L

View metadata, citation and similar papers at core.ac.uk brought to you byf/\: CORE

doi: 10.2478 /umcsmath-2014-0001

ANNALES
UNIVERSITATIS MARIAE CURIE-SKEODOWSKA
LUBLIN-POLONTIA

VOL. LXVIII, NO. 1, 2014 SECTIO A 1-10

OM P. AHUJA and HALIT ORHAN

The Fekete—Szego problem
for a class of analytic functions
defined by Carlson—Shaffer operator

ABSTRACT. In the present investigation we solve Fekete—Szegd problem for
the generalized linear differential operator. In particular, our theorems con-
tain corresponding results for various subclasses of strongly starlike and
strongly convex functions.

1. Introduction. Let A be the family of all analytic functions f of the
form

(1.1) f(2) :z+Zanz"
n=2

in the open unit disk 4 = {z € C: |z| < 1}. Suppose S is a subfamily of
A consisting of functions that are univalent in . For functions f,g € A,
given by f(z) = z+ > 2o anz" and g(z) = 2+ > ", by2"™, we define the
Hadamard product (or convolution) of f(z) and g(z) by

(1.2) (f*9)(z) =2+ anbnz" = (g f)(2), z €U.
n=2

Carlson and Shaffer in [4] introduced a linear operator L(a,c) : A — A
defined by L(a,c)f(z) = ¢(a,c; z) * f(z), where the symbol * denotes the
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convolution of two functions in A and where ¢(a,c;z) is the well-known
incomplete beta function given by

qbacz—z%—z nl" eu.

Here a and ¢ are nonzero complex parameters and a,c # —1,—2,-3,....
Also, (A);,, denotes the Pochhammer symbol defined by
) _F()\+n)_ 1, n =20,
T MO+ D .. (A+n—1), ne{l,2,3,...}.
We also note that L(a,a)f(z) = f(2), L(2,1)f(2) = zf'(z) and L(§ +
1,1)f(2) = D°f(2), where

DY f(2) = sy * f(2), 6> 1,

(1-2)
is the generalized Ruscheweyh derivative of function f in A [22]. The op-
erator L(a,c) is analytic in & and plays an important role in Geometric
Functions Theory; see for example [24], [14], [21] and [9].

The linear multiplier differential operator D™ (X, ¢)f was defined by the
authors in [7] as follows:

D\ @) f(2) = f(2),
D'\ @) f(z) = DA, @) f(2)

=22 (f(2))" + (A= @)2(f(2)) + (1 = X+ ) f(2),
D*(\, ) f(2z) = D(\, ) (D'(X, 0)f(2)),

D™\, @) f(2) = DA\, @) (D™ 1\, 9)f(2)),

where A > ¢ > 0 and m € Ny = NU {0}.
If f is given by (1.1), then from the definition of the operator D™ (\,¢) f(z)
it is easy to see that

(1.3) D™\, ¢ =z+ Z Apn + A —@)(n—1)]"a,z".

It should be remarked that the Dm()\, ©) is a generalization of many other
linear operators considered earlier. In particular, for f € A we have the
following:

e D™ (1,0) f(z) = D™ f(z), the operator investigated by Salagean (see [23]).
e D™ (X,0) f(z) = D™ (X) f(z), the operator studied by Al-Oboudi (see [2]).
e D™ (X, p) f(z), the operator firstly considered for 0 < ¢ < A < 1, by
Raducanu and Orhan (see [20]). The operator D™ (X, ¢) f(z) is called
Raducanu—Orhan operator.
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Definition 1.1. The generalized linear operator L(m, A, p;a,c) : A — Ais
given as
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where ®7(\, ) = [1+(Apn+A—p)(n—1)]", A > ¢ >0, m € Ny = NU{0}
and a,c# —1,—-2,-3,....
We note here some special cases:
(1) L(0, A\, ;5 a,c) f(z)=L(a,c) f(z) is the Carlson-Shaffer linear operator [4].
(2) L(0, A, ;0+1,1) f(2), 6 € Np, is the Ruscheweyh derivative operator [22].
(3) L(m, A\, ¢;1,1)f(2), A > ¢ > 0, m € Ny, is extended Raducanu-Orhan
operator [7].
(4) L(m, A\, 0;1,1) f(2), m € Ny, is the Al-Oboudi linear operator [2].
(5) L(m,1,0;1,1)f(2), m € Ny, is the Salagean derivative operator [23].
Now, by making use of the extended linear differential operator
L(m, A, p; a,c), we define a new subclass Q(m, A, ¢, 5; a, ¢) of analytic func-
tions.

