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ABSTRACT PAGE 

Localized cytosolic Ca2+ elevations known as puffs and sparks are important regulators 
of cellular function that arise due to the cooperative activity of Ca2+ -regulated inositol 
1 ,4,5-trisphosphate receptors (IP3Rs) or ryanodine receptors (RyRs) co-localized at Ca2+ 
release sites on the surface of the endoplasmic reticulum or sarcoplasmic reticulum. 
Theoretical studies have demonstrated that the cooperative gating of a cluster of Ca2+
regulated Ca2+ channels modeled as a continuous-time discrete-state Markov chain may 
result in dynamics reminiscent of Ca2+ puffs and sparks. In such simulations, individual 
Ca2+-release channels are coupled via a mathematical representation of the local [Ca2+] 
and exhibit "stochastic Ca2+ excitability" where channels open and close in a concerted 
fashion. This dissertation uses Markov chain models of Ca2+ release sites to advance 
our understanding of the biophysics connecting the microscopic parameters of IP3R and 
RyR gating to the collective phenomenon of puffs and sparks. 

The dynamics of puffs and sparks exhibited by release site models that include both 
Ca2+ coupling and nearest-neighbor allosteric coupling are studied. Allosteric interactions 
are included in a manner that promotes the synchronous gating of channels by 
stabilizing neighboring closed-closed and/or open-open channel pairs. When the 
strength of Ca2+-mediated channel coupling is systematically varied, simulations that 
include allosteric interactions often exhibit more robust Ca2+ puffs and sparks. 
Interestingly, the changes in puff/spark duration, inter-event interval, and frequency 
observed upon the random removal of allosteric couplings that stabilize closed-closed 
channel pairs are qualitatively different than the changes observed when open-open 
channel pairs, or both open-open and closed-closed channel pairs are stabilized. The 
validity of a computationally efficient mean-field reduction applicable to the dynamics of 
a cluster of Ca2+ -release Ca2+ channels coupled via the local [Ca2+] and allosteric 
interactions is also investigated. 

Markov chain models of Ca2+ release sites composed of channels that are both activated 
and inactivated by Ca2+ are used to clarify the role of Ca2+ inactivation in the generation 
and termination of puffs and sparks. It is found that when the average fraction of 
inactivated channels is significant, puffs and sparks are often less sensitive to variations 
in the number of channels at release sites and the strength of Ca2+ coupling. While 
excessively fast Ca2+ inactivation can preclude puffs and sparks, moderately fast Ca2+ 
inactivation often leads to time-irreversible puff/sparks whose termination is facilitated by 
the recruitment of inactivated channels throughout the duration of the puff/spark event. 
On the other hand, Ca2+ inactivation may be an important negative feedback mechanism 
even when its time constant is much greater than the duration of puffs and sparks. In 
fact, slow Ca2+ inactivation can lead to release sites with a substantial fraction of 
inactivated channels that exhibit nearly time-reversible puffs and sparks that terminate 
without additional recruitment of inactivated channels. 
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Chapter 1 

Introduction 

Although widely recognized as an important component of skeletal structure, calcium, 

as a divalent cation (Ca2+), is also an ubiquitous element of intracellular signaling, 

performing a diverse assortment of functional and regulatory roles in eukaryotic cells. 

For example, Ca2+ waves initiate the enzymatic machinery of gene expression at fer

tilization, and Ca2+ signals participate in the biochemical cascades that result in 

programmed cell death (apoptosis) [Berridge et al., 1998]. Calcium is also necessary 

for neural communication and muscle contraction. Synaptotagmin, a protein impli

cated in the exocytosis of vesicles containing neurotransmitters into synaptic clefts, 

is activated by Ca2+ [Fermindez-Chac6n et al., 2001]. Muscle contraction is initiated 

when Ca2+ binds to troponin C, a protein associated with myofilaments [Bers, 2002]. 

In addition to these regulatory roles, Ca 2+ also conveys electrical charge across the 

membranes of excitable cells. For instance, thalamic neurons that express the low

voltage activated T-type Ca2+ channel may exhibit slow Ca2+ depolarizations during 

certain states of arousal. Fast Na+ and K+ action potentials occur on the crests 

of these depolarizations resulting in bursts of action potentials that are integral to 

thalamocortical oscillations and sleep rhythms and are implicated in some epileptic 
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states [McCormick and Bal, 1997]. 

The temporal and spatial scales of cytoplasmic Ca2+ signals vary over several or

ders of magnitude and cells often employ many overlapping Ca2+ signals to regulate 

cellular function [Marchant and Parker, 2000]. For example, in the medullary neurons 

responsible for generating breathing rhythms in mammals, Ca2+ activates non-specific 

cation currents that are necessary for inspiration. It also acts on a slower time scale 

as a second messenger, binding to intracellular receptors and regulating the frequency 

and amplitude of inspiratory drive [Pace et al., 2007, Del Negro et al., 2005, Crowder 

et al., 2007]. Variations of the temporal and spatial extent of Ca2+ signals in den

dritic spines shape neuronal excitability by modulating Ca2+-activated K+ currents 

and contributing to both long-term potentiation and depression of synapses [Marchant 

and Parker, 2000,Bootman et al., 2001b,Berridge, 1998,Yuste et al., 2000]. In cardiac 

myocytes (muscle cells), long-lived Ca2+ signals overlap the transient [Ca2+] increases 

necessary to initiate contraction, activating phosphatases and genes that tightly reg

ulate cardiac output. Even minute variations in these Ca2+ signals may result in fatal 

cardiac arrhythmias or cardiac hypertrophy [Bers and Guo, 2005]. 

1.1 Calcium homeostasis 

In order to finely tune the temporal and spatial extent of intracellular Ca2+ signals, 

an elaborate 'toolbox' of cellular signaling components (receptors, channels, buffers, 

pumps, and exchangers) have evolved (for a review see [Berridge et al., 2003,Berridge, 

2006, Bers, 2002]). Because prolonged elevated Ca2+ concentrations are toxic, many 

of these components are essential for maintaining the resting cytosolic [Ca2+] near 

100 nM, much lower than the 1-2 mM [Ca2+] outside the cell and the 100 tLM [Ca2+] 

within intracellular Ca2+ reservoirs, namely the endoplasmic reticulum (ER) and sar-
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coplasmic reticulum (SR) [Hille, 2001]. Plasma membrane Ca2+-ATPase (PMCA) 

pumps utilize the stored metabolic energy of adenosine triphosphate (ATP) to ex

trude Ca2+ from cells against the [Ca2+] gradient. A similar class of pumps called 

sarcoplasmic endoplasmic reticulum Ca2+ -ATPase (SERCA) pumps transport Ca2+ 

into the ER and SR, ensuring that these intracellular stores are replete. 

While the PMCA and SERCA pumps tend to have low transport rates, both 

have a high affinity for Ca2+. Consequently, both are important for maintaining the 

homeostatic [Ca2+J near 100 nM following small perturbations from rest. On the 

other hand, some Ca2+ transport proteins have high transport rates and are most 

active following large increases in the cytosolic [Ca2+J. One such protein, the plasma 

membrane Na+ /Ca2+ exchanger (NCX), utilizes the [Na+J gradient across the plasma 

membrane to extrude one Ca2+ ion from the cytosol in exchange for three Na+ ions. 

Another is the highly selective mitochondrial Ca2+ channel-formally thought to be 

a uniporter-that utilizes the electrical gradient existing between the mitochondrial 

matrix and the cytosol to rapidly sequester Ca2+ within the mitochondria following 

large Ca2+ perturbations [Kirichok et al., 2004, Saris and Carafoli, 2005]. Cells also 

have a wide variety of Ca2+ binding proteins and chealators that buffer intracellular 

Ca2+ such that an any moment, less than 1% of the Ca2+ in the cytosol is in a free 

ionic form. Some Ca2+ buffers, like calbindin, are mobile it that they freely diffuse 

in the cytosol. Others, such as calsequestrin, may occur in an immobile form as part 

of a membrane bound complex. Because different buffers may have distinct Ca2+ 

binding kinetics and affinities, they play a diverse role in shaping the spatial extent 

and temporal dynamics of Ca2+ signals [Hille, 2001]. 
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1.2 Calcium channels 

While maintaining the [Ca2+] gradients across the plasma and the ER/SR membranes 

requires cells to expend metabolic energy, Ca 2+ entry from the extracellular space and 

release from the ER/SR channels is passive, mediated by Ca2+ channels. When Ca2+ 

channels are open, Ca2+ simply flows down its electro-chemical gradient into the 

cytosol. 

While many Ca2+ channels share a significant degree of homology, they differ 

in the mechanisms by which they activate (for review see [Boatman et al., 2001a, 

Hille, 2001]). As their name suggests, voltage-operated Ca2+ channels (VOCCs) are 

activated by changes in the voltage across the plasma membrane. The L-type Ca2+ 

channel (dihydropyridine receptor) is an example of this class of channels and plays 

an essential role in coupling the electrical depolarization of the plasma membrane 

to physical contraction of myocytes. In addition to the T-type low-voltage activated 

Ca2+ channel previously discussed, neurons also express N-type and P-type Ca2+ 

channels. These VOCCs are often found in axon terminals and mediate the entry of 

Ca2+ necessary for neurotransmitter release following electrical depolarization of the 

axon. 

A second class of Ca2+ channels are the receptor-operated Ca2+ channels (ROCCs), 

which are activated by the binding of ligands. One such channel, the NMDA receptor, 

is often expressed on postsynaptic dendrites and is activated by the neurotransmitter 

glutamate. While the NMDA receptor is permeable to other cations such as N a+ and 

K+, Ca2+ ions that enter the cytosol via this channel are important for regulating 

long-term synaptic potentiation. Interestingly, NMDA receptors also exhibits a de

gree of voltage dependance [Hille, 2001]. Many ROCCs are activated by the binding 

of diffusible cytosolic second messengers. For example, store operated Ca2+ channels 
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(SOCC) are activated by the second messenger cyclic AMP, which is released into 

the cytosol when intracellular Ca2+ stores become depleted. When activated SOCCs 

ensure enough Ca2+ enters the cytosol from outside the cell to replenish the depleted 

intracellular stores. Several members of the transient receptor potential (TRP) chan

nel family are thought to be SOCCs. 

While most Ca2+ channels can be classified as either VOCCs or ROCCs, some 

plasma membrane Ca2+ channels are neither voltage nor ligand activated, but me

chanically activated, responding to the physical deformation of the cell. Interestingly, 

Ca2+ itself can function as a ligand, binding to and activating some Ca2+ channels. 

In fact, the intracellular Ca2+ channels primarily resl?onsible for the release of Ca2+ 

from the ER and SR are activated by Ca2+. These channels are reviewed below. 

1.3 Calcium release channels 

Release of Ca2+ from intracellular stores (i.e., the ER and SR) is primarily medi

ated by two families of ROCCs, inositol 1,4,5-trisphosphate receptors (IP3 Rs) and 

ryanodine receptors (RyRs) (for review see [Fill and Copello, 2002, Bezprozvanny, 

2005, Foskett et al., 2007]). Both IP3Rs and RyRs are large oligomers with multiple 

membrane spanning domains, and each channel complex is composed of four IP3 R of 

RyR proteins. Although the RyR channel protein is slightly larger (560 kDa versus 

310 kDa [Lai et al., 1989,Foskett et al., 2007]), the genetic structure of both proteins 

share a significant amount of homology. Importantly, both IP3 Rs and RyRs are usu

ally associated with various accessory proteins in vivo. For example, all isoforms of 

RyRs associate with FK-binding proteins [Fill and Copello, 2002]. 

While both families of Ca2+ release channels are activated by Ca2+, other ago

nists and antagonists modulate IP3Rs and RyRs gating. RyRs are so named because 
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they bind the plant alkaloid ryanodine, which reduces their likelihood of being in the 

open state. IP3 Rs are so named because they require the co-agonist inositol 1,4,5-

trisphosphate (IP3 ) to open [Marchant and Taylor, 1998, Berridge, 1993b]. Inositol 

1,4,5-trisphosphate is an intracellular second messenger formed when G-protein cou-

pled membrane receptors activate phospholipase C (PLC), which in turn hydrolyzes 

membrane bound phosphatidylinositol 4,5-biphosphate (PIP2). Before the discovery 

of IP3 in the early 1980's [Streb et al., 1983], the mechanism by which activation 

of surface receptor via ligands such as the serotonin precursor 5-HT coupled to in

tracellular Ca2+ release was a mystery. Since that time, it has become apparent 

that release of Ca2+ from intracellular stores via the IP3 pathway is a ubiquitous 

component of intracellular signaling in a myriad of cell types, from insulin-secreting 
. 

pancreatic ,8-cells [Biden et al., 1984] to photoreceptors [Payne et al., 1986] [Berridge, 

2005]. 

Both the IP3R and the RyR families contain three major channel isoforms denoted 

IP3Rl, IP3R2, and IP3R3 and RyRl, RyR2, and RyR3. All of these isoforms are ex-

pressed in vertebrates. The most widely studied IP3 R isoform (IP3Rl) is expressed in 

many cells of the central nervous system. Most cells outside the central nervous sys

tem express at least one IP3R isoform, and many cells express multiple subtypes. The 

Ry Rl isoform is predominantly found in skeletal muscle, although it is also expressed 

in cerebellar Purkinjie neurons [Berridge, 1998]. The RyR2 subtype is expressed in 

cardiac muscle and is the predominant RyR isoform in the brain [Berridge, 1998]. 

The remaining Ry R isoform (Ry R3) is also expressed in the brain and in low levels 

in some striated muscle cells [Murayama and Ogawa, 1996]. 

Figure 1.1 is a schematic representation of a cell showing the various Ca 2+ signaling 

channels, pumps, and exchangers discussed above (Sections 1.1 through 1.3). Black 

arrows indicate the direction of Ca2+ flux across the plasma and ER/SR membranes. 
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Figure 1.1: Schematic representation of intracellular Ca2+ signaling components. Cal
cium concentration gradients across the plasma membrane, the endoplasmic reticulum 
(ER), and the sarcoplasmic reticulum (SR) are maintained by plasma membrane Ca2+ 
ATPase (PMCA) and sarcoplasmic endoplasmic reticulum Ca2+ ATPase (SERCA) 
pumps, and other ion transport proteins such as the Na+ /Ca2+ exchanger (NCX). 
Uptake of Ca2+ into the mitochondrial matrix is mediated by a highly selective Ca2+ 
channel previously thought to be a uniporter [Kirichok et al., 2004]. Free cytosolic 
Ca2+ is buffered by a host of Ca2+ binding proteins and chelators. Release of Ca2+ 
from the ER or SR is mediated by two families of ROCCs, inositol1,4,5-trisphosphate 
receptors (IP3Rs) and ryanodine receptors (RyRs). The black arrows through trans
port proteins and channels indicate the direction of Ca2+ movement. 

1.4 Blips, quarks, puffs, sparks, and waves 

Because both IP3Rs and RyRs are activated by cytosolic Ca2+, a small increase in 

[Ca2+] near these channels may promote the further release of intracellular Ca2+, 

a phenomenon known as Ca2+-induced Ca2+ release (CICR) [Bers, 2002]. The dy

namics of Ca2+ release is complicated by the fact that both IP3Rs and RyRs are 

often co-localized on the ER and SR membranes at Ca2+ release sites. For example, 

in the cortical regions (approximately 6 Jl-m below the plasma membrane) of imma-
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Figure 1.2: Schematic representation of Ca2+-induced Ca2+-release (CICR). Both 
inositol 1,4,5-trisphosphate receptors (IP3Rs) and ryanodine receptors (RyRs) are 
activated by cytosolic Ca2+ black arrows. IP3Rs are also activated by the co-agonist 
IP3 hydrolyzed from membrane bound precursors via a G-protein coupled receptor 
(GPCR). Ca2+ entry into the cytosol is mediated by voltage operated Ca2+ channels 
(VOCCs) and receptor operated Ca2+ channels (ROCCs). A small increase in the 
[Ca2+] near clusters of IP3Rs and RyRs may promote the further release of intracel
lular Ca2+, resulting in Ca2+ puffs and sparks. 

ture Xenopus oocytes, IP3Rs occur in clusters of 5-50 with inter-cluster spacing on 

the order of a few microns [Sun et al., 1998]. IP3Rs are also clustered on the sur

face of the outer nuclear membrane of Xenopus oocytes [Mak and Foskett, 1997]. 

Similarly, RyRs are assembled into paracrystaline arrays of up to 100 channels in 

myocytes [Franzini-Armstrong et al., 1999b, Bers, 2002]. 

The clustering of IP3Rs and RyRs and the phenomenon of CICR results in three 

distinct modes of Ca2+ mobilization that have been observed via confocal microfl.u-

orimetry in oocytes, cardiomyocytes, and many other cell types: 1) localized Ca2+ 

elevations due to the activation of a single channel that are referred to as Ca2+ blips 
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A 

Figure 1.3: Fluo-3 imaging of intracellular Ca2+ release in Guinea-pig ventricular 
myocytes elicited by two-photon excitation photolysis of caged Ca2+. Varying levels 
of excitation result in fundamental (A, Ca2+ quark), elementary (B, Ca2+ spark), and 
global (C, Ca2+ wave) modes of Ca2+ release. Adapted with permission from [Lipp 
and Niggli, 1998]. 

or quarks depending on whether the events are mediated by an IP3R or RyR [Niggli, 

1999, Niggli and Shirokova, 2007], 2) Ca2+ elevations due to the activation of mul

tiple IP3Rs or RyRs associated with a single Ca2+ release site known as Ca2+ puffs 

and sparks [Cheng et al., 1993, Cannell et al., 1995, Yao et al., 1995, Parker et al., 

1996b, Parker et al., 1996a], and 3) global Ca2+ elevations such as oscillations and 

waves that involve multiple release sites [Cheng et al., 1996]. These three modes 

of Ca2+ release have been dubbed fundamental, elementary, and global responses, 

respectively [Berridge, 1997, Berridge, 2006]. 

Figure 1.2 is a schematic representation of CICR and puffs and sparks. Black 

arrows indicate how the influx of Ca2+ via plasma membrane Ca2+ channels or the 

release of Ca2+ via IP3Rs and RyRs may promote the further release of Ca2+ via 

IP3Rs and RyRs. Figure 1.3A shows an experimental image of a Ca2+ quark in a 

ventricular myocyte. For comparison, Fig. 1.3B and Fig. 1.3C show a Ca2+ spark and 

a Ca2+ wave, respectively. 
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1.5 Mathematical modeling of intracellular calcium 

signaling 

Because Ca2+ mobilization is a complex phenomenon, mathematical models have 

significantly contributed to the study of intracellular Ca2+ signaling. Importantly, 

theoretical models are constructed to reflect experimental observations of Ca2+ sig

naling and are often capable of providing mechanistic insights that are valuable to 

experimentalists. The following sections briefly review the theoretical studies of intra

cellular Ca2+ diffusion and single channel gating on which this dissertation is founded. 

1.5.1 Models ofthe buffered diffusion of intracellular calcium 

Much of our knowledge of intracellular Ca2+ concentration changes is derived from 

experiments that image Ca2+ transients using fluorescent indicator dyes such as Ar

senazo III, fura-2, fluo-3, and fluorescing derivatives of the common exogenous Ca2+ 

buffers BAPTA and EGTA [Tsien, 1980, Connor and Ahmed, 1984, Williams et al., 

1985, Neher and Almers, 1986b, Neher and Almers, 1986a, Neher and Augustine, 

1992, Augustine et al., 1985]. On the other hand, theoretical models have advanced 

our understanding of the association of Ca2+ with buffers (including indicator dyes) 

and the transport of free and buffered Ca 2+ in the cytosol. 

The buffered diffusion of Ca2+ may be mathematically represented using a system 

of reaction-diffusion equations [Smith et al., 2001]. These equations assume bimolec

ular association reactions between Ca2+ and buffer of the form 

k-T-
J 

k-:
J 
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where Bj and CaBj are free and bound buffer, respectively, kj is a bimolecular 

association rate constant, kj is a unimolecular dissociation constant, and the index 

j is over all buffer species. Assuming Fickian diffusion, the concentration of free 

Ca2+, free buffer ([Bj]), and bound buffer ([CaBj]) are given by [Wagner and Keizer, 

1994, Smith et al., 2001] 

(1.2) 

(1.3) 

and 

(1.4) 

with reaction terms given by 

(1.5) 

In these equations, Dca, DBj, and DcaBj are diffusion coefficient for free Ca2+, free 

buffer, and bound buffer, respectively. Using appropriate boundary conditions and 

assuming a fixed background [Ca2+] (see [Smith et al., 2001]), these equations may be 

used to model diffusion of Ca2+ near a point source (i.e., an open intracellular Ca2+ 

channel). 

Theoretical studies using reaction diffusion equations similar to those above have 

revealed that mobile indicators such as fura-2 may significantly affect the dynamics 

of Ca2+ diffusion [Sala and Hernandez-Cruz, 1990]. Further studies by a host of 

theorists have demonstrated that the kinetics and affinity of Ca2+ binding to buffers 

may significantly affect the concentration of free Ca2+ near open Ca2+ channels. For 

11 



example, Allbritton et al. demonstrated that endogenous buffers reduce the effective 

rangeof free Ca2+ in the cytosol to approximately 5 J-Lm [Allbritton et al., 1992], and 

Stern showed that the slow binding kinetics of EGTA often make it an ineffective 

buffer of free Ca2+ within a few nanometers of channel pores [Stern, 1992a]. Many of 

these studies have resulted in approximations to the reaction diffusion equations for 

the buffered diffusion of Ca2+, applicable in situations when buffer kinetics are rapid, 

the buffer concentration is high, or when Ca2+ buffering near an open Ca2+ channel 

is near steady-state [Neher, 1986,Wagner and Keizer, 1994,Stern, 1992a,Smith, 1996, 

Naraghi and Neher, 1997,Neher, 1998,Smith et al., 2001]. 

1.5.2 Markov chain models of calcium channel gating 

Most of our understanding of the kinetics of single IP3R and RyR gating is derived 

from experiments using the patch clamp technique and recordings of channels re

constituted into planar lipid bilayers [Watras et al., 1991, Bezprozvanny and Ehrlich, 

1994, Bezprozvanny et al., 1991, Foskett et al., 2007, Mak and Foskett, 1997, Hagar 

et al., 1998,Mejfa-Alvarez et al., 1999,Xiao et al., 1997]. For example, Fig. 1.4A shows 

planar lipid bilayer recordings of type I IP3Rs [Bezprozvanny and Ehrlich, 1994] for 

several different [Ca2+] on the trans (i.e., luminal) side of the bilayer. While most 

of the time channels are closed (no current flowing), occasionally channels stochasti

cally open as indicated by 2 pA current deviations. Transitions between the closed 

and open state are stochastic in time and Fig. 1.4B indicates that the dwell times 

in these two states are exponentially distributed. Averages over many recordings or, 

assuming ergodicity, time averages of individual recordings, are often used to deter

mine the steady-state open probability of channels at various Ca2+ concentrations. 

For instance, Fig. 1.5A and B demonstrate that the steady-state open probability of 
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Figure 1.4: (A) Planar lipid bilayer recordings of reconstituted type I IP3Rs using 
different mole fractions of Ca2+ on the trans (luminal) side of channels demonstrate 
gating between two conductance levels, 0 pA (closed) and 2 pA (open). The [Ca2+] 
and [IP3] of the cis bath is 0.2 J.LM and 2 J.LM, respectively. (B) The open and closed 
dwell times are exponentially distributed and are a function of the trans [Ca2+]. 
Adapted with permission from [Bezprozvanny and Ehrlich, 1994]. 

IP3Rs and RyRs as a function of [Ca2+] may be bell-shaped, indicating the presence 

of Ca2+ -dependent inactivation at elevated Ca2+ concentrations in addition to Ca2+ 

activation at lower Ca2+ concentrations. 

Historically, the stochastic dynamics of IP3R and RyR gating have been success-

fully modeled using continuous-time discrete state Markov chains [Norris, 1997,Stew

art, 1994]. Such models are described by state-transition diagrams that enumerate all 

of the possible states a channel may occupy and indicate allowed transitions between 

these states. An example state-transition diagram corresponding to an IP3 R or RyR 
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Figure 1.5: (A) Filled circles show the experimentally determined steady-state open 
probability of type I IP3Rs (± SEM, n = 4) as a function of -log([Ca2+]). Data 
is fit assuming Michaelis-Menton-type binding to an activation and an inactivation 
site and a Hill coefficient ( cooperativity) of 1.8. (B) Steady-state open probability of 
RyRs as a function of -log([Ca2+]). Adapted with permission from [Bezprozvanny 
et al. , 1991]. 

with two states and two conductance levels (open and closed) is 

(closed) C ~ 0 (open) (1.6) 

where a and (3 are transition rates with units of time-1
. Equation 1.6 defines a 

discrete-state stochastic process, S ( t), with state space S E { C, 0}, and the dwell 

times in the open and closed states are exponentially distributed with expectations 

(3-1 and a-1
, respectively. Importantly, Markov chain models of channel gating must 

satisfy the so-called 'Markovian Property' requiring that the conditional probability 

distribution of future states (given the current and previous states) depends only on 

the present state and not on past states [Norris, 1997]. In other words, the future 

depends on the present but not on the past. Markov chain models also assume that 
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channel proteins change conformations instantaneously and thus, do not explicitly 

model the dynamics of conformational changes. 

The C --+ 0 transition rate of Eq. 1.6 (o:) may depend on the cytosolic [Ca2+] 

representing the experimentally obs~rved phenomenon of Ca2+ activation. Often, 

Markov chain models of IP3R and RyR gating include additional transitions repre

senting other experimentally observed phenomena. For example, the single channel 

model of Chap. 3 and many other models of IP3R and RyR gating include Ca2+

dependent transitions out of the open state, representing Ca2+ inactivation [Schiefer 

et al., 1995,Stern et al., 1997,Stern et al., 1999,Sneyd et al., 2004]. Keizer's model of 

RyR gating includes a transition representing the phenomenon of Ca2+-independent 

or 'fateful' inactivation [Keizer and Levine, 1996]. The De Young-Keizer model ap

plicable to the gating of an IP3R subunit has transitions that are dependent on the 

cytosolic [IP3], and the Fraiman and Dawson IP3R model includes a representation 

of luminal Ca2+ regulation [De Young and Keizer, 1992,Fraiman and Dawson, 2004]. 

