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ABSTRACT

Several experiments reported seeing evidence in their data of a new particle,
the strangeness +1 ©%1 pentaquark made of four quarks and an antiquark. In the
first few chapters of this dissertation we study ¢*g systems within the framework
of a constituent quark model. We describe the ©1 as a member of a spin—% pen-
taquark antidecuplet. For both parity-odd, and parity-even 10 we derive useful
decompositions of the quark model wave functions that allow for easy computation
of color-flavor-spin-orbital matrix elements. We compute mass splittings within the
antidecuplet including spin-color and spin-isospin interactions between constituents
for parity-odd 10, and point out the importance of hidden strangeness in rendering
the nucleon-like states heavier than the S=1 state. We study parity-even 10 in an
effective theory with dominant flavor-spin interactions that render certain parity-
even states lighter than any pentaquark with all quarks in the spatial ground state.
We predict strangeness —2 cascade pentaquarks (which are relatively immune to
mixing) at ~ 1906 MeV with a full width ~ 3 times larger than that of the ©%
in this framework. The wave function for the positive parity ©% has a 5% over-
lap with the kinematically allowed final states, and naturally explains the observed
narrowness of the state.

In this dissertation we also study noncommutative field theories with and with-
out supersymmetry. Specifically, we study phenomenology of Lorentz-conserving
noncommutative QED developed by Carlson, Carone, and Zobin. We obtain bounds
on the energy scale of noncommutativity Ayc by calculating modifications to Mgller
scattering, Bhabha scattering, ete™ — u*u~ and ee” — v, and comparing our
results to LEP 2 data. We find that Ayc > 160 GeV at 95% confidence level. We
also make predictions for what may be seen in future collider experiments.

We also present a way to extend the discussion of nontrivial commutators to
include nontrivial anticommutation relations among spinor coordinates 6 and 8 in
N = 1 superspace. We present a consistent algebra for the supercoordinates,
and find a star-product. We give the Wess-Zumino Lagrangian Ly within our
model. It is manifestly Hermitian, with Lorentz-invariant modifications due to
non(anti)commutativity.

xii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



STUDIES OF PENTAQUARKS AND OF NONCOMMUTATIVE FIELD
THEORY

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 1

Introduction

In this dissertation we study and present results on two separate topics. The
first several chapters focus on studying pentaquarks within constituent quark mod-
els. These studies are motivated by relatively recent announcements by a number
of laboratories about an evidence of a strangeness +1 baryon [1]-[7] with a mass
1540 MeV and a narrow decay width. Such a state cannot be a 3-quark baryon
made from known quarks, and it is natural to interpret it as a pentaquark state,
that is, as a state made from four quarks and one antiquark, ¢*g. We study the
consequences of describing the ©F within the context of conventional constituent
quarks models. We obtain interesting results that might help us understand the
nature of the observed narrowness of this exotic baryon, and also predict masses
and decay widths of other exotic partners of O+,

The second half of this dissertation is devoted to studying noncommutative
field theories. The topic of noncommutative field theories (NCFT’s) studied in this
dissertation is relatively young, but has over a decade history of theoretical studies
by now. Theoretical models with an underlying noncommutative space-time alge-

bra were considered, for example, when offering ways to solve some long standing
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3

theoretical problems, such as the electroweak unification and the quantization of
gravity [8]-[13]. The interest in recent years in theories with an underlying non-
commutative space-time structure was revived after it has been shown in a series of
famous papers [14]-[16] that noncommutative space-time coordinates arise naturally
from string theory in a low energy limit. Our studies focus on phenomenological
consequences of noncommutative space-time on QED and QCD. Also, in one of the
chapters we will study a way of implementing noncommutativity in supersymmetric

field theories.

1.1 Quark model view of the pentaquarks

Baryon resonances with strangeness quantum number S = +1 that cannot
be formed by three quarks have a long history. The possibility of having five-
quark states was a subject of investigation since the late 1960s. 'T'wo possible exotic
isoscalar baryon resonances Zy(1780), and Z,(1865) were noted in the Particle Data
Group (PDQG) listings in 1986 [17]. The evidence of the existence for these two
exotic baryons was reviewed to be poor by PDG, and the summary of the S = +1
baryon resonance searches has been dropped from the PDG listings.

In early 2003 LEPS Collaboration at SPring-8 facility in Japan reported finding
evidence for a narrow S = +1 baryon resonance [1] ! in photoproduction from the
neutron. They studied the yn — K™K n reaction on 2C by measuring both K+
and K~ at forward angles. A sharp baryon resonance peak was observed at 1540110
MeV with a width smaller than 25 MeV/c? in the K~ missing mass spectrum shown
in Fig. 1.1. Fig.1.1 a) shows the K* missing mass distribution corrected for the

Fermi motion. The clear peak is due to A(1520) production in v+ p — KA —

LT, Nakano reported [2] preliminary results of this data analyses during PaNic02 conference
held in Osaka, Japan from September 30 to October 4 2002.
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FIG. 1.1: ©% from LEPS [1].

K*™K~p reaction. This peak does not exist when proton rejection cut is applied
(signal sample represented by the solid line). This indicates that the signal sample
is dominated by events produced by reactions on neutrons. Fig. 1.1 b) shows the
corrected K~ missing mass distribution of the signal sample, with a prominent peak
at 1.554 GeV/c?. This measurement reported a statistical significance of 4.6 = 1.00
with only ~ 19 events above the background. Note that because the target neutron
is bound in carbon, the K~ missing mass spectrum was corrected for the Fermi
motion of nucleons in *C.

The DIANA Collaboration at ITEP reported about their observation [3] of a
resonant enhancement of the K% effective mass spectrum in the charge-exchange
reaction K*Xe — K% Xe'. The mass of the resonance is centered at M = 1539 £+ 2
MeV/c?, with width ' < 9 MeV/c?. Fig. 1.2 a) from [3] shows the effective mass of
the K% system formed in the reaction K*Xe — K%Xe' for all measured events.
Fig. 1.2 b) shows K% effective mass distribution for events that pass additional

selections aimed at suppressing proton and K° reinteractions in the nuclear medium.
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The statistical significance of the enhancement is near 4.4c with only ~ 29 events
above the background.

The CLAS collaboration at JLab studied the exclusive measurement of the
reaction yd — KK~ p(n), where the final state neutron is reconstructed from the
missing momentum and energy. CLAS collaboration reported [4] an observation of
a narrow peak in the K'n invariant mass spectrum that can be attributed to an
exotic baryon with strangeness S = +1. The peak is at 1542 + 5 MeV/c? with a
measured width of 21 MeV/c?. Fig. 1.3 shows invariant mass of the nK* system,
with a sharp peak at the mass of 1.542 GeV /c?. The dotted curve is the shape of the
simulated background, and the dash-dotted histogram shows the spectrum of events
associated with A(1520) production. The statistical significance of the JLab result

is 5.2 £ 0.60 with ~ 43 events above the background. In this study all particles but
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ddss T uussd

FIG. 1.4: Antidecuplet of pentaquarks from chiral soliton model [18].

n were measured, so there was no need to correct for Fermi motion.

Note that in all three experiments mentioned above, the cited narrow width is
an upper limit determined by experimental resolutions.

The studies performed by LEPS Collaboration were motivated in part by the
work of Diakonov, Petrov, and Polyakov (DPP) [18], who studied the antidecuplet
of five-quark baryons with spin-parity J© = %+ using the chiral soliton model. DPP
suggested that the nucleon resonance P;(1710) must be a member of the pentaquark
antidecuplet 10, giving the lowest mass member of the 10 called ©* a mass of ~ 1530
MeV/c?, and a width of less then 15 MeV/c?. In this model ©F has a spin 1/2,
positive parity, isospin 0, and strangeness quantum number S = +1 with quark
content uudds. The antidecuplet modeled in [18] is shown in Fig. 1.4. Although [18]
has been criticized [19, 20}, it advanced the field by predicting a narrow pentaquark
only 10 MeV away from the mass of the experimental candidate for ©F.

The exotic baryon resonance observed in the above mentioned [1]-[4], and
several other experiments [5]-[7] does have a strangeness S = +1, and a positive

charge, but the parity, spin and isospin of the experimental state are currently
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unknown. Regarding the isospin, a ©%" signal has been sought and not found [5],
so that the ©F appears to be isoscalar and hence a member of a pentaquark flavor
antidecuplet. More recently, the NA49 Collaboration [21] has reported a narrow
=5 (1860) baryon with S = —2 and quark content dsdsu, together with evidence
for its isoquartet partner = at the same mass.

There are a number of pre-discovery theoretical studies of pentaquarks [18,
19],[22]-[28], some including heavy quarks in the pentaquark state [29]-[31]. Since
the ©F discovery, there have been a flurry of papers studying pentaquark properties
in constituent quark models [32]-[40], other aspects of pentaquarks in soliton mod-
els [20],[41]-[44], production of pentaquarks, including in heavy ion collisions [45]-
[51], non-observance of pentaquarks in earlier hadronic experiments [52]-[54], pen-
taquarks in the large N, limit [55], and other pentaquark topics [56]-[60]. A majority
of the theoretical papers, including all the chiral soliton papers, treat the state as
positive parity. A minority, including one of our earlier studies presented in Chapter
2 [39], have considered the possibility of negative parity [60]. All theory papers, to
our knowledge, consider the ©F to be spin-1/2.

The photoproduction and the pion-induced production cross sections of the ©F
were studied in [61]-[63]. It was shown in both cases that the production cross
sections for a negative parity ©* are much smaller than those for the positive par-
ity state (for a given ©F width). In Ref. [61]-[63], results for the ©* production
cross section in photon-proton reactions were compared with estimates of the cross
section based on data obtained by the SAPHIR Collaboration [5], and odd-parity
pentaquark states were argued to be disfavored.

Before discussing our work, we would like to note also the correlated-quark
approach developed by Jaffe and Wilczek [38], and Karliner and Lipkin [33]. In [3§]
it is proposed that the four quarks of ¢*g system are bound into two spin-zero, color,

and flavor 3 diquarks. The diquarks are regarded as composite bosons in a relative

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



9
P-wave, giving the spin-1/2 ¢*7 state an overall positive parity. Karliner and Lipkin
suggested a model [33] for a strange pentaquark dividing the system into two color
non-singlet, clusters, a ud diquark and a ud§ triquark, where the quark components
are chosen such that the pairs of identical flavor are separated. In this model the
diquark and the triquark are separated by a distance larger than the range of the
color magnetic force and are kept together by the color electric force. In this model,
too, the spin and parity of the ©F are J¥ = %Jr. In both [38] and [33] the interquark
interactions are assumed to act only within each cluster, but are not felt between
quarks in different clusters. We must note that there is no model in the literature
yet, which would yield the dynamics of such binding.

In the following subsections we will introduce our studies of pentaquarks within

the constituent quark model.

1.1.1 Negative parity pentaquarks

In this subsection we introduce our studies of pentaquarks within the con-
stituent quark model when all 5 quarks are in the same spatial wave function. The
©" made this way has negative parity. We treat it as a member of flavor antide-
cuplet with spin 1/2, because when all quarks are in the ground spatial state, the
lightest ©F, at least by elementary estimates, is an isosinglet with spin 1/2.

For the negative parity pentaquark ©%1 we calculate mass splittings and decays
of the full antidecuplet 10 by considering spin-color, and spin-isospin pairwise inter-
actions between quarks. In doing this calculation it is useful to present the ©1 wave
function by building a ¢* state from two pairs of quarks, and then combining it with
the g. In order to get the color-flavor-spin quantum numbers of g%, first note that
the antiquark is always 3 in color. Thus, we know immediately that the remaining

four-quark g* state must be a color 3. There are several possibilities for the flavor

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10
part of ¢ state that can in general be either a 3, 6, 15, or 155 (where S and
M refer to symmetry and mixed symmetry under quark interchange, respectively).
Since in our model ©1 is an isosinglet, and so a member of a flavor antidecuplet, the
flavor of the g* state must be a 6. This is the only choice that when combined with
3 antiquark yields an antidecuplet. Finally, the spin of the ¢* state can be either 0
or 1 if the total spin of the state is 1/2. However, it is not difficult to show that any
state constructed with the correct quantum numbers using the spin-zero q* wave
function will be antisymmetric under the combined interchange of the two quarks
in the first pair with the two quarks in second pair; this is inconsistent with the
requirement that four-quark state be antisymmetric under interchange of individual

quarks. Thus the color-flavor-spin quantum numbers of the ¢* state are fixed
|(C’F>S)>q4 = |(3>6)1)> . (11)

Then we consider the possible quark pair combinations that can provide a (3, 6, 1)
four-quark state. We, of course, require total antisymmetry of ¢* wave function,
which fixes the relative coefficients between different terms in the wave function.

We obtain the following result for the properly normalized state,

|(1’Ea 1/2)> = —|(3, 6, 1)(3’ 6, 1)>
1

+ _(|(67 65 0)("?’76’ 1)> + |('§’6a 1)(6’ 670))) (12)

(1(6,3,1)(3,3,0)) + 1(3,3,0)(6,3,1))) ,

where we have suppressed the quantum numbers of the antiquark, (3,3,1/2), which
are the same in each term. It is also understood that on the r.h.s each term is
combined to (3,6,1). This result is presented in more explicit form in Chapter 2.

It is often convenient for calculational purposes to have a decomposition of the
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pentaquark wave function in terms of the quantum numbers of the first three quarks,
and of the remaining quark-antiquark pair. Using the same approach as above, we

obtain:

(1,70,1/2)) = 5](1,8,1/2)(1,8,0)) + %(1,8, 1/2)(1,8,1))

- ?KS, 8,3/2)(8,8,1)) + %|(8,8, 1/2)(8,8,0))  (1.3)

+ ?I(S,S, 1/2)(8,8,1)) .
Here the first three quantum numbers in each term on the r.h.s. describe the ¢*
state, and the other three describe the ¢¢ state. They are, of course, combined to
a |(1,10,1/2)) to match the left hand side. One may construct other antidecuplet
wave functions by application of SU(3) and isospin raising and lowering operators.
From decomposition (1.3) we can easily compute overlaps with states composed
of physical octet baryons and mesons. For example, the first term in Eq. (1.3) may

be decomposed for ©F quantum numbers as

[(1,8,1/2)(1,8,0)) = %(pKO -nK™*) . (1.4)

Thus we find a 25% overlap between negative parity ©% and N K. This will effect
the rate of the “break-apart” decay mode & — NK™*. Thus, if the observed ©7
state has a negative parity, its small width (< 21 MeV) does not originate with
small group theoretic factors in the quark model wave function.

We make another interesting observation by computing the expectation value
of S, = 3_,1Si|, where S; is the strangeness of the i constituent. This gives us
the average number of quarks in the state with either strangeness +1 or —1. For

members of pentaquark antidecuplet N5, Y5, and =5 that have strangeness 0,—1 and
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—2 respectively, we find that the non-strange member of the 10 is heavier than the
O% because it has, on average, m,/3 more mass from its constituent strange and
antistrange quarks.

In Chapter 2 we also calculate the mass splittings in the antidecuplet by consid-
ering spin-color, and spin-isospin interactions. Note that in case of spin-color inter-
actions the s-quark mass is the only source of the SU(3) flavor symmetry breaking.
For this case we obtain equal mass splittings within the antidecuplet. We compute
these splittings within the framework of the MIT bag model [64, 65|, using the orig-
inal version for the sake of definiteness, including effects of single gluon exchange
interactions between the constituents. If we use the measured values for the ©F

mass M(O71) ~ 1542 MeV, we find the following estimate of the spectrum

M(ps) = 1594 MeV , M(S5) = 1646 MeV , M(Z5) = 1698 McV . (1.5)

The mass splittings in the Skyrme model [18] were about 180 MeV between each
level of the decuplet (with the ©7 still the lightest). These are considerably larger
splittings than we find in a constituent quark model with splittings from strange
quark masses and from color-spin interactions.

We estimate the width I'_ of negative parity ©%1 from

m 2 m — 1) 1/2
o= egtog o= - o
x [(H%)Q—%] : (1.6)

where M, m and p are the masses of the ©7, the final state baryon and the
meson, respectively, c_ is the dimensionless spin-flavor-color-orbital overlap fac-
tor (c— = 1/4 from (1.3)), and g¢_ is an effective meson-baryon coupling constant,

Less( full overlap) = g_ NK'O*. Applying the rules of naive dimensional analysis
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(NDA) [66], one estimates that g ~ 4, up to order one factors. We then find

F_~1.1GeV/c (1.7)

Using published phenomenological and theoretical hyperon couplings it was shown [67]
that —3.90 < gran/ vAr < —1.84. We choose a value in the middle of this interval
for g_ to find another estimate for I'_. We estimate the width of negative parity ©F
for g_ = 2.9v/471 to be I'_ =~ 0.71 GeV/cz. For another view of how to handle the
©* to NK overlap see paper by Hosaka et al. [68]. Their numerical results are rather
similar to ours. Thus, we see that the value of the decay width of negative parity
spin-1/2 ©% presented in Eqn. (1.7) can vary up to factor of 2, but it is still not
compatible with the narrow decay width of the experimentally observed candidate
for ©F pentaquark.

The above very large numerical result for the width of negative parity ©7 is

encouraging for looking for a quark model scenario that would give a positive parity

for 7.

1.1.2 Predictions for a positive parity ©"

Here we introduce our studies of pentaquarks with positive parity, and how a ©%
with JP = %Jr emerges as the lightest state in the context of the constituent quark
model. We discuss an approach in which positive parity of the state is a consequence
of the quark-quark pairwise potential and the chosen symmetry structure of the
flavor-spin wave function.

A familiar example of this type is found in studies of three-quark baryons [69].
In [69] it is shown that in an effective theory where the dominant interaction is

flavor-spin dependent, the level ordering of the first excited positive and negative

parity states is reproduced correctly. In particular, the dramatic problem that is
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FIG. 1.5: The color-orbital, and flavor-spin representations of a ¢* system giving the
most attractive flavor-spin exchange interaction.

solved is the level ordering of the positive parity S-state excitation N*(1440), and the
lightest spin—% negative parity resonance N*(1535). We also note that the color-spin
interactions fail in this regard [70].

A key feature of the flavor-spin interaction is that it is most attractive for states
that have the most symmetric flavor-spin wave functions. We shall describe the ©*
in the flavor-spin framework as the ¢*g state, where the ¢* component has maximal
flavor-spin symmetry.

Let’s consider a situation when all four quarks are in orbital S-states ([S*]
state). To get a color singlet ¢ state, the ¢* must be in a color 3 state, which for a
four-quark is a mixed symmetry state. Then, because all four quarks are in the same
spatial state, of necessity the flavor-spin state must also be of mixed symmetry.

Let’s also consider a case when one quark is in a P state, and three are in S-
states (S®P state). Then one can have a mixed symmetry spatial state, and a color
orbital state that is totally antisymmetric. This will result in a totally symmetric
flavor-spin wave-function, and therefore the most attractive flavor-spin exchange in-
teraction. These color, orbital, flavor and spin representations are shown in Fig. 1.5.
Note that in constructing the totally symmetric flavor-spin wave-function, the fla-

vor state of ¢g* must be a 6, which is the only possibility that when combined with
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antiquark in flavor 3 will give a 10, and an isosinglet ©.

The one unit of orbital angular momentum, and the intrinsic negative parity of
the antiquark give the positive parity of the ©7.

We thus see that the presence of a P-state allows for a more rather then less
symmetric ¢* flavor-spin wave-function. We estimate the advantage of this configu-
ration by assuming, for concreteness, that quarks are bound in a harmonic oscillator
potential, and assuming the dominance of flavor-spin exchange interactions between
quarks in an effective theory. If the interaction has exact SU(3)r flavor symmetry
(which we do not assume later), for the mass difference between spin-0 [S?] state,

and spin-1 [S®P| state we find

M(S®P) — M(S*) = hw — ?CX ~ —310 MeV . (1.8)

hw is the 1P-1S level splitting of a harmonic oscillator potential. In getting the
numerical result in (1.8), we estimated 2fiw from the nucleon-Roper mass differ-
ence; the coeflicient C), is fixed by the nucleon-A(1232) mass splitting. Thus, the
pentaquark state with an S®P four-quark state is the lightest by a wide margin.

In our studies presented in Chapter 3 [71] we use the experimentally measured
mass for the ©F candidate (1542 MeV/c?), and give predictions for the masses of
other members of the antidecuplet in an effective theory with dominant flavor-spin
exchange interactions. We include flavor SU(3)p breaking effects in operator coef-
ficients, and in the quark masses. We write the isospin-conserving, spin dependent

interaction as

7

AM = —Cyg; Z(Ta)a A10)s — Ca7 Z (No) - (MNo)g — Cy Z(ASU)Q -(Mo)g .
a<f a<fi=4 a<f

(1.9)

where the sum is over all qq and ¢g pairs («, 3), the &, are Pauli spin matrices

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



16

for quark or antiquark «, Xro are flavor Gell-Mann matrices, and 7 are the isospin
matrices for quark o, the same as X\, for 7 = 1,2, 3. Fitting our operator coeflicients,
a mean multiplet mass, and a strangeness mass contribution to the masses of the
ground state octet and decuplet baryons, we then predict mass splittings in the
parity even pentaquark antidecuplet.

We stress that the mass and decay predictions of the strangeness —2 cascade
=5 states are the most reliable due to the absence of substantial mass mixing with
nearby states. We predict that M(Z5) = 1906 MeV/c?, with a full width approxi-
mately 2.8 times larger than that of the ©1. The experimentally measured mass of
the candidate for Z5~ is ~ 1860 MeV/c?, with width I' < 18 MeV /c? [21].

