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Abstract

In this present paper we study the general even degree spline S € Cm[O,l], i.e. the spline of degree 2m, where

m is the positive integer, matches derivatives upto the order of m at the knots of uniform partition. Reference[6],
have been constructed an interpolating quartic spline with matching first and second derivative of a given
function at the knots. A similar study was made by [5], for even degree splines upto degree 10. Further, it was
conjectured by [5], that higher degree splines can be obtained in a similar way. They also raised a question for
getting a proof for general degree splines. We provide a proof for general degree spline of degree 2m. Explicit
formula for these splines are obtained. Error estimation to these splines in terms of Chebyshev norm is also
represented by using the result due to [2]. On combining the result of this paper and the result obtained by [4]
with some modification we get deficient spline of general degree for approximation. The deficient splines are
found useful because of the fact that, in this case we require less continuity requirements (see De Boor [3], P.

125). The restrictions of smoothness are compensated by considering additional interpolatory conditions.
Keywords: Even degree; Deficient; Spline interpolation.

1. Introduction

Let A:O0=X,<X <..<X,=1 with x,—Xx,=hi=L2,..,n If 7

n denotes the polynomials of

degree not greater then m. We define the class of all 2m degree deficient splines over A with deficiency of order

r S(2m,A,r)={S:S(x) eC*" [0, 7,,, X €[X, X%, ],i=12,..,n-1}.

Here we consider deficient splines with deficiency m. We claim the following:

* Corresponding author.
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2. Existence and Uniqueness

We write (X—X)/h=gq, forie{0,1,...,n}, 0<q<1 thevalueof s(x) as S, at X and s (x) = f,V.

Theorem 2.1 There exists a function of unique splines S(X) € C™[0,1], of degree 2m, with matching

conditions,
s =f"r=12,.. 1)
For i =0,1,...,n and the boundary condition S, = fo. It has the following representation in the sub interval

[x,%.,],i=01..,n-1,

m-1 ) )
S(X) = SiTm,l (q) + Si+1Tm,2 (q) + z hj{ fi(J)-I—m,2j+1 (q) + fi+1(J)Tm,2j+2 (q)}+ hm fi(m)-l—m,2m+l(q)1 (2)

=t

where T ,..,(0) = mZ(m 1+kj{2( 1)’ [ } J*"”}, j=01..,m

|y
1 S k m+k 2m -~ m-+1+k+i H- _
Tz (@) = i kZ; (-1) ( ) j(m ik j{Z( 1)( j } j=01..,m-1

T

m,2m+2?

We observe that the functions T_,, T

mar Tm2sees are linearly independent polynomials of 7, .

We need the following lemma for proof of the theorem.

Lemma. We have

A )

) m4404Y m+k 2m—r' 1 forj=r
(i) k Jim-1-j-k

=0, for j<r.
- mi[m—1+kj (Zm—jJ
(iii) = .
= k m-— |

N L |
i) (-1)"" (—1)k[m " )[m;k)ﬂ, for m>i+ j.

(i)

1 T
LLVAL
~—
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Proof of Lemma. We use the notation that EB(1-x)% is the binomial expansion.
For (i) we consider EB(1-x)™ EB(1-x)™ and collecting the coefficients for x"? , we get the result.
We get part (ii) if we compare the coefficients of x™ in the expansion EB(1-x) ™" EB(1-x)*™" .
For (iii) we compare the coefficients of ™ in the identity,
(LI-x"MEBA-x)"" =1+ X+ x> +..+x")EB1-x)™".
The last result follows when we compare the coefficients of x™*7 in the expansion of
EB(1-x) ™" =(1-x)"=EB(1-x)".

Proof of Theorem 2.1 Let D denote the differential operator with respect to

D"=D(D"™),r <0,(D° =1). We observe that D(q) = 1/h. We have for r=1,2,...,m-1,

m k
DT, ,,.4(0) = Jz(m i jz< 1)( j

k=0

Incaser<j,atq=0,

rTm,2j+l(q) = O- (3)
For the case r = j, the term D"q|*™***, at q = 0 is not zero if and only if k = i = 0, we get
DrTm,2j+1(q) =h™", at g=0. @)

Forthecaser>j,andi=r-j-k. Buti>0,i.e. k<r-jwe obtain

(@) = ” m-1+k\)(m o .
m2]+1q 0 k I’—j—k - ()

by the result (i) of the lemma.