The parameters of IP3R and RyR models (e.g., the association and dissociation rate 

constants for the binding of Ca2+ and other ligands) are often selected to agree with 

the dynamics and steady-state statistics of nuclear patch recordings and planer lipid 

bilayer recordings such as those shown in Fig. 1.4 and Fig. 1.5 [Bezprozvanny and 

Ehrlich, 1994, Sitsapesan and Williams, 1994]. For example, the association and dis

sociation rate constants of the two-state Ca2+-activated RyR channel model used 

in Chap. 2 are selected so that the dissociation constant of Ca2+ binding is 5 f.LM, 

consistent with experimental measurements [Gyorke and Gyorke, 1998]. 
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1.6 Markov chain models of calcium puffs and 

sparks 

A cluster of IP3Rs or RyRs may also be modeled as a continuous-time discrete-state 

Markov chain [Hinch, 2004, Mazzag et al., 2005, DeRemigio and Smith, 2005, Nguyen 

et al., 2005,Huertas and Smith, 2007,Rengifo et al., 2002,Rfos and Stern, 1997,Shuai 

and Jung, 2002a, Shuai and Jung, 2002b, Stern et al., 1999, Swillens et al., 1998, Swil

lens et al., 1999 ]. In such models, individual Ca 2+-release channels are coupled via 

a mathematical representation of the local Ca2+ landscape, the so-called Ca2+ mi

crodomain. The microdomain is often formulated using approximate solutions to the 

reaction-diffusion equations describing the buffered diffusion of Ca2+ discussed in Sec

tion 1.5.1. Importantly, these Ca2+ release site models may exhibit the phenomenon 

of "stochastic Ca2+ excitability" reminiscent of Ca2+ puffs and sparks where channels 

open and close in a concerted fashion. This dissertation uses Markov chain models of 

Ca2+ release sites to advance our understanding of how the dynamics of Ca2+ puffs 

and sparks depend on the microscopic parameters of IP3R and RyR gating as well 

as release-site characteristics such as the number, density, and source amplitude of 

channels. 

The remainder of this dissertation is arranged as follows. Chapter 2 focuses on 

the collective gating of RyRs that experience nearest neighbor physical coupling via 

allosteric interactions in addition to diffuse Ca2+ coupling. We investigate how the 

dynamics of simulated sparks depend simultaneously on the strength of Ca2+ cou

pling and the strength of allosteric interactions that promote the synchronous gating 

of channels. In Chap. 3 we model Ca2+ release sites composed of channels that, 

in addition to Ca2+ activation, exhibit Ca2+ inactivation so that the single-channel 

steady-state open probability as a function of [Ca2+] is bell-shaped as in Fig. 1.5. 
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We study how puffs and sparks depend on the affinity and rate of Ca2+ inactiva

tion. Chapter 4 presents numerical methods for simulating and analyzing Markov 

chain models of puffs and sparks. Several of these methods were necessary for the 

studies of Chaps. 2 and 3. Chapter 5 summarizes the significant contributions of this 

dissertation and discusses possible future theoretical studies of Ca2+ puffs and sparks. 
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Chapter 2 

Ryanodine Receptor Allosteric 

Coupling and the Dynamics of 

Calcium Sparks 

2.1 Summary 

Puffs and sparks are localized intracellular Ca2+ elevations that arise from the cooper

ative activity of Ca2+ -regulated inositol 1,4,5-trisphosphate receptors and ryanodine 

receptors clustered at Ca2+ release sites on the surface of the endoplasmic reticu

lum or the sarcoplasmic reticulum. While the synchronous gating of Ca2+ -regulated 

Ca2+ channels can be mediated entirely though the buffered diffusion of intracellu

lar Ca2+, inter-protein allosteric interactions also contribute to the dynamics of RyR 

gating and Ca2+ sparks. In this chapter, Markov chain models of Ca2+ release sites 

are used to investigate how the statistics of Ca2+ spark formation and collapse are 

related to the coupling of RyRs via local [Ca2+J changes and allosteric interactions. 

Allosteric interactions are included in a manner that promotes the synchronous gating 
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of channels by stabilizing neighboring closed-closed and/ or open-open channel pairs. 

When the strength of Ca2+-mediated channel coupling is systematically varied (e.g., 

by changing the Ca2+ buffer concentration), simulations that include synchronizing 

allosteric interactions often exhibit more robust Ca2+ sparks; however, for some Ca2+ 

coupling strengths the sparks are less robust. We find no evidence that the distri

bution of spark durations can be used to distinguish between allosteric interactions 

that stabilize closed channel pairs, open channel pairs, or both in a balanced fashion. 

On the other hand, we do observe qualitatively different changes in spark statis

tics (duration, inter-spark interval, and frequency) when allosteric couplings of these 

three different types are randomly removed, suggesting an experimental methodology 

for determining the type of synchronizing allosteric interactions exhibited by cou

pled RyRs. We also investigate the validity of a mean-field reduction applicable to 

the dynamics of a ryanodine receptor cluster coupled via local [Ca2+] and allosteric 

interactions. In addition to facilitating parameter studies of the effect of allosteric 

coupling on spark statistics, the derivation of the mean-field model establishes the 

correct functional form for cooperativity factors representing the coupled gating of 

RyRs. This mean-field formulation is well-suited for use in computationally efficient 

whole cell simulations of excitation-contraction coupling. 

2.2 Introduction 

Localized intracellular Ca2+ elevations, known as puffs and sparks, are cellular signals 

of great interest that arise from the cooperative activity of clusters of Ca2+ -regulated 

inositol 1,4,5-trisphosphate receptors (IP3Rs) and ryanodine receptors (RyRs). Not 

only are puffs, sparks, and other localized Ca2+ elevations highly specific regulators of 

cellular function, they also contribute to global Ca2+ release events in eukaryotic cells 
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Figure 2.1: (A) Schematic representation of a Ca2+ release site following [Yin et al., 
2005a]. Each ryanodine receptor Ca2+ release channel (RyR) is composed of four 
identical subunits (gray squares) surrounding a central pore (black circle). Sub
units physically contact neighboring subunits and homotetrameric channels form a 
right-handed checkerboard-like lattice. (B) In the Ca2+ release site model two-state 
Ca2+ -activated RyRs (black circles) are globally coupled via the buffered diffusion 
of intracellular Ca2+ (not shown) and locally coupled to 2-4 nearest neighbors via 
allosteric interactions (dotted lines). Consistent with experimentally measured Ry R 
lattice dimensions, the pore-to-pore inter-channel distance is 30 nm. 

[Berridge, 1993b, Berridge, 1997, Berridge, 2006, Bers, 2002, Cheng et al., 1996, Cheng 

et al., 1993]. For example, the process of excitation-contraction (EC) coupling in 

cardiac myocytes is initiated when electrical depolarization of the sarcolemma allows 

a small amount of Ca2+ to enter the cell via voltage-gated L-type Ca2+ channels 

(dihydropyridine receptors). This trigger Ca2+ activates a much larger release of 

Ca2+ from the sarcoplasmic reticulum (SR) via Ca2+-activated RyRs clustered at a 

Ca2+ release site, a process known as Ca2+-induced Ca2+-release (CICR), resulting 

in a Ca2+ spark. Although the increase in [Ca2+] due to individual sparks is localized 

to Ca2+ release sites, the cell-wide summation of many sparks provides the increase 

in the cytosolic [Ca2+] that initiates the mechanical contraction of the myocyte. 

Experimental evidence suggests that the dynamics of RyR gating, Ca2+ sparks, 

and EC coupling are affected by inter-protein allosteric interactions between neigh-
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boring RyRs at Ca2+ release sites. Each RyR chaimel is an oligomer composed of 

four identical565 kDa RyR proteins surrounding a central pore, and groups of 10-100 

RyR homotetramers form regular two-dimensional checkerboard-like lattices on the 

surface of the SR membrane [Ftanzini-Armstrong et al., 1999b, Ftanzini-Armstrong 

et al., 1999a, Yin et al., 2005a, Yin et al., 2005b, Serysheva, 2005, Lai et al., 1989, Bers, 

2002] (see Fig. 2.1A). When channels are reconstituted to mimic this in situ crys

talline lattice, RyRs maintain physical contact with neighboring channels [Yin et al., 

2005a]. Moreover, Marx and co-workers observed that physically coupled RyRs in

corporated into planar lipid bilayers exhibit "coupled" gating even when Ca2+ is not 

the charge carrier [Marx et al., 1998, Marx et al., 2001]. While such Ca2+ inde

pendent coupling has not been uniformly observed in other labs [Stern and Cheng, 

2004, Fill and Copello, 2002], the functional coupling observed by Marx requires the 

association of FK-binding proteins (FKBPs) that conjugate with the RyR homote

tramer in approximately stoichiometric proportions [Fill and Copello, 2002, Wang 

et al., 2003, Timerman et al., 1993]. 

The biophysical theory connecting single-channel kinetics of IP3Rs and RyRs 

to the collective phenomena of Ca2+ puffs and sparks and global phenomena such 

as EC coupling is not as well-developed as our understanding of the association of 

Ca2+ with endogenous and exogenous buffers (e.g., Ca2+ -binding proteins, chealators, 

and indicators) [Neher and Almers, 1986b, Sala and Hernandez-Cruz, 1990, Allbritton 

et al., 1992, Wagner and Keizer, 1994, Smith, 1996, Gabso et al., 1997, Naraghi and 

Neher, 1997, Neher, 1998, Smith et al., 2001]. However, several theoretical studies 

have demonstrated that dynamics reminiscent of Ca2+ puffs and sparks may arise 

due to the cooperative activity of a cluster of Ca2+ -regulated Ca2+ -release chan

nels modeled as a continuous-time discrete-state Markov chain [Hinch, 2004, Mazzag 

et al., 2005, DeRemigio and Smith, 2005, Nguyen et al., 2005, Huertas and Smith, 
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2007, Rengifo et al., 2002, Rios and Stern, 1997, Shuai and Jung, 2002a, Shuai and 

Jung, 2002b, Stern et al., 1999, Swillens et al., 1998, Swillens et al., 1999]. In such 

simulations, individual Ca2+ -release channels are coupled via a time-dependent or 

time-independent representation of the local [Ca2+], the so-called Ca2+ -microdomain, 

and exhibit "stochastic Ca2+ excitability" where channels open and close in a con

certed fashion. The phenomena of Ca?+ activation and inactivation, the dynamics of 

the buffered diffusion of intracellular Ca2+, and the release site density and geometry, 

all significantly contribute to the statistics of simulated puffs and sparks [Swillens 

et al., 1999, Nguyen et al., 2005, DeRemigio et al., 2007]. 

Several theoretical studies to date have investigated the effects of inter-protein al

losteric coupling on the dynamics of Ca2+ sparks. Stern and co-workers demonstrated 

that models of single channel gating derived from planar lipid bilayer experiments fail 

to produce stable EC coupling in release site models [Stern et al., 1999]. However, 

when release site models include nearest-neighbor allosteric interactions in addition to 

Ca2+ coupling, Ca2+ sparks can be recovered [Stern et al., 1999]. Allosteric couplings 

in Stern et al. [1999] are defined as free energies of interactions between neighboring 

channels and have the effect of modifying the affinity of release site transitions. 

Using a formulation for allosteric coupling that is minimal compared to Stern's, 

Sobie and co-workers studied the effects of allosteric interactions on spark statistics 

such as duration and frequency [Sobie et al., 2002]. This "sticky-cluster" model of 

CICR includes so-called 'coupling factors' that scale the transition rates of the single 

channel model allowing the gating of each channel to be influenced by the number of 

open and closed Ry Rs at the release site. Although these coupling factors are post

hoc additions to the single channel Ry R model, and there is no account of release 

site geometry or nearest-neighbor interactions, the sticky-cluster model demonstrated 

that allosteric coupling may contribute to spark termination. 
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In order to clarify how the microscopic parameters of allosteric interactions and 

Ca2+ coupling simultaneously contribute to the formation and collapse of sponta

neous Ca2+ sparks, we construct and analyze release site models composed of 16-

49 two-state Ca 2+ -activated Ry Rs organized on a Cartesian lattice and instanta

neously coupled using linearized equations for the buffered diffusion of microdomain 

Ca2+ [Naraghi and Neher, 1997]. Using the methodology introduced by Stern and 

co-workers [Stern et al., 1999], RyRs also experience nearest-neighbor allosteric in

teractions that promote synchronous gating of channels (see Fig. 2.1B). Importantly, 

these synchronizing allosteric interactions may be incorporated to stabilize closed 

channel pairs, open channel pairs, or both in a balanced fashion. We probe how these 

different types of synchronizing allosteric interactions affect the presence or absence 

of Ca2+ excitability and the statistics of spontaneous Ca2+ sparks. In addition, we 

derive and validate a mean-field modeling approach that is applicable to the dynamics 

of RyR clusters coupled via microdomain Ca2+ and nearest-neighbor allosteric inter

actions. Similar to the sticky-cluster model presented by Sobie and co-workers [Sobie 

et al., 2002], the mean-field approach aggregates states based on the number of open 

RyRs at a Ca2+ release site; however, the 'coupling factors' representing allosteric 

interactions are not post-hoc additions to the model, but rather derived from the 

microscopic parameters of the Ca2+ release site. 

2.3 Model Formulation 

A two-state calcium-activated RyR model 

Stochastic models of single channel gating often take the form of continuous-time 

discrete-state Markov chains (for review see [Colquhoun and Hawkes, 1995, Smith, 
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2002]). For example, the state-transition diagram for a two-state Ca2+ -activated 

Ry R model is defined as 

(closed) C ~ 0 (open) 

k-

(2.1) 

where k+crJ and k- are transition rates with units of time-\ k+ is an association rate 

constant with units conc-rJ time-1
, ry is the cooperativity of Ca2+binding that for 

the purposes of this work is fixed at 2, and cis the local [Ca2+]. If c(t) is specified, 

then Eq. 2.1 defines a discrete-state continuous-time stochastic process, S(t), with 

the state spaceS E {C, 0}. When the local [Ca2+] is not time varying-for example, 

a fixed background [Ca2+] that we denote as c00-then Eq. 2.1 corresponds to the 

well-known telegraph process with infinitesimal generator or Q-matrix [Colquhoun 

and Hawkes, 1995, Norris, 1997] given by 

(2.2) 

Each off-diagonal element of Eq. 2.2 is the probability per unit time of a transition 

from state i to state j, 

(i =I j)' 

and, in order to satisfy conservation of probability, the diagonal elements are selected 

to ensure that the row sums of Q are zero, that is, L::j Qij = 0. Note that the generator 

matrix can be decomposed as 

(2.3) 
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where the matrices 

and 

collect the dissociation and association rate constants respectively. 

The statistical properties of the two-state channel model diagrammed in Eq. 2.1 

can be calculated from the Q-matrix. For example, the probability that the channel 

is in state j at time t 2: 0 given that it was in state i at t = 0 is given by the elements 

Pij(t) of the matrix exponential P = exp (tQ). 

2.3.1 Collective gating of RyR clusters 

In a natural extension of the single channel modeling approach, a model Ca2+ release 

site composed of N channels is the vector-valued Markov chain, 

(2.4) 

where Sn(t) is the state of channel nat timet [Ballet al., 2000]. We will denote release 

site configurations as a vector i = ( i 1, i 2 , .•. , iN) where in is the state of channel n. 

The transition rate from release site configuration i to j denoted by qij, 

qij 

(il,i2,···,iN) --7 (jl,J2,···,JN), (2.5) 

is nonzero if the origin ( i) and destination (j) release site configurations are iden

tical with the exception of one channel-that is, in = Jn for all n =/:- n' where 
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1 ::; n' ( i, j) ::; N is the index of the channel changing state-and the in' ---> ]n' 

transition is included in the single channel model. 

More formally, the transition rates qij for a release site composed of N identical 

Ca2+ -regulated channels (Eq. 2.2) are given by, 

if i = (il, i2, ... , in'-l' in'' in'+l, ... , iN) and 

j = (il,i2, ... ,in'-l,Jn',in'+l, ... ,iN) (2.6a) 

0 otherwise 

(2.6b) 

where either K-[in',Jn'] or K+[in',Jn'] is the rate constant for the transition being 

made (only one of which is nonzero) and c(i,j) is the relevant [Ca2+], that is, the 

concentration experienced by channel n'(i, j) in the origin configuration i. In the 

following section, we show how c( i, j) depends on the mathematical representation 

of the release site ultrastructure and buffered Ca2+ diffusion. 

Although it may not be practical to do so for large release sites, the infinitesimal 

generator matrix, Q = (qij), for a model Ca2+ release site can be constructed by 

enumerating transition rates according to Eq. 2.6 and selecting the diagonal elements 

qii to ensure the rows sum to zero. 

2.3.2 Release site ultrastructure and the calcium microdomain 

Because Ca2+-activated RyRs experience coupling mediated by the buffered diffusion 

of intracellular Ca2+, the model includes a mathematical representation for the land

scape of local [Ca2+] near the Ca2+ release site (the so-called Ca2+ microdomain) 

required to specify c( i, j) in Eq. 2.6b. For simplicity we assume channels are "in-
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stantaneously coupled" via the Ca2+ microdomain [Nguyen et al., 2005, DeRemigio 

and Smith, 2005]~that is, the formation and collapse of the local peaks in the Ca2+ 

profile are fast compared to the dwell times of channels~and we assume the validity 

of linearly superposing local [Ca2+] increases due to individual channels at the release 

site [Naraghi and Neher, 1997, Smith et al., 2001]. We also assume that all channels 

are localized on a planar section of SR membrane ( z = 0) so that the position of the 

pore of channel n can be written as r n = XnX + YnY. 

Assuming a single high concentration Ca2+ buffer and using the steady-state solu

tion of the linearized equations for the buffered diffusion of intracellular Ca2+ [Naraghi 

and Neher, 1997, Neher, 1998], the increase in [Ca2+] above background at position 

r = xx + yf) + zz is given by, 

(2.7a) 

where 

1 1 ( 1 ~00) 
-A2 =-:;. Db+ De ' 

(2. 7b) 

1 - + - (2.7c) - - kb C00 + kb , 
T 

and 
Kb[B]T 

(2.7d) ~00 = 2' 
(Kb +coo) 

In these equations, the sum is over all channels at the release site, an is the source 

amplitude of channel n (number of Ca2+ ions per unit time), De and Db are the 

diffusion coefficients for free Ca2+ and the Ca2+ buffer respectively, kt is the buffer 

association rate constant, k!; is the buffer dissociation rate constant, K b = k!; / kt, 

and [B]T is the total concentration of the Ca2+ buffer. Assuming all RyRs have 
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identical source amplitudes, 

and 

{ 

0 if channel n is closed 
an(t) = a-

if channel n is open, 

_ Zca 
a=-

2F 

(2.8a) 

(2.8b) 

where ica is the unitary current of each channel, 2 is the valence of Ca2+, and F is 

Faraday's constant. 

While Eqs. 2. 7-2.8 define the [Ca2+] at any position r for a given release site 

ultrastructure, {rn}, it is helpful to summarize channel-to-channel Ca2+ interactions 

using an N x N 'coupling matrix' C = (cnm) that provides the increase in [Ca2+] 

over the background ( c00 ) experienced by channel m when channel n is open. If 

~ = XmX + YmY + r dZ specifies the position of the Ca2+ regulatory site for channel 

m located a small distance r d above the channel pore, then 

(2.9) 

Using this expression we can determine the Ca2+ concentrations needed to specify 

the rates of Ca2+ -mediated transitions in Eqs. 2.6a-2.6b, that is, 

N 

c(i, j) =Coo+ L Cnn' (2.10a) 
n=l 

where 

_ { Cnn' if in is open 
Cnn' = 

0 otherwise, 
(2.10b) 

n' ( i, j) is the index of the channel changing state and in is the state of channel n. 
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Figure 2.2: (A and B) The linearized equations for the buffered diffusion of Ca2+ 
(Eqs. 2. 7a-2.8b) give the steady-state [Ca2+] near (z = r a = 30 nm) a 360 x 360 nm 
section of planar SR membrane for a cluster of 25 open RyRs (black dots) organized 
on a Cartesian lattice with inter-channel spacing of 30 nm (see Fig. 2.1B). Individual 
channels are modeled as ica = 0.04 pA point sources and the background [Ca2+] is 
C00 = 0.1 ~-tM while the total Ca2+ buffer concentration is (A) [B]r = 300 ~-tM or 
(B) [B]r = 2000 ~-tM and buffer parameters are as in Table 2.1. (C) The relationship 
between [BJr and the average [Ca2+] coupling strength (c*) is shown for the 25 channel 
Ca 2+ release site shown in A and B. 

Figure 2.2A uses Eqs. 2. 7-2.8 and calmodulin-like buffer parameters (see Table 

2.1) to calculate the Ca2+ microdomain near a cluster of N = 25 open RyRs organized 

on a Cartesian lattice (Fig. 2.1B). The strength of Ca2+ interactions at the release 

site can be modified by changing any of the parameters in Eqs. 2.7-2.8, including the 

channel source amplitude, buffer parameters, or the diffusion constant for free Ca2+. 

For example, Fig. 2.2B shows that increasing the total buffer concentration ([B]r) 

decreases the local [Ca2+] experienced by the RyRs. Similarly, Fig. 2.2C shows that 

the 'Ca2+ coupling strength' defined as the average of the off-diagonal elements of the 

coupling matrix, 
1 N 

c* = N(N -1) L Cnm, 
n,m=l 
n#m 

is a decreasing function of the total buffer concentration [B]r. 

29 

(2.11) 



2.3.3 Allosteric interactions between physically coupled chan-

nels 

Following the methodology presented in [Stern et al., 1999], the RyR cluster model 

presented above is extended to include allosteric interactions between neighboring 

channels as well as Ca2+ -mediated coupling. We begin by defining dimensionless 

free energies of interaction Cij (units of k8 T) that specify the change in free energy 

experienced by a channel in state j when allosterically coupled to a channel in state 

i. For convenience we collect these interaction energies in an M x M matrix c where 

M is the number of states in the single channel model and cij = c ji ( i =I j) in order 

to satisfy the requirement of thermodynamic reversibility. For the two-state single 

channel model considered in this paper, 

£ = ( cee ceo ) 

coc coo 
(2.12) 

where ceo = coc· Because allosteric interactions require physical contact between 

neighboring RyRs, the model formulation includes a symmetric N x N adjacency 

matrix defined as 

1 if channel n and m are neighbors 
(2.13) 

0 otherwise 

where ann = 0 because channels do not experience allosteric interactions with them-

selves. The nonzero elements of A are chosen consistent with release site ultrastruc-

ture (e.g., dotted lines in Fig. 2.1B). 

To include the effect of allosteric coupling in the Ca2+ release site model, the 

total allosteric energy experienced by channel n' ( i, j) in the origin and destination 
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configurations of an i ---+ j transition are calculated as 

N 

ri = L ann'Cinin' 

n=l 

N 

and /j = L ann'CjnJn' 

n=l 

(2.14) 

where the sum is over all N channels, ann' are elements of A, and Ei i 1 and E1· 1· 1 are 
n n n n 

entries of£. The difference between these total allosteric energies ( rj - ri) is used to 

modify the equilibrium constant of the i ---+ j transition, that is, 

(2.15a) 

(2.15b) 

and 

(2.15c) 

where ?iii and ?iii denote unmodified rates calculated using Eq. 2.6 and the parameters 

0 ::; Vij ::; 1 and Vji = 1 - Vij [Stern et al., 1999] partition contributions due to 

allosteric coupling between the forward (qij) and reverse (qji) rates. While vii and Vji 

can potentially have different values for every transition i ---+ j, we assume transition 

rates involving the association of Ca 2+ are diffusion limited. Thus, transition rates 

for release site configuration changes where channels make C ---+ 0 transitions are 

assigned v = 0. Conversely, v = 1 for all other configuration changes where channels 

make 0 ---+ C transitions. 
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Parameter Value Unit Description 
Single Channel Parameters 
k+ 0.04 JLM-11ms-1 association rate constant 
k- 1 ms-1 dissociation rate constant 
Coo 0.1 JLM background [Ca2+] 

TJ 2 cooperativity of Ca2+ binding 
'lea 0.04 pA effective unitary current 
rd 30 nm pore to regulatory site distance 
Buffer Parameters 
k+ 

b 100 JLM-1s-1 association rate constant 
k-

b 38 s-1 dissociation rate constant 
De 250 J-Lm2S-1 Ca2+ diffusion coefficient 
Db 32 J-Lm2S-1 buffer diffusion coefficient 

Table 2.1: Default parameters used in Ca2+ release site simulations for both the full 
model and the mean-field reduction (when applicable). Single channel kinetic param
eters are selected for a dissociation constant of Kd = 5 JLM [Gyorke and Gyorke, 1998]. 
Buffer parameters correspond to calmodulin [Smith et al., 2001, Falke et al., 1994]. 
Although the exact location of the Ca2+ -regulatory site is unknown, the pore to regu
latory site distance is consistent with cryo-electron microscopy data that suggests the 
RyR oligomer has a large 29 x 29 x 12 nm cytoplasmic assembly and a transmebrane 
assembly that protrudes 7 nm from the center of the cytoplasmic assembly [Rader
macher et al., 1994, Fill and Copello, 2002]. The unitary current of RyRs in planar 
lipid bilayer has been estimated to be 0.4-0.6 pA [Mejfa-Alvarez et al., 1999, Kettlun 
et al., 2003]. However experimental evidence suggests that under physiological con
centrations, Mg2+ reversibly blocks the channel pore, significantly reducing the open 
probability of the permissive state (0) [Gyorke and Gyorke, 1998,Mejfa-Alvarez et al., 
1999, Kettlun et al., 2003]. The unitary current used here reflects the fact that we 
do not explicitly model the binding and unbinding of Mg2+ or other phenomena that 
reduce the effective source amplitude of the channel, such as localized depletion of 
luminal Ca2+. 

2.4 Results 

2.4.1 Calcium and allosteric coupling at a three RyR cluster 

To clarify the model formulation, transition rate expressions corresponding to the 

example configuration changes shown in Fig. 2.3A are written below. These con

figuration changes involve a triangular cluster of three two-state Ry Rs experiencing 
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Figure 2.3: (A) Example configuration changes involving three two-state RyRs with 
pore-to-pore inter-channel spacing of 30 nm. Allosteric interactions are indicated 
by solid and dashed lines. Transition rates depend on the allosteric interactions 
of the channel changing state (solid lines) shown above each configuration. (B) 
RyR collective gating when channels experience coupling via the Ca2+ microdomain 
([B]r = 3566 J.LM, c.= 0.75 J.LM) but no allosteric interactions (ccc =coo= 0). Gray 
bars show the steady-state probability distribution for the number of open channels 
(No) at the release site. White bars give the binomial distribution with the same 
mean as gray bars; the difference shows that channels do not gate independently. ( C, 
D, and E) RyR collective gating when in addition to Ca2+ coupling (c.= 0.75 J.LM), 
channels experience allosteric interactions that stabilize closed channel pairs ( C: ccc = 
-0.8, coo= 0), open channel pairs (D: ccc = 0, coo= -0.8), or both in a balanced 
fashion (E: ccc = coo = -0.8). Parameters: k+ = 1.5 J.LM-17ms-I, k- = 0.5 ms-1, 
and as in Table 2.1. 