Perhaps the most interesting result in our studies [71] of pentaquarks within
the framework of dominant flavor-spin exchange interactions is the small ~ 5% spin-
flavor-color-orbital overlap probability for fall-apart decays of ©1 to kinematically
allowed final states. Following the same analyses described at the end of previous

subsection, we find for the decay width I'; of the positive parity ©7

I, ~ 4.4 MeV/c?. (1.10)

We find another estimate for the width I'; of the positive parity © by choosing
g+ = 2.9v/47 using estimates for ggan from [67], as we did for the negative parity
case. We estimate the width of positive parity ©% in this case to be I'_ ~ 3 MeV /2.

Thus, the narrow width of the experimental candidate for ©% can naturally
be explained in terms of small group theoretic overlap factors in the framework
discussed in our studies, even without further damping from the disparate radii of

the initial and final decay states.
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1.2 Noncommutative field theories

In this section we will introduce some basic ideas used when dealing with non-
commutative field theories. Then we will introduce our studies and results presented
in the second half of this dissertation regarding noncommutative field theories with

and without supersymmetry.

1.2.1 Noncommutative Space-Time

One of the earliest discussions of possible deformation of structure of space-time
by consideration of nontrivial commutators of operators of space-time coordinates
can be found in a paper by Snyder that dates back to 1947 [72]. Snyder assumed
in his paper that the space-time coordinate operators are covariant under Lorentz
transformations, an assumption, which is obviously true for the canonical continuum
space-time. Then he exploited the idea that a space-time with a smallest unit of
length, that is a discrete space-time, also satisfies the above assumption. In [72]
an explicit representation was worked out for space-time coordinates that satisfy an

algebra of the following form,
(2%, #"] = a®, (1.11)

where a is the smallest unit of length. From the assumption that z, g, 2 are Hermitian
operators of the form derived in [72], it was pointed out that each of them has a
spectrum consisting of the characteristic values ma, where m is a triple of integers
that can be positive, negative, or zero. The operator ¢ that corresponds to the
time coordinate ¢ has a continuous spectrum extending from minus infinity to plus
infinity. The spectrum of each of the operators Z* that satisfy (1.11) is infinitely

degenerate. We will return to the discussion of Snyder’s space-time algebra (1.11)
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later in this section, when we discuss Lorentz-invariant QED based on a contracted
version of algebra (1.11).

Another interesting model with ”quantum” space-time structure was suggested
by Doplicher, Fredenhagen, and Roberts (DFR) [12, 13], which was motivated by
semiclassical arguments pertaining to classical gravity. DFR point out that com-
bining Heisenberg’s uncertainty principle with Einstein’s theory of classical gravity
leads to the conclusion that ordinary space-time loses any operational meaning be-
low the Planck scale. DFR elaborated on a well known remark that attempts to
localize space-time events with extreme precision cause gravitational collapse. In
order to understand this remark let’s consider the following arguments [12, 13].

Assume that one performed a very accurate measurement of the space-time
coordinates of a testing particle, up to uncertainties Az?,..., Az3. Then this would
cause an uncertainty in momentum of the order 1/a (in natural units h = ¢ = G = 1),
a = min(Az*), p =0,...,3. An energy of the order € = 1/a is transferred to the
particle during the measurement, assuming that it is performed in a regime where the
rest mass of the testing particle is negligible with respect to e. Thereby a state is gen-
erated which at some time is localized in space with accuracies Az', Az?, Az?, and
has an energy-momentum tensor 7),,, with total energy €. The energy-momentum
tensor 1), generates a gravitational field, which should be determined from Ein-

stein’s equations for the metric 7,,,
1
R, — iRn,W = 87T, (1.12)

The more precise the measurement of coordinates is, the smaller is the uncertainty
Az*, and the stronger will be the gravitational field generated by the measurement.
If this field becomes as strong as to trap photons, and prevent other signals as well

from leaving the region of localization, events under study would be put out of the
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reach of observation. In their papers [12, 13] DFR adopted the criterion that as a
result of a localization of an event in space-time, the energy momentum tensor 7,
should not generate a gravitational field so strong as to have the effect of giving rise
to black hole formation. Thus DFR came to the restriction on Ax#’s, preventing
them from being simultaneously arbitrarily small.

DFR took space-time uncertainty relations as a motivation when postulating
the commutation relations of space-time coordinates. They had to satisfy the follow-
ing three criteria: a) the commutation relations should imply the already established
uncertainty relations; b) they should be Poincaré covariant; and ¢) the commutators
should vanish in the large scale limit. Thus the quantum deviations of space-time
from its classical structure should appear only at the small distance scales. The
large scale structure of quantum space time should be the same as for the usual
Minkowski space.

For the commutators of self-adjoint coordinate operators z# DFR wrote
[#43"] = Q™. (1.13)

Here Q’“’ is an antisymmetric tensor, and is in the same algebra with Z#. For
the full DFR algebra, and the restrictions put on Q‘“’ in their model see {12, 13].
Thus, we saw that DFR came to formulating the deformed algebra of space-time
coordinates by considering the general principle of Heisenberg’s uncertainty relations
and Einstein’s theory of classical gravity.

DFR also made some steps toward formulating QFT over the quantum space-
time (QST) described in their papers [12, 13]. First attempts in the literature
toward formulating a standard model of particle physics on noncommutative space-

time were made by Connes and collaborators [8]-[11].
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Noncommutativity from String Theory

The interest in noncommutative field theories in recent years has grown due
to a series of well-known papers in string theory [14]-[16], where it was shown that
noncommutative space-time arises naturally when considering open strings in a low
energy limit propagating in the presence of an antisymmetric constant background
field B*. The background field discussed in string theory is directly related to the
noncommutativity parameter appearing in the right hand side of the commutator
[£#2"],

[#437] = 2imd/((1 — B®)"'B)™ = i, (1.14)

where o' is the string tension. Thus, by setting the background field to zero, one
recovers the canonical commutative space-time.

Note the following important difference between commutators in (1.13) and
in (1.14). Q" appearing on the right hand side of (1.13) is a tensor that is in
the same algebra with Z#  while the ©#” on the right hand side of (1.14) is just
a c-number. Field theories with an underlying noncommutative space-time alge-
bra with a c-number ©*" suffer from Lorentz violating effects and are severely con-
strained [73]-[81] by a variety low energy experiments [82]-[89]. This is a consequence
of ©% and €;;#0% defining preferred directions in a given Lorentz frame. In subsec-
tion 1.2.3 we will discuss how one can obtain limits on the deformation parameter
" from clock comparison experiments.

On the other hand the noncommutative algebras presented by Snyder [72],
and by DFR [12, 13] are Lorentz invariant. Carlson, Carone, and Zobin (CCZ) [90]
showed how one can formulate a Lorentz invariant noncommutative QED (NCQED)
that is based on a contracted Snyder algebra, which incidentally has the same Lie
algebra as DFR that is free from Lorentz violating effects. In subsection 1.2.4 we

will briefly introduce the NCQED formulated by CCZ, and discuss the consequences,
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worked out by the present author and collaborators [91], on QED phenomenology
from noncommutativity. We will also present bounds on the noncommutativity scale
that we obtained form existing collider experiments performed at LEP.

Supersymmetric field theories with underlying deformed supersymmetry alge-
bra have been a subject of discussion, too. Recently Ooguri and Vafa [92] consid-
ered a deformation of N = 1 supersymmetric gauge theory in four dimensions, with
spinor variable 6 satisfying a Clifford-like algebra. The authors show in [92] that in
a low energy limit of string theory a selfdual constant graviphoton background F8
deforms the superspace geometry, making spinor coordinates §* nonanticommuting,.
The anti-selfdual part Fé8 was set to zero, which is only possible in Euclidean space.

Motivated by [92] Seiberg developed a noncommutative supersymmetry algebra,
taking non-anticommuting @’s as a starting point, while §’s were kept anticommut-
ing [93]. This too is possible in Euclidean space only. We will discuss the N=1/2
supersymmetric theory in Euclidean space offered by Seiberg in subsection 1.2.5,
and will study a way that we offer to extend the discussion of non-anticommuting
spinor variables to Minkowski superspace.

In the following subsection we will introduce a method that is being used when

working with functions of noncommuting coordinates.

1.2.2 The Moyal-Weyl Star Product

Usually, the way one works with functions of noncommuting coordinates is by
employment of Weyl’s quantization procedure. Weyl’s procedure associates with an
algebra of noncommuting coordinates an algebra of functions of commuting variables
with a deformed product, that we call a star product. In all physics applications
of the quantization procedure those variables are eventually identified with physical

observables. A description of such a procedure may be found, for example, in
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Moyal’s paper [94]. In his paper Moyal was studying phase-space distributions of
complete sets of dynamical variables, which do not always commute with each other
in general. One might argue that such distributions do not exist [95], because of the
impossibility of measuring non-commuting observables simultaneously. However, it
is possible in principle to form operators G corresponding to functions G(r, s) of non-
commuting observables (note that r and s themselves are just commuting c-numbers,
while their corresponding operators do not commute) [94]. The expectation value
of G in any given state 1 is then given by the scalar product (¢, G¢)). Then, as
Moyal suggests in his paper, the joint distribution of r and s can be reconstructed
from a set of such expectation values.

The ground work for associating an operator with a classical function of or-
dinary variables in the framework of canonical quantization was established by H.
Weyl back in 1929 [96].

Let’s now consider a set of operators £ that do not commute. Also assume,

that 2¢ along with their commutators define an associative algebraic structure,

24, 3] = 6™, (1.15)

where 0% = —@* is a c-number 2.
Also, consider

1!)(57) :w(fi‘l?"' "%n)ﬂ (116)

which is an element of the algebra, and is itself an operator. Fields on noncommu-
tative spaces are just elements of a noncommutative algebra.
Using the prescriptions described by Weyl and Moyal, one can associate an

element of the noncommutative algebra with a function f of classical commuting

2Note that for what follows the choice of ¥ € C is not a necessity, but a choice made for
simplicity of discussion. A more general case will be considered in section 1.2.4
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variables 2!, - ;2™ [97]. Thus, one defines an operator W ( f) associated with func-
tion f as [98]
1 o
— n Ru 1.1

W) = o | ke ). (117
where f(k) is the Fourier transform of the function f(z!,---,z"),

k) = — drz e e 1.18

f()—W Te f(z). (1.18)

(1.17), and (1.18) give a unique prescription for replacing variables z in f with
the operator Z. The multiplication of operators obtained from (1.17) will give new
operators. Then, one requires that these new operators also be associated with
classical functions via the same prescription. That is, one requires that if h =
W(f)W(g), then

h=W(h)=W(f=xg). (1.19)

The requirement stated in (1.19) is a defining equation for the star product. The
star product is defined in such a way that (f x ¢g)(z) yields a representation of
the noncommutative algebra. For the noncommutative algebra described by (1.15),
from (1.19) one obtains the well-known result for the Moyal-Weyl star product,
1)) = f)exp (57,677 ) o) (1.20)
Thus the multiplication rule has to be modified between two functions f(x)
and g(z) of commuting variables in order to reflect the underlying noncommutative
algebraic structure of operators . In section 1.2.4, we will present a more general
expression for the star product obtained in [90] by CCZ, for the case when the right

hand side of commutator given in (1.15) is no longer a c-number 6*¥, but is a tensor

6m . which is part of the noncommutative algebra.
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1.2.3 Bounds on noncommutativity from NCQCD

Theories formulated on noncommutative space-time with an antisymmetric c-
number #*” on the right hand side of the commutator (1.15) suffer from the ap-
pearance of Lorentz-violating operators. These theories are severely constrained
by low-energy tests of Lorentz invariance. Carlson, Carone, and Lebed obtained a
stringent bound on the space-time noncommutativity scale by finding some inter-
esting effects that appeared at the one loop level in the well-defined generalization
of QCD formulated on noncommutative space-time in their paper [77]. They have
computed the most dangerous, Lorentz-violating operator that is generated through
radiative corrections. CCL studied in detail the phenomenological implications of
the Lorentz-violating operator 6*”go,,.q, where q is the quark field. Thus 6" is
coupled to the quark spin. It was pointed out by Mocioiu et al. [73], that this cou-
pling should generate an additional, magnetic-field-independent contribution to the
nucleon Larmor frequency. For 6, spacelike, the operator 0,0 acts like a & - B
interaction. Thus this interaction has the signature of a constant magnetic field of
a fixed direction. Its consequences can be searched through precise measurements
of sidereal variation of the magnetic field. This was done, for example, by observing
sidereal variation in the in the magnitude of hyperfine splitting in atoms in clock
comparison experiments [87]. These experiments suggest that external ¢ - B like
interactions are bounded at a few x 1073 GeV level. Using these experimental

bounds, Carlson et al. [77] concluded that
OA* <1072, (1.21)

where 6 is a typical scale for elements of the matrix 8, and A is an ultraviolet
regularization scale. In [77] it was shown that the effective G680, q operator is

generated from one-loop diagram shown in Fig.1.6 at lowest order in perturbation
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q —»

FIG. 1.6: A diagram generating §6*“o,,q, from Ref. [77].

theory. This operator is generated due to modification of the qqg vertex in consis-
tent formulation of noncommutative QCD presented in [77]. The effective Lorentz
violating operator proportional to ¢,,0* in [77] also contained a factor (¥ —m),
where m is the current quark mass. When Bis constant, that is 8#¥ is constant, the
evaluation of & - B factors out from the evaluation of (# —m). In getting the limit
in (1.21), CCL made and ad hoc estimate for the matrix element of the operator
(¥ —m), estimating it to be about My /3 ~ 300 MeV, where My is the nucleon
mass. However, in [99] it has been argued that the expectation value of (§ —m)
could be much less than 300 MeV.

In our paper [80] (see Chapter 5), we focused on calculating the matrix element
of the operator (# — m), so as to evaluate the quality of the estimate made in [77].
We have calculated, for the ground state of the quark in a nucleon, the matrix
element of the operator ( #—m), using variety of confinement potential models, under
the assumption that the constituent quarks obey the Dirac equation. Therefore
(yy —m) = (V), where V is any given confining potential. Results obtained in our
paper [80] for (#—m) are within an order of magnitude agreement with the estimate
made by Carlson et al. [77].

The constraint on noncommutativity parameter appearing in Lorentz-violating
field theories obtained in [77] was very strong, and is still quite severe even if weak-
ened by an order of magnitude. These results can be taken as motivation for look-
ing for noncommutative deformation of space-time in Lorentz-covariant ways [90,

91],[100]-[102]. This is the topic that we will introduce in the following subsection.
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1.2.4 Bounds on noncommutativity from NCQED

In this subsection we introduce the formalism of noncommutative QED (NC-
QED) that is free from Lorentz-violating effects developed by Carlson, Carone, and
Zobin (CCZ) [90]. Then we present our results on bounding the noncommutativity
parameter from studies of phenomenology of Lorentz-conserving NCQED. Carlson,
Carone and Zobin have connected the DFR Lie algebra introduced in Sec. 1.2.1,
and the antisymmetric tensor o to experimental observables, by showing how to
formulate a quantum field theory on this noncommutative space-time. These theo-
ries make it possible to study phenomenological consequences of Lorentz-conserving
noncommutative space-time. CCZ used a similar approach to the one developed by
Jurco et al. [103], who presented formalism on how to construct non-Abelian gauge
theories in noncommutative spaces.

One must note that, although the underlying noncommutative Lie algebra of
NCQED formulated by CCZ is the same as the DFR Lie algebra, CCZ took as the

starting point Snyder’s algebra [72],

[&#,3¥] = ia® MM,
[M;w’ ‘i)\] — Z’(:iygt/)\ _ i,l/gu)\),

[0, W19%) = (P g7 4 Hvegh? — Kpmags — Npigne). (122)

As we have already mentioned in Sec. 1.2.1, a is the characteristic fundamen-
tal length scale of Lorentz-invariant noncommutative discrete space-time presented
by (1.22). Note that the last two commutation relations in (1.22) are those of the
generators of the Lorentz group. In order to make a transformation to a continuous
space-time, CCZ performed a particular contraction on Eq. (1.22). Specifically, they

rescaled the M# = g /b and took the limit & — 0, a — 0 while holding the ratio
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a®/b =1 fixed. This procedure yields the DFR Lie algebra, although the enveloping
algebra is different than that presented in [12, 13]. By considering the commutator

of 8 and M* one finds that 6#” is a Lorentz tensor,
[M’“’ Haﬁ] = z(é“ﬁ ver +63"o‘g“ﬁ 0“" G g'Y). (1.23)

Thus, the noncommutative algebra formulated by CCZ has the following form

2,37 = if,
[6#,3Y] =0,
[0# 620 =0, (1.24)

The Lorentz-covariance of Snyder’s Lie algebra implies the Lorentz-covariance of the
noncommutative algebra presented in (1.24).

Note, that 0+ is a Lorentz tensor, and is in the same algebra with z#. Therefore,
in field theories formulated on (1.24) general fields will be functions of both z# and
a new c-number coordinate #*¥ that corresponds to the operator 6* . But one
must have a way of relating fields 1(z, 8) to ordinary quantum fields that are only
functions of z. The way this can be accomplished is by expansion of the fields ¢(x, 9)
in powers of 6. For gauge theories characterized by a gauge parameter A(z,8), the
gauge parameter has to be expanded as well. The gauge parameter, gauge field, and
matter field of NCQED are expanded as:

Au(z,8) = alz) + 0 AQ) (z;0) + 0077 A2)

uuna($;a) +o,

Az, 8) = Ay(x) + 6 AY

wvp

P(z,0) = P(z) + 090 + 00 ) (z) + - (1.25)

%

(&) + 6707 AD), (@) + -+
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The lowest-order term in each expansion corresponds to the ordinary QED term.
Thus, ordinary QED can be extracted by taking the commutative limit, 6 — 0.

To insure that such an expansion is possible, CCZ introduced a Lorentz in-

variant weighting function W(6). By use of this weighting function, they gave the

following generalization of the operator trace,
Trf = /d4x PO W (0) f(x, 6), (1.26)

where

d% = d6*2de*do>' do°* de"2do™ . (1.27)

W(0) is normalized as [d%0 W (#) = 1. Furthermore, one requires that for large
|64|, W () dies off sufficiently fast in order that all integrals be well defined [90].
The requirement of Lorentz-invariance gives yet another restriction on W, requiring

that it be an even function of 8, which yields
/ d°O W () 6" = 0. (1.28)

This restriction has interesting consequences on possible collider signatures of the
theory. Specifically, we will see that it implies the absence of 3 photon vertices,
while 4 photon vertices are still present.

As we have discussed in Sec. 1.2.2, one needs to establish a one-to-one mapping
between elements f(Z, é) of noncommutative algebra (1.24) | and functions of typical
c-number coordinates f(z,6). The mapping presented in Sec. 1.2.2 will have to be
modified to reflect the fact that 4 appearing on the r.h.s of commutator [£#, "] is

a Lorentz tensor, and is in the same algebra with £#. Thus one obtains the following
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generalization of (1.17) and (1.18) (see [90] for details),

A ~ d4a d6B il :f:“ B ,/él“/ ~
f(2,0)= (2n)i 2n)8 ¢ (e +=45—) f(a, B), (1.29)
where
f(a,B) = / dod®0e @+ 77 £(5. ). (1.30)

Lorentz invariance requires that B transforms as a two index Lorentz tensor.
To ensure that operator multiplication be preserved, f g = [ x g, one finds that

the rule for ordinary multiplication must be modified:

—

(f*xg)(x,0) = f(z,0) exp[% Eﬂ 6" 9,)g(x, 6). (1.31)

The 6 dependence of the functions distinguishes this result from the x-product of the
canonical noncommutative theory. Egs. (1.29) and (1.30) allow one to work solely
with functions of classical coordinates x and 4, provided that all multiplications be
promoted to a x-product.

We can now use the weighting function W (#) introduced by (1.26), and its
properties described above to extract field theory interactions by performing the

d%¢ integral, resulting in the action
S=Trl = / d*z PO W (0) L(p, D), (1.32)

where the notation in L£(¢, 0¢), indicates *-product multiplication.
Then, one can use the expressions for gauge parameter, gauge field, and mat-

ter field of NCQED presented in (1.25), and write down a U(1) gauge invariant
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Lagrangian as
L= /dGHW(Q)[—%FM*F’“’+1Z*(ilD—m)*w], (1.33)

where

D, =8, — ieA,, 1.34)
B 1 b

and the field strength is
F., =08,A, —0,A, —ie[A, T A (1.35)

Fields in (1.25) are then determined order by order in # from gauge invariance and
noncommutativity restrictions, and can be substituted into the Lagrangian (1.33).
In our calculations we expand the Lagrangian through #? and evaluate the d°@

integral using the weighted average
(6%)
/ d°OW (9)0" 6" = 5 (9797 = g"g™), (1.36)
where the expectation value is defined as
(0% = /dGQW(H)OWH“”. (1.37)

From Eq. (1.28) one can see that only terms containing even powers of § will result
in interaction vertices. Thus, for example, the three-photon vertex of canonical
NCQED is not present.

The first nontrivial contributions to the NCQED Lagrangian come from the

second order in & terms in the Lagrangian. They include:

1. the 4-photon vertex, which has been discussed extensively in [90],
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\
{,/ —— Ps

FIG. 1.7: 2-fermion-1-photon vertex.
2. the correction to 2-fermion-1-photon vertex (ordinary QED vertex),
3. the 2-fermion-2-photon vertex.

The Feynman rule for the 2-fermion-1-photon vertex with all fermions on shell
will get modified (see Fig. 1.7, and Eqn. (6.39) for the Lagrangian term that gives
this modification):

(0%)

ie{1+ 5 ()} (1.39)

where (6?) is defined in (1.37).