Definition 1.2. Let a,c¢ be nonzero complex parameters such that a,c #

—1,-2,-3,...,A>¢>0,m e Ny =NuU{0}. Also, suppose 0 < 5 < 1. A

function f given by (1.1) is said to be in the class Q(m, \, ¢, B; a, c) if

arg (2L A @10,0) f(2))
“\TLim A w0, 0 f(2)

This class includes a variety of well-known subclasses of A. For example,

Q(0, A, ¢, Bya,a) = S7(B)
= {z € A: |arg <Z}f;i§)>‘ < gﬁ, z eu}; 3]
Q(0,A, ¢, 8;2,1) = K1(B)

:{feA: arg<1+2]‘£,;§)>'<gﬁ, zeu}; [3]

(1.4)

<g,8, zelU.

Q(Oa)\> 807535"1' 1, 1) = R(S(B)

2(D2f(2)) v

:{fGA: arg<(D5JJ:<(Z)))>’ <§B, zeZ/{}, 0 > 05 [6].
A function f in S7(B) is called strongly starlike of order 5. The class

K1 (B) consists of strongly convex functions of order 5. These observations

help us to conclude that the differential-integral representation given by

(1.4) is a generalization of the Carlson—Shaffer operator in [4] and includes

S7(B) and K1(p) studied by Brannan and Kirwan in [3].
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In 1933, Fekete and Szeg6 [10] found the maximum value of ‘ag — ,u,ag‘ as
a function of the real parameters u, for functions belonging to the class S.
Since then, several researchers solved the Fekete—Szeg6 problem for various
sublasses of the class of S and related subclasses of functions in A. See,
for example [1], [5], [6], [7], [8], [11], [12], [13], [15], [16], [L7], [18], [25]. In
the present paper, we solve Fekete—Szegd problem for functional ‘ag — ,ua%|,
where p is real or complex when f is in the family Q(m, A, ¢, 5;a,¢). In
particular, our theorems contain corresponding results for various subclasses
of strongly starlike and strongly convex and other several subclasses of A.

2. Preliminary results. Let P be the class of all analytic functions P
given by p(z) = 1+ c1z + c222 + ... with Rep(z) > 0 for z € U. To prove
our main results we need the following lemmas.

Lemma 2.1 ([19]). If p(z) = 1+ c12 + cz® + ... is in P, then
(i) len] <2 forn > 1,
2
(ii) |eo — 3e3] < 2 — lal,
Lemma 2.2. Let a and ¢ be nonzero complex numbers with a,¢c # —1,

—2,-3,..., A>¢>0and m € Ng =NU{0}. If f € Q(m, )\, p,B;a,c) is
given by (1.1) then

: 28]
(i) a2 <z =
7' (A, ) lal
S0, a7 0 5
. ) al la
iz | TR
(N ) lalla+ 117 7 3
Proof. Let F(z) = L(m, A, p;a,c)f(z) =z + Az2? + A323 4+ .... Since
2F'(z) 4
= P
Fo) P (2), p€
and so,

2(1+2A22 +3A322 +...)
2+ A9z + A3z3 + ...
which implies that

=(1+caz+e?+...)°

2424522 + 34323+ ... =2+ (Ber + A2)22

2
+(ﬁcQ+5(52D61+6c1A2+A3>z3+....