Ca2+ coupling and nearest-neighbor allosteric interactions. The corresponding Ca2+ 

coupling matrix and allosteric adjacency matrix are 

C= and A= 
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respectively where the Cnm are determined using Eq. 2.9. In each panel, the total 

allosteric energy (Eq. 2.14) experienced by the RyR changing state (labeled with 

asterisks) is calculated for both the origin ( i) and destination (j) configurations. 

The i --+ j configuration changes shown in Fig. 2.3A each involve an Ry R making 

a Ca2+-mediated C --+ 0 transition (see Eq. 2.1) at rate qij that is a function of 

c(i,j), that is, the [Ca2+] experienced by the channels changing state (Eq. 2.10). 

Let us number the Ry Rs in a counter-clockwise fashion beginning with the channel 

changing state. For the CCC --+ OCC configuration change shown in Fig. 2.3Aa, 

c( i, j) = C00 because all channels are closed in the origin configuration CCC. For 

the CCO --+ 0C0 configuration change c( i, j) = C00 + C31 because channel 3 is open 

in configuration CCO (Fig. 2.3Ab ). Similarly, for the COO --+ 000 configuration 

change c(i,j) = C00 + c21 + c31 (Fig. 2.3Ac). Having determined the appropriate 

[Ca2+] concentrations, Eq. 2.6b is used to calculate the transition rates 

(2.17a) 

(2.17b) 

and 

(2.17c) 

Because it is assumed that configuration changes that involve the binding of Ca2+ are 

diffusion limited, these rates are not modified due to allosteric interactions (i.e., Vij = 

0). 

Conversely, j --+ i configuration changes shown in Fig. 2.3A involve channels 

making unimolecular 0 --+ C transitions at the base rate qji = k- that is modified 

by the change in allosteric allosteric interaction energy experienced by the channel 
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changing state. Using Vji = 1, the rates for j ----+ i configuration changes are given by 

(Eq. 2.15c) 

and 

Qocc,ccc = k- exp [-2 (sec- Eco)], 

Qoco,cco = k- exp [-((sec- Eco) +(soc- coo))], 

Qooo,coo = k- exp [-2 (soc- Eoo)]. 

(2.18a) 

(2.18b) 

(2.18c) 

Note that in these transition rate expressions, the elements of the allosteric inter

action energy matrix occur as the differences Ecc- Eco and Eoc- s00 . Because this 

is true regardless of the number of channels, we may without loss of generality fix 

Eco = Eoc = 0. That is, we will probe the effects of allosteric interactions on Ca2+ 

release site dynamics by varying only the change in free energy due to allosterically 

interacting closed-closed ( Ecc) and open-open ( Eoo) channel pairs. Because we are pri

marily concerned with the effects of allosteric interactions that promote synchronous 

gating, we assume allosteric interactions stabilize closed-closed and/ or open-open 

channel pairs (i.e., sec :::; 0 and Eoo :::; 0). For simplicity, we focus on three allosteric 

coupling paradigms in which allosteric interactions stabilize 1) closed-closed channel 

pairs (sec < 0, Eoo = 0), 2) open-open channel pairs (sec = 0, Eoo < 0), and 3) both 

closed-closed and open-open channel pairs in a balanced fashion (sec = Eoo < 0). 

The simulations shown in Fig. 2.3B-E demonstrate how synchronizing allosteric 

interactions included in these three ways affect the dynamics of the synchronous 

gating of the three RyRs. Simulations are carried out using the exact numerical 

method presented in Section 4.2 and, for simplicity, the configuration of the RyRs 

is summarized by plotting only the number of open channels (No) as a function 

of time. Interestingly, Fig. 2.3B demonstrates that synchronizing allosteric interac-
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tions are not required (c:cc = Eoo = 0) for channels to exhibit synchronous gating. 

Rather, channels may exhibit coupled gating that is mediated entirely via the buffered 

diffusion of local Ca2+ as long as the average Ca2+ coupling strength is sufficient 

(c* = 0.75 J.LM) [Nguyen et al., 2005]. Gray bars in the left panel of Fig. 2.3B show 

the steady-state probability distribution for the number of open RyRs (No) directly 

calculated from the relevant Q-matrix as described in Section 4.3. The disagreement 

between these results and the white bars, showing a binomial distribution with the 

same mean, is a signature of the cooperative gating of these RyRs. 

While Fig. 2.3B demonstrates that the synchronous gating of channels can be me

diated entirely via Ca2+, Fig. 2.3C-E show how synchronizing allosteric interactions 

affect the dynamics of coupled gating. For example, Fig. 2.3C demonstrates that when 

closed channel pairs are stabilized (ccc = -0.8, coo = 0) the steady-state probabil

ity of having zero open channels (No= 0) increases while the probability of No = 3 

decreases relative to Fig. 2.3B. Conversely, Fig. 2.3D illustrates that when allosteric 

interactions stabilize open channel pairs (ccc = 0, coo = -0.8), the probability of 

having a maximumly activated release site (No = 3) increases. In Fig. 2.3E allosteric 

interactions stabilize closed-closed and open-open channel pairs in a balanced fashion 

(ccc =coo= -0.8) and the probability of both No= 0 and No= 3 increases while 

the probability of No= 1 and No= 2 decreases compared to Fig. 2.3B. 

2.4.2 Effects of calcium and allosteric coupling strength on 

spontaneous sparks 

The previous section demonstrated how the dynamics of coupled RyR gating may 

depend on synchronizing allosteric interactions that stabilize closed channel pairs, 

open channel pairs, or both in a balanced fashion. In this section, we investigate how 
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Figure 2.4: A Ca2+ release site simulation involving 25 RyRs organized on a Cartesian 
lattice exhibits stochastic Ca2+ excitability reminiscent of spontaneous sparks when 
channels experience coupling via increases in the local [Ca2+] ([B]r = 937.5 J.LM, c* 

= 0.55 J.LM) and nearest-neighbor allosteric interactions that stabilize closed channel 
pairs (Ecc = -0.2, Eoo = 0). Insets expand 50 ms of the simulation beginning at the 
times indicated by arrows and show 'snap shots' giving the states o£ all 25 RyRs at 
the release site. The Ca2+ spark Score corresponding to the simulation is calculated 
using Eq. 2.19 and the steady-state probability distribution for the number of open 
channels (No) at the release site (right panel) estimated from a long(> 20 s) Monte 
Carlo simulation as described in Section 4.3. Parameters as in Table 2.1. 

Ca2+ spark formation and collapse depend on both the strength of coupling mediated 

by the Ca 2+ microdomain and the strength of synchronizing allosteric interactions 

introduced in one of these three ways. To mimic the number and arrangement of 

channels observed experimentally, simulations involve release sites composed of 25 

nearest-neighbor coupled RyRs organized on a Cartesian lattice (see Fig. 2.1). Note 

that nearest-neighbor coupling implies that each channel experiences allosteric inter

actions with 2-4 other channels, while increases in the Ca2+ microdomain due to open 

RyRs are experienced by all channels. 
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Figure 2.5: Ca2+ sparks exhibited in Fig. 2.4 are sensitive to changes in the strength 
of allosteric interactions that stabilize closed channel pairs only when the strength of 
Ca2+ interactions is fixed (c* = 0.55p,M). (A) Sparks fail to terminate when allosteric 
interactions are not included (sec = -0.2, Eoo = 0). (B) Sparks fail to initiate when 
the strength of allosteric interactions that stabilize closed channel pairs is increased 
(sec = -0.4, s00 = 0). Histograms for the number of open channels shown in right 
panels (see Fig. 2.4) are used to calculate the Score of each simulation. Parameters 
as in Table 2.1. 

Figure 2.4 shows a simulation in which the strength of allosteric interactions 

(sec = -0.2, s00 = 0) and Ca2+ coupling (c* = 0.55p,M) are selected to illustrate the 

phenomenon of 'stochastic Ca2+ excitability' reminiscent of spontaneous Ca2+ sparks. 

While the channels at the release site are closed most of the time (No < 5), on occa

sion the RyRs simultaneously open (No ~ 25). Figure 2.5 shows that the sparks ob-

served in Fig. 2.4 are sensitive to changes in the strength of allosteric interactions that 

stabilize closed channel pairs. For example, the release site is tonically active when 

allosteric interactions are not included in simulations (sec = soo = 0, Fig. 2.5A). 

On the other hand, sparks fail to initiate when the strength of allosteric interactions 

that stabilize closed channel pairs is greater than in Fig. 2.4 (sec = -0.4, Eoo = 0, 
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Fig. 2.5B). 

A response measure that is strongly correlated with the presence of sparks in 

Monte Carlo simulations is the so-called Ca2+ spark Score introduced in [Nguyen 

et al., 2005]. The Score is defined as the index of dispersion of the fraction of open 

channels (Jo = No/N) and is given by 

S 
_ Var [fo] _ 2_ Var [No] 

core- E[fo] - N E[No] · (2.19) 

Score values greater than 0.3 are indicative of spark-like excitability in stochastic 

Ca2+release site simulations [Nguyen et al., 2005, DeRemigio and Smith, 2005]. For 

example, using the observed probability distribution for the number of open channels 

at the release site estimated from a long Monte Carlo simulation as described in 

Section 4.3 (Fig. 2.4 right), the Score corresponding to the simulation shown in 

Fig. 2.4 is a high value of 0.71. Conversely, the tonically active release site shown in 

Fig. 2.5A has a low Score of 0.013 because E [No] is large. The quiescent release site 

shown in Fig. 2.5B also has a low Score of 0.082. 

While Fig. 2.4 and 2.5 demonstrated that Ca2+ sparks are sensitive to changes 

in the strength of allosteric interactions that stabilize closed channel pairs, Fig. 2.6A 

shows that sparks observed in simulations of a 25 RyR release site are also sensi

tive to the Ca2+ coupling strength. For example, triangles show the Score (reported 

as the mean ± SD of ten Monte Carlo simulations) as a function of c* when the 

strength of allosteric interactions that stabilize closed channel pairs is c:cc = -0.2 as 

in Fig. 2.4. The Ca2+ coupling strength (c*) is systematically varied by increasing 

or decreasing the total buffer concentration ([B]r ). Note that sparks are observed in 

simulations (Score > 0.3) over a range of Ca2+ coupling strengths but are not ob

served (Score < 0.3) in simulations that use c* < 0.45 JLM because the Ca2+ coupling 
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Figure 2.6: (A, B, and C) The Ca2+ spark Score (mean ± SD of 10 long (> 20 
s) Monte Carlo simulations involving 25 Ry Rs organized on a Cartesian lattice with 
random initial conditions) as a function of the Ca2+ coupling strength (c*) and the 
strength of nearest-neighbor allosteric interactions that stabilize closed channel pairs 
(A: coo= 0 and ccc = 0 (circles), ccc = -0.2 (triangles), or ccc = -0.4 (squares)), 
open channel pairs (B: ccc = 0 and coo = 0 (circles), coo = -0.2 (triangles), or 
coo = -0.4 (squares)), or both in a balanced fashion ( C: ccc = coo = 0 (circles), 
ccc =coo= -0.2 (triangles), or ccc =coo= -0.4 (squares)). Data are interpolated 
with cubic splines (dashed lines) for clarity. Parameters as in Table 2.1. 

strength is insufficient to initiate sparks. Similarly, Score < 0.3 when c* > 0. 7 f,LM 

because the Ca2+ coupling strength is too large to allow spark termination. Fig. 2.6A 

also shows that the optimal optimal Ca2+ coupling strength-that is, the c* resulting 

in the highest Score-is sensitive to the strength of allosteric interactions that sta-

bilize closed channels. Indeed, comparing circles (ccc = 0) and squares (ccc = -0.4) 

to triangles (ccc = -0.2) we notice that the optimal c* is an increasing function of 

the magnitude of ccc· In comparison, Fig. 2.6B demonstrates that as the strength 

of allosteric interactions that stabilize open channel pairs increases, the optimal c* 

decreases. On the other hand, Fig. 2.6C shows that increasing the strength of al-

losteric interactions that stabilize both closed-closed and open-open channel pairs in 

a balanced fashion has little effect on the optimal value of c*. 
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Figure 2.7: (A) The Score at the optimal c* (max. Score) and (B) the full-width 
at half-maximum (FWHM) of the cubic spline fits of data in Fig. 2.6 are plotted 
as a function of the strength of stabilizing allosteric interactions (c) when allosteric 
interactions stabilize closed channel pairs (triangles, ccc = c, coo = 0), open channel 
pairs (squares, ccc = 0, coo = c), or both in a balanced fashion (circles, ccc = coo = 
c). 

Fig. 2.6 demonstrates that sparks depend on c*, c00 , and ccc in a complicated 

manner. For example, sparks that are eliminated as c* increases may be recovered 

by increasing the strength of allosteric interactions that stabilize closed channel pairs 

( ccc) or by decreasing the strength of allosteric interactions that stabilize open channel 

pairs (coo). On the other hand, sparks that are eliminated as c* decreases may be re-

covered by decreasing the magnitude of ccc or increasing the magnitude of c00 . Note 

that for all three types of allosteric interactions there are Ca2+ coupling strengths 

(c*) for which stronger interactions lead to more robust sparks. Indeed, summary 

plots in Fig. 2. 7 A show that the Score at these optimal c* values is a monotoni-

cally increasing function of the strength of allosteric interactions. Interestingly, the 

Score is enhanced the most when both closed-closed and open-open channel pairs are 

increasingly stabilized in a balanced fashion (circles). 

In Fig. 2. 7B the sensitivity of sparks to the Ca2+ coupling strength is quantified 

using the full width at half-maximum (FWHM) of cubic spline fits to the results 
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of Fig. 2.6 (dashed lines); a larger FWHM implies less sensitivity to changes inc*. 

The triangles of Fig. 2. 7B show that sparks are less sensitive to variations in c* as 

the strength of allosteric interactions that stabilize closed channel pairs increases. 

Conversely, the squares show that sparks are more sensitive to c* as the strength of 

allosteric interactions that stabilize open channel pairs increases. The circles show 

that increasing the strength of allosteric interactions that stabilize both closed-closed 

and open-open channel pairs in a balanced fashion has little effect on the FWHM. 

2.4.3 The effect of washing out allosteric interactions on 

spark statistics 

In the previous section we showed how the presence or absence of Ca2+ sparks depends 

on both the strength of Ca2+ coupling (c*) and the strength of stabilizing allosteric 

interactions (c:cc and c:00 ). Next, we investigate how spark statistics (duration, inter

spark interval, and frequency) are affected by 'washing out' stabilizing allosteric inter

actions, that is, we study how these spark statistics change as an increasing fraction 

of nearest-neighbor allosteric couplings are randomly removed. Many experimental 

studies show that genetic deficiencies in, and the pharmacological washout of, the 

FK-binding proteins that mediate allosteric interactions lead to cardiac arrhythmias 

and changes in spark dynamics [Ji et al., 2004, Yoshihara et al., 2005, Gomez et al., 

2004]. The following simulations aim to clarify how these experimental results can be 

interpreted as evidence for allosteric interactions that stabilize closed channel pairs, 

open channel pairs, or both (see Discussion). 

The gray bars in Fig. 2.8A are probability distributions of spark duration and 

inter-spark interval estimated from multiple spark simulations (the mean is indicated 

by gray triangles). As in Fig. 2.4, 25 RyRs experience nearest-neighbor allosteric 
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Figure 2.8: Gray bars are probability distributions of Ca2+ spark duration and inter
spark interval estimated from simulations involving 25 RyRs organized on a Cartesian 
lattice (means indicated by gray triangles). RyRs experience coupling via the Ca2+ 
microdomain (A: c* = 0.58, B: c* = 0.40, C: c* = 0.48 t.tM) and nearest-neighbor 
allosteric interactions that stabilize closed channel pairs (A: Ecc = -0.2, Eoo = 0), 
open channel pairs (B: Ecc = 0, Eoo = -0.2), or both in a balanced fashion ( C: 
Ecc = Eoo = -0.2). White bars (and triangles) are spark statistic distributions 
(and means) calculated when one-fifth of the nearest-neighbor allosteric -couplings 
are selected at random and removed from simulations. Each histogram is calculated 
using 1200-6333 simulated sparks. Parameters as in Table 2.1. 

interactions that stabilize closed channel pairs (Ecc = -0.2, Eoo = 0), and the Ca2+ 

coupling strength is selected to ensure a high Score (c* = 0.58 t.tM). Spark duration 

is defined as the period beginning when one-fifth of the channels at the release site 

open (No = 4 -> 5) and ending when all channels close (No = 0), thus excluding 

small sparks from the calculation. Inter-spark interval is the time between the end of 
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a spark and the beginning of the subsequent spark. 

For comparison, white bars in Fig. 2.8A are the spark duration and inter-spark 

interval distributions after one-fifth of the nearest-neighbor allosteric couplings are 

selected at random and eliminated from the simulations. Notice that this washout of 

allosteric interactions that stabilize closed channel pairs has the effect of increasing the 

expected spark duration and decreasing the expected inter-spark interval (compare 

white and gray triangles). On the other hand, Fig. 2.8B shows that when allosteric 

interactions stabilize open channel pairs (ccc = 0, Eoo = -0.2, and c* = 0.40 t-tM), 

removing one-fifth of these couplings decreases the expected spark duration with little 

change to the inter-spark interval. When both closed-closed and open-open channel 

pairs are stabilized in a balanced fashion (ccc = Eoo = -0.2, c* = 0.48 t-tM), washout 

of allosteric couplings decreases inter-spark interval but has little effect on spark 

duration (Fig. 2.8C). 

To further probe the effects of washing out allosteric interactions, Fig. 2.9A and 

B show the mean and standard deviation of spark duration and inter-spark interval 

plotted against the fraction of allosteric couplings removed from simulations (denoted 

as ¢). Similar to Fig. 2.8, allosteric interactions are included to stabilize closed channel 

pairs (triangles), open channel pairs (squares), or both in a balanced fashion (circles). 

In each case, the Ca2+ coupling strength (c*) is selected to maximize the Ca2+ spark 

Score before the washout of synchronizing allosteric interactions (¢ = 0); thus, the 

Score is always a decreasing function of¢ (not shown). 

The results shown in Fig. 2.9A and Bare consistent with those shown in Fig. 2.8. 

When allosteric interactions that stabilize closed channel pairs are washed out (in

creasing ¢), spark duration increases and inter-spark interval decreases (triangles). 

When allosteric interactions that stabilize open channel pairs are washed out, spark 

duration decreases but inter-spark interval is largely unchanged (squares). When 
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Figure 2.9: (A and B) The (A) Ca2+ spark duration and (B) inter-spark interval 
(mean + SD of distributions such as those in Fig. 2.8 calculated using 334-14,290 
simulated sparks) are plotted against the fraction of allosteric couplings randomly 
removed from simulations (¢). Using parameters identical to Fig. 2.8 the 25 RyRs 
experience Ca2+ coupling and allosteric interactions that stabilize closed channel pairs 
(triangles), open channel pairs (squares) or both in a balanced fashion (circles). M ul
tiple symbols at each ¢ show results from simulations that use different realizations of 
the allosteric adjacency matrix A (see text). (C) The spark frequency plotted against 
¢ is calculated using the data from A and B that include bars. Spark statistics are 
reported at a given value of¢ only if the Ca2+ spark Score > 0.3. 

both closed-closed and open-open channel pairs are stabilized in a balanced fashion, 

washout causes inter-spark interval to decrease but spark duration is unchanged ( cir

cles). Notice that the standard deviations (bars) of spark statistics are approximately 
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proportional to the means regardless of the degree of washout. 

Because the allosteric couplings washed out in the simulations of Fig. 2.9A and B 

are randomly selected, there are many realizations of the allosteric adjacency matrix 

A consistent with any nonzero ¢. To show the effects of variations in allosteric 

connectivity on spark dynamics, multiple symbols plotted at each value of¢ show 

the mean spark duration and inter-spark interval using different realizations of A. 

The proximity of these symbols to each other at any given value of¢ indicates that 

the dynamics of Ca2+ sparks-as measured by duration and inter-spark interval-are 

largely insensitive to these variations in allosteric connectivity. 

Figure 2.9C shows the spark frequency-defined as the reciprocal of the sum of 

the mean spark duration and inter-spark interval-plotted against ¢for the three al

losteric coupling paradigms. When allosteric interactions that stabilize closed channel 

pairs are washed out, spark frequency increases but ultimately decreases (triangles). 

When allosteric interactions stabilize open channel pairs (squares), spark frequency 

is a nearly constant function of¢. When both closed-closed and open-open channel 

pairs are stabilized in a balanced fashion, spark frequency increases during washout 

(circles). 

2.4.4 A mean-field RyR cluster model 

In previous sections, we used Monte Carlo simulations to study how both the strength 

of Ca2+ coupling and stabilizing allosteric interactions contribute to the dynamics of 

sparks. Much of the complexity of these simulations is due to the spatially explicit 

account of channel-to-channel coupling represented by the Ca2+ coupling matrix C 

and the allosteric adjacency matrix A. In order to facilitate parameter studies of 

the effects of allosteric coupling on spark statistics, this section presents a mean-field 
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approximation applicable to a cluster of two-state RyRs coupled via the buffered 

diffusion of Ca2+ and nearest-neighbor allosteric interactions. 

The mean-field approximation is perhaps best introduced by considering a sim

plified Ca2+ coupling matrix that takes the following form [Nguyen et al., 2005], 

cd c* c* 

C= 
c* Cd 

(2.20) 
c* 

c* c* Cd 

where the identical off-diagonal elements (c*) are the average of the N(N- 1) off

diagonal elements of the original Ca2+ coupling matrix C (Eq. 2.11). (The diagonal 

elements cd that represent domain Ca2+ are inconsequential to simulations involving 

clusters of RyRs with no Ca2+-mediated transition out of an open state.) Consider 

also an allosteric adjacency matrix that takes a similar simplified form, 

0 a* a* 

A= a* 0 
(2.21) 

a* 

a* a* 0 

where 0 ::; a* ::; 1 is the average allosteric connectivity calculated from the off-diagonal 

elements of the original allosteric adjacency matrix A= (anm), 

1 
a* = N ( N - 1) L anm· 

nf-m 
(2.22) 

Note that it is not possible to choose a release site ultrastructure so that Cis equal 
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to C with N > 3 channels on a planer membrane. Likewise, A will not be equal to 

A unless allosteric coupling is all-to-all, a situation not consistent with Ry R clusters 

in which the extent of inter-channel physical coupling is limited to nearest neighbors. 

Nevertheless, in simulations performed using C and A, the Ry Rs are indistinguishable 

and the [Ca2+J and allosteric interaction energy experienced by channels depends only 

on the number of open and closed Ry Rs at the release site. Importantly, simulations 

using C and A satisfy a lumpability condition that allows all release site configurations 

with the same number of channels in each state to be agglomerated without further 

approximation [Nguyen et al., 2005, Nicola, 1998]. This yields a contracted Markov 

chain with state-transition diagram 

QN-2,N-l 

N-1 N (2.23) 

QN-l,N-2 

where the state of the system S(t) E {0, 1, ... , N} is the number of open channels 

No at the release site and Qij is the rate of the N 0 = i ---+ j transition (see below). 

The number of closed channels is given by Nc = N - No. 

Equation 2.23 describes a birth-death process with boundaries with skip-free tran

sitions that increase (No = n---+ n + 1) or decrease (No = n---+ n- 1) the number of 

open channels at the release site. The N + 1 by N + 1 generator matrix corresponding 
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to Eq. 2.23 is tridiagonal, 

Q= (2.24) 

qn-l,n-2 <> 

qn,n-l <> 

with diagonal elements(<>) selected to ensure row sums ofzero. The birth rate (qn,n+I) 

for the n -----+ n + 1 transition is given by 

(2.25) 

where ( N- n) is the number of closed channels at the release site that may potentially 

open and c00 +Noc* is the [Ca2+] experienced by all RyRs. While our assumption that 

the binding of Ca2+ is diffusion limited leads to birth rates that are not dependent 

on allosteric energies, the death rates are modified due to allosteric interactions and 

are given by 

qn,n-l = nk- exp{ -a* [(n- 1) (coe- coo)+ (N- n) (cee- ceo)]} (1::; n::; N) 

(2.26) 

where n is the number of open channels at the release site that may potentially close, 

the coefficients (n- 1) and (N- n) are the number of open and closed 'neighbors', 

and coe - coo and cee - ceo are the differences in free energies experienced by a 

transitioning channel due to allosteric couplings with neighboring open and closed 

channels. Because we have without loss of generality set ceo = coe = 0, Eq. 2.26 
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simplifies to 

qn,n-1 = nk- exp {-a* [(N- n) ccc- (n- 1) coo]} (1:::; n:::; N). (2.27) 

Note that the mean-field RyR cluster model has only nine parameters: N, k+, k-, 'TJ, 

Coo, c*, ccc, coo, and a*. 

2.4.5 Representative mean-field simulations 

Fig. 2.10A shows representative simulations of 25 mean-field coupled RyRs arranged 

according to the strength of Ca2+ coupling (c*) and allosteric interactions (ccc) used. 

These allosteric interactions stabilize closed channel pairs (coo = 0) and the average 

allosteric connectivity is a* = 0.13, as calculated using the adjacency matrix for 25 

nearest-neighbor coupled RyRs organized on a Cartesian lattice (see Fig. 2.1). Notice 

that sparks are only observed on the diagonal panels of Fig. 2.10A, indicating that 

increased c* can be compensated for by more negative ccc· Release sites are tonically 

active when c* is large and ccc represents weak allosteric interactions (upper right 

panels), while release sites are quiescent when c* is small and ccc represents strong 

allosteric interactions (lower left panels). These mean-field results are consistent with 

simulations that use the full model when allosteric interactions stabilize closed chan

nel pairs (Fig. 2.4-2.5 and Fig. 2.6A). Mean-field simulations that include allosteric 

interactions that stabilize open channel pairs or both closed-closed and open-open 

channel pairs in a balanced fashion (not shown) are also consistent with the full 

model (Fig. 2.6B and C). 

