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Abstract

Gravitational waves are oscillations in the geometry of spacetime caused by the movement of mass or
energy. In loop quantum gravity, geometry is quantized so spatial quantities such as area and volume take
on discrete values. We worked on quantizing plane gravitational waves, which propagate in one direction and
have uniform wavefronts perpendicular to the direction of travel, using the method of canonical quantization
on general relativity.

For canonical quantization, a theory is expressed in terms of its canonical variables and constraints
on those variables, then the variables and constraints are taken to quantum operators and the states of
the quantum theory are those that satisfy the constraint operators. The canonical variables of general
relativity are Ashtekar variables, which represent gravitational fields in a way that reveals their similarity
to electromagnetic fields and other gauge fields. The symmetries of general relativity are formulated as
constraints. We used vectors to visually represent the constraints on a spacetime diagram in a manner that
is consistent with their actions and their algebra. We represented the constraints as either a Lorentz boost,
a directional shift, or a propagation along a light cone. We verified the algebra of these constraints for
gravitational waves. A correct quantum theory will have algebra that is consistent the classical constraint
algebra.

We found possible quantum operators for the unidirectional constraint, the constraint that ensures the
plane wave moves only in one direction. We found quantum states satisfying the different versions of the
operator and checked that these states were normalizable. We determined that two different versions of
the operator had nontrivial normalizable solutions. These solutions could be used in conjunction with a

consistent quantization of the other constraints as a quantum formulation of plane gravitational waves.
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INTRODUCTION

One of the most glaring gaps in our knowledge of physics is the problem of how to combine general
relativity and quantum mechanics into a single theory. The Standard Model provides a quantum mechanical
theory for all of physics except for general relativity, necessitating a theory of quantum gravity. This theory
would yield Einstein’s theory of general relativity in the classical limit but would also correctly account for
quantum effects on smaller scales. The hope is that a theory of quantum gravity would provide descriptions
of phenomena that general relativity cannot fully describe such as Hawking radiation, the singularity at the
center of a black hole, and the very early universe.

The biggest challenge to any theory of quantum gravity is the complete lack of experimental evidence of
quantum gravity effects. This lack of evidence is understandable given the size of Planck length, which is the
approximate scale at which quantum gravity effects dominate. The Planck length ¢, is found by combining
the speed of light ¢, the reduced Planck constant /i, and Newton’s gravitational constant G in the simplest
way that yields units of length. It is

= %" ~ 1.6-107%"m. (1)
Despite the size of the Planck length, there is a possibility of observing quantum gravity effect that originate
on the Planck length but have a larger effect.

The Planck length is generally considered to be the smallest unit of length and the Planck volume ff; is
roughly the smallest unit of volume. One approach to quantum gravity posits that this smallest unit of volume
is a quantum of volume and that space is a discrete entity made up of quanta of volume. This approach
characterizes loop quantum gravity. In loop quantum gravity, states of spatial geometry are represented as
a three-dimensional labeled graph! called a spin network. A spin network can also be thought of as a net
of intersecting loops with vertices where the loops touch, which gives the theory its name [19]. Quantum
operators acting on a spin network return observables in terms of the labels. The eigenvalues of the volume
operator are in terms of the labels associated with the vertices of a spin network and the eigenvalues of the
area operator are in terms of the label associated with the edges.

To get a better of what quantized space is, consider a particle in a one-dimensional quantum harmonic
oscillator. Recall that the eigenstates have energies F,, = (n + %) hw where n =0,1,2,.... Then the ground
state energy is Fy = %fw and the energy of every excited state can be expressed in terms of Ey. For example,
E; =3Ey and FE; = 15Ey. The quantity FEj is considered a quantum of energy. Just as the excited states of
a particle in a box possess quanta of energy, space is made up of quanta of volume, roughly the size of the
Planck volume. No measurement could ever yield a smaller volume in the same way that no measurement
of the energy of a particle could yield a value below the energy of the ground state. Similarly, other spatial
quantities such as angles and areas are made of quanta.

To create a quantum operator in loop quantum gravity, one starts with a classical quantity and uses
a method called canonical quantization to change the classical quantity into an operator. Loop quantum
gravity starts with classical general relativity expressed in Ashtekar variables. Ashtekar variables must satisfy
a set of constraints in order to account for the symmetries of general relativity, so these constraints must be
quantized. The constraints are the Gauss constraint, the diffeomorphism constraint, and the Hamiltonian
constraint, which ensure invariance under rotation, diffeomorphism, and spacetime translation, respectively.

