINS = (I)IWLV

I+WNN%S = OW

I+WNN%xY = WHW

[+WNN%E =11

I+WONxZ = M

I+WNN = ¢

WNAN¢T = 1 08g 00
NOIL1J3S SSO¥D IVILIN3¥3I4dIa d31I01038d 1077d ANV LINIYd

WHON%(T)8IV = (1)9lv

WAN*T = I GL€ 0Q

(L°9T10% = WYON ) 1VWHOd

WAON (€LE*9)3LTYUM

WAON = YON

ZWNS/TKHNS = WYON
Zxx((I)OIST3IA/(T)LIVI+INWNS Zhns
Cxx(1)9ISTAA/(1)IVECIIVWIOISA+ TWNS = TWNS
WNAN*T = 1 TLE 04

03°0 = ZWNsS

0a°*o0 TWNS

114 1S39 404 WION 31VINDIVI

7. 01 09 (0*03°dNIdI
66¢e 0L 09 ($*L1°%)d]
T+% = M

INNTLINOD

(I)gIv (1°19°%)dl
(1)g8Iv (1°03°%)dI
(F)vS+vSL = vS1i
MI¢1 =  99¢ Qa
(I)J240 = vsl
(CIIWVHIISAXI=(F)dx(T-%2) = ()VS
(FII=9ISdXIx(T-x%2)+04 = 0O

Cxx(VSL)SAVUI=0aT*+(1)HIV
Zxx(VSL)SEVUIx00d8"°

qle
lt
£ELE

TLe

(SRS RS

OLe

99¢

a9t



AEX=N[A=AHTIXHNUS = o . 0¢
NY¥N13Y
WX = 4 01
We(0»*0€%02¢0T) 01 09
(N=T)UIIIUINI *(Z7-0*H-V)8%TV3IY LIDJINdWI

NOILivNO3 NOQY09-NI3TIM 3IHL S3INIJ3Q LVHL WvY90ddd4NS NOISIJ3dd 374Nn04

(GRS NS

(WEANTIEAYIENYXENEXENZXHNTX ) NOTLINNS

an3
(L°%T10% = (I)24D +4L°H%1A%: = (3HL)IV +¢L°%10%, = (dXI
F)INN s 4L°HTA¢% = (dX3)IV s¢L*%TA%y = VIIHL (14214 )INIOd ) 1VWYH0S 116
(L°%TQA% = I3 ¢*L°%TG%y = ¥3 +/L°%10%y = 323 +¢L°H11 .
Q4 = NT3 +4L°%TA% = DN +4L°%TA%) = WII +4L°»TA% = GVI3 ) LVWYOAS %06
NdNl13y
. ({VITONSIXIHdI = VI
(L°%10%) = Q34VNOS-TIHD QIZITVWAON ) LVWHOSL 216
CIHIN (216*9)31IdM (0°19°dN)dI
WNAN/ZIH] = ZIHIN
A ((1)9IS13A/ ((IIYIV=(1)IVWOISA)SEVA)+2IHD = ZIHD O6¢
: WAN*T = 1 06¢ 04
00°0 = ZIHID

g3¥vNOS~1IHI 3LVNIVA3

(SR SNE)

(GxWNNCOCEYICUNNCWIVET)ILIONd 11YD (0°L9°dN)HI
INNTINGD o8t

3240 BIVA(IIOISTIA(TIVWIOISA  (T)IVLIIHLT (T1649)3L1UM (0°19°dN)I4HI

{€13242)S¢vadd = 4D

(CCC1)2dD)S9vVAD)I0T90T1A)IT1INS = (OWIWIV

(CCI)YIVIOTINTU)TONS = (WHWIWIV

((I)9ISTAA=(TIVRITISAIOTIOTIA)ITINS =( 1T IWIV
({

{
((CD)OISTIAH(TIVHWOISAIOTI0IA) TINS = (NIWIV



213

1YV IYVA 3SvE v SNSUIA SIATHVIAVA-SSOHD IVHIA3S 107d
3S0ddnd

1077d 3INILAQYENS

G600 88009008 08 00 3¢C 0008000000600 06000 00 DO SO LTSEOLSTOESLOEBOESTESISISISSSEOIOSISSOSOSES

LOLOLOLOO

(SNESNETINCWEN*VON) LOTd INTLNOYENS

aN3d
N¥N13d
WNS = HNVLVQ
01 04 09 (€-Q°T1°19°(WNSxN3A)/Wd31idl
N3IA/WHIL+WNS = WNS
XxXxWd3Ll = WY3IlL
00°Z2+N3aQ N3d o1
N3IQ/7WY¥3L Wns
X = WY3l
04°1 = N4g
WYILAWNSENIA*X*HNVLVA 8x1V3IY

NOTL1ONNd INIINVL
J17108¥3dAH 3HL 30 3JSAUIANT 3IHL FIVINDTIVI OL WVH90ddYNS NOILINNS

VOO

{X)HNV1Va NOILINNG

aN3

NdniL3y
NIXAANTI+NEXENYS = 4 (034

Ni3Nl3y

AX = 4 oe’

NdNl3y



214

N-1=1

IT %1 *%1 ((CIV=(T)V)SI
N¢I=r %1 0a

N¢T=1 s1 0OQ

¥30¥0 ONIANIISY NI viva 319VIAVA 3SvE L¥0S

0T *91 *91 (SN)HI
IN=TIN
70604080 et a 9 Dt axaraTaba T it W /7ONVAINVYIY ViVA

ONILINIYd ¥®0d SLI9ICG ONV MNVId 40713A3Q
(GNIVE(6IONVAE(TTINAAC(TOT)ILNO NUISNIWIG

0 800008800600 000 0000860060000 00000800 000000000800 0006060006000800600600OBBRGES

TAYVSS3IIIN ST ONILYAS 1
*(d43aN0
ONION3ISVY NI AQV3IAUIV) AYVSS3IIIN LON SI ONIL¥OS O
43040
ONIGN3JSVY NI V1iva 378VIWVA 3SvY 3HL 9NILY0S ¥04 300D - SN
*03sSNn 3¥v SINIT
06 ¢43141923dS ST 0 41 °*107d 3IHL NI S3INIT 40 ¥3IguWnNN - 7IN
0T ST WNAW3IXVW *(SITHVIUVA 40 ¥Y3IGWNN
AVi01l 3JHL 01 vNO3) Vv XIHLVW NI SNWNT0D 40 ¥39WAN - W
V XIYLVW NI SMOY 40 ¥H3HWNAN - N
(6 ST WAWIXVW) SITHVIYVA
=SS0YD 3HL 3¥V SNWNT0D JAISSIIINS ANV ITHVINVA 3Svd
SINIAS3IUdIYd NWNI0D LSHIJd °031107d 39 0L viva 40 XIYLVW - vV
{WOAWIXVW SLI9IQ €) ¥IBWAN LYVHI - ON
SHILIWVIVd 40 NOILdI¥IS3d

(SNCIN*WN*V*ON) 1017d 1IVD
39vsn

11

01

(SRS RS

(SRS

LVLLOUOLOULLLLLLLLLLLLLOLLLY



215

INNTLNGD

(FIV=XVWA

0% 0L 09

{(F)V=NIWA

€040y (XVHWA-(F)IV)dI
9249282 (NIWA=(l)V)d]
ZW* TW=C 0% 0a

NEW=2ZW

NIWA=XVRWA

{TWIV=NIWA

T+N=1THW

S3TYVIUVA-SSOUD ¥04 31vIS ANId
((T-TINILVONA /(T )IV-(N)V)=TVISX

JI4VIUVA 3SvE ¥0d4 37vIS ONIA
ON (149)3L1dM

37411 INTYd

06=11N
02 81 02 (T1INIFI

TIN 1S31

ANNTAINOD
INNTLINGD
4=V
(INv=(Nv
{1)v=d
N+711=11
N+I=1

Wél=3 21 0Q
N==11

0%
0e

8¢
9¢

81
91

ST
71
21

LLONOOLO LWOW

LoV



21€

(L49)3L14dnM
SYIGWNN SITYVIYVA-SSOBD LINIYd

0s 01 09

{(N)Vv=4ddX

98 *%8 *GH% (T1IN-I1)dI

T1+I=1

(€49)311IYM

08 041 09

. I+1=1
+ {(TOT*T1=Z1°%(Z21)1N0)*HUdX(Z2*9)3LIYUM

dINS W0 *¥v31D ONV 3INIT INIud
3NNI INOD
(FIONV=(dl)L1N0
0° T+ ( WVISA/INIWA=(ITIV))=dl
N%C+7=17
AW 1= 09 00
WNVIH=(X1)1N0
101*1=X1 S 0Q
S3TYVIYVA~-SSOY¥D ONId

0L406%0S (00T°=-ddX~()V)dI
IVISXxd+dX=ddX

(v
NOIT11SOd INI¥d 3TYVIYVA 3SvE ONISJ

O°00T/(NIWA~XVWA)=TVISA

98

%4

08
0L

09

2
0s

oy

VLo

OO

(PRGNS




217

& .

(04°040Q°0) = WWNS

: (0@°0*0Q°1) =2
((Z)90702%(89-(00°0*0G°1)))dX3A0) = 47
T =

(00°0¢0061L685€592651»1%E) = Id

06 01 09 (00°22°19°(Z2)S9vAdd)41
90-0°1 = 0L

9 = 1N0I

g3033N S1 7 394V ¥0d NOILINNG 40 Wd0d J1L0LdWASY YIHLIHM MNI3IHD

(WAL (T IWEL) C (WWNAS(TIWNS) 3INIIVAINOI
SAVASAVAd*T0L (2 )IWHL* (ZIWNS NOISII3ud 31¢4N03a

X7dN2d*901

70D4dX3IAI4TA €D *COCTOGZ D WWNS *WHIL CVWWOAD*Z4d*V*ISdAD 9T%X3TdWOD

*SINIWNIPV XITdWOI HLIM ANIXM ANOIJIIS 3IHL 40 NOTLINND ITYLIW0IYIALAH
IN3NTINOD 3HL 3LVINDTIVI 0L WVvY90dddNS NOILIONN4 NOISIDJ3dd 371€n0d

(Z49°v)ISdAI NOILINNS

and
(E°0T3TT*X6*0HT ) LVWAHOA
ﬂ. L4 - L 4 L J [ ]
° ¢ * * SHIOT*X6 ¢ HI)LlvWdud
( HT)ivWy0d

