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ABSTRACT PAGE

This dissertation reports on the first direct comparison between the results of ray-based and
full-wave calculations for mode conversion in plasma. This study was motivated by the
modular method originally developed by Ye and Kaufman to treat a magnetosonic wave
crossing a cold minority-ion gyroresonance layer. We start with the cold plasma fluid model
and introduce a system of evolution equations for electrons and two ion species: deuterium
and hydrogen. We first study this system of equations for uniform plasma by Fourier
methods, which gives the dispersion relations. We discuss how the traditional approach —
which eliminates all other dynamical variables in terms of the electric field — leads to singular
denominators at the resonances. We then introduce the Kaufman & Ye approach, which
retains the ion velocities as dynamical variables. In this formulation, the ion resonances
appear as ‘avoided crossings’ between the familiar ‘fast wave’ and a zero-group-velocity ion
‘mode’ associated with the particle velocities. We then extend our problem to nonuniform
plasma where the resonance is localized in space. Away from the resonance, WKB methods
apply, but they break down in the vicinity of the resonance. In this region, we introduce the
notion of ‘uncoupled modes’ and discuss how to use them to systematically carry out a
simplification of the problem. This leads directly to the modular method of Kaufman & Ye in
the mode conversion region, and provides the connection coefficients for the WKB solutions
across the resonance layer. We specialize to an incoming wave packet and use the full-wave
equations and the reduced 2x2 form to numerically study the wave packet conversion. This
allows us to observe the emission of the reflected wave packet after a time delay (the linear
‘ion-cyclotron echo’). We calculate the incoming, transmitted and reflected wave packet
energies. We compare them to the transmission and reflection coefficients predicted by the
S matrix approach of Kaufman and Ye for a wide range of ion density ratios and find good
agreement.
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Chapter 1

Introduction

Current estimates suggest that most of the matter in the universe
interacts only by gravitational forces; hence it is ‘dark’. Of the remaining
‘ordinary’ matter, the large majority of it is ionized to some degree and,
hence, a plasma. Plasmas consist of free electrons and ions that can be acted
upon by electric and magnetic fields to a far greater degree than neutral
matter. One big characteristic of plasma that is different from a collection of
discrete particles is that plasma has collective behavior, such as waves and
flows. Furthermore, plasmas carry current and charge densities which act as
sources for the electromagnetic field. This leads to a rich variety of
phenomena that are of interest in astrophysics, space physics, and laboratory
plasmas. Plasmas are also of technological importance and are used routinely,
for example, in material science and surface processing. The most direct
application of the ideas described in this thesis concern radio frequency (RF)
heating [1, 2, 3, 4] of fusion machines where the phenomenon of interest
(mode conversion in the ion-cyclotron range of frequencies) is used to convert
RF energy injected by an antenna at the plasma edge into particle kinetic
energy, thereby heating the ions.

When there is a magnetic field, a moving charged particle gyrates with
a characteristic frequency: the gyrofrequency. If the collective oscillatory

motion of a plasma wave resonates with this particle motion there can be a



significant exchange of energy, either from the wave to the particles (heating)
or vice versa (wave emission). In the problem we study here both processes
oécur because what is commonly called mode conversion [5, 6] in RF plasmas
is in fact a two-step process: 1] in the first step an incoming collective wave
converts partially to a disturbance in the motion of resonant ions, 2] in the
second step the motion of these ions converts again to emit a reflected
collective wave. In traditional treatments of mode conversion in the plasma
literature, this is usually treated as a single-step process, even though there is
a time delay between the first and second steps. As we will show, following
the method of Ye and Kaufman [7, 8, 9], if the process is studied using ray
phase space methods [10, 11, 12, 13, 14, 15], it becomes clear that two distinct
events are involved: they are separated in phase space and the time delay
arises because information has to be transported from one point in phase space
to another. A great advantage of the Ye and Kaufman approach is that,
because the two events are separated in phase space it is possible to develop
local simplified approximations that lead to phase space connection
coefficients for incoming and outgoing rays. In this way, we arrive at a
simple theoretical prediction for how energy is shared among the incoming
and outgoing collective waves, and how much is deposited with the particles.

The modular approach to mode conversion developed by Ye and
Kaufman has been used to great advantage by our group [16,17,18], and we
have extended it to include particle kinetic effects, multidimensionality,

multiple resonances, cavity effects, etc. However, this thesis provides the first



direct comparison between a ‘primitive’ full-wave calculation of the
phenomenon and the ray-based predictions. This is important because ray-
based methods — which involve finding solutions of ordinary differential
equations — run much faster than full-wave simulations, which involve partial
differential equations, or even integro-partial differential equations. For
example, to find the spatial heating profile for RF heating scenarios in
tokamaks, a full-wave simulation can take a week on a supercomputer but a
ray-tracing calculation can take only a few minutes on a desktop computer to
map out where the conversion will occur, provide an estimate of how energy
is transported through the machine, and predict where it will be deposited
[19]. Because they take so long, full-wave simulations cannot currently be
used real-time to analyze experimental data. The CPU overhead for each
simulation also implies it will be difficult to use full-wave methods to do
thorough studies of parameter space for the design of future fusion machines.
This suggests that ray-based and full-wave methods can work together, with
ray-based methods providing insight in real-time during experiments, as well
as helping to identify critical points in parameter space where full-wave
methods should take a more detailed look.

We now provide an outline of the rest of the thesis. We introduce the
cold plasma model in Chapter 2. In this model each particle species (electrons,
hydrogen and deuterium ions) are treated as interpenetrating cold ideal fluids.
They are ‘cold’ because we do not allow for a thermal spread of velocities

about the local fluid velocity. The evolution equations are derived by



imposing two fundamental conservation laws: we insist on mass and
momentum conservation for each species separately. The different particle
species interact only via the electromagnetic fields, and they act as sources for
these fields. We then linearize the cold fluid equations and
nondimensionalize. This allows us to identify the relevant small parameters in
the problem.

In chapter 3, we study the uniform plasma case. We will use the
Fourier transformation to derive the dispersion relations for collective motions
and introduce both the traditional method and the Kaufman & Ye approach. In
the Kaufman & Ye approach, certain singular denominators associated with
resonances turn into “avoided crossings”, also called mode conversion. Mode
conversion results in energy and action exchange between two nearly-
degenerate modes.

In Chapter 4, we specialize to one spatial dimension and allow the
background to be nonuniform, which makes all the resonances local in x. We
can no longer use Fourier transforms as in the nonuniform plasma, so we
introduce the WKB (ray tracing) method when away from the mode
conversion. To motivate some of the mathematics, a simple pedagogic
example is given of a vector wave equation solved using WKB methods.

In Chapter 5, we continue to consider nonuniform plasma, but focus
now on the mode conversion region where the WKB approximation breaks
down. We discuss the modular methods developed by Kaufman ez al. to

connect the incoming and outgoing WKB solutions. An interesting twist here



is that the two ‘avoided crossings’ that occur in this problem are associated
with two modes that are dramatically different in physical character: the
magnetosonic ‘fast’ wave is a nondispersive electromagnetic disturbance,
while the ion-hybrid resonance has zero group velocity. This means the
conversion occurs ‘at a caustic’, and that both conversions lie over one
another in x-space. This projection singularity is what leads the traditional
methods of analysis — which use the x-space representation for numerical
analysis — to have difficulty because the problem is numerically stiff with a
wide range of spatial scales. In phase space, as we shall show, there is no
problem dealing with the conversion. We will show how to simplify our

resulting 6x6 evolution equations to a 2x2 reduced form. Using Weyl symbol

methods (which are particularly simple to apply in the current setting) we can
construct a local wave equation in the vicinity of each mode conversion. This

local 2x2 wave equation is then solved to find the standard S matrix (WKB

connection) coefficients. This gives the transmission and conversion
coefficients, and predicts how energy will be distributed after the mode
conversion occurs. We will revisit the cold plasma model and present the
double conversions.

In Chapter 6, we will numerically calculate both 6x6 and 2x2 ‘full-

wave’ equations, which will give the wave packet evolution along with the
incoming, transmitted and reflected packet energies. We will then compare the
transmitted and reflected energy coefficients with the S matrix theoretical

prediction for a range of ion density ratios. We will see that the agreement is



quite good over a wide range of density ratios for hydrogen-deuterium
plasmas. These particular ion species were chosen because they are of interest
in real fusion experiments studying conversion. We emphasize that these are
the first direct comparisons between ray-based and full-wave methods for a
three-species cold plasma model that includes the 10n-hybrid resonance.
Earlier comparisons between the two approaches used much simpler models
constructed for illustrative purposes [20] [21]. Also, we note that Cally ez al.
have recently examined the reflection of a fast wave at the Alfvén resonance
in a solar MHD model and found good agreement with ray-based estimates of
reflection and absorption — based upon the modular methods discussed here --
for some parameter ranges, but not all [22]. For some of the parameter values
studied by Cally et al. the local approximations used in our approach break
down, so the disagreement is not really surprising. But, the results point to
interesting directions for further development of the method.

In Chapter 7 we end with a summary and discuss possible future lines

of research.



Chapter 2

Cold Plasma Model

The plasma model we studied is an ionized gas consisting of positively
and negatively charged particles with overall of charge neutrality for the
unperturbed background. To maintain the ionization, of course, the plasma is
usually at a very high temperature. The presence of free charges makes the
plasma respond strongly to the existence of electromagnetic fields. These
unique characteristics make plasma a fourth state of matter.

We model the plasma as a cold fluid. This means there is no thermal
velocity spread around the local mean velocities (the fluid velocity for each
species). The cold plasma model provides a significant simplification, but still
gives a reasonably accurate description of some waves that occur in real

plasma.

2.1 Fundamental equations for the Deuterium-

Hydrogen-Electron System

2.1.1 Maxwell’s Equations

Plasmas are ionized gases. We assume that our plasmas are
quasineutral, on average at each point they have an equal amounts of positive

and negative charge. The model we studied consists of electrons and two



different species of ions: deuterium and hydrogen. We start with Maxwell’s

equations [23]:

Vxézuof+souoaa—f (2.1)
. 0B
VxE=-22 2.2
X Y (2.2)
vE=L (2.3)
80
VeB=0 (2.4)

Where p = Znses, J= Znsejs , the subscript s denotes different particle

species. Each particle species is also assumed to satisfy two fundamental fluid

conservation laws: conservation of mass and momentum.

2.1.2 Mass Conservation

We treat the Deuterium-Hydrogen-Electron plasma as three ideal
interpenetrating fluids that interact only through the electromagnetic fields
[24]. The evolution equations for such fluids are the mass conservation
equation -- also called the continuity equation — and momentum conservation
— also known as the force balance equation.

Consider any fixed volume V¥ in the space. The mass of fluid s

contained in this volume is

M., (6)= [ mn,(%,1)dV . 2.5)

Yo



Where n,(%,t)is the fluid number density for fluid species s at the position
X =(x,y,z) at time t; m; is the mass per particle for fluid species s and the

integration is taken over Vj. Following Newton, the time derivative of the
mass in Vj is

am ., (t) . M, (t+AnH-M, (1)
'~ = lim . .

dt 150 At
[mn Gt +ADAV - [ mn,(5.0)dV
oW Yo
= am At
2.6)
APy — -
~ lim J mn(x,t+At)—mn (X,t) av
A0 At
Vo
it AP —n (3 -
= [limm, n,(%,t + At)—n (%,t) av = Ims on (%,t) av
v Ar—0 At e

Note that at a critical step we have exchanged the order of the
integration and the limit. This is justified if the integrand satisfies certain
smoothness conditions, which we will assume hold, without proof. The
number of particles of each species is assumed to be constant; hence the total
mass in the volume can only change by having particles flow in — or out — of
the volume.

At the time ¢, the mass of fluid flowing through an infinitesimal

surface area on the boundary of Vj, denote d4, in the short time At is
mn (Xt (%,1)-AdAAt , where V_ is the local fluid velocity of species s at
the position X = (x,y,z) and time ¢, and 7 is the outward-pointing normal

direction of the area dA. Hence, by convention, when

mn (%,1)V (%,t)-AdA At is positive, the fluid is flowing out of the volume



and when it is negative, the fluid is flowing into the volume through d4.

Dividing by At and integrating over the surface of the volume V), the rate of

change of the total mass of fluid species s is

am ,(t) _

= $ mn,(%,0)7,(%,1)hdA @2.7)

Vosurface
The negative sign appears because of our sign convention for the unit normal:
an outward flux is positive and contributes to a decrease in the total mass.

From equations (2.6) and (2.7), we get

J’ ans(f,t) dv =— ¢ ns(f,t)ﬁs(f,t)OﬁdA . (2.8)
ot

\ Vysurface
By Green’s formula, the surface integral can be transformed into a volume

integral, so (2.8) becomes

f @dv = [ Ve(n, (2.5, R0V 2.9)
Thus,
J [ansa#)— +Ve(n, (f,t)ﬂ(i,t))}dv =0. (2.10)

Vo
Since the volume Vj is arbitrary and (2.10) must be valid for any
region in space, hence the integrand has to be zero. Therefore we get a local
statement of conservation of mass:

on (%,t)

S Vel (3,07,(5,0) = 0. (2.11)

This is the continuity equation and it holds for each species of our cold plasma

model. This is a special case of a conservation law, which equates the time

10



derivative of a density of some quantity with the divergence of the flux of that
quantity, where the flux is the density times the local fluid velocity. The force
balance equation — discussed in the next section -- is another example of such
a conservation law: it holds for each component of the momentum density for
each species. An additional complication in the momentum conservation law

is the need to treat external forces.

2.1.3 Momentum conservation equation

The total momentum for the fluid species s of any volume ¥ is

B(t)= [ mn,(&,60,(Z,0dV . 2.12)

So the rate of momentum change is

dP(t) _ o - on(%,1) . OV,(F,1)
" —J'l:mxvs(x,t)—at ()= ]dv. (2.13)

W
Substituting (2.11) into (2.13) gives:

@4

[—mSV-[nS(E,t)VS(E,t)]T/S + msns(?c,t)m]dv . (2.14)
dt ot

Vo
The time rate of change of the total momentum on the fluid s is now equated

I~ external
F,

to the net external forces acting on the matter in the volume. These

forces are of two difference types: volume forces Ii””’"”‘e — that act throughout
the volume (important examples are gravitational forces, or electric and
magnetic forces) — and what are called tractive forces F "™ that act at the

surface.

11



dP (t)

J‘ dv Fextemal J‘ dv Fvolume n J' dA Ftracnve (2.15)

Y 1A
For cold ideal fluids, the tractive forces are assumed to be due only to the
advection of momentum in or out of the volume due to the fluid motion.
Hence, it is a momentum flux. The j” component of the momentum flux for
species s is simply mnyv{ times the local flow velocity. Therefore, the j*

component of equation (2.15) is:

j 7
dP s (t) Jdv Fe,\remal J.dVFvolume + I dAthcnve
dt

z W, (2.16)

—IdV F""l‘””e jdAn (mnv’'v)

P S 4 s
v v,
With Green’s formula, we can replace the surface integral with a volume
Y

integral:

[dad-(mny5)==[dvymd, (ny/v}). (217
| k

B B
Where j,k=x,y,z lies in the three-dimensional configuration space, and the
minus sign indicates that a positive (outward) momentum flux corresponds to
a decreasing momentum of the fluid in the volume.

Substitute equation (2.16) with (2.17),

des(t)

dv F"""‘”'e av) mo, (nyv,'v})
dt J I z

(2.18)
= dV F‘”l“'"” de vJo, (nv*)— desnS v,
Z Z

Equation (2.14) has the j* —component:

12



O _ 1S 3 (. o,
o —‘;[[ mx;vsak(nsv )+m3n3 " :ldV (2.19)

Combining (2.19) with (2.18), we get:

J'dV F""l”'"e Jde ZVXkakv‘ + | mmn ———dV
1A k

Vo

i
= IdeSnS(T/S V' + Jmsnxa—vidV
7 ot

Y
Expressing this in the vector form,

Jde n (X, t)|:v (X,1) Vv (X,t)+ o, (¥ (t t)}

[avE“ @, (2.20)
VO
This is the momentum conservation equation for the fluid species s of volume

Vo. Using the fact that the equation is valid for any volume V7, the integrands

have to be equal, thus we get the equation of motion:

= Fomme(%.8) (2.21).

msns(._x.,t)l:vs(__x"t).vi)’s(_-x',t)+ avsgf,[):l S

The result (2.21) is general and applies for any external (volume) forces.