The panels of Fig. 2.10B show the birth rates (qn,n+l) used in each column of 

Fig. 2.10A plotted as a function of the number of open channels at the release site 

(n = N0 ). Note that while the qn,n+l are small when n is either small or large, 
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Figure 2.10: The mean-field approximation for a cluster of two-state RyRs is a birth
death process where transitions increase (No = n--+ n + 1) or decrease (No = n--+ 
n -1) the number of open channels (No) at the release site. (A) 3-by-3 grid showing 
example simulations involving 25 mean-field coupled RyRs as a function of c* and ccc 
(coo = 0). The average allosteric connectivity is a* = 0.13. The Score and steady
state probability distribution of N0 are also shown as calculated from Q (Appendix 
B). (B) Birth rates (qn,n+l) used in columns of A as a function of the number of open 
channels (n =No). (C) Death rates (qn,n-d used in rows of A. Dashed lines show 
the qn,n-1 when allosteric interactions are not included (.sec = coo = 0). Parameters 
as in Table 2.1. 

the birth rates are accelerated for intermediate n, and this acceleration is enhanced 

as c* increases. The panels of Fig. 2.10C show the death rates (qn,n- 1 ) used in the 

simulations of each row of Fig. 2.10A plotted as a function of n. Notice that when 
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Figure 2.11: Death rates (qn,n- 1) of the mean-field approximation are plotted as 
a function of the number of open channels at the release site ( n) with increasing 
strength of allosteric interactions that (A) stabilize open channel pairs or (B) both 
closed-closed and open-open channel pairs in a balanced fashion. Dashed lines show 
the linear relation between qn,n-l and n when allosteric interactions are not included 
(c:cc = Eoo = 0). Parameters as in Fig. 2.10. 

allosteric interactions are not included in simulations (top panel, Ecc = c:00 = 0), 

qn,n-1 is a linear increasing function of n. However, as the magnitude of Ecc increases, 

qn,n-l is accelerated for all values of n < N with the most significant acceleration at 

intermediate n. 

While Fig. 2.10C shows how the death rates change with the strength of allosteric 

interactions that stabilize closed channel pairs, Fig. 2.11 shows qualitatively different 

changes in the death rates for allosteric interactions that stabilize open channel pairs, 

or both closed-closed and open-open channel pairs in a balanced fashion. When 

Ecc = 0, qn,n-1 decreases for all n > 1 as Eoo becomes more negative (Fig. 2.11A). 

On the other hand, Fig. 2.11B shows that qn,n-1 increases for small n but decreases 
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Figure 2.12: (A) The Ca2+spark Score (mean± SD of 10 trials) plotted as a function 
of the average Ca2+ coupling strength (c*) and release site size for N = 16 ( dia
monds), N = 25 (triangles), N = 36 (squares), and N = 49 (circles) when allosteric 
coupling stabilizes closed channel pairs (ccc = -0.2, coo = 0). Dashed lines show the 
Score calculated using the mean-field approximation. The average allosteric connec
tivity (Eq. 2.22) is a*= 0.20 (diamonds), 0.13 (triangles), 0.095 (squares), and 0.071 
(circles). Other parameters as in Table 2.1. (B) Data from simulations with N = 25 
in A are expanded (white triangles and dashed line). White circles show results from 
Monte Carlo simulations of the full model with nearest-neighbor allosteric coupling 
(A) but mean-field Ca2+ coupling (C). Black circles show results from simulations 
with mean-field allosteric coupling (A) but using the full Ca2+ coupling matrix (C). 

for large n when both ccc and coo become more negative. 

2.4.6 Comparison of mean-field approximation and full model 

In the previous section we demonstrated mean-field simulations may exhibit stochastic 

Ca2+ excitability reminiscent of Ca2+sparks. Similar to full model simulations, these 

sparks are sensitive to variations of the Ca2+ coupling strength (c*) and the allosteric 

coupling strengths (ccc, coo) used. In this section we further validate the mean

field approximation by comparing the Ca2+ spark Score estimated from Monte Carlo 

simulations of the full model to the Score calculated directly from the Q-matrix of the 

corresponding mean-field model. In this comparison the c* and a* of the mean-field 

model are calculated from the C and A of the full model, and the parameters of the 
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single channel models used are equal. 

The symbols in Fig. 2.12A plot the Score (mean± SD of ten trials) of Monte Carlo 

simulations using the full model as a function of the Ca 2+ coupling strength ( c*) for 

release sites of different sizes ( N) when allosteric interactions stabilize closed channel 

pairs (ccc = 0, coo = -0.2). The dashed lines show the Score calculated using 

Q of the corresponding mean-field approximations. Both full and reduced models 

demonstrate that the optimal Ca2+ coupling strength, that is, the c* that yields the 

highest Score, decreases as a function of N. Moreover, the range of c* values that 

result in sparks (Score > 0.3) decreases as N increases. This inverse relationship 

between the optimal c* and the release site size N, and the increase in the sensitivity of 

sparks to variations inc* as N increases, are also observed when allosteric interactions 

stabilize open channel pairs (ccc = 0, coo = -0.2) or both closed and open channel 

pairs in a balanced fashion (ccc =coo= -0.2) (not shown). 

Although the Score obtained using the full model and the mean-field approxima

tion agree qualitatively (Fig. 2.12A), the optimal c* and the maximum Score for any 

given value of N show quantitative differences that becomes more evident with large 

N. Fig. 2.12B shows that the Score (white circles) of simulations that use mean-field 

Ca2+ coupling (C) and nearest-neighbor allosteric coupling (A) show improved agree

ment with mean-field model results (dashed line). Similarly, the Score (black circles) 

of simulations that use the full Ca2+ coupling matrix (C) and mean-field allosteric 

interactions (A) show improved agreement with full model results (white triangles). 

These results suggest that the disagreement between the full model and the mean

field approximation is a consequence of the assumption of mean-field Ca2+ coupling 

and not the assumption of mean-field allosteric coupling. 
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2.4. 7 Effect of allosteric coupling on calcium spark statistics 

The reduced state space of the mean-field approximation (N +1) as opposed to the full 

model (2N) greatly facilitates the calculation of spark statistics. For release site size 

of N = 25, the 2N-by-2N Q-matrices of the full model exceed the memory limitations 

of modern workstations; consequently, the probability distribution for N 0 and the 

Score must be estimated from Monte Carlo simulation. Because the N+1-by-N+1 

Q-matrices of the mean-field approximation are comparatively small, direct matrix 

analytic methods can be used to calculate these response measures (Section 4.3) as 

well as spark statistics such as duration, inter-spark interval, and frequency (Section 

4.4). 

In this matrix analytic approach it is convenient to reduce the number of param

eters of the mean-field model via non-dimensionalization. Accordingly, we express 

Ca2+ concentrations in units of the dissociation constant of Ca2+ binding ( K where 

K"' = k- jk+) and denote the non-dimensional Ca2+ coupling strength and back

ground [Ca2+] as c* = c*/ K and Coo = Coo/ K respectively. Substituting c* and Coo 

into Eq. 2.24 and expressing time in units of the reciprocal of the dissociation rate 

constant ( 1/ k-), we arrive at the dimensionless generator matrix Q = Q / k-. After 

non-dimensionalizing, the nine parameters of the mean-field model (N, TJ, ccc, coo, 

k+, k-, c00 , c*, and a*) are reduced to seven dimensionless parameters (N, T}, ccc, 

coo, coo, c*, and a*). 

Using the Q for 25 mean-field coupled RyRs, Fig. 2.13 shows spark duration, inter

spark interval, and spark frequency (in pseudocolor) as a function of the strength of 

dimensionless Ca2+ coupling (c*) and allosteric interactions that stabilize closed (ccc) 

and open (coo) channel pairs. Each panel explores a 'slice' of this three dimensional 

parameter space indicated by the shaded region of the cubes shown at the left. These 
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Figure 2.13: Spark duration, inter-spark interval, and spark frequency (in dimension
less units) of simulations involving 25 RyRs plotted as a function of the dimensionless 
strength of Ca2+ coupling (c*) and allosteric interactions when they stabilize closed 
channel pairs (A: Eoo = 0), open channel pairs (B: Ecc = 0), or both in a bal
anced fashion ( C: Ecc = Eoo). Results are only shown when parameters result in 
robust sparks (Score> 0.3). The average allosteric connectivity is a*= 0.13 and the 
dimensionless Ca2+ coupling strength is c* = 0.01. Other parameters as in Table 2.1. 

correspond to allosteric interactions that stabilize closed channel pairs (Fig. 2.13A, 

Ecc < 0, Eoo = 0), open channel pairs (Fig. 2.13B, Ecc = 0, Eoo < 0), and both in a 

balance fashion (Fig. 2.13C, Ecc = Eoo < 0). Spark statistics are only shown when 

sparks are present (Score> 0.3). 

Note that similar to simulations using the full model (Fig. 2.6 and 2.7), the mag-

nitude and range of c* values that result in sparks increase as the strength of allosteric 

interactions that stabilize closed channel pairs increases (Fig. 2.13A) and decreases 

56 



as the strength of allosteric interactions that stabilize open channel pairs increases 

(Fig. 2.13B). The magnitude and range of c* values that result in sparks does not 

vary significantly as the magnitude of Ecc and Eoo increases in a balanced fashion 

(Fig. 2.13C). Regardless of how stabilizing allosteric interactions are introduced, spark 

duration and inter-spark interval are increasing and decreasing functions of c*, respec

tively. In Fig. 2.13A-C, spark duration increases and inter-spark interval decreases 

in such a manner that spark frequency at first increases but ultimately decreases as 

a function of c*. 

While similar changes of spark statistics are seen as c* increases regardless of how 

stabilizing allosteric interactions are included, qualitatively different changes are ob

served in Fig. 2.13A-C as the strength of allosteric interactions increases. Fig. 2.13A 

shows that increasing the strength of allosteric interactions that stabilize closed chan

nel pairs decreases spark duration and increases inter-spark interval. Figure 2.13B 

shows that increasing the strength of allosteric interactions that stabilize open channel 

pairs increases spark duration but has little effect on inter-spark interval. Fig. 2.13C 

shows that increasing the strength of allosteric interactions that stabilize both closed

closed and open-open channel pairs in a balanced fashion decreases inter-spark inter

val, while spark duration is largely unaffected. While in Fig. 2.13C spark frequency 

is a decreasing function of the strength of allosteric interactions, in Fig. 2.13A and B 

spark frequency may increase, decrease, or both depending on the coupling strength 

c*. Fig. 2.13A-C is qualitatively unchanged when the dimensionless background 

[Ca2+] (coo) is doubled or halved (not shown). 
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2.5 Discussion 

Although the biophysical mechanism of FK-binding protein-mediated coupling be

tween RyRs is not well-understood [Marx et al., 1998, Marx et al., 2001], several 

studies have presented Ca2+ release site models that represent physical coupling us

ing single channel transition rates that are functions of the state of other channels 

at the release site [Stern et al., 1999, Hinch, 2004, Sobie et al., 2002]. In the present 

study, physical coupling between channels is implemented using a previously intro

duced methodology [Stern et al., 1999,Duke and Bray, 1999,Duke et al., 2001] where 

transition rates are modified by state-dependent allosteric interaction energies. In 

this formalism the physical coupling of N M-state channels is specified by an M x M 

matrix of interaction energies, a N x N adjacency matrix specifying the geometry of 

allosteric couplings, and a partitioning coefficient for each transition that determines 

how the allosteric interaction energies are divided between forward and reverse rate 

constants. Although this formalism does not explicitly model the binding and un

binding of RyRs or FK-binding proteins to allosteric sites on neighboring channels, 

Fig. 2.3B-E show trajectories reminiscent of experimentally observed coupled chan

nel gating [Marx et al., 1998, Marx et al., 2001] when this methodology is used to 

represent stabilizing allosteric interactions. 

2.5.1 Allosteric coupling and calcium spark formation and 

collapse 

A significant result of this study is the observation that synchronizing allosteric in

teractions always promote Ca2+ sparks (i.e., result in a higher Score) for some value 

of the strength of Ca2+ coupling (c*), regardless of whether synchronizing allosteric 

interactions stabilize closed channel pairs, open channel pairs, or both (see Fig. 2.6 
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and Fig. 2. 7). When the strength of Ca2+ coupling is sufficiently large to preclude 

termination of simulated sparks, allosteric interactions that stabilize closed channel 

pairs can promote spark termination. Similarly, allosteric interactions that stabilize 

open channel pairs facilitate spark initiation when Ca2+ coupling is too weak to medi

ate stochastic Ca2+ excitability. Sparks are less sensitive to variations in c* when the 

strength of allosteric interactions that stabilize closed channel pairs is increased, and 

more sensitive to c* when the strength of allosteric interactions that stabilize open 

channel pairs is increased. 

2.5.2 Allosteric coupling washout, cardiac dysfunction, and 

calcium spark statistics 

A substantial body of experimental evidence demonstrates that normal cardiac func

tion requires the association of the 12.6 kDa FK506 binding protein FKBP12.6 to the 

RyR channel complex [Lehnart et al., 2004a, Lehnart et al., 2004b, Wehrens et al., 

2003, Wehrens et al., 2004]. For example, pharmacological or exercise-induced PKA 

hyperphosphorylation of RyRs has been shown to substantially dissociate FKBP12.6 

from RyRs and has been linked to increased frequency of ventricular arrhythmias 

and sudden cardiac death [Wehrens et al., 2004, Marx et al., 2000]. In addition, the 

absence of FKBP12.6 in knockout mice has been associated with increased systolic 

[Ca2+] and cardiac hypertrophy [Xin et al., 2002]. 

While the connection between FKBP12.6 depletion and cardiac dysfunction is 

not clearly established, evidence that FK-binding proteins are responsible for coupled 

gating of RyRs suggests that organ-level failure may be inherited from defects in the 

collective gating of channels leading to irregularities in the dynamics of Ca2+ sparks. 

In striated (skeletal and cardiac) and smooth muscle, both the frequency and duration 
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of spontaneous sparks increase upon knockout of genes encoding relevant FK-binding 

proteins or treatment with FK506 or rapamycin, two drugs that physically and/or 

functionally dissociate FK-binding proteins from RyRs [Xiao et al., 1997, Xin et al., 

2002,Ji et al., 2004,McCall et al., 1996,Lukyanenko et al., 1998,Van Acker et al., 2004, 

Wang et al., 2003, Yoshihara et al., 2005]. Conversely, overexpression of FKBP12.6 

has been shown to decrease spark frequency [Gomez et al., 2004]. Interestingly, these 

experimentally observed changes in spark duration and frequency are consistent with 

simulated washout of allosteric interactions that stabilize closed-closed channel pairs 

or both closed-closed and open-open channel pairs, but inconsistent with simulations 

involving the washout of allosteric interactions that stabilize only open-open channel 

pairs. While in principle these different types of allosteric coupling could leave a 

signature in the distribution of spark durations, this does not appear to be the case 

for the minimal two-state RyR model used here (Fig. 2.8). We also find that spark 

statistics are insensitive to variations in allosteric connectivity so long as average 

allosteric connectivity is unchanged (Fig. 2.9). 

2.5.3 The mean-field approximation of allosteric interactions 

The mean-field approximation formulated in this study is applicable to a cluster 

of RyRs coupled via both Ca2+ and allosteric interactions. Although this reduced 

model has a drastically contracted state space compared to full model simulations, 

the mean-field coupled RyRs exhibit Ca2+ sparks that are qualitatively similar to 

sparks of the full model (Fig. 2.12). The comparatively small state space of the 

mean-field approximation makes it a good starting point for models of global Ca2+ 

release events (i.e., oscillations and waves) and excitation-contraction coupling. 

The mean-field reduction formulated here is analogous to the 'sticky cluster' model 

60 



of Sobie et al. [Sobie et al., 2002] where the coupled gating of RyRs is represented 

by multiplying the C ---t 0 and 0 ---t C transition rates by 'cooperativity factors' (xo 

and xc) that depend on the number of open and closed channels in the cluster. For 

example, in Sobie et al. [2002] the death rates are given by Qn,n-l = nk-xc where 

[ 
Nc + 1] 

Xc = kcoop 1 + N (2.28) 

and the scaling factor kcoop sets the strength of RyR coupling. By inspecting the 

death rates presented in this chapter (Eq. 2.27), one finds that the 'cooperativity 

factor' in the mean-field model is 

X~= exp {-a* [(N- No) ccc- (No- 1) coo]}, (2.29) 

which when expressed in terms of Nc is 

X~ = exp {a* [(N- 1) coo- Nc (coo+ ccc)]}. (2.30) 

Note that Eq. 2.28 is an increasing function of Nc, consistent with Eq. 2.30 when 

coo+ ccc < 0 as in most of the simulations presented here. However, Eq. 2.30 is a 

nonlinear function of Nc (Eq. 2.28 is linear), and the scaling factor for the strength of 

allosteric coupling (a*) enters Eq. 2.30 differently than kcoop in Eq. 2.28. Furthermore, 

Xc = 1 when Nc = 0 and coo= 0 (and when No= 1 and ccc = 0) regardless of the 

strength of allosteric coupling (not so for xc in Eq. 2.28). While Eq. 2.28 has only 

one free parameter (kcoop), we would recommend using Eq. 2.30 because the three 

parameters (a*, coo, ccc) are not post-hoc additions to an N + 1 state model, but 

rather derived from the microscopic parameters of the 2N state Ca2+ release site that 

is reduced toN+ 1 states using the mean-field approximation. Equation 2.30 has the 
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additional advantage of being able to incorporate synchronizing (or desynchronizing) 

allosteric interactions that stabilize (or destabilize) closed channel pairs, open channel 

pairs, or both. 

2.5.4 Generalizing the mean-field approximation 

Although the single channel model used in this paper includes only two states (closed 

and open), the mean-field approximation can be applied to clusters of channels with 

more complicated single channel dynamics that include mechanisms suspected to 

contribute to Ca2+ spark dynamics in situ such as luminal regulation, Ca2+ -dependent 

inactivation, or adaptation [Stern and Cheng, 2004,Gyorke, 1999,Gyorke and Gyorke, 

1998]. For N M-state channels there are n-choose-k{N + M- 1, N} states in the 

mean-field approximation, each of which can be expressed as a vector of the form 

(N1 , N2 , · · • , NM) where Nm is the number of channels in state m, 1 ::; m::; M, and 

'L:':=l Nm = N. If the current state of the release site is (N1, N2, · · · , N M) and a 

channel makes ani ---+ j transition, the transition rate is NikijXij and the appropriate 

cooperativity factor is 

(2.31) 

where Vij is the previously encountered coefficient that partitions allosteric coupling 

between the forward and reverse transitions (0 ::; vij ::; 1 and Vji = 1 - vij), and 6ki 

is the Kronecker delta function defined by 

{ 

1 if 
6ki = 0 

if 

k=i 
(2.32) 

k-fi 
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2. 6 Conclusions 

This chapter clarifies how nearest-neighbor allosteric coupling and Ca2+ coupling 

simultaneously contribute to puff and spark dynamics. The model formulated in Sec

tion 2.3 includes an accurate account of channel positions but the chapter concludes 

with the derivation of a mean-field approximation that assumes indistinguishable 

channels. While the computational advantages of the mean-field approximation are 

obvious, the use of the mean-field modeling approach is further justified by results 

showing that puff/spark statistics of mean-field simulations are often in reasonable 

agreement with results obtained using the full model. All of the Markov chain models 

of Ca2+ release sites in the following chapter (Chap. 3) assume mean-field Ca2+ cou

pling between three-state channels that experience both Ca2+ activation and Ca2+ 

inactivation. The mean-field formulation facilitates parameter studies of the effects 

of the kinetics and affinity of Ca2+ inactivation on the dynamics of puff and spark 

generation and termination. 
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Chapter 3 

Calcium-Dependent Inactivation 

and the Dynamics of Calcium Puffs 

and Sparks 

3.1 Summary 

Localized intracellular Ca2+ elevations known as puffs and sparks arise from the co

operative activity of inositol 1,4,5-trisphosphate receptors (IP3Rs) and ryanodine re

.ceptors (RyRs) clustered at Ca2+ release sites on the surface of the endoplasmic 

reticulum or sarcoplasmic reticulum. When Markov chain models of these intracel

lular Ca2+ -regulated Ca2+ channels are coupled via a mathematical representation 

of a Ca2+ microdomain, simulated Ca2+ release sites may exhibit the phenomenon 

of "stochastic Ca2+ excitability" reminiscent of Ca2+ puffs and sparks where chan

nels open and close in a concerted fashion. To clarify the role of Ca2+ inactivation 

of IP3Rs and RyRs in the dynamics of puffs and sparks, we formulate and analyze 

Markov chain models of Ca2+ release sites composed of 10-40 three-state intracellu-
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lar Ca2+ channels that are inactivated as well as activated by Ca2+. We study how 

the statistics of simulated puffs and sparks depend on the kinetics and dissociation 

constant of Ca2+ inactivation, and find that puffs and sparks are often less sensitive 

to variations in the number of channels at release sites and strength of coupling via 

local [Ca2+] when the average fraction of inactivated channels is significant. Inter

estingly, we observe that the single channel kinetics of Ca2+ inactivation influences 

the thermodynamic entropy production rate of Markov chain models of puffs and 

sparks. While excessively fast Ca2+ inactivation can preclude puffs and sparks, mod

erately fast Ca2+ inactivation often leads to time-irreversible puffs and sparks whose 

termination is facilitated by the recruitment of inactivated channels throughout the 

duration of the puff/spark event. On the other hand, Ca2+ inactivation may be an 

important negative feedback mechanism even when its time constant is much greater 

than the duration of puffs and sparks. In fact, slow Ca2+ inactivation can lead to 

release sites with a substantial fraction of inactivated channels that exhibit puffs and 

sparks that are nearly time-reversible and terminate without additional recruitment 

of inactivated channels. 

3.2 Introduction 

In eukaryotes, release of Ca2+ from intracellular stores is often mediated by inosi

tol 1,4,5-trisphosphate receptors (IP3Rs) or ryanodine receptors (RyRs) located on 

the endoplasmic (ER) or sacroplasmic reticulum (SR) membranes. Because both 

IP3Rs and RyRs are activated by cytosolic Ca2+, a small increase in the [Ca2+] near 

these channels may promote the further release of intracellular Ca2+, a phenomenon 

known as Ca2+-induced Ca2+ release [Bers, 2002]. The dynamics of Ca2+ release is 

complicated by the fact that both RyRs and IP3 Rs are often co-localized at Ca2+ 
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release sites. For example, in the cortical regions (approximately 6 11m below the 

plasma membrane) of immature Xenopus oocytes, IP3Rs occur in clusters of 5-50 

with inter-cluster spacing on the order of a few microns [Sun et al., 1998]. IP3 Rs are 

also clustered on the surface of the outer nuclear membrane of Xenopus oocytes [Mak 

and Foskett, 1997]. Similarly, RyRs are assembled into paracrystaline arrays of up to 

100 channels in skeletal and cardiac myocytes [Franzini-Armstrong et al., 1999b]. 

The clustering of IP3Rs and RyRs results in three distinct modes of Ca2+ mobi

lization that have been observed via confocal microfiuorimetry in oocytes, cardiomy

ocytes, and many other cell types: 1) localized Ca2+ elevations due to the activation 

of a single channel that are referred to as Ca2+ blips or quarks depending on whether 

the events are mediated by an IP3R or RyR [Niggli, 1999,Niggli and Shirokova, 2007], 

2) Ca2+ elevations due to the activation of multiple IP3Rs or RyRs at a single Ca2+ re

lease site known as Ca2+ puffs and sparks [Cheng et al., 1993,Cannell et al., 1995,Yao 

et al., 1995, Parker et al., 1996b], and 3) global Ca2+ elevations such as oscillations 

and waves that involve multiple release sites [Cheng et al., 1996]. These three modes 

of Ca2+ release have been dubbed fundamental, elementary, and global responses, 

respectively [Berridge, 1997, Berridge, 2006]. 

Although there is agreement that puffs and sparks arise due to the cooperative 

gating of Ca2+ -regulated Ca2+ channels coupled via the 'landscape' of local [Ca2+] 

(i.e., the so-called Ca2+ microdomain) [Augustine et al., 2003], the mechanism by 

which puffs and sparks terminate is not well-understood. Experimentally observed 

puffs and sparks endure 10-200 ms [Cheng et al., 1993, Niggli and Shirokova, 2007]. 

Given the autocatalytic and regenerative nature of Ca2+ -induced Ca2+ release, these 

short event durations suggest that puff/spark termination is facilitated by a robust 

negative feedback mechanism. Because puffs and sparks involve a finite number of 

channels, there is always a chance that termination is due to the simultaneous de-

66 



activation of all channels at a release site, a phenomenon referred to as stochastic 

attrition in the cardiac myocyte literature [Stern and Cheng, 2004, DeRemigio and 

Smith, 2005]. Other possible negative feedback mechanisms that may contribute to 

puff and spark termination include: 1) direct allosteric coupling between neighboring 

intracellular channels, 2) depletion of luminal Ca2+ resulting in a diminished driving 

force for Ca2+ release [Huertas and Smith, 2007], and 3) Ca2+ -dependent or activity

dependent inactivation of channels (for review see [Stern and Cheng, 2004,Fill, 2002]). 

Although Ca2+ -dependent inactivation has been repeatedly observed in single-channel 

recordings of IP3Rs and RyRs, the affinity and rate of Ca2+ inactivation depends on 

receptor subtype [Fabiato, 1985,Bezprozvanny et al., 1991,Bezprozvanny and Ehrlich, 

1994,Gyorke and Fill, 1993,Lukyanenko et al., 1998,Hagar et al., 1998,Moraru et al., 

1999, Fill, 2002, Stern and Cheng, 2004], and it remains unclear whether Ca2+ inac

tivation provides sufficient negative feedback to facilitate puff/spark termination in 

vzvo. 

When Markov chain models of these intracellular Ca2+ -regulated Ca2+ channels 

are coupled via a mathematical representation of a Ca2+ microdomain, simulated 

Ca 2+ release sites may exhibit the phenomenon of "stochastic Ca2+ excitability" 

where channels open and close in a concerted fashion reminiscent of Ca2+ puffs and 

sparks [Hinch, 2004, Mazzag et al., 2005, DeRemigio and Smith, 2005, Nguyen et al., 

2005, Rengifo et al., 2002, Rfos and Stern, 1997, Shuai and Jung, 2002a, Shuai and 

Jung, 2002b, Stern et al., 1999, Swillens et al., 1998, Swillens et al., 1999, Diambra 

and Guisoni, 2005, Groff and Smith, 2007a, Groff and Smith, 2007b]. Such theoretical 

studies have helped clarify the factors that contribute to the generation and termina

tion of Ca2+ puffs and sparks. For example, puff/spark initiation requires significant 

inter-channel communication, that is, low density Ca2+ release sites exhibit a low ratio 

of elementary to fundamental events [Swillens et al., 1999,Nguyen et al., 2005]. Other 
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studies have demonstrated that depletion of luminal Ca2+ promotes the termination 

of puffs and sparks so long as the luminal refilling rate is sufficiently slow compared 

to channel kinetics [Huertas and Smith, 2007]. The presence of puffs and sparks 

can also be promoted by synchronizing nearest-neighbor allosteric interactions [Stern 

et al., 1999, Groff and Smith, 2007a, Groff and Smith, 2007b]. Some single channel 

models that include Ca2+ inactivition as well as Ca2+ activation are not particularly 

sensitive to the density or position of channels at simulated Ca2+ release sites, so 

long as the requirement for inter-channel communication is satisfied, while others are 

unable to generate robust puff/sparks regardless of channel density [Nguyen et al., 

2005, DeRemigio et al., 2007, DeRemigio and Smith, 2007]. Puffs and sparks exhib

ited by coupled Ca2+ channels that include Ca2+ inactivation can often be eliminated 

by modifying the corresponding association and dissociation rate constants [Nguyen 

et al., 2005]. 