In our paper [91] we have studied the effects of this modification by considering
several collider processes. We have calculated the cross sections for the Bhabha and
Mgller scattering, and ete™ — pTu~. To first order in (#*)/12 we obtained the

following results in the center of mass system for ete™ — ete™

do do ma? (0% 5, 5 ot S
= —_— t°+2 -+ - 1.39
dcosfom <dcos€)QEDjL s 96 {7+ 7+ 2wt (s + t)}’ (1.39)
forete™ — utp~
do do 0% ,
= 14+ .
d cos B (dcos@)QED( + 96 ° ) (1.40)
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FIG. 1.8: Feynman diagrams for ete™ — vy

and fore"e” — e e~

do do a2 (0%, u ot
= ——{t 28> + %~ + — 1.41
dcosf <dcos9>QED+ 96{ s +S(t_*_u)}’ (1.41)
where s, u, and ¢ are the Mandelstam variables, and (%) QED is the canonical

contribution from commutative QED.

Furthermore, we have calculated the full correction to ordinary QED 2-fermion-
1-photon vertex with all fermions and photons possibly off-shell, and Eqn. (6.48)
shows the terms in the Lagrangian that give this correction presented in Eqn. (6.49).
We have also derived a new Feynman rule for the a 2-fermion-2-photon vertex with
all fermions and photons on shell (see Eqn. (6.50) for the Lagrangian terms for this

vertex). The Feynman rule for this vertex is given by

92
O ()b — i)
+prpa){psy* — piY}
+(#s— da){pivs — pivs}, (1.42)

with all the momenta labeled is in Fig. (1.8). Considering the presence of this new

vertex as compared to commutative QED, it was interesting to study the ete™ — v
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process, which is sensitive to this change. We obtained the following result for the

cross section of this process,

do do 0%y s*
= 1——— 0| . 14
dcosf (dcos@)QED [ 19220 (143)

It is natural to define Ayc = (12/(6?))*/* which characterizes the energy scale
where noncommutative effects become relevant. By comparing our results stated
in equations (1.39), (1.40), (1.41), and (1.43) to LEP 2 data we obtained bounds
on the energy scale of noncommutativity. The tightest bound came from diphoton
production which yielded Ayc > 160 GeV at the 95% confidence level. We also

—2 1

determined that an NLC running at 1.5 TeV with a luminosity of 3.4 x 103 cm=2s

will be able to probe Ayc up to ~ 2 TeV.

1.2.5 Non(anti)commutative supersymmetric field theory

In this subsection we introduce our studies [104] of a theory in Minkowski
space that explores the possibility of having non-anticommutative supercoordinates
9 and 6. As we have already mentioned in subsection 1.2.1, a theory in Euclidean
space with non-anticommuting 6’s was offered by Seiberg in [93]. In that model
0’s were kept anticommuting. This choice of anticommutators for § and 6 is only
possible in Euclidean space. Such chirally asymmetric deformation of the algebra
of supersymmetry parameters gives rise to nonhermitian operators [105] that make
the deformed Euclidean space Lagrangians, and the vector superfield nonhermitian.

In constructing our deformed algebra of supersymmetry parameters in Minkowski
space, we first require that the deformation be chirally symmetric. In Minkowski

space, we relate 9% to G by §& = (6*)!. We begin constricting the algebra by first
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defining the following anticommutator,

{6>,6°} = P, (1.44)
where C? is a symmetric array of c-numbers. Then it also follows that

(6%,6%) = G5, (1.45)

where (48 = (CP*)t. We further make the following simple choice for the yet

unconstrained anticommutator of § and 5,
{6%,6°y = 0. (1.46)

We chose the commutators of chiral coordinate §* = z# + iéa“é, and the antichiral
coordinate y* = &* — i6o*d in such a way that enables us to write products of chiral

fields, and products of antichiral fields, in their standard form. Thus we define

[9",6°1 =0, (1.47)

[7#,6% = 0. (1.48)

The choices and results in (1.44)-(1.48) also constrain the commutation relations of

9 and of § with themselves. The following condition must be satisfied

[, 3" — [, ) = 4(C¥0°6° — CP630P )t % . (1.49)

Commutators defined in (1.44)-(1.48), and the condition (1.49) fix the whole algebra

of (, g, é) coordinates, and we find that
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{6°,0%) = C°F [@#,6°) = iC*Pt 05, (1.50)
{6%,6°) = C*° [@#, 6% = iC9Pot (1.51)
{6%,6°y =0, [+, 3"] = (C2P9%6° — C¥P0)at 0% . (1.52)

Hence, the space-time coordinates £* do not commute with each other, or with the
spinor coordinates § and 0.

We operationally define our theory by finding a suitable star-product. A prop-
erly defined star product has to reproduce the underlying noncommutative algebra
of deformed supersymmetry parameter space in its entirety. We require that the

star product satisfy the reality condition,

(Axf) = f*fl (1.53)

We will limit the star product to being at most quadratic in the deformation param-
eter C*P. This is also the minimum that will allow reproducing the deformed algebra
for the supercoordinates. We write down the star product that we use for mapping
a product of functions f g in noncommutative space to a product of functions in

commutative space in the following form,

fa= fxrg=[f(1+8)g. (1.54)

Here f and g can be functions of any of the three sets of variables mentioned above,
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and the extra operator § is

B — — =
S=- 5 Qs — —5 Qaly
CBOM - — — — Cdﬁc_".y‘;(f = = =
e QaQ, Qs+ ——5—Q4Q3Q5Q (1.55)
Caﬁc—’dﬂ._<——_>—> — = 5 =
+ 77— (QaQaQ50s — QuQaGs Q)

Here operators ) and @ are understood to be defined in the same form as the
supersymmetry generators of canonical supersymmetric theories. The left «— and
right — arrows indicate the direction of the action of operators ¢ and Q. It’s
easy to verify that the star product presented above indeed reproduces the entire
noncommutative algebra of supersymmetry parameters, and that it satisfies the

reality condition (1.53). If f and g are functions only of 6, for example, then the

star product takes the following simple form, recognizable from [93],

of — —
[0) * 9(0) = f®)exy (—%%%) 4(6)

c?9 3 ]
= 0 — detC —— 0 1.
f”( 2 00°007 609699)9( ), (1.56)
where we adopt the following definition: 32 = i%% = 1emL B

We can now use (1.54), (1.55), and the canonical definitions of @ and Q to

calculate their anticommutators. Thus in noncommutative space we obtain

I 82
— af b v

{Qa, Qo) = —40% 0500, 5 (1.57)

_ - o2

. Y = —gpOeR v~
{Qaa Qﬂ}* - 40 O-Zdo-ﬂﬂ 8yuayu 3 (158)
—> —_). _ o 8

{Qou Qa}* = QZUad_ayu . (159)

Thus, we see that the first two of the above three anticommutators of supercharges
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where Fj is the ground state eigenenergy and rg is a state dependent scale parameter.

Now we can calculate the matrix element of interest,

(p—m) = /1[7%(1—0-70)07"21/) dr

e , . (C 1/3_EO
= /0 f(r)*Cr dr—(§> =5

(5.26)

So, we can see that, in case of scalar+vector confinement of equal strengths, (#—m)
is determined only by spin independent part of the Dirac spinor and is equal to one
third of the ground state energy. In [138] it was also shown that for three massless
quarks in their lowest 1s orbit, with energy eigenvalues Ejy for each quark, the center-
of-mass energy obtained with the potential (5.23) is just Ey, hence the nucleon mass
in this model is: My = 2F, (instead of My = 3FE, , as in non-relativistic and non-

recoil models). Therefore, Fy = 540 MeV and,

(¥ —m) =180 MeV. (5.27)

5.5 Pure Scalar Harmonic Potential

Tegen [137] has considered scalar+vector harmonic confinement in calculating
the weak neutron decay constant g4/gy and found too small a value for ga/gv,
compared to experiment. In [138] and [139], a pure scalar harmonic potential

V(r) = Cr? was studied numerically, and yielded more satisfactory results for g
y g

and for the RMS charge radius. We find that

(f—m) = C/OOO r? (f(r)2 - g(r)Q) dr, (5.28)
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where f(r) and ¢(r) are defined as in eqn. (5.24).

We have fitted the numerical solution presented graphically in [138] with C' =
830 MeV/ fm? to calculate our integral of interest (5.28). The fitted wave functions
are presented in Fig. 5.3, and as a benchmark for evaluation of the quality of the fit,
we have calculated (r?) and g4 and obtained values 0.61 fm and 1.26 respectively,
as compared to (r?) = 0.64 fm and g4 = 1.26 found in [138].

Thus we obtained, without any additional tuning, the following result:

(# — m) = 160MeV. (5.29)

5.6 Summary

In this paper we have calculated, for the ground state of the quark in a nucleon,
the matrix element of the operator (y~m), using variety of confinement potential
models, under the assumption that the constituent quarks obey the Dirac equation.
The motivation has been to solidify the estimates of the non-commutativity param-
eter of canonical (Lorentz violating) noncommutative QCD, where some of leading
order Lorentz violating effects are proportional to factors of {§ —m).

Interestingly, we found the following results,

21 MeV, for 3-D scalar central pot.

27 MeV,  for scalar+vector linear pot.
(—m)= (5.30)

180 MeV, for scalar+vector harm. pot.

160 MeV, for pure scalar harmonic pot.

We note that in the case of scalar central confinement as considered in section

II, /~m) vanishes as 1/V, when Vi — oo, but it is different from zero in general. We
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note also that the value of (¥—m) obtained for the scalar+vector linear confinement
model is close to that obtained for scalar 3D potential well.

We have also shown that in case of scalar+vector harmonic confinement of equal
strengths, (5 — m) is determined only by spin independent part of the Dirac spinor
and is equal to one third of the ground state energy.

For pure scalar harmonic confinement of the form V(r) = Cr? (p — m) was
obtained using a fit to the numerical solution of the Dirac equation presented graph-
ically in [138], and appears to have a value pretty close to that obtained for the
scalar+vector harmonic confinement model.

Results obtained in this paper are within an order of magnitude agreement with
the estimate made by Carlson et al. [77]. The results obtained in [77] were used there
to constrain the noncommutativity parameter in Lorentz violating noncommutative
field theories. The constraints were very strong, and are still quite severe even if
weakened by an order of magnitude. These results may be taken as a motivation to

look for space-time noncommutativity in Lorentz-covariant ways [90], [L00]-[102].
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CHAPTER 6

Phenomenology of
Lorentz-Conserving

Noncommutative QED

6.1 Introduction

It is interesting to consider the possibility that the structure of space-time is
nontrivial. In one of the most popular scenarios position four-vectors are promoted
to operators that do not commute at short distance scales [12, 13], [72]-[81], [90],
[98]-[104], [140] -[153]. There has been a lot of work on field theories with an
underlying noncommutative space-time structure. Jurco et al. [103] have presented
a formalism on how to construct non-Abelian gauge theories in noncommutative
spaces from a consistency relation. Using a similar approach Carlson, Carone and
Zobin (CCZ) [90] have formulated noncommutative Lorentz-conserving QED based
on a contracted Snyder [72] algebra, thus offering a general prescription as how

to formulate noncommutative Lorentz-conserving gauge theories. In this algebra

87
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the selfadjoint space-time coordinate operators satisfy the following commutation
relation,

[##, 2] = 6" (6.1)

Here 6# = —§“* transforms as a Lorentz tensor and is in the same algebra with z#.
This algebra is Lorentz-covariant.

The Lie algebra considered by CCZ is the same as the Lie algebra of Doplicher,
Fredenhagen, and Roberts (DFR) [12, 13]. Interestingly enough DFR came to the
formulation of their algebra by considering modifications of space-time structure in
theories that are designed to quantize gravity. The DFR algebra places limitations
on the precision of localization in space-time. As noted in [12, 13], quantum space-
time can be regarded as a novel underlying geometry for a quantum field theory of
gravity.

Interest in noncommutative space-time originated with the work of Connes and
collaborators [8]-[11] and has gained more attention due to developments in string
theory [14], where noncommutative space-time has been shown to arise in a low
energy limit. In string theories 6*” is just an antisymmetric c-number. Theories
involving noncommutative space-time structure based on algebras with c-number
0¥ suffer from Lorentz-violating effects. Such effects are severely constrained [73]-
[81] by a variety of low energy experiments [82]-[89]. Lorentz-violating effects appear
in field theories as a consequence of §% and %% defining preferred direction in
a given Lorentz frame. In contrast to this the noncommutative QED (NCQED)
formulated by CCZ based on Eq. (6.1) is free from Lorentz-violating effects.

Carlson, Carone and Zobin have connected the DFR Lie algebra Eq. (6.1), and
the antisymmetric tensor 6" to experimental observables, by showing how to formu-
late a quantum field theory on this noncommutative space-time. Similar issues have

been discussed by Morita et al. [101, 153]. These theories make it possible to study
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phenomenological consequences of Lorentz-conserving noncommutative space-time.
As a beginning, CCZ have studied light-by-light elastic scattering and obtained con-
tributions that can be significant with respect to the standard model background.

In this paper we calculate other phenomenological consequences of Lorentz-
conserving NCQED formulated by CCZ. We consider various collider processes such
as Bhabha and Mgller scattering, eTe™ — p*u~ and ete™ — . The experiments
at planned colliders will provide means of testing the properties and the structure
of space-time at smaller distance scales. We note that any property prescribed to
space-time, if confirmed experimentally, must affect all interactions.

In the following section we discuss the underlying formalism of noncommutative
Lorentz-conserving gauge theories, with emphasis on NCQED. In Section III we
study the Lorentz-conserving NCQED by considering various collider processes. In
Section IV we obtain bounds on the noncommutativity scale from Bhabha scattering,
ete™ — putu~ and ete™ — vy experiments. We summarize our discussion in Section

V with some concluding remarks.

6.2 Algebra and QED Formulation

The simplest construction of a Lorentz-conserving noncommutative theory in-
volves promoting the position four-vector to an operator that satisfies the DFR Lie

algebra

&,37] =6,
[0,2% =0,
[6#,6°F) =0, (6.2)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



90

where 8#¥ is antisymmetric and transforms as a Lorentz tensor.

On the other hand, CCZ took as the starting point Snyder’s algebra,

[£#,3"] = ia® MM,
[Muu’ j)\] — Z’(i.ugl/)\ _ ‘,i.ugu)\)y

[M#, NI = i(MH8g¥e + N ghf — N1 ghP — N[7Pghe). (6.3)

Snyder’s algebra (which is the same as the algebra of SO(4,1)) describes a Lorentz-
invariant noncommutative discrete space-time characterized by a fundamental length
scale a. By constructing an explicit representation for & and M in terms of differen-
tial operators, the Lorentz invariance of Eq. (6.3) was demonstrated [72]. CCZ then
extracted the DFR Lie algebra by performing a particular contraction on Eq. (6.3).
Specifically, by rescaling M* = g /b and holding the ratio a?/b = 1 fixed, the limit
b — 0, a — 0 yields the DFR Lie algebra. Thus, the Lorentz covariance of Snyder’s
Lie algebra implies the Lorentz covariance of Eq. (6.2) [90]. The commutator of 6+
and M*™ is
(11 G6) = i(§0g 1 frorghd — regrs — guigee), (6.4
as one would expect if 64 is a Lorentz tensor. Note that the contraction also implies
that the eigenvalues of the position operator of the DFR algebra are continuous.
To develop a field theory on a noncommutative space-time, one defines a one-
to-one mapping which associates functions of the noncommuting coordinates with

functions of the typical c-number coordinates. In the canonical noncommutative

theory this is achieved via a Fourier transform

f(@) = 217 / ik ek / "z e f(z). (6.5)

In the Lorentz-conserving case the presence of the operator frv requires that
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the mapping involve a new c-number coordinate 6’ (no hat). Functions of the
noncommuting coordinates are then related to functions of c-number coordinates

by

o Bio dB o g Bt
f($,9)=/(775;(2—7r)66 (@ +=5) f(a, B), (6.6)

where

f(a,B) = / oS geien +247—) f(z,0). (6.7)

Lorentz invariance requires that B transform as a two index Lorentz tensor.
To ensure that operator multiplication be preserved, fo=7Fx g, one finds that

the rule for ordinary multiplication must be modified:

(f % 9)(a,0) = £(z,0) exl3: D, 0 )g(s.0) (63)

The 8 dependence of the functions distinguishes this result from the %x-product of
the canonical noncommutative theory. Egs. (6.6) and (6.7) allow one to work solely
with functions of classical coordinates x and 8, provided that all multiplication be
promoted to a x-product.

The introduction of a Lorentz invariant weighting function W () allows for the

following generalization of the operator trace:
Trf = / d*z PO W (9) f (, 6). (6.9)
In [90] CCZ took the normalization to be
/ oW (H) = 1. (6.10)

It is straightforward to demonstrate the cyclic property of Eq. (6.9), i.e. Tr f g =

Trg f . One requires that for large |0#*|, W () dies off sufficiently fast in order that
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all integrals be well defined [90]. Lorentz-invariance requires that W be an even
function of 8, which yields
/d60 W(8) 6" = 0. (6.11)

As will be seen, this restriction has interesting consequences on possible collider
signatures of the theory.
Field theory interactions are extracted by performing the d®@ integral, resulting

in the action

5=ﬂf=/j%fmwmc@ﬁ@“ (6.12)

where the notation in £(¢, d¢), indicates x-product multiplication.

As was mentioned, in the Lorentz-conserving noncommutative theory the initial
“fields” are generally functions of x and 8, and must be related to ordinary quantum
fields which are only functions of z . CCZ showed how this can be done for NCQED
using a nonlinear field redefinition and an expansion in #. Since the phenomenology
of NCQED is the topic of this paper, all developments will be directed toward a
U(1) gauge theory. For completeness the formalism presented in [90] is reviewed.

In Lorentz-conserving NCQED, one has a matter field ¢ and gauge field A .
For a U(1) gauge transformation characterized by a parameter A(z,6), the fields

transform as

P(z,0) — U *(x,0), (6.13)
and
1%uﬂyeU*AAa@*U4+£U*@U”, (6.14)
where
U= (e, =1+iA(z,0)+ %iA(m, 0) xiA(z,0) + - - (6.15)
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A U(1) gauge invariant Lagrangian is
Ez/d%W(H)[—%FW*F””—I—qﬁ*(z’@—m)*w], (6.16)

where

D, =8, —ieA,, (6.17)

and the field strength is
F,, =0,A, —9,A, —ie[A,+ A)]. (6.18)

In demonstrating the gauge invariance of Eq. (6.16) and the cyclic property of

Eq. (6.9), the following identity is useful

/d4xf*g = /d4xfg. (6.19)

Egs. (6.16), (6.17), and (6.18) are similar in form to those obtained in the canoni-
cal NCQED case, the difference again being the 8 dependence of the fields ¥ (z, )
and A(z,0) in Eq. (6.16). One must have a way of relating ¢ and A to ordinary
quantum fields which are only functions of x. This is accomplished by utilizing the
behavior of the weighting function Eq. (6.9), which allows an expansion of the fields
and gauge parameter in powers of 6. A similar technique involving field expansions
was first used in constructing a noncommutative SU(N) gauge theory in [103]. The
coefficients of the power series are thus only functions of z and correspond to ordi-
nary quantum fields. From requirements of gauge invariance and noncommutativity,
these coefficients can be determined order by order in 6.

The matter field, gauge field, and gauge parameter of NCQED are expanded

as:
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Ay(z,0) = alz) + H“VALIU)(x; a) + H“VG"UALZI,)WU(QU; a)+ -, (6.20)
Ap(x,0) = Ay(z) + 0* AD) (z) + 0#07 AD)  (z)+ -+, (6.21)
W(@,0) = () + 0pP) + 0P () + - (6.22)

The lowest order term in each expansion corresponds to the ordinary QED term.
Thus, ordinary QED can be extracted by taking the commutative limit, 6 — 0.
Consider an infinitesimal transformation of a matter field ¢(z) in an ordinary
U(1) gauge theory:
do0(z) = ia(z)P(z). (6.23)

For a Lorentz-conserving noncommutative theory, this is generalized to
dat(z,0) = itAs(x, 0) % P(x, 0). (6.24)

In an Abelian gauge theory two successive gauge transformations must then satisfy

the relation

(6a05 — 0500 )9 (x,0) = 0. (6.25)
For Eq.(6.25) to hold, A must satisfy

i(;aAg — i(SgAa + [Aa ¥ Ag] = 0. (626)

The parameter A can then be determined at each order in 8. Specifically, it can be
shown that

Al(},,)(w; a) = g@ua(x)Al,(x) (6.27)

and
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2

A® (z:0) = —%8Ha(x)An(x)80A,,(x) (6.28)

satisfy the condition of Eq. (6.26). The gauge and matter fields are treated in a
similar manner.