We now specialize our model by assuming the volume force is the
Lorentz force law for charge particle motion in EM fields. Therefore, we have
(in SI units):

F‘;volume(k’,t) - quns(f’t)l:E(__x"t) + ﬁs(f\c',t) X E(i,t):l . (222)

Where g, is the charge of the fluid species s; E is the electric field and B s the
magnetic field.

Combining equation (2.21)and (2.22), we get the equation of motion:

13



(Vs(f,t)-V)vs(x,t)jL@ _

LEGN+7,GENXBGH].  (2.23)
mS

For the cold plasma model with two ion species (deuterium and hydrogen) and
electrons, the six fundamental evolution equations are (2.1), (2.2), (2.3), (2.4),
(2.11) and (2.23). These form a closed set of equations and, combined with a
choice of initial conditions, provide a complete description of the plasma.
Let’s count variables. These are: the three electric field components;
the three magnetic field components; the deuterium, hydrogen and electron

densities (n,(x,t), n,(X,t), n,(X,t)); and the velocities:
B (E,1) =[ v, (5,1), 9, (%,1),v,(%,1) | (Deuterium)

Py (F,0) = [ vy (F,1),v,, (%.),v,. (F.1) | (Hydrogen)
B, = [ v, (E:0).v,,(5.0).v,,(%.) ] (Electrons)

This gives a total of 18 unknowns.

Because we are using a cold ideal fluid model for each species, we
have neglected the direct particle-particle interactions, which would lead to
collisions at the micro level, and viscosity and drag effects at the macro — or
fluid -- level. At the present level of description, the particles interact with
each other only through the intermediary of the macroscopic electromagnetic
fields. The particles act as sources for these fields, but because the particles
are treated as a smooth fluid, the fields are also assumed to be smooth in
space. While noting how much of the microscopic physics has been neglected,
it is also important to emphasize that the cold fluid model captures some of

the essential wave physics observed in laboratory plasmas. In particular, the

14



wave mode that will concern us in later chapters (e.g. the fast Alfvén wave) is
well-established as having many of the properties predicted by the simple
cold-plasma equations.

The most important effect that has been neglected at this level of
description is thermal broadening of the resonant wave-particle interaction.
For cold fluids with single-frequency harmonic wave motion, this resonant
interaction is ‘sharp’: the resonance condition is either satisfied or it isn’t. For
uniform plasma, the resonance is global while for nonuniform plasma (which
is of more interest to us) the resonance occurs at a well-defined spatial
position where the gyrofrequency of species s equals the wave frequency. If
there is a thermal spread, then each subpopulation of particles — moving at
different velocities — can resonate at slightly different spatial positions due to
Doppler effects, leading to a broadening of the spatial region where resonance
occurs. Phase mixing among the different populations of particles also leads to
wave absorption via Landau damping. These ideas were discussed in [25,26].

Thermal effects are not treated in this thesis, but will be pursued in later work.

2.2 Total Physical Energy for the Deuterium-Hydrogen-
Electron Plasma

The total energy of the cold plasma is conserved by the evolution
equations derived in the previous section, and it will be used to compare our
various methods of analysis in later chapters. The total energy consists of two

parts: the electromagnetic field energy and the particle kinetic energy.
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The electromagnetic field energy is
€ria = | %(lé(f,t)r +c|Bof Jav. 2.24)
v

The particle kinetic energy is

Einerc = j%(mDnD(i,t)lﬁb(i,t) 4 gy 0[5, G0+ mn, E0]5,E,0f )av
) (2.25)
The total energy is
Eotar = € fietd  Eineric (2.26)

Taking the time derivative of (1.25), and using the evolution equations, a

straightforward calculation shows the total energy is conserved.

2.3 Nondimensionalization

We will eventually solve our evolution equations numerically, which
requires that they be nondimensionalized. We nondimensionalize the
evolution equations of section 2.1 by first choosing reference scales for mass,
charge, time scales, and spatial scales. The ‘*’ quantities are nondimensional.

X = XX, t =tt, m=m,m., 4= ee,. (2.27)

Here m, is the proton mass, e is the proton charge; xy and ¢ are the rescaled
length and time scales. We will choose these scales in a moment.

For electric field E and magnetic field B will be nondimensionalized -

- along with each fluid species density #,, and velocity v, -- as follows:

16



n(X,t)=nyn.(X.,.t.), V(X,1)=v.(X,,t)
2 0 -.s i o 0-..\' N , (228)
E(%,t)= E,E.(X,,t.), B(X,t)= ByB.(X.,t.)
where all notations with 0 subscripts represent reference values.
There are, of course, relations between some of these choices. For

example: we have x, = c,t,, E, = cB, , where c is the speed of light. We

define

2 2 1/2
Q=B il ( B, J , (2.29)

P
m Em, Hom 1,

Where €, is the proton gyrofrequecy, @, is the proton plasma frequency and

¢4 is the Alfvén wave speed for the proton [27].
Rescaling the six equations (2.1), (2.2), (2.3), (2.4), (2.11) and (2.23)

using (2.27) and (2.28), we get:

~ Wt c,? c aE
V.xB, =—L24Np e 5, +-4— 2.30)
Q,, czzs‘sss c ot . 330
V,,xE*z—fci%l:* 2.31)
V.B, =0 (2.32)
— w 2t c
V.E. = Q"_"?"Zes*ns* (2.33)
pO s

a—a”;-*— +V.e(n,7.)=0 (2.34)

— — avs* c es* — es* — — T~ g —
(V,V. )V + =5 Q,oto ——=—E. +Q oty == V.(X,1) X B.(X,1) (2.35)

L. c,m m

$* s*
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Jd d

h V = e e .
where V. (ax* dy, 0z,

J is the gradient operation in dimensionless spatial

variables.
c
Now define the constants f, = 7", £ =Q,t, fi=0,t,. We use the

freedom to pick the time scale #; such that /> =1.They are pure numbers that
will characterize the physical regime we are working in. For simplicity we

now drop all the *’s in the above equations. This gives:

VxB=ff Y ne, +fl%—f (2.36)
Vxﬁz—fla—B (2.37)
ot
VeE=ffY en, (2.38)
V-B=0 (2.39)
on (X,t) o e

5 +Ve(n (X,t)v,)=0 (2.40)
(VJ(E,t)-V)VX(E,t)+M L8 B+ s o x By (2.41)

ot fi m, m,

Equations (2.36) — (2.41) are the nondimensionalized version of the six

fundamental equations for the system. We still have 18 unknowns.

18



2.4 Linearization

We now linearize the cold plasma equations about a static background
in order to study the dynamics of small-amplitude waves. Following the

standard approach, all the dependent variables for each plasma species
S, 1,V (X,t),E(X,t),E(?c,t) are assumed to have a static zeroth-order term with

a first-order small perturbation term. The static background will be allowed to
have a nonuniform spatial dependence. The zeroth-order magnetic field is
assumed to be non-zero. We assume it points everywhere in the same

direction, for simplicity, and we take its direction as our z-direction. The field
strength is allowed to depend on x: B = B°(¥)Z.

The zeroth-order velocity fields are assumed to be zero: v°(%,t)=0.
The zeroth-order electric field has to be zero; otherwise it would conflict with
the assumed static unperturbed state of the particles: E°(¥,7)=0.

From these assumptions, we have

V(X0 =V (%,1)
E(%,t)= EX*,0)
B(Z,t)= B°(X)z+ B'(},1)

n(x,t)= nf(fc) + n;(k’,t)
Where the superscript 0 represents the zero-order term and / represents the

first-order term and s represents different particle species. Also, for the

unperturbed state, the total charge has to be neutral, so we set Zesnf =0and

19
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the undisturbed density is assumed to be homogeneous in space and constant
in time, so »,’ is a constant.

After inserting the definitions of the zeroth- and first-order terms of
(2.42) into equations (2.36) — (2.41), and keeping only the resulting first-order

equations, we find the following linear system of evolution equations:

OE'(3,1)

VxB\(%,1)= f? f32§nX°esv,l(x,t)+ h=—" (2.43)

VB = D (2.44)

VeE'GG,1) = £, D ni(E e, (2.45)

VeB'(%,1)=0 (2.46)

aL-;;f—’t—) +Ve(n'V!(%,1))=0 (2.47)

CACH L& b+ i@ x B (2.48)
o fim, m,

This system of equations is the focus of our study in the next few chapters.
We will first consider the special case of uniform plasma in Chapter 3. Using
standard Fourier methods we will identify the important features of the
various modes supported by the plasma in this case. In Chapter 4 we consider
the effects of nonuniformity and find that — away from resonances — WKB
methods can be used, provided the background variation is on a longer spatial
scale than the wavelength of the waves. Then, in Chapter 5 we move to the
central topic of this thesis: how to connect the incoming and outgoing WKB

solutions across the resonance layer using modular methods developed by

20



Kaufman and co-workers. In Chapter 6 we then perform a direct comparison

of numerical simulations and various methods of approximation.

21



Chapter 3

Waves in uniform plasma

We introduced the six differential equations that govern the Deuterium-
Hydrogen-Electron plasma system in the Chapter 2. In Section 2.4 we
linearized the electric field about a zero background, and the magnetic field
about a constant zeroth-order term with a first-order small perturbation term
B(%,t)= B°(¥)z + B'(%,t). In this chapter, we make a further assumption: the
zeroth-order magnetic field is not only constant in time but also homogenous
in space. Again, we take the zefoth-order magnetic field direction as the z-
direction:

B° = B2 (3.1)

where B?, the magnitude of the unperturbed magnetic field.

The six linearized partial differential equations are:

VX B'(%,0) = f2£2Y n'e v (3,0)+f, ok ;f’t) (3.2)
_— 0B'(%,1)
VxE'(Z,t)=—Ff, (3.3)
ot

VeE'(E,1) = fif; D ni(F e, (3.4)
V.B'(¥,t)=0 (3.9)

an;(i,t) 01,
T+Vo(n:vs(x,t)):0 (3.6)
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-],
WD _ L& piz e Lot hayx B2 (3.7)
ot fim, m

Where the superscript 0 represents the zero-order term, / represents the first-

order term, and s represents different particle species.

3.1 Fourier transformation

Because the coefficients of this system of PDEs are constant, we know
the solutions can be found as superposition of exponentials. Any function

g(x,t) can be represented by a Fourier integral of the form:
| e
g 1)=— j 3(k,0) ¥ TPk dw (3.8)
27 =,

Where g(k,®) is the Fourier transform of the function g(X,¢). By converting

the system of PDEs into a system of algebraic equations, the Fourier
transform makes the linear differential equations easier to solve. From the
Fourier transform, it is easy to derive the following relations:

og 1

ot (2r)

[ Ciog)e ™ d’kdw
(3.9)

Vg |~ kg dkdw

1
(2m)’
Therefore, we have the following familiar correspondences between

operators in (x, f) space and multiplication by numbers in (k, @) space:
0
w—>15—, k——-iV (3.10)

t

Fourier transforming the equations (3.2) — (3.7), we get:
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ik x B'(k,0)= f2£2Y . n.03, (k,0)+ £, (~iw) E'(,0) (3.11)

ik x E\(k,0) = iof,B'k,0) (3.12)
ikE'(k,0)= ££2Y e, (k,0) (3.13)
ikeB'(k,)=0 (3.14)

—iwi (k,0)+ ik«(n’v (k,0)) =0 (3.15)

Fourier transforming equation (3.7) and expressing the result in x,y,z

components:

- 1 Y B° -
—iop, (K,0) = ——= E (k) + 225 _}(K,0)
1 s ms
0

- le ~, - -
i,k 0) =~ E ) - 225, R o) (3.16)
' fim, ‘
. 1 le ~, -
—-iwv, (k,0)=——"E, (k,0)

1 )

Where the “~” represents the Fourier transform of its original function.

3.1.1 Wave packets

When we Fourier transformed the equations, we assumed the solution
is a superposition of plane waves. Let’s consider a more general wave
function such as a wavepacket, which will be used for our numerical
comparisons. First, let’s treat a simple scalar wave equation of the

form: D(—id_,id, )y (x,t) = 0. If the wave packet has a well-defined carrier

wave number k,, it is useful to write the solution for y(x,t)as:

W(x,t) =g (x,1).
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o, is where D(k,,®,)= 0 .Insert this ansatz into the wave equation,

D(—id,,id, Wy (x,t) = D(—id, ,id, )e'*"*)¢(x,1)

= ®* 20Dk, —id,, 0, +id,)P(x,t) = 0
Expand D(k, —id_,w, +id,) in Taylor series around w,,k,and keep only the
first order:

oD

;9D D
oK

d —_—
x+law

a,]q)(x,t): 0
ko .00

D(k, — 1,0, + i, )p(x,1) = {D(ko,wo)—
kg .00

oD oD
D(ko,w0)=0=>|:—a—z)— % -3¢ ax]q)(x,t):O
ko ,@q ko ,@q
oD
= ,—wﬁ 3, |¢p(x,))=0
Yool

This gives the group velocity, the velocity of the propagation of the envelope

oD

ok

of the wave packet definition: v, = — 3D 90
Yoo

=— This is also the speed
ok P
kg \0%

at which the energy propagates. The phase velocity, which is the speed at

. . () . .
which the phase fronts move, is v, = —2 . We derived here the group velocity
(1}

and phase velocity for the uniform case and they do not depend on x-space.
For the nonuniform case we will discuss in Chapter 4, the phase and group
velocities are no longer constant. The wave packet’s energy propagation
depends on the local group velocity and the carrier oscillation wave fronts

propagate according to the local phase velocity.
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Consider now a more general situation where more than one mode is
present. When the phase velocities for different modes are equal, there occur
mode conversions. These are points where the local (in x) wavenumbers and
frequencies of the two modes are equal.

After the Fourier transformation, traditionally all of the unknowns are
eliminated in favor of the electric field. As we shall see in the next section this
leads to resonant denominators at pertain frequencies. By contrast, the method
proposed by Kaufman and Ye retains the velocity field for the resonant
species. This makes the problem look much more like a standard avoided
crossing or mode conversion. We will find this approach more appropriate to

study resonance crossing in nonuniform plasmas,

3.2 Traditional method

The results in this section are well known and are included here for
completeness. Readers already familiar with the topic of RF waves can skip

ahead. In Chapter 2, we introduced the fact that there are 18 variables

(E (f,t),l?(?c,t),ns (X,1),V (X,t)) of the Deuterium-Hydrogen-Electron plasma
system whose dynamics are governed by and Maxwell equations and mass
and momentum conversion equations. A traditional way to solve this system is
to write all other variables in favor of electric field E(¥,t) . After we get the

solution for the electric field, we can use the Maxwell’s equations and mass

and momentum conservation equations to solve for the other variables.
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We can define the gyrofrequency, which is also called cyclotron

B . . .
frequency 2 = &0 for each particle species s and rewrite equation (3.16)
m

s

into a matrix form:

-iw -Q, 0 (7, | E,
Q -io 0 |3 |==2|E (3.17)
. ~ ¢ fi ms "'y
0 0 —iw)\v, i
Here all the superscripts / representing the first-order terms have been
dropped for simplicity. Inverting the matrix and solving for the velocity
function in terms of the electric field gives:
—io Q, 0
2_ 2 2 _ 2 _
5 1 Q . @ Q . 0] E,
e —iw -
v, |[=——= : 0| E 3.18
~s_v fi ms QSZ _ wZ QSZ 2 ~y ( )
R4 EZ
0 0o =
W
Combining the equations (3.18) and (3.11), we obtain:
5 c
ik x B= f2f, Zns ey, +(~iw)Ef = —zw[l ——fJEfl (3.19)
iof,

Where 1is the identity matrix and the matrix & is defined as:
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i Q,
Q-0 Q-0 0
- nle’ Q —iw
G = S S5 5 O
2;‘. m, hts Q- Q-0
0 J——
@ (3.20)
—-i® Q, '
Q-0 Q- 0
Q, —-io
= gwmzfl Q-0 Q- 0
0 0o =
@
with the definition of the plasma frequency for each plasma species
n'e’
wpf = f f,? and the plasma frequency for the system is defined
0’=Y0,.
Multiply both sides of equation (3.12) from the left by k using the
cross product and substitute for kx B using equation (3.19) yielding:
k x (ik x E) = io(k x BYf, = —ie*( - —2)E f? (3.21)
inf,
Rearranging and using the definition of the index of refraction
N=t.
fio
— — = - 6' =
NX(NXE)+(I-——)E=0 (3.22)
0 f,

Recall that we defined the z-direction to lie along the zeroth-order magnetic

field. We still have freedom to choose our x-y direction. Choose the x-y
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direction such that the N -direction lies in the x-z plane at an angle 6 to the z-

direction N = (N'sin6,0,N cos6).
Figure 3.1 illustrates the coordinates of the wave propagation direction

of uniform magnetized cold plasma.