To clarify the role of Ca2+ inactivation of IP3Rs and RyRs in the dynamics of 

puffs and sparks, we here formulate and analyze Markov chain models of Ca2+ release 

sites composed of 10-40 three-state intracellular Ca2+ channels that are inactivated 

as well as activated by Ca2+ (Section 3.3). We study how the statistics of simulated 

puffs and sparks (e.g., the distribution of event durations) depend on the kinetics and 

dissociation constant of Ca2+ inactivation, the number of channels, and the degree of 

inter-channel communication mediated by local [Ca2+] (Sections 3.4.1-3.4.5). We also 

explore how Ca2+ inactivation can play multiple functional roles in the generation 

and termination of puffs and sparks that have distinct signatures in the distribution 

of event durations (Section 3.4.6). 
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3.3 Model formulation 

3.3.1 A three-state channel model with calcium activation 

and calcium inactivation 

The stochastic gating of intracellular channels is often modeled using continuous-time 

Markov chains (for review see [Colquhoun and Hawkes, 1995, Smith, 2002]). The 

three-state single channel model that is the focus of this chapter is both activated 

and inactivated by Ca2+, 

C (closed) ~ 0 (open) 

k-
a 

I (inactivated) (3.1) 

where kt c6o, k;;, kb ( c00 + cd)"', and kf: are transition rates with units of time-1
, kt 

and kb are association rate constants with units of conc-'17 time- 1 , and c00 is a fixed 

background [Ca2+]. For simplicity we assume that the cooperativity of Ca2+ binding, 

TJ, is the same for the activation and inactivation process. Because the 0 ---+ I 

transition occurs when the channel is open and conducting Ca2+, we write the [Ca2+] 

determining the rate of this transtion as c00 + cd where cd is the 'domain [Ca2+],' the 

self-induced increase in local [Ca2+] experienced by the channel when open. When c00 

and cd are specified, Eq. 3.1 defines a discrete-state continuous-time stochastic process 

S(t) E {C, O,I} with infinitesimal generator or Q-matrix given by [Colquhoun and 
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Hawkes, 1995, Norris, 1997] 

0 

(3.2) 

0 

where the off-diagonal elements are transition rates 

_ 
1
. P{S (t + ~t) = JIS(t) = i} 

Qij - Im ;\ 
~t--->0 ut 

(i =I j) 

and the diagonal elements ensure that the rows sum to zero, Lj Qij = 0. 

We denote the stationary or time-independent probability of being in state i as 

1ri and the stationary probability distribution as a vector 7r = (7rc, 1r0 , 7ri)· The 

stationary distribution satisfies both conservation of probability and global balance. 

That is, Li 1ri = 1 and the probability fluxes into and out of each state are equal, 

(3.3) 

These conditions can be written compactly as 

TrQ = 0 subject to Tre = 1 (3.4) 

where e is a commensurate column vector of ones. Thus, for the three-state single 

channel model (Eq. 3.1), 7rc + 7ro + 7ri = 1 and 

7ro = zo/D, 7rc = zc/ D, (3.5) 
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Figure 3.1: (A) The steady-state open (n0 , solid line), closed (nc, dashed line), 
and inactivated ( nz, dashed-dotted line) probabilities of the three-state single channel 
model as a function of the background [Ca2+] (coo) in the absence of elevated domain 
[Ca2+] (cd = 0 JLM, Tf = 2, kt = 1.5 JLM-TJ ms-1

, kb = 0.015 JLM-TJ ms-1
, k;; = 0.5 

ms-1 , and ki; = 0.005 ms-1 ). (B) no as a function of c00 when the dissociation 
constant of Ca2+ inactivation is Kb = 0.58 (solid line), 1. 73 (dashed line), 5.8 (dashed
dotted line) JLM, and as Kb---+ oo (dotted line). (C) n0 when the domain [Ca2+] is 
cd = 0 (solid line) versus cd = 0.5 JLM (dashed line). 

If we assume that the channel is not conducting Ca2+ (cd = 0), these expressions 

simplify to z0 = K~c6o, zc = K:l,K~, and Zz = c~ where Ka and Kb are dissociation 

constants of Ca2+ activation and Ca2+ inactivation respectively given by K"/ = ki /kt 

where i E {a,b}. 

Figure 3.1A shows the steady-state closed (nc), open (no), and inactivated (nr) 

probabilities as a function of the background [Ca2+] (coo) when cd = 0. Notice 

that while nc and nx are monotonically decreasing and increasing functions of c00 , 

respectively, the open probability n0 is 'bell-shaped.' That is, over a range of C00 , 

no is elevated, but because the three-state channel model includes Ca2+ inactivation 

in addition to Ca2+ activation, no ---+ 0 as c00 ---+ oo. Figure 3.1B shows that the 

maximum n 0 (and the range of c00 leading to elevated no) increases as the dissociation 

constant of Ca2+ inactivation (Kb) increases. As Kb ---+ oo, Ca2+ inactivation no longer 
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occurs at physiological Ca 2+ concentrations, and 7r 0 is a monotonically increasing 

function of c00 (dotted line). Figure 3.1C shows that when the domain [Ca2+] is 

increased from cd = 0 to 0.5 J.LM, the steady state open probability 7ro decreases for 

all values of c00 (compare dashed and solid lines). 

3.3.2 Instantaneously coupled three-state channels 

The Ca 2+ release site model that is the focus of this chapter simulates N identical 

three-state channels defined by Eqs. 3.1 and 3.2 interacting via changes in local [Ca2+] 

under the assumption of "instantaneous mean-field coupling" [Nguyen et al., 2005, 

DeRemigio and Smith, 2005]. For example, when two identical three-state channels 

are coupled in this fashion, we write c* to indicate the increase in [Ca2+] experienced 

by the Ca 2+ regulatory site of channel 1 when channel 2 is open and vice versa. 

Because this parameter can be calculated from the source amplitude of open channels 

and the inter-channel distance using well-known equations for the buffered diffusion 

of Ca2+ [Nguyen et al., 2005, Smith et al., 2001, Naraghi and Neher, 1997], we refer 

to c* as the 'strength of Ca2+ coupling' or the 'coupling strength.' 

Assuming the dwell times of the single channel model are long compared to the 

time scale of local [Ca2+] changes (i.e., effectively instantaneous interactions), the 
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state-transition diagram for two coupled three-state channels is given by 

(2,0,0) 

k;; H 

(1, 1, 0) (1, 0, 1) 

2k;; H H 

(0, 2, 0) (0, 1, 1) (0, 0, 2) 

(3.6) 

where the six distinguishable configurations-(2, 0, 0), (1, 1, 0), (1, 0, 1), (0, 2, 0), (0, 1, 1), 

and (0, 0, 2)-are denoted by three digit numbers indicating the number of channels 

in the closed, open, and inactivated states (Nc, N0 , Nr). The generator matrix Q 

corresponding to Eq. 3.6 is 

0 2k;tc~ 0 0 0 0 

k;; 0 kt (coo + cd)'l k;t (coo+ c.)'l 0 0 

Q= 
0 k- 0 0 k;tc~ 0 

(3.7) b 

0 2k;; 0 0 2kt (Coo+ c.+ cd)'l 0 

0 0 k;; k-
b 0 kt (coo+ cd)'l 

0 0 0 0 2ki; 0 

where the diagonal elements ( o) are selected to ensure the rows sum to zero. Note 

that when a channel makes a C --+ 0 transition while the other channel is open, the 

Ca2+ coupling strength (c*) is added to the background [Ca2+] (coo) and this sum is 

used in a transition rate. Similarly, when a channel makes 0 --+ I transitions, the 

domain [Ca2+] (cd) is used, and c* may or may not be added depending on the state 

of the other channel. The factors of 2 in Eq. 3.6 and 3. 7 are combinatorial coefficients; 

for example, Q[(2, 0, 0), (1, 1, 0)] = 2k;tc6o because the (2, 0, 0) --+ (1, 1, 0) transition 

occurs when either one of the two channels makes a C--+ 0 state change. 
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Equations similar to 3.6 and 3. 7 can be written to construct a Ca2+ release site 

model that includes an arbitrary number N of stochastically gating three-state chan

nels. Such a model has (N + 2) (N + 1) /2 configurations that may be enumerated 

anti-lexicographically as 

(N, 0, 0), (N- 1, 1, 0), ... , (0, 1, N- 1), (0, 0, N) (3.8) 

where each configuration takes the form (Nc, N0 , Nz) where 0:::; Nc :::; N, 0:::; N0 ~ 

N, 0:::; Nz:::; N, and Nc+ No+Nz = N. Consistent with prior work investigating the 

validity of different formulations of mean-field coupling, we assume the local [Ca2+] 

experienced by each channel is given by c00 + N0 c* when closed (state C or T) and 

c00 + cd + (No - 1)c* when open (state 0) That is, we couple the channels in a 

manner that maintains a distinction between each channel's substantial influence on 

its own stochastic gating ( cd) and the collective contribution of elevated [Ca2+] from 

neighboring channels (which is proportional to c*) [Nguyen et al., 2005,DeRemigio and 

Smith, 2005]. For a release site composed of N channels, the nonnegative elements 

of a generator matrix analogous to Eq. 3. 7 are thus given by 

Q[(Nc, No, Nz), (Nc- 1, No+ 1, Nz)] =Nckd (coo+ Noc*)"' 

Q[(Nc, No, Nz), (Nc + 1, No- 1, Nz)] =Nok;; 

Q[(Nc, No, Nz), (Nc, No- 1, Nz + 1)] =Nokt (coo+ cd +(No- 1) c*f' 

Q[(Nc, No, Nz), (Nc, No+ 1, Nz- 1)] =Nzk"b 

(3.9a) 

(3.9b) 

(3.9c) 

(3.9d) 

where it is understood that the origin and destination configurations of the release 

site must both be valid, i.e., they must both occur in Eq. 3.8. For example, Eq. 3.9a 

corresponds to a valid release site configuration change when 1 :::; Nc :::; N, 0 :::; 
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No :S N- 1, and Nr = N- Nc -No. When Eqs. 3.9b-3.9d are interpreted in an 

analogous manner, Eq. 3.9 defines a square matrix of size (N + 2) (N + 1) /2 that is 

the Q matrix for a Ca 2+ release site model within the scope of this study. Note that 

model includes 9 parameters: the single channel kinetic parameters ( kd, k;;, kt, ki;), 

the cooperativity of Ca2+ binding (TJ), the background [Ca2+] (c=), the domain [Ca2+] 

( cd), the coupling strength ( c*), and the number of channels at the release site ( N). 

Simulations are performed using Gillespie's algorithm (see Section 4.2), a numerical 

method with no intrinsic time step [Gillespie, 1976, Smith, 2002, Nguyen et al., 2005]. 

3.4 Results 

3.4.1 Calcium release site models with low affinity calcium 

inactivation exhibit stochastic calcium excitability 

Using the model formalism described in Section 3.3, Fig. 3.2A shows a Ca2+ release 

site simulation with 20 three-state channels. The number of open (N0 , black line) and 

inactivated ( Nr, red line) channels at the release site are shown as functions of time, 

and the number of closed channels is given by Nc = N- N0 - Nr. For significant 

periods of time few channels are open (No < 5), but occasionally a large number 

of channels open simultaneously (No approaches 20). This dynamical behavior is 

referred to here as "stochastic Ca2+ excitability" and is reminiscent of Ca2+ puffs and 

sparks. 

While the red line in Fig. 3.2A shows that some channels make 0 --+ I tran

sitions during these puff/spark events, the dissociation constant Ca2+ inactivation 

(Kb = ki; / kt = 5.8 t-tM) is sufficiently high-i.e., the affinity Ca2+ inactivation is 

sufficiently low-to preclude the accumulation of channels in the inactivated state 
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Figure 3.2: (A) Ca2+ release site simulation with 20 three-state channels exhibits 
stochastic Ca2+ excitability reminiscent of puffs and sparks. The number of open 
(N0 , black line) and inactivated (Nr, red line) channels are plotted as a function of 
time. The dissociation constant Ca2+ inactivation is sufficiently high to preclude the 
accumulation of channels in the inactivated state (Nr < 5, see text). The right panel 
shows the probability distribution of the number of open channels ( N 0 ) at the release 
site and the puff/spark Score defined in Eq. 2.19. Parameters: kd = 1.5 J.tM-11 ms-1 , 

kb = 0.015 J.lM- 11 ms-1
, k;; = 0.5 ms-1

, k"b = 0.5 ms-1
, C00 = 0.05 J.lM, ca = 0.5 J.lM, 

c* = 0.06 J.lM, and ry = 2. (B,C) Puff/sparks are eliminated when the Ca2+ coupling 
strength is decreased to c* = 0.045 J.lM (B) or increased to c* = 0.075 J.lM (C). 

(Nr < 5). Because direct allosteric coupling between neighboring intracellular chan

nels and depletion of luminal Ca2+ are not included in the Ca2+ release site model, 

and there is no significant negative feedback due to Ca2+ -dependent inactivation of 

channels, we conclude that puff/spark termination in Fig. 3.2A is primarily due to 
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stochastic attrition, that is, the coincident de-activation of all channels at the release 

site [Stern, 1992b, Stern and Cheng, 2004, DeRemigio and Smith, 2005]. 

Figure 3.2B and C show that the stochastic Ca2+ excitability observed in Fig. 3.2A 

is sensitive to the strength of Ca2+ coupling at the simulated release site. When the 

coupling strength is reduced from c* = 0.06 f,LM in Fig. 3.2A to c* = 0.045 f,LM in 

Fig. 3.2B, Ca2+ puff/sparks fail to initiate. When the coupling strength is increased 

to c* = 0.075 fLM in Fig. 3.2C, puff/sparks are less likely to terminate via stochastic 

attrition and the majority of channels at the release site are open (No > 10) for 

unrealistically long periods. 

The gray histograms in Fig. 3.2 show the probability distribution of the number 

of open channels (No) for these three Ca2+ release site simulations (the distributions 

are directly calculated from the Q matrix as described Section 4.3). Note that the 

release site simulation exhibiting robust stochastic Ca2+ excitability (Fig. 3.2A) leads 

to a distribution in which the number of open channels has low expectation (E [N0 ]) 

but high variance (Var [N0 ]). This suggests the index of dispersion of the fraction of 

open channels (! o = No/ N) defined by 

S 
_ Var [fo] _ 2_ Var [No] 

core- E [fo] - N E [No] (3.10) 

as a response measure to indicate the presence or absence of stochastic Ca2+ ex-

citability in Monte Carlo simulations [Nguyen et al., 2005]. The Score takes values 

between 0 and 1 with values greater than approximately 0.25 indicating puff/sparks. 

For example, the simulation shown in Fig. 3.2A has a high Score of 0.44, while the 

simulations shown in Fig. 3.2B and C have low Scores of 0.12 and 0.07, respectively, 

because Var [fo] is too low in Band E [fo] is too high in C. 
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Figure 3.3: High affinity Ca2+ inactivation can facilitate puff/spark termination in 
two distinct ways. (A) Ca2+ release site simulation with 20 three-state channels 
showing puff/spark termination facilitated by the recruitment of inactivated channels 
during puff/spark events (kt = 0.015 J.LM-77 ms- 1, k[; = 0.0087 ms-1 , Kb = 0.58 J.LM). 
Other parameters as in Fig. 3.2C. The left panel shows the number of open (N0 , black 
line) and inactivated (Nr, red line) channels. The right panel shows the steady-state 
probability of the 231 release site configurations (Nc,No,Nr), where it is understood 
that Nc = 20- N0 - Nr. (B). When the kinetics of Ca2+ inactivation is reduced ten 
fold (kt = 0.0015 J.LM- 71 ms-1 and kt; = 0.00087 ms- 1) without changing the affinity 
of Ca2+ inactivation or the coupling strength, the number of inactivated channels 
(Nr) is nearly constant and puff/sparks terminate without additional recruitment if 
inactivated channels. 

3.4.2 High affinity calcium inactivation facilitates puff ter-

mination 

While Fig. 3.2 demonstrated that Ca2+ release site simulations with low affinity Ca2+ 

inactivation may exhibit puff/sparks that terminate primarily due to stochastic at

trition, Fig. 3.3 shows that high affinity Ca2+ inactivation facilitates puff/spark ter-

mination when stochastic attrition alone is insufficient to allow robust termination. 
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Recall that in Fig. 3.2C the coupling strength was sufficiently strong that puff/sparks 

did not often terminate via stochastic attrition and this resulted in a low Score of 

0.07. When this simulation is repeated in Fig. 3.3A using channels with high affinity 

Ca2+ inactivation-that is, Kb is reduced from 5.8 to 0.58 f.LM-robust puff/sparks 

are now observed (Score= 0.35). In this case, the number inactivated channels (Nx) 

increases during each puff/spark event, and between puff/spark events the number of 

inactivated channels decreases. This accumulation of inactivated channels throughout 

the duration of each puff/spark event appears to contribute to puff/spark termina

tion, because the number of inactivated channels is usually greater than average 

(Nx > E[Nx] = 4.3) at the end of puff/spark events. The range of the fluctuations in 

the number of inactivated channels (2 ~ Nx ~ 8) can be observed in the stochastic 

trajectories as well as the joint probability distribution for (Nx, No) shown in the 

right panel of Fig. 3.3A. 

Fig. 3.3B demonstrates that high affinity Ca2+ inactivation (Kb = 0.58 f.LM) may 

facilitate puff/spark termination even when the kinetics of inactivation are ten-fold 

slower than that used in Fig. 3.3A (both kt and kl; are reduced so that Kb is un

changed). Interestingly, puff/spark termination in Fig. 3.3B does not appear to be 

due to the recruitment of inactivated channels throughout the duration of puff/spark 

events, because the fraction of inactivated channels is relatively constant (red line). 

Although the number of inactivated channels does not increase during puff/spark 

events, the 'sequestering' of approximately 5 channels into the inactivated state re

sults in a reduced number of de-inactivated channels (states 0 and C) that participate 

in each puff/spark event, thereby facilitating termination via stochastic attrition (i.e., 

nearly simultaneous 0 ---+ C transitions). 

Comparison of Fig. 3.3A and B suggests that high affinity Ca2+ inactivation may 

facilitate puff/spark termination in two distinct ways depending on the rate of Ca2+ 
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Figure 3.4: The entropy production rate (t:p) and representative puff/sparks from 
Ca2+ release site simulations shown in Fig. 3.3A (A), Fig. 3.3B (B), and Fig. 3.2A 
(C). (A) An elevated Score and Ep indicates that puff/spark termination is facilitated 
by the accumulation of channels in the inactivated state during puff/spark events. 
(B and C) An elevated Score and a low Ep indicates that puff termination occurs 
due to stochastic attrition although a fraction of channels may be sequestered in the 
inactivated state (B) facilitating stochastic attrition. Each panel expands 100 ms of 
the corresponding simulation showing detail of the puff/sparks beginning at arrows. 

inactivation. While the expected number of inactivated channels is similar in both 

simulations (E[Nr] = 4.3 and 4.7, respectively), the variance of the number of inacti

vated channels is smaller when high affinity Ca2+ inactivation is slow (Var[Nr] = 3.7 

in A and 1.2 in B). The robust puff/sparks observed in Fig. 3.3B suggest that Ca2+ 

inactivation may be an important negative feedback mechanism even when its time 

constant is much greater than the duration of puffs and sparks. 

3.4.3 Thermodynamically irreversible and nearly reversible 

puff and spark dynamics 

Fig. 3.3 showed that Ca2+ inactivation may facilitate puff/spark termination in two 

distinct manners depending on the kinetics of Ca2+ inactivation. To clarify the dif

ference between these two types of stochastic Ca2+ excitability, Fig. 3.4A expands a 
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puff/spark event from Fig. 3.3A where puff/spark termination is facilitated by the 

recruitment of inactivated channels. During this puff/spark, the number of open 

channels (No) first increases rapidly and then slowly declines as the number of in-

activated channels increases from NI = 2 to 8. This asymmetry in the trajectories 

for N0 and NI suggests that the dynamics of this Ca2+ release site model is time

irreversible, that is, the stationary probability distribution 1r of the Markov chain 

model Q = (qij) satisfies global balance (Eqs. 3.3-3.4) but does not satisfy detailed 

balance, 

(3.11) 

This can be confirmed by calculating the thermodynamic entropy production rate 

[Jiang et al., 2004], 

(3.12) 

a response measure that quantifies the extent to which detailed balance is not satisfied. 

Note that the entropy production rate is a non-negative quantity and Ep = 0 indicates 

time-reversibility. For the puff/sparks of Figs. 3.3A and 3.4A, the entropy production 

rate is Ep = 0.17 bits ms-1 . 

Fig. 3.4B expands a puff/spark of Fig. 3.3B for which a relatively constant number 

of inactivated channels potentiates puff/spark termination via stochastic attrition. 

In contrast to Fig. 3.4A, the shape of the trajectories for No and NI do not clearly 

indicate the Markov chain is time-irreversible. Indeed, the entropy production rate 

for Figs. 3.3B and 3.4B is Ep = 0.02 bits ms-1 , over 8-fold smaller than Figs. 3.3A 

and 3.4A. 

Figure 3.4A and B suggest that the entropy production rate Ep can be used in 
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combination with the Score to determine if Markov chain models of Ca2+ release 

sites exhibit puff/sparks that terminate due to the recruitment of inactivated channels 

(resulting in relatively high Ep) or via stochastic attrition (resulting in relatively low 

Ep)· To give another example, Fig. 3.4C expands a puff/spark of Fig. 3.2A where Ca2+ 

inactivation was low affinity and the number of inactivated channels was consistently 

small (NI < 3). In this case, the low entropy production rate of Ep = 0.03 bits 

ms-1 for Figs. 3.2A and 3.4C indicates nearly time-reversible dynamics, consistent 

with puff/sparks that terminate via stochastic attrition without the recruitment of 

inactivated channels. 

3.4.4 Calcium inactivation and the sensitivity of puffs and 

sparks to variations in the strength of calcium coupling 

While Fig. 3.3 showed that high affinity Ca2+ inactivation can contribute to the 

dynamics of puff/spark termination in two distinct manners, Fig. 3.4 showed how 

the entropy production rate (Ep) can be used to distinguish between these two types 

of stochastic Ca2+ excitability. To further clarify the role of Ca2+ inactivation in 

puff/spark dynamics, Fig. 3.5 shows the Score and entropy production rate Ep for a 

release site composed of 20 three-state channels as a function of the strength of Ca2+ 

coupling (c*) and the dissociation constant of Ca2+ inactivation (Kb) for three different 

rates of Ca2+ inactivation (kt). For clarity, the results are plotted as a function of 

the relative dissociation constant for Ca2+ inactivation compared to Ca2+ activation 

(Krei = Kb/ Ka) and the corresponding relative inactivation rate (k!1 = kb jk"");). Note 

that the Score is shown only when robust puff/sparks are 'observed (Score > 0.25). 

The dashed lines are isoclines corresponding to an entropy production rate of Ep = 0.1 

bits ms-1 (a value that discriminates between the low and high values observed in 
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Fig. 3.4), while the arrows indicate the direction of increasing Ep. 

When the rate of Ca2+ inactivation is ten-fold slower than Ca2+ activation (k~1 = 

0.1 in Fig. 3.5A), puff/sparks are observed when the affinity of Ca2+ inactivation is 

sufficiently low (Krel > 2) and the Ca2+ coupling strength (c*) is in a narrow range. 

Conversely, when the rate of inactivation is 100-fold slower than activation ( k~1 = 0.01 

in Fig. 3.5B), puff/sparks are seen over a broad range of Krel and c*, and for some 

values of the relative dissociation constant for Ca2+ inactivation (Krei) puff/sparks 

become significantly less sensitive to the Ca2+ coupling strength (c*). Interestingly, 

in Fig. 3.5B most of the region of elevated Score has an elevated entropy production 

rate (Ep > 0.1 bits ms-1), indicating that these puff/sparks are time-irreversible. For 

example, the cross in Fig. 3.5B corresponds to parameters used in Fig. 3.3A where 

puff/spark termination is facilitated by an increase in the number of inactivated 

channels during puff/spark events. 

When the rate of Ca2+ inactivation is 1000-fold slower than Ca2+ activation (k~1 = 

0.001 in Fig. 3.5C), puff/sparks are also observed over a large region of the (c*, Kre1)

plane. However, most of the region of elevated Score has a low entropy production 

rate (Ep < 0.1 bits ms-1 ), indicating that these puff/sparks are nearly time-reversible. 

For example, the cross in Fig. 3.5C corresponds to parameters used in Fig. 3.3C where 

puff/sparks occur on a constant background of inactivated channels. 

All three panels of Fig. 3.5 show that when the affinity of Ca2+ inactivation is suf

ficiently low, puff/spark dynamics are nearly identical to corresponding calculations 

using a two-state model that lacks the inactivated state (Krel = oo). For example, 

the asterisks in Fig. 3.3B at Krel = 10 correspond to the three simulations in Fig. 3.2 

where low affinity Ca2+ inactivation is largely inconsequential to the dynamics of 

Ca2+ puff/sparks. 