Equating the coefficients of 2 and 23, we have

(2.1) AQ = 561,
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since
g i
(2:2) A3:§ 02—51 +452C%
F() = 00,2) « DMl () = 24 D 0 o) (L "
n—2 n—1
9 S ( T (c)
I'la+n—-1)I'(c
= O\ n
DI A P AL
so we have I I
a+ 1DI'(c
= O (\ .
/861 2 ( ’gp)l—\(c_'_ 1)F(a>a2
This yields
Beey
2.4 aQ = —————.
24 F 0. 7)
In view of Lemma 2.1 (i) we have
= Tal D3 (A )
On comparing the coefficients of 2% in (2.3), we get
I'(a+2)(c) ala+1)
Az = P (N, @) =—————Fa3 = P5'(\, ) —as.
3 3 ( ,(ID)F(G)F(C—FQ)QS 3( ,(P) C(C+1)a3
Using (2.2), we obtain
c+ 1) ﬁ C% 3 99
2. —(cg— =)+ - .
(2:3) T30 )ala + 1) 5 t37a
Therefore, by applying Lemma 2.1 (ii), it follows that
e[ [(e+1)| 8 2 2
az| < poay 4— 1 Jr?)ﬂ Cc1 .
5| < Zp0n oy fll(a ] L~ " + 301l
This inequality immediately proves the result. 0

3. Main results. We first consider the functional ‘CL3 — ,uag{ for complex
parameter p.

Theorem 3.1. Let a and ¢ be complex parameters such that a,c # 0,—1,
-2, — ,A> 9 >0andm e Ny =NU{0}. If f € Qim,\ ¢, B;5a,c),
B e (O 1] and W is a complex parameter, then
Blelle+1] { Bo(®, p;a, c) }
< max § 1, —
5 (A, ) laf |a + 1] 3™ (A, @) lal e + 1]

where v(®, p; a, c) = 303™(\, p)a(c + 1) — 4B (N, p)uc(a + 1).

(31)  |az— uag‘
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Proof. From (2.4) and (2.5), it follows that
c(c+1 1
a5 — pal = —DeF V) )<02_c§>

(3.2) 205 (N, p)ala + 1 2
' B[323™ (A, p)alc +1) — 4u@F (N, p)e(a + 1)] ,
4BT° (N, ) B2 (X, p)a(a + 1) 1
Therefore,
‘a3_ua2‘_ /B‘CHC"’_H —16%
2051 (A, ) 2

B2 el [v(®, s a, c))|
45 (A, )23 (X, ) lal* |a + 1|
In view of Lemma 2.1 (ii), we obtain
Blefle+ 1]
— 5" (\ ) af|a+ 1]
Blel [Bv(®, pa, )| — BF™ (N, ) |al e + 1]] P
19PN ) af a1

Suppose 8 [v(®, p; a,c)| < ®3™(\, ) |a| |e + 1|. Then it immediately follows
that

(3.4) ‘azs - M%‘

’ 2

1

‘ /W2‘
(3.3)

Blelle +1]

— 25N ) lala+ 1
On the other hand, if B|v(®,u;a,c)| > ®2™(\, ) |al|c+ 1|, then using
Lemma 2.1 (i), we have

2 5‘0’ |C+1‘
(39 lea el < Gy Oyl t 1
Blel [8]0(®, s a,c)] — 937(\, @) Jal e + 1]
27 (%, )23 (%, ) [al” |a+ 1]
_ Blallel e+ 183"\ ) + 8 I [o(@, 1, O = 8 lalle e + 11837\, )
2P (N, )3 (o) [a [a + 1]
_ Bldp@®mac)
5N, )82 () [aP a1 1]

The result immediately follows from (3.4) and (3.5). O

Equality in (3.4) and (3.5) is attained, respectively, for functions in
Q(m, A, ¢, B;a,c) given by
(LA pia,df () (142)° 2(LmAgadf() _ (1+2)°
L(mv )\,QO;(I,C)f(Z) B 1—22 L(ma )‘790;&7 C)f(Z) B 11—z ‘

In the next result we consider the cases where u is a real parameter.
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Theorem 3.2. Let a,c € (0,00), 8 € (0,1], A > ¢ > 0 and m € Ny =
NU{0}. If f € Q(m, A\, ¢, B;a,¢) and [ is given by (1.1) then for real p we
have

B2c[3a(c+1) 5™ (N ) —4pc(a+1) DT (N0)]

P (X,0) 23 (N, ¢)a2(a+1)
(38—Da(c+1)®3™ (\p)

1S T Hdarepong)
0Pl
7 (\p)ala+1
as — paj| < s (B38-Da(c+DOI"(N\g)  (3B+Da(c+1)OI" (M)
Zf ABe(a+ )T (M) SHs ABe(a+1)@T (M)

520(4uc(a+1)<1>m(>\,g0) 3a(c—&—1)<1>2m )
¢?(A’¢)¢%Z§(ﬁ’ﬁ)>ai(a+1§2b2 ()

. +1a(c+ (A

12 igaeyong)

\

Proof. In view of (3.3), we need to consider two main cases.