It is direct to see that

DT, 25..(A) =0, atg=0. (6)

From the foregoing observations (2), yields
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sW(x)=f"(x), r=12,...m-1i=01..,n,

from the definition of s(x) in [X;, X;,,]. Now we claim

DT, ,;.1(0) =0, atg=1. (7)
We can write
iim-1+k) .
DrTm,2j+1(q) :_|2£ quk L-q)".
]S k

Using Leibnitz’s formula for successive differentiation, we get

; 1 (m=-1+k\&(r) o, S
DTm,2j+1(q):?Z( k JZ(IJD I(l_q) quJ k’

= k=0 1=0

which establishes the claim. Writing

_jo(—l)i (jijq‘ =(1-q)’,

we get

") k k)(2m—j - I i | melik
DT, 05 (@ = 3 (-1) [””k j( n JZU]D @-'D'q""

"= m-1-j-k )=

If j > r, the above expression is zero at q = 1. Now let j<r the term D™ (g —1)j atg=1lisnotzeroifj=r-1

i.e. | =r—j. We have
r r @em-j "&SHw(m+k)(2m-r
DT .. = P — -1 ,
m,21+2(q) (r—j](Zm—r)!hr kZ:;( ) ( k m_l_j_k
:%,forjﬂ,atq:l; ®)

and DT, ,..,(0) =0, for j <r by lemma (ii).

Whence s (x.,,) = f(x,,), from the definition of s(x) in [X,, X;.,]-
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Hence we get S(X) € C"[0,1].

Now we proceed to find the recurrence relation for explicit computation of S, , by using the condition that

s(x) e C™[0,1]. The m-th differential coefficient of To22(0) and T .. ,(q)atq=0,j=0,,..,m,are

given below:
0T, @ 53" e (e
:him,forj=m. 9)
and T, ,,,,(q)=0,atq=0. (10)

The above differential coefficients at q=1, i.e.

m2]+1(q) ( mlm J(m 1+kj

it =

(-1 (2m- j) a1
T R

(11)

By lemma (iii), and at q = 1.

' = m-1-j-k

The term D' (q —1)" is not zero only if | = j; hence

m (Zm_J)l & m+k m
D 2y =510 J)'h“‘kz ( j(m_l_j_k}

=DM (@2m-j)!
~ jim=j)h"

(12)

by lemma (iv).
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Thus the condition get s(x) € C"[0,1], thatis 5™ (x,) =s,_,™(x),i=12,...,n gives

J{]c_1(1)+( 1)J+1f(l)}
n T em )'Z( ji(m= !

=k, (say) (13)

Using the boundary condition S, = f,, we obtain

s=> Fo +f,i=12..n
r=1

3. Error Bounds

Now we shall obtain error bound for the above splines and its derivatives. For this we use the following result
due to Cirlet, Schultz and Varga [2].

Let f €C?"[0,h] be given. Let Q,,,_, be the unique Hermite interpolant polynomial of degree 2m-1 that

matches g and its first m-1 derivatives g" at 0 and h. Then the error e =g ~Q, ), for 0<x<h

([5], P. 161)

h'[x(h—x)]""F
r'(2m-2r)!

|e(”(x)| = ,r=0,1,..,m, (14)

where F = max

0<x<h

g(zm)(x)|, 0<x<h.

The bounds in (14) are best possible for r = 0 only. For some values of m (m=2 and m = 3) optimal error bounds
on the derivatives e(”(x) do exist due to [1], (see also Varma and Howell [7]). Let S'(X)be Hermite

interpolation polynomial of degree 2m-1 matching f“),r =12,...,m at x, and x;,;, therefore for any

!

X €[%,X,,], we have by (14) , with g = f',Q,, ;=S

|s(r+1) _f (r+l) < hr[(x_ Xi)(xi+1 - X)]m_r ” f (2m+1)

r'{(m-2r)!

|w, r=0,1..m

By the simple calculation we get
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S(Hl) _ f(r+1)

< hr[th(l_ q)]m_r || f (2m+1)
r{(m-2r)!

LO ,r=071..m.

Where x = x; + gh. Then for 0 < x <1, we have for q=1/2,

h2m—r
|S("+1) —f (r+))| <« || f (2m+1)

4™ r1(2m—r)!

| , r=01..,m (15)
Provided f € C*™*[0,1], using s, = f,, and integrating equation (15) over [0, x] for r = 0, we obtain

_ th (2m+1)
ls(x) - f (x)|< —4m(2m)!” f

Thus we have proved the following:

Theorem 3.1 If s € C™[0,1] is the Hermite interpolating polynomial of degree 2m-1, matching the derivatives

£ r=0,1,...,m atthe knots x; and x;,1. Then for f € C*™[0,1], and X € %, %1,

| 1
o0

Where K(r) =[4""r!(2m~-r)!]", r =0,1,...,m is constant depending on .

f (2m+1)

|S(r+1) _f (r+1) < K(r)th—r

4, Conclusion

In this paper we studied the existence and uniqueness of a class of general even degree deficient spline the
matching derivatives at the knots to a given order. We have also obtained explicit formula with error estimation

of approximation. In study of statistical distributions we are getting such type of integrals
X !
f(x) = j f'(t)dt, for x e[a, b]
a

which allow us to approximate and the above obtained spline establish a new class of numerical quadrature

rules.
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