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ABSTRACT

Computer simulations of complex phenomena have become an invaluable tool
for scientists in all disciplines. These simulations serve as a tool both for theorists
attempting to test the validity of new theories and for experimentalists wishing to
obtain a framework for the design of new experiments. Lattice Boltzmann Methods
(LBM) provide a kinetic simulation technique for solving systems governed by non-
linear conservation equations. Direct LBMs usc the linearized single time relaxation
form of the Boltzmann equation to temporally evolve particle distribution functions
on a discrete spatial lattice. We will begin with a development of LBMs from basic
kinetic theory and will then show how one can construct LBMs to model incom-
pressible resistive magnetohydrodynamic (MHD) conservation laws. We will then
present our work in extending existing models to the octagonal lattice, showing that
the increased isotropy of the octagonal lattice produces better numerical stability
and higher Reynolds numbers in MHD simulations. Finally, we will develop LBMs

that use non-uniform grids and apply them to one dimensional MHD systems.
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CHAPTER 1

Introduction

1.1 The Dynamic Evolution of Matter

Whether contemplating the vortices that swirl in a cup of coffee when cream
is added, the turbulence of a class four whitewater river, or the constantly chang-
ing shape that a flock of sparrows forms as they fly through the sky, the dynamic
evolution of matter has an aesthetic appeal which suggests an underlying beauty in
the laws which govern our universe. These laws take many different forms and can
be examined at many different scales of length and time. The most fundamental of
these are the theories of elementary particles, which attempt to form a consistent
theory for the interaction of “point-like”objects that carry associated interaction
parameters such as charge, mass and spin. The difficulty with these particle the-
ories however, lie in the lack of tractable analytic solutions to interesting physical
phenomena. Physicists to date, are only capable of exactly solving rudimentary
problems involving one or two interacting bodies. The remaining majority of prob-

lems must therefore be treated with approximate solution techniques.
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Many rich areas of physics consist of generating approximate macroscopic equa-
tions to model the behavior of physical phenomena which obscure the complex inter-
actions of particle physics. This obscuration attempts to extract all of the essential
phenomena of a physical problem while hiding aspects of the problem which do not
fit the particular length and time scale of interest. Still these macroscopic systems,
although significantly simpler than their particle based counterparts, can rarely be
solved exactly. Thus the majority of physics done in the last century has consisted
of finding approximate solutions to such problems. These approximation techniques
can be characterized as either analytic or computational.

Analytic approximation techniques such as perturbation theory, variational
methods, WKB analysis, and multiple scale analysis have been very effective in
solving a number of interesting problems in physics. Their application to non-linear
dissipative fluid systems such as the types of problems treated in this dissertation,
however, have not been met with great success. As a result, physicists have looked
to computational techniques for the approximate solution of these types of complex

fluid systems.

1.2 Nonlinear Conservation Equations for
Macroscopic Systems

Before discussing the computational techniques available for treating non-linear
fluid systems, we would like to discuss these fluid systems in more detail. Namely, we
would like to introduce some examples of fluid conservation equations, which can be

treated by lattice Boltzmann methods(LBM). Consider the generalized dissipative
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conservation law
8tqi -+ ajpi’j = I/a?qi, (11)

where the temporal evolution of a scalar or vector field ¢; depends on the spatial
derivative of a nonlinear tensor p; ; and a diffusive (usually dissipative or dispersive)
term characterized by the higher (usually second or third) spatial derivative of the
field ¢;. A large number of interesting phenomena in physics are governed by this

class of nonlinear conservation laws. Some examples include Burger’s equation
, a 1 2N 2
dyu + w(-Q—u ) = voiu, (1.2)

which is often used to model the flow of traffic along a highway or the velocity dis-

tribution during the formation of galaxies in the early universe. The KDV equation
Ly 3
O + 81,(;)—u ) =vdu (1.3)

is often used to model shallow water wave theory and, in particular, the existence

of solitons. The Navier Stokes equations

%@—@v (pv) =0, (14)
—a—(pv) + VP +(v-V)(pw) +0[V - (pv)] = vV*(pv), (1.5)

ot

describe the compressible flow of fluids and are used in numerous physics, engineer-

ing and aerospace applications. And finally, the resistive magnetohydrodynamics
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[

(MHD) equations

ap B
g + V- (pv) =0, (1.6)

—a—(pv)+V[P + §—2-] + (v - V){pv)+

o[V - (pv)] - (B V)B = vV*(pv),
%]?- +(v-V)B+B(V .v)— (B -V)v=uV'B (1.8)

describe the coupled interaction of the density, velocity, and magnetic fields of a

conducting fluid.

1.3 A Juxtaposition of Computer Simulation

Methods

A number of computational methods exist for solving the coupled partial dif-
ferential equations (or nonlinear conservation equations) that govern these types
of fluid systems. The available methods can be broadly classified into two main
branches: spectral methods and finite difference methods.

Spectral and pseudo-spectral methods consist of solving a set of equations in
Fourier transformed wave number and wave frequency space. If they are performed
correctly, these methods have the advantage that they can be exponentially accu-
rate. An obvious disadvantage lies in the large computational overhead required to
perform these calculations accurately and the limitations of these methods to sim-

ple spatial geometries. Moreover, pseudo-spectral methods, which run with better
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computational efficiency than conventional spectral methods have to contend with
the alternate issue of sampling errors due to aliasing phenomena. These errors arise
because pseudo-spectral methods solve a portion of the nonlinear conservation equa-
tion in physical space, which necessitates the transformation of the fields between
wave number and physical space. While dealiasing procedures exist, the process of
transferring data between spectral and Cartesian space is undesirable from a compu-
tational standpoint. More specifically, this transformation process (or fast Fourier
transformation process as this is the method that is virtually always employed) in-
volves non-local processes which possess an inherent resistance to parallelizability.
These processes do not lend themselves in a natural way, to the decomposition and
assignment of tasks to large numbers of parallel processors. These types of methods
have therefore fallen out of favor in recent years as computational resources have
begun to focus almost entirely on massively parallel computing environments and
physicists have begun to focus on simulation methods that are capable of treat-
ing realistic physical geometries, which include obstacles, boundaries, and toroidal
geometries.

The general class of finite difference methods, which include finite difference;
finite clement and finite volume methods, sit much more favorably in the minds of
most computational physicists. These methods discretize and evolve fluid equations
using methods derived from the fundamental differencing rules of calculus, which
reduce to exact solutions for infinitesimal values of spatial and temporal stepping.
Finite element and finite volume methods use a more sophisticated treatment of the
discretization to resolve field gradients within a particular element or volumetric
region. The essential feature consists of working with a discretization of all of the
macroscopic variables contained in a given set of coupled partial differential equa-

tions. These include position, momentum, time, and any remaining fields responsible
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for self consistent and externally imposed forces. In contrast to the general class
of spectral methods, finite difference methods possess a larger degree of inherent
parallelizability. This is due to the relative spatial and temporal localization of the
parameters which directly affect the evolution of a given quantity. This relatively
localized dependence means that a spatial domain or mesh can be decomposed and
assigned to an array of processors in such a way that most of the computation for
a given processor involves only information which is stored in that processor’s lo-
cal memory buffer. The boundary regions, however must utilize information which
has been transferred from the neighboring processors. This transfer of information
between processors is the aspect of finite difference methods that inhibits perfect
scaling of the computational time as the number of processors is increased.
Another advantage of finite difference methods comes from the ability to im-
plement non-uniform grids in the computational procedure. Such nested or non-
uniform grids have the ability to apply refined computational effort around spatial
regions containing structures of interest such as shocks and current sheets. These
shocks or current sheets create large gradients in the associated fields which can
often only be resolved by adding to the grid density. By altering the grid density
non-uniformly one can perform detailed calculations in particular regions of interest
without wasting computing power on those regions without significant field gradi-
ents. Furthermore, non-uniform grid methods which adapt themselves as the fluid
evolves in time, undergo what is essentially a temporal refinement process. This full
Cartesian plus time refinement results in a very efficient computational procedure.
An undesirable aspect of standard finite difference methods lies in the numerical
instability associated with large time evolution steps. This limitation is often over-
come with the use of implicit or semi-implicit temporal evolution. While implicit

temporal evolution greatly increases the size of the time step that can be used,
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it comes with the cost of higher computational overhead. As a result, the most
prudent computational methods attempt to attain high numerical stability using
explicit temporal evolution before including more sophisticated implicit temporal
evolution methods.

As a final precursor to the introduction of lattice Boltzmann methods, we will
point out some of the computational difficulty associated with standard finite differ-
ence methods. Virtually all finite difference methods solve a set of fluid equations
in the space of the fields contained in those equations. This required that equations
containing three dimensional density, velocity and magnetic fields that evolve in
time are solved in a high dimensional discretized phase space. The cost of this high
dimensionality is particularly exacerbated in the solution of the nonlinear convective
derivative terms. In Eqs. (1.4)-(1.8) these are the terms with single spatial deriva-
tives operating on them. For MHD the issue of resolving these nonlinear convective
derivatives is compounded by the presence of two terms in each of Eq. (1.7), and
Eq. (1.8) as well as one of these terms in Eq. (1.6).

Lattice Boltzmann methods (LBMs) are also predicated upon a finite difference
scheme. The key difference, however, is that a given set of particle distribution func-
tions are solved in a linearized kinetic space. These distribution functions are then
chosen in such a way that their evolution consistently models the evolution of the
original set of fluid equations. The first advantage of this methodology is the avoid-
ance of the direct solution of the nonlinear convective derivative terms. Although
more parallelizable than spectral simulations, these terms are responsible for most of
the non-local parts of most finite difference simulations. LBMs however reduce this
non-local dependence by advectively streaming distribution functions rather than
solving these convective derivatives directly. The effect is a lower dependence on

non-local information and thus a better parallel performance.
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Since they are based on a kinetic finite difference scheme, LBMs can also be
recast in a non-uniform grid or even adaptive grid framework. The only limitation
here is the inherent coupling between time and space through the lattice streaming
vectors. Because of this coupling, a number of different methods have been explored
which either refine time and space identically (i.e. refine the time step, spatial
step and hence the streaming vector length) or utilize some sort of interpolation
procedure to connect the terminal of the streaming vector with the lattice node.

Lattice Boltzmann methods provide an accurate and computationally efficient
methodology for simulating fluid flow. So much so that the present simulations have
utilized explicit time stepping resulting in simple efficient computational algorithms,
which lend themselves to ideal parallelization of massively parallel and parallel vector
computing platforms. In what follows, we present the lattice Boltzmann method
applied to the problem of 2-D resistive magnetohydrodynamics systems with some

extensions of the work to non-uniform grid LBMs for 1-D resistive MHD.
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CHAPTER 2

From Kinetic Theory to the

Lattice Boltzmann Equation

2.1 The Boltzmann Equation

We start our discussion of the kinetic theory development of the lattice Boltz-
mann equation by introducing the concept of a particle distribution function f(r, p, t)
where f is a function of position r , momentum p, and time ¢. This distribution
function is defined such that its integral over a particular region of six dimensional
phase space produces the number of particles that one would expect to find in that

region at a given time.

r+% P+%B

f(r,p, )drd’p = N(r,p, ). (2.1)

_Ar Ap
L

10

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

We also have a particle number density associated with this distribution function.
This quantity, which often provides more pedagogical insight, is defined as

o

[ sipdn = sl (22)
— 00

the integral over all possible momentum states. As we do not allow for the spon-

taneous creation and annihilation of particles, the conservation of particle number

can be written as a generalized conservation property associated with the particle

distribution function in Lagrangian form
f(r+vot,p+Fét,t+8t) = f(r,p,1). (2.3)

Changes in the particle distribution function (hereafter referred to as the distribu-
tion function) are due only to external forces acting on the particle and to internal
momentum. The distribution function therefore currently exists in a collision-less
state where the internal evolution of the distribution function due to particle colli-
sions has not yet been described. We can expand Eq. (2.3) to first order in 6t and

express the same conservation principle as

df Pi F;
—— s — - —— —_— 2-
o O f + ma”’f + m@pif 0. (2.4)

Partial derivatives are expressed using the notation 0; = —g; and 0; = V with “”
describing a tensor index. The momentum gradient is written as Jp = V. Hence
forth, the Einstein summation notation will be implied when repeated tensor sub-

scripts are used.

Allowing for the possibility of collisions between particles alters the number of
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particles contained in a given phase space volume. Adding a generalized collision

term to Eq.(2.3) gives
of
f(I‘ + Vét + 5t L+ 5t) (I', | &3 ) {at ]LUU(% (25)

Finally, expanding to first order in 67 gives the collisional kinetic equation

af

'5{](;0”- (26)

o 2y 2. =

Eq. (2.6) introduces the fully self consistent evolution of our distribution func-
tion with a generalized partial temporal derivative representing mesoscopic particle

collisions.

2.2 The BGK Collision Approximation

At this point, the task of formulating solutions to the Boltzmann equation re-
quire the specification of a collisional derivative. Since it is not needed to reproduce
the desired macroscopic conservation equations, explicit treatment of particle in-
teractions using cross-sectional derivatives is not our current aim. These methods
are excellent for treating the fine scale phenomena present in small groups of parti-
cles, but are too cumbersome for large scale calculations involving particle densities
typical in a fluid picture where details of the collisional processes are not needed.
Although computational resources continue to improve at astonishing rates, explicit
particle algorithms used to model small scale kinetic processes very quickly exhaust
computational resources. We are left then, to search for an appropriate approxi-

mation to the explicit collisional derivative that reproduces the correct large scale
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phenomena while obscuring the fine scale processes which do not directly alter the
physical system of interest.

In searching for a suitable approximation for [%]wu, the BBGKY hierarchy|[14]
builds from the most fundamental assumptions. In our development of the lattice
Boltzmann method we intend to seek out the lowest order approximation to the
collisional derivative which allows us to recover a set of dissipative macroscopic fluid
equations. In examining the collisional process and its affect on the evolution of
particle distribution functions, Boltzmann’s H theorem [23] will provide us with the
key piece of information needed for developing an appropriate approximation. This
theorem states that a sufficiently collisional system which is not at equilibrium will
always be driven toward equilibrium and never away from it. More precisely, for the

quantity H defined as

H= /f(r,p,t) In[f(r, p, t)]d*rd’p, (2.7)

where [ is any distribution function that satisfies the Boltzmann equation, it can

be shown that
— < 0. (2.8)

A proof of Boltzmann’s famous H theorem can be found in any book on kinetic
theory [22]. Fig. (2.1) shows a stylized depiction of the temporal evolution of such a
distribution function averaged over some mesoscopic area of phase space. This plot

is intended to demonstrate that the obvious first choice for a collisional derivative
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t

Figure 2.1: A depiction of a distribution function averaged over some mesoscopic region of
phase space. The distribution function relazes to local equilibrium ilustrating the possible
use of a first order difference for the approzimation of this process.

should take the form of a first order forward difference derivative

_ fleq)
(?—f-]mn = —I—-—f“—‘ (29)

(= Jeon = — T

at
which is widely known to reduce to an exact derivative in the limit of a small time
step. The time step 7 can be thought of as the characteristic time that it takes
for the mesoscopic collisional process to drive a distribution function f toward local
equilibrium (/%) in a mesoscopic region of phase space. This collisional approxima-
tion is known as the BGK single time relaxation rule[2, 9]. With this BGK collision

operator in place, the Boltzmann equation takes the form

Jd p B
[éng E'V+F‘Vp]f(r,P,t) =

_f_—‘Tf_“‘Q (2.10)

We are therefore left only to discretize this equation in Cartesian and velocity space

so that it can be solved computationally.
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2.3 The Lattice Boltzmann Equation

At this point it is useful to restrict ourselves only to those problems which do
not include any external forces. We will also rewrite the velocity in the non-canonical

form % — v. Thus the Boltzmann BGK equation appears as

_a_i_},v.vf — _m

- - (2.11)

Where it should be understood that the forces which lead to the self consistent
evolution of the distribution function are implicitly included in the collision term.
This simplified BGK Boltzmann equation can now be discretized in velocity
space. By discretizing velocity, the particle distribution functions are automatically
discretized also. A discreet number of distribution functions therefore exist for each

of the discreet velocities

a 4 ‘ - (eq)
Ua VoV, = B L : (2.12)

ot T
where the subscript “a” represents any of the discrete velocities. We can discretize
space such that these discrete distribution functions reside at points on a spatial lat-
tice and time such that the transfer of information between these lattice sites occurs
during discrete temporal steps. The continuous temporal and spatial derivatives are

then rewritten as first order forward differences
fa(xir t+ At) - fa(:(;ia t))
At »
Fal@i + va At E+ A — fu(aa t+ AL)  fa =[5

Va,i =

’ Az T

._.I_
(2.13)

The act of discretizing space and time in such a manner requires that we relate
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both scales through a discrete velocity vector. We therefore define the velocity vector

as the discrete time step divided by a discrete spatial step ¢,; = % Replacing the
velocities with these velocity vectors leads to
fa(xiat + At) B fa(wi: t)) +
c 'fa(LlZ‘i -+ Cajz‘At,t -+ At) — fu(illi, t -+ Af)) . _f“ — fa.
4,2 ==
’ Az T

and one can readily replace '[i? wit f—&"—j in the second term of the left hand side of

Eq. (2.14). The first and last terms on the left hand side cancel and we are left with
At (eq) .
fa(;liz' + Cuﬂ'At,t -+ AIL) - fa(lfz, t) = *—T—(fa - fa ) (210)

Finally, absorbing the At into 7 we can redefine 7 as a dimensionless parameter that
controls the rate of relaxation of the distribution functions. Thus the BGK lattice

Boltzmann equation reads
1
Jalwi + caildt b+ At) = folwit) = —=(fu - fleay, (2.16)

It is somewhat remarkable that this discrete linearized equation can be used
to recover such a large class of nonlinear macroscopic conservation equations. Fur-
thermore, it is able to produce all of the fine scale details of fluid and magneto-fluid

turbulence.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3

The Basic Lattice Boltzmann

Method

3.1 Computational Procedure

The computational procedure for lattice Boltzmann methods is quite straight-
forward. The lattice Boltzmann equation tells us that the distribution function at
time ¢t + At can be calculated from the distribution function and the equilibrium
distribution at time t. This computational procedure is simply split into a streaming
step and a collisional step. During the streaming step the distribution functions are
advected in the direction of the streaming vectors to the neighboring cells. During
the collisional step moments of the advected distribution functions are taken to re-
cover the macroscopic variables. The lattice Boltzmann equation is then evaluated
to recover the new distribution functions. During the first initialization step, the
initial macroscopic fields are used to create a set of distribution functions for cach

of the streaming vectors at each of the spatial nodes. Figure (3.1) shows a flow

17
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Set initial fields: p, v, B

3

Calculate: £? from fields, f, = f{ for ¢t = 0
{

Stream: f,(x + €40t t + 0t) = fa(a:, t)

1

Calculate fields by taking moments of f,
1

Collide: f,(xdt,t + 6t) = fu(,t) — L[fulz,t) — f2Uz, 1))

L

Figure 3.1: The simple computational algorithm of lattice Boltzmann methods uses an
advective streaming step and a local collision step

chart of this simple computational procedure. These advection and collision steps
can be carried out on a number of different spatial lattices. Prior two dimensional
LBMs have used two dimensional square, and hexagonal lattices. Figure (3.2) shows
a square spatial lattice that is connected by an octagonal streaming lattice. More
will be written on the specific choice of lattices and the role that they play in the

numerical stability of the models in chapter 5.