3B2m (N, +1 .
Case 1. Let pu < %. Then (3.3) gives

Be(e+1)
— O (N, p)ala + 1)
L BelB8 = Dale + VBN, ¢) — 4puc(a + HEF(), ¢)]
A2 (N, )23 (N, p)a(a + 1)
and by using the fact that |ci| < 2, we obtain
B2c[3a(c+ 1)@ (N, @) — 4uc(a + )TN, )]
BT (A, )P (N, p)a?(a + 1) ’

ay — pa3]| <
(3.6)

lea]?

|az — ua%\ <

provided that
(38 — Da(c+ 1)23™(\, )
ABe(a+1)2F (N 0)

[T

On the other hand, if
(38 — Da(c + 1)@3™(\, ¢)

4Bc(a + 1)PT (N, o)
then the inequality (3.6) reduces to

Be(e+1)
= (N, p)ala+1)
~ Be[duBe(a+ 1T (A, @) — (38 — L)a(c + 1)P3™(A, ¢)]
A2 (X, ) 23™(N, p)a(a + 1)

Be(e+1)
=B pala+ 1)’

=

as — Maz‘

2

|c1]

302m (N p)a(c+1)
497 (X, p)c(a+1)

v(®, s a,c) = 4DT (N, ) pc(a + 1) — 3B3™(\, p)a(c + 1)

Case 2. Assume that pu > In this case, note that
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and (3.3) reduces to
Be(e+1)
— (N, pla(a+1)
Be[4Bpuc(a + 1)PF (A, @) — (38 + Da(c + 1) 23" (A, ¢)]
@70, )8 (A, p)a2(a + 1)

|ag — pas| <
(3.7)

+ ‘01‘2.

Again, using the fact that |c;| < 2, we obtain

B2cldpc(a+ 1)PT(N, @) — 3a(c + 1)@3™(N, )]
()83 (O )a(a + 1) ’

where we have also used the condition that

(38 + Da(c + 1)®3™ (. ¢)
T ABcla+ 1) (Np)

On the other hand, if

‘GS — ,ua%\ <

(36 + Da(c + 1)BZ™(\, p)
"= 4Bca+ )BF (N )

then (3.7) yields
Bele+1)
= (N, p)a(a+1)
_ Bel(38 + Da(c + P3™ (A, ) — 4uBe(a + PE(N, ¢)]
ARF (N, ) B3 (A, p)a*(a + 1)
Be(e+1)
TR\ pla(a+ 1)

Finally, we observe that

} — pag \

le1]?

(38 — Da(c+ 1)®3™(X, p) Ba(c+ 1)®3™ (X, @)
Bela+ D000 g) M= defa+ )7 (h )
_ (334 Dale+ )8 )

4fc(a+ 1)PF (N, @)

Thus the proof is complete.

Corollary 3.3. Let a,c € (0,00), A\ > >0, m € Ny =NU{0} and
3a(c+ 1)®3™ (N, @)

(c+ 1)P3™ (N, ) — 8c(a + 1) (A, )

If f € Q(m, A\, ¢, B;a,¢) and f is given by (1.1), then

Be(c+1)
(A pla(a +1)

0 <
<ﬁ_9a

las| — Jaz| <
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Proof. Since
(38 = Da(c+ 1)P3™(\, »)
de(a + 1) BT (A, p)

2
< —
-3
for

3a(c+ 1)@%’"()\, ©)
(c+1)@3™ (A, ) — 8c(a+ 1)@ (A, )

<
ps 9a
and

2 2
az — Zaz| + 3 Jas|? — |as|,

lag| — |az| < 3

from Theorem 3.2 it follows that

Be(c+1) 2 2
_ < z _ .
|as| — lag| < ST pJala 1) |3 |ag|” — |az|
Setting |ag| == x € [0,20¢/a], we can write
Be(e+1) 2,
_ < —x° —x:=Qx).
las] = faa] < (N, p)ala+1) + 3t T (x)
Since Q(x) attains its maximum value at = = 0, the result follows. O
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