(TVIOT¢XG*T°Gd4* HI)LVWHOS

(/7/7€1% 1YVHI HL*X09*THT)1lviWYOS

NJdNi3d

(TT¢T=dI*(dI)UdA)(8*9)TLIUM

XVWA={TT)ddA

O0°0T=TVISA+(NA)dAA={ T+NN ) UdA

6¢1=N» 06 04

NIWA=(T)ddA

1

- N n ™~

06

LOLVU




218

T+ % =%

08 01 09 (T0L°47°((Z2IWNS/(Z2)WHL)S8VQA) I
08 0L 09 (00°0°03°(2)WNnS)dI

0L 01 09 (T0L°19°((TIWNS/(T)IHWYEL)SAVA)ILI]
WYIL+WHNS = WWNS

: WA L% (AT
*Z2)/((00°0°00°T=N)X1dWIA+9-V)I=((00°0¢0Q°T-00° T=N)X1dWIA+V )~ = WH3L
T =2

(00°0%00°1) = WY3l

(00°0*00°T) = WWNS

Z 39¥VT ¥0d NOISNVAX3 40 Wd0d DILOL4WASY

NdnNL3d

[Sdad2¢zZ4d¢v (0064 LNOI)FLTI UM

WWNS%E9 = 1SdaD

NdNni3y

WWNS%€9 = 1Sd0dD

0%404%#01T (00T-A)4I

T+ = M

0t 01 09 (T0L°L7° ¢ 2IWNS/(2IWHL)SYVA ) I
0t 01 09 (04°0*03°{(2)IWNS)IdI

02 01 09 (101°19° 1 (TIWNS/{T)IWYL)IS8VA) ]
*701 = 3ONVH3ITUL

FJATLVI3Y A3HINO3IY JHL NIHLIM .01 d39¥3ANOD SVH WNS Y¥YIHLIHM XNI3IHD

WHIL+WWNS WHNS

(9Zx29-T9)%) = WddlL

(4-(0Q°0¢00° Tx=AIXTIWIM) /(10U 0400 T-00"° TN )X TdWIA+H=-V ) %29 = 29
((00°0400°2-00°Tx%)XTdWIA+8)/((0Q°0400°2-00°T£X)XTdWIA+V)I%T9 = 19
(00°040Q°T~-00°T%X)XT1dWIA/ Z%D J

sl 0L 09

{29%19:(4~(00*0*00°*T1)))/(0A°0%00"°T) = €9
(4-(00°0¢0Q°2 ) )VWWIAI/Z((0G°0*0Q°T)+8=-V)IVWWIAD = ¢9
(d)VHWIAI/(VIVHWIAD = 19

0L

013

0¢

LOLOLO

sl

01




219

/€0020929%8284%8951°-¢20%891%%0+%98¢2%
O%ET**TA065069T22EH26ET*~*00TEBBIELLEYHIO6LT = *T-02TLLY69ES90666C°~4¢
¢=-00T%9920T4%9920T%9°¢2-0U6924LT1H92GLT6T -4€~-02YBOSLTIHB0GLIYB *E€~0G
608EZSH60RELGHS*~4E-UYHL0GIEHLOGIERL**E-U8LLLLLLLLILLLLL2 =4 T1-0CEEEET
CEEECEEEEB*/D4/(00°0%006L689€599265171°€)*9¢STI-0A°T1/1d*LNOI*T0L VivVQ

J
((L)VWWVIINT Y03 NOILVWIXOYddY S«ONITHILS NI SINIIDIJ4300 = (211D J
TINNVHD LINdLINO0 LIN3IAN3Id3A W3ILSAS = 1NOI J
JYIHM INIWILVLS VIVA HLIM SINVISNOD IN3IGNIAIA WILSAS 1V L3S J
4 J
(WHILA(TIWAL) C (WWAS*(TIWNS ) (ZZ¢(T)IV) 3INITVAINOI
A3FT143¥ IvII90
1v01304701491
070°¢SaVASHVAI* (ZIWHL (ZIWNS (2T )¢ (2IVHLSTAX*A*X NOISII3¥d 374Nn0Q
Td*NIST
G2¢dX30D490T1ADXTAWIA  ZZ WZ N3O WAL WWNS L1417 VWWIAD 9TxX31dW0D
J
*SINIWNSYVY X3TdWOD ¥0d NOILINNS J
VWWVO 3HL 3LVINIIVI 0L WVY90dd8NS NOTLINNS NOISID3dd 379n04 J
B 3
(Z)VWWOGD NOTLONNS
aN3
(8°G10Z2¢: = ISdAD +/8°S102% = Z +/8°S102*, = 91
1 /8°G102¢% = V «/¢39Y3ANOD LON QIU S3T1YIAS ISd DILOLAWASY ) LVWYHOS ote
(8°GT0UZ*y = ISdAD +/8°910UC*%y = 7 /81
*GT02¢%y = 8 +/8°6102% = V +/13943IANOD LON GIQ S31¥3S ISd «)LVWYOL 006
. N¥Nn13Y

[Sdd3*Z%4*v (016¢1NOI)3LTI UM
((Z2)90102%V~)dXx3AIxWANS = 15dAD 06
NdNni3y
((Z)90702%V=-)dX30I=WWNS = 1SdAD 08
09 01 09

06 01 09 (00T*19°M)41



220

(O (X)INIQI-0T¢(X)INIOQI-((A)LINIGI)SEVI)OXVW = W
9/1d>(Z)9¥v ANV 0T<(Z)Iv3Y 3INVW 43704 v OL 3SO1TD 00L LON SI Z oI

A= = A

X-00°*1 X
27-(00°0%0Q0°1) = 177
*3NdL® = %2743

0Z 0L 09 (04d°0°39°X)dI

*Y3ILVI d3SN 389 L1SNW NOILvVI3Y SIHL
1VvHL1 31VIIGNI OL 9vl v SI X3743d 310N  °*(Z-T)VWWV9Y JLNdWOD ANV

((Z=-T)VWWVIx (Z=IdINIS)/Id = (Z)IVHWVY
VINWY0d NOILI37Td43d IHL AOTdW3 3JATLVIIN (Z)Tv3d ¥HO0d

NdN13Yd
(0Q°0*101L/700G°T)IXTdWIA = VWWOAD
{00641N0T)311YM

(00°0¢70L/00°T)X1dWIA = VWWOAD
HLIM N¥NL3Y¥ OGNV 39VSSIW dOWH3I INIMd *370d4 v 0L 3S012 001 S1 7 41

01 0L 09 (01°39°(WZ)SdvaI)IdI
(A*LSTIAX)IXTdWIA = WZ
((0as*=X}INIGI)LVDTI4AQ = X = 1SI0OX
02 01 09 (104°39°X)d1

*1I 0L 3INVLISIO ONILNdWOD ANV
370d 1S3YVIN ONIONI4 A9 3704 v 0L 3S01D2 00L SI 7 ¥IHLIHM 3INIWYIL3A

*3Svd4® = %3743
(2lv = A

(T)v = X

1 =11

LOLLLOLULL ™ VO OUN

VOOV

VOO



221

041 0L 09 (0°03°wW)dl

({Z)VWWVIINT
({Z)VWWVIINT

(T=WH+ZINT=***=(T+ZINT={ZINT=({W+Z)IVWHWVIINT
(CCT-WHZ) %" = (T+2) %2 )/ (W+Z I VWHVIINT

({Z)VWHWVI)INT NIVIHO OL G3SN NOILVIIY NOISHUNIIH

(0T6¢LNOT)I LT UM

*30330ud
ANV 39VSSIW dOUYI INIdd °*3I9YIANGD LON AIQ S3TY3IS S+ONITHILS

06¢0L40L (21-7)4I
JINIOYIANOINON d0O4 LS3L

11xN3d = N3Q

1+ = r

. WYIL+WWNS = WWNS

00T 04 09 (10L°3IT{(ZIWNS/(Z2IWHL)SEVa)II
001 0L 09 (0Q*0*Q3°A)dI

08 0L 09 (T0L°19°((TIWNS/(T)IWHL)ISHVA) 4]
SHI3IHD 40 LHVd AHVYNIOVIWI dINS v3Y SI1 Z 41 °*3IINII43IANOD
04 ATILVEVAIS ((ZIVWWVIINT 40 SLuvd AMUNIOVWI ONV v3d LS3L

N3U/(F)D = WY3L
1=7r
(1

Ha*ﬁcoco.oc.mvvGOJQU*AOQ.cwoom.~+hlahv00490*.Acoao.oom.vlhv = WWNS

(CLIVWHVOINT HOd NOTLVWIXOUddY S»ONITYILS FLNdW0OD
1l = N33

I=l = L1

(A*(W)LVOTI4C+X )X T1dWIC = L

001

o
VOO LVOLOLOLOLTOLLLLLO

08

09



222

INVNIWY3IL3IQ 3HL  °a3SN SI QOHL3IW NVAEOr-SSNvY AHVANVLS 3IHL - QUHLIW

N HLONIT 40 ¥0LI3A MAIOM
N HLONIT J0 HOLI3A MNiI0OM -
INVNIWY3IL13d LINVLIINS3Y
N&N - N
V XIY1VW 40 ¥30¥0 -
ISUYIANT AINVLIINS I
A9 G3JIVid3d ONV NOTLVINAWOD NI G3A0¥LS3U *XIYLIVW LINANI - V

W
1
a
N
N

SY3ILIWVYEVd 40 NOILJI¥IS3a
(NNCW*T*A*N*VY)IANIW TVI - 39VSN
XTYlVW Vv LY3ANI - 3S0dind

ANIW 3NILNOYUNS

aN3

(+G39Y3ANDOD LON SVH S3I1¥3S SONITHILS - ¥OYYI « ) LVWHUS

(13704 v 0L 3S07D 00L SI NOILONNG VWWVY 40 INIWNOAV ¢ XT)ILVWAOS
Ndnidy

(WWNS)dX30D = VWWIAD

WWNS=((ZZ%1dINISGI/1d4)901707 = WWNS

0¥1T Ul 09

0el 01 09 (Y3143 31

*03SN 38 QINDHS VINWY04 NOILD3143¥ 41 33S OL %I3HD

(€0a°0(T-1)1V0T40)IXTdWIA+ZZ)9010I-WWNS = WWNS
Wet = I OTT Qq

LVLLLLLLLLLLVLLLLLLLLLR

016
006

041
0el

0ci

011



223

LVHL SJLVIIAGNI 0¥3Z 40 INYNIWY3ILEQA v

0z2¢02*st

N + IX = I
N*1T = I 0¢ uag
N=X = IM)

gertsetse M-r)4l

(A1 = r

SMOY¥ 3ONVHIOYILNI

INNILNOD
= (MW
I (A7
(ri)v vold

(((F1)V)SYva-(vaIg)SHva)dI

I+21 = Il

N¢Y = 1 02 0a
(I-F)xN = Z1
N¢Y = 02 ua

(MA)v = vold
A+ AN = M
A= (AW

A= (M)
NEUN = AN
N¢T = % 08 0Q
N~ = MUN

0oa*t = a

INIWITI L1S3IOUVI W04 HIAVIS

SHVA*dI0H*vOIa*AtY NDOISIJ3ud 316Nn0a

CUNIWE(N) TS (NN)V NOISNAIWIA

(NN*W*T4A*NCVIANTIW 3NILAOYLNS

L O B R BN B AR BN BECBE B B AR BN B BN BN BN BN K S AR N B BT Y A BN BB R R Y BN AR BN B BE Y IR BN B N BN AK AR BN RE BN N N B B A BN B A N 2