3.2 Chapman-Enskog Expansion Procedure

The critical step in deriving a LBM is the selection of a set of equilibrium
distribution functions. These distribution functions are responsible for the form

of the partial differential equation that is being modeled. This selection process
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XXX

Figure 3.2: The octagonal lattice consists of a square mesh coupled to an octagonal stream-
ing lattice.

is best illustrated with a Chapman-Enskog expansion procedure[7]. We begin the
process by expanding the BGK lattice boltzmann equation (Eq. (2.16)) in a Taylor
expansion using the small parameters At and ¢, ;At = Az. To all orders, the first

term of Eq. (2.16) takes the form

Jalmi 4 cqiDt t+ A =Y —10+ a0 fuli ), (3.1)

n=0 "
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which can be substituted in to Eq. (2.16) giving

oo

S 210+ o faleit) = = (fu — 1E9). (3-2)

n=1

The lower limit on the summation has changed due to the cancellation of the first
term in Eq. (3.1) with the second term in Eq. (2.16). Following the multiple scale
expansion procedure of Chapman and Enskog, the partial time derivatives can be

rewritten as
Oy, — €Dy, + €20;, + 304, + 'Oy, + ... (3.3)
and the spatial derivatives become
O — €0;. (3.4)
The distribution function itself is now written as
fo= [ 4 efP + EfP 418 4 (3.5)

where the equilibrium distribution function is understood to be fcf,a” = f,EO) and

conservation of number density requires that

> 1M =0 (36)
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for all values of “n” greater than 0. Conservation of momentum density also requires
g 3

that

S e =0 (3.7)

for all values of “n” greater than 0.
Inserting these time scales into Eq. (3.2) and retaining only terms to the order

of € gives

, 1 ...
atofa(ao) + Ca,iaif(gm = _';fzg.])' (3‘8)
The equation for terms to the order of €2 is
5 (1) L 51240 = _ L
hofo + Cailils” + 0 fo” + 510 + CaiOiPFLY = ~= 17, (3.9)

and for terms to the order of ¢ we have

1 !
ato f(£2)+ca,iaif(£2) + 8L1 fél) + 5{8750 -+ ca,iailzfcsl) + atz féo)_'_

. ) (3.10)
Bty 01, £ + 300 0e, f1 + g0 + caili]’ ) = "‘;fcgg)-
Equation (3.8) can be rewritten as
~T (B [ + €00 f0) = fI. (3.11)

and substituted into Eq. (3.9) to eliminate all of the terms containing f(fl). Eaq.
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(3.9) thus becomes
1 9 Mg 1 ..
O IO + (5 = DB + casdl £ = —= 1. (3.12)

Equation (3.12) can also be rewritten as

=

{0 J + (5 = 70k + casd [0} = £ (3.13)

N2

E

and substituted into Eq. (3.10) to eliminate all of the féQ) terms. This yields

3t2f¢§0)+(1 — 27)0y, [0y, + Ca,iai]f150)+

9 1

(3.14)
‘ 1
(" =7+ 5)[@0 + g0 £ = —;fés)-

Equations (3.8), (3.12) and (3.14) constitute the evolution equations for our
distribution functions at the first three time scales. At the zeroth time scale we
are able to recover a set of ideal evolution equations. That is, a set of dynamic
nonlinear equations which do not include any dissipative terms. At the first time
scale we recover the term responsible for dissipation and at the second time scale
a term responsible for dispersion in introduced. Equations for higher order time
scales can be derived which produce terms responsible for higher order diffusion.
These terms become small very quickly, however, as the parameter 7 is typically set
to values between 1 and -;— and the number of grid points is chosen to sufficiently

minimize higher order gradients in the fields.

3.3 Specifying the Form of the Distribution
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Functions

We will now outline the procedure for recovering a set of equilibrium distribu-
tion functions. As we have stated above, the form of the equilibrium distribution
functions play a critical role in specifying which partial differential equations are
being modeled. More precisely, the distribution functions are designed such that
their moments correctly reproduce the terms of a desired set of coupled partial dif-
ferential equations. In the macroscopic limit, the distribution functions appear as
polynomial expansions of the field variables, hence our LBM distribution functions
are written as a polynomial expansion of the relevant fields (p and v for instance)
and the streaming vectors (co = 0 and ¢, for a = 1,2,...,8 for the octagonal case)

with arbitrary constants in front of each term. For example one might begin with

fgq = [){k] -+ kgcg + kgvg], (315)

fgq = p[k4 -+ ]C5C§ + l@g‘vica,i] -+ k?p’”ilujca,iaa.,j + kg[)‘UZ (316)
and by defining the zeroth moment as the density

p=fa+ > [ (3.17)
[

the first moment as the momentum density

pvi =Y fca (3.18)
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and the second moment as the momentum density flux tensor

iy = pc2dig + poivy = f296uic0 ;) (3.19)
a

the distribution functions then take the form

o7 =pll — 203 — %) (3.20)
and
fo = g[cg + v;C44] + gv,i-vjca,ica’j — gvg. (3.21)

Where ¢, is the sound speed and defines the pressure P = pc?. These distribu-
tion functions incidentally produce a model for Egs. (1.4) and (1.5); the Navier
Stokes equations. Thus by summing Egs. (3.8), (3.12) and (3.14) over the discrete
velocity directions @ (this is also known as taking the zeroth moment), we recover
the macroscopic continuity equations at the three time scales. And by multiplying
by our lattice vector ¢,; and summing over a (this is also known as taking the first
moment) we recover the macroscopic momentum equations for the three time scales.

With the distribution functions specified, one can readily employ the compu-
tational procedure given in Fig. (3.1) to recover the dynamic evolution of a fluid

system for a set of initial conditions of interest.
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CHAPTER 4

Resistive Magnetohydrodynamics

4.1 Maxwell’s Equations and the MHD
Approximations

Magnetohydrodynamics begins with the approximation that the evolution of a
plasma can be recovered from a single fluid type without considering the individual
motion of electrons and ions. This confirms the existence of well defined quantities
for the density p, pressure P, and momentum density pv. It also places some
restrictions on the relative scales of a number of parameters[21]. If we define w as
the frequency of some process we wish to consider, v as the collisional frequency of
our particles, L as the length of a structure we wish to consider, [ as the length of
the mean free path of our particles, Ur as the thermal velocity of our particles, and
7 as the characteristic time required for a particle with velocity Ur to travel the

length L then the following scaling rules apply:

w L v, (4.1)

25
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l< L, (4.2)

L (4.3)
1

~ = 4

wn (1.4)

The fluid acts to cancel gradients in the scalar potential ¢ such that
1
g E+ —v x B] =0, (4.5)
c

which can be rewritten as

This gives the perfectly conducting limit

1’? ~ B. (4.7)

Finally, we choose to only consider non-relativistic motion, which gives the limit

2
Y« (4.8)

2

We can now consider Maxwell’s equations in Gaussian units

V- E = 47p, (4.9)
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V-B=0, (4.10)
~10B
E= 411
VX c Ot ( )
and
4 10E
B=—J4+ —— 4.12
VX c + c Ot ( )

along with our scaling rules.

4.2 Magnetic Induction Equation

Equation (4.5) can immediately be substituted into Eq. (4.11) to yield

%]?—ZVXVXB, (4.13)
or in our tensor notation
8tBi + 8j (Bfi’Uj - ’L’AB]) = O, (414)

which is known as the magnetic induction equation or freezing in law. The freezing
in law necessitates that the magnetic topology is frozen into the medium such that
the magnetic field lines are never able to cross or break.

It is also worthwhile to note that the divergence of Eq. (4.14) yields

8,(V - B) =0, (4.15)
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due only to the fact that the divergence of the curl is equal to zero. Eq. (4.15)
explicitly states that the evolution of the divergence of the magnetic field is zero.
This means that without explicitly coupling Eq. (4.10) to Eq. (4.14), an initially
divergence free magnetic field (i.e. a physically realistic magnetic field) will remain
so for all time. We will discuss the frustrating effects that collisions have on this

condition below.

4.3 Current
Inserting Eq. (4.5) into Eq. (4.12) gives

1 0(v x B)

47
VxB=—J+—
* c + c? ot

. (4.16)

The relative strength of cach term can be examined by writing the cross product as

a scalar product, the curl as %, and the time derivative as %

B J uB
— o~ = —. 4.17
L ¢ + 2 (4.17)
Multiplying through by L and rewriting -IT- as v
J 2?
B~—+4+—=8 4.18
P (4.18)

shows that the last term does not affect Eq (4.16) when the limit of Eq. (4.8) is

applied. We therefore rewrite the current as

My —vxB (4.19)
C
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and redefine the current such that it contains the factor of %75 and adjust its units

appropriately to give
J=VxB. (4.20)

We have retained the factors of 47 and ¢ up to this point to satisfy the scaling argu-
ments, but the absorption of these factors into the definition of current represents

a shift to natural units.

4.4 Equation of Mass Continuity

The equation for number density conservation (known as the continuity equa-
tion) can be derived from Maxwell’s equations as well as by a number of other
methods. If a number density is associated with each charge element then the time
derivative of Eq. (4.9) and the divergence of Eq. (4.12) can be combined and manip-
ulated to yield a density continuity equation. Here we derive the continuity equation
by a more general approach. Consider some element of volume, which has particles
flowing into and out of it. The particles which flow into and out of this volume are

described by

— /pv -dS (4.21)

where S is the surface area surrounding the volume, p is the number density and
v is the macroscopic velocity in a particular region of space. The sign is negative
because the S vector points out of the volume element. This particle flow can be

equated to the total time rate of change in particle density in the volume element
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at a given time

to give

% pdV = ~/pv~dS. (4.23)

Applying the divergence theorem to the right hand side and applying the chain rule

to the left gives

/[;%p + V- (pv)]dV = 0. (4.24)

This rule applies to the limit of infinitesimal volume elements, thus lifting the re-
strictions imposed by the volumetric integral. We therefore have the continuity

equation for conservation of number density

d

i . — 4.25

8tp+\7 (pv) =0, (4.25)
or in our tensor notation

Orp + Oi(pu;) = 0. (4.26)

4.5 Momentum Evolution Equation

In our derivation of the momentum density equation we will proceed with a

methodology similar to the derivation of the continuity equation. Consider some
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element of volume, which has momentum density flowing into and out of it. The

rate of change of momentum density in this region is given by

d
= pvdV. (4.27)

We can equate this to the momentum flux flowing into the volume through the

surface S

- / 1, ;dS; (4.28)

where the momentum flux is defined as

B?. .

Again, the negative sign is due to the surface vector pointing out of the volume.
Egs. (4.27) and (4.28) can now be equated to form a conservation equation of the

form

d I
Zﬁ pvdV + /Hi’dej = (. (430)

Applying the divergence theorem on the second term gives
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which applies to arbitrarily small volume elements. This gives the differential form

of the momentum equation

BQ
&;(pm) + QJ((P -+ 7)5173' -+ pUV; — BLBJ] = 0. (432)

4.6 Adding Collisional Effects to MHD

While Eqs. (4.14) and (4.32) detail the evolution of the magnetic induction, the
momentum density and the exchange of kinetic and magnetic energy, they do not
currently contain dissipative terms originating from particle collisions. An analysis
of the classic BBGKY hierarchy[14] shows that collisions add dissipative terms of

the form 82(pv;) and 92 (pB;) to Eqgs. (4.14) and (4.32)

8 B; + 0;(By; — v;Bj) = pd; By, (4.33)
B?
0u(pv) + (P + =7)ds 5 + priv; — BiBy] = v} (pvi) (4.34)

where the resistivity p and viscosity v control the strength of these collisional terms.
The effect of these diffusive collision terms is to dissipate the momentum and mag-
netic fields; inhibiting the formation of high density regions in the fields.

Eq. (4.33) no longer carries the freezing in constraint, thus allowing for the
crossing and breaking of magnetic field lines in a process known as magnetic re-
connection. In this process, the magnetic field lines are stretched to the point where
the magnetic tension is minimized by a dynamic reorganization of the magnetic

topology. During this dynamic reorganization, particles that are trapped on the
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fields lines can be accelerated in a “sling shot” type fashion. This process is possibly
responsible for a number of MHD phenomena, including the spontaneous ejection
of masses of the sun’s corona.

Taking the divergence of Eq. (4.33) also no longer gives a static condition for
the evolution of the divergence of the magnetic field

a(V -B)

= pv - [V(V-B)]. (4.35)

This condition means that an initially divergence free magnetic field will evolve to
include divergence if it is modeled by Eq. (4.33) alone. Eq. (4.10) must be explicitly

enforced to satisfy the divergence free condition of the magnetic field.

4.7 Heuristics of MHD

In the interest of symmetry between the momentum and magnetic fields, it is

worthwhile to introduce the definition of vorticity

w=Vxv (4.36)

and to suggest the possibility of an incompressible limit in which

Vv =04. (4.37)

The symmetry of the MHD equations can be further elucidated by re-casting the
momentum and magnetic induction equations in Elsasser variables[11]; yielding an

elegant and fully symmetric set of equations.
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4.8 On the V-B =0 Condition

Although the condition of divergence free magnetic field was briefly discussed
in sections (4.3) and (4.6), we would like to take this opportunity to examine it in
the context of discrete numerical simulations of resistive MHD. The addition of a
resistivity term to the magnetic induction equation destroys the implicit enforcement
of V- B = 0 through its lack of evolution away from zero. We are therefore left to
explicitly enforce the condition in our subsequent treatment of resistive MHD.

The continuous partial differential equations

(%B@- + 8j (Bﬂ)j - ’l)iBj) = /183([)31), (438)

and

are coupled in all spatial regions during all time. The act of discretizing space
and time necessitates that these equations decouple from one another within each
temporal and spatial step. The computational physicist is thus left to recouple
these equations at appropriate times, such that the evolution of the field consistently
obeys both equations. This re-coupling, however, comes at the price of de-localizing
the numerical algorithm. A cost-benefit analysis is thus required to determine the
appropriate time scale with which these equations should be re-coupled. We must
also keep in mind the fact that any quantity obtained through a computer simulation
is only an approximation to the exact value. This includes the approximation of
zero in the V - B = 0 requirement.

Given a particular choice for the time scale at which the diverging part of the
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magnetic field should be filtered out, the process can be accomplished through a
divergence cleansing procedure[24]. Writing the total diverging and non-diverging

parts of the magnetic field as the sum of the constituent parts
B*'=VxA+V¢ (4.40)
allows us to see that taking the divergence of B* leaves only the non-physical part
V-B"'=V-(V¢) (4.41)

A process known as the projection method[1, 6] allows us to subtract this diverging
part of the magnetic field without altering the non-diverging part. To do so, we

Fourier transform B* and V - B* into wavenumber space

B'(x) FT.— Bk

V.B'(x) FT.— ik-B*(k).

The divergence can then be multiplied by —ik and normalized by k? to give the

component of the magnetic field that contributes to its divergence

k *
(1B (),

which can be subtracted from B* to give the divergence free part of the magnetic

field in wavenumber space

B*(k) — —li{—g(k .B*(k)) = B(k). (4.42)
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We can then inverse Fourier transform the divergence free magnetic field back into
Cartesian space.