The unidirectional constraint is an additional constraint that forms plane gravitational wave when satisfied

n this sense, a graph is a set of vertices along with a set of edges.
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[13]. Our work focuses on creating a quantum operator from the classical unidirectional constraint and on
finding states that satisfy the operator.

One motivation for undertaking this project is the possibility of insight into modified dispersion relations
for gravitational waves. Modified dispersion relations take E? = p? +m? to be an approximation where the

term p? is the first term of a Taylor series expansion. The modified energy-momentum relation is

3
E? = p? 2 LA 2
p +m +/€Mp+ (2)

where M), is the modified Planck mass given by

M, = 877170(? ~2.4-10'8GeV/c? (3)
which, like the Planck length, is the simplest combination of constants yielding the correct units. The
factor of \/g is included simply for computational convenience. Given the size of the Planck mass, the
effects of the modification are small but detectable at high momentum because the modification breaks
local Lorentz invariance. Effects that could be detected experimentally include new decay channels, shifts
in current threshold energies, and new upper thresholds. The modification term on the order of p® has been
experimentally ruled out, but the possibility of terms on the order of p* or higher remains. Since modified
dispersion relations govern detectable effects originating on the Planck scale, they provide a unique link
between quantum gravity and experiment. If modified dispersion relations were to arise from this work, they
could guide the quantization process.

Part 1 deals exclusively with classical general relativity. We begin by introducing general relativity and
gravitational waves in their standard variables in Sections 1 and 2. We then introduce canonical variables
using the canonical variables of electromagnetism in Sections 3 and 4 as an example to give the reader some
background to understand Ashtekar variables. We give the constraints that Ashtekar variables must satisfy
and show a way to represent them on spacetime diagrams in Sections 5 to 7. The representation of the
constraints on spacetime diagrams is original work.

In Part 2, we transition from the classical regime to the quantum regime using canonical quantization of
general relativity expressed in Ashtekar variables to construct the spin networks of loop quantum gravity.
In Section 8, we again use an example from electromagnetism, the Aharonov-Bohm effect, to understand
how to deal with gauge dependent canonical variables, which motivates the loop structure of loop quantum
gravity. We explain the method of canonical quantization in Section 9 and then elaborate further on the
mathematics of loop quantum gravity in Section 10.

Finally, in Part 3, we present our original work. We use canonical quantization to create multiple quantum
operators from the unidirectional constraint. We outline the preliminaries of quantization in Section 13. Four
different unidirectional operators are given in Sections 14 to 17. In Sections 14 and 15, we find solutions that
satisfy the operators and determine the conditions for these solutions to be normalizable. We discover two
nontrivial normalizable solutions. These solutions are significant because they represent plane gravitational
waves within quantized space.

Note that throughout this thesis, we set ¢ = 1, essentially making meters and seconds into the same unit.
This choice is often made in theoretical physics with the intention of making the calculations cleaner, and

the missing factors of ¢ may be recovered using dimensional analysis.



Part 1. Classical General Relativity

Einstein’s theory of general relativity transforms Newtonian gravity into a theory that is consistent with
special relativity by stating that spacetime itself is dynamic and its geometry is determined by the energy
density within it. The perceived force of gravity arises from the curvature of spacetime.

This part contains a brief review of special and general relativity topics in their usual variables, then we
introduce Ashtekar variables, the variables used in loop quantum gravity, using electromagnetism as a useful
analogy. Finally, we include our investigations into the behavior of the Ashtekar formulation of general

relativity.

1. BRIEF INTRODUCTION TO THE MATHEMATICS OF GENERAL RELATIVITY

General relativity expands upon the formulation of special relativity in Minkowski spacetime.? Recall
that this formulation uses four-vectors to represent quantities such as position. The position four-vector is

(t,z,y,z) and distances in Minkowski spacetime are given by the spacetime interval
(As)* = = (A1) + (Az)” + (Ay)” + (A2)? (4)
or
ds? = —dt* + dx® + dy? + d2°. (5)

The differential form of the spacetime interval is the spacetime line element derived from the metric ten-
sor. The metric determines how distance is measured in a spacetime. In special relativity, spacetime is

approximated as flat. The flat spacetime metric 7, is defined

-1 0 0 O
0O 1 0 O
L= 6
Ny 0 0 1 0 ( )
0 0 0 1

An arbitrary metric is denoted g,,,,, and the relationship between the spacetime line element and the metric
is
ds® = g, datdz” (7)

where da# = (dt,dz,dy, dz) is a four-vector. For the metric 7, the spacetime interval is given in equation
(5).