SUVININIS ST XITHlVW 3HL

*@3LviInavI oSy SI

VOO

LOOOLY



224

N'T = 99 UQ

N-I = FI
(M¥I)V = QT0H
T+3IN = MI

N‘T = 1 69 0
XIdivW 33NA3Y

INNILNGD

(VOrd=)/7 NIV = (MI)V
I+3N = A

064496408 (A-1141

N¢T = I 69 0@

NdNl13Y

0G°0 =@

8H49H48y (VOIH)SI

(voldg

NI 4d3¥01S SI IN3IW313 1OAId 40 3NTVA) LOAId SANIW A9 NWNTIOD 3UIAIQ
070H = (If)V

(If)vy = OIM)v

(Arf)v- = QT0H

C+drr = IT

F+3N = AP

N¢T = 0% uaQ
{T1-1)x%N = df
BELGHEGH (N-T)d]
(AW = 1

SNWNT0J 3IONVHIYILNI

gioH (Ir)v
(Ir)v (IA)v

C+X~IXN = Ir
(IM)v- = QTUH

n

[[AEG NSNS

(MBS RENS )



225

r+0rf = MAr

N*T = £ 0OT1 0@
(T-1)%N = ¥l
(T=-d)=N = OF
8OT402T402T (M-T1)4d1

(M1 = 1
SOT¢0sT40st (A1
(I=-%) =M

N = M

JONVHIYILNT NWNATOJ ANV MOY TUYNIA

JNNTLNGD
voIdg/70a°1T = (MY

AvI0UdII3Y Ag LOAId 32vid3d
voig=a = @

SLOAId 40 1200Q03dd

JNNTINUD

VIIF/(rAIV = (PA)V
0L*6L%0L (A-r)JI

N+CY = M
N¢T = " 6L 0Q
N=Y =

10Ald A9 MOYW 30QIAIQ

JNANTLINOD
(CHIV+H(CAIVXATI0OH = (FI)V
A+I-T = £

29469429 (»-r)dl
09459409 (M»~-1)dI

N+CI = 1

801
s01

001

o

MLV VO W oL

o wn




226

and

NdNtL3y

001 01 09

gaigH = (Ir)v
(10)v= = (MY

C+X=-IX = IF
(IX)v = QI0H
N+IM = I

N¢T = T 0¢1 0Q
N=X = I
SZT1400T*00T {(N=-r)dl
(AW =T

a0H (Ie)v
(If)v=- (Ar)v
r+yf = IF
OtV = 4I0H

oel

oel

T

oct
011



APPENDIX N
Evaluation of the Invariant Amplitude for Pion-Nucleon Scattering
in the Pion-Nucleus CM System
26
According to Goldberger and Watson the invariant amplitude

for pion-nucleon scattering

(Pu,A) + (Pr,8) —> (B'X) + (P )

is

M Mag = U (Axg ~ V- Q Bxs ) V)

where

N2 Q= Potby

2
B Awg = AW g + A7 4 [, T ]
W Bxs = chﬂxs + B(-)":["'w'/\a] .

The scalars Axg and Bxg are in general functlons of the invariants
8, t, and u vhare

¥ s= ~(n+Pn)’ = —(Ph+PN)?

3
-
1)

~(P-')? = ~(rv-pn)?
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BT U= -(Pr-Py')* = ~(Fr' -rn)? .

In the notation of Goldberger and Va.tson26 the invariant

amplitude is related to the S matrix by

M Sxe = grn,f,,' Sen,ent docg +3M &Pt -Pr-p)

My )
S”ﬁfmrﬂ'*ﬁr' <‘lEnEn'EwE~') Mag

and to the total TIN cross section by

M 2
™ Wy = (zm) d*Be | 3Py §En'+En' ~En-En) | Mus]
Vie! EnEx En/ Eq!

The differential cross section for the final pion to be in the
solid angle A S ! is
mo 4T - |2
RYRT
where

mM1 £ = Mn [ € 'MO(B'

HT VVvel EnEn

2 14
n2 g = SPn' dfn \ d3en' $cen'+ fi~Pr-Pn) .
E"-' Ewt

In the pion-nucleon CM system

_va o | Mg
47 (1+ En/mp)

For a mucleon bound in the nucleus, the piom-nucleon scattering

N3

amplitude in the pion-nucleus CM system is related to the pion-mucleon

scattering amplitude in the pion-nueleﬁs CM by II-1, i.e.

_ -FTTNUC. o (,+ %ﬂﬁ)—PWN.
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Thus the relationship between the pion-nucleon scattering amplitude in

the pion-nucleus CM system to the invariant amplitude M is given by
TINVC
ms £ =~ |Muxe|/yn

The operator form of the invariant amplitude M o 1s obtained

by substituting into N1
I Up

_.‘\, Ey +MN CF U
— _‘/EN M TP
mr  U(w) =V amn <I Up = Eyemn UP

> o -iT - I O
M8 xz(aa'- 0) ¥ = 0~I>'

The resulting expression is

<ex«+m~)<e~+->

AIMy

{511& T@ﬁ)vm ~ @) T Burier)

En My Q(EN "'MN)
B+ Epd) (T BT F)
+( 2 ")(E~'+MN)(E~+MM) } o(a] Up .

Note that the effect of the nuclear binding on the spinors has been
neglected.
Now Mg may be written in a more symmetric way. Consider the

terms in Mg of the form

N20 EN'\‘MN—VE'N’*MN [j_ N f’l(' =
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T 0 T) (1 = i)

HMn?

41 + TN*TN1 1 I FN.?NI
HMn 1 Mp?

2 -
4 + PNtPy 3 By.By
S M2 YMn®

1+ (PvsPe)d
8 Ma?

I

Using the symmetric expression M, g may be written

Ne1 MD(B = UP {Ao&e [-1- +(PN"HV')3-'__S__.__)T PNXPN]

TMpA? HMn?

+Bug [1 + @nith) +iE g XFN)] n+Ep

MnR

HYMn

- e [ 2]

26
In their book Goldberger and Watson have evaluated the elastic

(+)
pion-nucleon isoscalar scattering amplitude £ in the pion-nucleon CM
system and obtained

® £ (W-My) Rt
e 0 _ E;'C‘//V\N{A +(Z/NM~)B }

- ~ A W Ay s
+ Syt ~AT+ W i)s }(v-m’)cr-:%.)] Up

They compared this form with the phase shift form normally used in

pion-nucleon scattering



@’) (+) - 1 > A
N23 -FG-) = Up+ [ 'Fu + "r?. K ?" (T rn)] Up

(+) (+) (+) (+)
and solved for A and B interms of and 1’2 to obtain

1
@
e A

I

W+MN _?l()_ W-MN _Fz("')

s BY = l ® \ )
4 Envtmy ! En-MN
(+) (+)
where the fl and r2 are related to the pion-nucleon phase shifts
by
a +)

+ (v o] ( /7 A A

N26 -‘-\U z 'Fa+ i’u,(fn Pn) Z fo- Pr-(Pr-tn)
2=0 2=2

@) a0 ) R

BT { 22 (fa- - ‘Pu ) HErm')
]
&) A=
@) L+ = )=22+)3

nas '?,Q-_; = e ALE sin&t : .

L- = 3y=4-Ya
Vi)

Por s and p vaves only one has

%29 'Fw = 4‘°+ + 3+‘,+ Pn-tn?)

&) & &)
X0 a = "Fl‘ ‘F,-r .

Thus

) A
LES ":& = Up [‘Fo-’- + (3’F,+ "“Ql‘ "'F[-l- )ﬁl"ﬁl'
+ (-3 i ® @) [ op

19
In terms of the notatiom of Ericson and Ericson
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&+
K32 bo = ot

Q) @
M g = a4 p

|Prl®

@ )
N3h de = "Fr "‘:;"'

| Fa)?

80

N35 _F"n = U;[ be + P’ Pn +ids G‘-(Fﬁxﬁp)] Up-

The general form of f in the pion-nucleon CM may also be written in the

Ericson's notation to be

w6 £ = Ut | (be 46t T) 4 (cotrta D) B P
+1 (do +d,tn-Tw) T -(Pn xfn) | Up .

Consider the invariant amplitude Myg 1in the pion-nucleus CM
system. According to Krajcik and l"oldyl22 the expression one obtains
for My g using free nucleon spinors is correct omly to order 1/“11’
because the effect of nuclear binding on the spinors is of order l/una.
In order to obtain Mg to order 1/un one needs to expand the coef-
ficients of fl:and ra in the expressions for Axg amd Byg &lven in
equations N24 and N25.

Nov

1he

N37

€ +Mn AMN

w; ~ En+Eyl
e WHAMN = omy(I SRR MY |+ By
E +My AMy HMn
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T N =
N39 E‘MN ﬁ‘ﬁ(' (_/L_ ﬁrﬁ'l) ki N
amn W 6 ‘Pn'
~ aIMy
2
E-mn F’;rfn (_1_ ) aMn HYmp?
SQMN ‘IMN
— (Fa-Pn +l"‘n-Fn') + Ep [ PAEC + p,,r:,)
aMN amn amn2 Mp
My “amn3

where the N\_ signifies a pion-nucleon CM guantity. Substituting these
terms into the expression for Mg given in N2l obtain after some

cancellation

" Mae = U { (L 8)F - 0 (o

> > 2 > - = = ~2 2
_ Yath' —(PoFutB“F) 4+ En (mm +
4 Mn* AMn2 amy \  aMn?
s - a T .
Fn-fn ) + En Bv'+Fn’ +
MNz) aMy amn? 'a_a +2 4

+ (Py-Pa?)* - (PNX"N)} { £+ Q_/Y',{V_'Pz}

& My HyMp*t aAMnN b P’

{ 41 + (F~+F~')z + 'nt?-(ﬁu;xﬁv)}(En-iEn)
3Mmy? AMN QMN

4YMy

+ AMN 4‘13 {(mm} —uvx(m-nv')} (Ea_)] Up .
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Combining coefficients of 1'1 and f2 obtain

+ '
me Mas = U [ {ormpEls o f2 (0o R)
-y 2 ' -~ - ~ -
+ fn (’_%\a,,) - a—-—,ﬁ’:’ Py — Q‘/\qu’ v Pr' 4 (Pn-Pn + PP’

=By P _FNI,,?S") - En+En'[ (Pv-Pn')2 1 & -(FN'XFN)] — En B2
amy 3 My

- -~ T & m
—En' PN’ + EmEr [ PudPridofwPal -,3_.(;,;,(;”))
Mn amn 2
PR - -~ -
+ 1T -(l’n‘fn)X(ﬁr-}Pn')}] Up .
> -
For elastic pion-nucleus scattering one has P."2 - Py and
N