X

FIGURE 3.1 THE COORDINATE SYSTEM IN THE WAVE PROPAGATION OF THE UNIFORM MAGNETIC
UNPERTURBED PLASMA

Expanding equation (3.22) in matrix form yields:

S—N?cos’@ —iD  N*sinfcos [ E,
iD S~ N? 0 E |=0 (3.23)
N?*sinOcos@ 0 P-N?*sin’0 )| E,
Where, following Stix’s notation [28], we define
o’ w, *Q o’ o}
S=1-Y —F _— D=y —& —__ p=1-)Y =1L,
;(af-gf) ;w(a)z—gf) z;‘ o’ o’

It is also useful to introduce Stix’s R and L functions, which separate
out the left- and right-circular resonance behaviors. These functions are

defined as:
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R+L  R-L
D=—o.

Note that S =

Equation (3.23) is a matrix equation of the form D(k,®)- E(k,®)=0.
This can have a nontrivial solution for E (k,w) if and only if
det(Q(E,w)) =0. Let’s take a moment to understand the geome;trical meaning
of this condition. The matrix Q(l;,a)) is a function of k (which has three
components) and @ . Therefore, consider the function det(Q(E ,a)))on the

four-dimensional space (E ,) . The condition det(l=)(1€ ,co)) = O forces a single

scalar relation among the four variables, hence it defines a three-dimensional
surface which we call the dispersion manifold. This surface might have
multiple sheets, but each sheet is locally smooth at most points. We have
found this manner of visualizing the dispersion surface to be useful because it
generalizes straightforwardly to the nonuniform case (by expanding the size of
the space to include X).

Traditionally, however, Equation (3.23) is viewed as a condition on N

and 0. The det(Q(E,w)) = O condition becomes a sixth-order polynomial

(more precisely, a cubic in N?) for the magnitude of N, with @ -dependent

and w-dependent coefficients. Note the resonant denominators in R and L.

To better understand the problem, we will examine a special case
where the wave propagates perpendicular to the magnetic field: 6 = % .

Equation (3.23) reduces to:
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S -iD 0
iD S—N? 0
0 0 P-N?

v M[’1'11

~

=0 (3.24)

~

For the nontrivial electric field solution, the determinant of the matrix

S —iD 0
has to be zero: det| iD §- N’ 0 =0, which gives two eigenvalues
0 0 P-N

for N°.
(1) The first eigenvalue with its corresponding eigenvector is

N*=PpP
= (3.25)
E=(0,0,E,)

This is called ordinary mode because the undisturbed magnetic field has no

effect on the particle motion. From equation (3.18), we get

- 1 -~ -
v, = 0,0,—Ei , 50 v, X B® =0, the Lorentz force (3.16) reduces to a
fi @ m,

- = 1 = -
simpler version —i@v (k,w)= —&E(k,w) . Figure 3.2 illustrates the

1 s
directions of the induced electric and magnetic fields, E,and B, are the

induced electric field and magnetic field.
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FIGURE 3.2 THE DIRECTIONS OF INDUCED ELECTRIC AND MAGNETIC FIELDS

From the definition of P and N, we will have

2
()
P=1-—£ = N?=—-— Rearrange the equation, we will get the dispersion
0] ffo

&

=12
k
relation: w® = |——|2— +®,”. This result that does not carry units because of the

1

nondimensionlization we performed in Chapter 2.3. To better understand the

physics, we reintroduce units. Multiplying by frequency units on both sides:

~ 2
1 |k 1
2 2
0'—="—"—=+0,—
2 2,2 P 2
to h ot to (3.26)
~ 2 ~ 2 '
2 2 ™ 2 2k* 2 2|7 ? 2
DO =c"—S55+0,"=c +W,°~=c |k| +o
» 2 p P
Cy'ty Xo

where all the * terms represent the dimensionless terms and the notations

subscribed with 0 represent reference values. Also we used the relation
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introduced in Chapter 2.3 that f = Ca »Xo = C4t, . Equation (3.26) is the
¢

familiar dispersion relation for electromagnetic waves in a plasma.
It is interesting to note in passing that, after multiplying by 7

(Planck’s constant divided by 21) on both sides of equation (3.26), we get:
o’ =ctpt+ hzwpz (3.27),
with the definition of momentum p*® = 7’ |I€ |2 . This looks very similar to the

Klein-Gordon equation [29] for a free particle with the mass-energy
& =n’w’ = c*p* + m’c* . Comparing this mass-energy relationship for
relativistic massive particles with equation (3.27), the plasma frequency for
the system plays a role of mass, although it is purely classical effect.

Figure 3.3 shows positive @ branch of the dispersion relation of this

mode. It illustrates that as @ and £ increases, it asymptotes to the straight

lines w =+ % . And there do not exist waves with real @ below the plasma
1

frequency o, .
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FIGURE 3.3 THE DISPERSION RELATION FOR ORDINARY MODE.

Solving the dispersion relation, it will give the wave number value

k=%f\Jo* -, X for propagation in the x-direction. The group velocity is

1 20)2 R
defined as \7g=a—(.{)=i— 1———2—]%»
ok 4 k +f1wp

In the wave packet, different plane waves move at different phase velocities.

o - 1 o7, .
k=% —+—%’;— x for propagation

The phase velocity is defined as v, = — 5
f v
in the x-direction.
Figure 3.4 shows the positive branch of group velocity and phase
velocity. At the plasma frequency, the group velocity at which speed energy

propagates will go to zero and the phase velocity is infinite. As @ increases,

these two velocities asymptotically approach one another.
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FIGURE 3.4 THE POSITIVE BRANCH OF THE GROUP VELOCITY AND PHASE VELOCITY FOR THE
ORDINARY MODE

(2) The second eigenvalue and its corresponding eigenvector is:

_RL

S

B2 g5 k0
JRP+2 AR +I2

NZ
(3.28)

This is called the extraordinary mode and it has a more complicated behavior
than the previous ordinary mode. The electric field has components both
parallel and perpendicular to k . We will discuss the phase and group
velocities, and the polarization, momentarily.

After we get the solutions for the electric field, we can use Maxwell’s

equations, the mass conservation equation and the momentum equation to

solve all of the other fifteen dependent variables B A

Figure 3.illustrates the orientation of the induced electric and magnetic fields

for this root.
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FIGURE 3.5 THE DIRECTION OF THE INDUCED ELECTRIC FIELD AND MAGNETIC FIELD FOR THE
SECOND EIGENVALUE.

From the definition of S, there exist a few poles and zeros. The poles
occur when the wave frequency equals the gyrofrequency of one of the
particle species, and the zeros of S occur either where R or L equals zero. It is
not generic for both R and L to go to zero together. We will examine the plots

of R, L, S and MV in next section.
3.3 The resonances
In section 3.2 we showed when the wavevector is perpendicular to the
. . . ., RL )
unperturbed magnetic field, one of the eigenmodes is N* = 5 The index of

refraction N is zero when R or L is zero and infinite when S is zero. Recall the

definition for R, L and S:

2

T S S
k=1 z;‘(o(co+§2s)’ L=1 zS“w(co—Qs)

2

a
Note that S = R+L=l—z%.
2 (@ -Q2)

5
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Next, we will discuss these functions in detail and use a Deuterium-
Hydrogen-Electron plasma where the deuterium and hydrogen are both
present at 50% of the number density as an example.

As the wave frequency ® goes to zero, R and L appear to diverge

because @ appears in the denominator. However, a careful analysis shows the
1 . . . .

term — is well behaved in the limit because of our assumption of charge
(Y

neutrality. In that case, a little algebra shows that:

[co(wp,n,2 +0, +0,7)+0,, (2, +Q,)+ 0,7 (Q, +Q,)+0,7(Q, +QH)]
(0+Q)w+Q, ) w+Q,)

R=1-

[0(0,7 +0,° +0,2)-0,,*(Q,+2,)- 0, (2, +Q,)-0,7 (2, +Q,)]
(@-Q)No-Q,)(w-Q,)

L=1-

When o is zero, R and L equal the same value, called the Alfvén index of

refraction of index, Ny.

. [0, (2 +Q)+0,, (R, +Q,)+ 0, (2, +Q,)]

R| _L|m=0_ Q Q Q
HO®D=%¢

0=0

N,-

Figure 3.6 showed the function R in the positive wave frequency
region, where we concentrate on. Because the electron cyclotron frequency

and the ion cyclotron frequencies are so far away apart

IQ

e

LX) » = 183682, , we will look at them separately. Figure 3.6 (a)
m

e

focuses on the ion cyclotron frequency region while Figure 3.6 (b) focuses on

the electron cyclotron frequency region.
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lon Cyclotron
Frequencies

Q]

FIGURE 3.6 R AS A FUNCTION OF FREQUENCY IN THE POSITIVE FREQUENCY RANGE

FIGURE 3.6 (A) FUNCTION R IN THE ION CYCLOTRON FREQUENCY REGION

Then we will focus on the absolute value of the electron frequency region.
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FIGURE 3.6 (B) FUNCTION R IN THE ELECTRON CYCLOTRON FREQUENCY REGION
When @ = @,_,, R = 0 and N’ = 0 correspondingly. The condition
when N goes to zero is called a cutoff. Recall that N is a smooth function of

o, therefore there will be frequencies in the vicinity of the cutoff where N <

0, implying that waves of that frequency are evanescent, hence they are ‘cut
off” from propagating. We will see in the nonuniform case that cutoffs are
associated with caustics where rays mﬁst turn back from nonpropagating
regions.

In the present case there is only one root for @,_, . The cutoff occurs

at w,, bigger than the absolute value of electron cyclotron frequency, which

is much higher than the ion cyclotron frequency. Therefore, at the cutoff of

@y, » the ion motions can be neglected.

2
O~ Oy, Releo—r®es
o(w+Q,)

2.
2

2
Which gives the value of @,_, = —= + (%) +,* . When ©=|Q,|, R
2 pe e

diverges. And when @ — e, R—1.
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Figure 3.7 indicated the function L in the positive wave frequency
region. Again, the ion and electron cyclotron frequencies are very well
separated; Figure 3.7 (a) focuses on the ion cyclotron frequency region while

Figure 3.7 (b) focuses on the electron cyclotron frequency region.

10}

W -0 w

FIGURE 3.7 L AS A FUNCTION OF FREQUENCY OVER THE FULL RANGE

FIGURE 3.7 (A) FUNCTION L IN THE ION CYCLOTRON FREQUENCY REGION
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FIGURE 3.7 (B) FUNCTION L IN THE ELECTRON CYCLOTRON FREQUENCY REGION

There are two roots where w = w,_, , which gives L=0,where we
again have cutoffs where N =0.When @ —> o, L —1,same as R does.
The cutoff occurs at ®,_,, which is can occur in the ion cyclotron range of

frequencies.

At the ion cyclotron frequencies L blows up. R blows up at the electron
cyclotron frequency. This is because positive ions gyrate so as to resonate
with left-circular polarized waves, while electrons resonate with right-circular
polarized waves. (Hence, the purpose of the L and R notation is now clear.).

We will discuss these conditions more in detail later.

L _. . .
Function § is defined as S = R% . Figure 3.8(a) shows S in the ion

cyclotron frequency region while Figure 3.8 (b) shows § in the electron

cyclotron frequency region.
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FIGURE 3.8 (A) FUNCTION S IN THE ION CYCLOTRON FREQUENCY REGION

Next we will focus on the absolute value of the electron cyclotron frequency
region.

S

FIGURE 3.8 (B) FUNCTION S IN THE ELECTRON CYCLOTRON FREQUENCY REGION

_RL

When o = w,_,,S=0, |N [2 =5 — oo, The condition when-the index

of refraction goes to infinity is called a resonance. Because this particular

resonance involves both the Hydrogen and Deuterium ions in combination, it
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is called the ion-ion Aybrid resonance, or just the ‘ion-hybrid’ resonance.
Each additional species in the plasma will result in one hybrid resonance.
Also, S blows up at the ion cyclotron frequencies because L does, and it
diverges at the electron cyclotron frequency because R does. Although
functions R, L and S diverge in the ion and electron frequencies, the index of
refraction (which involves the ratio RL/S) does not.

Figure 3.9(a) (b) and (c) show how the function N’ behaves. There are

three roots corresponding to S=0. For a clearer view, we will look at them one

by one.
N? ' I
f I
l I
( i
f I
i i
i j
| |
} .
2 1 |
A | !
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| i
| i
i Q i
i (
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FIGURE 3.9 (A) FUNCTION N? IN THE FIRST S=0 ROOT REGION

When @ = 0, the index of refraction equals to the Alfvén index of
refraction. N’ diverges at the first root where @ = w;_,,S = 0. This is the ion
hybrid resonance. An ion hybrid resonance always lies between each adjacent
pair of ion cyclotron frequencies and, in general, they must be numerically

calculated.
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FIGURE 3.9 (B) FUNCTION N? IN THE SECOND S=0 ROOT REGION

Figure 3.9 (b) illustrates the second root of S = 0, where the hybrid
resonance lies between the Hydrogen cyclotron frequency and the electron
cyclotron frequency. This is called ‘lower hybrid’ resonance. The lower
hybrid resonance is located between the highest ion cyclotron frequency and
the electron gyrofrequency. For more cases with more than one ion species,
the lower hybrid resonance usually cannot be calculated analytically but must

be computed numerically.
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FIGURE 3.9 (C) FUNCTION N? IN THE THIRD S=0 ROOT REGION

Figure 3.9(c) shows the third root of § = 0 and this hybrid resonance is
located at a frequency greater than the electron cyclotron frequency. This one
is called the ‘upper hybrid’ resonance. The upper hybrid resonance is mainly
due to the motion of electrons.

The above figures 3.4-3.9 are all shown to scale. As discussed, the
plots span a very wide frequency range from the ion cyclotron frequency to
the electron cyclotron frequency and above, so we have to show multiple
figures in the different frequency regions for a clearer view. Next I want to
show the figure not to the scale to give a better idea how the index of
refraction changes as the frequency changes. Figure 3.10 shows the relations
of S and N for the Deuterium-Hydrogen-Electron plasma for deuterium and
hydrogen are both 50% of the density. The main difference is that the upper

hybrid resonance should be very far to the right.
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FIGURE 3.10 THE INDEX OF REFRACTION AS A FUNCTION OF FREQUENCY NOT TO SCALE FOR
50%DEUTERIUM AND 50%HYDROGEN.

At cutoffs, the index of refraction N is zero. This occurs when R or L
are zero. The index of refraction is infinite when S is zero, which occurs at
resonances. For our Deuterium-Hydrogen-Electron plasma, there are two ion
species and electrons, so there exist three resonances. The ® @® dashed lines
corresponding to three different roots when S = 0 are the ion hybrid
resonances, lower hybrid resonances and upper hybrid resonances

respectively. Cutoffs occur at @, the root where R=0 and ®, two roots where

L=0. As we mentioned earlier, each species in the plasma will result in one
hybrid resonance. If we change the density of the two ion species instead of
50% each, but 99% Deuterium with 1% Hydrogen and the plasma is still

neutral.
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FIGURE 3.11 THE INDEX OF REFRACTION AS A FUNCTION OF FREQUENCY NOT TO SCALE FOR
99%DEUTERIUM AND 1%HYDROGEN

Compare Figure 3.10 and 3.11, the upper hybrid resonance is
unchanged because it is dominated by the electron motions as discussed. The
ion hybrid resonance and lower hybrid resonance move closer to each other. If
we eliminate the Hydrogen from the system, only one ion and one electron

species remain.
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FIGURE 3.12 THE INDEX OF REFRACTION AS A FUNCTION OF FREQUENCY NOT TO SCALE FOR
ONLY ONE SPECIES OF ION: DEUTERIUM
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Figure 3.12 shows as there is only one ion species, there are no longer
three hybrid resonances only two. One of the remaining resonances is the
lower hybrid resonance; the other is the upper hybrid. This matches what we
discussed earlier, each ion species results in one hybrid resonance. The hybrid

resonance because of the electron motion is again unchanged in this limit.