At this point, it is necessary to address why some quantities have raised indices and others have lowered
indices. The placement of the indices indicates whether a quantity is covariant or contravariant. Contravari-
ant quantities have raised indices, covariant quantities have lowered indices, and both are defined by how
they transform under a change of basis. We will not rigorously define the two here, but we will outline some
important properties. First, when summing over indices, one must be raised and one must be lowered. For
example, it is illegal to multiply two contravariant vectors such as x#x*. Furthermore, indices are raised and

lowered using the metric. To change a contravariant to a covariant vector, the transformation is
R (8)
The inverse transformation

¥ =gz, 9)

2Minkowski spacetime is three-dimensional Euclidean space combined with a dimension of time.
7



changes a covariant vector to a contravariant vector. Note that equation (9) uses the contravariant form of
the metric, called the inverse metric. It can quickly be shown from the above two equations that the metric
and inverse metric obey g,,,9"* = d,; where 5} is the identity.

Tensors require an additional metric to raise or lower each index. For a rank-two contravariant tensor

t*8 the covariant form is given by
ty = guaggutaﬁ. (10)
The transformation from a covariant tensor to a contravariant tensor is similar. It is also possible to have

tensors with a mix of raised and lowered indices.

Lorentz transformations are often expressed as tensors denoted A¥ where

zh = Abav. (11)
A Lorentz boost in the z-direction is
¥ —vy 0 0
— 0 0
A= | T (12)
0 0 1 0
0 0 0 1

where v = \/1%7 as usual. Lorentz boosts in the y- and z-directions follow the same format. The reader
may easily check that for z# = (t,z,y, ), equation (11) recovers the usual equations for a Lorentz boost.
Equation (11) may also be used for spatial transformations using the usual rotation matrices. For example,

a rotation about the z-axis by angle 6 is

0 0

0
C?S # —sinf O (13)
sinf  cosf 0

0 0 1

o O O

Other spatial rotations are similar. All transformations in special relativity can be expressed as a product
of these transformation tensors.

As the name implies, special relativity is just a special case of general relativity, but special relativity
provides a very good local approximation of general relativity because spacetime is locally Lorentzian. On
larger scales, however, space can no longer be approximated as Lorentzian because energy and momentum
density changes the shape of spacetime.

Mathematically describing the relationship between energy and momentum density and the geometry of
spacetime is the main idea of general relativity. Before relating these two quantities, we need to represent
them mathematically.

The energy and momentum density is described by the stress-energy tensor, which generalizes the stress
tensor. The stress tensor 7% has nine components and its indices range from 1 to 3. It is conventional
that Latin indices range from 1 to 3 and indicate spatial variables whereas Greek indices range from 0 to
3 and indicate spacetime variables. The ijth component of T% gives the ith component of the force per
unit area exerted on a surface orientated perpendicular to the j-direction. The stress-energy tensor T#" has
sixteen components and includes the stress tensor. For y = 1,2,3 and v = 1,2,3, T* = T%. As for the
other components, 7% is the energy density, 7% is the momentum density or energy flux for v = 1,2, 3.
The stress-energy tensor is symmetric, 7" = T"*, meaning T"° also describes the momentum density. The
stress-energy tensor encompasses all forms of energy and momentum flux and density such as mass and

electromagnetic fields.



Since the geometry of spacetime is dependent upon the stress-energy tensor, it makes sense that geometry
is also described by a tensor. As we have seen, it is ultimately the metric that describes the geometry,
but many other theories, general relativity involves second derivatives. Hence, we need some sort of second
derivative for the metric.