As we pointed out in the introduction, any Fourier transforming process is
a global procedure that lacks an inherent parallelizability. Although considerable
effort has been placed on the optimization of Fourier transforming procedures, one
should exercise great care in deciding how often this cleansing procedure should be

invoked.
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CHAPTER 5

Lattice Boltzmann Models for 2-D

Resistive MHD

The difficulty in modeling MHD using lattice Boltzmann methods arises from
the existence of two distinct fields that occupy the same rank in the BBGKY hi-
erarchy. More explicitly, the BBGKY hierarchy often specifies the zeroth moment
as the density field, the first moment as the momentum density field, the second
moment as the momentum density flux tensor and so on. The magnetic field how-
ever, should also arise from a moment similar to that of the momentum density
field and the magnetic flux tensor should arise from a moment similar to that of the
momentum density flux tensor. This means that we cannot specify the magnetic
moments simply as higher moments of our distribution functions. Additionally, we
must pay careful attention to the symmetry properties of the momentum density

and magnetic flux tensors under interchange of the indices ¢ and 7. The momentum

37
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density flux tensor is invariant under i, j interchange

B?
/\ L= (P+ “5‘)3i,j + pviv; — BBy = I 4, (5.1)

Y]

while the magnetic flux tensor is antisymmetric under i, j interchange

/\ Ay = Biv; — v By = —Ay ;. (5.2)
Gl
These interchange properties translate to similar requirements that need to be placed
on the moments that produce these tensors. The moment that produces the momen-
tum flux tensor must be symmetric under interchange of ¢ and j and the moment
that produces the magnetic flux tensor must not be symmetric under interchange
of i and j. The lack of symmetry imposed on the magnetic flux tensor’'s moment is
thus less restrictive than the antisymmetry of the tensor itself.
These interchange properties have been correctly reproduced in LBMs using
two different schemes; bi-directional streaming models and two distribution function

models.

5.1 A Comparison of the Square and Octagonal
Streaming Lattice

Before delving into the specifics of Bi-directional Streaming and Two Distribu-
tion function LBMs, we would like to justify our use of an octagonal lattice for these

LBM MHD models. The octagonal lattice consists of eight equal length streaming
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vectors

2 -1 27{a — 1
a1 g, 2rle )

Cai = |c|[cos

and a zero velocity vector

=10,0] (5-4)

where the magnitude |c| can be adjusted arbitrarily. The products of these streaming

vectors form the tensors

8
CI’L(U == an’é = O; (55)
a=0
8
Tfi) = Z CaiCag = 4C°01 5, (5.6)
a=0

Tion = an i€ajCok =0, (5.7)

a=0
TH)I{:I = Cy,iCa,jCakCal = 4ct [51 g(skl + 80 505, + 6 Z(Sj &) (58)

4

¢=0

where the odd moments are always zero due to the invariance of the lattice under

any ng rotation and the &, g represents the rank two Kronecker delta. By contrast,
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the square streaming lattice given by

2 -1 2 -1
o = leffeos 2OV g 2mle =y oy 4 (5.9)
’ 4 4
co = [0,0] (5.10)
produces the tensors
4
=% ci=0, (5.11)
a=0
4
Tiﬁf) = Z CasiCaj = 260, (5.12)
a=0
Jﬂh = Z Cq, zca ]Ca, k — O (513)
a=0
T,gkl—-zcaﬁagcak(al—2c Oijkl (514)
a=0

where the odd moments are always zero due to the invariance of the lattice under
any n% rotation and the 0,4, represents the fourth rank Kronecker delta. The
reduced set of invariant rotation operators (or lower isotropy) of the square lattice
result in the presence of the less isotropic fourth rank Kronecker delta. The higher
isotropy of the octagonal lattice is precisely the reason that we choose it for our

present simulations despite the two fold increase in information that needs to be
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streamed to the neighboring cells. The octagonal lattice was initially introduced in
formulations of a thermal lattice Boltzmann model (TLBM) for the Navier Stokes
equations. Vahala et al.[25, 26] found that the increased isotropy of the octagonal
lattice increases the numerical stability of LBMs[20]. This deduction is heuristically
justified by the idea that an octagonal lattice represents a more descriptive dis-
cretization of the two dimensional velocity space and thus comes closer to sampling
a true Maxwellian distribution.

A consequence of using the octagonal lattice comes from the fact that the
diagonal streaming vectors do not terminate at the point of a lattice node. This can
be thought of as representing a decoupling of the velocity space streaming lattice
and the Cartesian space distribution function lattice. To recouple these lattices, or
to connect the vector terminals with the corresponding spatial nodes, we utilize a

second order Lagrange interpolation defined by

P(z) =Y Pul2)  (5.15)

a=1

where the P, are defined by

o (5.16)

The distance between the spatial nodes in the “x” and “y” directions is |¢| and the
distance between spatial nodes and their diagonal neighbor is v/2¢2. If we define the
diagonal line y = x, as the “2” axis and a given spatial node as lying at the zero point

on the “z” axis, then the nearest diagonal vector terminals lie at ¢ — v8¢2,c — v 2¢2,
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and ¢. We can therefore specify the P, as

_ (c — V2e%)c _1—\/54
A0 = (c—\/@—c—kﬂc—:i)(c—\/@mc)m N

(c — V8&)c ro = (V3 = S, (5.18)

Pz(O):(c~\/2—cE—c+\/8_c§)(c—\/—2?-—c) 2

oo ViV V2F)_, 202, (5.19)
(¢ — ¢+ V83) (¢ — ¢+ V2&2) 3 s :

Ps(0) =

We can replace the P(z) with the diagonal distribution functions and 71, ro and r3
with their nearest corresponding diagonal neighbors. The streaming step from Fig.
(3.1) is therefore replaced by this interpolation step. For a node location given by

“I” and %7, the four diagonal distribution functions are interpolated with

fo(5,9) = Pifoli— 1,5 = 1) + Pofoli, ) + Psfoli + 1,5 + 1), (5.20)

f4(zaJ) = P1f4(7/ + 13] - 1) ~+ P2f4(l:j) +P3f4(7‘ - 1.] =+ 1)3 (521)

fo(i, ) = Pife(i + 1,5 + 1) + Pafoli, j) + Pafe(i — 1,5 — 1), (5.22)

fs(i, ) = Pifali — 1,7+ 1) + Pofs(i, j) + Py fs(i + 1,5 — 1). (5.23)

And because these interpolating polynomials are static, the procedure can be easily
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incorporated into the computational procedure.

5.2 Bi-Directional Streaming Models

5.2.1 Previous Bi-Directional Streaming Models

The bi-directional streaming methodology for the hexagonal lattice was devel-
oped by Martinez et al.[18] from an earlier model by Chen et al.[8]. The model uses
distribution functions with two streaming vectors embedded in them. The distri-
bution functions are therefore streamed in the direction of the primary streaming
vector given by ¢,; and in the direction of a secondary streaming vector given by

¢p;, which can point only in one of two directions. We therefore have

a=1,2,3,...

b=a+1,a-1 (mod a).
Composite vectors are written as

o = (1 = w)Cai + wepg (5.24)

Cai = GCag + TCh (5.25)

where the weights w, q and r will be adjusted to correctly model the macroscopic

MHD equations. These composite vectors are then used in the distribution functions
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such that the following moments are enforced:

p=1"+> 4, (5.26)

ab

pri = [ dups, (5.27)
a,b
H’i,j = Z f(iqbda,b,ida,b,ja (528)
@b
pB; = Z fabCapis (5.29)
a,b
pAi; = Z ffﬁ,@a,b,ida,b,j- (5.30)
a,b

Bi-directional streaming models have the advantage that a single distribution
function is used and only a limited amount of information is transferred between
lattice nodes. Their difficulties lie in the more complex tensors formed from the

products of the streaming vectors when moments are taken

E dupidap _S_ €0,b,iCab.j> E dopidap jdaprdasy,
a,b a,b a,b

5 €a.b,i€ab,jCab kCabls E dapidapiCabCab,-

a,b @b

These points are best illustrated with the outline of our derivation of the octagonal
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model, which will follow in the next section.

5.2.2 Octagonal Bi-Directional Streaming Model

In this section we will present an outline of the octagonal bi-directional stream-
ing model that we have developed[16]. Because this dissertation focuses primarily
on the two distribution function methodology, we will not include a detailed deriva-
tion of the Chapman-Enskog expansion procedure and the subsequent macroscopic
conservation equations that are recovered from this process, but will provide enough
information to give a feel for the essence of the procedure.

The octagonal lattice given by Eqgs. (5.3) and (5.4) is used with the bi-
directional streaming methodology. For the secondary streaming vectors we use

the two vectors that are orthogonal to the primary vectors. We therefore have

a=1,23,...,8

b=a+2,a—2 (mod 8).

We need to rewrite Eq. (2.16) as a backward differcnce rather than a forward
difference. This has no effect on the physics of the model as both forms reduce to the
exact derivative in the limit of infinitesimal time steps. By exchanging z; + ¢, ; At

for z;, t + At for ¢, z; for z; — ¢y, and ¢ for ¢ — At; Eq. (2.16) is rewritten as

Jol@i, 0)— fulmi — cn AL, —tAL) =

X | (5.31)

— Z[fa(@ = cualit, —tAL) — FD (3 — AL, —tAL)]
-

We can now split the streaming step into its two strcaming directions. The general

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



46

¢n; vectors are thus decomposed into ¢, ; and ¢ ; and we normalize each streaming
direction such that a weighting factor of 1 appears in front of each distribution

function. Equation (5.31) thus becomes

1
fap(i, )_“"'fa o(T; — Coi N, —tAL) — -fou,b(l’z‘ — ¢y AL, —tAL) =

, 1
- l[1fa (T — €q i AL, —TAL) + ;fmb(Iz’ — ¢y AL, —tAL) (5.32)
T 4

[

1
f O (w5 — cq g, —tAL) — 5 £ (2, — ey, —tAD)].

Taylor expanding Eq. (5.32) to the first order in time and space gives

1
§(at+caz )fab+ (at+cbz )fa,b:

1.1

I (5.33)
~ 500+ 0i0) (Fup = £a57) + 500+ 300 (fup = 1,5)]

where we have retained the factor of % to emphasize the weighting imposed on
the streaming directions and to remind us that higher order terms in the Taylor

expansion exist. The terms in Eq. (5.33) can be regrouped and written as

1 1 1 eq
(0 + ;)'(Ca,i + )0l fap = ;[@ + é(ca,i + ¢6,4) 0] (fap — f( j))a (5.34)

~=

which elucidates an obvious choice for the weighting factor in Eq. (5.24). Upon

choosing w = § Eq. (5.34) takes the form
1
(0r + dopi0i) fup = ;r-(az + dapi0:) (fap — 1o GQ))‘ (5.35)
Because our first composite vector takes the symmetric form

dapi = =(Cai + Coy) (5.36)

SR

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



47

we choose an antisymmetric form for the second vector. Setting ¢ = —% and r = %
gives
! =
Cabi = _2°(_Ca,i + Cb,i)» (037)

The distribution functions themselves can now be written as the equilibrium distri-

bution function plus a perturbation

Jop = fa , T € fl (5.38)

where f LOZ = f( % Incorporating this expansion into Eq. (5.31) gives

() + dapid) (£S5 + ef()) = (@+¢Mwa)ﬁﬁ (5.39)
and retaining only the terms to the zeroth power of € provides us with
OFS) + dug i fL) = (5.40)
And finally, moving the streaming vector inside the partial derivative produces

8] + B F ) dup = 0, (5.41)

which we can use to recover the ideal level macroscopic MHD equations. Equation

(5.40) can also be multiplied by dgs,; to give

8fa +af(0)d KX ab,J O (542)
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and can be multiplied by e, ; to give
8tf(§?b) + Bifé?gea,b,ida’gyj = O7 (543)

The tensor relationships which are formed by summing products of the tensors
over “a” and “b” are needed for a derivation of the specific form of the distribution

functions. These tensor relationships are

E Ca,iCaj = E CpiCyj = 80;

a,b @b

E Ca,iCa,jCajCat = 2(0ij0k1 + Oinbjy + 01105 1)
ab

5 Cb,iChiChxCby = 2(0; 0kt + 8i 1050 + 03405 k)
a,b

Z CaiCajChiCh) = 60530k + 2051057 + 284105k

a,b

where all of the odd combinations of ¢,; and ¢ ; equal zero. These tensor relation-

ships, used with Egs. (5.26) - (5.30), specify the equilibrium distribution functions
Fled = p_ap —2pm? (5.44)

. P p
fiff) =7 + Z[Uida,b,i + Biegpi -+ 2(0;0iCq i60 5 — BiBjca 6 5]+

viBjcyich; — Bivjcaich + =)
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where “P” is the fluid pressure and will require a closure approximation to represent
it as some combination of the other fields. The closure approximation that is typi-
cally made is to define the pressure as P = pc? where ¢, is the constant sound speed.
More will be written on this approximation in section 5.3.2. With the distribution

functions specified, Eq. (5.41) can be summed over “a” and “b” to give

03 S+ £ dusi = 0o+ 0i(pv:) = 0, (5.46)
a,b

a,b

which is the continuity equation. Summing Eq. (5.42) gives

5} Z f,§°£ + 0, Z fé?gda,b,ida,b,j =
a,b a,b (5.47)

BQ
au(pvs) + 94106 + -

)&'J + puvy; — [)BLBJ =0
and defines our ideal momentum flux equation. Finally, Eq. (5.43) can be summed

to recover

8t Z fﬁ(l(,)b) + 81 z fé?gea,b,ida,b,j = @t (pBl) + aj (/)B.lj’l)j - [)’U.;Bj) = O, (548)

a,b a.b

which constitutes our ideal magnetic flux equation.

A full Chapman Enskog expansion of the higher order derivatives in the Taylor
expansion can be used to recover the collision level MHD equations. This procedure
is treated in detail in section 5.3.2, but will not be given here. The process produces

the following dissipative MHD equations:

Op + 81(/)%) =0, (549)
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A(pv) + 0;[(pc? + T)&;J + pv;v; — BB =

1/83— (pvi) + 10,0 (pv;) + O(V2AL),

8y(pB;) + 0;(pBiv; — pv; Bj) = pd; (pB;) + 10;0:(pB;) + O(V*A3), (5.51)

where the viscosity, bulk viscosity, resistivity, and bulk resistivity are respectively

defined as
1
szg . (5.52)
— 1 2 Cf o=
== —é-[T(Q — )+ 5 1, (5.53)
w1 (5.54)
8
1—17
o = — (5.55)

The higher order terms containing three fold combinations of the fields and two
spatial derivatives are represented by O(VZAZ2).

Before discussing the advantages and disadvantages of this bi-directional stream-
ing methodology we will present the two distribution function method and derive
the model in full detail. A comparison of the two methods will then be presented

in section 5.4.
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5.3 Two Distribution Function Models

5.3.1 Previous Two Distribution Function Models

The two distribution function methodology for the square lattice was initially
developed by Dellar{10]. The model uses a single streaming vector and the standard

scalar distribution function for the density

T+ Z e (5.56)

momentum

p’U = Z f(cha;

P
ot
ot
~I

e

and momentum flux tensor

Z Uy iCai- (5.58)

However, for the magnetic field and magnetic flux tensor a separate distribution
function is used. Since a magnetic continuity equation does not exist, the magnetic
field must come from the zeroth moment of the second distribution function. This
necessitates that the second distribution function be a vector rather than a scalar.

The zeroth moment of this vector distribution function gives the magnetic field

i = g5+ ngﬁ, (5.59)
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and the first moment gives the magnetic flux tensor

Ai’j = Bﬂ)j - UiBj = Egsgica,j- (560)
a

The generalized expansions for both of these distribution functions contain the ve-

locity and magnetic field, which is how they influence one another. Specifically,

the density and momentum density come from moments of fé“” and are used to

calculate gff;"> Conversely, the magnetic field comes from moments of gé‘;{') and are

used to calculate féeq).

5.3.2 Octagonal Two Distribution Function Model

We begin our derivation of the octagonal two distribution function model[17] by
writing the distribution functions as generalized expansions of the octagonal lattice

vectors and our macroscopic fields p,v;,and B;

gq = ]i]p + kgp'l,’z + ]’u‘gB?, (561)
f:q = ]4)4/0 -+ kg,pwca,i -+ kﬁp’i.ig’l)j(fa)icu,j -+ k7B@'BjCaﬂ'Ca,j + /Cgp?J2 -+ kQBQ, (562)
9oy = k10Bi, (5.63)

ngIi = kB, + kuBz"UjC&?j -+ k]g’U-,gBjCa,j. (564)
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The enforcement of Eq. (5.56) specifies the requirements

ki + 8k, =1,
ko + 4¢’ kg + 8kg = 0,

ks + 4 kr + 8Ky = 0.
The enforcement of Eq. (5.57) specifies the requirement
4ctks =1,
and the enforcement of Eq. (5.58) specifies the requirements

P
4621€4 =
P
64[66 -+ 462/1)8 = O,
C4]<u'7 -+ 462]1}9 = O,

2ctke = 1,
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(5.66)

(5.68)

(5.69)

(5.71)



n
B

(5.73)

2%k, = —1.

Solving Eqs. (5.65)-(5.73) for ky-kg specifies the algebraic form for all of the expan-

sion coefficients in Egs. (5.61) and (5.62)

k1:1~§£— k2—~—§2- A3_—:-21—
ky = Z;EZ' s = 1% kg = 5%
hz«% kgzﬁé—% kg—_—&—iﬁ.
Egs. (5.61) and (5.62) thus take the form
H=p- 22)262 - —53’02 - —6:1532, (5.74)
g _ PG, P p o p o1 _ L opo r s
[ = o + 1oz vicai + 501 ViViCaiCad — g5V~ ‘()—CZBIL'BjCa,«L'Ca’j + EB . (5.75)
We have made the closure approximation for the pressure
_f’; _ (5.76)

where ¢, is the constant sound speed, which we are free to adjust arbitrarily.

Enforcement of Eq. (5.59) specifies the requirement

ko + 8ki; =1
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and enforcement of Eq. (5.60) specifies the requirements

4c%k1p = 1,
.4(,’-2751 3 = 1.
If we define k;; = %, then the expansion coefficients in Eqs.

become

o
ko =1— @, knzg

1 1
kiog = —kis = ——
12 1oy 13 1y

Egs. (5.63) and (5.64) thus take the form

gg?i = (1 - Q)Biv

«a 1
g,i?é = gBi + @(Bi”jca,j = v Bjca)

where « is an arbitrary constant that will affect the viscosity.