B Bxgt'. Using the identity

W3~ @ = ~ ' ~Pn)-(Pp-Fn') = Br P+ Pa'Pu PPt ~ PP

- @r-P)2 = Pt - B+ ad i
one obtains for elastic scattering

m Mae = UP[{10 816+ Tah(-B)+ B

My
+ %IN(—QFN°FR‘3FN"EI"FNZ— F”'z—l‘FN'FN""r;V'ﬁy’)
+ 3En cv(f)vxflv)-ra«v‘(fnxm)} Up .
Mn 2&p -

But

WS~ @2 = ~(PW-Fu)P = - Byt Pt tabvPu

80

M6 Mag = Up[{” 34‘ +{mm(:-%)

) %" (Pu-Po + P -v) *‘% 1T (P XPN) 4§ %.ﬁx‘)}{,_ﬁ



From equations N29, N30, N32, N33, N34, and N36 ome has

M7 £ = bo+btn T+ (Cototaly-ds ~dtym) brde
N8 fa = do+d, ta T .
P

Using the lorentz transformation one finds the relationship to order

Eqr/My

o Prfat = [?n-?n' - 20 (n P +F~'-Frr)] /14 &2 )%
Thus My p in equation N6 may be written

N30 MO(B = U:[()*.E\LL){(L(;“FA,'ER‘TN) +(Ce‘f(,iz;-2ff-dn

bt ) By B~ S b)) ] + (o)

(1 + Enjmw)?
A . s
{ n ﬁv(ﬁy.m +En ﬁr')+%'}vlr("~><f~)

1+ El/my
+1 a"(ﬁn'XFn)} ] Up
or cancelling out 4, + ‘11"?1"17' terms
W Mas = Up"[ (1458 )(bott T D) +(Corcta)

{ P fn! - %{'N(Pl-ﬁr'-ifn'-ﬁ.)} 4+ (d.+d,q.-’[~)
| + Ea/my

§ & ('xm)+ 5 c*r-(ﬁmxh:)}] Up .

S N - S
In order to evaluate the PR'P'ﬂ" + PNI'P-". terms one needs to

note that in a complex nucleus
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A . > A
w2 <ot %\?c?-w) Pn; 101> = <ot| 2 SonFi)Givi)lot>
= =1
= —_5- V et) .
Similarly
A . - - .
B3 <ot .2. Py; &Cv-W) Jot> = +¢g_ veo.
Thus in evaluating reduced matrix integrals like
3 "?.? > A -
sk \d% e Pn'- <ot| 2 Forvi) Py ot >

one should break 1?-"-‘ into components perpendicular and parallel to 'E.
Only Py parallel to § can contribute.
Let

NS5 é = Fn +E-,'

N56 cz = Fﬂ‘ﬁt'.

Thus

N57 Pn = £ 4%
A

N58 ?‘n' = f.‘i
2

and

=R A .. =
n59 Sd?'rc'“Pn"<o*I§ftY-v:)P~:lo*>
_ EF s\ o
= Jere'tC 2y (iy)em
S Jore's? %‘ ew

i
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ca D

where one integrates by parts to get the Y/ to operate on e""Y .
Similarly

R A o .
§60 Sdsre'ﬁ'* Pn - <otz P SO-R) 1ot

= § dav e'$7 (g1) LY eV

Thus one obtains
£ - - E 1
N1 Pp-Px t+ Pp-Pao= 379
Using N6l one obtains the final expression for M, g to be

w2 Myg = Up' [(l+%&)(bo+b,t_@‘fﬁy>+(Co'f(‘,ég"[ﬂ)

[ o -;,%3.1,3:*} +i (9 A4, 0 Th)

[+ En/my
f & x4 g T GxPag | ve

= Up+[Cl+ )b +C (Fy-Pr %ﬂit)/(,+%)

4id L& @ixn) + 5L T @ixe) 1] Up-

This result is accurate to order En/Mn. Although this form seems
2
unique, there are two possible ways of putting im q , i.e. in nucleon

1
operators or pion operators. Camnata, lucas, and Werntz n used

qf = -V2€(v). A similar result was derived independemtly by n-ch166
in a different way. Kisslinger and '1'a.'bak:l.u167 attempted to derive this
result but failed to obtain the coefficient of 1/2 for the nucleon
motion term proportional to %!:[v V23e(r). According to Krajcik and

Foldy one must use bound state nucleon spinors if one wants to find

the proper higher order terms in M,g.



TABLIE 1. ILov energy s-wave TN scattering lengths.
o« 5
Reference

(mn-l) (mﬂ’ -l)
0.205 + 0.005 -0.115 + 0.003 111,112%
0.182 + 0.006 -0.103 i.0‘0°6 102,103
0.17 -0.10 10k
0.171 + 0.005 -0.088 i_0.00h 105
0.183‘1 0.016 -0.109 + 0.016 106
0.179 + 0.019 -0.103 + 0.019 110
0.180 :'0.012 -0.091 + 0.005 108

a. As quoted in reference 102.

238



239

*suoTyezaajomered QUAISJITD OAM3 07 ISJ3X SITIJUD OM3 ayL °q

*20T @ouaxagax uy pajonb sy °s

ot $00°0 + §T2°0 600'0 ¥ g£0°0- §00°0 + 620°0- L00°0 + TOT*0-
o0t 102°0 £T°0- €T 0 9100~
R £42°0 £T°0- ¢€00°0- $10°0-
LTI 0120 #00°0 ¥ QTHO"0- 290°0 ¥ §60°0- OTT'0 + 910°0-
aouaxagay Am-hav Am-h_.av Am-.__.sv Am-.__.av
mfo Tt Yo mavO ﬂvo

*sy38usT Jutxalqeos NI saevm-d LBxsus mo] 2 FIAVL



TABLE 3. Low energy s-wave TNN scattering lengths.

B B
01 11 By L Ref-
-4 -4 ¥ _k erence
(m'n' ) (m'n' ) (m-“» ) (m-n' )
(-0.054 + 0.020)(1-1)  (-0.0kk + 0.004)(1-1) --- --- 19"
(-0.054 + 0.020)(1-1)  (-0.077 + 0.007)(1-1) --- 2a®

a. The real parts are crudely estimated to be of the same magnitude but
opposite sign to the imaginary part.
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TABIE 5. Summary of data for pionic 2p-ls transitions.

2p-1s Transition Energies (Kev)

Isotope Berkeley’®  cERW a4 Average

3Re -e- --- 10.68 + 0.06 10.68 + 0.06
“ge .- --- 10.70 +0.05 10.70 + 0.05
64 23.9 + 0.2 --- 24.18 + 0.06  24.157 + 0.057
Tut 23.8 + 0.2 --- 24,06 + 0.06 24.039 + 0.057
“Be k2.1 + 0.2 42.38 + 0.20 42.32 + 0.05 h2.311 + 0.0bT
10y 64.9 + 0.2 65.94 +0.18 65.79 + 0.11  65.663 + 0.210
1y 64.5 + 0.2  64.98 + 0.18  65.00 + 0.11  64.905 + 0.110
12¢ 93.3 + 0.5 92.9% +0.15 93.19 + 0.12 93.099 + 0.092
Ly 123.9 + 0.5 12k.7h +0.15 —-- 124,671 + 0.163
164 160.6 + 0.7 159.95 + 0.25 --- 160.024 + 0.235
18 --- 155.01 + 0.25 --- 155.0L + 0.25
19 196.5 + 0.5 195.9 + 0.5 --- 196.20 + 0.35
20pe —-- - 238.35 + 0.50 238.35 + 0.50
238 277.2 + 1.0 276.2 + 1.0 277.7 +0.5 277.37 + 0.kl
Pmg | 330.3+1.0 331.80 + 1.65 330.70 +0.86
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TABLE 5. Summary of data for pionic 2p-1s transitions. (Cont'd)
Widths (Kev)
Isotope Berkelef »6 CERN' waM b Average
3ge -——- ——.
e - omldol oo ‘oo
614 0.39 +0.36 --- 0.15 + 0.05  0.155 + 0.050
T 0.57 + 0.30 .- 0.19 + 0.05  0.200 + 0.049
98e 0.85 +0.28  1.07 +0.30  0.58 + 0.05  0.601 + 0.052
108 1.b +0.5  1.27+0.25 1.68+0.12  1.594 + 0.106
g 2.3 +0.5  1.87+0.25 1.72 +0.15  1.793 + 0.125
12¢ 2.6 +0.5  2.96 +0.25 3.25 +0.15  3.138 + 0.125
By w1 sol kA8 s0.3 k.33 + 0.240
164 9.0 +2.0  T7.56 +0.50 -e- 7.645 + 0.485
18 --- 8.67 + 0.70 .e- 8.67 +0.70
Ye 46 +2.0 9.4 +1.5 --- .67 + 1.63
20Re --- --- 4.2 +2.0 12 +2.0
2%a | 4.6 +3.0 10.3 +k0 T.2 +1.2 6.93 + 1.07
g --- --- 7.8 +5.0 7.8 + 5.0
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TABLE 6. Summary of data for pionic 3d-2p transitions.
Snerpien (ree) 2p Widths (ev)®

Isotope NALlu7 CERN" 48,149 e NAL:U"7

He - —-- .-- 0.0033 + 0.0013

614 --- --- 0.015 + 0.005 --

1 ee- --- --- 0.0165 + 0.0066

Ipe 8.10 + 0.15 |0.16 + 0.03 0.16 +0.03  0.0526 + 0.0132
10g --- 0.32 + 0.06 --- —--

Lg - 0.27 + 0.0k —-- -

12 18.40 + 0.32 [1.02 +0.29 2.6 +0.9  1.25 +0.20

Lhyg --- 2.1 +0.3 --- -

169 --- 4.7 +0.8 12,0 +A4.0 —--

l80 - 3.8 +0.7 . ——-

19p --- 11.2 + 1.9 --- ---

23pa 3.6 + 7.6




TABLE 6. Summary of data for pionic 3d-2p transitions. (Cont'd)
3d-2p Transition Energies (KeV)

Isotope Berkeley6’16o’l6l CERN-0 waaf 63 Average
¥ | 87.53+0.07  87.40 +0.10 87.48 + 0.06
2834 --- 101.58 + 0.15 --- 101.58 + 0.15
31p - 116.78 + 0.10 — 116.78 + 0.10
32g 133.2 +0.3  133.06 + 0.10 .- 133.07 + 0.09
31 .- 150.55 + 0.15 .- 150.55 + 0.15
39 188.6 +0.3  188.77 + 0.18 --- 188.73 + 0.15
Yca | 209.3 +0.3  209.66 +0.18 --- 209.56 + 0.15
bhca | 208.94 + 0.10 --- - 208.94 + 0.10
48y --- 253.98 + 0.20 - 253.98 + 0.20
oLy 278.2 + 0.4  277.85 + 0.20 - 277.92 + 0.18
er | 2.5 +0.5  302.75 + 0.25 --- 302.70 + 0.22
Pun | 328.5 +0.8  329.12 + 0.25 - 329.06 + 0.2k
%6pe | 356.9 + 1.0  356.43 + 0.30 --- 356.47 + 0.29
Fco | 384.6 +1.0 384.Th +0.35 --- 384.72 + 0.33
5851 415.23 + 0.70  blh.11 + 0.48  L1h.LT + 0.k0
€0y 414.08 + 0.51  414.08 + 0.51
®3cn --- Uh6.1 + 2.0 --- 6.1 + 2.0
6y --- 478.2 + 3.0 --- 478.2 + 3.0
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TABIE 6. Summary of data for pionic 3d-2p transitions. (Cont'd)
Widths (Kev)