Consider a vector V. = V¢, which is expressed as a linear combination of basis vectors é,. Taking the

derivative of V with respect to a four-vector z?, we use the product rule to find

ov  ove o 0a
Defining Christoffel symbols T'* 5 as
. . 0é
Flaﬁeu = 8—;;;, (15)
allows us to simplify the derivative of V to
ov ove
v _ upa 5

We see that the Christoffel symbols account for the change in the direction of the basis vectors. A simple
example of a coordinate system with nonzero Christoffel symbols is polar coordinates because the direction
of 7 and @ change depending on their locations and hence 7 and 6 have nonzero derivatives. We will not do
so here, but the Christoffel symbols can be calculated directly from the metric.

The Christoffel symbols are used to calculate the trajectory that an object follows in spacetime, called
a geodesic. A geodesic is the shortest path that an object can take in spacetime and a generalization of a
straight line in Euclidean space. More technically, a geodesic is defined using the notion of parallel-transport,
which can be thought of as moving a vector an infinitesimal distance such that the resulting vector is parallel
to the original vector. In non-Euclidean space, the result of the parallel-transport of a vector around a closed
loop is not necessarily parallel to the original vector. A geodesic is a curve such that the tangent vector of
the curve remains the tangent vector as it is parallel-transported along the curve.

FIGURE 1. Parallel transport of a vector around a closed loop on the surface of a sphere

Using geodesics, we define the Riemann curvature of a manifold.®> The Riemann curvature arises from
considering the parallel-transport of a vector around a closed loop and looking at the deviation of the parallel-

transported vector from the original vector. The Riemann curvature relates this deviation to the area of the

3A manifold is a topological space that is locally Euclidean. Any space we deal with in general relativity would be considered

a manifold.



loop for each point in space. It is defined as

e% 8Faﬁ5 ara 8i @ € @ €
Rgs =5 5 = g0 T L el as = 1%Ly (17)
For a flat manifold,
R%. 5 =0, (18)

because a flat manifold has no curvature. From the Riemann curvature, we can easily define the Ricci tensor
and Ricci curvature. The Ricci tensor is defined as

Rafg = waﬂ (19)

and the Ricci curvature is defined as
R:=g*R.p. (20)

It is the Ricci tensor and the Ricci curvature which are directly related to the stress-energy tensor. The
relationship is given in the famous Einstein field equations, which are

1
R, — §Rg,“, + Agp = 8nGT,,. (21)

The first two terms on left hand side are defined as the Einstein curvature G, := R, — %gWR. The third
term contains the cosmological constant A which gives the energy density of the vacuum where 7}, = 0.
Physically, the cosmological constant account for the accelerating expansion of the universe.

The solutions to the Einstein field equations are rather complicated, but we will examine one, plane
gravitational waves, in the next section. Other solutions require much tedious math and are not directly
relevant to this thesis. Much of the information in the section was presented purely to give the required
background for the Einstein field equations. However, the concepts of the metric and spacetime intervals

will be important in describing plane gravitational waves and Ashtekar variables.

2. PLANE GRAVITATIONAL WAVES

A change in energy distribution changes the geometry of spacetime, but not instantaneously. The change
propagates through spacetime as a gravitational wave traveling at the speed of light. Gravitational waves
are transverse waves that result from changes in energy density. A useful analogy can be drawn between
gravitational waves and electromagnetic waves, which are created by accelerating charges and carry infor-
mation about the electromagnetic field. Similarly, gravitational waves carry information about the metric of
spacetime.

A binary black hole merger, the most well-known source of gravitational waves, was the source of the
celebrated first gravitational wave detection by LIGO (Laser Interferometer Gravitational Wave Observatory)
[1]. LIGO recently announced that they have also detected gravitational waves from a neutron star merger
[2]. Near these collisions, the gravitational waves are quite complicated, but far away in what is known as
the far field, the gravitational waves are approximately plane waves.

A plane wave is a wave which is the same in the transverse directions; its wavefronts are uniform, parallel
to each other and perpendicular to the direction of travel. Electromagnetic plane waves are a familiar

example of plane waves. Recall that the wave equation in vacuum is

0?f  0*f
Its most general solution is
f(z,t) =g(z—t)+ h(z+1). (23)

10



Where g(z — t) represents a wave propagating in the positive z-direction and h(z + t) represents a wave
propagating in the negative z-direction. A gravitational plane wave uses a similar form.
In the simplest case, gravitational plane waves are derived from small perturbations in flat space. The

metric is
uv = Nuv + hp.u (24)
where h,,, is the perturbation on flat spacetime. Since 7, is constant, the gravitational wave equations are
given by
o V%) hyy = 2
50 + = 0. (25)

These equations are derived from the Einstein field equations in vacuum (7}, = 0). Note that gravitational
waves travel at c.