95

(5.63) and (5.64)

We can now use Egs. (5.74), (5.75), (5.80) and (5.75) to derive the macroscopic

MHD equations, which this LBM simulates. Moving the lattice vectors inside the

partial derivatives of Eq. (3.8)

' 1
8tuf,50) —+ aifég)ca,i — _:r_fél)
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and summing over all of the lattice vector directions

8 8 8
1 .
0 > SO+ 8 fV = —=> " (5.83)
a=0 a=0 T a=0
produces
3~L0p -+ 81- (pl},) ={ (584)

where Eq. (3.6) provides that the right hand side of Eq. (5.83) is equal to zero.
In order to reproduce the magnetic induction equation, we apply a similar

process using our gC(LO,) distribution function. This yields
Oy Bi + 9;(Biv; — v;Bj) = 0. (5.85)
Eq. (3.12) can also be multiplied by ¢,
Btoféo)(ia,z' + 3jf£0>0a.,ica,j = “’i‘fﬁl)ca,i (5.86)

and summed over velocity space

\\]b—-‘

8 8 8
ato Z f(EO)Caﬂ' + aj Z f{SO)Ca,icayj Z (E Cai (587)
a=0 a=0

a=0
to vield

B?
Ot (pvi) + 5 (pc; + )i + poiv; — ByBj] = 0. (5.88)

where Eq. (3.7) again provides that the left hand side of Eq. (5.87) is equal to zero.

Eqgs. (5.84), (5.85) and (5.88) constitute the conservation equations at the zeroth
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time scale. These equations are also known as the Euler level or ideal equations.
Employing the same method as was used above, the zeroth moment of Eq.

(3.12) can be taken for the fﬁ‘” distribution function to yield
1
O p = (10 = 5)|0p + 204,0i(pui) + 90,11 5] = 0 (5.89)

where the new subscript v of 7 indicates that this is the relaxation parameter that

is associated with the féo) distribution function. By expanding and regrouping the

third term in Eq. (5.89)

1 1 )
Onp— (1 — 5)% [Oyop + Oi(pvi)] — (1, — 5)5’1[@0 (pv;) + 0,115l =0 (5.90)

and recognizing that the second and third terms of Eq. (5.90) are the left hand sides

of Egs. (5.84) and (5.88) respectively, we end up with
8, p=0. (5.91)

Thus the continuity equation at the first time scale does not contribute any addi-
tional changes to the density profile.
The zeroth moment of Eq. (3.12) can also be taken for the g[(LOL) distribution

function to yield

8
1 . ‘
atlBi - (Tﬂ - 5)[8?03, + 285083-A4,:j + Bjak ZQSBC(L)jca,k] =0 (592)

a=0

where the subscript i of 7 indicates that this is the relaxation parameter that is

(0
o

associated with the g ) distribution function. Expanding and regrouping the third
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term in Eq. (5.92) leads to

1
6t1 B’i'—(T# - ?j)aéo [&oBﬁ + ain,j]”

! 5 (5.93)
(7 = 59510 Aig + O > 98 eagcar] = 0.
a=0
Equation (5.85) cancels the second term in Eq. (5.93) to give
1 8
0y, B; — (TM — —2—)@ [atol\i’j + O ngﬁ?ca,jca,k] = 0. (5.94)

a=0

and we are left to define the last term in Eq. (5.94). Performing the sum over “a”

gives
8 Q{C‘Q
0 : B
E Qfm) CajCak = 5 Bib; (5.95)
a=0

which can be substituted into Eq. (5.94) with the A, ; tensor written out explicitly

1. .. ac?
BMBZ- - (Tu - —2-)03 [Oto (B,ﬂ)j - ’U,L'Bj) -+ 8k~§—BLdJ,k] = (. (596)
Applying the product rule to the temporal derivative in the second term of Eq.

(5.96) gives

1
oy, B; — (Tu - 5)8]'{32‘810?}3' + v;04, Bi—

5 (5.97)
(876
0iOhy B — BjOs,vi + Oy TBz'ij,k] =0.

Equations (5.88) and (5.85) can be used to exchange all of the 9, time derivatives
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for the corresponding spatial derivative. This gives

1
8“ Bt - (Tﬂ e -2")83[ - B,,;akﬂjyk - ’Ujakl\i,k“l'
o (5.98)
’Uiak/\j)k + Bjak[l,i,k + BA——2—B¢5J’k] = 0.
Finally, we will rewrite Eq. (5.98) as
O, Bi = 0 B; + O(V*A;) (5.99)
where
227, — 1
=2t - ), (5.100)

The higher order terms with two spatial derivatives and three fold combinations of
the momentum density and magnetic fields are represented by O(V2A2). Equation
(5.99) thus constitutes our evolution equation for the magnetic field at the first time
scale. The inclusion of the BGK collision term at this time scale introduces magnetic
resistivity into the evolution.

In deriving the momentum flux equation at the first time scale we multiply Eq.

(3.12) by ¢,; and sum over velocity space

8
1 ) - (0’
Oy, (pvi) — (v = )10 (pvs) + 20,0 + 050 > ¢ ycan] = 0. (5.101)

a=0

Expanding and regrouping the third term in Eq. (5.101) leads to

1
A, (pvi)—(m — 5)% 01 (pus) + ;1L 5=
X s (5.102)
(7 = 5)05[0 i + O D e icazear) =0,

a=0
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Equation (5.88) cancels the second term in Eq. (5.102) to give
1 8
By (pvi) — (1 = )80 i + B Y fPCuicajcur] = 0. (5.103)
a=0

and we are left to define the last term in Eq. (5.103). Performing the sum over
“a” involves the rank four tensor, giving a slightly more complex expression than

we have dealt with above
Z fa Ca,iCa,jCak = ,04 (l’l()“(sk 1+ vd; }\,éJl + vid; Z(Sj k) (5104)
a=0

which can be substituted into Eq. (5.103) with the II, ; tensor written out explicitly

B?
O, (pvi) — (10 )8 {ato[(/"‘ + )5u + pvivg — B Bj]+
. (5.105)

j4& - -
ak—zz-(ﬂgégyjék’l - ’l!g(gi‘kbj’g -+ Uléi,léj,k)} = 0.

Applying the product rule to the temporal derivative in the second term of Eq.

(5.105), distributing 9; and enforcing the Kronecker deltas gives

1
(‘9“ ([)’U{,)*"(Ty — —2'){62(928{0;0 -+ @Bi&goBﬁ

aj'Uz‘atO (p’Uj) + 8]-‘1.11-8)50 (p?),‘) - @Biatij— (5106)
2
0;B;0,B; + — [6 A (pvi) + 9;0;(pvy) + 32 (pv;)]} = 0.

Equations (5.84), (5.88) and (5.85) can be used to exchange all of the J;, time
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derivatives for the corresponding spatial derivative. This gives

1
8151 (,DU.L')—F(TV - —2-){036«,;81(/)’05) + 8:,'B¢31Ai7l+
0;v:0L; + 0;v;0, 1Ly — 0; B0y Ay~ (5.107)
2
¢ ‘
aijagAM - Z[@é‘k (,O’Ui) + 31(37 (,O’Ul) + Q? (,O’Ui)]} = (.

Again, the higher order terms with three fold combinations of the momentum density
and magnetic fields will be represented by O(V3A3). The II; ; tensor, however, does
contribute a pressure term which will be retained for further analysis. Equation
(5.107) is thus rewritten as

1 ‘
Oy, (pv) + (1, — 5){6?&53;(;705) + 28;0,0;p + C20;v,0;p—
(5.108)

2
c , s
C10:0u(pw) + i3 (p) + o]} = O(V7AL).

The second term of Eq. (5.108) can be combined with the fifth and sixth terms and

the coefficients can be rewritten to give

Oe, (pvi) =v0; (pui) + 10;0: (pvi) +

] (5.109)
(5 = ™) (O5vidsp + c2050;0p) + O(V?Ay)
where
A(2r, — 1)
V= a—m—— L (5.110)
8
and
c? 1

Vyp = (-5 - Ci)(Ty — 5) (5111)
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Equation (5.109) constitutes our evolution equation for the momentum density field
at the first time scale. The BGK collision approximation introduces a viscosity and
bulk viscosity term which tend to dissipate the momentum density field. Addition-
ally, we wish only to consider those problems which use an initially uniform density
field. This provides a near incompressible limit in which Vp & 0. Thus the Vp

terms can be eliminated from Eq. (5.109) and we rewrite it as

By, (pvi) =87 (pvi) + 1,0;0;(pv;) + O(V?A}) (5.112)

Finally, the total time evolution is truncated such that we do not include small
perturbations of the ficlds due to the higher order time scales. We can therefore add

Eqgs. (5.84) and (5.91) to produce the total time evolution of the density field
Oyp + 0;(pv;) = 0. (5.113)

Also adding Eqgs. (5.88) and (5.109) produces

, B? _
O (pvi) + 94[(pc? + —2—)éi7j + pvyv; — BByl =
(5.114)
I/Cr)j2 (,O’U,i) + Vbajai(p/v‘i) ~+ O(VSA?L)
and adding Eqs. (5.85) and (5.99) gives
0, B; + 8;(Biv; — viBj) = pud; B; + O(V’A}). (5.115)

While this model contains some additional terms due to spurious third order
nonlinear derivatives, higher order inaccuracies are expected in any finite difference

numerical modeling procedure. Because these higher order derivatives grow small

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



63

very quickly for small gradients in the fields, they did not introduce significant errors
in the simulations of two dimensional resistive MHD that are presented in chapter

6.

5.4 Advantages of Two Distribution Function

Models

It is worthwhile to briefly juxtapose the bi-directional streaming and two dis-
tribution function methodologies. This will elucidate our choice in using the latter
method in most of our recent simulations. From the standpoint of computational ef-
ficiency, the two distribution function method exchanges more information between
lattice nodes than the Martinez et al.[18] reduced bi-directional streaming model
and less information than the Chen et al.[8] full bi-directional streaming model.
Specifically, our octagonal formulation of the reduced bi-directional streaming model
advects 16 distribution functions to its neighboring cells, our octagonal two function
model advects 24 distribution functions and a fully bi-directional streaming octago-
nal model would advect 64 distribution functions. The motivation behind using the
two distribution function methodology lies first in the ability to independently con-
trol the viscosity and resistivity terms, whereas in the bi-directional methodology
the viscosity and resistivity are controlled by a single relaxation constant.

Next, the form of the transport coefficients themselves are inherently lower
in the two distribution function models than those produced by the bi-directional
models. Achieving values for the viscosity and resistivity which approach the regions
which are of interest to physicists studying astrophysical and tokamak plasmas has

typically been met with some difficulty. These lower transport coefficients have
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Model Viscosity | Resistivity
Square: Bi-Stream Dg—l 3_%_1_
Hexagonal: Bi-Stream ?—g 2:%‘1
Octagonal: Bi-Stream T—‘gl A%i
Octagonal: 2 Functions dret a(:)fg —1)

Table 5.1: A comparison of the transport coefficients for square, hexagonal and octagonal
bi-directional streaming models and for the octagonal two distribution function model. For
a given value of T in the region -},3 < 7 < 1 the octagonal two distribution function model
gives the lowest value for both the viscosity and resistivity.

allowed us to run simulations at higher Reynolds and magnetic Reynolds numbers
than has previously been reported for LBMs. Table 5.1 shows a comparison of the
transport coefficients for our octagonal bi-directional streaming and two distribution
function models along with those of the square and hexagonal Martinez et al.[18]
models where the vector length “c” has been set to 1 for all of the models. Numerical
stability constraints require that 7 be larger than ‘5 for all of the models and values
of 7 greater than 1 are gencrally too dissipative to be of interest to the plasma
physics community.

Another advantage in the two distribution function method comes from the fact
that fewer constraints are imposed on the distribution functions. This results in a
free parameter “” in the resistivity, which can be adjusted arbitrarily.

Finally, the bi-directional streaming modeling procedure introduces a bulk re-
sistivity term, which is undesirable. This term represents the transport order diver-
gence in magnetic field and thus introduces more error in the magnetic induction
equation than the corresponding two distribution function model. For these reasons,
we chose to focus most of our computational effort on the two distribution function

method after we had developed both models.
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CHAPTER 6

Simulations of 2-D Resistive

Magnetohydrodynamics

6.1 Dimensionless Parameters

In our simulations of resistive MHD it is useful to define a set of dimensionless
parameters, which can be used to compare the results we obtain with previously
published results. It will also be useful because we may wish to compare LBM
simulations which use different numbers of grid points and different initial velocity
and magnetic fields with one another. A dimensional analysis of Egs. (4.34) and
(4.33) reveal that the viscosity and resistivity parameters carry units of % The
Reynolds and magnetic Reynolds numbers are typically defined as the inverse of
the viscosity and resistivity, respectively. In order to make the Reynolds numbers

dimensionless we must multiply by the length scale of the LBM model (i.e. the

number of grid points along one dimension of a 2-D square box) and the magnitude
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of the initial field

Re = Vo - LSizC (6.1)
v
By - wsize
Rm = —‘L—/‘—’;—S—fﬁ (6.2)

where “zsize” represents the number of grid points in one dimension. In two di-

mensional rectangular simulations with different numbers of grid points in each

dimension the square root of the total area /zsize - ysize, should be used.

A dimensionless time scale can also be defined for the evolution of the velocity
and magnetic topologies. For this dimensionless time scale we simply use the length
scale of the LBM and the magnitude of the initial velocity field such that

Uy

ty = ——tLBM- (6.3)
TSize

Previous authors[18, 27] have used this single dimensionless time scale to gauge the
evolution of both the magnetic and velocity fields. While this method is consistent
in the context of a pure fluid dynamics paradigm, it is only consistent in the MHD
paradigm because they consistently set the initial magnetic field equal to the initial
velocity field vy = By. This single time scale, however, is not useful in examining
initial conditions which contain an initially large magnetic field and an initially small
velocity field. In these cases, much of the evolution is governed by the strength of

the magnetic field. We therefore define a dimensionless magnetic time scale that is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



analogous to its velocity field counterpart

By
b =

= —trpu (6.4)
rsize

a self consistent total dimensionless time scale is thus defined by

=82+ 12, (6.5)

This total time scale serves as a much more useful gauge for the total evolution of
the velocity and magnetic fields and is essential in tracking the exchange of kinetic
and magnetic energies as a function of time. It should be noted that this time scale
reduces to the velocity field time scale if By is set to zero and to the magnetic field

time scale if v is set to zero.

6.2 The Orszag-Tang Vortex Model

The Orszag-Tang vortex model{19] provides a useful set of periodic initial con-
ditions for testing the reliability of our model. It consists of large scale variations
of the velocity and magnetic fields, which readily decay into thin small scale sheets
containing large field gradients. These initial conditions are also useful because they
do not require any randomly excited modes to force the system to evolve to a tur-
bulent state, thus providing a reproducible system. Most notable, the decay process
contains many of the phenomena of interest to plasma physicists including mag-
netic reconnection and the formation of current sheets. Biskamp and Welter[5, 3, 4]

generalized the Orszag-Tang vortex by adding arbitrary phase shifts. The initial
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Figure 6.1: The initial current(left) and vorticity(right) for the Orszag-Tang vorter.

velocity field profile is

~

v(z,y) = vo[sin(y + a1)1 + sin(z + az)J] (6.6)

and the initial magnetic field profile is

B(z,y) = Bolsin(y + as)i + sin(2z + a4)j] (6.7)

where the phase shifts a, are set arbitrarily. The divergence of both of the initial
fields is zero. The curl of the two dimensional momentum density and magnetic
fields, which lie in the x-y plane, produce the vorticity and current respectively.
These fields are useful as output parameters because they have components, which
lie only in the z direction. This aids the visualization of our data considerably as

most of the interesting evolution can be viewed with plots of the (essentially scalar)
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Figure 6.2: Two dimensional projection and three dimensional surface plots of the vorticily
(top) and current (bottom) profiles after 400 LBM time steps. The feedback between the
velocity and magnetic fields have begun to alter the initial shapes.

vorticity and current in the x-y plane. The initial vorticity is thus

~

w =V x v = vglcos(z + ay) — cos(y + a1))k (6.8)

and the initial current is

~

J =V x B = By(2cos(2z + a4) — cos(y + a3) )k (6.9)

The current and vorticity fields are shown in Fig. (6.1) for a; = .5, apy = 1.4,
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Figure 6.3: The vorticity (top) and current (bottom) profiles after 800 LBM time steps.
Both profiles have begun to decay into thin current and vorticity sheets where the magjority
of the energy in concentrated.

a3 = 4.1 and a4 = 2.3. The two large varying layers present in the current profile
move into and out of the page while the two large vorticity regions rotate in opposite
directions.

For our first simulation of the Orszag-Tang vortex the initial velocity and mag-
netic fields were set to vg = By = .05. The relaxation parameters were set to
7, = 7, = 1 and the free magnetic parameter was set to o = .5. A spatial grid
containing 512 nodes in the “x” and “y” directions was used. This gives an initial

Reynolds and magnetic Reynolds number of Re = Rm = 204.8.
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Figure 6.4: The vorticity (top) and current (bottom) profiles after 1600 LBM time steps.
The current and vorticity sheets are have thinned and increased in magnitude.