Isotope Berkc:ley6"16:L CERNaa’ 162 W&Ml 63 Average
2Ty 0%Foas - omions
2834 --- 0.18 + 0.08 --- 0.18 + 0.08
2p B v E 336 S o 35
325 0.8 + 0.k 0.79 + 0.15 —-- 0.79 + 0.15
e --- 0.89 + 0.25 --- 0.89 + 0.25
3% 1.90 + 0.15 1.45 + 0.15 --- 1.68 + 0.11
40cq 2.29 + 0.13 2.00 + 0.25 - 2.23 + 0.12
Mtc«. 2.07 + 0.15 ——— -——— 2.07 + 0.15
48y 2.89 + 0.25 2.89 + 0.25
oy --- 3.66 + 0.25 --- 3.66 + 0.25
*2er --- L.46 + 0.35 - 446 + 0.35
9Mn 6.38 + 0.40 6.38 + 0.40
5pe 6.0 +2.5 8.65 + 0.60 8.51 + 0.58
o --- 7.37 + 0.70 .- 7.37 + 0.70
By - 12.7 + 3.0 7.6 + 1.4 8.5 +1.3
60y 8.5+1.5 8.5 +1.5
$3cu - 15.9 + k.0 --- 15.9 + k.0
&40 16.8 + 6.0 16.8 + 6.0

2h6
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TABLE 7. Summary of data for pionic 4f-3d transitionms.

Lf-3d Transition Energies (KeV) 3d Widths (ev)?
Isotope Berkeley159 C:ERN22
2T --- 0.02 + 0.01
2844 ——- 0.01 + 0.0k
31p --- 0.09 + 0.05
325 _— 0.07 + 0.06
c1 --- 0.30 + 0.13
K _—— 0.6 + 0.3
400q 72.352 + 0.009 0.5 +0.3
T4 87.651 + 0.009 2.5 +0.7
Sy ——- 1.7 +0.9
Cr --- k.9 + 1.1
Mn --- 6.7 + 1.k
Fe ——— 9.2 + 2.2
59¢o —— 12.9 + 7.0
N --- 12.2 + 4.3
Cu .- 18.4 + 6.8
Zn --- 29.5 + 12.h

a. These widths were calculated by means of a cascade calculation that
reproduced the observed yilelds of the 2p-ls transitions.



TABLE 7. Summary of data for pionic 4f-3d transitions. (Cont'd)

4f-3d Transition Energies (KeV)

Isotope Berkeley6 CERNla
By 278.2 + 0.3 -
P 307-6 + 0.3 307.7 + 0.2
Mo --- 323.2 + 0.2
103, 370.9 + 0.4 ---

In by2.1 + 1.1 442.9 + 0.5
116311 460.9 + 0.6 -
Mgy 460.4 + 0.6
18, 460 + 0.6 ---
Mgn 460.3 + 0.6 ---
1203 460.5 + 0.6
1223:1 460.3 + 0.6 -
1450 460.2 + 0.6 -—-
1271 519.1 + 1.1 520.8 + 0.8
133¢s 560.5 + 1.1 562.0 + 1.5
ia 603.6 + 0.9 604k.9 + 2.0
e 626.1 + 2.0 -
lhl?r 649.5 + 2.0 648.1 + 2.0
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TABLE 7. Summary of data for pionic 4f-34 transitioms. (Cont'd)
Widths (KeV)

Isotope Berkeley6 16%

vithout hfs without hfs vith hfs
%y 0.8 + 0.6
Py 0.6 + 0.4 0.52 + 0.10 ---
Mo --- 0.56 + 0.10 ---
103e 1.2 + 0.6 --- ---
In - 2.8 +0.6 2.6 + 0.6
l16Sn 1.9 + 1.2 -——- -——
Mg, 2.1 + 1.2 --- ---
118, 2.5 + 1.2 --- ---
19, 1.9 + 1.2 S .-
12055 2.7 + 1.2 --- ---
1225, 2.0 + 1.2 --- ---
124, 2.3 + 1.2 --- ---
127y --- 4.6 + 1.5 boh 4 1.5
133¢cs h.2 + 1.8 3.3 +1.5 .-
Ia --- 6.2 +2.0 6.2 + 2.0
ll"‘)Ce 5.8 + 3.8 _— —-
11y, 6.7 + 2.8 5.4 + 2.5
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TABILE 9. Elasgtic differﬁgtial scattering cross section data in the
e at 24 MeV pion kinetic energy in the lab

pion-nucleus CM for 1 + on

151

S

(deg)

do/dayt

(£m°/sr)

dﬂ'/d.ﬂ.n’"

( fma/ sTr)

51.6 + 8.0
61.8 + 8.0
76.9 + 8.0
92.0 + 8.0
107.0 + 8.0
121.8 + 8.0
139.3 + 8.0

150.9 + 8.0

0.027 + 0.005
0.038 + 0.006
0.044 + 0.005
0.073 + 0.005
0.10% + 0.008
0.153 + 0.015
0.233 + 0.016

0.248 + 0.012

0.079 + 0.011
0.035 + 0.008
0.012 + 0.005
0.033 + 0.012
0.075 + 0.010
0.133 + 0.013
0.175 + 0.027

0.275 + 0.022

a51



TABLE 10, Elastic differential scattering cross section data in thelsa

pion-nucleus CM for T+ on "He at 51 MeV pion kinetic energy in the lab.

e

(deg)

Cfﬁ’)/CLJl1f+

(fma/sr)

do/dan~

(fme/sr)

31.5 + 2.5
36.7 + 2.5

k1.9 + 2.5

I+

b7.1

1+

2.5
62.5

I+

2.5

67.6 + 2.5

1+

2.7 + 2.5
77.8 + 2.5
82.8 + 2.5
92.9 + 2.5

102.8 + 2.5

122.5 + 2.5

132.2 + 2.5

141.8 + 2.5

15L.4 + 2.5

0.1516 + 0.0140
0.1611 + 0.0136
0.1223 + 0.0093
0.1131 + 0.0093
0.043k + 0.002k
0.0266 + 0.0023
0.0323 + 0.0020
0.0375 + 0.0023
0.0581 + 0.0026

0.0993 + 0.0050

0.1610 + 0.0057 .

0.3433 + 0.01hk
0.4095 + 0.016k4
0.4764 + 0.0177

0.4918 + 0.0194

0.5192 + 0.0254
0.3969 + 0.0166
0.2978 + 0.0145
0.2033 + 0.0107
0.0560 + 0.0025
0.0371 + 0.0020
0.0269 + 0.0019
0.031k + 0.0020
0.0427 + 0.0023
0.0950 + 0.00k41
0.1638 + 0.0053
0.3715 + 0.0132
0.4471 + 0.0148
o.ﬁ791 + 0.0147

0.503k4 + 0.0156
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TABLE 11.

plon-nucleus CM for yr+ on

Elastic diffeﬁential scattering cross section data in the
He at 60 MeV pion kinetic energy in the lab

152

©

(deg)

dv/dsunt
(£m°/sr)

dV‘/dSl'n_

( me/ sr)

3L.5 + 2.5
36.7 + 2.5
41.9 + 2.5
b7.1 + 2.5
62.6 + 2.5
67.7 + 2.5
72.8 + 2.5
7.9 + 2.5
83.0 + 2.5
93.0 + 2.5
102.9 + 2.5
122.6 + 2.5
132.3 + 2.5
141.9 + 2.5

151.5 + 2.5

0.2661 + 0.0075
0.263% + 0.0071
0.2327 + 0.0052
0.1663 + 0.0046
0.0534 + 0.0010
0.0366 + 0.0009
0.0325 + 0.0008
0.0375 + 0.0008
0.0618 + 0.0012
0.1128 + 0.0021
0.1928 + 0.0031
0.3936 + 0.0079
0.4592 + 0.0104
0.5422 + 0.0150

0.5721 + 0.0196

0.6712 + 0.0146
0.5033 + 0.0106
0.3854 + 0.0076
0.2835 + 0.0062
0.0747 + 0.0013
0.0436 + 0.0009
0.0306 + 0.0008
0.0336 + 0.0009
0.0521 + 0.0011
0.1077 + 0.0021
0.1916 + 0.0031
0.4232 + 0.0083
0.4875 + 0.0109
0.5544 + 0.0153
0.5924 + 0.0203
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TABLE 12.

Elastic diffe
pion-nucleus CM for 1 + on

ntial scattering cross section data in the
e at 68 MeV pion kinetic energy in the lab. 192

do/dsugt

(fmz/sr)

dT/d.ﬂ.'n-"

( fm2/ sr)

67.8 + 2.5
72.9 + 2.5
78.0 + 2.5
83.1 + 2.5
93.1 + 2.5
103.0 + 2.5
122.7 + 2.5
132.4 + 2.5
1k2.0 + 2.5

151.5 + 2.5

0.4031 + 0.0190
0.3612 + 0.0176
0.3247 + 0.0135
0.2651 + 0.0126
0.0722 + 0.0025
0.0437 + 0.0020
0.0382 + 0.0018
0.0L47 + 0.0019
0.0692 + 0.0025
0.1350 + 0.0047
0.2094 + 0.0063
0.4011 + 0.0149
0.4961 + 0.0176
0.5853 + 0.0213
0.5843 + 0.0267

0.7299 + 0.0273
0.5312 + 0.0361
0.4494 + 0.016k
0.3082 + 0.0223
0.0925 + 0.0034
0.0512 + 0.0026
0.0366 + 0.0022
0.0388 + 0.0025
0.0556 + 0.0030
0.1180 + 0.0051
0.2018 + 0.0069
0.4392 + 0.0142
0.5098 + 0.0163
0.5543 + 0.0316
0.5591 + 0.0333
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TABLE 13.

pion-nucleus CM for 7r + on

Elastic diffeﬁential scattering cross seétion data in the 4 2
He at 75 MeV pion kinetic energy in the lab. 19

do/daxt
( fme/ sr)

do/dsun™

( fma/ sr)

93.2 + 2.5
103.1 + 2.5
122.8 + 2.5
132.4 + 2.5
142.0 * 2.5

151.6 + 2.5

0.5940 + 0.0205
0.5252 + 0.0167
0.4268 + 0.0141
0.3006 + 0.010k4
0.0960 + 0.0025
0.0623 + 0.0019
0.0L458 + 0.0017
0.0529 + 0.0019
0.0776 + 0.0023
0.1413 + 0.0042
0.2203 + 0.0057
0.4508 + 0.0143
0.5264 + 0.0152
0.6054 + 0.0175