3.4 The Kaufman & Ye model

Because the traditional methods eliminate all Variablés in terms of the
electric field, they can obscure an important phenomenon: when a collective
wave crosses a minority gyroresonance layer there is a disturbance that
evolves in the velocity channel which carries energy and momentum [30]
[31]. Following this disturbance in the velocity field becomes particularly
useful when we want to understand resonance crossing in nonuniform plasma.
For the uniform case, we simply note that by keeping the velocity field and
electric field on an equal footing means we return to Equation (3.17) and keep
nine variables (the velocities and the electric field).

In summary, following Kaufman and Ye, we eliminate all the variables
in favor of the electric field, and the particle velocities. Because we are
concerned with frequencies in the ion—cyclotron range, which is far from the
electron cyclotron resonance frequency, we also eliminate the electron
disturbance in terms of the ion velocity fields and the electric field. We used
Equations (3.11) and (3.12) to eliminate the magnetic field and electron
particle velocities in terms of the electric field and ion velocities. Equation

(3.16) gives a relation between the electric field and the ion particle
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disturbance. So the eighteen unknown variables E(i,t),ﬁ(i,t),ns(f,t),ﬁs (Z.1)
(s = deuterium, hydrogen and electron) will reduce to nine variables:
E(%,1),V,(%,1),Vy (%,) . Appendix A shows in detail how to get the equations
for the nine remaining unknowns from the cold plasma equations. We

consider a special case that selects the unperturbed magnetic field as the z

direction and then pick the particle disturbance direction as the x direction,
which means k = kX, k, =0,k, =0 _ In this situation, the dynamics along and

across the magnetic field decouple and the wave equation in (k, @) space will

reduce to two uncoupled block matrices (the off-diagonal blocks are zero):

R (z;:szo
§§x3 Z;xl

E;

Vor E

5 2
it = =

~ VH:

VoL

Var
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D, —iwf’finle, —iwf’fn,’e, -%k’ 0 0
%e—" i(0+9Q,) 0 0 0 0
\ My
%—e—"— 0 (w+Q,) 0 0 0
R =| ™
—Ek’ ] 0 D,, -iwfifinye, —iaf’f n,e,
0 0 0 14 jw-a,) 0
fimy
0 0 0 Lo 0 i(w-9,)
fimy
(3.29)
= . 3.2 0 . 23,2 0
D, —iwfifiny,e, —iofifin, ey
1 e )
B§x3 = ——= o 0
- fimp
l e .
_—_H 0 iw
fimy
- k? n’e’ 0}
_ 2,..2 2 p2
D11=_fl w +_+f1 f3 —
2 0+Q,
~ k? n’e® o
— 2,2 2,27%%% ¢
Dzz =_f1 ) +""'+f1 f3
2 ., 0—8,
0.2
N p2,.2 2 2,2 1.€
Dy=~f 0" +k" + f"f,"—=
me
(3.30)

In summary, the dynamics across the magnetic field (the x-y direction)
decouples from the dynamics along the magnetic field (the z-direction). For

the z component, because the uncoupled magnetic field and the particles are

moving in the same direction, the term #' x B®in the Lorentz force vanishes
and the solution to this problem is discussed in [32]. We will be more

interested in how the electric field interacts with the particle motion in the x-y
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direction. So we will concentrate on that six-dimensional block, with the

notation defined in Equation (3.28):
R (ko) Vi (ko) =0,
For nontrivial solutions V., (k,a)) , the determinant of
det R;? (k@)= 0, which gives the dispersion relation of @ and k.

We will look at two examples. Figure 3.13 shows Deuterium and Hydrogen

both at 50% density.

FIGURE 3.13 THE DISPERSION RELATION IN THE POSITIVE FREQUENCY REGION FOR
50%DEUTERIUM AND 50%HYDROGEN

Figure 3.13 shows that there are two fast wave modes @ = *c_ k , where
C,is the Alfvén wave speed of the system. The standing wave mode, which
crosses the middle of two ion cyclotron frequencies, occurs because we used
the Kaufman-Ye approach, keeping the velocities of the two ion species as
dynamical variables. This ‘mode’ used to appear as a singular denominator in

the traditional approach, but it now appears as a new branch of the dispersion
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relation, with avoided crossings. The ion hybrid resonance appears as a
horizontal dispersion curve, implying that ‘mode’ has zero group velocity.
We will see what this means physically in the next Chapter.

Next we will look at a different density for the two ion species, when
one of the ions is a minority: 99% Deuterium and 1% Hydrogen as Figure

3.14.

k

FIGURE 3.14 THE DISPERSION RELATION IN THE POSITIVE FREQUENCY REGION FOR
99%DEUTERIUM-AND 1%HYDROGEN

When Hydrogen becomes the minority, the fast waves are still the
same, but the ion hybrid resonance moves up to the vicinity of the Hydrogen
cyclotron frequency.

As we will see, in the nonuniform problem the region where two
modes are nearly degenerate, the ‘avoided crossings’, now become local in x.
When waves cross these resonance layers, they can exchange energy and
action with each other. In the nonuniform setting this is called mode

conversion. The Kaufman-Ye approach shows that resonance crossing in
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plasmas is really a pair of avoided crossings, which is obscured in the

traditional approach.
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Chapter 4

Waves in nonuniform plasma far from

resonance

We discussed waves in uniform plasma in Chapter 3. There we carried
out the Fourier transformation for linearized cold-plasma model of
Deuterium-Hydrogen-Electron plasma. We introduced both the traditional
method and the Kaufman & Ye method to perform the calculation and
described the dispersion relations in both formulations, noting that certain
resonances that appear as singular denominators in the determinant using the
traditional approach appear as zeros of the determinant (i.e. they are related to
dispersion curves) in the Kaufman-Ye formulation. Therefore, in the KY
formulation, a resonance crossing will look like an avoided crossing. This
shows that what is called ‘mode conversion’ in plasma physics is in fact
deeply connected to Landau-Zener [33, 34] or ‘level-crossing’ [35,36]
phenomena that are familiar in condensed matter or AMO physics.

In the current chapter, we will study these cold-plasma waves in
nonuniform plasma. The undisturbed magnetic field strength will be allowed
to vary in space. For simplicity, we assume the non-uniformity is only in the

x-direction. The zeroth order magnetic field is again assumed to lie in the z-

direction: B’ = B(x)z . These assumptions can be relaxed without changing the
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WKB analysis described below, but for ease of comparison with the uniform
plasma results of the previous chapter we restrict ourselves to adding only one

new twist to the problem.

4.1 Local resonances

In the nonuniform case we must be careful about operator orderings.
Because the background is constant in time we can still Fourier transform
from the time to the frequency domain. However, we will be using wave
packets to study the resonance crossing numerically, hence we will return to
the time domain at that time. The linearized cold plasma model (Maxwell +
mass and momentum conservation) consists of Equations (3.2)-(3.6) once

again, while equation (3.7) becomes:

1,
v, (£.2) _ iiE‘(},t)+£\7;(5c',t)X B°(x)z 4.1)
ot fim, m,

Thus the six fundamental equations are:

Vx B'\G0)= 2123 nle i (F,0)+ f(-iv)E'F ) (4.2)
Vx E'(F,0) = iofB'G,0) (4.3)
VeE'\Z,0)= £ ,il(%,0) 4.4)
V.B\(%,0)=0 (4.5)

—iwf! (%,0) + Ve(ny (%,)) = 0 (4.6)

And the momentum conservation law is written in x,y,z components:
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o e =, . s
i (%,0) = ——E,\(%,0) + Q,(x)7" (£,0)
lm:

. ol g 1 e
—za)viy(x,a))=— s

fim,

E}'(Z,0)-Q,x)V, () (4.7)

1 -
P (,0) = — E\(%,0)
1 m.r
e, B°(x)
m

s

The gyrofrequency for each plasma species, denoted as Q (x) = , 18

[Tk

now x-dependent. The indicates the Fourier transform in time of its

original function. Because we again assume the plasmas are cold, we can
employ the Kaufman & Ye model as in Chapter 3.

Appendix B shows the details of how to express this system of PDEs
in a compact matrix operator form for the Deuterium-Hydrogen-Electron

system:

D”*(-id,,—id,,—id,,x;0)y(X,0)=0 (4.8)
where 29’(9 is a 9 X 9 matrix operator énd Y is a 9-component wave function.

For simplicity, and to minimize the computational overhead, the background
medium is assumed to vary only in the x direction. Also, our work currently
restricts the problem to variation in only one spatial dimension, hence

v =y(x,t). InEq.(4.8), therefore, when acting on y, we set id, = 0,id, = 0.
As in the uniform case described in Chapter 3, in this setting the 9x9 matrix

operator decomposes into two uncoupled matrix operators, one 3x3 block

governs the dynamics along the unperturbed magnetic field (along z), while
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the remaining 6x6 block governs the dynamics across the background

magnetic field:

D, —iwfifinle, —iwffin,le, %ai 0 0
le .
- o+Q 0 0 0 0 -
fmy 07 0o) A CR)
Lew 0 i(+Q,x) 0 0 0 Yo
fimy Vir |_ g
%33 0 0 f)zz ~iof fne, —iwffin,’e, FL
| VoL
0 0 0 7;—” i(@-Q,(x)) 0 Vi
1 D
1 e, .
0 0 0 T 0 i{w-Qy(x))
1 H

Where we have introduced the operators

02
e (0]

9> n
_ 2w2__x+ 2,02 %Y e ,
5 2 U m, w+Q,(x)

Dll

0 2
e, o

D: _f2w2_§__)2:_+f2f2ne
22 1 2 1J3 m w_Qg(x)'

e

We note that, because we are interested in frequencies that lie in the ion-
cyclotron range, the denominators associated with the electron cyclotron
resonance are non-singular.

In Chapter 3, where we discussed waves in uniform plasma, we
mentioned that the Fourier transform converts the wave operator to an
ordinary matrix that depends upon k and @. The determinant of this matrix is
the dispersion function, and the zeros of this function define the dispersion
curves. In the current chapter we are dealing with nonuniform — though
stationary -- plasma. Therefore we can only Fourier transform in time.
However, the models we have derived have an important special property:

there are no terms that mix x and -id, in the current 6x6 matrix. Therefore,
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ordering issues don’t appear and we don’t need to invoke the full generality of
the Weyl symbol calculus [37], which would be needed for more general

cases. The symbol of the 6x6 cold plasma operator is therefore what we would

naively write down by simply replacing -id_ by &:

D, —iwﬁf“z np'e, —iwf'lf’z n,'e, Ly 0 0
f A 2
%e—" i(0+Q,(0) 0 0 0 0 (4.10)
L My
i};—" 0 {o+Q,x) 0 0 0
R = L 1p2 3e2
—%kz 0 0 D,, —iw———f'ff-‘ nylep —iw—f'ff" n,’e,
0 0 0 %% i(@-Q,(0) 0
0 0 0 %;—” 0 i(0-9Q,(x)
1 H -
- k* nle ®
— g2.2 2.2
D11=_f1w +_+f1f3 —
2 w+Q (x
€
~ k? nle? w
— f2,.2 2,2
D22=_flw +“_+flfa —=
2 . w—8 (x)

Before considering the cold plasma problem, we consider WKB theory
for vector wave equations more generally, introducing notation and deriving
some important general results. We then return to the cold plasma problem in

subsequent sections.

4.2 the WKB method

In this section, we will review the WKB method for solving vector
wave problems. When there are no caustics or mode conversions, the WKB
method --also known as the ray tracing method -- is effective for solving wave

equations.
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Here I want to talk about the general case of a wave equation in
multiple spatial dimensions. We also assume we have a vector wave problem.
The medium is time-independent but varying in space. We assume the wave
operator is finite-order in the derivatives. (This could be generalized using the
Weyl calculus, but the assumption is sufficient for the problem of interest in
this thesis.) Hence, we consider a general wave equation of the form:
D(x,—iV,id,)- y(¥,1)=0(4.11)
where X = x,X,...X,.
Fourier transforming in time gives:
D(x,~iV,0)-y(x,0)=0 (4.12)
Since the frequency wis just a fixed parameter, we can suppress it for
notational simplicity but emphasize that all the results that follow hold for a
fixed frequency. We will have to revisit this when we talk about wave packets
later. Our wave equation is now of the form:
D(x,—iV)-y(X)=0 (4.13)
We are interested in solutions of this equation which have a phase that is
rapidly varying compared to the background. To set up the asymptotic
calculation, we now introduce a formal small parameter ¢ in front of the
gradient. Doing the calculation in this manner allows us to keep the
background variation on a fixed spatial scale while taking the wavelength of

the oscillations to zero as ebecomes small. We start with a trial solution,

which is called an eikonal ansatz:
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8(X)

PER)=AFe © 2(F) (4.14)

We assume the background medium is weakly inhomogeneous, the phase

factor 6&) varies more quickly than both the amplitude A(x) and the
E

polarization vector e(X).

We assume the wave operator is self-adjoint. The system then has an
action principle:
A= [d"x§ (DDE V) (F). (4.15)
Insert the eikonal wave ansatz (4.14) into it. To leading order in ¢ this gives:
A = [d'x A3 (@)D(X,V0())-e(%). (4.16)
The variation with respect to & '(X) gives
A2(5c’)l=)(5c',V0(f)) -e(X)=0. 4.17)
For nontrivial solutions ( A(X) # 0), we must have:
Q(f,V@()’E))-é(E):O. (4.18)
At each spatial position, the polarization e(X) must be an eigenvector of the
matrix l=)(?c,V0(2)) with zero eigenvalue. Define the local wavevector:
k(%)=Vo().
Following the development of the uniform medium theory, we now define the

dispersion function 2 which is the determinant of the matrixQ(E,E(i)) :
?(%.k(%)) = det(D(%,k())).

For nontrivial solutions we must have:
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2(%,k(F)=0 (4.19).

This is the Hamilon-Jacobi equation. It is a nonlinear partial differential
equation for the unknown phase. Equation (4.19) can be solved locally — but
not globally in general -- using ray tracing methods in phase space.

Ray phase space is formed by adjoining the n-dimensional space X
and n-dimensional wavevector space k into a 2n-dimensional space

= (52 k ) =(z,,2,-- .zZn) where the wavevector space k is now treated an

independent variable. When we enforced the relation that k=k(Z)=VoiE),
we defined an n-dimensional surface (?c,l;(ic')) in the 2n-dimensional phase
space, and this surface is called a Lagrangian manifold. The phase function
0(X) can be constructed by launching a family of rays with the given initial

conditions. This family of rays on the Lagrangian manifold can be used to

construct the phase function by integrating kdx along each, as described on the

next page.