Figure (6.2) shows the field profile after 400 LBM time steps. A plot of the two
dimensional projection of the three dimensional surface of the vorticity appears in
the top left region and a three dimensional surface plot of the vorticity appears in
the top right. Two dimensional projection and three dimensional surface plots of
the current appear in the bottom left and bottom right, respectively. The vorticity
regions have begun to impose a rotational effect on the current sheets, which is
especially apparent in the regions where the oppositely rotating vorticity regions
meet. Here, the current sheets are beginning to tear apart. The current sheets have

also distorted the vorticity structures as is evident in the sheet like sub-structures
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Figure 6.5: The vorticity (top) and current (bottom) profiles after 3000 LBM time steps.
The current and vorticity sheets continue to increase in amplitude.

contained in each vorticity region.

The field profiles after 800 LBM time steps are shown in Fig. (6.3). The
initially large current and vorticity profiles have begun to decay into thin current
and vorticity sheets. These thin sheets contain the majority of the magnetic and
kinetic energy of the profile.

Figure (6.4) shows the field profiles after 1600 LBM time steps. The current
and vorticity sheets have become thinner but have increased in magnitude. The
positive and negative current sheets on the right side have collided and torn apart

such that they no longer span the entire periodic domain in the “y” direction. The
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Figure 6.6: The vorticity (top) and current (bottom) profiles after 600 LBM time steps.
The current and vorticity have begun to interact with one another.

viscosity and resistivity terms in the momentum density and magnetic induction
equations have begun to globally dissipate energy. This is evident in the global
change in background intensity of both the vorticity and current.

Finally, Fig. (6.5) shows the field profiles after 3000 LBM time steps. The
current and vorticity sheets have grown in magnitude. A comparison of the current
and vorticity profiles reveals that the sharpest current sheets appear in regions where
positive and negative vorticity sheets have merged. This is particularly apparent in
the upper left and lower right corners of the profile.

It is now worthwhile to examine a simulation, which uses larger values for the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



74

Figure 6.7: The vorticity (top) and current (bottom) profiles after 1000 L.BM time steps.
The large scale initial fields have decayed to form thin sheets.

Reynolds and magnetic Reynolds numbers but, uses a similar set of initial conditions.
For this simulation we also use a grid with 512 nodes in the “x” and “y” directions
and we set the initial fields to vy = By = .05. However, the relaxation constants
were set to 7, = 7, = .788675 to give an initial Reynolds and magnetic Reynolds
number of Re = Rm = 354.72. The increase in these values should encourage a
more turbulent evolution of the system.

Figure (6.6) shows the profile of the current and vorticity fields after 600 LBM
time steps. The current has begun to impose a sheet like structure within the regions

of large vorticity. The vorticity has also begun to rotate and tear the current sheets.
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Figure 6.8: The vorticity (top) and current (bottom) profiles after 2000 LBM time steps.
A number of wispy filaments of current and vorticity have developed.

The profile of the current and vorticity after 1000 LBM time steps is plotted in
Fig. (6.7). The large scale initial conditions have decayed to form thin sheets
of current and vorticity. Because of the large Reynolds and magnetic Reynolds
numbers, these sheets are localized to thinner regions of space that the previous
simulation. Figure (6.8) shows the current and vorticity profiles after 2000 LBM
time steps. This turbulent profile contains a number of wispy current filament’s. As
was explained previously, the regions where positive and negative vorticity sheets
converge correspond to high intensity current sheets. The field profiles after 3000

LBM time steps are shown in Fig. (6.9). This plot particularly illustrates the
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Figure 6.9: The vorticity (top) and current (bottom) profiles after 3000 LBM time steps.
The lower viscosity and resistivity resuits in a more turbulent profile.

effect of large Reynolds and magnetic Reynolds numbers in the sporadic intensity
of the current sheets along their length wise direction. As we would expect, the
low viscosity and resistivity terms result in smaller scale turbulent structures in the

overall evolution of our field profiles.

6.3 Modified Orszag-Tang Vortex

We will now look at a slightly modified version of the Orszag-Tang vortex. For

3

“y” component of the magnetic

o

this simulation we increase the wavenumber of the
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field by a factor of two in order to create more current sheets. This change is made in
order to increase the number of dynamically coalescing and reconnecting magnetic

field lines. The initial velocity field remains the same as in our previous simulations

~

v(z,y) = volsin(y + .5)i + sin(z + 1.4)7] (6.10)

and the initial magnetic field profile becomes

B(z,y) = By[sin(y + 4.1)7 + sin(4z + 2.3)7). (6.11)

[T3 5

For this simulation we use an array containing 512 grid points in both the “x
and “y” directions and the initial fields are set to vy = By = .05. The relaxation
parameters were set to 7, = 7, = .9 and the free resistivity parameter was set
to « = .5 to give Reynolds and magnetic Reynolds numbers of Re = Rm = 256.
The initial profile of the vorticity and current is shown in Fig. (6.10). The current
profile now contains eight varying current sheets and the vorticity profile remains
unchanged.

The current and vorticity fields after 600 LBM time steps are plotted in Fig.
(6.11). The two large vorticity regions have begun to rotate and tear the current
sheets which have thinned and gained in intensity. The sheet like structures that
the current layers have imposed on the large initial vorticity regions indicate the
interaction between the velocity and magnetic fields. Figure (6.12) shows the cur-
rent and vorticity profiles after 1200 LBM time steps. Several high intensity current
sheets have formed in the regions where positive and negative vorticity sheets have

coalesced. On the left side of the vorticity profile two sets of vorticity sheets have
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Figure 6.10: The initial vorticity (top) and current (bottom) profiles of the modified Orszag-
Tang vortex. The number of current sheets, which dominate the evolution have increased
by a factor of two.

merged to form forked vorticity layers. The current and vorticity profiles after 2000
LBM time steps is shown in Fig. (6.13). The current contains similar forked layers
where current sheets have merged. Two vorticity sheets rotating in opposite direc-
tions are still evident in the upper left region of the graph. This region corresponds

to an intense current sheet.
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Figure 6.11: The vorticity (top) and current (bottom) profiles after 600 LBM time steps.
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Figure 6.12: The vorticity (top) and current (bottom) profiles after 1200 LBM time steps.
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Figure 6.13: The vorticity (top) and current (bottom) profiles after 2000 LBM time steps.
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CHAPTER 7

Non-Uniform Grid Lattice

Boltzmann Models

7.1 The Need for Non-Uniform Grid Lattice
Boltzmann Models

The desire to implement spatial grids which contain a non-uniform density of
lattice nodes originates from the desire to model large scale phenomena without
loosing resolution in a particular region of interest. This region of interest could
contain, for instance, a velocity shock or a very thin current sheet where most of
the energy of the large scale structure is located. The incorporation of non-uniform
spatial grids thus allows the computational physicist to focus her attention around
this region while also resolving the surrounding larger scale structures. In the large
scale, these structures can be viewed as discontinuities, which are not able to be
effectively treated at that scale. The process of refining the grid in the region

around this local discontinuity then allows for effective treatment of the structure
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i

Figure 7.1: This pictorial representation of a one dimensional non-uniform grid contains a
refined region where the coarse grid is split into four spatial sub-steps.. This refined region
would normally be placed around a region of space where large gradients in the field exist.

such that it is no longer discontinuous in the fine scale. Figure (7.1) shows a one
dimensional non-uniform grid with four refined spatial steps nested in between the
coarse grid.

I will illustrate the need for this refinement process with a lattice Boltzmann
model of the one dimensional Burger’s equation. Burger’s equation is of interest be-
cause it is the one dimensional incompressible analogue to the viscous Navier Stokes
momentum equation and displays most of the notable features of hydrodynamic
turbulence. Incompressibility requires that the gradient of the density and pressure
in Eq. (1.5) be set to zero. We must require, however, that the velocity field still
contain a diverging component. These restrictions essentially void Eq. (1.4). We
also make the additional constraint that the density in Eq. (1.5) is constant in time.

These constraints gives an equation of the form
Po0rv; + pov;Osu; = Vﬂoaj‘?’l’i,, (7.1)
which can immediately be divided by p to give

1 L
8{01- + 65(5@;%) = I/Bfw. ( .

)
N
—

If we restrict the velocity field to only those components that lie along the “x” axis

and allow it only to depend on the position along the “x” axis, then the vector
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notation degenerates to

dyv(z) + v(x)d,v(z) = viiu(x) (7.3)

and forms the one dimensional Burger’s equation.

7.1.1 Derivation of the LBM for Burger’s Equation

The LBM for Burger’s equation was first created by Yan et al.[28] The simplest
version of this model uses two streaming vectors; ¢, and c.. of equal length. We can
therefore begin with a general set of distribution functions associated with forward
streaming, backward streaming and no streaming (due to the vector of length zero).
These general distribution functions, written as expansions of the macroscopic ve-

locity field with arbitrary constants in front of them, take the form

£ = kv 4 kav? 4 ks (7.4)
ffq) = kyv + ksv? + kev® (7.5)
FO = ko + kgv? + kot (7.6)
By rewriting Eq. (7.3) as
1 2 2 -
O (z) + 9, [=v(x)*] = vozu(x) (7.7)

I
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and keeping Eq. (3.8) from the Chapman Enskog expansion procedure in mind, we

enforce the following moments:

u= fof“’) (7.8)
1. :
v =2 e (79)
1
U+ = ; Fleae? (7.10)

where ) is an arbitrary constant that will appear in the viscosity term. The enforce-

ment of Eq. (7.8) specifies

ky 4 kg +hr =1, (7.11)
]CQ + /€5 + k’S = O, (712)
ks + kg + kg = 0. (713)

The enforcement of Eq. (7.9) specifies

ky — kr =0, (7.14)
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ks — ks = =,
c

ke — kg = Q.

The enforcement of Eq. (7.10) specifies

A
ka+ kr = —,
c
ks + ks = 0,
1
k = —.
6 1 ko 3¢?

Solving Eqs. (7.11)-(7.19) for the constants k;-kg gives

A

k?]Azl kgzgg
A 1
k=355 Fs = 1
A 1

=5z Fs = =72

and the general distribution functions defined in Eqgs. (7.4)-(7.6) become

(eq) AV 3

o TVTE T 32
f(etl) _ A fi _qf'_
T 92 de o 6e?

-1
fw = ——
37 32

1
b =52

1
]{}:“‘7—
97 B2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

(7.16)

(7.17)

(7.21)



2 3
(eq) AU v v
B Tty M 7.22
/ 2¢2 e 62 (7.22)
The lattice vectors in Eq. (3.8) can now be moved inside the partial derivatives

13

and summing over “a” produces

1
Oy + al,(é-v?) =0, (7.23)
which constitutes Burger’s equation at the zeroth time scale. We can also perform

a similar process on Eq. (3.12) to recover

1 » ‘ 3
Oy v — (1 — —2-)[63 v -+ 28t0<9x(—})—112) + 82w + —L—;)—)] =0. (7.24)

K4

0

Equation (7.23) can be used to cancel the second and part of the third term in Eq.

(7.24) to give

v?) + 82 (v + f)] =0 (7.25)

i 1
Oy v — (1 — .—2-)[&08“:(— 3

2

and employing the chain rule on the last term produces
1 ‘ :
Oy v — (1 — 5)[81.1}8150% + A2v 4 9,07, = 0. (7.26)

Equation (7.23) can again be used to exchange the temporal derivative in the first

term for the spatial derivative term and Eq. (7.26) becomes

v — (7 — %){~amq;a$(%'02) A2 + B,0%0,0] = 0 (7.27)
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and the first and third terms immediately cancel to give

v = vdiv. (7.28)
where the viscosity is defined as
1
v=MNr— 5). (7.29)

As is expected, this transport order evolution equation introduces the dissipative
term, which originates from particle collisions. Finally, Eqs. (7.23) and (7.28) can
be added to produce Eq. (7.3); the complete Burger’s equation with spurious terms

due only to the higher order time scale evolution.

7.1.2 Uniform Grid Simulation of Burger’s Equation

The simplest non-trivial initial condition one can impose on the velocity profile

consists of a sinusoidal wave that spans the entire periodic domain

iz, tp) = sin(2 =0,1,2,...,xs1ze — 1 7.30
v(z, tg) = sin( ﬂ$size) 7 1,2, x8iz€ ( )

where “zsize” is the total number of grid points and z; is a discrete point positioned
along the “z” axis. As the positive part of the sine wave propagates to the right and
the negative part propagates to the left the region of negative slope steepens to form
a shock in the middle of the profile. Figure (7.2) shows the initial velocity profile
and the subsequent profiles after 1000 and 3000 LBM time steps. The parameters
for this simulation are vg = 1, 7 = .5375, and A = 235 This gives a viscosity

of v = 1172 and a dimensionless Reynolds number of Re = 5120. Because only
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LBM Simulation of Burger’s Equation

v(X) vs. x on a uniform grid with 600 nodes
1.5 T I T I T I T

v(x)

15 . 1 . L . 1 .
1.5708 3.1416 4.7124 6.2832

Figure 7.2: As the shock front steepens, numerical oscillations adjacent to the shock are
apparent.

600 grid points are used, the profile develops numerical oscillations in the region
adjacent to the shock. This is a common error seen in all finite difference modeling
schemes and can only be resolved by introducing numerical diffusion, lowering the
Reynolds number or by running the simulation on a finer spatial grid. As we wish
to investigate phenomena that occurs for large values of the Reynolds number, the
first two choices are undesirable. We therefore need to refine the grid in order to
eliminate the numerical oscillations. Figure (7.3) shows the simulation performed

with the same Reynolds number, but with 4800 grid points. The parameters for

25

this simulation are vo = 1, 7 = .8, and A = 2. This gives a viscosity of v = .9375
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LBM Simulation of Burger’s Equation

v(x) vs. X on a uniform grid with 4800 nodes

1.5 T ' T ' T ( T

v(x)

-1.5 i | ] ] i ] 1
0 1.5708 3.1416 47124 6.2832

X

Figure 7.3: The numerical oscillations are eliminated on o uniform grid by increasing the
number of grid points. The viscosity was altered in order to preserve the same Reynolds
number so this simulation represents an 64 fold increase in computational expenditure over
the 600 grid point simulation.

and a dimensionless Reynolds number of Re = 5120. Eight time steps from this
simulation correspond to one time step in the 600 node simulation in Fig. (7.2).
The numerical oscillations are clearly no longer visible when we use this level of
spatial refinement. A crucial issue in assessing the computational efliciency of this
global refinement procedure comes from the inherent link between the LBM time
steps and the LBM spatial steps. An increase in the grid size by a factor of eight
requires that we decrease the initial velocity by a factor of eight in order to retain

the same Reynolds number for a given value of viscosity. The LBM time steps
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are thus decreased by a factor of 64 and the grid load has increased by a factor of
eight. This translates to a 512 fold total increase in the computational effort. In
general, this process of increasing the grid size by some factor “w” without altering
the viscosity increases the computational effort by w?. In cases requiring a lot of
refinement we may therefore choose to alter the value for the viscosity along with the
grid size. If the grid size and the viscosity are the only parameters that are altered,
the computational effort will only scale like w? as the time steps still decrease by
a factor of eight. One drawback in this obvious choice comes from the numerical
stability constraints imposed on 7, which must typically be set to a value between
one half and one.

Rather than refining the spatial grid globally over the entire spatial profile,
refinement in a specific region involves only a small fraction of the computational
increase of either of the methods presented above. In the 600 node simulation in
Fig. (7.2), for instance, the 100 grid points in the region containing the shock can
be refined by a factor of eight to give a total increase in computational effort of
w = 64 %g% = 10.67. In comparison to the 512 and 64 fold increase presented in
the previous paragraph, this represents a significant improvement in the computa-

tional expenditure. We will therefore present the derivations of two methods for

accomplishing this non-uniform refinement in sections 7.2 and 7.3.

7.2 Unmatched Node Non-Uniform Grid
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Figure 7.4: To prevent a decoupling of the coarse and fine grids, we use vectors that do
not terminate at any of the nodes. 3rd order interpolation is used to connect the nodes
with the vector terminals.

LBM

7.2.1 Development of the Unmatched Node Model

In developing a non-uniform grid LBM we first chose to draw from our expe-
rience with the octagonal lattice and apply it to the one dimensional model. In
the octagonal LBM, the issue of the streaming vectors not terminating at the sites
of nodes of the distribution functions was viewed as a decoupling of the velocity
space streaming lattice and the Cartesian distribution function lattice. A similar
decoupling can occur in one dimensional streaming if we refine the spatial lattice in

a given region. A coupled model would refine the length of the streaming vectors

Az

so that the spatial step divided by the time step gives the vector length ¢, = Z7,

where Az is the distance between lattice nodes. If however, the streaming lattice is
decoupled from the spatial lattice we can define the streaming vectors as functions

of an independent spatial step that will be denoted by dxz. Hence the streaming
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vector is written as

__5.r Az

Cop = —— F =
At DAL

(7.31)

We are now free to create a spatial lattice with any type of variation in the density
of grid points across the spatial regime. Continuing with the simulation of Burger’s
equation from section 7.1.2, we define a region around the shock, which has a spatial
refinement factor of Zx% = 2, where Az is the spatial step between nodes on the
refined grid. This means that the region adjacent to the shock contains twice the
density of grid points. Additionally, we define the streaming length to be %M = Azx.
Figure (7.4) shows a depiction of this spatial grid and the streaming vectors in the
region of refinement. Notice that all of the vector terminals sit at points where no
spatial nodes exist. This was done so that the nested grid points in the refined region
exchange information with the regular grid points. Consider for instance, the effect
that a vector with length 26z = Az would have on the exchanged information. The
nested grid points would only transfer streamed information to other nested grid
points and the coarse grid points would only transfer information to other coarse
grid points.