Taken as a whole, Fig. 3.5 demonstrates that high affinity Ca2+ inactivation can 
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Figure 3.5: The Ca2+ puff/spark Score of Ca2+ release site simulations with 20 
three-state channels as a function of the Ca2+ coupling strength (c*) and the relative 
dissociation constant of Ca2+ inactivation (Krel = Kb/ Ka) for three values of the 
relative Ca2+ inactivation rate (A, k~1 = kt /kt = 0.1; B, k~1 = 0.01; C, k~1 = 0.001). 
Other parameters as in Fig. 3.2. For clarifty, the Score is shown only when robust 
puff/sparks are observed (Score > 0.25). Dashed lines are isoclines where t:p = 0.1 
bits ms-1 and arrows indicate the direction of increasing t:p. The three asterisks in 
(B) show parameters used in Fig. 3.2A-C. Crosses in (B) and (C) show parameters 
used in Fig. 3.3A and B, respectively. 

reduce the sensitivity of puff/sparks to variation in the Ca2+ coupling strength (c*) 

as long as the rate of inactivation is sufficiently slow (panels B and C). While exces

sively fast Ca2+ inactivation can preclude puffs and sparks (Fig. 3.5A), moderately 

fast Ca2+ inactivation often leads to time-irreversible puff/sparks whose termination 

is facilitated by the recruitment of inactivated channels throughout the duration of 

the puff/spark event (Fig. 3.5B). However, even slow Ca2+ inactivation can be an im

portant negative feedback mechanism leading to nearly time-reversible puff/ sparks 

that terminate without pulsatile recruitment of inactivated channels during each 

puff/spark (Fig. 3.5B). In both cases, the presence of high affinity Ca2+ inactivation 

greatly extends the range of Ca2+ coupling strengths that leads to robust puff/sparks 

and elevated Score (Fig. 3.5B and C). 
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Figure 3.6: The Ca2+ puff/spark Score of Ca2+ release site simulations as a function of 
the Ca2+ coupling strength (c*) and the number of three-state channels at the release 
site (N) for several values of the relative dissociation constant of Ca2+ inactivation 
(A, Krel = Kb/ Ka = 10; B and C, Krel = 1) and the relative Ca2+ inactivation 
rate (A and B, k~1 = kt /k"d = 0.01; C, k~1 = 0.001). Other parameters as in 
Fig. 3.2. As in Fig. 3.5, the Score is shown only when robust puff/sparks are observed 
(Score > 0.25), dashed lines are isoclines where Ep = 0.1 bits ms-1, and arrows 
indicate the direction of increasing Ep. 

3.4.5 Calcium inactivation and the sensitivity of puffs and 

sparks to the number of channels at release sites 

Figure 3.6 shows the puff/spark Score and entropy production rate Ep as a function 

of the strength of Ca2+ coupling (c*) and the number of channels at a release site 

(N). As in Fig. 3.5, the Score is shown only when robust puff/sparks are observed 

(Score > 0.25), dashed lines indicate Ep = 0.1 bits ms-I, and arrows point in the 

direCtion of increasing Ep. 

Figure 3.6A shows that when the dissociation constant for Ca2+ inactivation is 

ten times larger than that of Ca2+ activation (Krel = 10) and the relative rate of in

activation is moderate (k~1 = 0.01), puff/sparks are observed over a range of coupling 
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strengths (c*) for any fixed number of channels (N). Because Ca2+ inactivation is low 

affinity (high Krei), most of the region of elevated Score has a low entropy production 

rate ( Ep < 0.1 bits ms-1
) indicating nearly time-reversible puff/sparks that terminate 

via stochastic attrition. As N increases, puff/sparks are observed for an increasingly 

narrow range of c*. The optimal coupling strength-the value of c* that results in 

the highest Score-is a decreasing function of N. 

When the affinity of Ca2+ inactivation is equal to that of Ca2+ activation (Krel = 1 

in Fig. 3.6B), puff/sparks are observed over a broader range of c* for all N (cf. Fig. 3.6A). 

Because Ca2+ inactivation is high affinity (low Krei), puff/sparks exhibit an elevated 

entropy production rate ( Ep > 0.1 bits ms- 1) indicating time-irreversible puff/sparks 

that terminate via recruitment of inactivated channels. 

Figure 3.6C repeats the parameter study of Fig. 3.6B using same affinity for Ca2+ 

inactivation but slower kinetics (Krel = 1 and k~1 = 0.001). This high affinity (but 

slow) Ca 2+ inactivation dramatically increases the range of coupling strengths ( c*) 

that lead to puff/sparks regardless of the number of channels at the release site (N). 

However, in this case the region of elevated Score has a low entropy production rate 

( Ep < 0.1 bits ms-1) indicating nearly time-reverisible puff/sparks that terminate 

without pulsatile recruitment of inactivated channels. 

Because it may be counter-intuitive that slow Ca2+ inactivation can dramati

cally increase the range of c* and N leading to robust puff/sparks, Fig. 3. 7 A shows 

simulations of release sites composed of N = 20, 30 or 40 channels with fixed cou

pling strength (c* = 0.07 11M) and slow, high-affinity Ca2+ inactivation (Krel = 1, 

k~1 = 0.001 as in Fig. 3.6C). Notice that as the number of channels (N) at the release 

site increases, an increasing fraction of channels are sequestered in the inactivated 

state during simulations leaving a relatively constant number of de-inactivated chan

nels ( 0 or C) to participate in puff/sparks. Consequently, the puff/sparks of Fig. 3. 7 A 
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Figure 3.7: (A) Ca2+ release site simulations using N = 20, 30, or 40 three-state 
channels with Ca2+ -dependent inactivation (Eq. 3.1). The number of open ( N 0 , 

black line) and inactivated ( Nx, red line) channels are shown as a function of time. 
Parameters as in Fig. 3.2 except c* = 0.07 j.tM, Krel = 1 and k!1 = 0.001 (B) Release 
site simulations similar to (A) except the single channel model used includes Ca2+
independent (i.e., activity-dependent) inactivation (Eq. 3.13). Parameters as in (A) 
except k: = 0.0015 ms-1 and kt; = 0.0005 ms-1. 

exhibit stereotyped amplitudes of N0 ::::::: 20 regardless of the number of channels in the 

release site simulations (N). Interestingly, this stereotyped amplitude of puff/sparks 

is a decreasing function of c* (not shown). 

Figure 3. 7B repeats the puff/ spark simulation results of Fig. 3. 7 A using a single 

channel model that is identical to Eq. 3.1 except that the slow inactivation (the 
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Figure 3.8: The mean duration of simulated puff/sparks plotted against (A) the 
Ca2+ coupling strength c* and (B) the release site size N when Ca2+ inactivaiton 
is low affinity and moderately fast (solid line, Krel = 10, k~1 = 0.01), high affinity 
and moderately fast, (dashed line, Krel = 1, k~1 = 0.01), and high affinity and slow 
(dashed-dotted line, Krel = 1, k~1 = 0.001). N = 20 in (A) and c* = 0.7 ~tM in (B). 
Other parameters as in Fig. 3.2. 

0--+ I transition) does not require Ca2+ binding, that is, 

C (closed) 0 (open) I (inactivated), (3.13) 

where kt and k~; are both transition rates with units of time-1. Interestingly, the 

puff/ sparks of Fig. 3. 7B exhibit stereotyped amplitudes much like those of Fig. 3. 7 A, 

demonstrating that slow activity-dependent inactivation can also result in puff/sparks 

that are insensitive to variations of release site size (N). 
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3.4.6 Calcium inactivation and puff/spark duration 

Using a variety of Ca2+ coupling strengths (c*) and release site sizes (N), Fig. 3.8 

shows how Ca2+ inactivation influences the mean duration of puff/sparks. In the 

context of the Markov chain model that is the focus of this paper, puff/ spark duration 

is the random period oftime between puff/spark initiation (when a release site makes 

a transition from N0 = 4 --+ 5 open channels) and termination (when all channels 

close via a N0 = 1 --+ 0 transition). Defining puff/spark initiation in this manner 

excludes small amplitude events (i.e., blips or quarks). The calculations are performed 

using matrix analytic formula that express the probability distribution (Eq. 4.9) and 

expected value (Eq. 4.10) of puff/spark duration as a function of the Q matrix for a 

Ca2+ release site model (see Section 4.4). 

The solid line of Fig. 3.8A shows that when the affinity of Ca2+ inactivation is 

low (Krel = 10) and the rate of Ca2+ inactivation is moderate (k~1 = 0.01), the mean 

puff/spark duration of a 20-channel release site model is an increasing function of the 

coupling strength (c*). Because the mean puff/spark duration is only calculated when 

Score > 0.25, the extent of the solid line indicates the range of coupling strengths 

that lead to robust puff/sparks. The dashed line of Fig. 3.8A shows that when the 

affinity of Ca 2+ inactivation is high ( Krel = 1) and the rate of inactivation is moderate 

(k~1 = 0.01), puff/spark duration is also an increasing function of c*, but the rate of 

increase is significantly reduced compared to the low affinity case ( cf. solid line). This 

reduced sensitivity of puff/spark duration to changes in the Ca2+ coupling strength 

(c*) is also observed when Ca2+ inactivation is high affinity and the rate of inactivation 

is ten-fold slower (k~1 = 0.001, dashed-dotted line). 

Figure 3.8B shows that the mean puff/spark duration is also an increasing function 

of the number of channels at the release site (N). Similar to Fig. 3.8A, comparison 
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Figure 3.9: Probability distributions of puff/spark duration calculated using the ma
trix analytic formula in Section 4.4 (solid lines) and validated by Monte Carlo simula
tion (gray histograms) when Ca2+ inactivation is low affinity (C, Krei = 10, k;:;1 = 0.01, 
c* = 0.06 J.LM) or high affinity (A, Krei = 1, k;:;1 = 0.01, c* = 0.075 j.tM; B, Krei = 2, 
k;:;1 = 0.01, c*= 0.075 J.LM; D, Krei = 1, k;:;1 = 0.001, c* = 0.075 J.LM). Other parameters 
as in Fig. 3.2. 

of the solid (Krei = 10) and broken (Krei = 1) lines shows that the sensitivity of 

puff/spark duration to changes inN is reduced when high-affinity Ca2+ inactivation 

is included in simulations, regardless of whether the rate of Ca2+ inactivation is 

moderate (k~1 = 0.01, dashed line) or slow (k;:;1 = 0.001, dashed-dotted line). 

While Fig. 3.8 focused on how the mean puff/spark duration changes as a function 

of c* and N, Fig. 3.9 shows how Ca2+ inactivation influences the shape of the prob-

ability distribution of puff/spark duration. The solid lines of Fig. 3.9 are calculated 
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using Eq. 4.9 in Chap. 4, and these results are validated by gray histograms estimated 

from Monte Carlo simulation. 

Depending on model parameters, the probability distribution of puff/spark dura

tion may be unimodal (Fig. 3.9C and D), bimodal (Fig. 3.9B), or 'transitional,' that 

is, a unimodal distribution that has more than two inflection points (Fig. 3.9A). In

terestingly, the modalities of the puff/spark duration distributions shown in Fig. 3.9 

are correlated with the entropy production rate ( Ep) of the corresponding puff/spark 

simulations. For instance, the transitional distribution of Fig. 3.9A corresponds to the 

time-irreversible puff/sparks of Fig. 3.3A that terminate due to the recruitment of in

activated channels during puff/spark events (high Ep of 0.17 bits ms-1 ). The bimodal 

distribution of Fig. 3.9B corresponds to another simulation with elevated entropy pro

duction rate and time-irreversible puff/sparks (not shown). On the other hand, the 

unimodal distributions of Fig. 3.9C and D correspond to the nearly time-reversible 

puff/sparks of Fig. 3.2A and Fig. 3.3B that terminate via stochastic attrition without 

the pulsatile recruitment of inactivated channels (low Ep of 0.03 and 0.02 bits ms-1 , 

respectively). 

To clarify the relationship between the shape of probability distributions of puff/spark 

duration and the entropy production rate, Fig. 3.10 repeats the parameter study of 

Fig. 3.5 while indicating whether the probability distribution of puff/spark duration 

is unimodal, bimodal, or transitional (see legend). When the rate of Ca2+ inacti

vation is ten-fold slower than Ca2+ activation (k!1 = 0.1 in Fig. 3.10A), bimodal 

puff/spark duration distributions are not observed. On the other hand, when the 

rate of inactivation is 100-fold slower than activation (k!1 = 0.01 in Fig. 3.5B), the 

vast majority of the (Krellc*)-plane yielding robust puff/sparks (Score > 0.25) and 

an elevated entropy production rate ( Ep > 0.1 bits ms- 1) results in bimodal proba

bility distributions of puff/spark duration. Interestingly, the modality of puff/spark 
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Figure 3.10: The shape of puff/spark duration probability distributions (unimodal, 
transitional, and bimodal as discussed in text) are plotted as a function of the Ca2+ 
coupling strength ( c*) and the relative dissociation constant of Ca2+ inactivation 
( Krel) for several different values of the relative rate of Ca2+ inactivation (A, k!1 = 0.1; 
B, k!1 = 0.01; C, k!1 = 0.001). Solid lines are isoclines with Ep = 0.1 bits ms-1and 
arrows indicate the direction of increasing Ep· Simulations involve 20 channels and 
other parameters as in Fig. 3.2. 

duration distributions often changes from unimodal to transitional to bimodal with 

increasing Ca2+ coupling strength (c*). When the rate of Ca2+ inactivation is 1000-

fold slower than Ca2+ activation (k!1 = 0.001 in Fig. 3.5C), the region with bimodal 

and transitional distributions becomes smaller, consistent with the contraction of the 

region with elevated Ep. 

The stacked histograms of Fig. 3.11 summarize the relationship between the the 

modality of puff/spark duration distributions and the entropy production rate (Ep) 

of the corresponding puff/spark simulations. The histograms are constructed from a 

large number of 20-channel release site simulations where the relative dissociation con

stants of inactivation (Krel), relative inactivation rates (k!1), and coupling strengths 

( c*) are independent random variables drawn from log-normal distributions spanning 

the ranges used in Fig. 3.10 (see legend). Note that the vast majority of unimodal dis

tributions occur with a low entropy production rate (Ep < 0.1 bits ms-1 ). Conversely, 
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Figure 3.11: Stacked histograms show the relationship between the entropy produc
tion rate (t:p) and the modality (unimodel, transtional, bimodal) of the probability 
distribution of puff/spark duration. The histograms are constructed from 50,000 re
lease site simulations with 20 three-state channels, 9631 of which resulted in robust 
puff/sparks with Score> 0.25 (34% unimodal, 41% transitional, 25% bimodal). The 
relative dissociation constant of inactivation, relative inactivation rate, and coupling 
strength used in each simulation were independent random variables drawn from 
log-uniform distributions spanning the ranges shown in Fig. 3.10 (0.1 :::; Krel :::; 10, 
0.001 :::; k~1 :::; 0.1, 0.04:::; c* :::; 0.2 ~-tM). Other parameters as in Fig. 3.2. 

the vast majority of bimodal distributions occur with an elevated entropy production 

rate ( Ep > 0.1 bits ms-1
). While the modality of puff/ spark duration distributions and 

entropy production rate are correlated in this manner, transitional distributions may 

result from both time-irreversbile and nearly time-reversible puff/spark simulations 

(i.e., a wide range of entropy production rates). 

3.5 Discussion 

While there is a consensus that Ca2+ puffs and sparks arise due to the coopera

tive gating of RyRs or IP3Rs clustered at Ca2+ release sites, the mechanisms that 

facilitate termination of these Ca2+ release events are not well understood. As dis-
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cussed in the introduction, Ca2+ -dependent inactivation is one of several negative 

control mechanisms that may contribute to puff and spark termination. Other pos

sibilities include Ca2+-independent inactivation of channels (i.e., activity-dependent 

or 'fateful' inactivation), direct allosteric coupling promoting simultaneous closure of 

channels, depletion of luminal Ca2+ leading to cytosolic domain collapse, and stochas

tic attrition [Stern, 1992b, DeRemigio and Smith, 2005, Stern and Cheng, 2004, Fill, 

2002,Sham et al., 1998,Groff and Smith, 2007a,Groff and Smith, 2007b]. Using mini

mal Ca2+ release site models composed of three-state cha;nnels that are both activated 

and inactivated by cytosolic Ca2+, this paper clarifies how the dissociation constant 

and rate of Ca2+ inactivation may influence the stochastic dynamics of Ca2+ puffs 

and sparks. 

3.5.1 Calcium inactivation and the sensitivity of puff/sparks 

to variations in the calcium coupling strength and the 

number of channels at the release 

Previous studies of puff/spark dynamics using single channel models that do not in

clude Ca2+ inactivation have shown that puff/spark events may terminate due to 

stochastic attrition even when there are many channels at the release site [Nguyen 

et al., 2005, DeRemigio and Smith, 2005] (but see [Stern, 1992b]). However, as the 

number of channels at release sites (N) increases, stochastic attrition becomes increas

ingly sensitive to variations in the Ca2+ coupling strength (c*). A notable finding of 

this chapter is that high-affinity Ca2+ inactivation facilitates puff/spark termination 

and extends the range of N and c* values that result in puff/sparks as long as the 

rate of Ca2+ inactivation is not excessively fast (Figs. 3.5 and 3.6). We also found 

that the mean duration of puff/sparks is less sensitive to variations inN and c* when 
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high-affinity Ca2+ inactivation is included in simulations (Fig. 3.9). This decreased 

sensitivity to variations in N and c* is consistent with previous studies demonstrating 

that puff/sparks are less sensitive to the spatial arrangement of channels at release 

sites when Ca2+ inactivation is included in the single channel model [DeRemigio et al., 

2007, DeRemigio and Smith, 2007]. 

3.5.2 The rate of calcium inactivation and puff/spark termi

nation 

Another notable finding of this study is that high-affinity Ca2+ inactivation may con

tribute to puff/spark termination in two distinct manners depending on the rate of 

Ca2+ inactivation. Moderate rate Ca2+ inactivation often results in the pulsatile re

cruitment of inactivated channels during puff/spark events, and the increasing num

ber of inactivated channels facilitates the termination of puff/sparks. When Ca2+ 

inactivation promotes puff/spark termination in this manner, the stochastic dynam

ics are time-irreversible as evidenced by elevated entropy production rates ( Ep > 0.1 

bits ms- 1) and puff/spark trajectories that are asymmetrical in time (Figs. 3.3A and 

3.4A). On the other hand, slow Ca2+ inactivation results in a relatively constant 

number of inactivated channels during puff/spark simulations (Figs. 3.3B and 3.4B). 

This sequestering of channels in the inactivated state reduces the number of de

inactivated channels ( 0 and C) that may participate in puff/sparks, thereby promot

ing puff/spark termination via spontaneous closure of open channels (i.e., stochastic 

attrition). When Ca2+ inactivation promotes puff/sparks in this manner, the stochas

tic dynamics are nearly time-reversible as evidenced by low entropy production rates 

(cp < 0.1 bits ms- 1) and puff/sparks that are symmetric in time. In this case, 

the fraction of inactivated channels increases as the number of channels at the re-
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lease site increases, resulting in puff/sparks of stereotyped amplitudes (Fig. 3. 7 A). A 

similar phenomenon was observed in Fig. 3. 7B when inactivation occurs via a Ca2+

independent mechanism (i.e., activity-dependent or fateful inactivation). Admittedly, 

the selection of 0.1 bits ms-1 as the threshold between low and high entropy produc

tion rate is somewhat arbitrary; however, this value can be motivated as a round 

number that evenly partitions the simulations of Fig. 3.11 into these two categories. 

See Section 3.5.5 for further discussion of the entropy production rate in Ca2+ release 

site models. 

Note that the entropy production rate is not the only response measure that can 

distinguish between the two roles of Ca2+ inactivation discussed above. Another 

possibility we explored is the change in the fraction of refractory channels throughout 

the duration of puff/sparks. Using an extension of the matrix analytic formula of 

Section 4.4, we found that the mean value of this change is larger when the entropy 

production rate was high and obtained results similar to Fig. 3.6 (not shown). 

While some studies have shown that the time constant of Ca2+ inactivation may be 

relatively similar to the duration of puffs and sparks (approximately 100 ms) [Parker 

et al., 1996b], others suggest Ca2+ -dependent or activity-dependent inactivation (and 

the related phenomenon of adaptation [Gyorke, 1999]) are much slower, occurring on 

a time scale of seconds to tens of seconds [Parker and lvorra, 1990, Mak and Foskett, 

1997, Velez et al., 1997]. Importantly, our results demonstrate that Ca2+ inactiva

tion can not be eliminated as a viable negative control mechanism simply on the 

basis of slow kinetics. On the contrary, slow inactivation mechanisms can effectively 

'tune' release sites so that the population of channels that are de-inactivated at any 

given time are more likely to exhibit puff/sparks that terminate via stochastic at

trition. Figure 3.12 illustrates this tuning of release sites. The expected number of 

de-inactivated channels during simulation involving 40 three-state channels and slow, 
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Figure 3.12: Using parameters as in Fig. 3. 7 A, white circles show the expected number 
of de-inactivated channels ( 40 - E[NI]) during simulations involving 40 three-state 
channels and slow, high-affinity Ca2+ inactivation as a function of the Ca2+ coupling 
strength (c*) used. Also shown is the Ca2+ puff/spark Score of simulations using a 
two state model that lacks inactivation (Krel = oo) as a function of the number of 
channels at release sites (N) and the Ca2+ coupling strength (c*). 

high-affinity Ca2+ inactivation (white circles, calculated using 40- E[NI]) is plotted 

as a function of the Ca2+ coupling strength ( c*) used. All of these simulations exhibit 

stochastic Ca2+ excitability reminiscent of puffs and sparks. The Score of simulations 

involving a two-state single channel model that lacks inactivation is also shown, as a 

function of the number of channels at release sites (N) and c*. Because puff/sparks 

of simulations involving two-state channels terminate exclusively via stochastic attri-

tion, robust puff/sparks (Score > 0.25) are only observed over a range of N values 

for any fixed c*. Importantly, the white circles occur within this region of N values 

demonstrating that, while not contributing to puff/spark termination via the recruit-

ment of inactivated channels during puff/spark events, slow inactivation sequesters 

an appropriate number of channels in the inactivated state such that the remaining 

number of de-inactivated channels is within the range required to exhibit puff/sparks 
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that terminate via the spontaneous closure of all open channels. 

Figure 3.12 and Figs. 3.5-3.8 demonstrate that Ca2+ inactivation with a time 

constant much longer than puff/spark duration can still promote stochastic Ca2+ 

excitability by decreasing the sensitivity of puff/sparks to the number of channels at 

the release site (N) and Ca2+ coupling strength (c*). Indeed, because RyRs form 

clusters of up to 100 channels in ventricular cardiac myocytes [Franzini-Armstrong 

et al., 1999b], but only a small cohort of 15 or less RyRs participate in any given 

spark [Wang et al., 2004, Berridge, 2006, Soeller and Cannell, 2002], our simulation 

results suggest that these Ca2+ release sites may be less sensitive to release site density 

and single channel source amplitude than they otherwise would be in the absence of 

slow inactivation mechanisms. 

3.5.3 Calcium inactivation and puff/spark duration distribu

tions 

We found that the probability distribution of puff/spark duration may be unimodal, 

transitional, or bimodal depending on model parameters (Figs. 3.8 and 3.10). Bi

modal puff/spark duration distributions often occur when puff/sparks have elevated 

entropy production rate and terminate due to the pulsatile recruitment of inacti

vated channels (Figs. 3.10 and 3.11). Other studies have observed similar bimodal 

puff/spark duration distributions and postulated that the first (short time) mode cor

responds to blips/quarks that terminate rapidly due to stochastic attrition, while the 

second (long time) mode results from puff/sparks that terminate more slowly due to 

Ca2+ inactivation [Stern et al., 1997,Parker and Yao, 1996, Wang et al., 2002]. While 

this interpretation is consistent with our simulation results, it is important to note 

that a unimodal puff/spark duration distribution does not rule out Ca2+ inactivation 
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as a puff/spark termination mechanism (Figs. 3.9 and 3.10). 

3.5.4 Limitations of the model 

While the assumption of mean-field coupling vastly simplifies release site simulations, 

the dynamics of Ca 2+ release sites may sometimes depend on the spatial arrangement 

of intracellular channels. In previous studies, we have found that release sites with 

Ca2+ activation but no Ca2+ inactivation can be sensitive to the arrangement of 

channels even when the average channel density is unchanged [DeRemigio et al., 

2007, DeRemigio and Smith, 2007]. However, these studies also demonstrate that 

release sites that include both Ca2+ activation and inactivation are not particularly 

sensitive to the exact position of channels, suggesting that the use of the mean-field 

approximation is not a major limitation of this study. 

Another potential limitation of this study is the assumption of instantaneous 

coupling via local [Ca2+]. When two-state Ca2+ activated channels are coupled via 

a time-dependent Ca2+ microdomain, the time constant for Ca2+ domain formation 

and collapse can have a profound effect on the dynamics of puffs and sparks [Mazzag 

et al., 2005,Huertas and Smith, 2007]. For example, slow domain formation can make 

it unlikely that blips and quarks will trigger puffs and sparks. On the other hand, 

slow domain collapse may prohibit the spontaneous termination of Ca2+ release events 

via stochastic attrition. An important question for future research is whether time

irreversible puff/sparks that terminate due to the pulsatile recruitment of inactivated 

channels and nearly time-reversible puff/sparks with a relatively constant number 

of inactivated channels are equally sensitive to the time constant for Ca2+ domain 

formation and collapse (which is here assumed to be very fast). This question is 

perhaps best addressed using a modeling formalism where Ca2+ -regulated channels 
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are mean-field coupled to a time-dependent cytosolic domain [Mazzag et al., 2005]. 

Dissecting the dynamics of fast and slow inactivation processes in release site models 

that include luminal depletion [Huertas and Smith, 2007] and allosteric coupling 

mediated by protein-protein interactions [Groff and Smith, 2007a, Groff and Smith, 

2007b] are additional topics for further work. 

3.5.5 Entropy production rate in calcium release site models 

Note that the three-state single channel model that is the focus of this chapter 

(Eq. 3.1) does not include any cycles. 9onsequently, the steady-state probability 

distribution given by Eq. 3.5 that satisfies global balance (Eqs. 3.3-3.4) also satis

fies detailed balance (Eq. 3.11) and the resulting stochastic dynamics of this single 

channel model are time-reversible. When single channel models of Ca2+ -regulated 

channels include cycles (e.g., the four-state model presented in [Nguyen et al., 2005]), 

parameters must be chosen to satisfy a thermodynamic constraint so that global bal

ance implies detailed balance when all the Ca2+ binding sites of the model experience 

the same [Ca2+] [Hill, 1989, Keizer, 1987]. However, when domain [Ca2+] experience 

by open channels is elevated above background ( cd > c00 ), the steady-state prob

ability distribution for single channel models with cycles need not satisfy detailed 

balance [Hill, 1989, Keizer, 1987]. Indeed, when domain Ca2+ -mediated transitions 

are represented in state-transition diagrams with cycles, time-irreversibility of single 

channel gating is not unexpected, because it is a manifestation of the ER/ cytosol 

concentration gradient. It is as though the Ca2+ -binding site of the channel is ex

posed alternately to the cytosolic and lumenal 'baths' depending on whether the 

channel is closed or open [Hill, 1989]. And yet, as mentioned above, the stochastic 

gating of single channel models without cycles is time-reversible even when domain 
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Ca2+ -mediated inactivation is included. 