Since we assumed the wave operator is self-adjoint, the matrix
D(z)= Q(TC,E (5c')) is Hermitian. Therefore, there are n real eigenvalues
D,(Z). Ifthey are nondegenerate, there will be n corresponding eigenvectors
e /2),j=1,2...nthat are orthogonal. Therefore they form a basis. Because

we assume we are in the area away from resonances -- which means away
from the degeneracy -- there is at most one zero eigenvalue, for

example, D‘1 (Z) = 0 with eigenvector é,(Z). The determinant of the dispersion
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matrix can be written as the product of the eigenvalues:
H(Z)=D,(Z)- D,(Z)-+--D,(Z). The locus of points for which D,(Z)=0
gives the dispersion surface of wave 1. On this dispersion surface, rays will

propagate with the ray Hamiltonian 2(Z). Also, D,(Z) can be chosen as the

ray Hamiltonian. This gives the same rays, but with a different
parameterization. '

For any two scalar functions f(Z) and g(Z), the Poisson bracket is
defined as {f,g}=V.f V.g-V.f-V.g. The ray Hamiltonian 3(Z)

generates the ray by

L= {2(2).2} (4.20)
Thus we have X =-V,2(Z), k = V_2(7) and the associated phase can be
B, e Too  di
constructed as 6,(¥) =6, + [ k(¥)-di'=6, + | k(7,0 —do" by
% o, o

following the ray o, where 0, is the initial condition for the phase; o, is the
initial point of this ray. Note that we must choose initial conditions where

P(7,)=0. [38]

! Consider n=2 as an example for simplicity: 2(Z)= D,(z)- D,(Z), and
suppose D,(Z)=0, but use the determinant as ray Hamiltonian. Then:
dz - = - - - -

E = {%(z),z} = {DIDZ’Z} =D, {Dz’z} + DZ{DI’Z} =D, {Dl’z} . The

INTS
I

. . do
factor of D; can be absorbed into a new ray parameter via: Pt D, . Then
c

dz -
E = DZ{DI’Z}'
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Because the phase 6(X) appears in equation (4.16) only through its
gradient we can shift the phase 8(X) by an overall constant leaving the action
invariant 8(x) = 6(x)+ 6, . By Noether’s theorem [39], there is an associated

conserved quantity, which is the wave action flux density

J@)= —Az(k’)[V (E@D(3.k)- é(fc))] _ - Varying the action with

k=V6(
respect to the phase gives the conservation law (recall we are assuming no
time-dependence here) V- J = 0. The conserved action flux density

associated with the zero eigenvalue D, (Z)is:

and V- J, = 0 will give an explicit

J®=-a®| VD ()]
expression for the amplitude propagation. This equation typically does not
have global solutions: it breaks down near caustics or in conversion regions.
The proper treatment of caustics is discussed in the work of Delos [40],
Littlejohn [41] and others. In the problem considered in this thesis, however,
we are concerned with the breakdown of WKB in conversion regions, so we
consider a simplified problem where the ‘caustic’ that appears is
straightforward to deal with (as we’ll see, the conversion from the ‘fast wave’
to the ‘ion hybrid’ mode looks like conversion at a caustic).

The polarization propagation is discussed in [42, 43, 17]. We will not
need the polarization transport results here, however, because we will be
carrying out direct numerical simulations on the one hand, and using a local

construction on the other hand for finding the “uncoupled’ polarizations

(sometimés called the ‘diabatic basis’ in the AMO literature).
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4.3 WKB method on an example vector problem

We discussed WKB methods for generic vector wave problems in
section 4.2. In this section, we will introduce a simple wave problem in a
background that is weakly varying in space and constant in time as an

example.

. 2 . 2
[(za,) - f—zax) o J(‘/’a("’”) ~0 (4.21)
n id, - Q, (x) \y,(x,1)

Where 7 is the constant coupling and €2,,(x) is a spatially dependent

gyrofrequency for Hydrogen. There is a very simplified version of the local
wave equation governing the interaction between the fast wave (in channel
‘a’) and the hydrogen gyroresonance (in channel ‘b’). In later chapters we will

provide a more formal derivation of a similar 2x2 model directly from the

cold plasma model, so this simple model is actually more than a ‘toy’.

(19,)* — (=i, ) n
n' id, —Q,, (x)

1

Because the matrix ( ] acting on the

HEN)) I ' :
v is time independent, we can Fourier transform the

wave vector (
v, (x,t)

‘Va (X,t)) = (lpa (x)

equation in time by inserting ( )e'i“” , which gives us:

l//b(x’t) l/7b(x)
2 N (2 ~
e—ia)t (w - (:lax) n ](Vfa (X)J -0 (422)
n w— QH (X) l[/b(X)
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v (x . A (x
If we insert a WKB ansatz (W”( )] - erﬂ(x)( 2 (%)

i , assuming the
7, (x) &uJ ¢

two-component wave function has a rapidly varying phase 6(x) and slowly

A (x
varying amplitude and polarization ( o )j , we get:
A, (x)

o _k? A
¢ go| @ . n .[ “(x)] =0 (4.23)
n 0 —Qy(x) )\ A,(x)
do . . . [Ax)
where k =— . For any nontrivial solution for the equation: =0, we
dx A, (x)
have
2 _ k2
det(w ) " J =0 (4.24)
n - QH (X) .

Equation (4.24) defines a 2-dimensional dispersion surface in 3-dimensional
space (x,k,m).

If the coupling 7 is zero, the dispersion function (4.24) becomes

o’ —k* 0

ib(w,k,x)=det(
0 -, (x)

):@f—ﬁﬂw—ﬂﬁﬂ)(4%)

which has two eigenvalues, one associated with the fast wave, and the other
the hydrogen gyroresonance. Considered, instead, as a function of ® for fixed
x there are three distinct branches of the dispersion function:
O=xk,0=Q,(x).

For each spatial position xy, the zero eigenvalue gives a condition on

the wave number @ = *+k and the gyrofrequency is w = Q,, (x.).
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w = —K w=kK

FIGURE 4.1 THE DISPERSION CURVES FOR FIXED SPATIAL POSITION X.

In Chapter 3, we mentioned the group velocity that describes the propagation
of the energy/ amplitude or envelope of the wave packet and phase velocity

that describe how the carrier oscillation of the wave packet changes.

) - B0}
According to the definition, v, =——,V

ok *

= % The eigenmode

w=k=v,=Lv, =1
o = tk gives and it is the ‘fast wave’ mode; the
w=—k=>v,=-lLv, =-1

positive mode is the right-moving direction while the negative mode is the
left-moving direction.

In figure 4.1, the blue 2), = @* — k* mode is the fast moving wave
mode with the left (the minus ko branch) and right propagation waves (the
positive ko branch) in space x. The group velocity and the phase velocity have
the same value for all w, hence these waves are dispersionless. We will derive

the ray equations momentarily.

. . Q * .
The dispersion curve @ =€, (x,) has v, =0,v,= % = % tisa

standing wave because the group velocity is zero. The red curve in Figure 4.1
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is where 2,, = @ — Q,, (x) = 0. Because there is no constraint on the wave

number for this mode, the phase velocity can be freely changed. In figure 4.1,
the two modes cross at the green dots, where the phase velocities of the two
modes are equal. This is called the “ mode conversion” region, for each choice
of frequency it will occur at a different position x» determined by the
condition Q, (x,) = ®,, hence the resonance for a given frequency is now
localized in x.

Ignoring mode conversion for the moment, we can ask what ray orbits
look like for these two modes. In order to do that we must therefore extend
our point of view to include the x-domain and view the dispersion functions

on the three-dimensional space (x,k, ).
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FIGURE 4.2 THE 3D DISPERSION SURFACE FOR THE FAST WAVE

Figure 4.2 shows the fast wave dispersion surface where
P, = 0> — k> = 0 in the three-dimensional space (x,k,®). It is independent of x,

so it is invariant in the x-direction.
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FIGURE 4.3 THE 3D DISPERSION SURFACE FOR THE GYROFREQUENCY STANDING WAVE MODE

Figure 4.3 shows the dispersion surface where 2,, = ® — €2, (x) =0, there is

no k dependence, so the surface is invariant in k.
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FIGURE 4.4 THE 3D DISPERSION SURFACE FOR THE TWO MODES

Figure 4.4 shows the dispersion surface where 2, - 2,, =0. The two
modes intersect at places that are x-dependent. For a wave with a fixed
frequency carrier, it will cross the resonance at a certain space x point with a
definite wavenumber.

Figure 4.5 illustrates the ray orbits in x-k phase space of the two
different modes. The blue positive branch is for the right-moving wave while
the blue negative branch is for the left-moving wave. The red one is the

standing wave — i.e. the hydrogen gyroresonance. Equation (4.20) gives the
motion in k space: k = V_(Z). The fast wave mode 3, = w* — k? is space-

independent so it is motionless in & as indicated in Figure 4.2. The standing
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wave mode 2,, = @ —Q, (x) is x-dependent. Thus % = 92(z) =— 9, (x) ,
ot ox ox

the standing wave mode, which is stationary in x space, but propagates in £

space.

4 A

ko | K
. —
s X

< L

_ko
@ 3 Q[l(xt)

FIGURE 4.5 THE DISPERSION CURVES FOR FIXED FREQUENCY.

Notice that the red ray, associated with the hydrogen gyroresonance, is
vertical and, hence, looks like a (highly degenerate!) caustic in x-space. This
is what we were referring to earlier when we mentioned that in this problem
‘conversion occurs at a caustic’. In fact, Figure 4.5 shows we have two
conversions lying over one another in x-space. They are separated in phase
space, however, which will allow us to develop a modular approach to the
resonance crossing problem, treating the two conversions in isolation.

If the coupling is not zero, then the two pictures will be modified in

the area when two modes cross. The dispersion function is now:

wZ_kZ n

M, k,x)= det( .
n -8, (x)

J: (0” - k) (0 -, (x)-|n".
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We mentioned previously when the phase velocities for the two modes are
equal, they are degenerate and mode conversion occurs and the WKB methods
fail.

Away from the mode conversion area, we use the WKB method to

calculate how the waves propagate. Initial conditions are chosen so that

2 2

-k,
o,k ,x, satisfy det(w0 Ll " ) = 0. The corresponding null

n (00 _QH(xo)

7 A (x)) .
eigenvector completes the WKB ansatz at xo: (Vf" (xo)) = ( a °)] e,
v, (x,) A, (xo)

Away from x, the amplitude is chosen to be a Gaussian with a width that is
large compare to a wavelength of the carrier oscillation, but small compared
to the length scale over which the background changes. When w, = -k, , this
gives a left-moving wave packet; while for @, = k, we would get a right-
moving wave packet. The envelope of the wave packet is updated using the
group velocity while the carrier is updated using the phase velocity.

Figure 4.6 indicates the avoided crossing phenomenon in the (@, k)-
space for fixed xy9. The dispersion curves clearly show an avoided crossing at
two points. The fact that the dispersion curves reconnect in the manner shown
is physically important: for all real values of & there are only real roots of the
dispersion relation w(k). If the avoided crossing had a gap for some values of
real £, it would imply that for those values of & there were complex

frequencies, hence the possibility of instabilities.
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jw = Quixp)

FIGURE 4.6 MODE CONVERSION IN (1-K SPACE FOR FIXED POSITION Xo THESE ARE DISPERSION
CURVES. NOTE THE AVOIDED CROSSINGS.

In Figure 4.7 we draw the rays in phase space. These are
representational only to illustrate what the avoided crossing phenomena looks

like in the x-k space for fixed ay. Signals propagate along the rays (unlike the

dispersion surfaces of the previoué figure).

k.

T 9 Y i T T ) X
...ko- \

w=0, (x.)

FIGURE 4.7 MODE CONVERSION IN X-K SPACE FOR FIXED FREQUENCY ®y. THE BLACK CURVES
ARE RAYS.

We now consider how to apply these ideas to the original cold plasma model.
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4.4 WKB method on the Cold plasma problem

In this section we will revisit our cold plasma equations by using the
WKB method when away from the resonances. Before we focus on the
uncoupled modes, we first examine the dispersion curves for a fixed x point
for a 50%Deuterium-50% Hydrogen density ratio plasma. Figure 4.8 shows
the dispersion curves, now for our full cold-plasma model, in the ion-
cyclotron frequency range for the full cold-plasma model with this density

ratio. Compare this Figure 4.8 with Figure 4.6, which are the dispersion

curves for our 2x2 ‘toy’ model, Equation (4.21).

T W
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C f /\ ] -
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;j’f,., :
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T
- /Q
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1

e

FIGURE 4.8 DISPERSION CURVES FOR 50% DEUTERIUM-50% HYDROGEN WITH ELECTRON IN ®-
K SPACE FOR A FIXED POSITION X > Xx THESE ARE DISPERSION CURVES CALCULATED USING
THE FULL COLD PLASMA EQUATIONS.
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In Figure 4.8 the red circles are the mode conversions of the positive
ion-ion hybrid mode and the fast wave mode; the blue circles are the mode
conversions of the negative ion-ion hybrid mode coupled with the fast wave
mode. Note that we have chosen our time scale to be the cyclotron period for a

proton, hence Qu =1 and Q2p=1/2. Because we will choose a wave packet with

positive carrier frequency, we will be more interested in the area of the red
circle. Far away from the red circle mode conversion region, the waves
behave similar to a fast wave mode or a pure resonance. The fast waves
propagate to both left and right direction with a well-defined group velocity,

oD
__/ok

© %

far from the crossing and the wave number for the carrier is negative, which

v and phase velocities v, = % In area 4, the fast wave mode is

gives a negative group velocity and phase velocity. When the group velocity
is negative, it means the envelope is moving to the left. In the area B, the fast
wave mode is far from the resonance and both the carrier frequency and wave
number are positive, which gives a positive group velocity. Hence, the
envelope propagates to the right. We set our initial wavenumber and carrier in
a region like 4 with the wave packet position to the right of the resonance in x.
The ‘mode’ associated with the ion-hybrid resonance does not
propagate in x space but does propagate in k space as we discussed in section
3.4. There are no constraints on & in this mode. The group velocity is zero, the

envelope is stationary in x space and the phase velocity can be any value. It is
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positive at the point D where k& is positive and negative in the area C where £
is negative.

Next, we will study the polarization of the dispersion curves away
from the crossings. At C and D the amplitudes of the polarization components
are dominated by the ion motion with almost zero contribution from the
electric field. This means the energy of the gyroresonance mode away from
the crossing is mainly carried by the particles’ motion, not the field. At 4 and
B, but also away from the crossings, the amplitudes of the polarization
components are evenly distributed between the electric field and ion motion.
However, the energy is mainly contributed by the fields, as we will show by
deriving the wave packet energy in detail in Chapter 6. This completes our
discussion of the problem far from resonance, where the WKB approximation

is valid. We now turn to the local behavior within the resonance region.
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Chapter 5

Waves in nonuniform plasma at

resonances

We discussed the wave propagation in nonuniform plasma away from
the resonances, where the polarization and amplitude of the eikonal ansatz of
WKB method are slowly varying. In this chapter, we will concentrate on the
wave equations we studied in Chapter 4 at resonances, where the WKB

approximation fails.

5.1 Reduction to the 2x2 form

Although WKB breaks down in mode conversion regions, the ray
geometry in the conversion regions can still be employed to develop local
wave equations governing the two coupled wave modes undergoing the
conversion. At the ray tracing level of description, mode conversion appears
as a ray splitting event, where one incoming ray turns into two outgoing rays —
the transmitted and converted rays. The local wave equation can be solved to
find the initial phase and amplitude of these outgoing rays. These WKB
connection formulae are summarized by an S-matrix. [18].

In Chapter 4, we discussed the dispersion curves for a fixed position

x. of the cold plasma equations in (@, k)space. Here I want to change the
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perspective by fixing the frequency in the ion cyclotron frequency range,

o = w, and show the dispersion curves in the phase space (k,x).

converted

_ conversion 2 reflected
standing wave

fast wave

X

100 200

- incoming
fast wave

conversion 1

transmitted
fast wave

FIGURE 5.1 DISPERSION CURVES FOR THE COLD PLASMA EQUATIONS IN PHASE SP'ACE FOR A
FIXED FREQUENCY @), . THESE ARE RAYS, BUT NEAR THE CONVERSIONS WK B BREAKS DOWN.

There are two conversions in Figure 5.1. Let’s take a closer look at
conversion /. As mentioned earlier, away from the conversion, the
polarizations following the ray change slowly, but they rapidly change near
the conversion. We can interpolate to get the polarizations at the conversion
point (k.,x.) for the two constant uncoupled modes e, (k.,x.) and e, (k.,x.).
(We adopt the convention that the uncoupled modes are labeled with Greek
indices.)

Consider Figure 5.2: There are two rays: ray a (in green) and 5 (in
purple). Following ray a, this transitions smoothly between the incoming ray

of uncoupled mode o and the outgoing converted mode A. Ray b behaves

similarly. We interpolate between these two pairs of polarizations to the
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conversion point (k,,x,) and get the two uncoupled constant polarizations

e, (k.,x,) and e, (k.,x.).