The restriction of a gauge field transforming infinitesimally as
0aAs = 0,A +i[Aq ¥ Ay, (6.29)

is satisfied by the following expressions for A1) and A®:

€
Aftlu)p(a;) = _'iAu(auAp + F]?p)a (630)
2
e
AQ) (x) = 5(,4“/1,7801?3,, — 8, 4,00 A Ay + ALFD L), (6.31)
where
F), =0,A, —8,A, (6.32)

is the ordinary QED field strength tensor.
Likewise, one can show that for a matter field transforming infinitesimally as

Eq. (6.24), the appropriate forms of 1" and ¢® are
e
o () = =5 AuDu (6.33)
and

purno

@ ()= g(—qgauAnayagw + eAuAnD,0,1 + 2e A8, AyBot)

+eA,F2 D) — gaﬂAnayAgw +ie? A, Ay B A1), (6.34)
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Interactions are extracted by substituting Eqs. (6.27), (6.28), (6.30), (6.31),
(6.33), (6.34) into the Lagrangian Eq. (6.16). We expand the Lagrangian through

6? and evaluate the d®@ integral using the weighted average
d°OW (9)0" 6™ = %(9" 9”7 — g"*g™), (6.35)
where the expectation value is defined as
(0% = /dGOW(H)QWG"”. (6.36)

It is natural to define Ayc = (12/(6?))'/* that characterizes the energy scale where
noncommutative effects become relevant. The restriction on W from Eq. (6.11) de-
mands that only terms containing even powers of 8 will result in interaction vertices.
Thus, for example, the three-photon vertex of canonical NCQED is not present.
The next section focuses on the phenomenology of a U(1) theory whose space-time
coordinate operators obey the DFR Lie algebra. Possible collider signatures are

considered and bounds on the energy scale Ayc are obtained.

6.3 Collider Signatures

The Lagrangian for QED with Lorentz-invariant noncommutative space-time
Eq. (6.16) can be written as an expansion in § order by order using the nonlinear
field redefinition described above. The zeroth order in § will give the ordinary QED
Lagrangian. The first order is zero due to the evenness of the weighting function

W (8). The first nontrivial contributions come from the second order, they include:
1. the 4-photon vertex, which has been discussed extensively in [90],

2. the correction to 2-fermion-1-photon vertex (ordinary QED vertex),
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3. the 2-fermion-2-photon vertex.

The lowest order correction to the ordinary QED vertex comes from the follow-

ing terms in Lagrangian density:

PO P —mpp© + 50 §—m)y
+g{(1/j(o)* AO)O 4 FO(AO 4 O)y (6.37)

where we retain only the second order term in contributions to the x-product
shown in the last two terms. The first two terms will go to zero if both fermion

fields are on shell. And the 2-fermion-2-photon vertex comes from:

OGP —m D+ O6 @ —m)p® + N P —m)p
e AOPO L 5O 4020
+ e{(PO% ANy ® W (AO & @) 4 (0% AWy O}, (6.38)

where this time we retain only the first order in the x-product shown.

6.3.1 Dilepton Production, ete™ — [t~

First we consider processes in which all fermions are on shell, i.e. dilepton

production ee~ — [*]~. For processes up to tree level Feynman diagram, only

@O AONO + 5O 4y}

will contribute to the vertex correction since all the fermions are on shell. This

Lagrangian term reduces to:

g%{i(auay A0 0"p) + (040" )(8,0, AN} (6.39)
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FIG. 6.1: 2-fermion-1-photon vertex.

From this we obtain the following Feynman rule for the 2-fermion-1-photon vertex

with all fermions on shell and with momenta labeled as in Fig. 6.1:

ief1+ 9 g2y (6.40)

where we have not made the assumption that the fermions are massless (although
we do set m = 0 in the cross section formula).

We will consider the following processes which are affected by this vertex cor-
rection: Bhabha scattering, ete™ — p*u~ and Mgller scattering.

The matrix element with vertex correction for Bhabha scattering (Fig. 6.2) is:

iM = a(ps)(iey”)(1 + %q4)v(p4)q—2i—|g-“;6
%q‘l)u(pl)
%)
384
)

xa(ps)(tey*)(1 + @q"l)u(pl). (6.41)

x(p2)(ier”) (1 +

— i

—0(p2) ey )1+ eraulea)

Squaring the matrix element and summing(averaging) over the final(initial)

fermion spin states will give:

2 + u?
52

u? + s2

2
[MP = 26! FA(—5—) + 2P = + F(—;
S

)} (6.42)
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n
% e
FIG. 6.2: Bhabha Scattering.

where we define F; = {1 + %%}2 with s,t and u are the Mandelstam variables.

To first order in {6?)/12 this will give us the center of mass (CM) differential cross

section:

do do Ta? (0% ., s o b s
- 5 96 2 -+ - 4
dcos 6 (dcos&)QED+ s 96 {s"+17+2u" +u (S+t)}’ (6.43)

where 0 is the CM scattering angle.
The same results for ete™ — ptu~ can be obtained easily by just throwing
away the ¢t channel in the Bhabha scattering calculation, assuming the muons are

massless. The spin average square matrix element is:

t2 + u?
32

[M[? = 2¢" F(

). (6.44)

And to first order in (62)/12 this will give us:

do [ do 6% ,
dcos (dcosH)QED(l 96 ° ) (6.45)
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6.3.2 Mgller Scattering

For Mgller scattering, the spin average square matrix element is obtained by

using crossing symmetry from Bhabha scattering:

s+ t?
)

u? + 52
t2

2
M — 26" F2( )+ 2F Py + X )} (6.46)

To first order in (#?)/12 this gives us the CM differential cross section:

do do T (%) o g 2 2 1
= —og U 2 -+ =)} 4
dcos@ (dcos@)QED+ s 96 {t"+u”+25"+s (t + u)} (6.47)

6.3.3 Diphoton Production, ete™ — vy

In order to calculate the cross section for eTe™ — v, we first need to calculate
the full correction to ordinary QED vertex, not just the case when all fermions are
on shell. This requirement comes from the fact that in diphoton production we
have fermion propagators in the Feynman diagrams. By using the non-linear field
redefinition for 1?, the Lagrangian for the full correction can be written as:

el (040 0)E p-mp + ({10 + m)TIr (%))
(B AN (") (@ §—m)yp + {(i0a +m)Y}y*(0"0"9)}

@0 MY + @FDO0 VY. (648)

Then the Feynman rule for the 2-fermion-1-photon vertex with all fermions and

photons possibly off-shell is (Fig. 6.1):
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FIG. 6.3: Two fermions - two photon vertex.

(6%)

ie{7" + 55" [(#1 —m)psph —  (#o — m)pIDs
+(#2 —m)(pr-p3)pY —  (# — m)(p2-p3)Ps
+%{(P1-Ps)2 + (p2p3)*}17"]}- (6.49)

Next we need to calculate the contribution from the new vertex, i.e., 2-fermion-

2-photon vertex. The Lagrangian for this vertex is:

O 0,00 (@D 00) ~ @ D)

— (0, AN{(0 ")) Mp — P A(0#0")}
+ 24, F o { (M) (0"Y) — (8" (0*y}], (6.50)

We put all the fermions and photons on shell to simplify the calculation. This
simplification is possible since in the calculation for diphoton production up to
second order in 6 for the 2-fermion-2-photon vertex all fermions and photons are
on shell. Labeling momenta as in Fig. 6.3, we obtain the Feynman rule for the

2-fermion-2-photon vertex with all fermions and photons on shell:
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FIG. 6.4: Feynman diagrams for ete™ — vy

5 (6%) o.m 7,0

(1 % (pl-p3){P2’Y - DY }

+(prp){p3y” — iy}
+(#s— ) {pip; — pivs}. (6.51)

Putting all these rules together, the cross section up to first order in (6%)/12 for
diphoton production can be calculated (Fig. 6.4). The matrix element for diphoton

production can be written as the sum of the three diagrams:

iM = iM; +iMy+ iMs, (6.52)

with each matrix element defined below:

. ) . . B v L 92
My = —ie’e,(ps)e;(pa)V(p2) [7 tqu +%
t
X 5{7” a* + o5t — ot 7”}} u(p1), (6.53)
. ) . _ s v 92
iMy = —16252(173)%(294)71(1)2) [7 i +<9_6>
x %{7“ hy" + Py’ — ph"}} u(p1), (6.54)
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iMs = ie2ez(pa)6’;(p4)@@(p2)

192
x [t{p)y" — oy} + u{pi " — phy"}
+ 2(#3— #a) (iP5 — PIP3)| ulp1). (6.55)

It is easy to show that if either one of the polarization vectors is replaced with
its momentum, the matrix element will be zero as we expect from gauge invariance.

Next it is straightforward to show that the spin average square matrix element is:

|IM|2 = 2¢* [3 + % - <—92—>(t2 + uQ)} : (6.56)

do do (9?ys* .,
- 1 Y75 sin2gl . .
dcos (dcose) omD { 1922 " (6.57)

6.4 Bounds on Ayo from colliders

Maoller scattering experiments do not provide data at high enough energy to
set a bound comparable to the one obtained from Bhabha scattering. For Bhabha
scattering the bound can be extracted from a series of LEP experiments [154]. The
total cross section integrated between g and 180° — 6y predicted by our calculation

can be written as:

rals 25 7 . 1—a
= - — 2ln —— 6.58
o OSM+8A§1VC{4G+12G+ n1+a}, ( )

with a = cos fy. This matches the cut introduced by the L3 experiment where
fo = 44° is the angle relevant to the L3 detector. Here we use o)y instead of oggp to

take into account the weak interaction and radiative corrections. We have neglected
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\/E(GGV) Oexp + Astat + Asys (pb) USM(pb)
130.10 51.104+2.9040.20 56.50
136.10 49.30£2.90+0.20 50.90
161.30 34.00+1.90£1.00 35.10
172.30 30.80+1.9040.90 30.30
182.70 27.604-0.70+0.20 26.70
188.70 25.1040.4040.10 24.90

TABLE 6.1: Bhabha Scattering: Data from L3 experiment at LEP and Standard Model

Prediction [154].
the noncommutative correction to higher order QED and weak interactions. We use
the numerical values of the data above (TABLE 6.1) [154], and for the theoretical
prediction we add the correction due to noncommutativity obtained in the previous
section to the listed SM cross section. The x? function is defined as follows:

2 O'i - o"tLh 2
¥ = Z(—“PN <) (6.59)

i exp

with A2 = A?

exp stat

+ A?

sys and ¢ sums over the energy range. Performing the X2

analysis over the energy range shown in TABLE 6.1, we obtain the bound Ayc >
137 GeV (95%C.L.).

A similar analysis can be performed on ete™ — p*u~ using the data from the
same experiment at LEP [154]. The total cross section integrated between 6, and

180° — 6, is:
ra’s a®

+——, (6.60)
8A%. 3

g =0sMm

with a defined above and 8y = 44°. Fitting our theoretical prediction to LEP
data (TABLE 6.2) [154] using x? fit will set the bound for Ay¢c > 86 GeV (95%C.L.).
For diphoton production, the bound can be extracted from a series of experi-

ments at LEP [155]-[160]. The total cross section integrated between 6 and 180° — 6y

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



105

\/E(GGV) Oexp + Astat + Asys (pb) USM(pb)
130.10 21.00+2.30£1.00 20.90
136.10 17.5042.20+0.90 17.80
161.30 12.5041.40+0.50 10.90
172.30 9.20%1.30+0.40 9.20
182.70 7.34£0.59+0.27 7.90
188.70 7.28+0.29+£0.19 7.29

TABLE 6.2: ete™ — ptp™: Data from L3 experiment and SM Prediction [154].

predicted by our calculation can be written as:

mals a’
— o — 2 b L 6.61
o =03M 16A§vc{a+ 3}, (6.61)

with a = cosfy. This time the bound is obtained from an analysis done by the
experimenters themselves for the purpose of bounding a generic contribution for ‘new
physics’. The bound set from diphoton production experiments at LEP, as obtained
by the DELPHI collaboration and translated to our definition of noncommutativity
scale is Ayc > 160 GeV [155]-[160]. A similar analysis by the L3 collaboration
yields a similar bound [155]-[160].

A next linear collider (NLC) with a luminosity 3.4 x 103 em~2s~! and center of
mass energy 1.5 TeV will set a better bound for Ayc. We calculated the number of
events predicted by ordinary QED at 1.5 TeV and took the statistical uncertainty
from the square root of the number of events. By requiring the ‘new physics’ effect
to be significant only if it can produce an effect at least 2 standard deviations
away from this predicted value, a prediction for the bound that could be set for
the noncommutative scale can be obtained. Our calculation for Bhabha scattering
predicts a reach for Ayc = 2.0 TeV, for ete™ — putu~ Ayc = 1.7 TeV, for Mgller
scattering Ay & 2.7 TeV and for diphoton production Ayc = 2.0 TeV. From this

we can conclude that the bound obtained from these experiments will be about =~ 2
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TeV and is comparable to the energy scales where the experiments are performed.

6.5 Conclusion

We have considered the phenomenology of a Lorentz-conserving version of non-
commutative QED. In this theory, space-time coordinates are promoted to operators
satisfying the DFR Lie algebra. As opposed to the Lorentz-violating canonical non-
commutative theory, field theory variables have an additional dependence on the
operator 6 which characterizes the noncommutativity. This is handled by expand-
ing the fields in powers of 6, and using gauge invariance and noncommutativity
restrictions to determine the fields order by order in . Lorentz-invariance restricts
interaction vertices to contain only even powers of 8, which has distinct consequences
on the phenomenology of the theory. We considered various ete™ and e"e™ collider
processes. The cross section was calculated to second order in 6 for Bhabha, Mgller,
and ete™ — ptu~scattering, as well as ete™ — 7. Results were then compared
to LEP 2 data, and bounds on the energy scale of noncommutativity, Ay¢, were
obtained. The tightest bound came from diphoton production which yielded Ay¢e >
160 GeV at the 95% confidence level. We also determined that an NLC running at
1.5 TeV with a luminosity of 3.4 x 103 ecm=2s7! will be able to probe Ayc up to
~ 2 TeV.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 7

Supersymmetric Noncommutative

Field Theory

7.1 An Overview and Introduction

By now, there is a long history of theoretical studies related to nontrivial,
possibly richer structures of space-time. Under this heading one may include super-
symmetry and extra-dimensional theories, but we concentrate here on theories with
a noncommutative space-time algebra. The earliest motivation for such theories was
the hope that divergences in field theory would be ameliorated if there were coor-
dinate uncertainty, and coordinate uncertainty would follow if coordinate operators
did not commute [72]. The idea did not bear direct fruit, and Snyder’s paper [72]
remained almost alone for many decades.

Recently, the idea of noncommutative coordinates has blossomed, at least as
theoretical speculation, with motivation from several sources. For example, Connes
et al. [8]-[11] attempted to make gauge theories of electroweak unification math-

ematically more natural by using ideas from noncommutative geometry. Also,

107
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Dopplicher, Fredenhagen, and Roberts [12, 13] saw general relativity as giving a
natural limit to the precision of locating a particle, which to them suggested an
uncertainty relation and noncommutativity among coordinate operators. They sug-
gested a particular algebra of the coordinates now often referred to as the “DFR”
algebra. However, probably the greatest modern spur to studying space-time non-
commutativity was the observation that string theories in a background field can be
solved exactly and give coordinate operators which do not commute [14]-[16].

In theories with an underlying noncommutative space-time algebra, the position

four vector z* is promoted to an operator £ that satisfies the commutation relation

2", 5] = O, (7.1)

The ©* that comes out of string theory, which is directly related to the background
field B#” [14], is just an antisymmetric array of c-numbers. There has been a fair
amount of theoretical study learning how to work with fields that are functions
of noncommuting coordinates, and phenomenological studies of possible physical
consequences of space-time noncommutativity. However, theories based on (7.1)
with a c-number ©# suffer from Lorentz-violating effects. Such effects are severely
constrained [73]-[81] by a variety of low energy experiments [82]-[89].

Returning to one of our previous remarks, in the DFR noncommutative alge-
bra [12, 13] &* satisfies [##, 2] = ©*, but where here ©** = —©* transforms as
a Lorentz tensor and is in the same algebra with £#. Thus the algebra formulated
by DFR is Lorentz-invariant. Carlson, Carone, and Zobin (CCZ) [90] formulated
and studied some phenomenological consequences of a Lorentz-conserving noncom-
mutative QED (NCQED) based on a contracted Snyder [72] algebra, which has the
same Lie algebra as DFR. In [90] light-by-light scattering was studied, and it was

found that contributions from noncommutativity can be significant with respect to
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the standard model background. Further studies of NCQED as formulated in [90]

may be found in [91, 101, 153], [161]-[166]. In particular, bounds were obtained on
the scale of noncommutativity [91] in the Lorentz conserving case from an number
of QED processes for which there exist experiments at the CERN Large Electron
and Positron collider (LEP).

There have also been studies extending noncommutativity to the full set of
supersymmetric coordinates, not just limiting noncommutativity to ordinary space-
time. In this chapter (see Ref. [104]), we wish to continue the study of noncommu-
tative coordinates in supersymmetric theories, by giving and studying consequences
of an algebra of superspace coordinates that very definitely allows us to remain in
Minkowski space.

Recent work (e.g., [92, 93], [167]-[169]) has stimulated interest in supersymmet-
ric noncommutativity by showing, in Euclidean space, how noncommutative super-
coordinates could arise from string theory. Further, some of the recent work [93]
defined a star-product from the commutation relations. Operators multiplied in non-
commutative space could then be replaced by their symbols in commutative space
W%th multiplication replaced by the star-product. This was then used to study
noﬁcommutative modifications to Wess-Zumino and gauge Lagrangians, albeit still
in Euclidean space. Proofs of renormalizability of the deformed Wess-Zumino La-
grangian were offered [105], but it was noted that the deformed Euclidean space
Lagrangians, as well as the vector superfield, were not Hermitian.

Working in Euclidean space allows coordinates § with nontrivial anticommuta-
tors to be paired with #’s that anticommute in the normal way; the phrase N = 1/2
supersymmetry described this. There is no direct analog in Minkowski space, where
the 0’s and 6’s are tightly connected.

Useful formal developments include, using the star-product to define the theory,

a display of a number of different ways to introduce noncommutativity into super-
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space [106]. Also [170] showed that in Minkowski space nontrivial anticommutation
relations for the ’s and ’s were not compatible with having an associative algebra.
Hence we have some freedom in the choice of a star-product, but must be open to
using a star-product that is non-associative.

In the next section, Sec. 7.2, we present a consistent set of (anti)commutation
relations among the supercoordinates in Minkowski space. Following that, Sec. 7.3
defines our theory by presenting a star product that yields the deformed supercoor-
dinate algebra developed in section 7.2. We record the deformed algebra of super-
symmetry generators, and of the covariant superderivatives. The commutators of
the supergenerators and superderivatives break supersymmetry. In Sec. 7.4 we write
down the chiral and antichiral superfields, and show that products of (anti)chiral
superfields are themselves (anti)chiral superfields. This is a feature retained from
commutative supersymmetry; some of the choices in Sec. 7.2 were in fact made in
the hope that this would happen. We construct the Wess-Zumino Lagrangian Ly z,
and show how to avoid ambiguity in our construction despite the nonassociativity

of the products. We end with some discussion in section 7.5.

7.2 The Non(anti)commutative SUSY Algebra

Noncommutativity has usually been studied as the noncommutativity of ordi-
nary space-time. Here we are considering noncommutativity in superspace !, and for
Minkowski rather that Euclidean space. The supercoordinate is (z*,8°,0%) where
6> and 6% are normally anticommuting Grassmann variables that we shall promote

i i * in some algebra.
to nonanticommuting operators 6% and ¢¢ in legeb

1We use conventions of Wess and Bagger [171]
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The anticommutation for the #’s will be
{0°,6°} = C*, (7.2)

where C*P is a symmetric array of c-numbers. We shall also suppose there is
a mapping between the operator 6> and a Grassmann variable 6 in ordinary
(anti)commutative space. We will soon, as usual, obtain using commutative vari-
ables the multiplication rules of the noncommutative algebra by using a star-product
rather than the ordinary product for variables and functions in commutative space.

In Minkowski space, we relate 6% to G by
6% = (6%)" (7.3)
so that the 8% are noncommutative also,

(6%,6%y = 0%, (7.4)

where C%F = (CP)*.
The commutators of § and 0 are still unconstrained, and we make the simple
choice

{6%,6°} = 0. (7.5)

Next we fix the commutation relations among €’s and space-time coordinates.
We define the commutator of the chiral coordinate §# = #* + o8 with 6, and
the commutator of the antichiral coordinate y* = &# — ifo+ with 5, in such a way

that enables us to write products of chiral fields, and products of antichiral fields,
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in their canonical form. We choose

[5#,0°] = 0, (7.6)
[#,6 = 0. (7.7)

The nonzero commutators
[§,0°) = ~2[iflo6,6°] = 2iC°o". 07, (7.8)

and

[§#, 0% = 2[i6o"8, 6%] = 2iCP90t

(7.9)
are fixed by the choices already made.
The choices and results in (7.2)-(7.7) also constrain the commutation relations

of § and of y with themselves. The following condition must be satisfied:

[, 3] — [, ] = 4(C34°0° — CPG0° )t st (7.10)
Thus, the Hermitian part of [g#, §*] is fixed by choices already made. Let us rewrite
the previous equation in the following way,

(3,9 =[5, 8] = (4C*94°0° — 20°°C*¥)aly; 0

ao'zo-gﬁ'

(7.11)

+ (4Caﬁ§B§d — 2Caﬁ0d’é)agdagﬁ :

where each term on the right-hand-side is the Hermitian conjugate of the other.

Then we make the choices,

[§, 9] = (4C6°6° — 20°7CF)at 0%, (7.12)
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and

[§#,5"] = (4C°P0%0° — 200 C)ott, (7.13)

which are natural and consistent with already defined commutators. Finally, note
that § and § do not commute in this non(anti)commutative algebra,

[, = 20°°C* o,

b0 (7.14)

although their commutator is a c-number.
Commutation relations given by (7.2)-(7.9), (7.12) and (7.13) are compete,
consistent with each other, and represent the deformed supersymmetry algebra in

terms of chiral and spinor variables. One can summarize this algebra in terms of

(ii‘,é, 5) as,
(6,67 = C°F [3#,0°) = iC*Pot 07 (7.15)
(6%,0°) = C*° [i#, 6% = iC*9Pq" | (7.16)
{6%,6°} =0, [##,8"] = (C*P6°0° — CP6°6)ots0t; (7.17)

Hence, the space-time coordinates z* do not commute with each other either, or

with the spinor coordinates 6 and 6.