0.6114 + 0.0200

0.939%4 + 0.0236
0.7080 + 0.0215
0.5858 + 0.0132
0.3979 + 0.0127
0.1119 + 0.0023
0.0667 + 0.0017
0.0488 + 0.001k
0.0498 + 0.0015
0.0710 + 0.0018
0.1325 + 0.0035
0.2361 + 0.0050
0.4578 + 0.0103
0.5379 + 0.0116
0.5646 + 0.0169

0.6046 + 0.0203
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TABLE 15. Elastic diffe
pion-nucleus CM for Tr om

ntial scattering cross section data in the
e at 150 MeV pion kinetic energy in the lab.

e ¢ivv/dJ11f'
(deg) (£u°/sr)
37.5 + 1.0 0.17  + 0.02
63.0 + 1.0 0.015 + 0.002
69.0 + 1.0 0.0053 + 0.0005
T4.0 + 1.0 0.0038 + 0.0005
79.0 + 1.0 0.0031 + 0.0007
84.0 + 1.0 0.0046 + 0.0006
89.0 + 1.0 0.0064 + 0.0007
9k.0 + 1.0 0.0080 + 0.0010
99.0 + 1.0 0.010 + 0.001
104.0 + 1.0 0.010 1'0.001
109.0 + 1.0 0.010 + 0.001
114.0 + 1.0 0.0105 + 0.0010
119.0 + 1.0 0.0092 + 0.0010
123.041 1.0 0.0095 + 0.0010
128.0 + 1.0 0.0090 + 0.0010
133.0 + 1.0 0.0072 + 0.0009
138.0 + 1.0 0.0051 + 0.0006
142.5 + 1.0 0.0059 + 0.0007
147.0 + 1.0 0.0064 + 0.0007

153
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TABLE 16. Elastic differential scattering cross section data in the lsh

pion-nucleus CM for W~ on "He at 153 MeV pion kinetic energy in the lab.
e dT/dJL'n'"
(deg) (fn°/sr)

2 + 5 L .46 10.62
30 + 5 3.88 + 0.40
b + 5 2.32 +0.26
0 + 5 1.37 +0.17
60 + 5 0.560 + 0.091
° + 5 0.098 + 0.034
80 + 5 0.047 + 0.023
90 + 5 0.185 + 0.049
100 + 5 0.223 + 0.055
10 + 5 0.184 + 0.049
120 + 5 0.160 + 0.046
130 + 5 0.121 + 0.046
W + 5 0.072 + 0.043
15 + 5 0.069 + 0.050
167.5 + 12.5 0.172 + 0.076
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TABLE 18.

pion-aucleus CM for 1T~ om

Elastic differential scattering cross section data in the

lHe at 220 MeV pion kinetic emergy im the lab

153

o
(deg)

do/dsin
(tw?/ar)

o
(deg)

dV"/d.Q. ™
(w/sr)

38.9 + 1.0
69.5 + 1.0
4.5 + 1.0
80.0 + 1.0
85.0 + 1.0
90.0 + 1.0
95.0 + 1.0
100.0 + 1.0

105.0 + 1.0

0.12  +0.01
0.00067 + 0.00017
0.00028 + 0.00010
0.00075 + 0.00017
0.00045 + 0.00010
0.0009 + 0.0002
0.0008 + 0.0002
0.0011 + 0.0002
0.0007 + 0.0002

110.0 + 1.0
115.0 + 1.0

119.5 + 1.0

124.5 + 1.0

129.0 + 1.0
134.0 + 1.0
138.5 + 1.0
143.0 + 1.0

147.0 + 1.0

0.00053 + 0.00015
0.000kk + 0.00010
0.00031 + 0.00007
0.00035 + 0.00009
0.00052 + 0.00010
0.0011 + 0.0002
0.0010 + 0.0002
0.0010 # 0.0002

0.0011 + 0.0002
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TABLE 19.

plon-nucleus CM for T on

Elastic diffe

ntial scattering cross section data in the
e at 260 MeV pion kinetic energy in the lab.153

e dor/dsism o = do/dsun
(deg) (fu?/sr) L (aen) (£u?/ar)
38.0 + 1.0 0.110 +0.010  ,,  96.0 + 1.0  0.00038 + 0.00009
W.5+1.0 0.073 #0.005  ,, 101.0+1.0 0.00027 + 0.00010
49.0 + 1.0 0.055 +0.003  ,, 105.5+1.0  0.00025 + 0.00007
54.5 + 1.0 0.017 +0.001  ,, 110.5 + 1.0  0.00010 + 0.00002
60.0 + 1.0  0.0060 + 0.0005 ., 115.0 + 1.0  0.00016 + 0.00006
65.0 + 1.0 0.0025 +0.000k  ,, 120.0 + 1.0  0.00017 + 0.00006
70.0 + 1.0 0.0007 +0.000L  ,, 125.0 + 1.0  0.00012 + 0.00005
75.0 + 1.0 0.00055 + 0.00015 ,, 129.5 + 1.0  0.00026 + 0.00006
80.0 + 1.0 0.00040 + 0.00006 ,, 1340 +1.0  0.00035 + 0.00007
85.5 + 1.0 0.00043 + 0.00009 ,, 139.0 + 1.0  0.00045 + 0.00015
91.0 + 1.0  0.00048 + 0.00008 ,, 148.0 + 1.0  0.00055 + 0.00010
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TABIE 20. Elastic differential scattering cross gection data in the
pionénucleua CM for T~ on 12C at 27.8 MeV pion kinetic energy in the
lab.

o do/dogr
(deg) (fw?/er)
40.6 + 5.0 1.564 + 0.126
60.7 + 5.0 0.199 + 0.035
80.8 + 5.0 0.163 + 0.025
100.8 + 5.0 0.269 + 0.029

120.7 + 5.0 0.801 + 0.091




TABLE 21. Elastic differential scattering cross section data in the
pionénucleun CM for T on

at 30.2 MeV pion kinetic energy in the

lab.
T
o dv-/dsiyt , o dv/dsnt
(deg) (ra2/sr) 5 (deg) (fu2/sr)

40.6 + 5.0 0.354 + 0.066 :: 80.9 + 5.0 0.383 + 0.052
45.6 + 5.0 0.272 + 0.039 r 90.9 + 5.0 0.431 + 0.036
50.7 + 5.0 0.323 + 0.045 :: 100.9 ha 5.0 0.603 + 0.050
60.8 + 5.0 0.252 + 0.042 " 110.8 + 5.0 0.642 + 0.081
70.8 + 5.0 0.473 + 0.051 " 120.7 + 5.0 0.651 + 0.068
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TABLE 22. Elastic differential scattering cross section data in the
pioniggcleul cM for Tt on 12¢ at 31.5 MeV pion kinetic energy in the
1lab.

e dv/dsint
(deg) (u%/sr)
40.6 + 7.0 0,56k + 0.066
55.7 + 7.0 0.071 + 0.016
70.8 + 7.0 0.375 + 0.035
90.9 + 7.0 0.398 + 0.038
105.8 + 7.0 0.650 + 0.058
120.8 + 7.0 0.658 + 0.051

145.5 + 7.0 0.T43 + 0.065




TABIE 23. Elastic differential scattering cross section data in the
120 at 40 MeV pion kinetic emergy in the lab.

pion-nucleus CM for wF on

S
(deg)

d U'/d.ﬂ. Tt
(fm2/er)

45.7 + 5.0
60.8 + 5.0
90.9 + 5.0
120.8 + 5.0
140.6 + 5.0

0.242 + 0.080
0.215 + 0.016
0.410 + 0.030
0.545 + 0.026
0.733 + 0.07k
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TABLE 2k.

pion-nucleus CM for Tt on 12C

Elastic differential scattering cross section data in the 2
at 62 MeV pion kinetic energy in the lab. 7

) dv/dsnt ¥ o dv/dyt
(aeg) (£u?/sr) " (aeg) (£u%/ar)
u
10.2 + 3.0 38.62 + 8.69 " 55.8 + 5.0  0.686 + 0.392
15.3 + 2.0 12.08 + 3.38 :: 71.0 + 10.0 0.692 + 0.49k
20.4 + 5.0 1.45 + 0.58 ¥ 91.0 +10.0  0.200 + 0.199
30.5 + 6.0 1.94 + 0,78 s 111.0 +10.0  0.304 + 0.152
38.6 + 2.0 2.92 + 0.97 o 1337+ 8.0 1.127 + 0.k10
45.7 + 5.0 2.3 + 0.5  ,,  162.3 +20.0 0.1k + 0.k13




TABIE 25.

pion-mucleus CM for 1 on

Elastic differential scattering cross section data in the 2
at 62 MeV pion kinetic energy in the lab. 7

o dv/dsn " © dv/dsuy—
(aeg) (£u?/sr) " (aeg) (£22/sr)
y
10.2 + 2.0 62.76 + 9.66 " 45.7 + 5.0 2.15 +0.68
15.3 +2.0  3.78 + 7.73 " 55.8 + 5.0  1.08 +0.29
18.3 + 2.0  19.82 + k.35 y 71.0 +10.0  0.553 + 0.178
22.h + 2.0 10.16 + 3.39 " 91.0 +10.0  0.360 + 0.170
26.5 + 2.0 8.33 + 2.33 " 111.0 + 10.0 0.668 + 0.2u3
30.5 + 2.0 .17 + 1.75 W 130.8410.0  0.696 + 0.246
34.6 + 2.0 6.02 + 2.14 W 150.5 +10.0  0.722 + 0.310
38.6 + 2.0  2.82 + 1.46 W 17.24+10.0  1.968 +0.932
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TABLE 26. Elastic differential scattering cross section data in the
pion-nucleus CM for T~ en 12C at 69.5 MeV pion kinetic emergy im the

lab. 35

e dv/daqg " (=Y dr/dag-

(deg) (£u2/sr) y (deq) (ta2/sr)
T

20.4 + 3.1 k.20 + 1.55 :: 76.0 + 4.7 0.402 + 0.031
25.5 + 3.1 9.00 +0.87 " 81.1 + b.7 0.4k5 + 0.071
30.5 + 3.1 7.66 + 0.64 " 86.1 + b.7 0.488 + 0.050
35.6 + 3.1 4.90 + 0.46 ¥ 91.1 + 4.7 0.507 + 0.083
40.7 + 3.1 L0k + 0.3k W 960 + k7 0.525 + 0.032
45.8 + 4.0 2.62 +0.19 " 101.0 + k.7 0.538 + 0.062
50.8 + 4.0 146 +0.12  w  106.0 + b7 0.bh2 + 0.05k
55.9 } 4.0 0.872 + 0.098 :: 111.0 + 4.7 0.497 + 0.059
60.9 + 4.0 0.499 + 0,055 " 116.0 + k.7 0.342 + 0.049
66.0 + 4.0 0.409 + 0.033 " 120.9 + 4.7 0.322 + 0.048
1.0 + 4.7 0.317 + 0.025 y 125.9 + 4.7 0.221 + 0.0U45
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TABIE 27. RElastic differential scattering cross section data in the
pion-nucleus CM for T~ on 120 at 80 Mev pion kinetic energy in the lab,33