Although the stochastic dynamics of the three-state single channel model that is 

the focus of this chapter is time-reversible, when two of these channels are coupled 

as in Eq. 3.6, the resulting Markov chain is time-irreversible. As discussed in [Hill, 

1989], this can be demonstrated by comparing the product of the four transition rates 

encountered when moving clockwise versus counter-clockwise around the cycle that 

includes states (1, 1, 0), (1, 0, 1), (0, 1, 1), (0, 2, 0), and noting that they are not equal, 

When the rate constants are eliminated from this expression, 

(3.15) 

one can see that it is the interaction between two coupled three-state channels ( c* > 0) 

that causes the stochastic dynamics to be time-irreversible, as opposed to the domain 

[Ca2+] (ca) experienced by each channel. 

Because the stochastic dynamics of two instantaneously coupled three-state chan

nels are time-irreversble when c* > 0, it is understood that the N channel release 

site models that are the focus of this chapter also have this property. This obser

vation that the coupled gating of time-reversbile single channel models mediated by 

increases in the local [Ca2+] can result in time-irreversible puff/sparks is consistent 

with prior computational work by several groups [Wang et al., 2002, Nguyen et al., 

2005]. But note that our simulation results and Eqs. 3.14-3.15 demonstrate that this 

phenomenon can occur even when the single channel model includes no cycles. 
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3.6 Conclusions 

This chapter clarifies how Ca2+ inactivation of IP3Rs and RyRs influences the dy

namics of Ca2+ puff/spark generation and termination. Importantly, the puff/spark 

statistics of this chapter (e.g., the Ca 2+ puff/ spark Score and probability distribu

tion of puff/spark duration) are directly calculated from the infinitesimal generator 

matrices (Q-matrices) corresponding to release sites using matrix analytic formulas. 

While these direct calculations vastly simplify parameter studies of puff/spark statis

tics, they are only computationally feasible because the Markov chain models of Ca2+ 

release sites considered in this chapter assume that channels experience mean-field 

Ca2+ coupling. Consequently, release site models have a moderate number of configu

rations and the corresponding Q-matrices that can be held in memory. For example, 

the Q matrix for a release site composed of 20 mean-field coupled three-state channels 

is 231-by-231. In comparison, a Markov chain model for a release site composed of 

20 spatially distinguishable three-state channels has over three billion unique con

figurations making direct calculation of puff/spark statistics beyond the capabilities 

of modern desktop computers. However, as we saw in Chap. 2, puff/spark statistics 

can always be estimated from Monte Carlo simulations when direct calculations are 

impractical. Chapter 4 details the matrix analytic formulas used to directly calculate 

puff/spark statistics from Q and an exact numerical method used to simulate the 

Ca2+ release site models that are the focus of this dissertation. 
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Chapter 4 

Numerical methods for calcium 

release site modeling 

4.1 Summary 

The theoretical studies of Chap. 2 and Chap. 3 were carried out using the high 

level programming language of MATLAB® (The MathWorks, Inc., Natick, MA). 

This chapter details the numerical methods used in these studies, some of which 

are significant contributions to the theoretical study of Ca2+ puffs and sparks. For 

example, Section 4.2 presents a vectorized formulation of Gillespie's method applied 

to clusters of Ca2+ channels.· This formulation significantly accelerates numerical 

simulations of release sites facilitating the estimation of puff/spark statistics from 

Monte Carlo simulations. In Section 4.4, matrix analytic formulas are derived to 

calculate puff/spark duration and inter-event interval distributions directly from the 

infinitesimal generator matrices of release sites. These formulas are required for the 

parameter studies of puff/spark dynamics presented in Chap. 3. 

This chapter also presents a method for agglomerating release site configurations 
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based on the symmetries of model release site ultrastructures (Section 4.5). This 

method results in release site models with drastically fewer configurations, yet simu

lations of these contraction Markov processes have dynamics and statistics identical to 

corresponding full model simulations. While not utilized in the studies of Chap. 2 and 

Chap. 3, this method is included because it is a promising tool for future theoretical 

studies of Ca2+ puffs and sparks. 

Using the notation of Chap. 2, Sees. 4.2 and 4.3 denote release site configurations 

as a vector i = ( i 1 , i 2 , ... , iN) where in is the state of channel n. In contrast, a scalar 

i is used to denote release site configutations in Sees. 4.5 and 4.6. 

4.2 Exact numerical simulation 

The Ca2+ release site models presented in this manuscript are continuous-time Markov 

chains simulated using Gillespie's method, a numerical method with no intrinsic time 

step [Gillespie, 1976, Smith, 2002, Nguyen et al., 2005]. After choosing an initial re

lease site configuration, i, this method requires the nonzero rates Qij for the allowed 

transitions i ---+ j to determine the subsequent release site configuration. An ex

ponentially distributed random variable T with mean 1/ l:j#i Qij is then generated 

giving the dwell time in the current release site configuration i. The destination con

figuration j is selected by choosing a random variable Y uniformly distributed on a 

partitioned interval of length l.:#i Qij where the i ---+ j transition occurs if Y falls on 

the partition associated with Qij ( i =1- j). The release site configuration as a function 

of time is produced by repeating these steps. 

It remains to show how the Qij are determined. When the infinitesimal generator 

matrix Q is sufficiently small to be held in memory, the required transition rates 

are the non-zero off-diagonal elements of the row corresponding to configuration i. 
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When forming Q is impractical due to memory constraints, an efficient approach is 

to represent the release site configuration as the N x M matrix ~ where 

{ 

1 if in= m 
~nm(t) = 

0 otherwise. 
( 4.1) 

By arranging the required transition rates in an N x M matrix R = (rnm) where 

r nm is the rate at which channel n makes an in ---+ m transition, these rates can be 

determined by evaluating the matrix analytic expression, 

where the o operator denotes an element-by-element Hadamard product. In this 

expression, theM x M matrices k+ and k- are identical to K+ and K- (Eq. 2.3) 

but with zeros on the principal diagonals, C is the N x N Ca2+ coupling matrix 

(Eq. 2.7c), e is aN x 1 column vector of ones, and u is aM x 1 column vector where 

entries of 0 and 1 denote closed and open states in the single channel model. Note that 

the column vector ~u indicates channels that are open in release site configuration i, 

c00 e + cr~u is the [Ca2+] experienced by each channel, and left multiplying by the 

diagonal matrix diag ( c00 e + cr~u) 17 scales the association rate constants ( k+) by 

the appropriate [Ca2+]. 

The matrices {2- and n+ that account for allosteric coupling are formed from the 

N x M matrix 

( 4.3) 

where A is the N x N adjacency matrix (Eq. 2.10a), £ is the M x M allosteric 

energy matrix (Eq. 2.14), and '1/Jnm is the allosteric interaction energy that channel 
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n would experience in release site configuration ~ provided it was in state m. The 

elements of the N X M matrix n = (wnm) where Wnm = 1/Jnm -1/Jnin give the change 

in allosteric energy that channel n would experience if it were to make an in --. m 

transition. Finally, the elements of the matrices {2± = (w~m) used in Eq. 4.2 are given 

by w;m = exp ( -v±wnm) where v+ and v- partition allosteric contributions between 

forward and reverse rates (v- = 1- v+). In this manuscript v+ = 0, n+ is anN X M 

matrix of Ones, and n- = (w;m) where w;m = exp ( -Wnm)· 

A MATLAB® subroutine that numerically simulates Markov chain models of Ca2+ 

release sites using the vectorized implementation of Gillespie's method formulated 

above is presented in Section 4. 7 .1. 

4.3 Calculating the stationary probability distri

bution 

A continuous-time Markov chain model of a Ca2+ release site such as that considered 

in this manuscript has a finite number of states and is irreducible. Consequently, 

the limiting probability distribution (as would be observed over an infinitely long 

simulation) does not depend on the initial condition. This limiting probability distri

bution is equal to the unique stationary distribution 1r satisfying global balance and 

conservation of probability [Stewart, 1994], that is, 

1rQ = 0 subject to 1re = 1 ( 4.4) 

where Q is the infinitesimal generator matrix, 1r is a row vector, and e is a commen

surate column vector of ones. 

When Q is sufficiently small to be held in memory, Eq. 4.4 may be solved using 
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several direct approaches. For example, we may define the stochastic matrix W = 

(wij) =I+ Qj>.. where I is an identity matrix and)..> maxilqiil so that Wij 2:0. It 

follows from Eq. 4.4 and We= 1 that 1rW = 1r. Thus, 1r is found by calculating the 

eigenvector of W having a corresponding eigenvalue of 1. 

An alternate approach is to define the auxiliary matrix Z and auxiliary column 

vector b such that 

and 
b= (:) 

(4.5) 

and solve the overdetermined linear system 1r Z = b for 1r. The solution is 

(4.6) 

although in some situations, Z zT may be ill-conditioned and the pseudo inverse of Z 

given by (ZZT)- 1 may be difficult to calculate. The probability distribution of the 

number of open channels at the release site is constructed from 1r by collecting all 

elements corresponding to configurations with the same number of open channels. An 

example MATLAB® subroutine that numerically calculates 1r is presented in Section 

4.7.2. This subroutine includes a user defined flag that indicates which of the two 

above methods is used. 

When storage requirements for Q become excessive, 1r can not be calculated di-

rectly. Instead, we estimate 1r from Monte Carlo simulations using 

1 {T 
1ri ~ T Jo 1{S(t) = i}dt (4.7) 

where ]_ is the indictor set function, S(t) is the configuration of the release site at 
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time t, and T is a sufficiently long observation period. While the T necessary for 

convergence of 1r may be excessive, we only require the probability distribution of 

the number of open channels to calculate spark statistics such as the Score. Because 

this distribution is a contraction of 1r, good estimates require a substantially shorter 

observation window (T). 

4.4 Direct calculation of puff/spark statistics 

4.4.1 Puff/spark duration 

For the purposes of this manuscript, puff/spark duration is the interval beginning 

when a specified number (/);) of channels open (N0 = h;- 1 __, h;) and ending when 

all channels close (No = 1 __, 0). We chose K to be one-fifth of the release site 

size in Chap. 2 and !); = 5 in Chap. 3 to exclude small amplitude puff/ spark events. 

While the distribution of puff/spark durations may be estimated through Monte Carlo 

simulation, it can be more efficiently obtained by direct calculation using the Ca2+ 

release site generator matrix Q as described below. First, the state space of the Ca2+ 

release site model is partitioned into four aggregate classes 0 0 , 0 1 , 0"', and 0* where 

the symbols 0 0 , 0 1 , and 0"' denote the sets of all configurations with zero, one, or 

h; open channels, respectively, and 0* denotes all other states. The generator matrix 

Q is then permuted into the following form 

Qoo Qot Qo, Qo* 

QlO Qu Q1, Qh ( Qoo QoB) (4.8) Q= 
Q,o Q,l QM Q,* QBo QBB 

Q*o Q*1 Q*"' Q** 
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where each partition contains rates for transitions between (or within) aggregate 

classes, the second equality defines the matrices Q08 , Q80 , and Q88 , and the aggregate 

class Os includes all configurations with one or more open channels ( 0 8 = 0 1 U 0 ~~: U 

0*). 

As defined above, puff/spark duration is a random variable X giving a sojourn 

time in Os that begins in OK. It is well known that the probability distribution of X 

is [Ball and Geoffrey, 2000, Ball et al., 2000] 

( 4.9) 

where es is a commensurate column vector of ones and 4>8 is a commensurate row 

vector containing the probability of a sojourn starting in the various states of 0 8 . 

The expectation of X (i.e., the mean puff/spark duration) is found by integrating 

Eq. 4.9, 

(4.10) 

Because the initial state of a puff/spark is always in OK, the elements of 4>8 corre

sponding to states not in 0 K are zero, that is 

(4.11) 

where 01 and 0* are row vectors of zeros with the same number of elements as 0 1 

and 0*, respectively. 

It remains to be shown how 4>~~: is determined. If there is only a single release 

site configuration with t;, open channels, then 4>K = 1. However, in general there may 

be many configurations with N 0 = t;, and 4>~~: is calculated as follows. We begin by 

noticing that since puff/spark termination is an 0 1 --+ 0 0 transition, the initiation of 
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all puff/sparks is preceded by an 0 0 ---+ 0 1 transition. The steady-state probability 

flux from state of 0 0 to each state of 0 1 is given by the row vector 

(4.12) 

where 1r0 is the portion of the stationary distribution corresponding to class 0 0 • 

However, not all Oo ---+ 0 1 transitions indicate the beginning of puff/spark events 

because the Markov process may proceed to a state in 0,.. (signaling puff/spark initi-

ation), or it may return to 0 0 having never entered 0,... The portion of the 0 0 ---+ 0 1 

probability flux needed in Eq. 4.11 that actually results in puff/spark initiation is 

given by 4J,.. = 1,..//,..e,.. where /,..e,.. is an inner product (a scalar) that normalizes 

4J,.., and 1,.. is the probability flux of puff/spark initiation that can be extracted from 

the vector-matrix product 

(4.13) 

In Eq. 4.13, the term in brackets is a stochastic matrix (a matrix with non-negative 

elements and rows that sum to one) giving the probability of first arriving in each 

configuration of 0 0 U 0,.. given each possible initial configuration in 0 1 U 0*. 

4.4.2 Inter-puff/spark interval 

Inter-puff/spark interval is the period beginning when a puff/spark terminates (No = 

1 ---+ 0) and ending when a subsequent puff/spark begins (No = "'- 1 ---+ "'). The 

distribution of inter-puff/spark intervals may also be calculated using Eq. 4.9 and 

requires only that the aggregate class 0 13 be redefined to include all configurations 
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with less than K, or greater than K, open channels ( 0 8 = 0 0 U 0 1 U 0*) and that Q be 

appropriately permuted to reflect this new 0 8 . Because, inter-puff/spark interval is 

a random variable X giving a sojourn time in OB that begins in 0 0 , the row vector 

containing the probability of a sojourn starting in the various configurations of 0 8 

contains many zero elements and is given by 

(4.14) 

If there is only a single release site configuration with no open channels, then cp0 = 1. 

If there are many such configurations, the non-zero elements of the right hand side of 

Eq. 4.14 are given by cp0 = To/T0e 0 where To is calculated using the vector-matrix 

product 
-1 

Qu Q1, Qh QlO 

TO= (01 T, 0*) - Q,1 Q,, Q,* Q,o ( 4.15) 

Q*1 Q*"' Q** Q*o 

The stochastic matrix in the brackets of Eq. 4.15 collects the probability of arriving 

in each configuration of 0 0 given each possible initial configuration in 0 1 U 0, U 0*, 

and T, is the probability flux of puff/ spark initiation calculated in Section 4.4.1. 

A MATLAB® subroutine that implements the above matrix analytic formulas to 

calculate the distribution and expectation of puff/spark duration and inter-puff/spark 

interval is presented in Section 4. 7.3. 
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4.5 State space contraction using release site 

symmetries 

Much of the complexity of a Markov chain model of a Ca2+ release site that includes a 

representation of the release site's ultrastructure (e.g., channels arranged in a square 

lattice or hexagonal lattice) is due to the accurate account of the pair-wise interac

tions of channels, summarized by the elements of the Ca 2+ coupling matrix C and 

allosteric adjacency matrix A (see Chap. 2). The MN-by-MN infinitesimal generator 

matrix Q corresponding to a model release site composed of N spatially distinguish

able M-state channels can sometimes be held in memory but is often prohibitively 

large to perform matrix calculations such as those described in Sections 4.3 and 4.4, 

even for moderately sized release sites. However, it is often possible to simplify calcu

lations by performing an appropriate contraction of Q that agglomerates release site 

configurations based on the symmetries of the release site ultrastructure. 

Perhaps the easiest way to motivate this state space contraction is to consider the 

twelve example configurations of a release site composed of seven two-state channels 

shown in Fig. 4.1. Notice that the spatial arrangement of the four open and the three 

closed channels is unique in each configuration. However, the hexagonal lattice on 

which channels are positioned has six-fold rotational symmetry and reflective sym

metry about an appropriately selected axis. Thus, one may obtain any configuration 

shown by performing a series of rotations and/ or reflections on any other configura

tion. Consequently, all twelve configurations belong to the same symmetry group and 

the corresponding elements of the Q-matrix may be agglomerated. 

In general, the contracted Q-matrix is calculated using 

( 4.16) 
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0 c c 0 c c 

c 0 0 c 0 c 0 0 0 

c 0 0 0 0 c 

0 c 0 0 c 0 

0 0 c c 0 c 0 0 0 

c 0 0 c c c 

0 c 0 0 c 0 

0 0 0 c 0 c c 0 0 

c c c 0 0 c 

c c 0 c c 0 

0 0 0 c 0 c 0 0 c 

c 0 0 0 0 c 

Figure 4.1: The twelve unique release' site configurations shown involve seven two
state channels arranged on a hexagonal lattice and belong to a single symmetry group. 

where the sparse MN-by-B collector matrix V maps each of the MN configurations 

of the full model to one of B unique symmetry groups such that 

_ _ { 1 if configuration i belongs to symmetry group j 
V- (vii)-

0 otherwise. 
( 4.17) 

The MN-by-B distributor matrix S scales transition rates to account for combina-
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Hexagonal Lattice Square Lattice Ring 

A B c 

Figure 4.2: In release site models, channels (indicated by X s) are often arranged in 
a regular lattice with rotational and reflective symmetries such as (A) a hexagonal 
lattice, (B) a square lattice, or (C) a ring. 

torics and is given by 

( 4.18) 

where Sj = vijeTvj, vi is the jth column of V, and eT is a commensurate row vector 

of ones. Section 4. 7.4 presents a MATLAB® subroutine that efficiently maps release 

site configurations to symmetry groups and constructs V. Importantly, the contracted 

Markov process satisfies the strong lumpability condition such that VQ = QV. This 

condition implies that all configurations in any lumped state have identical transi-

tion rates into all configurations of any destination lumped state. In other words, 

simulating the full Markov process and viewing the results through V is identical to 

simulation Q. 

Table 4.1 illustrates that the the size of Q (B x B) depends on the arrangement 

and number of channels at a release site ( N) and the number of states of the single 

channel model ( M). The three ultrastructures considered are channels arranged on a 

hexagonal lattice, a square lattice, and a ring as illustrated in Figs. 4.2A, B, and C, 

respectively. Notice that the percent reduction of the state space after performing the 

contraction (1- B / MN) increases with Nand M. On average, the percent reduction 

is least for square lattices because such release sites only have 4-fold rotational sym-
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Ultrastructure N M MN B % contraction wall-time (s) wall-time (s) 

1-B/MN 'lTQ=O 'lTQ=O 

Hexagonal Lattice 7 2 128 26 0.80 0.05 0.03 

7 3 2187 276 0.87 0.74 0.23 

7 4 16384 1720 0.90 5.87 0.56 

19 2 524288 45336 0.91 395.65 25.52 

Square Lattice 9 2 512 102 0.80 0.10 0.06 

9 3 19683 2862 0.85 10.93 1.21 

9 4 262144 34960 0.87 195.65 18.96 

16 2 65536 8548 0.87 19.47 2.04 

Ring 10 2 1024 78 0.92 0.14 0.06 

10 3 59049 3210 0.95 38.04 1.38 

10 4 1048576 53764 0.95 1077.49 42.10 

20 2 1048576 27012 0.97 697.12 10.04 

Table 4.1: The number of configurations of example release site models (MN) and 
corresponding contracted models (B) formulated using release site symmetries to 
agglomerate states. Wall-times displayed are for solving 7rQ = 0 for the stationary 
distribution 7r subject to 7re = 1 where e is a commensurate column vector of ones. 
The stationary distribution 7r is the eigenvector of the stochastic matrix W = ( Wij) = 

I+ Qj>.. (>.. > maxilqiil) having a corresponding eigenvalue of one (see Section 4.3) 
and is calculated using MATLAB® and an implementation of the Arnoldi algorithm 
[Stewart, 1994]. Calculations are performed on a MacBook Pro with 2.33 Ghz Intel 
Core 2 Duo with 2 GB of RAM. In each case, the state-transition diagram of the 
single channel model assumes sequential Ca2+ binding and the final state is open. 
Forward rates are given by 1.5 (coo+ N0 c*) ms-1 where No is the number of open 
channels at the release site and c00 = c* = 0.05 J,LM. The reverse rates are 0.5 ms-1

. 

metry, and greatest for rings which haveN-fold rotational symmetry. The wall-times 

shown in Table 4.1 are for calculating the stationary distributions of Q and Q as 

described in the table caption, and illustrate the computational advantage of using 

Q. 
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4.6 A stochastic automata network descriptor for 

calcium release site models that include al

losteric interactions 

An ongoing area of research is the development of memory efficient techniques to cal

culate the stationary distribution of Markov chain models of Ca2+ puffs and sparks. 

Importantly, such methods do not require the infinitesimal generator matrix Q but 

only the matrix-vector product Qx where x is a commensurate column vector. Be

cause Markov chain models of Ca2+ release sites derived from stochastic models of 

single IP3R and RyR gating are stochastic automata networks (SANs), these numer

ical methods take advantage of the highly structured SAN descriptor representation 

of Q. Previous work established the SAN descriptor applicable to a cluster of Ca2+

regulated Ca2+ channels instantaneously coupled via local Ca2+ [Nguyen et al., 2005]. 

Although this formulation is not used in Chap. 2 or Chap. 3, here we extend the SAN 

descriptor to include inter-protein allosteric interactions. 

Recall that the infinitesimal generator matrix of an M-state Ca2+-regulated Ca2+ 

channel may be written as [Nguyen et al., 2005] 

(4.19) 

where the M x M matrices K~) and K~1 ) hold the association and dissociation rate 

constants of the single channel model, respectively, c00 is the background [Ca2+], cd 

is the domain [Ca2+], Tf is the cooperativity of Ca2+ binding, e is a N x 1 column 

vector of ones, and u is aM x 1 column vector where entries of 0 and 1 denote closed 

and open states in the single channel model. Following [Nguyen et al., 2005], the 
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MN-by-MN infinitesimal generator matrix corresponding to a release site composed 

of N M-state channels experiencing instantaneous coupling via changes in the local 

[Ca2+] can be compactly written as a stochastic automata network (SAN) descriptor 

( 4.20) 

where Q~N) is 
N 

Q(}!) = L J(N-n) ® K~l) ® J(n-l) (4.21) 
n=l 

and ® denotes the Kronecker product while J(n) denotes an identity matrix of size 

Mn. The elements of Qr_;) are functions of the N-by-N Ca2+ coupling matrix C, 

N 

Q~N) = L diag (cooe(N) + r*nr (I(N-n) ® Kil) ® J(n-l))' (4.22) 
n=l 

where e(n) is a Mn-by-1 column vector of ones, r*n is the nth column of the MN-by-N 

matrix 

f =(Tin)= UC ( 4.23) 

and Tin gives the increase in the local [Ca2+J above c00 experienced by channel n when 

the release site is in configuration i. The MN-by-N matrix U in Eq. 4.23 is defined 

as 

_ _ { 1 if channel n is open in release site configuration i 
U- (uin)-

0 otherwise 
( 4.24) 

and may be constructed column-by-column using 

( 4.25) 
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The SAN descriptor is extended to include inter-protein physical coupling using 

the methodology of Chap. 2 where transition rates are modified by state-dependent 

allosteric interaction energies. This extension only requires that the matrix of asso

ciation ( Qfl)) and dissociation rates ( Q!._!!)) be left and right-hand multiplied by 

diagonal matrices. Using ti:) to denote the unmodified transition rate matrices of 

Eqs. 4.21 and 4.22, the modified transition rate matrices are given by 

(4.26) 

The elements of the MN-by-1 vectors w+, w_, w_, and w_ are given by W±,i = 

exp (v±'I/Ji) and W±,i = 1/w±,i where v+ and v_ partitions allosteric contributions 

between association and dissociation rates (v_ = 1- v+), and '1/Ji is an element of the 

MN-by-1 vector'¢, 

N M 

'¢ = L L ann'e(N-n') ® E*m ® e(n'-n-l) ®Am® e(n-l)' (4.27) 
nn1-l m=l 
~<d 

giving the total allosteric interaction energy at the release site in each configuration. 