This unmatched node method requires the use of an interpolation procedure at
every spatial location to connect the streaming vector terminals to the spatial nodes.
We use a third order Lagrange interpolation similar to the second order Lagrange
interpolation outlined in section 5.1. The difference is that we now use four grid
points in the interpolation procedure to achieve third order accuracy. Because Eqgs.
(5.15) and (5.16) provide the interpolation polynomials to any order of accuracy, we
will not derive the polynomials again here.

Using this methodology, the viscosity is independent of any refinement proce-
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dure. We must only alter our definition of the Reynolds number to preserve a self
consistent ratio of the dissipative term to the nonlinear terms in Burger’s equation.

Defining a refinement factor m = —L%f’;, the Reynolds number is

. o Lsize
vg - (zsize + —L)

14

Re =

(7.32)

where “zsize” is the number of coarse grid points, “mn” is the refinement factor,
and zsizes is the number of fine grid points. With these definitions in place, the
computational process progresses in the manner outlined in Fig (3.1). The only

difference lies in the interpolation procedure used in the streaming step.

7.2.2 Testing the Unmatched Node Model with the 1-D
Burger’s Equation

A good test of the benefits gained by the unmatched node LBM consists of
comparing it against a standard LBM for the same number of total grid points.
Figure (7.5) shows such a comparison for simulations containing 600 grid points.
The standard LBM uniformly distributes the points over the periodic regime while
the unmatched procedure places 300 grid points in the inner 13 of the plot and spreads
the remaining 300 grid points over the outer regions. The simulation was run for
2000 LBM time steps with an initial velocity of vy = 1. The relaxation constant was
set to 7 = .52 and the free parameter was set to A = %5 This gives a viscosity of
v = .1667, and a Reynolds number of Re = 3600. The velocity field profile is plotted
for t=0, t=1000, and t=2000. The numerical oscillations have clearly decreased in
the unmatched node LBM. They also do not span as far of a distance from each

side of the shock front. The impressive aspect of this plot comes from the fact that
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A Comparison of Uniform and Non-Uniform Grid LBMs

v(x) vs. X, both simulations use 600 grid points
1 | T

T

~eeme - UNiform grid _
—— non-uniform grid

v(X)
o

0 1.5708 3.1416 4.7124 6.2832
X

Figure 7.5: A comparison of simulations of Burger’s equation for a simple sine function
using a uniform (blue) and non-uniform (red) LBM. Both models use 600 grid points, but
the non-uniform unmatched node model has the grid points distributed more densely in the
region of the shock. The decrease in numerical oscillations is elearly visible.

arrays of the same length were used in each case. Figure (7.6) shows the region
adjacent to the upper left half of the shock front in greater detail. Only the t=1000
and t=2000 velocity profiles are shown in this high resolution view.

One difficulty in this unmatched node LBM comes from the interpolation pro-
cedure and its static nature. In order to achieve higher levels of refinement in the
non-uniform grid, one needs to calculate new interpolating polynomials to connect

the streaming vectors to the nodes. For this reason, we decided it would be pru-
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A Comparison of Uniform and Non-Uniform Grid LBMs

v(x) vs. x, both simulations use 600 grid points
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Figure 7.6: A zoomed in view of the plot in Fig. (7.5) in the region of the upper left shock
front. The oscillations are not as large or as pervasive in the non-uniform unmatched node
LBM.

dent to investigate an alternative approach to non-uniform LBMs. This alternative

approach is presented in section 7.3.

7.3 Non-Uniform Grid LBM Using Coupled
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Streaming and Spatial Lattices

7.3.1 Developing the Coupled Lattice Model

Another method for non-uniformly refining the grid involves preserving the
coupling between the streaming vectors and the spatial grid. The method was
initially presented by Filippova et al.[12, 13] and was derived in detail by Yu et al.
[30]. Tt will allow us to designate a refinement factor, which can easily be altered
to preserve small gradients of the ficlds (relative to the grid density) across regions

containing strong shocks. The refinement factor is given by

m= %% (7.33)

where Az, is the spatial step in the coarse grid and Az is the spatial step in the
fine grid. Preserving the coupling between the streaming vectors and the spatial
lattice requires that the lattice vectors be defined as

Ail?c i Afl?f

L= 2% STy 7.34
i =X T Ay (7.:34)

This necessitates that the time evolution on the fine grid also evolve in fractional
increments of the coarse grid time steps. Thus we have a dual definition for the

refinement factor

At,
Atf ’

(7.35)

m =

This refined temporal and spatial stepping requires that the transfer of infor-

mation between the coarse and fine grids be handled very carefully. In particular,
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we begin with the global dimensionless Reynolds number

- xrsize

Re = (7.36)

Ve

where the global grid size is defined as wsize = zsize, + ——2t. The local Reynolds

number in the coarse regions can then be defined as

v - L8ize - AL,

.= 7.37
Re A (7.37)
and the local Reynolds number in the refined regions is defined as

Re; = vy - XSize - Az, (7.38)

VfA.’L‘f

Because these Reynolds numbers must be identical for the same initial fields we
define the viscosity in the coarse region as a function of the viscosity in the coarse
region. Setting Rey equal to Re. and solving for v; gives

Az

Vi =l = M. (7.39)

A:lff

Since a factor of ’T-—% always appears in the viscosity terms, we can satisfy Eq. (7.39)
by defining the relaxation constant in the fine grid as a function of the relaxation

constant in the coarse grid
]- lvd
-+ m(Tc - ';)') (/40)

It is useful to include two overlapping points at each interface between the fine

and coarse grids so that the fine distribution functions can be correlated to coarse
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distribution functions and vice versa. These overlapping points are depicted in Fig
(7.1). To proceed with a derivation of the relationship between the coarse and fine

grids we need to reconsider the lattice Boltzmann equation

Fuli 4 Cas AL L+ AL) — fa(zs, 1) = —%( £, — fley, (7.41)

The second term on the left hand side of Eq. (7.41) can be moved to the right hand

side and Eq. (7.41) can be rewritten as
1
fu(l'z' + Ca,'iAta i+ At) = fa(x’ia t) - ;(ftl- - f(gan)' (742)

Equation (7.42) can now be split into the collision step

1
falzit) = folzit) — ;(fa — fleay, (7.43)
and the streaming step
Fa(@i + caiht b+ AL) = fu(zi,1), (7.44)

where fa represents the post collision state of the distribution function. We can
now write the distribution function as the equilibrium distribution function plus the

non-equilibrium parts of the distribution function
Jo = JE0 + 10, (7.45)

Conservation of the zeroth moment of the equilibrium distribution function (whether
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this defines the velocity or magnetic field) requires that

D fied <, (7.46)

We can also define the deviatoric stress which, is formed from the first moment of

the distribution function. For a vector distribution function this takes the form

97_ me’fJ) FU,J (u._75 ) :sz; (747)

and for scalar distribution functions this reduces to
(neq) 1 ~
1—— Z 560 =Ty (7.48)
Equation (7.45) can now be substituted into Eq. (7.43) to give
3 Ly pen (ncq) 1 rea) 7
fa(mivt) = (1 - :;)(fu (x‘iat)+fa (:L'iat))+;fa : ({49)
Canceling one of the f{? terms and multiplying the remaining f{"*” terms by z

gives

T L e (5, ). (7.50)

falws,t) = [ (i, t) +

We can now make a distinction between the fine and coarse distribution functions

and rewrite Eq. (7.50) for each of the grids

(~’_1 [
e [ (11,1)), (7.51)

[

FO i, 0) = [ o, 0) +
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P (@i t) = J3e0 D (@i 1) + f(’“"”(Qj t))- (7.52)
7y

The zeroth moments of the fine and coarse distribution functions are required to be

continuous across the interface between the coarse and fine grids, which specifies
faeq € ]t(eq J) (7.53)

The deviatoric stresses are also required to be continuous across the interface be-

tween the coarse and fine grids, T, = Tj This specifies

Leq,cC 1 ]'
(11— — Zj neae) (e CQ’J(S J=00--— z fa"’“”f) (Cay — CaJO ;) (7.54)

ZTC

which reduces to

1 1 \
(1 _ __)f(neq,t) (1 . ﬂ)f(r%eq,f)) (7-55)

QTC a,t 2Tf a,i

because the streaming vectors on the fine and coarse grids are the same. Solving

Eq. (7.54) for £

1
f(£7zeq;c) — T 1 f(”“l ) (756)
Te ™ 3 Tf

and substituting Eq. (7.40) into the first fraction gives

1

fi(neq,a) - 7n’2ffsneq,f). (7
Tf

57)

Equations (7.53) and (7.57) can now be used to eliminate the fi**“ and f{"“*
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terms from the right hand side of Eq. (7.51)

7, — 1

Ji = fleod 4 mte floead), (7.58)
and Eq. (7.52) can finally be used to eliminate flnead)
— , =1
FO) = fleasy 4 e —(FU) _ plead)y, (7.59)

Tf~1

Similarly, Eqs. (7.53) and (7.57) can be used to eliminate the £{/ and f{"**/ terms

from the right hand side of Eq. (7.52). This gives us

1

F(f) . rleac) Z[___:___ (neq.c) ~
I =17+ o Ja Y, (7.60)
and using (7.51) to eliminate £"“““ produces
=0 - 1 Ty — 1 2 ; o -
I = fleo9 b ol (9 = 1i590), (7.61)

We have now defined all of the equations that govern our computational pro-
cedure. Eqgs. (7.51) and (7.52) govern the collision step on the fine and coarse grids
where as Eqgs. (7.59) and (7.61) govern the collision step at the two points at the
interface of the fine and coarse boundary. The streaming steps are then given by
Eq. (7.44) for both the fine and coarse grids. It is pedagogically useful to show the
computational procedure for this new non-uniform grid LBM. Figure (7.7) shows
a flow chart of the computational procedure, which is useful to compare against
Fig. (3.1). The key difference in the computational procedures lie in the collision

steps that occur at the boundary interfaces and in the fractional time stepping that
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’Set initial fields: p, v, B.‘

‘Calculate: £ from fields , fo = £ for t = 0.‘
4

t=t+ 0t

lStream in course block: fE(x + cq6t, ¥ + 61) = f;(m;t).J

‘Calculate fields by taking moments of f¢ in the course block.‘

[Collide in course block: f¢(x,t+ 6t) = fo(e,t) - L fe(e,t) — fﬁ’(e'ﬂ(:c, t)}.J

M
{Transfer fe(z,t + 6t) to f/(x,t + 6t) at the fine block boundary.J
1
IStore £l (=, t + &t) for temporal interpolation at # 4 %]
1
[Interpolate f;f (=, 1+ %:—) on the fine block boundary using values at t — 1, ¢, £+ 1. F
1

LStrea,m in fine block: ff(z + e 2,1+ %) = (=, t)l

L@culate fields by taking moments of f in the fine block]

F}ollide in fine block: ff(,t+ 8y = fi(x,t) ~ L[f](2,t) — fc{’(@(“’:tﬂm
7

lTransfer fl(z,t -+ 6t) to fe(x,t+ t) at the fine block boundaryj]

Figure 7.7: A flow chart of the computational procedure of the non-uniform grid LBM with
coupled streaming and spatial lattices. Fractional time evolution occurs on the fine grid
and additional collision steps are used to exchange information between the coarse and fine
grids.

occurs on the fine grid. As was explained previously, ”m” time steps on the fine
grid correspond to one time step on the coarse grid. The only additional issue
which needs to be explained is the temporal interpolation that now needs to occur
at the interface when a coarse grid distribution function is being transferred to a
fine distribution function. A temporal interpolation is needed because the coarse
grid does not contain streaming information for the fractional time steps, which are
needed for evolution on the fine grid. For this interface point, we simply interpolate

fet+ L) from féat ¢t =1 —1,¢t=1%and t = t+ 1. This constitutes a second
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order Lagrange interpolation, which was derived in detail previously. During the
first time step however, the distribution function at ¢ = ¢ — 1 is not available, so a
simple average (or first order Lagrange interpolation) between the { = 0 and ¢t = 1

is used.

7.3.2 Testing the Coupled Lattice Model

We will again test the benefits gained by this coupled lattice unmatched node
LBM by comparing it against a standard LBM for the same number of total grid
points. Figure (7.8) shows such a comparison for simulations containing 600 grid
points. The standard LBM uniformly distributes the points over the periodic regime
while the coupled lattice unmatched procedure places 300 grid points in the inner %
of the plot and spreads the remaining 300 grid points over the outer regions. The
refinement factor was thus set to m = 4 to accommodate this distribution. 600 LBM
time steps on the uniform grid correspond to 375 LBM time steps on the non-uniform
grid and both correspond to one dimensionless time step. Both simulations were run
for 4 dimensionless time steps with an initial velocity of vg = 1. For the uniform grid
simulation, the relaxation constant was set to 7 = .52 and the free parameter was set
to A = ?5 This gives a viscosity of ¥ = .1667, and a Reynolds number of Re = 3600.
For the non-uniform grid simulation, the relaxation constant was set to 7 = .5125
and the free parameter was set to A = -2—3‘3 This gives a viscosity of v = .1042, and
a Reynolds number of Re = 3600. The velocity field profile in dimensionless time
steps is plotted for t=0, t=2, and t=4. The numerical oscillations no longer occur in
the coupled unmatched node LBM. While the coupled non-uniform grid simulation
does represent a 56% increase in computational expenditure, this does not compare

to the 1600% increase in computational expenditure that a uniform grid LBM would
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need to achieve the same resolution. Figure (7.9) shows the region adjacent to the
upper left half of the shock front in greater detail. Only the t=2 and t=4 velocity
profiles are shown in this high resolution view.

The coupled streaming and spatial lattice non-uniform grid LBM produces a
robust methodology for simulating one dimensional fluid flow. It allows us to refine
the grid in the regions where large gradients in the fields develop thus decreasing
the field gradients with respect to the grid density. This process achieves higher
numerical accuracy resulting in the elimination of numerical oscillations around
shock fronts. In particular, the coupled lattice methodology has the advantage of
allowing ’for arbitrarily large levels of refinement in regions containing shocks that

can not be adequately resolved by a two fold refinement factor.
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A Comparison of Uniform and Non-Uniform Grid LBMs

v(x) vs. X, both simulations use 600 grid points
1 l H ‘ T |7 T

- uniform grid
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Figure 7.8: A comparison of simulations of Burger’s equation for o simple sine function
using a uniform (blue) and coupled non-uniform (red) LBM. Both models use 600 grid
points, but the non-uniform unmatched node model has the grid points distributed more
densely in the region of the shock. No numerical oscillations are visible in the coupled
non-uniform grid simulation.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



107

A Comparison of Uniform and Non-Uniform Grid LBMs

v(x) vs. X, both sirnulations use 600 grid points
T T H ' U R

i [
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e non-uniform grid

v(x)
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Figure 7.9: A zoomed in view of the plot in Fig. (7.3.2) in the region of the upper left
shock front. The oscillations do not appear in the coupled non-uniform unmatched node

LBM.
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CHAPTER 8

Lattice Boltzmann Model For 1-D

Resistive MHD

8.1 Derivation of the One Dimensional Resistive

MHD Equations

Some fascinating results can be obtained from the resistive MHD equations
when they are recast in a one dimensional framework. Their one dimensional form
bear strong resemblance to Burger’s equation. So much so, that the one dimen-
sional resistive MHD problem is sometimes referred to as the magnetized Burger’s
equations. We can proceed with a derivation of these equations in a manner similar
to that which was used to derive Burger’s equation.

In deriving this set of one dimensional dissipative equations, which retain most

of the essential features of MHD turbulence[29], we begin with a set of dissipative

108
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MHD equations

Op+V-(pv) =0 (8.1)

A(pv) + VP 4 (v - V)(pv) + v[V-(pv)] + Bx(V x B) = vV?*(pv) (8.2)

9B — Vx(v x B) = uV*’B (8.3)
We can apply the product rule to the time derivative in Eq. (8.2) to recover

POV +vOp+ VP + (v-V)(pv)+v[V-(pv)]+ (5.4)
8.
Bx(V x B) = vV?*(pv).
The second and fifth terms in Eq. (8.4) constitute Eq. (8.1) multiplied by v and

therefore equal zero. Equation (8.4) is then rewritten as
POV + VP + (v-V)(pv) + Bx(V x B) = vV?(pv). (8.5)

The following restrictions can be placed on the density, velocity, and magnetic fields
of Egs. (8.1), (8.5) and (8.3):

(1) Gradients of the density field are significantly smaller than gradients in the
velocity and magnetic fields.

(2) The velocity field contains only those components, which lie along the “x”
axis and is a function only of position along the “x” axis and time.

(3) The magnetic field contains only those components, which are orthogonal

to the “x” axis and is a function only of the position along the “x” axis and time.
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(4) The closure approximation P = pc? is made.

Condition (1) specifies that small gradients formed from the evolution of the
continuity equation will not significantly effect the momentum and magnetic induc-
tion equations. We will therefore ignore the continuity equation as it is not needed
to achieve a closed set of momentum and magnetic induction equations. Condition
(1) and (4) require that the pressure be devoid of gradients. Hence the second term
in Eq. (8.5) becomes zero. Also, the density can be moved outside of the partial

derivatives in Eq. (8.5). By enforcing conditions (2) and (3), Eq. (8.2) becomes
Podsvy + Byath/ + B,0,B, + I)Ovmaxva: = Vl)oaf}’b’x; (86)
which can be divided by py to give
1 1 ,
Oy + —By0, By + p—Bz&mBz + 0,0, v, = VOLU,. (8.7)
Po 0

Finally, we can apply the inverse chain rule to recover

J, 2 _l_ 2 l 2y .92,
Oy + 570 0.(B,) + 5o 0. (B2) + 28:5(1)3;) = VO v,. (8.8)

Conditions (2) and (3) can be enforced on Eq. (8.3) and we can divide by ,/py to

give

1 1 1
—\—/-—-—ﬁaatBy + —=0, (v, B,) = —=pd:. By, (8.9)

Vo vPo

1 1 1
——8,B, + —0,(v,B,) = ——pd>B,. 8.10
N N (v.B.) \/p.oz (8.10)
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The factor of ﬁ can be absorbed into the definition of B, and B, and Egs. (8.8),

(8.9) and (8.10) become

1 . 1 1
Oy + —2—31(35) + 581.(33) + 533;(1)3) = vd2uy, (8.11)
OB, + 0,(v,B,) = po.B,, (8.12)
OB, + 0y(voB,) = pnd-B,. (8.13)

Equations (8.11), (8.12) and (8.13) form a closed set of one dimensional equations for
the velocity and magnetic field. It should be noted that in the limit of no magnetic
field, out system reduces to Burger’s equation. Further, a self consistent magnetic
feedback pressure now contributes to the evolution of the velocity field, an effect

that is obviously missing from Burger’s equation.