7.3 The Star Product

We shall agsume that there exists a mapping that relates the ordinary variables
(r,0,0)in commutative to their counterparts (, g, 5) in noncommutative space, and
that relates functions f(z,6, 9_) in commutative space to operators f (z, é, 5) in the
noncommutative algebra. Products of functions in commutative space will be de-

fined by a star-product. In noncommutative theories a star product is used so that
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the result of products such as f(a%, 6, 1) 9(z, g, i) ﬁ(:%, 6, 5) in noncommutative space
corresponds to the result of f(x,8,0) * g(z,0,0) * h(x,6,0) in commutative space
(provided f(:fc, g, 5) corresponds to f(z,0,0), etc.).

We operationally define our theory by finding a suitable star-product. A prop-
erly defined star product has to reproduce the underlying deformed algebra of the
supercoordinates in its entirety. We will also expect that the star product will sat-

isfy the reality condition, that is, the star-product will maintain the usual rules for

products of involutions,

(frxfo)t = f=fl. (7.18)

We find it convenient to use the supersymmetry generators in defining the star
product, and will limit the star-product to being at most quadratic in deformation
parameter C. This is also the minimum that will allow reproducing the deformed
algebra for the supercoordinates.

Before we define the star product, we find it useful to have before us the well

known canonical expressions for covariant derivatives and supercharges. Acting on

the right,
— —
Ba = 3;:0‘34_1'05“'9&8—2;’
— —
Da = —% —ieaagd%, (7.19)
and
— El D
Qo = %z—iogdéa@,
— —
Qu = —%xﬂe%—gd%. (7.20)

In (7.19) and (7.20) derivatives with respect to # and @ are taken at fixed z, and
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derivatives with respect to x are taken at fixed § and 6.

Let’s also write down the corresponding equation for two sets of coordinates

(y,6%,6%) and (7,0, 0%), where

Y = z*+ifahf,

7* = z* —ibc"6. (7.21)
Then one can check that
Fl F] F]
— . —
= o™ gy —_ o= — .
D, 590" + 2i0t .0 By’ D 505 | (7.22)
Ds=—ntr| | Ds=—ne| —2i6%", -2 (7.23
80a v 890‘ ¢ o-aaag“ ( )
F] F] F]
— — .
- 7 = _— | —2c"*.0°— 24
Qa aga y bl Qa aea Zaaae 8?” 3 (7 )
— F i - El
)y = ——— 2%0%H . — Do = ——=— 7.25
Q 89a y + Z o-aaay'u b Q 690‘ ( )

— = —
Expressions for D, D4, Q4, and @4 are obtained from above by simply chang-

ing — to «, with the following definitions,

El 2
%0’6 = 55 5 Hﬂ% = -—65 R (726)
Bl a

Similar definitions apply derivatives with respect to 8% and g*.
Now we can write down the star product that we use for mapping a product
of functions f§ in noncommutative space to a product of functions in commutative

space.

~

Ji= fxg=f(1+8)yg. (7.28)
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Here f and g can be functions of any of the three sets of variables mentioned above,

and the extra operator S is

0% — — C’dﬁb —
S=- 5 QaQﬁ_T a@p
CoPCY - — C’dﬂc_"'yst — - o
+ = QaQy Qs Qs + —5—QaQ3Q; Q5 (7.29)
Co‘ﬁédﬁﬁe——)—) — = s =
+ - (040.0Q;Gs — 0aQuGsQy)

It is easy to verify that the star product presented above indeed reproduces the
entire noncommutative algebra of supersymmetry parameters, and that it satisfies
the reality condition (7.18).

If f and g are functions only of 6 or only of , then the star product takes the

following simple forms, recognizable from [93],

c'5 B 9 B
[0 *46) = 1) (1 5 %0 ‘de“’%%> 9(6)
8y 9
= f(@)exp (——Z_%W) 9(6), (7.30)
and
_ _ , ced H 8 9 N\ -
= f(f)ex —CMEE (8) (7.31)
- P 2 905 gp6 | IV :
where
8 18 & 1.8 o
- = =M __ ¢
D00 — 400,00 4 807 06"’ (7.32)
and
o 19 8 1..0 8
TE_______:__"M___' -
800 — 400%00, 4 00 0f (7.33)
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The following equations are useful for deriving commutation relations among

various coordinates of deformed superspace,

1 1
9% « 9 = 0P —(es
* 5¢ 60 + 20 ,

_ . 1 oo 1.y

&, g8 — . 1ap 1 Aa

¢ x 0 +26 09+2C’ )
Also,

0% * 09 = C*%0,, B x 60 = —C%0g;,

09 + 6 = —C%6,, 89 + §% = C44,
1 '3 AN == 1 Y-y
00 = 60 = _Eeaa/eﬁﬁ,caﬁcaﬁ 60 * 00 = —Seanepy OO

=—detC, =—detC.
and

0 v 1 0 {31V 1 /Y 1 -5 1 af A ,[3 v

0049  90"9 = —= 0000 — S09C™ — ~66C™ — 2CPC¥ol 0

a&” g

where C* and C* are defined as

1
cH = ZC '863 (o*3" —o"a") " =C 5657(0“”)0:’,
_ 1_ .
cw = ZCaﬂem(a"U” —50"), = C¥e (")
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One can now verify,

[6°,6°), = C°°, [2#,6°). = iC*P0" 5% (7.42)
{6%,0°), = C% [a*, 0%, = iC%0%0", (7.43)
{6%,6°}, =0, [z, 2"], = 60CH + 06C™ . (7.44)

as they should be according to (7.15)-(7.17). Subscript “x” means use star multi-
plication when evaluating the (anti)commutators.

From (7.24), and (7.25) one may check that in noncommutative space

82

o ~af v
{Qa Qo) = ~4C¥ 0050550 (7.45)
_ o2
R 1 — af v
(e, @g} = —4C% 00507555 (7.46)
- = ) o
{Qon Qd} = 21056,8—yu- (747)

Thus, we see that the first two of the above three anticommutators of supercharges
are deformed from their canonical forms. From (7.22), and (7.23) for the covariant

derivatives we find,

{Da, Ds} =0, (7.48)
{Ds, D} =0, (7.49)
(Do, D) = _2wgda%f (7.50)

So, the anticommutators of covariant derivatives are not deformed in this noncom-
mutative superspace. The anticommutators of supercharges and covariant deriva-

tives with each other are not deformed either,

{Da,Q,B} - {Dd’Q,@} = {Danﬁ} = {Da,Qﬁ} =0. (7.51)
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Hence, we can still define supersymmetry covariant constraints on superfields as
in commutative supersymmetric theory, using the following defining equations for

chiral and antichiral superfields as before,

Da®(y,0) = 0, (7.52)

D,®(5,0) = 0. (7.53)

7.4 The Wess-Zumino Lagrangian

7.4.1 Chiral and Antichiral Superfields

A

Chiral ®(5, ) and antichiral ®(§, 6) superficlds satisfy (7.52) and (7.53) respec-
tively. We may expand ®(7, é) and (7, 5) as a power series in 0 and 8. Just as
in commutative theory, no term in the series will have more than two powers of 6
and 0. In noncommutative theory, this is true because products with three or more

factors of  can be reduced to sums of terms with two or fewer é, and similarly for

9. Hence,
®(4,0) = A®G) + V200(6) + 66F(5), (7.54)
8(§,0) = A(G)+V209(5) + 09F(H). (7.55)

The combination 69 is already Weyl ordered, and maps simply into 64 in commu-
tative space.
From (7.28), the product of two chiral and the product of two antichiral fields

are,
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®1(y,0) * Oy(y,0) = D1(y,0)P(y,0) — CPh1a1hys — detCFLFy
+V200C* [egy (Y1 Fs — P2 F1)
+ C k0" (04 MiByhas — 0, AsDy 1))
+00[20" 8,418, Ay + COPC ot 0% (0, M0, Py — 8,420, 1)]
(7.56)

and

D1(7,0) * B5(7,0) = ©1(7,0)P2(7,6) — Cdé@la%g — detC Py F
+V207Ce €5 (%16 Fa — has FY)
+ C*0t 04 (0,410,105 — 0, A20,1, 5)]

+ éé [20“”(3”1418”142 + CaﬁédﬁJZdUgﬁ(auF‘laVAQ - QLF_’ga,,Al)] .

(7.57)

In (7.56) 0, = 9/0y*, while in (7.57) 9, = 9/0y".
Thus the star product of chiral fields is chiral, and the star product of antichiral

fields is antichiral. One may again note that the reality condition is satisfied,

((I)l * @2) = CT)Q * (i)l . (758)

7.4.2 Non-associativity and Weyl ordering

As usual,

(I)l * (I)2 7£ @2 * (bl (759)

(fl * (i)g 7£ (i)z * (I)1 (760)
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but here the difference persists even if one isolates (say) the 66 terms and integrates
over space.

When constructing a Lagrangian this would lead to different theories, depending
on the ordering of the superfields. Following [93], for example, the Lagrangian can be
specified by requiring products of superfields to be Weyl ordered. Then a Lagrangian
will get no extra contributions from noncommutativity from terms quadratic in chiral
or in antichiral fields, because the terms proportional to 88 or 80 that involve C or
C are antisymmetric under interchange of the two superfields.

The situation is more complicated for three or more fields, because the star

product (7.28) is not associative,

Dy # (g * Dg) # (P * D) x D3 . (7.61)

This is a consequence of having both @ and @ in the star product (7.28), with
{Q, Q} # 0. For discussion of associativity of star products see for example [170)].
We deal with this by defining for a non-associative product a natural Weyl

ordering given by

W(fi(fof3)) = = [[i(fofs) + fo(fifs) + fo(f3S1) + filfsfe) + f3(fife) + fs(f2h1)]

Ur(fofs + fafo) + fo(fufs + f3f1) + [s(fife + f2f1)] :

D= O =

(7.62)

and similarly for W((f1f2)f3). One can follow this by Weyl ordering the result in

the normal way and find that

W IW(fi(fofs))] = W [W((fif2)f3)] = w(frfafs). (7.63)

[t should be clear that for the star product of just two superfields, the second
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Weyl ordering leaves the result unchanged. We use the double Weyl ordering just
described to unambiguously define any Lagrangian in the noncommutative space
given by (7.15)-(7.17). As a example, will write down the Wess-Zumino in noncom-

mutative Minkowski superspace.

7.4.3 The Lagrangian

It is useful to record some steps in the calculation of the product of three chiral
fields. Since the star product of two chiral fields is chiral, from (7.56) we can obtain

the Ajs, ¥12,, and Fj; components of the chiral field ;5 = ®; * &, as

Ay = A1 Ay — CPoproibng — detCFy Fy
P12y = (Arhey + Asthry) + C% [epy (Y10 Fo — Yoo FY)
+ C¥ gt 0 (0, MrDng — D AsD,1g)] (7.64)
Fio = (F1 Ay + A Fy — 1) + 2C*7 9, A10, Ay

+CPCBat 0" (8,410, Fy — 9,450, FY)

Then, the star product of three chiral fields is

(®1(y,0) * Pa(y,0)) * P3(y,0) = ApAs — CPhigaiss — detC FioFy
+ V2607 (A, + Agthray + C° [eay (V120 Fs — P30 Fi2)

+ C¥0t,0" 48, Ar20, 35 — BuAsOythiag)]) (7.65)
+ 00 [ FiaAs + A1oFs — 1293 + 2C* 8, A120, As

+ CHICI gk o (D, A0, Fs — 0,A30,Fi2)]

From (7.65), the only term that will contribute to the Wess-Zumino Lagrangian
from double Weyl ordered product w(®;(y,8) * ®2(y,0) * P3(y,0)) that depends

on C comes from the AoF5 term. The contribution from this term is proportional
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to —detC' F} Fy F3, which is Lorentz invariant. For the star product of three antichiral
fields, one finds a contribution proportional to —detC F, FyF5.

There is no extra contribution to the Wess-Zumino Lagrangian coming from the
kinetic energy term. From ® * ® there is a term Sw,Fd,F from the star product,
where S* = C“ﬁédﬁagda; 4 is symmetric. However, it is precisely canceled when
one adds ® * ® in doing the Weyl ordering.

We find the following simple result for the Wess-Zumino Lagrangian with one

chiral ® and one antichiral field ®,
200 200 & 2y [ 1 1
L=w dc00d-00d«d+ [ d0 §m<1>*<1>+§g<I>*<I>*<I>
. / 20 (%m@ +B 4 1gh e B <i>> } (7.66)

1 1 o
=L(C=0)— ggdetC'F3 - ggdetCF 3 + total derivatives.

This Lagrangian is Hermitian and Lorentz invariant.

7.5 Summary

Our goal has been to find a theory that works in Minkowski space that explores
non-anticommutativity of the supercoordinates 8 and . We have shown a consistent
set of commutation and anticommutation relations for the full set of coordinates z,
9, and § (or equivalently y or 7, #, and ). We have found a star product that
reproduces all the coordinate commutation relations, and use this star product to
define multiplication of arbitrary functions.

The star product is real, meaning it maintains the standard relations obeyed by
involutions of products of functions. This in turn means products that are Hermitian

with no star-multiplication are also Hermitian with star-multiplication, after Weyl
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ordering. Any Lagrangian extended to noncommutative space using star-products
and Weyl ordering will necessarily remain Hermitian. Further, the star-product
maintains the chirality of products of chiral fields, and the antichirality of products
of antichiral fields.

The star-product in this work is not associative, in keeping with a general
theorem of Klemm, Penati, and Tamassia [170]. However, this interesting feature
causes little trouble after making a natural modification of the Weyl ordering pro-
cedure. Also, the basic commutation relation between the components of # violates
Lorentz invariance. The example Lagrangian we studied, the supernoncommutative
Wess-Zumino model, gained only Lorentz invariant modifications, but this cannot
be expected to occur in general.

There are a number of potentially interesting directions to pursue in future
work. One clearly wants to extend the present supercoordinate algebra to gauge
theories, and to explore potential phenomenoclogical consequences. One would also
like to study connections to string theory and attempt a derivation of the present
commutation relations from a string model. One may also define an explicit con-
nection between operators in noncommutative space and their commutative space
symbols, and derive the star-product from it. The current star product may be just
the expansion to second order in deformation parameter C of one found this way.
We should note that if this proves to be the case, the results of the present paper
will still hold. To this order the star-product we have is unique in satisfying the
requirements of giving the supercoordinate commutation relations and of being real.

To close, Eq. (7.66) presents one good looking Lagrangian in Minkowski super-

space, which is both Hermitian and Lorentz invariant.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 8

Summary

8.1 Pentaquarks

In the first three chapters of this dissertation we studied ¢*g systems within the
framework of constituent quark models. Our studies are motivated by the recent
evidence for discovery of such particles in several experiments. These experiments
report [1]-[4] about an evidence in their data for a particle with strangeness +1, one
unit of positive charge, narrow width, and mass ~ 1542 MeV/c?. Such a state must
have four quarks and an antiquark in its minimal Fock component, in distinction to
all previously discovered baryons. This particle is called ©*. The isospin partners
of ©% were sought, and not found [5].

In our studies we describe ©* as a member of a spin—% pentaquark antidecuplet
10, because the lightest ©F is the isosinglet with spin—%. At the time of writing
this dissertation the parity of the experimental candidate for pentaquark ©7 is
unknown. We presented our studies of both negative, and positive parity pentaquark
antidecuplets. We considered the mass splittings and strong decays of members of

both parity-odd, and parity-even multiplets, and derived useful decompositions of

125
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the quark model wave functions that allow for easy computation of color-flavor-spin-
orbital matrix elements.

For negative parity pentaquarks we computed mass splittings within the an-
tidecuplet including spin-color and spin-isospin interactions between constituents.
We pointed out the importance of hidden strangeness in rendering the nucleon-like
states heavier than the S=1 state. Mass splittings within the antidecuplet obey
an equal spacing rule in case of spin-color interactions, because in that case the
strange quark mass in the only source of SU(3)r breaking. We computed these
splittings within the framework of the MIT bag model [64, 65|, including effects
of single gluon exchange interactions between the constituents. For spin-color in-
teractions we found that the mass splittings of spin—% parity-odd antidecuplet is
~ 52 MeV/c?. For spin-isospin interactions the multiplet members are not equally
spaced in mass anymore, with relatively larger splittings between them. The pre-
dicted spectra differ significantly and yield distinguishable patterns of kinematically
accessible decays 10 — BM, where B (M) is a ground state octet baryon (meson).
We applied the rules of naive dimensional analysis (NDA) [66] to estimate the effec-
tive meson-baryon coupling constant in Le;¢( full overlap) = g_ NK'©*, and found
that the negative parity ©F decay width is ~ 1.1 GeV/c?, which is an S-wave decay.
This result and the narrow width of the experimental candidate for ©* imply that,
it is not likely to have negative parity. These results are published in [39).

We also considered the possibility that the lightest pentaquark is a parity even
state, with one unit of orbital angular momentum. Working within the framework
of a constituent quark model, we showed that dominant spin-flavor interactions
render certain parity-even states lighter than any pentaquark with all quarks in
the spatial ground state. For such states, we focused on predicting the mass and
decays of other members of the same SU(3) flavor multiplet. We took into account

flavor SU(3) breaking effects originating from the strange quark mass as well as from
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the structure of the spin-flavor exchange interactions themselves. There were five
parameters in the mass formula. Three of these parameters were from the flavor-
spin interaction terms, and one was the strangeness mass contribution (taking due
account of hidden strangeness components). The fifth parameter was the mean
multiplet mass M,. These parameters were fitted to the masses of the ground
state octet and decuplet baryons. We anticipate that the largest change in model
parameters in going from ¢* system to ¢'G system will occur in My, thus it was
eliminated from the mass formula by the use of the experimentally measured mass
of the ©F. We predicted the lightest strangeness —2 cascade pentaquarks, which
are relatively immune to mixing, at approximately 1906 MeV, with a full width ~ 3
times larger than that of the ©7.

The consistent color-flavor-spin-orbital wave function that we presented for a
positive parity ©%, naturally explains the observed narrowness of the state. The
wave function is totally symmetric in its flavor-spin part and totally antisymmetric in
its color-orbital part. If flavor-spin interactions dominate, this wave function renders
the positive parity ©% lighter than its negative parity counterpart. We considered
decays of the ©1 and computed the overlap of this state with the kinematically
allowed final states, which appeared to be small, ~ 5%. We estimated the effective
meson-baryon coupling constant in L.ss(full overlap) = ig+ Ny K10+ using rules

of NDA, and found that the full width of the positive parity ©7 is

I, ~ 4.4 MeV/c*. (8.1)

These results are published in [71, 172].
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8.2 Noncommutative field theories

In the second half of this dissertation we derived and studied constraints from
the phenomenological consequences of noncommutative field theories. We also pre-
sented a noncommutative field theoretical model in Minkowski superspace.

Carlson, Carone and Lebed [77] obtained a stringent constraint on the non-
commutativity parameter in Lorentz-violating field theories. They studied most
dangerous Lorentz-violating operators appearing in their consistent formulation of
noncommutative QCD. However, their constraint depended upon an estimate of the
matrix element of the quark level operator (# —m) in a nucleon. In this disserta-
tion we calculated the matrix element of (§ —m), using a variety of confinement
potential models. Our results are within an order of magnitude agreement with the
estimate made by Carlson et al. The constraints placed on the noncommutativity
parameter were very strong, and are still quite severe even if weakened by an order
of magnitude. These results are published in [80].

Recently a version of Lorentz-conserving noncommutative field theory (NCFT)
has been suggested by Carlson, Carone, and Zobin (CCZ) [90]. In this disser-
tation, we calculated phenomenological consequences of the QED version of this
theory (NCQED) by looking at various collider processes. Fields in Lorentz con-
serving NCQED developed by CCZ have an additional dependence on the operator 6
that characterizes noncommutativity. Interaction vertices are restricted by Lorentz-
invariance to contain only even powers of 8. As a consequence, for example, three
photon vertex of canonical (Lorentz-violating) NCQED is not present. We calcu-
lated modifications up to second order in 8 to Myller scattering, Bhabha scattering,

te~ — putp~ and ete” — 7, and compared our results to LEP 2 data. The tight-

e
est bound on the energy scale of noncommutativity Ayc = (12/(62))1/* came from

diphoton production. We found that Ayc > 160 GeV at the 95% confidence level.
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We also determined that a next linear collider with a luminosity 3.4 x 103em=2 s 1,

and center of mass energy 1.5 TeV will be able to probe Ayc up to ~ 2 TeV, which
is comparable to the energy scales where the experiments are performed. These
results are published in [91].

In Chapter 7 we extended the discussion of noncommutative space-time coordi-
nates to include nontrivial anticommutation relations among spinor coordinates in
superspace. We have studied the consequences of deformation of N' = 1 Minkowski
superspace arising from nonanticommutativity of coordinates 6, and §. We presented
a consistent algebra for the supercoordinates, and found a star-product that repro-
duces all the coordinate commutation relations. We used this star product to define
multiplication of arbitrary functions. The star product developed in our studies is
real, meaning it maintains the standard relations obeyed by involutions of products
of functions. As a consequence, the star product preserves the hermiticity of a Weyl
ordered product of functions. Any Lagrangian extended to noncommutative space
using star-products and Weyl ordering will necessarily remain Hermitian. Further,
the star-product maintains the chirality properties of products of both chiral, and
antichiral fields. We also made a natural generalization of the Weyl ordering pro-
cedure, to take into account the interesting feature of nonassociativity of the star
product.