In Eq. 4.27, ann' is an element of the allosteric adjacency matrix A, E*m is the mth 

column of the allosteric energy matrix£ (see Chap. 2), and Am is an M-by-1 vector 

of all zeros except for an element of 1 in the mth row. The outer sum is over all 

unique pairs of channels at the release site and the inner sum is over all M states in 

the single channel model. 
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4. 7 Example MATLAB® subroutines 

4. 7.1 Subroutine to numerically simulate Markov chain 

models of calcium release sites 

function [time,nOpen,state] = ... 
... vectorizedGillespie(Kp,Km,u,C,E,A,eta,nup,totalStates,initS) 

% Function to numerically simulate a Markov chain model of a calcium 
% release site using a vectorized implementation of Gillespie's method 

% INPUT ARGUMENTS 

% Kp - matrix of single channel association constants 
% Km - matrix of single channel dissociation constants 
% u - vector where elements of 1 indicate open states 
% C - calcium coupling matrix 
% E - allosteric energy matrix 
% A - allosteric adjacency matrix 
% cainf - background calcium concentration 
% eta - cooperativity of calcium binding 
% nup - allosteric partitioning coefficient, nup = 0 assuming rates of 
% calcium association is rate limited and num = 1-nup; 
% totalStates - total number of configuration changes to calculate 
% initS - initial state matrix 

% OUTPUT ARGUMENTS 

% time - vector of times 
% nOpen - vector of number of open channels 
% state - totalStates-by-N matrix where column j of row i is the state 
% of channel j in release site configuration i 

[N ,N] 

[M,M] 
size(C); 
size(E); 

% ensure diagonals 
I= eye(size(Kp)); 
Kp = Kp.*not(I); Kp 
Km = Km.*not(I); Km 
u = u(:); %col vee 

of Kp and Km are zero and matrices are sparse 

sparse(Kp); 
sparse(Km); 
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u = sparse(u); 
A= sparse(A); 
E sparse(E); 

rand('state',sum(lOO*clock)); 

% initialize data vectors 
time = zeros(totalStates,l) 
state zeros(totalStates,N); 
nOpen = zeros(totalStates,l); 

timeNow 0; 
time(1,1) = timeNow; 

[stateNow, blah] = find(initS');% find state of each channel as a vector 
state(!,:) stateNow(:)'; 

n0pen(1,1) sum(initS*u); 

i = 1 
while i < totalStates 

i i+l; %while loop indexing 

opench = (S*U)'; %vector indicating open channels at the release site 

Psi = A*SNow*E; % matrix of possible allosteric interaction energies 
% where element n,m is the energy experienced by channel n provided it 
% is in state m. 

num = 1-nup; 
0 =Psi- (Psi.*S)*ones(M,M); 
OmHat exp(-num*D); 
OpHat = exp(-nup*D); 

openCh = S*u; % vector of open channels 

R (S*Km).*DmHat + ((diag(cainf + C'*openCh).-eta)*S*Kp).*DpHat; 
R reshape(R,[l N*M]); 

sumR = sum(R); 
tau = -log(rand(l))/sumR; %negative sign because sumR is postive 
timeNow = timeNow+tau; 

% update the state matrix 
j = min(find(sumR*rand(l)<cumsum(R)));% which transition took place 
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end 

[ch_index,state_to] ; ind2sub([N M] ,j); %which channel changed state 
state_from = find(S(ch_index,:)); 
S(ch_index,state_from)=O; 
S(ch_index,state_to)=1; 

time(ii,1) ; timeNow; 
n0pen(ii,1) ; sum(openCh); 

% find current state as a vector 
[stateNow, blah] ; find(S'); 
state(ii,:); stateNow(:)'; 

return 

4. 7.2 Subroutine to calculate the stationary distribution of 

an infinitesimal generator matrix 

function [piVect] ; stationaryDistribution(Q,flag) 

% Function to calculate the stationary distribution of Q 

% INPUT ARGUMENTS 
% Q - infinitesimal generator matrix 
% flag - specify whether to use the eigenvalue or least squares 
% method 

% OUTPUT ARGUMENTS 
% piVect - the stationary distribution 

Q; sparse(Q); 

switch flag 

case 'eigenvalue' 

lambda; 1.01*max(abs(diag(Q))); 
W ; speye(size(Q))+Q/lambda; 
opts.disp ; 0; 
% returns the eigenvector corresponding to the largest eigenvalue 
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[v,d] = eigs(@matrixvectorprod, M-N, 1, 'LR', opts); 
piVect v/sum(v); 
piVect = piVect(:); 

case 'leastsquares' 

[N,N]=size(Q); 
b = sparse(N+1,1,1,N+1,1); 
Z = [Q ones(N,1)]; 

piVect = b*Z'*inv(Z*Z') 

otherwise 

disp('Method Unknown'); break; 

end 

return 

4. 7.3 Subroutine to directly calculate puff/spark statistics 

function [EPD,EIPI,VPD,VIPI,PDDist,IPIDist] = ... 
... matrixAnalyticPuffStats(Q,piVect,nOpen,kappa,x) 

% Function to calculate the distribution, expectation, and variance of 
% puff/spark duration and inter-puff/spark interval directly from the 
% infinitesimal generator 

% INPUT ARGUMENTS 

% Q - infinitesimal generator matrix 
% piVect - stationary distribution of Q 
% nOpen - vector containing the number of open channels in each 
% configuration of Q 
% kappa - number of open channels at puff start 
% x - vector of times at which to calculate the values of the puff/spark 
% duration and inter-puff/spark interval distrubutions 

% OUTPUT ARGUMENTS 

% EPD - expected puff/spark duration 
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% EIPI - expected inter-puff/spark interval 
% VPD - variance of puff/spark duration 
% VIP! - variance of inter-puff/spark interval 
% PDDist - distribution of puff/spark duration 
% IPIDist - distribution of inter-puff/spark interval 

% Find the indexes of the elements of each aggragate class 
DO find(nDpen==O); 
D1 find(nDpen==1); 
Dk find(nDpen==kappa); 
Ds find(nDpen-=0 & nDpen-=1 & nDpen-=kappa); 

% Find the number of elements in each aggragate class 
NO= length(DO); 
N1 = length(D1); 
Nk = length(Dk); 
Ns length(Os); 

% Define commensurate row vectors of zeros 
ZO zeros(1,NO); 
Z1 zeros(1,N1); 
Zk zeros(1,Nk); 
Zs zeros(1,Ns); 

% Permute the generator matrix 
newNDpen = [DO; 01; Ok; Os]; 

Qnew Q(:,newNOpen);% rearrange columns 
Qnew Qnew(newNOpen,:); %rearrange rows 

a= [1 N0+1 NO+N1+1 NO+N1+Nk+1]; 
b = [NO NO+N1 NO+N1+Nk NO+N1+Nk+Ns]; 

QOO Qnew(a(1):b(1),a(1):b(1)); 
Q01 Qnew(a(1):b(1),a(2):b(2)); 
QOk Qnew(a(1):b(1),a(3):b(3)); 
QOs Qnew(a(1):b(1),a(4):b(4)); 

Q10 Qnew(a(2):b(2),a(1):b(1)); 
Q11 Qnew(a(2):b(2),a(2):b(2)); 
Q1k Qnew(a(2):b(2),a(3):b(3)); 
Q1s Qnew(a(2):b(2),a(4):b(4)); 

QkO Qnew(a(3):b(3),a(1):b(1)); 
Qk1 Qnew(a(3):b(3),a(2):b(2)); 
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Qkk = Qnew(a(3):b(3),a(3):b(3)); 
Qks = Qnew(a(3):b(3),a(4):b(4)); 

QsO Qnew(a(4):b(4),a(1):b(1)); 
Qs1 Qnew(a(4):b(4),a(2):b(2)); 
Qsk Qnew(a(4):b(4),a(3):b(3)); 
Qss Qnew(a(4):b(4),a(4):b(4)); 

% calculate puff/spark duration distribution, expectation, and variance 
a01 = piVect(OO)*Q01; 

gOgk =- [a01 Zs]*inv([Q11 Q1s; Qs1 Qss])*[Q10 Q1k; QsO Qsk]; 
gO= g0gk(1:NO); 
gk = g0gk(N0+1:NO+Nk); 

phik = gk/sum(gk); 
phiPD = [Z1 phik Zs]; 

QBB = [Q11 Q1k Q1s; Qk1 Qkk Qks; Qs1 Qsk Qss]; 
invQBB = inv(QBB); 

NB = N1+Nk+Ns; 
unos = ones(NB,1); 

EPD = -(phiPD*invQBB*unos); 
VPD = phiPD*(-invQBB)*(2*eye(NB) - unos*phiPD)*(-invQBB)*unos; 

t = QBB*unos; 
PDDist = zeros(size(x)); 
for ii = 1:length(x) 

xnow = x(ii); 
PDDist(ii) = - phiPD * (expm(xnow*QBB)) * t; 

end 

% calculate inter-puff/spark interval distribution, expectation, and 
% variance 
gO= [Z1 gk Zs]*(-invQBB*[Q10; QkO; QsO]); 

phiO = gO/sum(gO); 
phiiPI = [phiO Z1 Zs]; 

QBB = [QOO Q01 QOs; Q10 Q11 Q1s; QsO Qs1 Qss]; 
invQBB = inv(QBB); 

NB = NO+N1+Ns; 
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unos = ones(NB,l); 

EIPI = -(phiiNI*invQBB*unos); 
VIP! phiiPI*(-invQBB)*(2*eye(NB) - unos*phiiPI)*(-invQBB)*unos; 

t = QBB*unos; 
IPIDist = zeros(size(x)); 
for ii = l:length(x) 

xnow = x(ii); 
IPIDist(ii) = - phiPD * (expm(xnow*QBB)) * t; 

end 

return 

4. 7.4 Subroutine to map release site configurations to sym-

metry groups 

function [B,V,nDpen] = mapstatespace(M,N,nRotSym,nRefSym,iOpen,rot,ref) 

% Function to map each of the configuration os a release site model to an 
% unique symmetry group using the symmetries of the release site's 
% ultrastructure 

% INPUT ARGUMENTS 

% M - number of states in the single channel model 
% N - number of channels at the release site 
% nRotSym- degrees of rotational symmetry, e.g., nRotSym=6 for a hexagonal 
% lattice 
% nRefSym - degrees of reflective symmetry, usually 1; 
% iOpen - index of open state 

% rot - vector of indeces used to perform a rotation of the release site 
% configuration 
% ref - vector of indeces used to perform a reflection of the releaes site 
% configuration 

% Consider the following example: 

% Number channels of a haxagonal release site with N=7 as follows: 
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% 4 5 
% 1 2 3 
% 6 7 

% and represent an example configuration 

% 1 0 
% 0 1 1 
% 0 0 

% where M=2, 0 is closed, and 1 is open as a vector of length N, 

% stateNow = [0 0 0 1 1 1 0] 

% where stateNow(N-n+1) is the state of channel n. 

% The configuration that results after performing a reflection about the 
% diagonal through channel 4, 2, and 7 is 

% 1 0 
% 0 1 0 
% 1 0 

% stateNext = [0 1 0 1 0 1 0] 

% and is arrived at using 

% stateNext stateNow(ref) 

%where ref= N- [7 3 1 4 6 2 5] + 1 = [1 57 4 2 6 3]; 

% Similarly, the configuration that result after performing a clockwise 
% rotation or 360/nRotSym degrees is given by 

% 0 1 
% 0 1 0 
% 0 1 

% stateNext = [1 0 1 0 0 1 0] 

% and is arrived at using 

% stateNext stateNow(rot) 

% where rot N - [3 7 4 1 5 2 6] + 1 
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% OUTPUT ARGUMENTS 

% B - number of unique symmetry groups 
% V - M-N by B matrix where element i,j = 1 if configuration i belongs to 
% symmetry group j 
% nOpen - an B by 1 vector where element i is the number of open channels 
% in symmetry group i 

% allocate space for parsing vectors 
sMap = zeros(nStates,1);% all zeros to start- used to keep track of 
% states parsed and the state mapping 

nOpen = zeros(nStates,1); %all zeros to start- used to keep track of how 
% many channels are open in each unique symmetry group 

% states are represented in two formats, a base ten number 0 to M-N-1 and a 
% base M vector 
baseToDecVect = M.-([N-1:-1:0] '); %base M to decimal conversion vector 

B = 0; % indexes the unique states as they occur 
for stateNow = O:nStates-1 % 

if sMap(stateNow+1,1) == 0% current state is a new 'unique' state 

% generate state (base M) representation as a vector 
baseMStateNow = zeros(1,N); 
remainder = stateNow; 
for kk = N:-1:2 

baseMStateNow(1,N+1-kk) = floor(remainder/(M-(kk-1))); 
remainder= mod(remainder,M-(kk-1)); 

end 
baseMStateNow(1,N) = remainder; 

B = 8+1; 
n0pen(B,1) = length(find(baseMStateNow)==iOpen); 

% perform rotations and reflections and map appropriate states to 
% the current unique symmetry group 
for ii = 1:nRefSym 

if ii == 2 
baseMStateNow baseMStateNow(ref); %reflect; 

end 
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for jj = l:nRotSym 
baseMStateNow = baseMStateNow(rot); %rotate; 
decBaseStateNow = baseMStateNow*baseToDecVect; 
sMap(decBaseStateNow+1,1) = B; 

end 
end 

end 
end 

nOpen = n0pen(1:B,1); %truncate nOpen 
sMap = sMap(1:B,1); %truncate sMap 

% form V 
V = sparse(M-N,B); 
for ii = 1:length(sMap) 

V(ii,smap(ii)) = 1; 
end 

return 

4.8 Conclusion 

The numerical methods above were formulated for the theoretical studies of Chaps. 2 

and 3 that use a minimal two-state and a three-state single channel model, respec-

tively. However, these methods can be employed to study more complicated Markov 

chain models of Ca2+ release sties composed of single channel models with any num

ber of states. Similarly, the matrix analytic formulas that express puff/spark duration 

and inter-puff/spark interval as a function of the Q-matrix (Section 4.4) were formu

lated to study clusters of Ca2+ channels that experience mean-field Ca2+ coupling. 

However, these formulas can also be used to directly calculate puff/spark statistics 

even when the release site model includes an accurate account of channel positions. 

The applicability of the numerical methods presented in this chapter to Ca2+ release 

site models other than those of Chaps. 2 and 3 will facilitate future studies of puffs 

and sparks such as those suggested in the following chapter. 
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Chapter 5 

Epilogue 

5.1 Summary of results 

This dissertation advances our understanding of the biophysics connecting the micro

scopic parameters of IP3R and RyR gating with the emergent phenomena of Ca2+ 

puffs and sparks by clarifying 1) how nearest-neighbor allosteric coupling and Ca2+ 

coupling simultaneously contribute to puff and spark dynamics and 2) how Ca2+ 

inactivation of IP3Rs and RyRs affects the dynamics of puff/spark generation and 

termination. For example, the results of Chap. 2 show that when release site mod

els include Ca2+ coupling and synchronizing nearest-neighbor allosteric interactions 

that stabilize closed-closed and/or open-open channel pairs, puff/sparks are always 

enhanced for some values of the Ca2+ coupling strength. Importantly, the range of 

Ca2+ coupling strengths that result in puff/sparks depends on the strength of stabi

lizing closed-closed and/ or open-open allosteric interactions. 

Chapter 2 also demonstrates that qualitatively different changes in spark statistics 

are observed when allosteric interactions that stabilize closed channel pairs, open 

channel pairs, or both in a balanced fashion are randomly removed from simulations. 
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It may be possible to combine these simulation results with results of an experimental 

protocol that involves the gradual washout of the FK-binding proteins necessary 

for inter-protein allosteric coupling in order to clarify the microscopic parameters 

of physical coupling in vivo. Another interesting result of our simulated washout 

experiments is that spark statistics are largely insensitive to variations in allosteric 

connectivity as long as the average allosteric connectivity of the release site remains 

unchanged. 

The results of Chap. 3 demonstrate that high-affinity Ca2+ inactivation often facil

itates puff/spark termination and, consequently, reduces the sensitivity of stochastic 

Ca2+ excitability to variations of the number of channels at release sites and to vari

ation of the Ca2+ coupling strength as long as the rate of Ca2+ inactivation is not 

excessively fast. Interestingly, Ca2+ inactivation may be a viable negative control 

mechanism even if the kinetics of inactivation are much slower than the duration of 

puffs and sparks. In fact, we found that slow inactivation mechanisms often promote 

nearly time-reversible puff/sparks by 'tuning' release sites so that, at any given time, 

the number of de-inactivated channels is appropriate to generate robust puff/spark 

events that terminate without the additional recruitment of inactivated channels. 

Chapter 4 presents several numerical methods that facilitated the theoretical stud

ies of Markov chain models of puffs and sparks that are the focus of this dissertation. 

For example, the vectorized formulation of Gillespie's method applied to clusters of 

Ca2+ channels coupled via local Ca2+ and allosteric interactions (Section 4.2) sig

nificantly accelerates the numerical simulation of release sites. The matrix analytic 

formulas derived to calculate puff/spark duration and inter-event interval distribu

tions directly from infinitesimal generator matrices (Section 4.4) are valuable tools 

for parameter studies of puff/spark dynamics. Finally, the method for agglomerating 

release site configurations based on the symmetries of release site ultrastructures may 
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help researchers cope with the state space explosion that often limits the analysis of 

Markov chain models of Ca2+ release sites [DeRemigio et al., 2008]. 

5.2 Direction of future work 

5.2.1 Markov chain models of calcium channel gating 

While this dissertation advances the theory of stochastic Ca2+ excitability, much 

work remains to clarify the biophysics of puff and spark dynamics. For example, the 

results of this manuscript assume that Ca2+ release sites are composed of homoge

nous clusters of channels, that is, individual channels are modeled using identical 

state-transition diagrams. However, multiple IP3R and RyR isoforms with different 

functional properties-that is, varying single channel gating dynamics-are often co

expressed in cells [Miyakawa et al., 1999, Fill and Copello, 2002]. Thus, release sites 

may be composed of heterogeneous collections of channels. Theoretical models may 

help clarify the functional consequences of this heterogeneity. 

Another limitation of the studies of Ca2+ puffs and sparks presented in this dis

sertation is that the single channel models used do not explicitly include transitions 

representing the binding of co-agonists, such as the binding of IP3 to IP3Rs and cyclic 

ADP-ribose to RyRs [Berridge, 1993a, Berridge, 1998]. Instead, it is assumed that 

channels gate under the influence of a constant or saturating concentration of such co

agonists. While such an assumption may be valid when the production of co-agonist 

is slow compared to the gating of channels, it is not when changes in the co-agonist 

concentrations occur on the same time scale of puffs and sparks. Future theoretical 

studies of puffs and sparks may need to include an accurate account of co-agonist 

binding. Such an account will be necessary in order to incorporate release site models 
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into models of signal transduction pathways that include the hydrolysis of IP3 R and 

RyR co-agonists via G-protein coupled cascades [Berridge, 1993a, Berridge, 1998]. 

The results of this manuscript also assumes that the kinetics of single channel 

gating obey the law of mass action. That is, Ca2+-dependent transition rates are 

expressed as functions of the [Ca2+]. However, this formulation may not be valid when 

the [Ca2+] is low and the stochastic motion of individual Ca2+ ions is relevant. In the 

low [Ca2+]limit, it may be necessary to model intracellular Ca2+ as individual ions 

undergoing Brownian motion instead of using continuous functions of space and time. 

Such a modeling approach may especially be important for studying the stochastic 

gating of RyRs in cardiac ventricular myocytes where clusters of channels occur in 

small regions of the cytosol located between the plasma and SR membranes. The 

volume of these so-called diadic spaces may only be a few tens of atto liters (atto = 

10-19 ) [Koh et al., 2006] and, thus, it is likely that only one or two free Ca2+ ions are 

present in each diadic space at resting Ca2+ concentrations [Koh et al., 2006]. 

An interesting study would compare the dynamics of Ca2+ channel gating when the 

Ca2+ microdomain is modeled using continuous differential equations to the dynamics 

when the local Ca2+ profile is modeled as discrete Ca2+ ions undergoing Brownian 

motion. Because as much as 90% of Ca2+ in the diadic space is bound to mobile 

and immobile buffers, an extension of this work could investigate the effects of Ca2+ 

buffering on channel gating when Ca2+ is modeled discretely. The rapid binding 

and unbinding of Ca2+ to buffers may be functionally similar to the limit where the 

diffusion of Ca2+ is much faster than channel gating. Thus the Ca2+ profile in the 

presence of buffers may be well approximated by continuous functions even when the 

concentration of free Ca2+ is low. 
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5.2.2 Calcium release via the polycystic 2 ion channel 

Recently, it has come to light that IP3Rs and RyRs are not the only Ca2+ channels 

responsible for mediating Ca2+ release from the ER/SR. The polycystic 2 (PC2) ion 

channel protein, also know as the TRPP2 (transient receptor potential polycystic 2) 

channel, is known to be localized on the ER and SR membrane of many types of 

cells including kidney, heart, and brain cells [Anyatonwu and Ehrlich, 2004,Bootman 

et al., 2002, Anyatonwu et al., 2007]. Like many RyRs and IP3Rs isoforms, PC2 

is activated at low cytosolic Ca2+ concentrations and inactivated at higher Ca2+ 

concentrations [Anyatonwu and Ehrlich, 2004, Bootman et al., 2002]. While much 

experimental work remains to clarify the dynamics of PC2 gating and the distribution 

of PC2 on ER/SR membranes, it is at least plausible that these channels colocalize 

with IP3Rs and RyRs at Ca2+ release sites. Polycystic 2 has already been shown 

to coimmunoprecipitate with type 2 RyRs in mouse heart and inhibit RyR channel 

activity in the presence of Ca2+ [Anyatonwu et al., 2007]. Furthermore, the amplitude 

of RyR release decreases and the duration increases in the absence of PC2 [Anyatonwu 

et al., 2007]. These results indicate that future models of localized Ca2+ release may 

need to account for PC2 channels. More importantly, the emergence of PC2 as an 

agent of intracellular Ca2+ release reminds us that the state of the art is constantly 

changing and much work remains to elucidate the theory of localized Ca2+ release. 

5.3 Local calcium release and studies of global cal

ci urn signals 

In addition to advancing our understanding of localized Ca2+ release, the studies 

of this dissertation are important because models of global Ca2+ release may ulti-
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mately depend on an accurate account of local Ca2+ signaling events such as puffs 

and sparks. Models of global Ca2+ signaling that ignore local signaling often fail 

to reproduce salient features of Ca2+ release. For example, models such as the De 

Young-Keizer model of Ca2+ oscillations neglect spatial aspects of the Ca2+ profile 

and instead, assume "continuously-stired" single cytosolic and ER Ca2+ pools [De 

Young and Keizer, 1992]. When this common pool approach is used in models of 

cardiac excitation-contraction (EC) coupling, the phenomenon of high gain release

where a small influx of Ca2+ via 1-type channels recruits a much larger release of 

Ca2+ from the SR via RyRs-is readily observed. However, such models are unable 

to robustly reproduce the phenomenon of graded Ca2+ release in which the ampli

tude of the Ca2+ signal is a function of the amount of 'trigger' Ca2+ that enters 

via 1-type channels [Stern, 1992b, Hilgemann and Noble, 1987]. In contrast to com

mon pool models, models of whole cell EC coupling that include a representation of 

individual Ca2+ release sites are able to reproduce both gain and graded release of 

Ca2+ [Stern, 1992b,Williams et al., 2007,Rice et al., 1999,Sobie et al., 2002,Greenstein 

and Winslow, 2002]. 

The example of EC coupling suggests that many global Ca2+ signals can only be 

successfully modeled when theorists consider how these global signals emerge from 

the underlying local Ca2+ signaling events. In fact, local variations of Ca2+ signals 

may ultimately prove to be the functionally significant component of many global 

Ca2+ release events. This seems especially plausible in the arena of neuronal infor

mation processing. For example, Purkinje neurons of the cerebellum have arborous 

dendrites that integrate synaptic inputs from thousands of afferent axons. Many of 

these synapses occur on small protruding sections of the dendritic membrane referred 

to as dendritic spines. Because they contain a projection of the ER membrane on 

which IP3Rs are expressed, input specific Ca2+ microdomains may be established 
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within the relatively isolated cytosol of dendritic spines [Sharp et al., 1993]. In fact, 

localized Ca 2+ release within dendritic spines may allow spines to function as co

incidence detectors. Recall that IP3Rs are activated when both Ca2+ and IP3 are 

present. Calcium may enter spines when the entire dendritic membrane is depolar

ized by axons referred to as climbing fibers. However, IP3 is hydrolyzed only when 

spine-specific parallel fibers are recruited [Sharp et al., 1993, Berridge, 1998]. 

Hopefully, the examples given above illustrate that future realistic models of global 

Ca2+ release will often need to include an accurate account of the localized Ca2+ 

release events from which they emerge. Thus, the theoretical models of local Ca2+ 

release presented in this manuscript are essential. Not only do they help to clarify 

the biophysics connecting microscopic parameters of channel gating to Ca2+ puff and 

spark dynamics, they also establish a foundation on which whole cell models of Ca2+ 

release can be built. 
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Afterword 

The work discussed in this dissertation has resulted in several presentations at interna

tional conferences and the submission of two articles for publication in peer reviewed 

journals. The first article, titled "Ryanodine receptor allosteric coupling and the 

dynamics of calcium sparks", was submitted to Biophysical Journal and is primarily 

based on the results of Chap. 2. The second article, titled "Calcium-dependent inacti

vation and the dynamics of calcium puffs and sparks", was submitted to The Journal 

of Theoretical Biology and is based on the work of Chap. 3. Both manuscripts are 

currently under review. 

My research has also contributed to an article recently submitted to the journal 

Mathematical Medicine and Biology by lead author Hilary DeRemigio titled "Calcium 

release site ultrastructure and the dynamics of puffs and sparks." My primary contri

bution to this work was the formulation of a vectorized algorithm used to numerically 

simulate Ca2+ release sites. The simulation algorithm is similar to that of Section 4.2, 

but does not include a representation of nearest neighbor allosteric coupling. I also 

contributed by writing code to facilitate numerical estimation of puff/spark statistics 

from Monte Carlo simulations. 

During my first two years at William & Mary, I also contributed to computational 

studies of the thalamic visual pathways. These studies are not discussed in this dis

sertation, but they are significant contributions and deserve to be mentioned. Briefly, 
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visual information from the retina passes through the visual thalamus (lateral genicu

late nucleus, dLGN) on its way to cortex. While it was thought until recently that the 

dLGN was essentially a passive relay for this information, it is now apparent that the 

dLGN acts as a state-dependent gateway, controlling the flow of visual information 

from the periphery to the cortex [McCormick and Bal, 1997]. The filter properties of 

this gateway are modulated by inputs from a host of non-retinal sources such as the 

thalamic reticular nucleus (perigeniculate nucleus, PGN), the brain stem, and layer 

six of visual cortex [McCormick and Bal, 1997, Cudeiro and Sillito, 2006]. Impor

tantly, the principle neurons of the dLGN, thalamocortical relay neurons, express the 

low voltage activated Ca2+ current (T-type Ca2+ current) responsible for bursts of 

action potentials [Destexhe and Sejnowski, 2003]. Thus, inhibitory input to the tha

lamocortical relay neurons may significantly alter the information content of visual 

information as it passes through the thalamus [McCormick and Bal, 1997, Cudeiro 

and Sillito, 2006]. 

Using ordinary differential equation models of the relevant neural network and 

spectral analysis techniques, we studied the effects of feedback inhibition from retic

ular neurons of the PGN on the transmission of retinal drive through the dLGN. 

We found that that the filter properties of the dLGN /PGN are dependent on the 

temporal and spatial frequency of retinal drive in addition to the level of potassium 

leak conductance (a correlate in our model to level of arousal). This work resulted 

in two publications. The first titled "The effect of feedback inhibition on throughput 

properties of the dorsal lateral geniculate nucleus" appeared in Neurocomputing in 

2005 [Huertas et al., 2005a]. The second titled "feedback inhibition and throughput 

properties of an integrate-and-fire-or-burst network model of retinogeniculate trans

mission" appeared in The Journal of Computational Neuroscience in 2006 [Huertas 

et al., 2005b]. Numerous presentations at international conferences also resulted from 
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this work. 

I have also used information theoretical techniques such as stimulus reconstruction 

and mutual information to study the throughput properties of a model dLGN net

work that includes interneuron feed-forward inhibition [Cox and Sherman, 2000, Cox 

et al., 2003, Govindaiah and Cox, 2004]. While this work has not resulted in a publi

cation, results of these studies have been presented in abstract form as "The effect of 

interneuron feed-forward inhibition on linear stimulus reconstruction" at the Society 

for Neuroscience and Computational Neuroscience annual meetings in 2005. 
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