S dv/dan " © dv/dsur™
(deg) (£n?/sr) “ (deg) (£u?/sr)
y

20.4 + 3.0 146 + 1.b5 9y TL.1 +5.6  0.274 + 0.027
25.5 + 3.k 11.88 + 1.06 " 76.1 + 5.6 0.330 + 0.064
30.6 + 3.4 7.13 +0.52 " 8l.1 + 5.6 0.290 + 0.045
35.6 + 3.4 6.52 +0.58 W 86.1+56  0.321 + 0.060
40.7 + 3.7 3.80 +0.16 9y 91.1 + 5.6 0.321 + 0.030
45.8 + 3.7 2.82 +0.23 " 96.1 + 5.6  0.320 + 0.060
50.9 + 3.7 1.81 +0.30 W 1011 + 5.6 0.286 + 0.050
55.9 + 4.1 1.19 +0.18 " 106.1 + 5.6 0.261 + 0.056
61.0 + k.1 0.518 + 0.147  ,,  111.0 + 5.6  0.167 + 0.020

66.0 + 5.6 0.323 + 0.059 " 118.0 + 5.6 0.168 + 0.061




TABLE 28. Elastic differential scattering cross section data in the
i)i:x.tigucleul CM for T~ on 12¢C at 87.5 MeV pion kinetic energy in the
) dor/dsuy " o dv/duqy
(deq) (£a?/sr) " (aeg) (ta?/sr)
T
25.5 + 2.8 10.53 +1.02 W BLLl+k5  0.40b + 0.0
30.6 + 2.8 8.31 +0.59 W 86.2+k5  0.356 + 0.051
35.7 + 2.8 6.62 + 0.47 " 91.2 + 4.5 0.330 + 0.030
40.7 + 2.8 3.86 +0.17 " 96.1 + k.5 0.279 + 0.0k0
45.8 + 3.8 2.82 +0.25 " 101.1 + 4.5  0.262 + 0.031
50.9 + 3.8 1.46 +0.10 W 1061+ 4.5 0.17h + 0.026
56.0 + 3.8 0.762 + 0.050 y 111.1 + k.5 0.118 + 0.023
61.0 + 3.8 0.569 + 0.048 " 116.0 + k.5 0.081 + 0.030
66.0 + 3.8 0.411 +0.033 " 121.0 + k.5 0.092 + 0.029
Tl.1 + 3.8 0.341 + 0.029 " 125.9 + b.5 0.062 + 0.027
761 + b.5 0.359 + 0.026 .,
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TABLE 30.

pion-nucleus CM for T~ on

Elastic differential scattering cross section data in the
at 150 MeV pion kinetic energy in the lab.l10

=) do/dn ‘e (=) do /dsuq~
(aeg) (£a%/s7) ¥ (deg) (1u2/s7)
'

10.2 + 1.6 W7.59 +2.86 v 6L.3+1.6  0.102 + 0.009
11.2+1.6  43.08 +1.97 ' 66.3+1.6  0.148 +0.010
12.7 + 1.6 40.95 + 1.62 y TL.b + 1.6 0.127 + 0.010
15.3 + 1.6 36.55 + 1.35 y 6.4 + 1.6 0.122 + 0.008
20k +1.6  26.hb +0.62 ' 8LA+1.6  0.073 + 0.006
25.6 + 1.6 16.99 + 0.31 " 86.5 + 1.6 0.040 + 0.005
30.7 + 1.6 9.81 +0.21 :: 91.5 + 1.6 0.015 + 0.00k
35.8 + 1.6 5.03 + 0.10 ¥ 96.5 + 1.6 0.011 + 0.003
k0.9 + 1.6 2.29 +0.07 ¥ 101.4 + 1.6 0.013 + 0.003
46.0 + 1.6 0.83 +0.03 '+ 111.b +1.6  0.032 + 0.00k
51.1 + 1.6 0.256 + 0.014 :: 121.3 + 1.6 0.043 + 0.006
56.2 + 1.6 0.118 + 0.010 p 140.9 + 1.6 0.023 + 0.005

58.7 + 1.6

0.070 + 0.017
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TABLE 32. Elastic differential scattering cross section data in the

ﬁ:?fgucloul CM for T~ om 12C at 200 MeV pion kinetic emergy inm the
o dv/doin- " e dv/dan-

(deq) (tu?/s7) " (deg) (£a?/ar)
11.2 + 1.6 45.93 + 1.6 5 5k.0 + 1.6 0.091 + 0.012
12.3 + 1.6 k2,14 +1.31 o 56,5 + 1.6 0.105 + 0.010
15.4 + 1.6 35.63 + 1.08 o 6L.5 + 1.6 0.131 + 0.01k
20.5 + 1.6 22.59 +0.36 W 66.6 + 1.6 0.106 + 0.013
25.6 + 1.6 12.93 + 0.27 n o TL6 + 1.6 0.069 + 0.018
30.8 + 1.6 5.92 +0.18 no 6.7 + 1.6 0.030 + 0.00k
35.9 + 1.6 2.12 +0.07 n BLT +1.6 0.015 + 0.002
4.2 + 1.6 0.420 + 0.031 n 91.7 + 1.6 0.0013 + 0.0006
46.3 + 1.6 0.054 +0.011  ,  101L.7 +1.6  0.,0026 + 0.0008
k8.9 + 1.6 0.030 + 0.008 :: 121.5 + 1.6 0.0021 + 0.0006
51.4 + 1.6 0.051 + 0.010  ,, 14l.1+1.6  0.0042 + 0.0029

L4
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TABLE 33.

pien-nucleus CM for - on 1

Elastic differential scattering cross section data in the 0
at 230 MeV pion kinetic emergy im the lab.t

e de/danr ! =) dv/dan-
(deg) (ta?/sr) 5 (deg) (fu?/sr)
10.k + 1.6 45.08 + 1.67 y 43.8 + 1.6 0.107 + 0.015
11.5 + 1.6 bl.bbk + 1.52 ) 46.3 + 1.6 0.077 + 0.009
12.5 + 1.6 39.98 +1.24 y 48.9 + 1.6 0.104 + 0.015
15.6 + 1.6 32.29 + 0.91 } 51.b + 1.6 0.108 + 0.011
20.7 + 1.6 18.97 + 0.43 ) 56.5 + 1.6 0.154 + 0.018
25.9 + 1.6 9.39 +0.22 } 61.6 + 1.6 0.145 + 0.021
31.0 + 1.6 3.48 +0.10 ) 66.7 + 1.6 0.069 + 0.011
36.2 + 1.6 1.17 + 0.0k ) TL.7 + 1.6 0.060 + 0.022

41.2 + 1.6 0.189 + 0.016 )
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TABIE 35. Elastic differential scattering cross section data in the
pion-aucleus CM for T~ on 12c at 280 MeV pion kinetic energy in the lab.10

e do/dag~ " = dv/dan
(aeq) (£a?/sr) b (ace) (fa/sr)
11.0 + 1.6 38.69 +1.k2 W b0 + 1.6 0.13L + 0.015
12,6 + 1.6 35.41 +1.27 W ¥6.6 + 1.6 0.157 + 0.017
15.1 + 1.6 28.16 +0.90 W 49.2 4 1.6 0.146 + 0.016
17.7 + 1.6 22.16 + 0.68 WoSLT + 1.6 0.136 + 0.016
20.3 + 1.6 15.62 + 0.47 " .56.8 + 1.6 0.137 :+ 0.016
25.5 + 1.6 6.91 +0.24 W 6L.9 + 1.6 0.088 + 0.012
30.6 + 1.6 2..1 +0.10 W 67.0 +1.6 0.060 + 0.010
35.8 + 1.6 0.56 + 0.04 W 1201 + 1.6 0.015 + 0.005

[]]
1.5 + 1.6 0.161 + 0.018 w1311 + 1.6 0.0025 + 0.0020




TABIE 36. Elastic differential scattering cross section data in the
pion-nucleus CM for Tr T on 100 at 30 MeV pion kinetic emergy in the lab.

e dv/da 7t
(aeg) (za°/sr)
0.4 + 5.0 0.586 + 0.0T1
50.5 + 5.0 0.573 10.050
60.6 + 5.0 0.556 + 0.053
70.6 + 5.0 0.616 + 0.066
80.6 + 5.0 0.718 + 0.078
90.7 + 5.0 0.686 + 0.071
100.6 + 5.0 0.827 + 0.058

120.6 + 5.0 0.759 + 0.084




TABIE 37.
pion-nucleus CM for T~ on 1

Elastic differential scattering cross section data in the
0 at 87.5 MeV pion kinetic energy in the lab.?

© AT /Aoy " e dv/dan"
(deg) (fu?/sr) " (deg) (£u?/sr)

20.3 + 2.8 22.36 +1.07 y 70.8 + 3.8 0.438 + 0.059
25. + 2.8 15.76 + 0.88 y 75.8 + 4.5 0.412 + 0.062
304 +2.8 1072 +0.78 " 80.9 + .5  0.319 + 0.088
35.5 + 2.8 7.35 +0.k2 " 85.9 + 4.5 0.306 + 0.055
40.6 + 2.8 5.29 +0.24 :: 9.9 + k.5 0.229 + 0.042
45.6 + 3.8 2.66 +0.22 y 95.9 + k.5 0.245 + 0.046
50.7 + 3.8 1.68 +0.09 " 100.9 + k.5 0.059 + 0.033
55.7 + 3.8 0.826 + 0.069 " 110.8 + k.5 0.031 + 0.031
60.8 + 3.8 0.571 +0.108 .,  120.7 + 4.5  0.029 + 0.029
65.8 + 3.8 0.418 + 0.070 " 130.7 + 4.5 0.028 + 0.028

(1}
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TABLE 39.
pion-nucleus CM for Tr~ on 1

Elastic differential scattering cross section data in the
0 at 170 MeV pion kinetic energy in the lab.