8.2 Derivation of the Lattice Boltzmann

Model for 1-D Resistive MHD

We begin the derivation of the LBM for one dimensional resistive MHD with
a general set of distribution functions formed from an expansion of powers of the
fields v,, B, and B,. The magnetic field will be written in its vector form B;, where
it is understood that it is comprised only of 7 and k components. The velocity field

will simply be written as “v”, where it is understood that it consists only of an i
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component. The general distribution functions are

£V = ko + kpv® + ks B, (8.14)
ffq) = kv + ksv® + ke B2, (8.15)
) = kv + kv + ko B, (8.16)
9((139) = kioB; + knivB;, (8.17)
giii) = k12B; + ki3vB;, (8.18)
9D = k1B + kisuB;, (8.19)

where gff{’) is a vector distribution function as it was in the two dimensional model.
We can use Eq. (3.8) to identify the appropriate definitions of the moments of these

distribution functions

vy = z el (8.20)

v?  B? .
St = > fec, (8.21)
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a
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(8.22)

(8.24)

(8.25)

where o and 3 are arbitrary constants that will control the viscosity and resistivity,

respectively. The enforcement of Eq. (8.20) on Egs. (8.14), (8.15) and (8.16)

provides us with

k]‘+k4+k7:1,

k2+k5+k‘8——‘0,

k3+k@+l€930.

Equation (8.21) also contains Eqs. (8.14), (8.15) and (8.16) to produce

by — by =0,
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1
ks — kg = —— 8.30
5 ks 2'0[3 ( )
g — ko = — (8.31)
6 9 — 2|Cl .
Finally, Eq. (8.22) acts on Eqs. (8.14), (8.15) and (8.16) to produce
o'
ky + k7 = ;;‘2', (832)
ks + kg = 0, (8.33)
ki + kg = 0. (8.34)

Solving Eqs. (8.26)-(8.34) for the constants ki-kg gives

QU
kl:l'—éz-i kQZO k‘;;:()
15} 1 1
Ny = T E T —— k; — —
k=52 b= 1 ® 7 4e
o 1 1
T 92 ks 4e 9 4e

and the general distribution functions defined in Eqs. (8.14)-(8.16) become

. Qv
i =0 - =, (8.35)
2 2
(eq) _ QU U b7 236
I+ 22  4¢  4c’ (8.36)
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(eq) _ 0¥ v B
T2 4e 42' (8:37)

™

The enforcement of Eq. (8.23) on Egs. (8.17), (8.18) and (8.19) provides us with

kiog+ k1o + kg = 1, (8.38)

ki + ks + ks = 0. (8.39)
Applying Eq. (8.24) to Eqgs. (8.17), (8.18) and (8.19) gives

kyp — kig = 0, (8.40)

ki — ks = (8.41)

1
lel
And, Eq. (8.25) constrains Egs. (8.17), (8.18) and (8.19) to produce
B
k1o + kg = —, (8.42)
¢

ki3 + kis = 0. (8.43)
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Solving Eqs. (8.38)-(8.43) for the constants kyo-ky5 gives

kio=1- % ki =0
B 1
kip = — bogn = —
12 202 13 9
g , 1
Iv]4 - EEE k]5 - “22

and the general distribution functions defined in Eqs. (8.14)-(8.16) become

5
ﬁ?=&~ﬁ’, (8.44)

c?

(eq) _ _@ 4 U_Bi
T 962 2’

) _ BB _vBi

T 2¢2 2¢ (8.46)

Eq. (3.8) can now be applied to both distribution functions in the standard
way. Moving the lattice vectors inside the partial derivatives and summing over “a”

produces

B + 20,(t + BY) =0, (8.47)
atDBi -+ (91 (’UB@) = O, (848)

which constitute the one dimensional MHD equations at the zeroth inviscid time

scale. We can also move the lattice vectors inside the partial derivatives of Eq.
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7))

(3.12) and apply it to both distribution functions. Summing over “a” gives

1
Oy v — (1 — 5)[8.?0‘0 + 89,0, (v® + B}) 4 adv] = 0, (8.49)

0, B; — (17— %)[afoB@- + 20,0, (vB;) + BI:B;] = 0. (8.50)

Equations (8.47) and (8.48) can be used to cancel the second term and half of the

third term in Eqgs. (8.49) and (8.50) to give

Oy v — (17— %)[%—3%@(1)2 + B?) + adlv] =0, (8.51)
8, B — (r — %)[amax(u&) + BO2B] = 0 (8.52)

and employing the chain and product rules on the second term in both Eq. (8.51)

and (8.50) produces

a—glv - (T - %)[&m@tov -+ aIBiatoBi -+ 0182’0] = 0, (853)
1 ‘
atl B; - (T - '2‘)[8331’8&)]3@' + a:‘cBiaLoU + ﬁajBL] =0. (854)

Equations (8.47) and (8.48) can again be used to exchange the temporal derivatives

in the first and second terms for the spatial derivative terms and Eqs. (8.53) and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



118
(8.53) become

8tlv - (T - '1—){ !

5 —aaxuaw(y? + B%) — 8,B;0,(vB;) + ad*v] = 0, (8.55)

1 1
Oy B; — (1~ 5)[—855‘081,(@3@) - iamBiax(vg + BY) + BOZB;] = 0. (8.56)
Finally, we recast Eqs. (8.55) and (8.56) in the form

Ay, v = vdv + O(82AY), (8.57)

Oy, B; = pd2B; + O(52A%) (8.58)

where the viscosity and resistivity are defined by

p=pr-3) (8.60)

and the higher order terms containing two spatial derivatives and three fold com-
binations of the fields are represented by O(92A?). The addition of Egs. (8.47)
and (8.57) produce Eq. (8.11) and the addition of Eqgs. (8.48) and (8.58) produce
Eq. (8.13). The existence of two fields adds some spurious non-linear cubic terms
as we also saw in the two dimensional MHD models, but these terms remain small

for small local gradients in the fields. This is a particularly good approximation for
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non-uniform grid models as the gradients are significantly reduced (relative to the

number of lattice nodes) by the refinement procedures.
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CHAPTER 9

Simulations of 1-D Resistive MHD
Using Uniform and Non-Uniform

Grid LBMs

9.1 Comparison of MHD and Burgers Turbulence

We will begin our simulations of one dimensional resistive MHD by extending
the simple sinusoidal profile that we have used for Burger’s equation to one which
includes a magnetic field. In general, the presence of a magnetic field allows for the
transfer of energy between the velocity and magnetic ficlds. This transfer of energy
is most apparent in the regions where strong shocks develop.

Figure (9.1) shows the initial profile for a simulation which adds small sinusoidal

oscillations in the magnetic fields to the standard sinusoidal velocity profile. This

120
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Initial Profile of Fields for 1-D MHD
v_z(z), B_x(z), and B_y(z) vs. z
L] I L] I T

e _7(Z)
e B X(Z)
o B_y(z)

Fields(z)

4.1 6.28

Figure 9.1: Initial profile of the 1-D MHD simulation. Most of the initial energy lies in
the velocity field.

simulation used an initial field profile given by

v,(2) = v sin (%) (9.1)

. z
Bl(Z) == Bg;70 sSin ("2; - 3) (92)
B,(z) = B,gsin (5?; +.3) (9.3)
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where the initial velocity was set to vy = 1 and the initial magnetic fields where set
to By o = .038 and B, = .057. The simulation was run on a non-uniform grid with
1281 nodes spanning the region from 0 to %T 6144 nodes spanning the region from
22 to 4%, and 1281 nodes spanning the region from HX to 2r. The middle region
thus contains a refinement factor of m = 4. The relaxation constants were set to
T, = 7, = .6 and the free parameters were set to o = J = 23-5- This gives a viscosity
and resistivity of v = p = .8333, which gives a Reynolds number of R = 4915.2 and
a magnetic Reynolds number of R, = 336.71. The simulation was run for 18,000
LBM time steps.

Figure (9.2) shows the evolution of the velocity profile after 1000, 2000, and
3000 LBM time steps. The velocity profile matches that of Burger’s equation almost
exactly (so much so that it was not worthwhile to plot both evolutions here). The
differences are not apparent because most of the total energy of the system is still
contained in the velocity profile and hence the magnetic field is only weakly affecting
the velocity field evolution.

Figures (9.3) and (9.4) show the evolution of the magnetic fields during the
same time period. The initial sinusoidal profiles are distorted as the shock front
in the velocity field steepens. They contain the majority of their energy in the
regions immediately adjacent to the front of the left and right shock. The initial
differences between B, and B, become less apparcnt as the simulation progresses.
Specifically, the symmetry of the velocity field about z = 7 imposes itself on the
magnetic fields such that they become mirror images of each other. We therefore
have the approximate relation B,(z —7) ~ —B, (% —z), due to the asymmetry of the
initial velocity field about = and its overwhelmingly large magnitude as compared
to the initial magnetic fields.

Figure (9.5) shows a comparison of the 1-D MHD and Burger’s equation velocity
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Profile of v_z(z)
at t=0, 1000, 2000 and 3000
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Figure 9.2: The early evolution of the wvelocity field closely resembles that of Burger’s
equation. The magnetic field does not yet contain enough energy to influence the velocity

profile.

profiles. The parameters for the Burger’'s simulation are exactly the same as the
parameters for the velocity component of the MHD simulation. The velocity field
profiles after 4000, 8000, and 12000 LBM time steps show that enough energy has
been transferred to the magnetic fields for it to alter the velocity field. In particular,
the shock fronts are slightly less steep and a small sub-structure appears in the region
between the large front of each shock. Figure (9.6) shows the region around the left
shock front in greater detail. The sub-structure decays away over time and then

re-appears in the final stages of the simulation due to the interactions between the
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Profile of B_x(z)
at t=0, 1000, 2000 and 3000
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Figure 9.3: Early evolution of the “x” component of the magnetic field. As the velocity
shock forms, the magnetic profile is distorted by the transfer of kinetic to magnetic energy.

velocity and magnetic fields. The most remarkable difference between the Burger’s
and MHD velocity profiles lies in the interaction between the left and right shock.
In the Burger’s simulation, the shock fronts collide and the total energy is dissipated
by the viscous term, whereas the velocity shock fronts do not collide in the MHD
simulation. Rather, they transfer energy to the magnetic profiles and dissipation
occurs via the collision of the velocity shocks with the magnetic structures. It is
thus the magnetic fields, which mediate the dissipation of the kinetic energy of

the velocity shocks. For simulations with lower Reynolds and magnetic Reynolds
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Profile of B_y(z)

at t=0, 1000, 2000 and 3000
01 ' L e I

Figure 9.4: Early evolution of the “y” component of the magnetic field. Although the
magnetic energy is increasing in time, it does not yet significantly alter the velocity profile.

numbers this mediative effect is less pronounced as will be shown in section 9.2.
Figures (9.7) and (9.8) show the magnetic fields after 3000, 3500, 4000 and 4500
LBM time steps. The formation of the shock in the velocity field has caused large
growth in the magnetic field profiles in the regions adjacent to each shock front.
This turbulent process results in an exponential increase in the magnetic energy up
to a saturation point which occurs after roughly 4500 LBM time steps. Figure (9.9)
shows the final profile of the velocity and magnetic fields after 18000 LBM time

steps with the region of the shock shown in greater detail in Fig. (9.10). One can
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Profile of v_z(z)

at t=4000, 8000 and 12000
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Figure 9.5: A comparison of the velocity profiles for 1-D MHD and the equivalent Burger’s
equation simulation. Differences between the profiles are apparent at these later stages of
the evolution.

see that the magnitude of the total magnetic field, given by [B| = /B2 + B is now
greater than the magnitude of the velocity field in the region of the shock fronts. The
anti-symmetric relationship between B, and B, is still apparent, providing evidence
of the large initial velocity’s domination of the turbulent evolution process.
Finally, Fig. (9.11) shows the temporal decay of the kinetic, magnetic and total

energics. These energies were obtained from the integral over wave number space of
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Blow up of the Profile of v_z(z)
at t=4000, 8000 and 12000
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Figure 9.6: A magnified view of the comparison between 1-D MHD and Burger’s simula-
tions. The dotted lines show the steep shock front of Burger’s equation compared to the
sub-structure, which is apparent in the region between the MHD shock fronts.

the Fourier transformed fields

Ex(t) =

(SR

/ v(k, t)%dk, (9.4)

EM(t) = /(BJL(]C, t)Q + B‘y(kn t)z)dk (95)

BO |
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Profile of B_x(z)

in the region of the shock
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Figure 9.7: A plot of the later stage evolution of the “z” componeni of the magnetic
field. The magnetic energy increases exponentially and begins to influence the velocity
field significantly.
Er(t) = Ex(t) + En (9.6)

and are not conserved due to the presence of the dissipative terms in the veloc-
ity and magnetic induction equations. During the initial formation of the velocity
shock (from roughly ¢ = 3000 to ¢t = 4500) the turbulent reorganization results
in exponential increase in the magnetic energy. This exponential increase has tra-

ditionally been examined from the standpoint of current density in two and three
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Profile of B_y(z)

in the region of the shock
T I i l ¥ | 1 ' I

- 1=3000

Figure 9.8: A plot of the later stage evolution of the “y” component of the magnetic field.
A quast anti-symmetry about z = 7 is apparent between the “¢” and “y” components of
the magnetic field.

dimensional simulations. After the formation of the velocity shock the magnetic
energy levels off. This is due to the conversion of kinetic to magnetic energy, which
is roughly matched by the dissipation of magnetic energy. The kinetic and total
energies quickly dissipate after the formation of the velocity shock.

Our examination of this simple sinusoidal velocity and magnetic field profile
illustrates the striking differences that occur when magnetic phenomena is added to

a simple fluid equation. In particular, the dissipation and interaction of the fields
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Profile of Fields After 18000 LBM Time Steps
v_z(z), B_x(z) and B_y(z) vs. z
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Figure 9.9: The profile of the velocity and magnetic fields after 18000 LBM time steps.
The ezponential increase in magnetic energy during the formation of the welocity shock
results in large magnetic structures around the shock fronts.

become significantly more complex. The general character of the velocity field is

to evolve toward sawtooth shapes while the magnetic fields evolve toward step like

shapes.
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Profile of Fields After 18000 LBM Time Steps

v_z(2), B_x(z) and B_y(z) vs. z
I T I T

Fields

Figure 9.10: A magnified view of the final profile of the fields. The magnetic fields continue
to display an anti-symmetry about z = w. The interaction of the velocily shocks are
mediated by this magnetically dominated central region.

9.2 A 1-D MHD Simulation Using Gaussian Wave
Packets

As a second step in examining the turbulence of one dimensional resistive MHD
we can consider a more complex initial profile, which is characterized by Gaussian
wave packets. It is also interesting to use an initial field distribution which contains

a comparable amount of magnetic and kinetic energy. For this simulation we have
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Temporal Decay of the Energies

kinetic, magnetic and total energy vs. time
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Figure 9.11: The temporal evolution of the kinetic, magnetic, and total energies. The
magnetic energy increases exponentially during the formation of the velocity shock and then
levels off due to dissipative effects. The kinetic and total energy dissipation is apparent.

chosen the initial profile

v(z) = v * exp [—4.0(z — 7)?] cos(20z), (9.7)

B,(2) = B, % exp [—5.0(z — 7)?] sin(15z — .30), (9.8)
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Initial Velocity Profile
Gaussian 1-D MHD simulation
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Figure 9.12: The indtial velocity profile for the Goaussian wave packel simulation.

By(2) = By * exp [—4.1(z — 7)*] sin(10z + .68) (9.9)

where the phase shifts in the trigonometric functions were chosen arbitrarily. The

initial velocity profile is shown in Fig. (9.12) and the initial magnetic field profile is

shown in Fig. (9.13). This simulation was run using vo = 1, B, o = .5 and B,y = .6.

Roughly £ of the total energy is contained in the velocity profile and § is contained

in the magnetic field profile. The relaxation constants were set to 7, = 7, = .55 and
_ 2

. . . 5 . . . - ..
the dissipative parameters were set to o = = T to give a viscosity and resistivity

of v = ¢ = .4167. A non-uniform grid was used with 1025 nodes spanning the
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Initial Magnetic Field Profile

Gaussian 1-D MHD simulation
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Figure 9.13: The initial magnetic field profile for the Gaussion wave packet simulation.
The magnetic field contains roughly % of the energy that the velocity profile contains.

region from 0 to %, 8192 nodes spanning the region from % to 3—2”- and 1025 nodes
spanning the region from 321 to 2x. The central region hence uses a refinement factor
of m = 4. The resulting Reynolds number is £ = 9830.4 and the magnetic Reynolds
number is R,, = 7677.8. The simulation was run for 1440 LBM time steps.