FIGURE 5.2 LOCAL RAY GEOMETRY AND THE POLARIZATION AT EACH POINT ON THE RAYS.
e, (k.,X.) 1S CONSTRUCTED BY LINEARLY TRANSPORTING THE INCOMING AND OUTGOING RED

POLARIZATIONS TO THE ORIGIN, THEN AVERAGING €, (in) AND e, (out) ; €, (k. ,x.) 1s

CONSTRUCTED SIMILARLY BY AVERAGING THE BLUE POLARIZATIONS €,(0ut) AND ¢, (in) .
For each fixed value of frequency @ = ., the 6x6 cold plasma
equations are:
D% (x,-id,)- y(x)=0 (5.1).
We now use the uncoupled polarizations for the fixed frequency @ = w, to

introduce a new ansatz appropriate for the neighborhood of the conversion. In

that local neighborhood, lg(x) is taken to be of the form:

V() = Yo (D)8, (k. x) + Y, (008, (k. x.) (5.2).
Inserting this new ansatz into the action principle we find:

A= J‘dleT ’ Q ) l/_’ = J.dx[Waéa + Wlé/l]T ) é [Waéa + l//lé/l] (53)
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The variation with respect to the uncoupled amplitudes y, and y, gives the

reduced wave equation:

ém(x,—iax)("'“(x)) 0. (5.4)
- l//,1()5)

The 2 x2 form of wave operator is

bZXZ(x’_ia )= éaa(x’—iax) l:)wl(-x,_iax) ,
- ) DM(x’—iax) ,U,(x,_iax)

where the operators D, (x,—id,)= ' -l;)m(x,—iax) -e,,and m,n=(c,A).

The four operators ﬁ”m (x,—id, ) are linear combinations of the original entries
of the 6 X6 wave operator l;)‘”‘6 (x,—id,) because the uncoupled polarizations
are constant. And -- just like the 6 X 6 wave operator for our cold plasma
model -- there are terms that mix products of x and —id, in the 2 x2 wave

operator. Therefore, we can still avoid invoking the full Weyl symbol calculus
and we can easily obtain the symbol of the 2 X 2 operator by simply replacing
—id, by k:

D, (x,k) D, (x,k)

,where D_ (x,k)=¢é' -D*°(x,k)-¢,, and
D, (x,k) D,,(x,k) =

szz(x,k) :(

m,n=(ct,A). We now Taylor expand the 2 x 2 symbol of the wave operator
[44] around the conversion point (x.,k.). The diagonal terms are zero at the

leading order because the polarizations project the 2 X 2 matrix onto the
uncoupled modes. The off-diagonal terms are constant at leading order. The

2 x 2 form of the wave operator therefore has the following reduced form:
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D, .
o n

oo

(x=x)

+(k—-k,)

X,k X ks

. aD,, oD
- x, k—k)—2
n (x-x.) . +( ) %

Xo ke Xe K

(5 5
(2]

where 7j =&/ - D”°(x,,k,)- ¢, .

Referring back to Figure (5.1): If an incoming wave packet is launched
in the (red) fast-wave mode, at the lower conversion the transmission

coefficient and conversion coefficient are defined as [15]:

P 27:1)%
=, pom=—2T) ;
= P = Gl

where the normalized coupling constant is defined n = T with

B
B= {Da ,Dl} the Poisson bracket of the uncoupled dispersion functions. The

bracket is evaluated at the conversion point. In the current case the value of

3Q,(x)
ox

this bracket B={D,,D, } = (clno e’y )k is proportional to

the product of 1] the wavenumber at the conversion point, 2] the gradient of
the nonuniform background at the conversion point, and 3] the densities of
hydrogen and deuterium; c; and c; are constants related to the constant
uncoupled polarizations.

The wave packet energy splitting at the conversion can be predicted by

the transmission and conversion coefficients. The fraction of energy
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transmitted is |7]” and the fraction converted is |B|” . Energy conservation is

guaranteed because by properties of the I'-function: |z +|B|" =1 [18].

This is the S matrix prediction for how energy will split when an
incoming ray is crossed the conversion region, splits into a converted ray and
a transmitted ray. The transmission and conversion coefficients can be used to
predict how the energy is transmitted and converted. As we have shown, the
whole derivation is for a fixed frequency. We will compare this S matrix
prediction for the energy transfers with the full wave calculations for a narrow
banded wave packet crossing the conversion region. It is important to note
that with a wave packet there is a range of frequencies in a narrow banded
wave packet, though the spectrum is dominated by the carrier frequency.
Strictly speaking, the frequency dependence of the S-matrix predictions must
be taken into consideration. However, the transmission and conversion
coefficients are smooth functions of the frequency, hence the results for a
narrow-banded wave packet are very close to the single frequency ones. We
neglect this subtlety in this thesis, and find we still get good agreement

between the ray-based S-matrix predictions and the full-wave simulations.

5.2 Double conversion for the cold plasma models

Figure 5.1 shows that in the resonance-crossing problem, there are two
conversions in ray phase space that lie over one another in x-space. We will
discuss each of them here in detail. When we launch an initial fast wave

packet from the low-field side of the resonance (in Figure (5.1) this
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corresponds to the red ray entering from the lower right), it propagates in x-
space until it reaches the mode conversion region /, and the conversion
occurs. The wave packet splits into a transmitted fast wave packet and a
disturbance in the ion motion that does not propagate in x but propagates in k-
space until this converted wave packet arrives at the mode conversion region
2. That is, in x-space the group velocity of the wave packet is zero, but the
carrier oscillation evolves. Now the previously converted standing wave
packet from conversion ! is the ‘incoming’ wave packet for conversion 2. The

local 2x2 matrix operator for region 2 governs the coupled wave propagation

in the second conversion. Part of the energy is now converted to a reflected
fast wave (the red ray traveling to the upper right in Figure (5.15)) while the
rest of the energy is fransmitted through the second conversion and continues
to propagate in k-space. Eventually, the carrier oscillations in the standing
wave packet develop very small spatial scales and the wave will dissipate, but
this physics is not included in the present model.

Because there are two conversions in this problem, we need to reduce

from the 6x6 form of the wave operator to the 2x2 normal form af each local
conversion point. The cold plasma 6x6 matrix is quadratic in & and therefore,
if the conversion point in mode conversion region / is (—k.,x,,®.), in region

2 the second conversion will be at (k.,x,,®,) 2 In both conversion regions,

2 N.B. This is a special property of the one-dimensional problem. In two or
three spatial dimensions the ray geometry is much richer and further
complications can arise. But, we have found that it is often still possible to
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the off-diagonal coupling term is the same. Thus, the transmission and
conversion coefficients of these two conversion regions are the same. If we set

the incoming wave packet energy to be 1, after the conversion region / the

transmitted fast wave packet energy is ]T|2 and the converted standing wave

packet energy is |B|" . When the converted wave packet propagates to arrive
later at conversion 2, the reflected wave packet energy has undergone two
conversions; hence the reflected wave packet has the energy |B[* |8/ =|8][*.
After this second conversion, the ‘transmitted” wave packet will continue
propagating in k-space, with the energy | ﬂ|2 . IT|2 . The total energy in all wave
packets after the two conversions

islt]* +|B* +|B]" - |7 = |2[" +|B[’ (|B|2 + |T|2) =)t +|B|" =1, which indicates

that total energy is conserved after two mode conversion regions.

treat the conversion ray-by-ray and that it is still very useful to think of
gyroresonance crossing as a ‘double conversion’.
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Chapter 6

Numerical calculations and comparison

with theoretical predictions

In the previous chapters, we have derived the 6x6 matrix form of the
wave equation for our cold plasma problem, as well as the 2x2 reduction that

governs the wave dynamics in the vicinity of the resonance. In this chapter,
we will discuss numerical methods to solve these equations, as well as
carrying out a direct comparison between the numerical calculations and
analytical estimates of the transmission, conversion and reflection coefficients

based upon the modular S-matrix approach of Kaufman et. al.

6.1 Crank-Nicolson method

The 6x6 matrix equation for cold plasma is a set of partial differential

equations. These must be supplemented by appropriate initial conditions,
which in the present case we choose to be a magnetosonic wave packet that
approaches the resonance from the low-field side (i.e. from the right). The
numerical solution of PDE’s is a very large field of research, which goes well
beyond the scope of this thesis. Because the medium is nonuniform in space
we cannot use Fourier methods, hence we will use finite difference methods to

solve the wave equation.
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Recall the cold plasma equation in nonuniform medium is of the form:
§(iax,X,—ia,) -V {x,#) =0 . The symbol of the operator for our cold

Deuterium-Hydrogen-electron plasma is:

_ 32 3p2 1
D, —iw%nDOeD —i flff3 n,’e, —Ek2 0 0
2 2
%e" i(0+Q,(x) 0 0 0 0
1 Mp
%;—” 0 (@+Q,®) 0 0 0
RS = Lo 3,2 3.2
—lk2 0 0 D, —iw—f' fy n,’e, —iw—fl /s n,’e,
2 f 2
5 e .
0 0 0 20 i(-Q,(x) 0
Lo iu-0,0)
0 0 0 Lty 0 i(0-Q, )
fimy,
~ k? nle* )
— 2 .2 2,2
D11=—f1w +_2"+f1f3 —= Q
, 0+Q (x)
~ k? n’e W
_ 2,2 22"
D22=_flw +_+fif3 2
2 . 0-Q,(x)

As we discussed in Chapter 3, for nontrivial solutions, the determinant of the

matrix has to be zero det(Rz’xyG (k ,@0,x )) =0 , which gives us the dispersion

function of a sixth-order polynomial equation of @ . Figure 6.1 shows the

dispersion relation for a fixed spatial position.
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FIGURE 6.1 DISPERSION RELATION OF THE FULL 6X6 COLD PLASMA PROBLEM FOR A FIXED
POSITION

The dispersion function (the determinant of the symbol matrix) is a
sixth-order polynomial in @. In the ion-cyclotron range of frequencies we can
simplify the dispersion function to a fourth-order polynomial by using the fact

that f; is very small and applying the following approximation for the electron

contribution:
~ k* nle’ ) k? ne’, o
D, =-fl0" +—+ f2f} = =L 22l
= 2t m, 0+Q(x) 2 fits m, Q,(x)
~ k? nle’ (0] k? nle’, o .
D, =—fw’+—+ f2f;? == =—— ff =
== 2 S eTam 2 M e e

The dispersion relations computed under this approximation overlaps the
exact result, which means the wave characteristics will not be changed and
thus this simplification is valid in this range of frequencies.

We want to study the cold plasma model for an incoming wave packet

in the fast wave mode in the space-time domain. We follow its evolution to
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study the effect of its crossing the resonance layer at x = 0. We performed the
Weyl symbol calculation again to obtain the operators in time-space domain.

As we explained in Chapter 4, because there is no product term of x and &, we

. d d . .
can simply relate: > — —i, > — ik . The operator in x-¢ space is therefore:
t

X
n 3 ‘2 3 ,2 1 .
D, —f‘ff ny’epd, _flff n,’e,0, Eax- 0 0
Lo 5 iio,w 0 0 0 0
S my
Len 0 -3, +iQ,(x) 0 0 0 ’
R = fmy
= 1 2 A flsfaz 0 f13f32 0
= 0 0 D, 48 CAELE
Zax 2 7 ny eua, 1, ny 40,
0 0 0 Lo 5 _ i m 0
Symy
0 0 0 LA 0 -0, —iQ, (x)
homy
A 9.2 n’e’
D, (id ,x,~id )=——=—+if*f?——*9
h 11( x t 2 -flf;i meQe(X) 1
wit
" a 2 n0e2
D,,(i0 ,x,~id,)= ————if*f}——2—09
22( X t) 2 f;f:’a meQe(X) t
Ep(x,1)
Vpr(X,1)
A Vr(X,t)
R -V (x,t)=0 and V*'(x,0)=|
—6x6 _.6x1( ) _6x1( ) EL()C,[)
Vo (X,1)
Vi (x,1)

Next, we will use the finite-difference method to numerically solve the
PDEs. Because of our simplification, the differential equations all involve
first-order derivatives in time. There are also second-order derivatives in

space. We can therefore apply the Crank-Nicolson method [45]. This method
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has the highly desirable property that the iteration scheme is exactly unitary.
This means that the time-step is represented by a unitary matrix operation.
This ensures numerical stability for these Schrodinger-type PDEs. Several
other numerical methods we used were unstable, sometimes wildly so.
Appendix C shows the details about how to express the PDEs in finite
difference form.

We can also reduce the 6x6 equation to the 2x2 local form as

explained in Chapter 5, then solve the reduced wave equation numerically.
We calculate the 2x2 local form numerically to compare with the 6x6 results.
We also analytically expand the 2x2 symbol around the local resonance
position using methods described in Chapter 5 to obtain the § matrix for each
of the two mode conversions in the problem. Thus we get a closed form
analytical prediction of the transmission and reflection coefficients to compare

with the 6x6 and 2x2 full wave numeric results.

6.2 Initial wave packets

We choose initial conditions consisting of a magnetosonic wave
packet that enters the resonance region from the low-field side (i.e. it is
moving from right to left since we assume the magnetic field strength

increases to the left). Firstly, we choose a position x = x, that is far away

from the resonance to the right as the center position for the initial wave
packet. Secondly, we pick the wave frequency for the initial wave packet that

equals the ion-hybrid gyrofrequency at the resonance w, =, (x=0), and
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x = 0 is where the resonance takes place. Thirdly, use Maple to calculate
when det[:lzi’g’xy6 (k,co =Q,(x=0),x=x, ):| = 0, which gives the initial

value of the wavenumber kK = k. Select the sign of the root to guarantee the

wave packet is propagating to the left toward the resonance. Lastly, use the
cold plasma equation at the initial wave packet position with the initial wave

frequency and wavenumber to determine the initial polarization satisfying:
l_.e;}ys(k: ko @ =0y, x = xo) st;(ly(k: ko, = @y, x = xo)= 0

This initial wave packet is now evolved forward in time using the Crank-
Nicolson algorithm described in Appendix C. We discuss in a moment how
we measure the energy of the incoming wavepacket, as well as the transmitted
and reflected packets.

We will also compare the full 6x6 simulation with a numerical
solution of the reduced 2x2 wave equation in the vicinity of the resonance.
The 2x2 reduced form is obtained from the constant uncoupled polarizations
e, (k.,m.) and e, (k.,.) as introduced in Chapter 5. We use the same

approach to get the proper wave packet initial conditions which satisfy the

local dispersion curves det[l:)m (k s =Wy, X =X, ):I =0 and the

corresponding polarization that

D,,, (k= ke00= @5, x= X)) W, (k= ko0 = 0y,x =%,)= 0.

90



6.3 Numerical results

6.3.1 Wave packet propagation

After the initial wave packet for the 6x6 full wave is determined as

above, it propagates in the fast-wave mode until it encounters the mode
conversion region. It will excite a disturbance in the resonance layer and the
remnant of the fast-wave packet will continue as the transmitted wave. The
disturbance in the resonance layer is supported largely by particle motion (the
field contribution to the energy is small). The carrier oscillation of this
disturbance evolves in k-space while the envelope of the wave packet is
stationary in x-space until the resonance condition for the other mode
conversion is satisfied. This disturbance then converts partly back into the
fast-wave mode. Therefore, after a finite time delay a reflected fast wave
packet is emitted. As an example, we show the wave packet propagating
before and after mode conversion for a 99% Deuterium and 1% Hydrogen
plasma. Figures 6.2-6.4 show what the wave packets look like before and after

the resonance crossing.
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FIGURE 6.2 THE SHADED REGION INDICATES THE INCOMING WAVE PACKET FOR THE FULL 6X6

COLD PLASMA PROBLEM. THE RED LINES ARE THE MODE CONVERSION REGIONS. THE

INCOMING WAVE PACKET MOVES TO THE LEFT. THE INCOMING ENERGY IS COMPUTED USING

THE SHADED REGION.
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FIGURE 6.3 THE SHADED REGION INDICATES THE TRANSMITTED WAVE PACKET FOR THE FULL
6X6 COLD PLASMA PROBLEM. THE RED LINES ARE THE MODE CONVERSION REGIONS. THE WAVE
PACKET MOVES TO THE LEFT. THIS IS THE TRANSMITTED WAVE PACKET AND ITS ENERGY IS

COMPUTED USING THE SHADED REGION.