We gave the Wess-Zumino Lagrangian Ly, z within our model. It has two ex-
tra terms due to non(anti)commutativity. It is interesting to note, that although
the basic commutation relation between the components of 8 violates Lorentz in-
variance, the example Lagrangian Lwz we studied gained only Lorentz invariant
modifications, and was also manifestly Hermitian.

These results were presented during the DPF2004 meeting, and the proceedings
will be published as a supplement in International Journal of Modern Physics A [104,

173].
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8.3 Future Directions

My near future research plans include continuation of some projects, in both
field theory and in phenomenology, on which my collaborators and I have been
working recently.

In some of our previous calculations we studied field theories with underlying
non-commuting space-time structure (NCFT’s) with and without supersymmetry.
In NCFT’s, fields are functions of non-commuting coordinates. This can be dealt
with by defining a one-to-one mapping between NCFT fields and fields that are
functions of ordinary coordinates, which is accompanied by promoting ordinary
multiplication to star multiplication. The form of this modification depends on the
underlying algebra of non-commuting coordinates and on the commutation relations
that define this algebra. These commutation relations can be justified in many cases
from string theory, where non-commutative coordinates can arise in the presence of
background fields.

In our most recent work we presented a field theoretical model constructed
in Minkowski N/ = 1 superspace with a deformed supercoordinate algebra. We
wrote down a consistent supercoordinate algebra, and gave a star product up to
second order in parameter C' that characterizes noncommutativity. To this order
the star-product we have is unique in satisfying the requirements of giving the super-
coordinate commutation relations and of being real. We also gave the Wess-Zumino
Lagrangian up to same order in C'. There are a number of potentially interesting
directions to pursue. One clearly wants to extend the present supercoordinate al-
gebra to gauge theories, and to explore potential phenomenological consequences.
One would also like to study connections to string theory and attempt a derivation
of the present commutation relations from a string model. One may also define an

explicit connection between operators in noncommutative space and their commu-
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tative space symbols, and derive the star-product from it. The current star product
may be just the expansion to second order in deformation parameter C' of one found
this way. We should note that if this proves to be the case, the results of our previous
calculation will still hold.

In our previous work we also studied the phenomenology of the pentaquark an-
tidecuplet within the framework of a constituent quark model. In the near future,
we are particularly interested in getting absolute mass prediction for multiquark ex-
otic states from bag or other models. The conventional MIT bag prediction for the
negative parity ©% mass is too large compared to the experimental value. However
these predictions are bag model parameter dependent. Variations of these parame-
ters have been studied in the past and may lead to lighter multi-constituent systems.
A prediction for the absolute mass of the positive parity ©F state in a bag model
incorporating spin-flavor or other interactions is also interesting.

Yet another important issue is the inclusion of mixing effects in our calcula-
tions, because the pentaquark states in the antidecuplet can mix, for example, with
states in the pentaquark octet, and these so called crypto-exotic states also can
mix with 3-quark states. If the mixing is large, that will significantly affect the
properties of these pentaquark states. Also, note that we studied parity-even 10
in an effective theory with dominant flavor-spin interactions, and we constructed a
maximally symmetric flavor-spin (F-S) wave function for the ¢ state (to maximize
the attraction between quarks, and get the parity-even state as the lightest). One
also can relax the constraint of maximal symmetry of the F-S state, and still get a
consistent flavor-spin-color-orbital ¢?g state. This state can mix with the one that
we suggested in our previous studies, and might lead to possibly lighter and nar-
rower pentaquark states. We plan restarting the pentaquark studies after the state

is reaffirmed by JLab.
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are deformed from their canonical forms. We can still use the canonical definitions
for covariant derivatives also, and one can easily verify that their anticommutators
are not deformed in noncommutative space defined by (1.50)-(1.52).

[t is important to note that the anticommutators of supercharges and covariant

derivatives with each other are not deformed either,
{Da’Qﬁ} = {de Qﬂ} = {DOUQB} = {Dda Qﬂ} =0. (160)

Hence, we can still define supersymmetry covariant constraints on superfields as
in commutative supersymmetric theory, using the following defining equations for

chiral and antichiral superfields as before,

qu)(ya 0) = 07 (161)
Dy,

3(3,6) = 0. (1.62)

On the other hand, from (1.57)-(1.59) it is also clear that the star product is not
invariant under @ or @ [93, 106]. Therefore, the star product breaks the supersym-

metry, and neither (), nor () are symmetries of noncommutative space described

by (1.50)-(1.52).
Chiral ®(, §), and antichiral ®(j, 5) fields as defined by (1.61) and (1.62) can
be expanded as a power series in § and §. The series will still have terms with no

more than two powers of 6 and 9,

®(5,0) = A(G) + V20¢(0) + 66F (D), (1.63)
8(5,0) = A@G) +V209(j) +0F (). (1.64)

Then one can use the star product defined by (1.54), (1.55) to calculate products of

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

chiral and antichiral fields. For a product of two chiral fields we obtain

®1(y, 0) * Pa(y, 0) = Py (y,0)P2(y, ) — C*Pthrathas — detCFy Fy
+ V207 C% [egy (Y1 Fy — Y20 F1)
+C¥0t,0" (0, A1B,bas — 0, A2D,np)]
+00[2C" 8,410, A5 + CPC¥ ot 0% (8,410, Fy — 8,420, )] ,
(1.65)

with 8, defined as 9/9y*. We can see right away that the right hand side of (1.65)
is a chiral field. Thus the star product maintains the chirality of products of chiral
fields, and it can be checked that it also maintains the antichirality of products of
antichiral fields. One can also check explicitly that the reality condition is indeed
satisfied: m = Oy x D;.

We must note that the star product (1.55) used in our studies is not associa-
tive. However, this interesting feature causes little trouble after making a natural
modification of the Weyl ordering procedure, generalizing it for non-commutative,
non-associative products. For the generalized Weyl-ordered product that we de-
fine (see section 7.4 for details), it is straight-forward to check that the double
Weyl-ordered products become associative. Thus we limit our discussion to double
Weyl-ordered products of fields, and we write down the Wess-Zumino Lagrangian
with double Weyl-ordered terms. We would like to note that a similar procedure
was introduced by Seiberg in [93] to deal with the fact that the star product used in
his model was noncommutative. Thus, in [93] the discussion was limited to products
of fields that were Weyl ordered.

We find the following simple result for the Wess-Zumino Lagrangian with one
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chiral ®, and one antichiral field @,

Lwz =w[/d299d2§§§>*©+/d29 <%m<b*©+%g@*@*<b)
+/d29_ (%m@*@-}—%g@*@*@)} (1.66)
1 1 -
=L(C=0) - ggdetCFg’ - ggdetCF3 + total derivatives.

Here w| | means double Weyl ordering, Ly z(C = 0) is the term representing the
canonical part of the Lagrangian, and F, F are the F-terms of chiral superfields de-
fined in Egs. (1.61), (1.63), and antichiral superfields defined in Egs. (1.62), (1.64)
respectively. The total derivatives indicated in (1.66) arise due to coordinate trans-
formation form y, and ¢ to x, and will cancel in the action. The Wess-Zumino
Lagrangian presented above is Hermitian, and Lorentz invariant. We note that only
corrections up to second order in deformation parameter C' are presented in (1.66).
Higher order corrections due to noncommutativity may very well destroy the nice

feature of Lorentz invariance, although the Lagrangian will remain Hermitian.
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CHAPTER 2

Phenomenology of the Pentaquark

Antidecuplet

2.1 Introduction

The existence of an exotic baryon state containing an antiquark in its lowest
Fock component has been verified by the observations at a number of laboratories
of a strangeness +1 baryon at 1540 MeV with a narrow width [1]-[7]. In distinction
to all previously discovered baryons, such a state must have four quarks and an
antiquark in its minimal Fock component. The present example, which has quark
content ududs, was known as Z*t during its advent, and now seems generally called
OF (e.g., [4-[7]).

In this chapter, we study consequences of describing the ©% within the context
of conventional constituent quarks models, in more focused detail than was done in
earlier work [22]-[25] and with new results. In these models, all quarks are in the
same spatial wave function, and spin dependent mass splittings come from either

color-spin or flavor-spin exchange. The ©" made this way has negative parity. We

40
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treat it as a flavor antidecuplet, with spin-1/2 because this state has, at least by
elementary estimates, the lowest mass by a few hundred MeV among the ©%’s that
can be made with all quarks in the ground spatial state.

We may elaborate on the ©% states and masses in quark models briefly before
proceeding. In outline, there are several ways to make a ©%1, and one can obtain
©1’s which are isospin 0, 1, or 2. The mass splittings between the states can be
estimated using, say, the color-spin interactions described in more detail in the next
section. Techniques and useful information may be found in [22, 23, 31, 107]. The
lightest ©* state is the isosinglet (in the 10) with spin-1/2. The isosinglet spin-3/2
is a few hundred MeV heavier. The heaviest states are the isotensor spin-1/2 and
(somewhat lighter) spin-3/2 states. The mass gap between the lightest and heaviest
of the ©*’s is triple the mass gap between the nucleon and the A(1232), if one does
not account for changes in the quarks’s spatial wave functions (e.g., due to changes
in the Bag radius), or the better part of a GeV. The isovector masses lie in between
the two limits.

In the next section, we will discuss the color-flavor-spin wave functions of the
antidecuplet that contains the ©%. This is a necessary prelude to a discussion of the
mass splittings and decays of the full decuplet, which follows in Section 2.3. One
intriguing result is the roughly equal mass spacing of the antidecuplet, with the ©+
lightest. Normally one expects the strange state to be heavier that the non-strange
one. The explanation of this counterintuitive behavior is hidden strangeness, that
is, there is a fairly high probability of finding an s§ pair in the non-strange state. We
also show that there is a markedly different pattern of kinematically allowed decays,
depending of whether spin-isospin or spin-color exchange interactions are relevant

in determining the mass spectrum. We close in Section 2.4 with some discussion.
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2.2 Wave Function

There are two useful ways to compose the pentaquark state. One is to build
the ¢* state from two pairs of quarks and then combine with the 4. The other is
to combine a ¢* state with a qg to form the pentaquark. We first represent the
pentaquark state in terms of states labeled by the quantum numbers of the first and
second quark pairs. Since the antiquark is always in a (3,3,1/2) (color,flavor,spin)
state, we know immediately that the remaining four-quark (g*) state must be a color
3. The flavor of a generic ¢ state can be either a 3, 6, 15, or 155 (where S and
M refer to symmetry and mixed symmetry under quark interchange, respectively).
However, only the 6 can combine with the 3 antiquark to yield an antidecuplet.
Finally, the spin of the ¢* state can be either 0 or 1 if the total spin of the state is
1/2. However, it is not difficult to show that any state constructed with the correct
quantum numbers using the spin-zero ¢* wave function will be antisymmetric under
the combined interchange of the two quarks in the first pair with the two quarks in
second pair; this is inconsistent with the requirement that the four-quark state be

totally antisymmetric. Thus we are led to the unique choice

|(C,F,8)),s =1(3,6,1)) . (2.1)

Figure 2.1 shows the possible quark pair combinations that can provide a (3,6,1)
four-quark state. The symmetry under interchange of quarks 1 and 2, or 3 and
4 is immediate from each of the Young’s Tableau shown. The symmetry under
interchange of the first and second quark pairs is indicated in brackets next to the

tableau. Only three combinations have the right symmetry under quark interchange
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FIG. 2.1: Quark pair states that can be appropriately combined to yield a total (C,F,S)
state (3,6,1).

to form a totally antisymmetric ¢! state, namely

(3,6,1)(3,6,1)) , —=(I(6,6,0)(3,6,1)) +((3,6,1)(6,6,0))) ,

The requirement of total antisymmetry of the ¢! wave function, determines the

relative coefficients. We find that the properly normalized state is given by

}(15m7 1/2)> = “‘—|(3, 6, 1)(37 6, 1)>
1

+ ——(/(6,6,0)(3,6,1)) + [(3,6,1)(6,6,0))) (2.2)

|
N =
jan
~~

6,3,1)(3,3,0)) +1(3,3,0)(6,3,1))) ,

where we have suppressed the quantum numbers of the antiquark, (3,3,1/2), which
are the same in each term. Also tacit on the right-hand side is that each ¢? state is

combined to (3,6,1). The signs shown in Eq. (2.2) depend on sign conventions for
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the states on the right-hand side. For the ©% component, spin T, we find

- = 1
243
[(2uudd + 2dduu — udud — uddu — duud — dudu)3]

ik k 7 =
(e — kel e i mn

X

X

KT L+ 1D =L+ 1L =01l = L) 11 (2-3)

_ 1 L
1(6,6,0)(3,6,1)) = m(c’icg + ) R jmn

X [(2uudd + 2dduu — udud — uddu — duud — dudu)3|

< (- ID T 50— DM+,
1(6,3,1)(3,3,0)) = i(o{cg + K] e re jmn[(ud — du)(ud — du)3)
< ITOL- D LS - . @)

Here we have written the color wave function in tensor notation for compactness,
with ¢! = (r,g,b). The remaining component states in Eq. (2.2) can be obtained
from Egs. (2.4) and (2.5) by exchanging the first and second pair of quarks. With
these results, one may construct other antidecuplet wave functions by application
of SU(3) and isospin raising and lowering operators.

It is often convenient for calculational purposes to have a decomposition of the
pentaquark wave function in terms of the quantum numbers of the first three quarks,
and of the remaining quark-antiquark pair. The quark-antiquark pair can be either
in a 1 or 8 of color, which implies that we must have the same representations for
the three-quark (¢3) system, in order that a singlet may be formed. As for flavor,
the ¢ and ¢ systems must both be in 8’s: the gg pair cannot be in a flavor singlet,

since there is no way to construct a 10 from the remaining three quarks, and the
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q> state must be an 8 since the remaining possibilities (1 and 10) do not yield an
antidecuplet when combined with the g flavor octet. Finally, the ¢¢ spin can be
either 0 or 1, which implies that the ¢® spin can be either 1/2 or 3/2. The states

consistent with ¢ antisymmetry are then

(1,8,1/2)(1,8,0)) , |(1,8,1/2)(1,8,1)) , |(8,8,3/2)(8,8,1)) ,
1(8,8,1/2)(8,8,0)) , |(8,8,1/2)(8,8,1))
Again, we may find the coefficients by requiring that the total wave function is
antisymmetric under interchange of the four quarks. Alternatively, we may take the

overlap of any of these states with the wave function that we have already derived

in Egs. (2.2)-(2.5). We find

Y

[(1,10,1/2)) = %|(1, 8,1/2)(1,8,0)) + 73|(1,8, 1/2)(1,8,1))

- \/Tg[(s, 8,3/2)(8,8,1)) + %](8,8, 1/2)(8,8,0))  (2.6)

+ _?1(8,8,1/2)(8,8,1» -

Our sign conventions may be summarized by noting that each state on the right-
hand side of Eq. (2.6) contains the term uudds 17]1| rbgr7 with positive coefficient.

Two interesting observations can be made at this point. First, Eqgs. (2.2)-
(2.5) allow us to compute the expectation value of S, = >, |S;|, where S; is the
strangeness of the it* constituent. This gives us the average number of quarks
in the state with either strangeness +1 or —1. For the ©7 state, the result is
obviously 1; Using the SU(3) raising operator that changes d — s and § — —d, it is
straightforward to evaluate the same quantity for members of the antidecuplet with

smaller total strangeness. We find

(OF|Sh|©") =3/3, (Ns|Sh|Ns) =4/3, (55|Sk|Ss) =5/3, (Z5|Sk|Zs) =6/3 |
(2.7)
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where N5, X5 and Z5 represent the strangeness 0,—1 and —2 members of the 10,
respectively. The nonstrange member of the 10 is heavier than the ©F because
it has, on average, m,/3 more mass from its constituent strange and antistrange
quarks.

We also note that our decomposition in Eq. (2.6) allows us to easily compute
overlaps with states composed of physical octet baryons and mesons. For example,

the first term in Eq. (2.6) may be decomposed for the %

(1,8,1/2)(1,8,0)) = %(pKO —nK*) . | (2.8)

The sizes of the coeflicients of these terms affect the rate of the “break-apart” decay
modes, such as ©t — NK™*. We therefore find that the smallness of the observed
Ot decay width (< 21 MeV) does not originate with small group theoretic factors

in the quark model wave function.

2.3 Antidecuplet Masses and Decays

Using the observed mass and width of the ©%, one may make predictions for
the decay widths of other members of the antidecuplet. Here we consider the decays
10 — BM where B (M) is a ground state octet baryon (meson). We assume
exact SU(3)r symmetry in the decay amplitudes, but take into account SU(3)p
breaking in the mass spectra. Mass splittings within the antidecuplet obey an equal
spacing rule when the strange quark mass is the only source of SU(3)r breaking.
We compute these splittings within the framework of the MIT bag model [64, 65],
using the original version for the sake of definiteness, including effects of single
gluon exchange interactions between the constituents. (See also [108, 109]; these

works show how the overall mass level of a multiquark or gluonic state may be
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shifted, with only small changes in the predictions for ground state baryons and for
spin-dependent splittings.) We also consider the possibility of dominant spin-isospin
constituent interactions, which would be expected if nonstrange pseudoscalar meson
exchange effects are important [69]. The predicted spectra differ significantly and
yield distinguishable patterns of kinematically accessible decays.

In the bag model, the mass of a hadronic state is given by

AT R3

M:%{Zﬂi—zoJrasc,}JrB (2.9)

where );/R is the relativistic energy of the i** constituent in a bag of radius R,

Q= (22 + m?RH)Y? | (2.10)
and z is a root of
z

The parameter Z; is a zero-point energy correction, and B is the bag energy per unit
volume. In the conventional bag model, Z; = 1.84 and B'/* = 0.145 GeV. The term
a;Cy represents the possible interactions among the constituents. We first take into

account the color-spin interaction originating from single gluon exchange, so that

a,Cp = —%(1,E, 1/2 3" ulmi,my) As - Aj oy - 051,10, 1/2) (2.12)
i<j
where o, = 2.2 is the value of the strong coupling appropriate to the bag model,
and p(m;, m;) is a numerical coefficient that depends on the masses of the of the it
and j' quarks. For the case of two massless quarks, 1£(0,0) ~ 0.177; the analytic
expression for arbitrary masses can be found in Ref. [65].

We take into account the effect of SU(3) breaking (z.e., the strange quark mass)
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in both €; and in the coefficients p(m;, m;). To simplify the analysis, we break the
sum in Eq. (2.12) into two parts, quark-quark and quark-antiquark terms, and adopt
an averaged value for the parameter p in each, pqq and p44. Using the wave function
in Egs. (2.2)-(2.5) we find that the relevant spin-flavor-color matrix elements are

given by

(1,10,1/2] > A XNjo;-0;]1,70,1/2) = 16/3
i<i#5
(1,70,1/2] > X+ Ajoi-0;]1,70,1/2) = 40/3 (2.13)
i<j=5
where j = 5 corresponds to the antiquark. This evaluation was done by group theo-
retic techniques, as well as brute-force symbolic manipulation [110]. To understand
how we evaluate the coefficients p,, and pgg let us consider a nucleon-like state in
the antidecuplet, the ps. The probability of finding an s5 pair in the ps state is 2/3.
In this case, 1/2 of the possible ¢q pairs will involve a strange quark. On the other

hand, the probability that the ps will contain five non-strange constituents is 1/3.

Thus, we take

paa(po) = S[5(4(0,0) + (0, m))] + 5(0,0) (2.14)

By similar reasoning,

1 1 1
Iq(Ps) = gu(O, 0) + 5/1(0, ms) + g,u(ms, ms) . (2.15)

We also use the averaged kinetic energy terms

2 1
57 BA0) +20(m,)] + 2= [52(0)] - (2.16)
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The bag mass prediction is then obtained by numerically minimizing the mass for-
mula with respect to the bag radius R. Applying this procedure to the ps and ©*

states, we find the antidecuplet mass splitting
AMig =~ 52 MeV. (2.17)

We use the observed ©F mass, 1542 MeV, and the splitting AMig to estimate the
masses of the ps, X5, and =5 states; we find 1594, 1646, and 1698 MeV, respectively.
Decay predictions from SU(3) symmetry are summarized in Table 2.1. In getting
the results presented in Table 2.1, we used the following formula for calculating the

s-wave partial decay width T,
T ~ |co|? * |p] * [SUB)r C.G], (2.18)

where ¢, is an effective meson-baryon coupling constant, p’ is the center of mass
momentum, and [SU(3)r C.G.] are the SU(3)r Clebsch-Gordan coefficients that
can be written as a product of SU(3) isoscalar factors and isospin Clebsch-Gordan
coefficients [111]. The proportionality coefficient as well as ¢; cancel out when
calculating intramultiplet relative decay strengths.

We adopt a simpler approach in evaluating the effect of spin-isospin constituent

interactions,
AMs; = —Cy(1,10,1/2| Y 7+ 75 07 0;]1,70,1/2) . (2.19)
1<g

In this case the flavor generators 7 are Pauli matrices, and the coefficient C, =
25 — 30 MeV is determined from the N — A mass splitting; we use 30 MeV [69].