Figure (9.14) shows the velocity profile after 640 LBM time steps. The large
Reynolds and magnetic Reynolds numbers result in the formation of sawtooth like
shapes, which are steeper than those in the simulation presented in section 9.1.
These saw teeth, however, are still not as pronounced as Burger’s simulations as the

magnetic field still imposes a mediative effect on coalescing velocity shock fronts.
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Figure 9.14: The velocity profile after 640 LBM time steps. The velocity profile has formed
characteristic sawtooth shapes.

Figure (9.15) and (9.16) show the “x” and “y” components of the magnetic field,
respectively after 640 LBM time steps. The magnetic profiles have evolved to form
step like shapes with spikes in the regions where the velocity shock fronts have coa-
lesced. These spikes indicate the continued existence of a mediative effect between
the magnetic field and coalescing shock fronts, although it occurs at a very small
spatial scale due to the high Reynolds and magnetic Reynolds numbers.

A plot of the kinetic, magnetic and total energy is shown in Fig. (9.17). Much of
the kinetic energy is initially transferred to magnetic energy as sawtooth shocks form.

During this period, the magnetic energy increases exponentially, a characteristic of
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B_x vs. z at t=640
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Figure 9.15: The profile of the “z” component of the magnetic field after 640 LBM time
steps. The profile has formed characteristic step like shapes with spikes in the regions
where velocity shock fronts have coalesced.

the formation of thin current sheets. The total energy does not begin to decay until
a limit in the exponential increase in magnetic energy is reached after roughly 160
LBM time steps. From this point on, the majority of the total energy of the system
is contained in the magnetic field. During the period from 640 to 1280 LBM time
steps, a small portion of the magnetic energy is transferred back to kinetic energy,
interrupting the dissipative decay of the magnetic energy slightly.

A useful check of the performance of numerical simulations of one dimensional

fluid flow comes from analyzing the energy spectra in wave number space. Tur-
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Figure 9.16: The profile of the “y” component of the magnetic field after 640 LBM time
steps. This profile has also formed characteristic step like shapes with spikes in the regions
where velocity shock fronts have coalesced.

bulence theory indicates that the energy in wavenumber (k) space should scale as
k=2 [15, 4, 29]. While the dissipative terms in the velocity and magnetic induction
equations tend to inhibit the strict k72 scaling, this effect is negligible for large
Reynolds and magnetic Reynolds numbers. The presence of a magnetic field also
tends to inhibit the strict k72 scaling of the kinetic energy slightly. This is equiva-
lent to the mediative effect that the magnetic field has on coalescing shock fronts.
However, the total energy for large values of the Reynolds and magnetic Reynolds

numbers should display a strong k=2 dependence as the magnetic energy spectrum
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Kinetic, Magnetic and Total Energy vs. Time
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Figure 9.17: A plot of the kinetic, magnetic and total energy as a function of time. Much of
the kinetic energy is transferred to magnetic energy during the formation of steep sawtooth
shocks. The total energy then begins to dissipate due to the viscous and resistive effects.

acts to compensate for deficiencies in the kinetic energy spectrum. The fast Fourier

transform of the velocity and magnetic fields were taken using the DFFEFTRE sub-

routine from the International Mathematical and Statistical Libraries. The kinetic,

magnetic, and total energy at a given time were defined as

1

Ekm(k) = -{)-il(k,i;?l)Q, (910)
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Total Energy vs. Wavenumber
after 480 LBM time steps
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Figure 9.18: A log-log plot of the total energy in wavenumber space compared against a
reference function. The total energy displays a strong k=2 dependence.

oy (k) = %[Bm(k, 102+ By (k, t)7], (9.11)

Etot (k) - Ekm(k) + E'mag (k/) (9.12)

Figure (9.18) shows the total energy in wavenumber space after 480 LBM time steps.

Both of the axes use a logarithmic scaling. The function

f(k)=10"k"? (9.13)
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Kinetic Energy vs. Wavenumber
after 460 LBM time steps
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Figure 9.19: A log-log plot of the kinetic energy in wavenumber space compared against a
reference function. The kinetic energy displays a k=% dependence with some initial fall off
for low values of the wavenwmber due to the anisotropic initial spectrum.

is plotted in black for comparison against the energy spectra. The total energy
demonstrates strong agreement with the k72 scaling rule. Further, the use of a com-
putationally efficient non-uniform grid has allowed us to recover the correct scaling
even for large value of the wavenumber. Traditionally, less refined computational
procedures see a pile up of the energy in the region of large wavenumbers due to their
inability to transfer the energy to higher wavenumbers. Figure (9.18) thus demon-
strates this resolution problem can be fixed with the non-uniform refinement of the
region around the turbulent activity, which eliminates the need for a global refine-

ment. Figure (9.19) shows a log-log plot of the kinetic energy spectra in wavenumber
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Magnetic Energy vs. Wavenumber
after 460 LBM time steps
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Figure 9.20: A log-log plot of the magnetic energy in wavenumber space compared against
a reference function. The magnetic energy displays a k=2 dependence with some initial
fall off for low values of the wavenwmber due fo the anisotropic initial spectrum.

space. The kinetic energy also shows strong agreement with the k=2 scaling rule.
Finally, a log-log plot of the magnetic energy spectra is shown in Fig. (9.20), which
also demonstrates the k2 scaling rule.

Our simulation of this set of Gaussian wave packet initial conditions, which
contain comparable amounts of kinetic and magnetic energy have yielded some in-
teresting results. Namely, we have seen the formation of the characteristic sawtooth
shapes in the velocity field and step like shapes in the magnetic field components.
The spikes in the magnetic field at the region where the velocity shocks coalesce

indicate that the magnetic field continues to have a mediative effect of the veloc-
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ity shock fronts although this effect is much less pronounced for large Reynolds and
magnetic Reynolds numbers. The transfer of energy behaves such that the magnetic
energy increases exponentially as the velocity shocks are formed. After which, the
total energy begins to dissipate due to the presence of the viscosity and resistivity

terms.

9.3 1-D MHD Simulation Using an Initially Large

Magnetic Field

We have now seen the evolution of profiles, which contain an initially large
kinetic energy and small magnetic energy and of profiles, which contain comparable
amounts of kinetic and magnetic energy. As an obvious next step, we will investi-
gate the evolution of a profile that contains an initially large magnetic energy and
an initially small kinetic energy. Because the previous simulations have consisted
primarily of the transfer of kinetic to magnetic energy, we hope to create a situation
where a strong transfer from magnetic to kinetic energy develops. This situation
forms the one dimensional analogue to two and three dimensional magnetic recon-
nection; a process that creates large particle velocities from the reconnection and
relaxation of the magnetic topology. In one dimensional MHD we are not able to
simulate the reconnection of the magnetic field lines, but we can create a region of
high current density, which should excite large peaks in the velocity field.

For this simulation we use Gaussian wave packets similar to those used in section

9.2. The initial profiles of the fields take the form

v(z) = vo sin(z), (9.14)
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Initial Field Profiles

v,B_xand B_y vs.z
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Figure 9.21: The profile of the initial fields. The magnetic field contains most of the initial
energy.

B,(z) = B, gexp [~4.0(z — 7)*] sin(62), (9.15)

B,(z) = By pexp[—4.0(z — 7)*] sin(62) (9.16)

where the initial velocity field was set to vy = 02236 and the initial magnetic field
was set to B, = B, = .7071. The kinetic energy, hence accounts for only ten pereent
of the total energy and the magnetic energy accounts for the remaining majority.

" The initial profile of the fields is shown in Fig. (9.21).
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Velocity Profile
after 160 and 1280 LBM time steps
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Figure 9.22: The velocity pmﬁle after 160 and 1280 LBM time steps. The regions of large
current have excited oscillations in the velocity field, which grow in energy and then form
sawtooth shocks.

The relaxation constants were set to 7, = 7, = .55 and the dissipative parame-
ters were set to o = f§ = 2} to give a viscosity and resistivity of v = pu = 4167. A
non-uniform grid was used with 1025 nodes spanning the region from 0 to 7, 8192
nodes spanning the region from 7 to %ﬁ and 1025 nodes spanning the region from
%ﬂ to 27. The central region hence uses a refinement factor of m = 4. The resulting
Reynolds number is R = 219.8 and the magnetic Reynolds number is R, = 9830.4.
The simulation was run for 14450 LBM time steps.

The profile of the velocity field after 160 and 1280 LBM time steps is shown in
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B_x after 160 and 1280 time steps
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Figure 9.23: The “z” component of the magnetic field after 160 and 1280 LBM time steps.
The magnetic oscillations loose energy and then distort to form step like shapes as the
velocity profile forms sawtooth shocks.

Fig. (9.22). After 160 LBM time steps the magnetic field has transferred some of its
energy to the velocity field to form small oscillations. The peaks of the oscillations
occur in the region of large currents where the current is defined as the curl of the

magnetic field

Jz(2) = —0:By(

&2
——

(9.17)
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Magnetic Field Profile
B_y after 160 and 1280 time steps
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Figure 9.24: The “y” component of the magnetic field after 160 and 1280 LBM time steps.
This profile mirrors the “z” component of the magnetic field.

Jy(2) = ~0.Bu(2). (9.18)

After 1280 LBM time steps, the velocity profile has gained more energy and the
velocity oscillations have begun to evolve into saw tooth shocks. Figures (9.23) and
(9.24) show the profiles of the “x” and “y” components of the magnetic field after
160 and 1280 LBM time steps. The oscillations in the magnetic field initially decay
without loosing their initial shape as energy is transferred to the velocity field. After
the velocity field gains a significant amount of energy and begins to form sawtooth

shocks, it acts back on the magnetic field causing the distorted step like functions
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Figure 9.25: The kinetic, magnetic, and total energy evolution in time. The kinetic energy
increases exponentially during the initial period. After which, all of the energy decays away
due to the presence of the dissipative terms.

that are visible after 1280 LBM time steps.

The kinetic, magnetic, and total energy plotted in time is shown in Fig. (9.25).
The transfer of energy closely resembles that of the simulation which began with
a majority of the energy contained in the velocity field. The magnetic energy is
initially transferred to the velocity field and after sawtooth shocks are formed, the
total energy begins to dissipate. The kinetic energy increases exponentially during
the formation of the velocity oscillations just as it did in the simulation with large

initial kinetic energy.
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Figure (9.26) shows a log-log scale plot of the total, kinetic and magnetic energy
spectra plotted in wavenumber space. All of the energy spectra demonstrate a strong
k=2 dependence although there appears to be some fall off for large wavenumbers.
This shows that the magnetic field transfers energy to the velocity field in a cascading
manner; similar to the way that kinetic energy is transferred to magnetic energy.

An interesting aspect of this evolution comes from the invariance of the energy
transfer procedure whether it proceeds from a large initial kinetic energy or a large
initial magnetic energy. In both cases the total energy does not begin to decay until
a large portion of the dominant field has been transferred to the passive field. Also
the passive field acquires energy at exponential rates during the initial period. This
interestingly contrasts with the evolution of the shapes of the field profiles. If the
velocity field dominates the initial profile it immediately begins to form sawtooth
shocks that distort the magnetic field. Where as a dominant magnetic field decays
away without distortion of the initial shape. Only after the velocity oscillations
grow sufficiently large and begin to evolve into sawtooth shocks does the magnetic
field begin to be distorted.

We thus conclude our simulations of one dimensional resistive magnetohydro-
dynamics with a strong understanding of the phenomena that characterizes one
dimensional MHD turbulence. The invariance of the transfer of kinetic and mag-
netic energy has been demonstrated in simulations which use one initially large field.
The energy spectra have been found to demonstrate a k2 scaling rule. Finally, the
total energy has been shown to be initially constant in time during the transfer of

energy and then to dissipate after the formation of sawtooth shocks in the velocity

field.
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Total Energy vs. k After 18000 LBM Time Steps
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Figure 9.26: A log-log plot of the kinetic, magnetic, and total energy spectra in wavenumber
space after 18000 LBM time steps. A reference k™2 function is also plotted in black

for comparison. The kinetic, magnetic, and total energy spectra all show a strong k2
dependence with some fall off for large values of k.
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CHAPTER 10

Conclusion

The study of turbulent one and two dimensional dissipative single fluid sys-
tems reveals a large amount of fascinating dynamic phenomena. The development
of lattice Boltzmann methods for one and two dimensional magnetohydrodynamic
systems has allowed us to examine the turbulent and dissipative evolution of these
systems to gain some insight into the physical processes, which govern dissipative
magnetohydrodynamic turbulence.

Our development of the octagonal scalar-vector LBM for dissipative MHD rep-
resent a significant improvement over previous bi-directional streaming models. The
model has the advantage of an inherently simpler algebraic form due to the removal
of the coupled bi-directional streaming vectors. Additionally the octagonal stream-
ing lattice produces a higher degree of rotational symmetry, relative to the square
and hexagonal streaming lattices. As a result, the tensors formed from products
of the streaming vectors summed over all of the streaming directions have a higher
level of isotropy than their square and hexagonal counterparts. With the cost of an

additional interpolation step, the higher isotropy results in increased numerical sta-
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bility and the ability to investigate simulations with higher Reynolds and magnetic
Reynolds numbers.

Our simulations of the Orszag-Tang vortex model agree with previous spectral
simulations and demonstrate most of the notable features of MHD turbulence. In our
simulations of the Orszag-Tang and modified Orszag-Tang vortex models we have
seen clear evidence of the mutual interaction between the velocity and magnetic
field profiles. These profiles begin with large scale current and vorticity structures
that evolve to form thin sheects of current and vorticity. In the later stages of the
evolution, the effects of the viscosity and resistivity terms begin to dissipate the
total energy of the system.

The analysis of one dimensional dissipative magnetohydrodynamic systems pro-
vides some useful insight into the evolution of turbulent systems. Our development
of lattice Boltzmann methods that utilize a non-uniform distribution of grid points
provides an efficient numerical scheme for simulating these one dimensional sys-
tems. In particular, the use of non-uniform grids provide a cost effective method
for decreasing the numerical oscillations that arise from low resolution simulations.
The computational expenditure of non-uniform grid LBMs is significantly decreased
because non-uniform grid LBMs allow us to focus the majority of our computa-
tional effort around the regions where the velocity and magnetic fields develop large
gradients.

In our simulations of one dimensional MHD systems we have seen the turbulent
interaction and dissipative decay of the velocity and magnetic field profiles. The
invariance of the transfer of energy from kinetic to magnetic and from magnetic
to kinetic is particularly striking. This is contrasted with the lack of invariance in
the evolution of the velocity and magnetic fields themselves. In particular, we have

shown that the dominant initial field transfers energy to the passive field during the
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turbulent initial stage of the evolution. During this time period, the passive field
demonstrates an exponential increase in energy and the total energy is conserved. In
the later stages of the evolution, the total energy decays due to the presence of the
viscosity and resistivity terms. Examination of the velocity profile reveals that the
initial formation of sawtooth shocks is responsible for the initial transfer of kinetic
energy to magnetic energy. The convergence and interaction of the shock fronts,
through the magnetic field, then stimulates the dissipative decay. The magnetic
field profiles, however retain their initial shapes while they transfer energy to the
velocity profile. Only after the velocity profiles gain sufficient energy, do they evolve
to form sawtooth shocks. The formation of these sawtooth shocks then distorts the
shape of the magnetic field profiles and the dissipative decay of the total energy
begins.

Any rigorous scientific quest answers a few of the questions that the scientist
set out to answer, but more importantly, reveals an astonishing array of compelling
new questions that merit careful investigation. The acute scientist will then prove
his worth, by selecting a scientific program which answers the most compelling
questions. Without making any claims about our acuteness in developing a scientific
program, we will now suggest a number of future topics that are meritorious of
further investigation. These topics can be broadly classified as developments in
LBMs that will aid in the application of the methods to the simulation of realistic
plasma physics problems, and those that continue to test the limits of the LBM
kinetic modeling procedure.

After developing and investigating one and two dimensional LBMs for resistive
MHD the obvious next step would be to develop a three dimensional LBM model.
Such a model could be used to investigate a number of interesting phenomena in

space plasma physics. The applicability of three dimensional LBMs would be fur-
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ther aided by the inclusion of toroidal boundary conditions. This would allow for
the investigation of the plasma phenomena that occur within Tokamak fusion reac-
tors, which have direct political and socio-economic implications. These large scale
three dimensional simulations would clearly benefit from the use of a computational
algorithm, which adaptively distributes the grid points in a non-uniform manner in
order to resolve regions containing large field gradients in more detail. Finally, the
desire to increase the Reynolds and magnetic Reynolds numbers to the regime of
weakly viscous and resistive Tokamak plasmas provides the impetus for the devel-
opment of LBMs that use implicit time stepping. Implicit time stepping, although
computationally expensive, is widely known to increase the numerical stability of
finite difference models.

In testing the limits of the kinetic modeling procedure used in LBMs, it would
be interesting to develop more sophisticated MHD models that include some of the
higher order kinetic effects. The inclusion of Landau damping into LBMs could serve
as a first step in investigating whether LBMs are capable of reproducing these kinetic
effects. One could also investigate the development of a two fluid LBM approach.
By developing an LBM for the ion and electron fluid equations one could potentially
recover aspects of the finite (rather than infinitesimal) interaction between ions and
electrons such as the effects of a finite Larmor radius. |

Whatever they may be, the future development of lattice Boltzmann models
and their application to magnetohydrodynamic turbulence should prove to be an
interesting scientific endeavor. Furthermore, the continued development of compu-
tational algorithms of all kinds have become an essential component of the design
of new experiments and of the testing of new theoretical models. The exponential
increase in computational resources will only increase the scientific community’s

dependence on these computational tools.
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