93
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FIGURE 6.4 THE SHADED REGION INDICATES THE REFLECTED WAVE PACKETS FOR THE FULL 6X6
COLD PLASMA PROBLEM. THE RED LINES ARE THE MODE CONVERSION REGIONS. THE
REFLECTED WAVE PACKET MOVES TO THE RIGHT. ITS ENERGY IS COMPUTED USING THE SHADED

REGION.

Similarly, if we apply Crank-Nicolson to the 2x2 reduction form and

use the proper initial conditions introduced in the previous section, we will get

the numerical calculation for the 2x2 full wave. For the same 99% Deuterium- ‘

1% Hydrogen plasma, Figures 6.5-6.7 show how the wave packets before and

after the resonances look like for the 2x2 reduced form. After the initial wave

packet is launched, it propagates to the left until it hits the mode conversion

region. In the case of the 6x6 full wave, just as the case for the 2x2 full wave,
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the incoming wave packets will excite a disturbance in the resonance layer
and the remnant of the fast-wave packet will continue as the transmitted wave.
In the same way, the carrier oscillation of this disturbance evolves in k-space
while the envelope of the wave packet is stationary in x-space until the
resonance condition for the other mode conversion is satisfied. And as before,
this disturbance then converts partly back into the fast-wave mode. Therefore,

it appears that after a finite time delay, a reflected fast wave packet is emitted.
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FIGURE 6.5 THE SHADED REGION INDICATES THE INCOMING WAVE PACKET FOR THE 2X2
REDUCED FORM. THE INCOMING ENERGY 1S COMPUTED USING THE SHADED REGION.
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FIGURE 6.6 THE SHADED REGION INDICATES THE TRANSMITTED WAVE PACKET FOR THE 2X2
REDUCTION FORM. NOTE THE DISTURBANCE REMAINING IN THE VICINITY OF THE RESONANCE IN
THE LOWER FRAME (WHICH IS LARGELY A COMBINATION OF THE PARTICLE VELOCITIES), AND
THE EMERGENCE OF THE REFLECTED WAVE PACKET (WHICH IS LARGELY THE ELECTRIC FIELD).
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2 by 2 Full wave (99%Deuterium - 1%Hydrogen)
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FIGURE 6.7 THE SHADED REGION INDICATES THE REFLECTED WAVE PACKET FOR THE 2X2

REDUCED FORM. THE REFLECTED ENERGY IS COMPUTED USING THE SHADED REGION.

6.3.2 Wave packet energy

Next we will calculate the energy before and after the mode

conversions. In Chapter 2.2, we discussed the total energy for the system. We

will compare the transmitted energy ratio and reflected energy ratio for the

different 6x6 and 2x2 full wave equations and the S matrix prediction. In

Figure 6.2, the field energy is:

gﬁe[d _ J"gz—o(‘E(f,t)r g |E(-i:at)l2 PV = 80X0E02J.%('E*(5C.,t)|2 + |B*(5C.’t)|2)dv*
J v
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where the ‘*’ quantities are nondimensional and all notations with the

subscript 0 represent reference values. For each species s, the kinetic energy is

: 1
_ 2 = * *
Ss,kineric - mpno‘/() xOJ' ) (ms n
1%

*

2)dv .

—

\4

5

In the energy calculation, the magnetic field and the electron velocity

are unknown variables. We use the Maxwell-Farady equation to get the
nondimensionalized B and by applying the momentum conservation
equation, we can represent v,” by the electric field. In the ion-hybrid region,

the electron kinetic energy is very small compared to the ion kinetic energy.
Thus we can express the energy in terms of our known parameters

Eq E, ,VprsVpr sVyr»Vy, Which is

Eq(x,t)
E,(x,t)
g= Y Vig™vy, V= Vo (51)
envgzope— = - T v (1)
e Vyr(X,1)
Vi (x,2)
l+ 11
2 2f? 2172
11
2fF 2 2f?
n*Dm*D
q6x6 = 2
B npymp
2
n*Hm*H
2
n',m,
2
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Unlike the total energy that is integrated over the whole space, the
wave packet energy is only integrated over the width of the wave envelope
(the shaded regions in the previous figures). Since our numerical algorithm
uses finite-differences, the integral becomes a summation. We summed up the
corresponding shaded areas for the incoming, transmitted and reflected waves
to get the corresponding energies. We define the amplitude of the transmission
coefficient as the ratio of the transmitted energy to the incoming energy and
the amplitude of the reflection coefficient as the ratio of reflected energy to
the incoming energy.

In the 2x2 numerical calculation, because we use the constant

uncoupled polarization to represent the vector

E(x,t)
E, (x,t)
Vpr(%,1) o o
V= =y, (x)e, +y,(x)e, , the energy can be expressed from the

Vpr (%,1)
Vir(X,1)

vy (X,1)

2x2 numerical calculation.

We performed this calculation for the various number density fractions
of Deuterium and Hydrogen (50% D-50% H, 80% D-20% H, 95% D-5% H,
97% D-3% H, 99% D-1% H, 99.5% D-0.5% H, 99.8% D-0.2% H). And these
results are plotted in two figures to illustrate what the amplitude of
transmission (Figure 6.8) and reflection coefficients (Figure 6.9) obtained

from our three methods for different proportions of ion densities.
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FIGURE 6.8 THE TRANSMISSION COEFFICIENT FROM THE ‘FULL-WAVE’ 6X6, ‘REDUCED’ 2Xx2
FULL WAVE AND ‘RAY-BASED’ S MATRIX PREDICTIONS FOR DIFFERENT ION DENSITIES.

Figure 6.8 shows that as the deuterium density increases and hydrogen density
decreases correspondingly, the amplitude of transmission coefficient increases
too, which means more energy transmits through the ion-hybrid

gyroresonance layer.
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Amplitude of Reflection Coefficient
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FIGURE 6.9 THE REFLECTION COEFFICIENT FROM THE ‘FULL-WAVE’ 6X6, ‘REDUCED’ 2X2 FULL
WAVE AND ‘RAY-BASED’ S MATRIX PREDICTIONS FOR DIFFERENT ION DENSITIES.

Figure 6.8 shows that as the deuterium density increases and hydrogen
decreases accordingly, the amplitude of reflection coefficient decreases, which
means less energy converts back to the fast wave mode.

For each density, we find the 6x6 and 2x2 full wave results and the S

matrix prediction match each other well, which shows that the ray tracing
method of prediction is valid. The errors between the full-wave and ray-based
S matrix prediction comes from several causes: 1] We used the finite-
difference numerical calculations. 2] The polarizations used for the Galerkin

projection we chose to reduce the 6x6 to the 2x2 form at the conversion point

are obtained by linear interpolation. The resulting local wave operator is
linearized, so higher order corrections are neglected. Physically, the Galerkin

projection is accurate in the mode conversion region and it is less accurate
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farther away from the conversion. 3] As discussed in Chapter 5, the S-matrix
prediction is for a fixed frequency. However, our numerical calculation is for
a (narrow-banded) wave packet which has a spread of frequencies.

Despite all the estimates we have made and the numerical errors we
brought in, these results match very well with each other, which gives us
confidence that ray-based methods givé good results over the whole range of

density ratios.
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Chapter 7

Summary and conclusion

In this thesis I have provided the first direct comparison between full-
wave and ray-based calculations of the important phenomenon of resonance
crossing in nonuniform plasma.

In Chapter 2, we introduced our cold plasma model consisting of two
ion species, deuterium and hydrogen, and electrons. We model the plasma as
comprised of ideal charge-carrying fluids satisfying mass and momentum
conservation equations. After sketching the derivation of this set of nonlinear
partial differential equations, we linearized and then nondimensionalized
them. We also discussed how to compute the total energy of the system. These
cold plasma model equations are the focus of this dissertation, and the energy
is the quantity we used for comparison to test the validity of our ray-based
method.

We first studied this plasma in a uniform magnetic field in Chapter 3.
Because of the uniformity, we could Fourier transform the partial differential
equations and find the dispersion relations. The traditional approach
eliminates all the variables in favor of the electric field. This obscures the
physics when a magnetosonic wave packet and an ion-hybrid wave are
resonant. When this resonance occurs, energy and action are exchanged

between the two modes. This is the ‘mode conversion’ phenomenon. The
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approach of Ye and Kaufman, which retains the ion velocities as dynamical
variables in addition to the electric field, shows that the mode conversion is
essentially a pair of avoided crossings. The ray-based approached, the real
power of which only becomes apparent in nonuniform plasma, is based upon
this fundamental insight.

In Chapter 4 we then extended our study from a uniform background
to allow for nonuniformity in space, but the background is still assumed to be
stationary in time. The avoided crossing now is local in x. Because of the
nonuniformity, we cannot Fourier transform in space as we did in Chapter 3
but we can use WKB (ray tracing) methods away from the conversion region.
The models we are studying have a nice property: there are no terms in the

wave operator that involve products of x and -id, . Therefore we can avoid the

full complication of the Weyl Symbol calculation to get the dispersion

relations and can freely substitute & for -id, to find the symbol of our
dispersion matrix, Equation (4.10), which is dependent on x, &, and @. Taking

the determinant of the dispersion matrix gives the dispersion function. The
zeros of the dispersion function give the dispersion surfaces, Figure (4.8).
The dispersion function plays the role of Hamiltonian for the rays, Equation
(4.20). These ray equations are valid away from the mode conversion region.
We provided a very short summary of WKB methods for a general vector
wave equation. As an illustration we also applied these methods to a

simplified wave equation governing the interaction of the fast wave and
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gyroresonance. We then went back to our cold plasma model and applied
these WKB concepts away from the conversion.
In Chapter 5, we focused on the conversion region. We defined the

notion of ‘uncoupled modes’, and used them to reduce our 6x6 matrix wave
operator to a 2x2 reduced form via Galerkin projection. We then expand the
symbol of this 2x2 wave operator around the two conversion points to get the

S matrix at each of the two conversions, where we could get the transmission
and conversion coefficients. Also, we investigated the double conversion and
found that — as predicted by the Ye and Kaufman approach -- after launching
an incoming wave in the fast wave mode, reflected waves appeared after a
finite time delay in the x-# domain.

In Chapter 6, we introduced the numerical calculations for our models.

We applied the Crank-Nicolson method to our 6x6 full-wave equations and

the 2x2 reduced model. The great advantage of the Crank-Nicolson method is

that it gives unitary evolution (under discrete-time iteration), hence stability is
assured. Other numerical methods we had examined for this calculation were
not stable. We also compared transmission and conversion coefficients with
the ray-based S-matrix predictions for a wide range of hydrogen/deuterium
density ratios. Combining these predictions together in the appropriate way
gives a ray-based prediction for the overall transmission and reflection
coefficients from the ion-hybrid resonance. These three predictions matched

very well, see Fig. 6.8 and 6.9, which verified both the 2x2 reduction and the

related ray-based S-matrix method, which is based upon a local approximation
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to the 2x2 reduced wave equation. This is an important result that supports the

use of ray methods. Oﬁe advantage of ray-based methods is that they only
involve ordinary differential equations, which are much easier and faster to
solve than partial differential equations.

We should comment on aspects of real plasma experiments that were
left out of our study. Inclusion of these effects would provide fruitful
extensions of the work presented in this thesis, but would have significantly
complicated the analysis. We note that other full-wave simulations, even the
most powerful computer codes currently available, also leave out many of
these effects. This shows how much work there remains to be done. We used a
linearized ideal fluid model assuming a quiescent and simple background
magnetic field geometry, hence we did not include nonlinear effects,
nontrivial magnetic field geometries characteristic of real fusion experiments,
turbulent fluctuations in the background, viscous effects, or finite pressure.
Because we used a fluid model, we did not include wave-particle resonance
effects, or particle collisions, hence the eventual mechanism by which wave
energy is finally thermalized by the ions is left out of our model. We assumed
a globally-fixed density ratio of ion species. We included only three species
(electrons, hydrogen and deuterium) and assumed full ionization, while a real
experiment would have far more charged particle species due to impurities
from the wall, and neutrals in the cooler plasma near the edge. Furthermore,
we used very simple boundary conditions. The boundary of a real physical

plasma is anything but simple. The coupling to the antenna was not treated
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either, while real antenna physics is complex and hard to model because of
near-field effects and the back-reaction of the plasma on the antenna.

In conclusion, this dissertation compared the full-wave calculation
with the ray-based prediction for a one-dimensional cold plasma model
including mode conversion and we successfully tested the validity of ray-
based methods for this model. As a potential topic for future research, this
work should be extended to multi-dimensional plasma problems including
mode conversion. There now exist full-wave simulation tools that include
mode conversion in realistic plasma models [46, 47,48]. The ray-based
RAYCON algorithm [19] has also been developed which can be applied to the
same models. But, they have yet to undergo careful benchmark comparison
with one another, and neither have been validated against experimental results

as of yet. Much remains to be done.
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Appendix A

The momentum conversion equation gives a relationship between the particle
disturbances and the electric field. When the unperturbed magnetic field is
constant in time and homogenous in space, as we assume in Chapter 3, we
linearize and Fourier transform the equations. Expressing the results in x,y,z

components gives:

- 1 o B° ~
—io?, (k,0) = ——E ' (k,0)+ 227! (k,0)
-fi 5 mS
0

, le - B, -
—iwﬁsy‘(k,w)=7€‘ E,\(k,0)- =7, (k,0) (A1)
1 5 5
- 1 S
b \(k,0)= —E(k,0)
lms
€ po
Define Q =—B
mS
Rearrange equation (A.1)
—-iw -Q, 0 (¥ | E’
Q - 0 |7 |==2|E (A2)
. ~1 fimg| 2
0 0 —iw)iv, i

The matrix is not diagonal, but it is i multiplying a Hemitian matrix, so it has
pure imaginary eigenvalues and can be diagonalized using the eigenvectors.