The dimensionless matrix element can be computed using Egs. (2.2)-(2.5), and we
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find 10, 20/3, 25/9 and —5/3 for the ©%, ps, X5 and the Zs, respectively. The

mass splitting due to the strange quark constituent mass can be estimated from our
previous bag model calculation, by excluding the spin-color interactions, yielding
AM, =~ 55 MeV. Again fixing the ©F mass at 1542 MeV, we then find 1697, 1869,
and 2058 MeV for the ps, 35, and =5 mass, respectively. Decay results for this mass

spectrum are also presented in Table 2.1. Note that a number of the decay modes

Decay ‘A/A0|2 F/F() (SC) F/FO (SI)
oF — KV 1 0.99 0.99
ps — AKT 1/2 - 0.49
D5 — P 1/2 0.50 0.68
ps — SHKO 1/3 - 0.12
ps — SOK* 1/6 - 0.06
ps — nwt 1/3 0.63 0.68
ps — pr0 1/6 0.32 0.34
St BOK 1/3 - 0.30
DRI 1/2 - 0.62
S Art 1/2 0.89 111
St o pkO 1/3 0.45 0.63
S — 20 1/6 0.27 0.36
SF — X0t 1/6 0.27 0.36
=5 — 0t 1 1.47 2.37
=5 — ZtK° 1 0.36 1.99

TABLE 2.1: SU(3) decay predictions for the highest isospin members of the antidecuplet.
Ap and T'g are the amplitude and partial decay width for 6% — nK™, respectively; SC
and SI indicate antidecuplet mass spectra assuming dominant spin-color or spin-isospin
constituent interactions.

that were kinematically forbidden before (see Table 2.1) are allowed if spin-isospin
interactions dominate, due to the larger predicted splitting within the antidecuplet.
(For a smaller choice of C, = 25 MeV, the K modes are still inaccessible.)

The Skyrme model also has predictions [18] for the masses and decays of the
antidecuplet. The mass splittings there were about 180 MeV between each level
of the decuplet (with the ©7 still the lightest), considerably larger splittings than

we find in a constituent quark model where the mass splittings come from strange
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quark masses and from color-spin interactions. Mass splittings using isospin-spin
interactions were, on the other hand, more comparable to the Skyrme model results.

Decays of the antidecuplet into a ground state octet baryon and an octet meson
involve a decay matrix element and phase space. Ratios of decay matrix elements
for pure antidecuplets, such as we show in Table I, are fixed by SU(3)r symmetry.
They are the same in any model, as may be confirmed by comparing Table I to
results in [18]. We have neglected mixing; Ref. [18] does consider mixing but does
not find large consequences for the decays. The differences between relative decay
predictions are then due to differences in phase space, and the differences are due to
masses and due to parity. Negative parity states decaying to ground state baryon
and pseudoscalar meson have S-wave phase space, while positive parity states have
P-wave phase space. Note also that SU(3)r symmetry does not allow decays of

antidecuplets into decuplet baryons plus octet mesons.

2.4 Discussion

In this chapter we have shown how to construct the quark model wave functions
for members of the pentaquark antidecuplet, the flavor multiplet that we argue is
most likely to contain the strangeness one state recently observed in a number of
experiments [1]-[7], [21]. We present two decompositions of the 10 wave function
that are useful for computing spin-flavor-color matrix elements, and that reveal
the hidden strangeness in each component state. In addition, we have presented
the ©1 wave function in explicit form. We use these results to estimate the effect
of spin-color and spin-isospin interactions on the pentaquark mass spectrum. In
the first case, we use the MIT bag as a representative constituent quark model to
compute the equal spacing between antidecuplet states that differ by one unit of

strangeness; we estimate a splitting of 52 MeV. The observed ©* mass and SU(3)
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symmetry then allows us to make decay predictions. Notably, if only color-spin
interactions are present, decays of the ps and Y5 to final states in which both decay
products have nonzero strangeness are kinematically forbidden. In addition, the =5
states are narrower than those in Ref. [18], so that experimental detection might be
possible and dramatic. If instead, spin-isospin interactions dominate, all the decays
in Table 2.1 become kinematically accessible.

The work summarized here sets the groundwork for further investigation. Of
particular interest to us is the relation between bag model predictions for the ab-
solute pentaquark mass (rather than the mass splittings considered here) and the
mass of other multiquark exotic states. The conventional MIT bag predicts a ©%
mass that is too large relative to the experimental value (we find that a prediction
of about 1700 MeV is typical); however, these numbers can be easily reconciled by
allowing bag model parameters to float [108, 109]. An appropriate analysis requires
a simultaneous fit to pentaquark and low-lying non-exotic hadron masses, and con-
sideration of center-of-mass corrections. Whether such fits simultaneously allow for
sufficiently heavy six-quark states, given a choice of constituent interactions, is an

open question.
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CHAPTER 3

Positive Parity Pentaquarks

Pragmatically Predicted

3.1 Introduction

In this chapter, we focus on understanding how a positive parity state could
emerge as the lightest pentaquark, in the context of a constituent quark model [37,
40, 112]. We explore the consequences of the ensuing picture for other states in
the pentaquark antidecuplet. Positive parity pentaquarks in a constituent quark
model require a negative-parity spatial wave function, obtained by putting one quark
in the lowest P-state of a suitable collective potential. One could entertain more
complicated excited state scenarios also (e.g., [38]). Here we discuss a plausible
mechanism that changes the level ordering so that a state with an excited wave
function becomes the lightest one. In this approach, the positive parity of the state
is a consequence of the quark-quark pairwise potential and the chosen symmetry
structure of the flavor-spin wave function.

Insight comes from studies of three-quark baryons [69], where the level ordering

33
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of the first excited positive and negative parity states is reproduced correctly in an
effective theory where the dominant pairwise interaction is flavor-spin dependent.
One-gluon exchange gives only a color-spin dependent force. Flavor-spin dependent
interactions can be pictured as arising from the interchange of quark-antiquark pairs
with the quantum numbers of pseudoscalar mesons. However, the effective theory
viewpoint does not require that one commit to a specific model for the underlying
physics. Skyrmion or instanton induced interactions could be described equally well
by the effective field theory introduced below.

In the next section, we demonstrate how effective flavor-spin interactions lead
to the correct ¢> mass spectrum, and in particular rectify the level order of the Roper
and negative parity resonances. We also discuss semiquantitatively the consequences
of the flavor-spin interaction for the pentaquark system. Section 3.3 includes a more
detailed numerical analysis, taking into account the breaking of SU(3)r symmetry.
We give predictions which are new in the effective theory context for the mass and
decays widths of other members of the pentaquark antidecuplet, particularly the
exotic cascade states Z5. In a constituent quark model with flavor independent
spin-splittings, the difference between the Z5 and ©* masses is just that obtaining
from an additional strange quark, about 150 MeV [39, 38]. We find that the flavor
symmetry breaking stretches out this mass gap considerably, pushing the Z5 mass
to about 1900 MeV. This is nonetheless much smaller than the mass gap predicted
in the chiral soliton model in [18]. The predicted width of a 1900 MeV Zj is still

narrow, which suggests that the Z5 should be distinguishable from background.

3.2 Framework

A key feature of the flavor-spin interaction is that it is most attractive for states

that have the most symmetric flavor-spin wave functions. If the interaction has exact
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SU(3)r flavor symmetry (which may not be the case and which we do not assume

later), then the mass shift is given by

AMy = —C\ Y (Aro)y - (Aro)s (3.1)
a<f
where the sum is over all ¢g¢ and ¢g pairs (o, 3), the &, are Pauli spin matrices
for quark or antiquark «, and Xpa are flavor Gell-Mann matrices. Coefficient C,,
is a positive number. Let us focus on states or components of states that contain
quarks only. If the flavor-spin state is symmetric overall, then one may write the
wave function as a sum of terms in which a given pair of quarks is singled out and in
which the individual spin and flavor wave functions of the given pair are either both
symmetric or both antisymmetric. In either case, the expectation values of &, - s
and X Fa* X rp for that pair have the same sign and yield maximal attraction.
The most significant contribution to Eq. (3.1) in a pentaquark state comes from
the sum over the ¢* component. Let us compare the situation of four quarks in S-
states [S%] to one where one quark is in a P-state and three are in S-states [S®P).
The color state of the ¢* must be a 3, which for four quarks is a mixed symmetry
state. If all quarks are in the same spatial state, then of necessity the flavor-spin
state must also be of mixed symmetry. However, for the S®P combination, one
can have a mixed-symmetry spatial state and a color-orbital state that is totally
antisymmetric. The flavor-spin wave function is then totally symmetric, and leads
to the most attractive possible flavor-spin interaction. We will compute below the
numerical lowering of the S P binding energy relative to the S*, and show that it is
dramatically large, more than enough to balance the extra energy associated with
the orbital excitation. This gives a semiquantitative understanding of the numerical
results that we present in Section 3.3.

It is useful to recall how flavor-spin interactions work in the ordinary ¢* baryon
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systems, both to motivate our framework and to estimate numerical values for the
parameters involved. The dramatic problem that is solved is the level ordering of
the N*(1440), the positive parity S-state excitation of the nucleon also known as the
Roper resonance, and the N*(1535), the lightest spin-1/2 negative parity resonance,
which we refer to as the Si;.

In the Bag model and in linear or harmonic oscillator confining potentials, the
first excited S-state lies above the lowest P-state, making the predicted Roper mass
heavier than the lightest negative parity baryon mass. Pairwise spin-dependent,
interactions must reverse the level ordering. As mentioned earlier, color-spin in-
teractions fail in this regard [70], while flavor-spin interactions produce the desired
effect. Since the ¢ color wave function is antisymmetric, the flavor-spin-orbital wave
function is totally symmetric. For all quarks in an S-state, the flavor-spin wave func-
tion is totally symmetric all by itself and leads to the most attractive flavor-spin
interaction. If one quark is in a P-state, the orbital wave function is mixed symme-
try and so is the flavor-spin wave function, and the flavor-spin interaction is a less

attractive . In the SU(3)r symmetric case, Eq. (3.1), one obtains mass splittings

—14C,,  N(939), N*(1440)
AM, =14 —4C,  A(1232) : (3.2)
20,  N*(1535)

Here we have approximated the N*(1535) as a state with total quark spin-1/2.
The scenario is shown in Fig. 3.1. Relative to some base mass, one first has the
25-1S and 1P-18S splittings for the Roper and the S;,. Then the flavor-spin pairwise
interactions further split the spectrum into its final form, placing the Roper below
the mass of the negative parity baryon. We have worked with a small number of

states to illustrate clearly how the mechanism works. More extensive evidence that
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\
~14C, \\
\

FIG. 3.1: Schematic view of the level reversal of the P-state and excited S-state for
3-quark baryons.

flavor-spin splitting is significant in the baryon spectrum is found in [69], [113]-[121].

Returning to pentaquarks, the presence of a P-state now allows for a more
rather than a less symmetric ¢* flavor-spin wave function. The net result is that
pentaquarks with S®P four-quark components are lighter than the corresponding
states with all quarks in the ground state. One can estimate the advantage of this
configuration as follows. For the ¢* part of the state, the mass splitting of Eq. (3.1)
evaluates to,

AM, = —C, {406(R) — 8N — 352 — 2F2} , (3.3)

where Cg(R) is the quadratic Casimir of the SU(6) flavor-spin representation R, N
is the number of quarks, and S? and F? are the spin and flavor quadratic Casimirs
of the state. (We normalize generators A4 so that Tr AsAg = (1/2)645. A repre-
sentation R can be specified by its Young diagram, and a useful expression for the

quadratic Casimir of representations of SU(Q) is found in [122],

Co(R) = % (NQ - % +) - Zc§> (3.4)
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where 7; is the number of boxes in the i** row of the Young diagram, ¢; is the number
of boxes in the i** column, and N is the total number of boxes.) For the present

situation,

_%Cx S
AM, = . (3.5)
—28C), S3p

To make a ©F, all four quarks are non-strange and the state is isospin-0. Fermi
symmetry requires the S* state to be spin-1. The S®P state can be spin-0, and we

take it so. Thus
3 4 56
M(S°P)— M(S )=hw—?CX%—310 MeV . (3.6)

For the numerical evaluation of Eq. (3.6), we have assumed the 1P-1S level splitting
of a harmonic oscillator potential, with 2w estimated from the nucleon-Roper mass
difference; the coefficient C,, is fixed by the nucleon-A(1232) mass splitting. Adding
the strange antiquark to the spin-0 S3P state gives no further spin-dependent mass
shift. Adding the & to the spin-1 S* state does give a spin-dependent splitting
can lower the mass, but not decisively. Thus, the pentaquark state with an S®P
four-quark state is the lightest by a wide margin.

A key concern is the location of the other pentaquark states. Particularly
interesting are the other exotic members of the pentaquark antidecuplet, namely
the isospin-3/2 pentaquark Zs, or cascade, states. To more accurately predict the
masses and widths of these strangeness —2 states, or of other states of varying
flavor, we should consider the effects of flavor symmetry breaking in the flavor-
spin interaction. Certainly one knows that isolated quark-antiquark pairs bind into

states with flavor-dependent masses. With flavor symmetry breaking we write the
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isospin-conserving, spin-dependent interaction as

7

AM =—Cs1 Y (10)a- (T0)g = Car Y (No)a- (XN0)s—Cs > _(Mo)a- (X0)s .
a<f a<f,i=4 a<pf

(3.7)

The ¢ are the isospin matrices for quark «, the same as A, for ¢ = 1,2,3. We

find the coefficients by studying the mass splitting in the three-quark sector, as is

reported in the next section. Matrix elements of Eq. (3.7) in the pentaquark states

(summing over all 5 constituents) are also presented, so that the splittings within

the pentaquark antidecuplet are easily obtained.

3.3 Fits and Predictions

3.3.1 Fits

In the previous section, the significance of the flavor-spin interactions in estab-
lishing the correct level ordering for the Roper and N*(1535) resonances was pointed
out. Here we will focus on the effects of flavor-spin interactions in the case where
SU(3)r is broken both by the strange quark mass and by the flavor-spin interactions
when Cgr, Cy7, and Cy in Eq. (3.7) are unequal. We consider three quark systems
first to determine the relevant parameters.

We obtain the values for coefficients in Eq. (3.7) by fitting the mass spectrum
of the low-lying octet and decuplet baryons. For a specific ¢® state the mass M is
given by

M = Mé3) + xleI + .’132047 + .T3Cg + nsAms y (38)

where Mé?’) is a base mass, 1, T2, and x3 are matrix elements of the operators in
Eq. (3.7), ns is the number of strange quarks, and Am, is the mass increase due to

the presence of a strange quark.
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State T T T3 T
N -15 0 1 0
A -3 0 -1 0
A -9 -6 1 1
by -1 -10 -3 1
M -1 —4 1 1
= 0 —-10 —4 2
= 0 —4 0 2
Q 0 0 —4 3

TABLE 3.1: Numerical coefficients for Eq. (3.8).

We fit MO(3), Amyg, Cgr, Cy7 and Cg to the well-known masses of the baryons
listed in Table 3.2. The experimental masses given are isospin averages. The results

are:

M® = 13405 +£53 MeV, Am, =136.3+2.5 MeV

Csr = 282x£0.5MeV, Cyr=20.7T£05MeV, Cs=197+1.2MeV(3.9)

An error of 5 MeV is assumed for each of the baryon masses, to take into account
theoretical uncertainties. Thus, moving any of the parameters to the edge of the
quoted error limits changes the predicted baryon masses by about 5 MeV. With
these parameters, and the Roper fixed at 1440 MeV, the S1; mass is predicted to be
1526 MeV.

3.3.2 Predictions

Applying the same approach to the pentaquark antidecuplet, we obtain a mass

M for each state given by:

M = M(gS) + 21Cqr + 29Cy7 + 23Cs + niffAms . (3.10)
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State Experimental Mass (MeV) Predicted Mass (MeV)
N 939 937
A 1232 1236
A 1116 1119
by 1193 1183
¥ 1385 1386
= 1318 1327
= 1533 1530
Q 1672 1670

TABLE 3.2: Fit to the low-lying octet and decuplet baryon masses, using the predictions
given by Eq. (3.7) and Table 3.1. 5 MeV error is assumed for each of the baryon masses,
to take into account theoretical uncertainties.

Mé5) is the base mass for 5-quark bound states and should be different from MéS)

found earlier. The values for model parameters given in Eq. (3.8) can change in
going from q® system to ¢ system. We anticipate that the largest change in
the model parameters will occur in My, while we expect the other parameters to
have a less marked dependence on the number of quarks. Therefore we proceed by
eliminating MéS) from the mass formula by the use of the experimentally measured
mass of the ©F, Mg=1542 MeV [1, 3, 4, 5, 6]. The number n/ is the expectation
value of the number of strange quarks plus strange antiquarks in each state, taking
due account of hidden strangeness components, which were shown to be significant
in [39]. The necessary matrix elements may be evaluated using the pentaquark

maximally symmetric flavor-spin wave function, which can be written as!

(0, 1/2)) = % (3,0)(3,0))g,0 + % 1(6,1)(6, 1))y . (3.11)

!The four-quark part of this state is totally antisymmetric, as it should be. A diquark-diquark
state, such as in [38], has antisymmetry within each diquark, but antisymmetry when exchanging
quarks between different diquarks is not enforced. This can be viewed as an approximation that
is valid if the diquarks are much smaller than the overall state. In a absence of a mechanism that
compresses the diquarks, a diquark-diquark state violates Fermi-Dirac statistics.
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where the pair of numbers in parentheses refer to the flavor and spin. On the right
hand side, the first (second) pair of numbers refers to the first (second) pair of
quarks, and the quantum numbers of the antiquark (3,1/2) are the same in each
term and have been suppressed. The numerical values of the matrix elements in

Eq. (3.10) are given in Table 3.3.

State T To Z3 nelt
e -30 0 2 1
Ns —20 -8 0 2
) -3 4 -3
=5 -1 —20 -7 2

TABLE 3.3: Numerical coefficients for Eq. (3.10).

Using the wave function given by Eq. (3.11), and the mass formula expressed in
Eq. (3.10), we find the following masses for the members of the baryon antidecuplet:
M(Ns) = 1665 MeV, M(X5) = 1786 MeV and M(Z5) = 1906 MeV. To complete
our predictions, we use the predicted mass spectrum and SU(3)r symmetry for the
decay matrix elements to estimate widths of the decay modes of the highest isospin
members of the antidecuplet. Table 3.4 lists our predictions.

It should be stressed that we view the mass and decay predictions of the =g
states to be most reliable due to the absence of substantial mass mixing with nearby
states. While we provide predictions for the N5 and Y5 for the sake of completeness,
these may be subject to large corrections due to mixing with octet pentaquarks.
Whether such effects could be reliably evaluated is an interesting question, which is

beyond the scope of the present work.
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Decay | A/ Ao|? I'/Ty Decay |A/Agl? T/Ty
0t — pK?° 1 0.97 5 — Xty 1/2 0.13
ps — AK* 1/2 0.15 S o Art 1/2 2.63
ps — DN 1/2 1.10 ¥ — pK® 1/3 1.86
ps — KO 1/3 - SF - St 1/6 0.63
ps — LOKT 1/6 - S5 — Xopt 1/6 0.61
ps — nat 1/3 2.48 = — =0t 1 3.23
ps — pr° 1/6 1.25 = — BtKO 1 2.22
o 20K+ 1/3 —

TABLE 3.4: SU(3) decay predictions for the highest isospin members of the positive
parity antidecuplet. Aq and I'g are the amplitude and partial decay width for ©F —
nK™, respectively. Pentaquark masses are 1542, 1665, 1786, and 1906 MeV, for the 61,
D5, L5 and Zs, respectively.

3.4 Summary

We have considered the possibility that the lightest strangeness one pentaquark
state is positive parity, with one unit of orbital angular momentum. In this case,
it is possible to construct states with totally symmetric spin-flavor wave functions.
Spin-flavor exchange interactions, if dominant, render these states lighter than any
pentaquark with all its constituents in the ground states. We assume such spin-flavor
exchange interactions in an effective theory, including flavor SU(3) breaking effects in
operator coefficients and in the quark masses. The general form of these multi-quark
interactions is consistent with a number of possible models of the underlying dy-
namics, including pseudoscalar meson exchange, skyrmions, and instanton-induced
effects. In our approach, however, we need not commit ourselves to any specific
dynamical picture. We believe that the theoretical uncertainty in using such a
streamlined (yet pragmatic) approach is no greater than the spread in predictions
between different specific models. Use of effective spin-flavor exchange interactions
is well motivated given its success in explaining the lightness of the Roper reso-

nance relative to the negative parity N(1535), as we demonstrated in Section 3.2.
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Simple quark models without dominant spin-flavor exchange interactions simply get
the ordering of these states wrong. Fitting our operator coefficients, a mean multi-
plet mass, and a strangeness mass contribution to the masses of the ground state
octet and decuplet baryons, we then predict mass splittings in the parity even pen-
taquark antidecuplet. In particular, our approach allows us to predict the mass of
the strangeness —2 cascade states at 1906 MeV, with a full width approximately
2.8 times larger than that of the ©®%. The cascade states do not mix with any
other pentaquarks of comparable mass, which makes these prediction particularly
robust. Discovery of cascade pentaquarks around 1906 MeV would therefore provide
an independent test of the importance of spin-flavor exchange interactions in the
breaking of the approximate SU(6) symmetry of the low-lying hadron spectrum.
Recently the NA49 Collaboration has reported [21] evidence for the existence
of an exotic =7~ baryon with a quark content of (dsds@), and with a mass of
about 1862 MeV in the Z~ 7~ invariant mass spectrum in proton-proton collisions
at /s = 17.2 GeV. As a first step in their analysis they searched for A candidates,
which were then combined with the 7~ to form the =~ candidates. Then the =Z;
were searched for in the =~ 7~ invariant mass spectrum.
JLab at Hall B has suggested [123] searching for the two manifestly exotic

cascades using the processes p(y, Kt Ktrt)=y~ and p(y, KT KTr—n7)=2.
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CHAPTER 4

A Naturally Narrow Positive

Parity "

4.1 Introduction

The recent discovery of pentaquark states [1]-[7], [21] has stimulated a signifi-
cant body of theoretical and experimental research. Pentaquarks are baryons whose
minimal Fock components consist of four quarks and an antiquark. The first ob-
served pentaquark was the ©7(1540) with strangeness S = +1, and with quark
content udud3. More recently, the NA49 Collaboration [21] has reported a narrow
=5 (1860) baryon with S = —2 and quark content dsdswu, together with evidence
for its isoquartet partner =2 at the same mass.