© dvr/dar- ' ) dv /daw~
(aeg) (£a/87) W (aeg) (1w/ar)
T
15.3 + 2.0 70.52 + 8.55 wo 5.8 +2.0  0.127 +0.018
17.4 +2.0  60.82 + 4.90 W 47.9+2.0  0.0168 + 0.0089
19.4 + 2.0 40.50 + 3.09 :: k9.9 + 2.0 0.0kok + 0.0123
21.4 + 2.0 32.82 + 2.57 " 51.9 + 2.0 0.173 + 0.026
23.5 + 2.0 17.30 + 1.31 " 53.9 + 2.0  0.242 + 0.029
25.5 + 2.0 13.43 + 1.03 W 56.0 +2.0 0.2k +0.030
27.5 +'2.0 11.27 +0.85 :: 58.0 + 2.0 0.439 + 0.0k5
29.6 + 2.0 8.2k +0.59 W 60.0+2.0  0.2i9 +0.028
21.6 + 2.0 L.81 + 0.k :: 62.0 + 2.0 0.243 + 0.025
33.6 + 2.0 k.18 +0.34 :: 64.1 + 2.0 0.190 + 0.022
35.7 + 2.0 2.33 +0.22 " 66.1 + 2.0 0.101 + 0.018
37.7 + 2.0 1.39 4+ 0.1k " 68.1 + 2.0 0.148 +0.018
39.7 + 2.0 0.749 + 0.086 " 70.1 + 2.0 0.140 + 0.016
41.8 + 2.0 0.60k + 0.076 . 72.1 + 2.0  0.018 + 0.002
43.8 + 2.0 0.159 + 0.022 " Ts.1 +2.0  0.009 + 0.002
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TABLE 40. Elastic differential scattering cross section dats in the 14
pion-nucleus CM for T~ on 100 at 220 Mev pion kinetic energy in the lab.

e dv/dny- e dv/dsunr
(deg) (ta/sr) " (deg) (£u/sr)
y
15.k + 2.0 25.03 + 2.96 " 41.9 + 2.0 0.305 + 0.059
17.k + 2.0 13.19 + 2.01 i 43.9 + 2.0 0.208 + 0.038
19.5 + 2.0 6.63 + 0.91 . 6.0 + 2.0 0.478 + 0.079
21.5 + 2.0 5.68 +0.79 .  48.0+2.0  0.506 + 0.080
23.5 + 2.0 2.87 +0.34 " 50.0 + 2.0 0.181 + 0.0u42
25.6 + 2.0 2.83 + 0.37 " 52.1 + 2.0 0.209 + 0.041
27.6 + 2.0 0.759 + 0.153 " 54.1 + 2.0 0.114 + 0.023
29.7 + 2.0 0.498 +0.096 .,  56.1+2.0  0.160 + 0.029
31.7 + 2.0 0.37h + 0.061 " 58.1 + 2.0 0.115 + 0.020
33.7 + 2.0 0.317 + 0.052 N 60.2 + 2.0 0.027 + 0.010
35.8 + 2.0 0.230 + 0.096 . 62.2 + 2.0  0.012 + 0.008
37.8 + 2.0 0.217 + 0.039 N 64.2 + 2.0 0.013 + 0.009

39.9 + 2.0

0.250 + 0.061




TABLE k1.

pion-nucleus CM for T~ on 1

Elastic differential scattering cross section data in the
at 230 MeV pion kinetic energy in the lab.

e dv/dsn- " =) dv/dan-
(deg) (tn/sr) ’ (deg) (fw?/sr)
15.4 + 2.0 3.0 + 3.15 y b1.9 + 2.0 0.264 + 0.04k
17.k + 2.0 21.67 + 2.77 " b.0 + 2.0 0.284 + 0.046
19.5 + 2.0 21.21 +1.62 y 46.0 + 2.0 0.323 + 0.035
21.5 + 2.0 18.83 + 1.8 y 48.0 + 2.0 0.365 + 0.049
23.6 + 2.0 13.58 +1.53 ’ 50.1 + 2.0 - 0.354 + 0.049
25.6 + 2.0 7.70 + 0.68 " 52.1 + 2.0 0.242 + 0.032
27.6 + 2.0 6.52 + 0.68 " 54.1 + 2.0 0.232 + 0.031
29.7 + 2.0 3.30 +0.23 ’ 56.2 + 2.0 0.097 + 0.018
31.7 + 2.0 1.2 + 0.1k " 58.2 + 2.0 0.095 + 0.016
33.8 + 2.0 0.530 + 0.079 " 60.2 + 2.0 0.046 + 0.012
35.8 + 2.0 0.198 + 0.025 " 62.2 + 2.0 0.018 + 0.008
37.8 + 2.0 0.159 + 0.021 " 64.3 + 2.0 0.01k + 0.006
39.9 + 2.0 0.16k + 0.024 ., 66.3 + 2.0  0.002 + 0.002
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TABIE 42. Elastic differential scattering cross section dats in the 1
pion-nucleus CM for T~ om 100 at 240 Mev pion kinetic energy in the lab.

<) do/daq " © dv/dsp-
(des) (fu°/sr) y (aeg) (2a%/sr)
_u

15.h + 2.0 20.21 + 2.38 n W19 +2.0 0.446 + 0.073
17.4 + 2.0 11.25 + 1.72 h b0 + 2.0 0.b45 + 0.048
19.5 + 2.0 7.33 +0.89 w  46.0 2.0  0.405 +0.070
21.5 + 2.0 k.96 +0.75 W Bl +2.0  0.243 +0.057
23.6 + 2.0 2.5 +0.25 W 50.1+2.0  0.331 +0.052
25.6 + 2.0 1.06 +0.17 W 52.1 2.0 0.270 + 0.0bk
27.7 + 2.0 0.35% +0.205  , S%.2+2.0  0.104 +0.020
29.7 + 2.0 0.358 + 0.086  ,  56.2 +2.0  0.0923 + 0.0156
31.7 + 2.0 0.315 + 0.055 ., 58.2+2.0  0.0798 + 0.0175
33.8 + 2.0 0.173 + 0.035 w 60.2 +2.0 0.0132 + 0.0068
35.8 + 2.0 0.254 + 0.048  ,  62.3 +2.0  0.0049 + 0.0049
37.9 + 2.0 0.201 + 0.039 ., 6.3 +3.0  0.0059 + 0.0059

39.9 + 2.0 0.577 + 0.079 "

(1)
———— -
— —




TABLE 43.
pion-mucleus C

M for T+ on 1

Elastic differential scattering cross section data in the
at 270 MeV pion kinetic energy im the lab.

=Y dv/dant ) S dv/dsuqt
(deg) (£a?/8r) " (aeg) (fu?/sr)
"

5.1 + 1.0 293.9 + 37.9 " 34.9 + 1.0 0.957 + 0.191
6.7 + 1.0 132.7 + 14,2 " 36.9 + 1.0 0.670 + 0.096
8.2 + 1.0 102,k + 7.6 " 39.0 + 1.0 0.671 + 0.096
11.3 _4_-_'1.0 84kl +--9.49 " 41.0 + 1.0 0.672 + 0.096
15.4 + 1.0 56.97 + T.60 ¥ 43.0 + 1.0 0.769 + 0.056
18.5 + 1.0 35.16 + 3.8 " k6.1 + 1.0 0.722 + 0.096
21.6 + 1.0 | 12,37 + 2.85 " 50.7 + 1.0 0.435 + 0.068
2k.6 + 1.0 8.57 + 0.95 " 55.3 + 1.0 0.252 + 0.039
27.7 + 1.0 6.39 + 0.76 :: 59.8 + 1.0 0.127 + 0.019
30.8 + 1.0 1.91 + 0.29 " 6.k + 1.0 0.059 + 0.010
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TABLE 4li, Elastic differential scattering cross section data in the 1
pion-mucleus CM for Tr~ on 40Ca at 205 MeV pion kinetic energy im the lab. 4

o dv/dsur " e dv /dan-
(deg) (a®/sr) } (deg) (£u?/ar)
T
15.1 + 2.0 84.62 + 11.63 “ W5.4 + 2.0 2.65 +0.28
17.2 + 2.0 120.10 + 15.63 " k7.4 + 2.0 2,10 +0.27
19.2 + 2.0 59.96 + 5.63 " k9.h + 2.0 1.30 + 0.15
21.2 + 2.0 49.87 + 6.68 1 5L +2.0  0.587 + 0.085
23.2 + 2.0 55.03 + 5.bb " 53.4 + 2.0 0.40k + 0.091
25.2 + 2.0 18.70 + 5.72 " 55.4 + 2.0 0.298 + 0.062
27.2 + 2.0 8.13 + 0.94 " 57.4 + 2.0 0.409 + 0.090
29.3 + 2.0 2.86 + 0.58 " 59.5 + 2.0 0.539 + 0.106
31.3 + 2.0 3.59 + 0.k " 61.5 + 2.0 0.340 + 0.051
33.3 + 2.0 5.04 + 0.60 :: 63.5 + 2.0 0.357 + 0.056
35.3 + 2.0 k.33 + 0.40 :: 65.5 + 2.0 0.149 + 0.077
37.3 + 2.0 5.90 + 0.6k " 67.5 + 2.0 0.081 + 0.020
39.3 + 2.0 5.55 + 0.65 " 69.5 + 2.0 0.111 + 0.02k
k1.4 + 2.0 b.b1l + 0.39 " T1.5 + 2.0 0.059 + 0.016
43.h + 2.0 .3k + 0.56 "




TABIE 45. Elastic differential scattering cross section data in the

pion-nucleus CM for T~ on ‘UCa at 215 MeV pion kinetic energy in the lab.lh

=] dv/dan- " o dv/dan-
(aeg) (£u%/s7) ) (aeq) (£u/s7)

m
15.1 + 2.0 90.20 + 10.10 " 43.4 + 2.0 1.2 +0.39
17.2 + 2.0 66.21 + 7.62 " 45.4 + 2.0 0.976 + 0.153
19.2 + 2.0 S5L.T4 + k.96 p T4 + 2.0  0.558 +0.153
21.2 + 2.0 23.16 + 2.86 " k9.4 + 2.0 0.383 + 0.083
23.2 + 2.0 9.72 + 1.10 " 51.4 + 2.0 0.173 + 0.057
25.2 + 2.0 5.05 + 0.63 " 53.4 + 2.0 0.179 + 0.057
27.2 + 2.0 2.21 + 0.43 " 55.4 + 2.0 0.151 + 0.049
29.3 + 2.0 2.32 + 0.52 " 57.5 + 2.0 0.198 + 0.0u8
31.3 + 2.0 3.52 + 0.50 9y 59.5 + 2.0 0.194 + 0.036
33.3 + 2.0 2.98 + 0.67 " 61.5 + 2.0 0.115 + 0.026
35.3 + 2.0 3.42 + 0.40 " 63.5 + 2.0 0.065 + 0.01k4
37.3 + 2.0 3.21 + 0.h43 " 65.5 + 2.0 0.060 + 0.015
39.3 + 2.0 2.91 + 0.ko " 67.5 + 2.0 0.02k + 0.010

b1.4 + 2.0 1.83 + 0.30 y




TABIEU6 . Shift in energy levels of pionic atoms due to vacuum
polarization.

Nucleus AEls(ev) AEEp(ev) AE3d('ev)
e - 29.7 + 0.2 - 0.92

611 - 948+ 0.5 - k3

T - 92.9 + 0.6 - k.35

e - 199.2 + 0.3 - 119

105 - 348.5 + 2.5 - 25.0

g - 339.0 + 1.5 - 25

2 - 537.7 + 1.k R

Ly - TIT.3 + 2.4 - 725

164 - 1086 + b - 109

18, - 989 + 5 - 109

Ly -1350 4+ 7 - 154

e - 2124 - 210

®3ra -207h  + 6 - 276

g 2610 +14 - 354

40ca - 1430 - 220
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