Here are the details:
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22
2 2
. 2 .
Define a 3 by 3 transformation matrixQ = %i —%i 0 | and its
0 0 1

2 V2,
N2 N2
2 2
2
Hermitian adjoint Q' = % %i 0, g0'=1
0 0 1

Use Qand Q' to perform a similarity transformation on the matrix of equation

(A.2).
—iw -, 0 —i— i€,
And Q| Q, -iw 0 |Q= —iw +iQ,
0 0 -iw —iw
Define
2/~ -
ﬂ(g:x_,f,l) _‘/.:( o, 1)
~1 ~1 2 i 1 1 2 7
vsx vsR Et ER
~1 ~1 2 ~1 e | + ~-l - 1 \/_27 -1 1
Q! Vo || Ve |= 7(vsx+sz) , O E~'y = E:L = T(E‘ +zEy)
ﬁi ‘7;: {}Slz z1 z1 Ezl

So we get a diagonalized matrix by changing the basis from the x-y to the R-L

basis.
—iw - iQ, e | E;
o - e | =
—iw+iQ v, |=——=| E|. (A3)
. ~1 ﬁ ms 1
—iw )\ V,,

109



The Fourier transforms of Ampere’s law and Faraday’s equation are:

ik x B\(k,0) = f2£25 nle 5! (k) + fi(-i0)E'(k,0)  (A4)

ik x E\(k,0) = iof B'(k,0) (A.5)
From equations (A.4) and (A.5), we can eliminate B' by multiplying both

sides of equation (A.5) from the left by k using the cross product and

substituting & x Bterm by equation (A.4) yielding:

s 55

£ B (k,0)+k x & x E'(F,0) = —iof’ £ Y n. 5, (k,0)
5 (A.6).
=—iwf £;? [ n, e, (k. 0) + 1y e, vy (K,0) + 1,5, (k,0) ]

e € ¢

Multiply Q" from the left in equation (A.6)

Fr0*Q'E' +Qk xk x E' +iwf £, n, e, Q') A7)
+HOf 1, e, 0V, = i f 0 0e, 0, '

And

kkE, +kkE —k'E —k’E,

XYy

kxkXE'=k(keE") - K*E' = | k k E' + k k E! —kE — k ’E!
kkE,+kkE —k’E —k]E,
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V22
\/25 7 kkE,+kkE —k’E. —kE!
OtkxkxE'=|— =i 0 kkE‘+kkE‘ k2E' —k*E!
2 2 XUyTTx y z ¥y
1 1 2 741 2l
0 o 1 |\KkE+kEE ~k’E ~ k] E]
k.k (E)—iE})+kk.E, —ik k E, +ik’E, - kE, - k*(E, - iE,
\/_ X777z yz7Tz X y y x 4 X y
V2 ek (B +1E1 +kkE +ik k E' —ik*E' —k *E' —k?*(E! + iE!
2 Xy y x Xz y iz X y Yy X I x y
V2 (ke EL +kk B, —k 2E. - k'E)
2515
~ 2 * Y
E;
- 1 \/E 1 1
Because we defined | E,” = T( . +zEy) and we have
1 =
254 5)
B | 2
o (V2 " -
E |= —z(ER—EL) , after substituting E,, E, with Erand E; we get:
E! =,
z Ez
Otk xkxE'
SN 2 1 i oay L s = .
—ik k E} + 5 kxkyEz’—TkxkyEZ‘ 2kZ(E;—E;)—-z-kj(f:;+E;)-ky2E;
A oud JZ_ 1 '\/5 1 1 ~ 1 ~. ~ ~
=| ik Byt Sokk B+ ik R E k) (ER—E;)—Ekj(E;+E;)—ky2E;
\/5 1 1 82 \/5 1 -1 az 2 25 -1
Tkxky(ER+E )axaz+—zkk (Er- EL)ayaZ—(kx +k)E!
(A.8)

Substituting equation (A.8) into equation (A.7), we get
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V2 2 |

- - ~ ~ -~ 1 - - ~
~ik k,E} + —Z—kxk,,Ez‘ - ik E'- Ekj (Ex-E})- Ekj (Ex+E})-kE,

Xy z
N N P T [T (RS .
- ikxkyE;+§k_k E‘+£‘k k,E'+5kj(E,L—E;)—5ky2(E;+E;)—kyzE;

Xy T2 2 Xy "z

V2 N /) Lo O -
—~kk(E+E! +—ikk (E.-E! —(k*+k>)E!
2 xy( R L)axaz 2 X)( R L)ayaz (x y) z
E,
+120%| E! |+iof’f n,e,0, +iof}fin, e, 0%, = —iwf’ £ n e, Qv
E)

(A.9)
As stated before, we want to express all the variables in terms of the electric
field and ion velocities, so we have to invert the equation (A.3) to express the
electron velocity in terms of the electric field. The frequency range of interest

is far below the electron gyrofrequency, so there are no singular denominator

to worry about:
i

- +Q -

Ver 1 ) E

~1 €, ! =

v, |[=— E, (A.10)
~1L fi me - Qe -1

€z i z
(0]
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. 1 - - 1 - - -
K E! TikxkyE;—EkyZ(E,;—E;)—Ekyz(E,g+z«:;)—ky2E,‘e

2 N 1

~ ~ ~ ~ - 1 ~ ~ ~
ik k Ey + Tkxkij + TikxkyEzl + Ek_j (Er-E;)- Ekj (Ep+E})-kE,

~ikk E} + 2 kK E' — 2

P2k (B B2 e Pk (B 1)

— (k> +k})E!
2 oxdz 2 dyoz (k& E,
Eq
~f20%| E} |- iof’fn,'e,Q0, —iof’f*n, e, 0",
E;
(0]
+Q =
s w e ERl
2,2 06 o =1
= — < E
fi f3 e me w"‘Qe ~L1
1 z
(A.11)
We can write equation (A.11) in a neat matrix form:
E; Por Vram
QM EII, =i f f’ny ep | Yy |Fi0f 70y ey | Yy (A.12)
E, 7. P,
Where the operator QM is defined as
. 1, 1, V2 .
D, =k ok ik, 7(—kxkz +ik k,)
~ | 1., 1, . ~ 2 .
l=)M = —E - +§ky - lkxky D22 7('—kxk: +lkykz)
V2 . V2 . -
———2—(kxkz +ik,k, ) 7(—kxkz +ik k) D,

(A.13)
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1333E—f12w2+kf+ky2+f12f3

Recall that the deuterium and hydrogen ion velocities are subject to the

linearized Lorentz force:
—iw — i,

—iw+iQ,

—iw—if,
—iw+i,

If we combine the two sets of matrix (A.13) and (A.14), we will get a 9 X9

matrix:

k:+k
+2_L)+k12+f12f3

; ) nle’, o
) kZZ jiZf;Z e e
w+Q,

e

2 0.2

,n,e 0]

[4 €
m -

e €

0 2
Zneee

€

= s
Vor 1 e Eg
~1 = 1
Voo | = ——= E,
_io )| fimp| =
! sz 4
~1 =
Vur 1 E;
=1 [_1 €n Bl
VY, | = I’ L
. ~1 1My =1
=i J\ vy, E,
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SIT

¢ 1dey)

Ul POYIoW 3 X -UeUjney 9y} JO UOISSNOSIP Y} J0J PIPISU M J[NSI Y} ST SIY L

%(—k‘k: ~ikk,)

. 3 p2 L3 . dp2 [ I H I 2 .
—iwf fin, e, —iwf'f'n’e, —;k: + Ek" +ik k

{w+Q,)

0

j; 'nll
e,

fiom,

g(—k‘k: +ik k)

L Lap 0
~iof fine,

i(w-9,)

Lop1gr 0
~iof fn, e,

i(w— Q, )

V2
(=K k +ikk) 0 0
3 L tikk,
0 0 0
0 0 0
——{-kk ik k) 0 0
0 0 0
0 0 0
D, —iwf ' fin'e, —iof'fine,
|
— L iw 0
fom,
l eM .
- 0 i
fom,




APPENDIX B

In Appendix A, we dealt with uniform plasma. Here we extend our analysis to

nonuniform plasma. The momentum conversion equation provides a

relationship between the particle disturbances and the electric and magnetic

fields. When the undisturbed magnetic field is constant in time and slowly

varying in space, linearize the equations and Fourier transform in time. In

x,y,z components the result is:

- le ~,._ B°(x) . ,,.
—iw \(F,0) = — = E\(%,0) + "s—(")vw‘(x,w)
1 s ms

. e, =, B, .
—iob, ) (%,0) = ——E \(},0) - = W5 1x0)
fim m

1 5 5

1 -
b (F,0) = == E(%,0)

1 s

The gyrofrequency for each plasma species is defined as usual

Qx)=f, fi-BO (x), but it is now spatially dependent.
m

5

Rearranging equation (B.1) we have:

—-iw  -Q.(x) 0 [ E/'
Qx) -iw 0 |9 |=——=|E
0 0 —iw)| 7

As in Appendix A, this matrix can be diagonalized.

(B.1)

(B.2)

The linearized Fourier transformation of Ampere’s law and Faraday’s law are:

Vx B'(%,0) = II—ZEZnOe 5G,0) + £ (~i0)E\(%,0)

2 5
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V x E'G,0) = iofB'F,0) (B.4)

From equations (B.3) and(B.4), we can eliminate B by taking the curl of both

sides of Equation (B.5) and using Equation (B.3), yielding:

£ E\(F,0)+ VXV x E'(%,0) = —iof* 23 n. %3, (%,0)

(B.5).

e “e e

=—iof ;) [ n, e,y (%,0) + 1%, v, (£,0) + 1’5, (%,0) |
Multiply Q" on the right of equation (B.5)

fl0*Q'E' + Q'VX VX E' +iwf’ f*n e, 0"V,

- - (B.6)
+za)f13f32n,,oeh,Q‘LvH1 = —la)fl3fszrt,_,°eeQTvex

And

O’E, VOE_PE 0K
oxdy dxdz dy> 97
PE ¥E_FE_PE
oxdy dyoz x> 37
ok, IE _PE ¥
dxdz dydz dx* 9y’

VxVxE =V(V-E")-VE' =
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NN J’E, LOE OEOE
2 T2 Yy a3 o
~ 27l 2 71 2E1 2E1
QTVXVXE'= —\/Z Qi 0 E)E’+aE‘—a 9L
2 2 oxdy dydz x> 97
0 0 LiyE 2B 9B PE
oxdz dydz oIx* oy
az(Eyl_iEi) a2E-Zl 82E1 .aZE; azE1 az( lEl)
+ —
0x0y oz ayaz ox* 9y’ 0z*
2| o (E +iE1) rE  OE_OE, IE O*(EL +iE})
2| T oy oz ayaz o o az
| PE L PE,VEJE,
dxdz dydz odx* oy’
J2 - .
) (Bl -iE,))
ER1
-1 \/5 - 1 7l
Because we defined | E,” = T(E" +iE, ) and we have
;. -
NG .
) T(E,‘e +Ey)
B |-| 2i(E-£)
E! =1

After substituting E,, E, with Exand E; we get:

OB 2B 2 FE 13(E-E) 1P(B+E) ¥E
axay 2 woz 2 ayaz 2 ox® 2 oy? oz’
otvxvxi | 175 (2 OB J‘iazEg+182(E;—E“£)_182(13‘;+E"2)_32E;
- axay 2 w0z 2 oz 2 2 o 0z°
VE(EE) 2 F(E-E) 78 VE
2 0xdz 2 dydz 8y2
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(B.7)
Substituting equation (B.7) into equation (B.6), we get

OB 2B 2 3B 19(E-E) 18(E+E) 3
dxdy 2 oxdz 2 9dydz 2 o 2 o 07
| @B PR 7SR 19(E-E) 13(E+E) E
oxdy 2 oxdz 2 dydz 2  ox” 2 07
£M+£ia’(ﬁé—fi)_(62E: +BZE;)
2 0x0z 2 dyoz oxr
E}
+f20| B} |+iof2fin e 0, +inf} fn, e, 0, = —iwf>f,n e Q™
E,
(B.8)

As stated before, we want to express all the variables in terms of the electric

field and ion velocities, so we to express the electron velocity in terms of the

electric field.

i
5 @+, (x) ER‘
ﬁelL = l % S E Ll
ﬁl f; me - Qe (x) 1
ez L- z
w
(B.9)
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OB 2R 2 3B 13(B-E) 13(E+E) 2E
axay 2 Moz 2 ayaz 2 o 2 07>
DB 2PE 2 FE 1P(E-E) 13(E+E) FE
axay 2 axaz 2 ayaz 2 ox’ 2 dy* 07>
V2 *(E +E) 2 &(Ex-Ei) (9 LOE
2 0x0z 2 dydz ox* ay
Ey
~frw?| E} |—iof fn, e, 0, —iof £, e, 0,
E;
9 |
2 + Qe (x) . ERI
- 2 0 e - E~v 1
e . 0 —Q,(x) g
1 z
(B.10)
Write equation (B.10) in a matrix operator form:
EIIK ﬁDR \711'1R
D, | E; |=iof finy ey T | +i00f> £, %, | Vi (B.11)
E; e P
Where operator QM is defined as
A 1 1
D,, Eai - 58? — ioxdy %(Ebcaz — idydz)
~ 1 1 A
D, = 58? - -2—a§ + idxdy D, —\/2—:(8x8z +idydz) |(B.12)
2 n
—\/2—_—(axaz —idydz) D,,

%(axaz +idydz)
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2 8i+82 n0e2 @
Dy, _flzwz_( 7 Y)+kz2+f12f32 :ne

., O+Q,
2 82+82) noez (0]
D =_ 2w2( X y +k2+ 2 021" ¢
22 fi 2 z f; f;l me (D—Qe

A

ﬁ33 = _flzwz - ai - ai + f12f3

0 2
2neee

m

€

Recall that the deuterium and hydrogen ions motions are given by the

linearized Lorentz force law:

—iw - iQ,(x) 7l | E;
~iw +iQ, (x) P =?e—D E,
m ~
—iw )\ v, VPLE)!
~ (B.13)

—iw ~ iQ,, (x) AR
—iw +iQ, (x) Pl =}——ei E/

—io )\ ¥, ) ' HE)

If we combine the two sets of matrix (B.12) and (B.13), we will get — finally -
- the 9 by 9 matrix operator for the non-uniform Deuterium-Hydrogen-

Electron plasma we quoted in Chapter 4:
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D,

"

1 e,

fmy

e,

fom,
1., 1,
= +id D,
2 2

0

~if, (m:%.&:

o+ Q)

Lo e
~iof, fn e,

0

..Qe + b:?:v

Lo 2
XY 0 0 4@.@. -id9,)
0 ] 0 1)

0 0 0 0
D, ~inf fn e, ~iof fin’e, q?.wu +..w.w,.v
1 e, N
— i(0-Q,(0) 0 0
fiom,
1 e
~Zn 0 {w~9,() 0
fom,
gm &
—(a0 -d2) 0 0 D,
5 2.0, .
0 0 0 1o
fom,
0 0 0 Lo

fim,
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Appendix C

The Crank-Nicolson method is an implicit finite differencing method
that gives unconditionally stable numerical results for certain types of partial

differential equations. We represent a function ¢(x,?) by its values at the

discrete set of points in space and discrete time by choosing equally spaced
points along both time and space axes.

x; =X, + jAx, j=01,..,x,
t,=t,+nAt, n=0,1,..t,

n

Let ¢7 denote ¢(x;,t,). We used the zero boundary condition for simplicity,

which is ¢(1,z,) =0,¢(x,,t,) =0. This will cause artificial reflections, but we
make the computational box large enough so the conversion process we are
interested in can complete itself before the wave packets reflected at the box
boundaries reenter the conversion region. |

There are several ways to represent the time derivative term. The

n+l n
obvious one is ? = ¢1A—t¢j . This is called forward Euler differencing

j.n
and is first-order accurate in At . By giving the value at timestep », we can
obtain the value at n+ 1. For the second order spatial derivative, we will use

Crank-Nicolson differencing:

9| (o0 -207" +o7) +(4.,— 207 +47)
ox’| 2(Ax)’

jon
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which is the two-step time average of implicit and explicit centered spatial

differencing schemes.

Replace the differential equations § .

Nicolson differencing where

3,2 3,2
An L nDOeDal A nHoeHat
5 5
%e—” 3, +i, (x) 0
1 Mp
%-ei 0 -3, +iQ, (x)
Iz’éE 1 My
%a} 0 0
0 0 0
0 0 0
A 9.2 nle?
D, (id, ,x,—i0 )= ———+if*f?—e"°c 3
0,ximi0) = =S i B D,
A a?. nOeZ
D, (id,,x,—id )= ————jf*fi——* 9
(00, %710 = =i S,
Eq(x,t)
Vpr(X,8)
Voo (Xt
V(x,t)= m{%4)
E,(x,t)
Vo (X,1)
Vi (x,1)
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Lo
fimp
ey
himy

V(x

,t) = O with the Crank-

0 0
0 0
0 0
302 3,2
Lt nDOeDa, it nHoeHat
f 2
-0, —iQ,(x) 0
0 —d, — i, (x)




Because the Crank-Nicolson is an implicit method, we have to solve for

vector V(x,t) at the next time step using all the space points at once. Denote

E.(jAx,nAt) E.;
Ve (JAX,nAL) ViR,
) Ve (JAX,nAL) vHR:f
V' =V(jAx,nAt) = = h

V' =V(jAx,nAt) E, (jAx,nAt) g , we have
vy (jAx,nAL) Voot

vHL(ij9nAt) VHL;

n+l

IR
U<

[l
i
[l ]

1< ...

1<

J

where the matrices A and Bare tri-diagonal with dimension:

4 4
4 4 4
4
é:
4 4
B B
B, B B
B, -
é:
B,
B, B
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and A,4,,4; B,,B,,B,are all 6 x 6 matrices. Recall we used the zero

boundaries here.

After inverting the matrix A, we will get an explicit result:

n+t

v, v,
4 1, | B e .. .

. =A"B-| T | . With given initial conditions, this iteration scheme
v, v,

generates the vector values for later times. The Crank-Nicolson finite

difference method guarantees this is a unitary iteration scheme [45]. In our

problem, we have numerically verified the matrix é’lé has eigenvalues that

are pure phases, which proves that this method is unitary.
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