The existence of the ©F, as well as its flavor quantum numbers, seems to be
well established (for a different view, see Ref. [124]). If the ©F were a member
of an isovector or isotensor multiplet, then one would expect to observe its doubly
charged partner experimentally. The SAPHIR Collaboration [5] searched for a ©1F

inyp — ©"*K~ — pK+tK~, with negative results. They concluded that the O+

65
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is an isosinglet and hence a member of a pentaquark antidecuplet. All but one
theoretical paper [56] treat the ©F as an isosinglet.

The spin and parity quantum numbers of the ©1 have yet to be determined
experimentally. The spin of ©* is taken to be 1/2 by all theory papers to our
knowledge and various estimates show that spin-3/2 pentaquarks must be heav-
ier [41, 43, 44, 125, 126]. A more controversial point among theorists is the parity
of the state. For example, QCD sum rule calculations [34, 60], quenched lattice
QCD [59, 127], and a minimal constituent quark treatment presented in Chapter
2 [39], predict that the lightest ©% is a negative parity isosinglet. All chiral soli-
ton papers [18, 19], some correlated quark models [33, 38|, and some works within
the constituent quark model [37, 40, 128, 112] including our studies presented in
Chapter 3 [71], predict the lightest © pentaquark as a positive parity isosinglet.

Studies of photoproduction and the pion-induced production cross sections of
the ©71 presented in [51, 62, 63] imply that the production cross sections for a
negative parity ©% are much smaller than those for the positive parity state (for a
given ©F width). Specifically, results for the ©1 production cross section in photon-
proton reactions presented in these papers are compared with estimates of the cross
section based on data obtained by the SAPHIR Collaboration [5], and odd-parity
pentaquark states are argued to be disfavored.

Here, we present new results following from a consistent treatment of the color-
flavor-spin-orbital wave function for a positive parity ©1. In the previous chapter
(inspired by [37, 128]), we showed [71] that dominant flavor-spin interactions render
the positive parity ©* lighter than its negative parity counterpart. Here we will
present decompositions of the quark model wave function of the ©%, explicitly in-
cluding the orbital part. We will see that the narrowness of the © follows naturally

from the group theoretic structure of the state.
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4.2 Properly antisymmetrized ©° wave function

If flavor-spin interactions dominate [69], the lightest positive parity ©* will have
a flavor-spin (FS) wave function that is totally symmetric [128, 37, 40, 71]. Fermi-
Dirac statistics dictates that the color-orbital (CO) wave function must be fully
antisymmetric. We present two decompositions of the wave function, one in terms
of quark pairs and the antiquark, and another in terms of the quantum numbers of
q® and qg subsystems.

In the first decomposition, the overall ¢* flavor state must be a 6. This is the
only representation that one can combine with a flavor 3 (the antiquark) to form
an antidecuplet. This further implies that the overall ¢* spin is 0, since the only
possible fully symmetric ¢* (F, S) wave functions are (6,0) or (15y,1). A flavor 6
can be obtained if both quarks pairs are in either a 6 or 3, while a spin-0 state can
be obtained if both are either spin-0 or 1. Since we want a fully symmetric FS wave

function, we must combine these possibilities as follows:

1FS) 6,0y = @1(3,0)(3,0)) g0 + 01(6,1)(6,1)) g ) - (4.1)

The parentheses on the right hand side delimit the flavor and spin quantum numbers
of the first and second pair of quarks, each of which is combined into an overall (6, 0).

For the ©7 the ¢* states on the right-hand-side are:

I(3’ 0)(37 0))(6,0)

i(ud —du)(ud— du) @ (1] — [1)(1] — 11),

|(6a 1)(6a 1))(6,0) = (4.2)

1
E(Quudd +2dduvuy  — udud — uddu — duud — dudu)

®2 T +2 LT — T =1l = 1l = 1111)
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o« = g

— ¢ 3 3 3

e [ x H o [T % [T

— 0 S S

A

FIG. 4.1: All possible states that can be appropriately combined to yield a totally anti-
symmetric CO state

Total symmetry of the wave function demands a = b. To properly normalize the
state, we choose a = b = 1/\/5

The next step is to construct the totally antisymmetric CO wave function. The
q* color state must be a 3, which is a mixed symmetry state, whose Young tableaux
is shown in Fig. 4.1. The orbital state, containing three S-states and one P-state,
must have a permutation symmetry given by the conjugate tableaux in order to
obtain overall antisymmetry. Hence the structure of our wave functions implies that
the strange antiquark is not orbitally excited; simple estimates suggest that a state
with the § excited would be considerably heavier [71]. The possible color and orbital
representations for two pairs of quarks are shown in Fig. 4.1.

From Fig. 4.1, a totally antisymmetric CO wave function must have the form:

|CO) = d'[(3,8)(3,8))

+ U{|(6,A)(3,8)) +(3,8)(6,A))} . (4.3)

The coeflicients o' and &’ are fixed by the constraint that the wave function must be
antisymmetric under interchange of the first and third quarks. When the ¢* color

state is red, the explicit expressions for the wave functions on the right-hand-side
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are:

(3,5)(3,8)) = RG — GR)(BR — RB)

vl
—(BR — RB)(RG — GR)}
® %{SS(SP + PS) — (SP+ PS)SS},
1(6,A)(3,8)) — %{(QRR(GB _ BG)
+(RG +GR )(BR — RB) + (RB + BR)(RG — GR)}
1

e

(SP — PS)SS . (4.4)

The wave function is properly normalized with the choice o’ =¥ =1/ V3. In our
construction, the total spin of the ¢*7 can only be 1/2. Appropriate Clebsch-Gordan
coefficients may be chosen to combine the orbital angular momentum of the excited
q so that the total ©F spin is 1/2. We leave this implicit.

For the second decomposition, we note that the ¢® and ¢g flavor wave functions
must both be 8’s if one is to form a flavor 10. Since the ¢* FS wave function is
fully symmetric, the ¢> FS wave function must be fully symmetric also. The mixed
symmetry of the ¢* flavor wave function implies that the ¢® spin wave function must
have mixed symmetry also and hence is spin-1/2. Total symmetrization of the ¢*

F'S wave function is obtained as follows:

5:1/2) = 5 185,1/29) + (84,1720 (45)

where symmetry of the first two quarks. The ¢g spin can be 0 or 1. The fully

symmetric FS wave function is of the form

|FS>(1_0,1/2) = d"|(8, 1/2)(870)>(m1/2)

+ b"1(8,1/2)(8,1)) 15,172 - (4.6)
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where the coefficients a” and b” are fixed by requiring that the wave function is
symmetric under the interchange of the first and fourth quarks. For the ©7, the

part of the states on the right-hand-side that have z-component spin projection 1/2

are:
1(8,1/2)(8, 0)>(T6,1/2) =
1|1 _
75 |30~ du)(ud - du)s ® (11— 111 (11 = 1)
+11—2(2uudd + 2dduu — udud —  uddu — duud — dudu)s
@I =111 — [N - lT)] ; (4.7)
and
8,1/2)(8,1 - Ll d—-d d—du)s
(81728 D) mny = 5| 5l —dud — du)s
1 1
@ { (L= IDIT — —= (=D T (1L +1n)}
+\/%(2uudd + 2dduu  — udud — uddu — duud
~dudu)s @ {50 1L+ 1102 U T
~s@T=nt = una+ )] (45)
These are sufficient to show a” = —1/2 and ¥" = —+/3/2, using a sign convention

consistent with our previous decomposition.

The CO wave function includes two possibilities. Either the orbital wave func-
tion is totally symmetric, |CO)4, or it has mixed symmetry, |CO)q, and the full
wave function is

ICO) = |CO), + |CO), . (4.9)
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For the totally symmetric orbital part, one has

1 .y _
CO), = —={e;C'CICFHC'C} ® 4.10
‘ >1 \/ig{ejk }{ l} ( )
1 IIIL
{a (SSSPS) + b \/g(SSP—i-SPSnLPSS)SS},

where we note that the P-state quark can be in either the ¢® or the ¢g part, and
that the color wave function for the ¢® part is totally antisymmetric. The second
possibility is that the ¢* orbital wave function has mixed symmetry and includes the
P-state quark. The mixed symmetry orbital wave function may be either symmetric
(Mg) or antisymmetric (M) under interchange of the first two quarks. These states
combine with color 85 or 8,4 states as [(Ms, 84) — (Ma, 85)]/v/2, to have a fully
antisymmetric ¢ CO wave function. In this case the g¢ must be a color octet and

its orbital part is symmetric. Thus,

CO)y = %[%(sp_m)sss
1 i i
® Zﬁ{(c R+ RCY(GB — BG)
+ (C'G + GCY(BR — RB)
+ (C'B + BCY)(RG — GR)}@

1 5
+ {76(513 + PS)SSS — \/;SSPSS}
1

= {2(GB — BO)C'R

+ 2(BR— RB)C'G +2(RG — GR)C'B

+ eijkeﬂmemolcmcﬁcs}Cy} . (4.11)

The above wave function is antisymmetric by construction under the interchange of
the first three quarks. The coefficients a”’, ¥, and ¢ are found to be 1/2, —1//12,

and 4/2/3, respectively, by antisymmetrizing on the first and fourth quarks.
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4.3 Narrow Width

A narrow ©F width can be understood if the overlap of the color-flavor-spin-
orbital wave function with an NK final state is numerically small. The relevant
piece of the F'S wave function is |(8,1/2)(8,0)), which has coefficient a” = —1/2.
The relevant piece of the CO wave function has both the ¢® and ¢g in their relative
ground states and has each of them separately color singlet. Furthermore, the terms
of interest in the orbital wave function are totally symmetric in their ¢* and ¢q parts
separately. These terms may be read from,

! L

5(555) {E(PS +5P)+ =

1
+ V"——=(SSP + SPS + PSS)SS . 4.12
\/5( ) (4.12)

(PS - SP)}

The totally symmetric orbital wave functions with a P-state included correspond
to a ground state baryon or meson with center-of-mass motion. From the previous
section we know a” = 1/2 and b" = —1/+/12. Hence the total probability of the
O™ overlap with VK is:

2
cp = (a//a////\/ﬁ) + (a//b///)Z — % ’ (413)

which implicitly includes a sum over z-component spin projections. This is inter-
estingly small. The ©% width for a positive (I'y) or negative (I'_) parity state

18

m 2 m— u)? 1/2
Mo = ede g 0= T - S
x [(1;%)2—%] , (4.14)
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where M, m and i are the masses of the ©F, the final state baryon and the meson,
respectively, ¢y is the dimensionless spin-flavor-color-orbital overlap factor (¢, =
5/96, or c. = 1/4 from Ref. [39]), and g4 is an effective meson-baryon coupling
constant, Los¢(full overlap) = g_ NK'O* or igy Ny’ K1©*. Applying the rules of
naive dimensional analysis (NDA) [66], one estimates that g4+ ~ 47, up to order one

factors. One then finds

', ~ 4.4 MeV while '_ =~ 1.1 GeV. (4.15)

In the effective theory approach, effects associated with long-distance dynamics are
subsumed in the values of the couplings ¢g+. For example, an explicit computation
of quark wave function overlaps in baryons with both S- and P-wave constituents
could lead to a smaller estimate for g,.. However, the precise outcome is strongly
model dependent and we do not pursue this issue further. Our result implies that a
positive parity ©7 is narrow, independent of these uncertainties.

It has been noted [40] that the correlated diquark state advocated in Ref. [38]
has a small overlap with the NV K state, even if one just considers the color-flavor-
spin wave function. However, the ¢! part of the correlated diquark state presented
in [38] is not perfectly antisymmetric. The state is a good approximation to a
Fermi-Dirac allowed state only to the extent that the diquarks are significantly
more compact than the overall state. The significant likelihood that the diquarks
are comparable in size to the entire pentaquark is reason for concentrating on a
consistent, antisymmetrized wave function. (We can nonetheless report for the
correlated diquark model that inclusion of the orbital wave function reduces the ©*
overlap with NK from the Jennings-Maltman [40] color-flavor-spin result of 1/24 to
a remarkably small 5/576.)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



74
4.4 Conclusions

We have presented an explicit framework in which the width of a positive parity
©* is narrow. We find that the spin-flavor-color-orbital overlap probability for de-
cays to kinematically allowed final states is 5/96. By comparison, the same overlap
probability for the negative parity case is 1/4, as was shown in Ref. [39]. Without
any incalculable dynamical suppression (that could render g_ substantially less than
g+ above), one may infer that a negative parity pentaquark state, if it exists, is sig-
nificantly broader than its positive parity cousin. Aside from its N K component, the
even parity ©F wave function overlaps with other color-singlet-color-singlet baryon-
meson states that are together heavier than the ©%, and with color-octet-color-octet
baryon-meson states. Hence, even though the decay proceeds via a fall-apart mode,

the amplitude to kinematically allowed baryon-meson states is small.
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CHAPTER 5

Evaluating matrix elements
relevant to some Lorenz violating

operators

5.1 Introduction

In the recent literature, there have been considered a number of ways to modify
the structure of space-time which can have experimental consequences. In one of
the most popular scenarios, space-time is considered to become noncommutative at
short distance scales, with space-time coordinates satisfying a commutation relation

of the following form [79, 77, 103], [129]-[132]

[, 3] = 0™, (5.1)

where £* is a position four-vector promoted to an operator, and 6*¥ is a set of c-
numbers antisymmetric in their indexes. The most striking effects of space-time non

commutativity of the form (5.1) are the Lorentz violating effects appearing in field

75
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theories, which is a consequence of 8% and €¥*§% defining preferred directions in a
given Lorentz frame.

Juréo, Moller, Schraml, Schupp and Wess [103] have shown how to construct
non-Abelian gauge theories in noncommutative spaces from a consistency relation.
Using the same approach Carlson, Carone and Lebed [77] have derived the Feynman
rules for consistent formulation of noncommutative QCD and they have computed
the most dangerous, Lorentz-violating operator that is generated through radiative
corrections. They have found that at the lowest order in perturbation theory, the
formulation of noncommutative QCD that they have presented leads to Lorentz

violating operators such as [132]
" goug, 0*GoulDq and 6*7D,go,,D?q. (5.2)

In [77] the phenomenological implications of the first of these operators were
studied in detail. Noting that contributions from the space-space part of 6** make
00" act like a o'- B interaction with B directly related to 6%, a limit was placed on
the scale of non commutativity. One used the result of tests of Lorentz invariance in
clock comparison experiments [87], which suggest that external &' B like interactions
are bounded at the 10~"Hz level or few x 1073! GeV. Carlson et al. [77] concluded
that

OA? < 1072, (5.3)

where 6 is a typical scale for elements of the matrix 64,

However, the effective Lorentz violating operator was obtained from a one loop
correction to the quark propagator, and the operator proportional to ,,6*" also
contained a factor (p — m). With B constant, the evaluation of & - B factors out

from the evaluation of (g — m), and our discussion is focused on the later.
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In [77] an ad hoc estimate was used for the matrix element of the operator
(p — m), where m is the current quark mass, in getting limit in equation (5.3).
The matrix element (p — m) was estimated to be about My /3 ~ 300 MeV, where
My is the nucleon mass. However, it has been argued that the expectation value of
(¥ — m) could be much less than this naive estimate [99] *.

The aim of this paper is to calculate the matrix element of the operator (#—m),
using variety of confinement potential models, so to evaluate the quality of the
estimate made in [77].

The sample of potentials included four different confining potentials, two of
them purely Lorentz scalar and two of them equal mixture of scalar and vector.

The first scalar potential is a Bag-like potential

Vo, ifr > R;
V(r)= (5.4)

0, otherwise.

We also consider the one dimensional case for the nicety of the analytical result,

Vi(z) = | (5.5)

0, otherwise.

The Vo — oo limit gives, of course, the MIT Bag model [64, 133] if one does not
consider the Bag energy. We will consider models of vector+scalar confinement
next, using in one case a linear spatial potential and on the other case a harmonic

one,

Wﬂ:gHWWW+ML (5.6)

1We thank M. Pospelov for discussion on this point.
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/ INV=V
// /
///

or

V(r) = %(1 +yMCr?. (5.7)

Finally we shall consider a purely scalar harmonic potential,
V(r)=Cr? (5.8)

In the following sections it will be assumed that the current quark mass of 5— 10

MeV can be neglected compared to the quark eigenenergy of several hundred MeV.

5.2 Scalar Square-Well potential

For any given potential V, from the Dirac equation we have that

(#—m)p =V, (5.9)

therefore

(§—m) = (V). (5.10)
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In the three dimensional case, for the central potential V (r) presented in (5.4), the
solutions of the Dirac equation for the ground state, with m = 0, in two regions

I.r <R, and IT. r > R (Fig. 5.1) have the following form

(5.12)

A (ikor) ) ®)

o - 71/ B RV (ikyr)

1/’11(7‘) = NII(
where ko = \/V2 — E?, and jy, j; are the spherical Bessel functions, and hél), hgl)
are the spherical Hankel functions of the first kind. The ground state energy can be

found from the energy eigenvalue equation

(5.13)

A(ER) = i BR) | et .

(Vo +E)R
while for Vj — oo the eigenvalue equation is j1(ER) = jo(FR), as is familiar from
the MIT Bag model [64, 133].

However, we know there are long range forces between baryons. If one wants to
accommodate long range forces in this type of model, then one has to allow quarks
to penetrate the walls of the potential well with some finite probability. Therefore
the height of the potential, Vj, should be finite. A reasonable choice for V, and
R can be obtained by fitting the model parameters to obtain reasonable values,
for example, for the mean square of charge radius of the nucleon (r?) and for the
axial vector coupling constant g4. We get a good fit by choosing R = 1.12 fm and
Vo = 3 GeV for which we find (r?) = 0.64 fm? and g4 = 1.15, as compared to
experimental values of 0.76 fm? and 1.27 respectively [134]. Solving (5.13) for this

choice of parameters for the ground state energy of a quark we find £ = 348 MeV.
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FIG. 5.2: One Dimensional Scalar Square Well Confinement,

Using solutions given in (5.11) and (5.12), we find

(§ —m) = 21 MeV. (5.14)

Exploration of the integrals appearing in (V(r)), shows that (# —m) — 0 as 1/V,,
when Vy — oc.

It may be of some pedagogic value to give the equivalent result for the 1D
case (Fig. 5.2). The wave function for |z| < a/2 is just the free solution of the Dirac
equation, and the solutions for |z| > a/2 are obtained from the free solution by the

substitution ¥ — E — V5. We obtain

E

1+a/VZ-E?

<%—m>=2%/jzﬁwdz= (5.15)

One can note immediately that when the height of the potential Vo — oo then

(#—m) — 0, unless a — 0. For the choice of parameters made above, we obtain
(§—m) =14 MeV, (5.16)

where for the ground state energy E we have used a value of 260 MeV, from the
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energy eigenvalue equation.

5.3 Scalar + Vector Linear Confinement

Let us consider now the confinement problem of a spin 1/2 particle in a confining
potential of the form

Vir) = %(1 + 40 (Vo + Ar). (5.17)

This linear potential model for quark confinement was used in [135] to calculate
several properties of low-lying baryons. In [135] the authors assumed nonzero quark
masses. The straightforward modification of the wave functions for the case of
vanishing current quark masses yields the following solution for the lowest energy

eigenstate of the Dirac equation for the potential (5.17),

U(r) = N(U _ p‘fg)(b (r)> x®, (5.18)

o) = /mfgm)%mmr +an)), (5.19)

where K = (AE)'/3. The energy eigenvalue F and the normalization constant N
are given in (5.20)
)\(11

3E
E=Vy— 22 Nl= 7
Voo 7 N 4E — V,

(5.20)
In [135] an analytic expression was obtained for the mean square charge radii of
the baryons and in [136] Ferreira obtained an analytic expression for the magnetic
moment of the proton. We modified those expressions for the zero current quark

mass case and used them together with the energy eigenvalue equation (5.20) to fit

our model parameters Vy and A. We choose Vj = —626 MeV and A = 0.98 GeV/fm
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to fit (r?) exactly and give the closest to the data value of y,, obtaining
E = 420MeV, (r?) =0.76 fm* and g, = 2.44 n.m. (5.21)
For the above mentioned values of the model parameters we find that

(§ —m) = 27 MeV. (5.22)

5.4 Scalar + Vector Harmonic Confinement

Consider now potential of the form
1 (N
Vir)= 5(1 +v°)Cre. (5.23)

The solution of Dirac equation with this potential is given in [137]. They write the

lowest energy state Dirac spinor as

- _ L afin)/r N\
¥(r) \/E(a_fg(r)/r)x , (5.24)

where x(*) is a Pauli spinor, with the normalization [ ¢iypdSr = fooo( f2+gHdr = 1.

Then the upper and lower components of the solution are

[r) = N (—) )

To
N (N g
g(r) = /3 (T—O> e IS, (5.25)
1
N = \/8/GBrvm), rE =3, C=3E,
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