For a wave propagating in the positive z-direction, the perturbation is provided by

00 0 O
01 0 O
hog(t,z) = t—2z). 26
HOE R PR P (26)
00 0 O
Therefore, the spacetime interval is
ds® = —dt* + (1 + f(t — 2))dz® + (1 — f(t — 2))dy* + d=>. (27)

Recall that electromagnetic waves have two independent polarizations. The same is true for gravitational
waves. As we have defined it, hag(t, z) gives one polarization of gravitational waves, called plus-polarized.

The other polarization, cross-polarized, is given by

0 00O
010

haplt.2) = || o o | fE- 2. (28)
0 00 O

By combining these two polarizations, we find h,g for a general wave propagating in the z-direction:

0 0 0 0
0 filt—2) fult—2) 0
0 fult—2) —filt—2) 0
0 0 0 0

hap(t, z) = (29)

In our work, we deal with polarized plane gravitational waves. Additionally, the waves we deal with propagate
in only one direction because waves propagating in opposite directions could break the symmetry of the

system by attracting each other and collapsing into a black hole.

3. CANONICAL VARIABLES

Before introducing Ashtekar variables, the canonical variables that we will use to express general relativity,
it is useful to formally define canonical variables and introduce some of their properties. From classical
mechanics, the Lagrange equation is expressed in terms of the generalized coordinates ¢* and ¢* where 4 runs
from 1 to n. The generalized coordinate p; canonically conjugate to ¢ is defined by

_oc
11

(30)



In terms of the Hamiltonian, defined as H = p;¢° — £, the canonically conjugate variables satisfy

. OH
q =

Op;
_— _8H (31)
bi= 54"

Note that ¢* and p; are often the familiar position and momentum. Furthermore, the canonical variables
provide coordinates for phase space. For a system with canonical coordinates ¢*, ¢>, ..., ¢", p1,p2,...,Pn the
phase space is the 2n-dimensional space labeled by these coordinates. There is a one-to-one correspondence
between each point in phase space and each state of the system.

Using the canonical variables, we can define the Poisson bracket between functions of these variables. Let

f and g be functions on phase space. The Poisson bracket of f and g is defined as

_ 9/ 99 99 0f

gt = dq' dp;  dq' Op;’ (32)
As can be easily verified, the Poisson brackets between canonical variables turn out to be
{d'.d'}=0
{pi,pj} =0 (33)
{d'.p;} =

These relationships are helpful in calculating the Poisson brackets of constraints, which are just functions of
the canonical variables. Poisson brackets are also used to calculate how a function changes a variable. For

example, the Hamiltonian evolves ¢; and p; in time:
i'={q", H}
pi = {pi, H}.

In Section 7, the Poisson brackets are used to calculate the action of the constraints on the canonical variables.

(34)

Then, in Section 9, we will see the role that Poisson brackets play an essential part in quantizing a classical
theory. First, however, we will use electromagnetism as an example in order to better understand canonical
variables.

4. ELECTROMAGNETISM

In this section, we show that the electric field E is canonically conjugate to the four-potential A,,, defined
as A, = (—¢, A). Note that we will assume that we can approximate space as flat, so our metric is 7, given
by equation (6). For our purpose, it is easiest to consider the electromagnetic field tensor. Its contravariant

form F* is given by
0 E* EY E*
—E* 0 B* —-BY
—EY —-B* 0 B*
—-E* BY —B* 0
The covariant field tensor F),, is result of using the metric to lower the indices of F'*¥, as shown:

Foy = Npanpn FP. (36)

In lieu of explicitly calculating the Lagrangian, we will introduce it and then provide a conceptual justifica-

tion. Assuming that the current density and charge density are zero, which is true in vacuum, the Lagrangian
12



is
]' v
L= FuwF". (37)

The Lagrangian must be gauge invariant as well as invariant under spacetime transformations. The product
F,, F* is the simplest possible quantity that can be formed from the field tensor that meets these require-
ments. Additionally, Maxwell’s equations can be derived from the Lagrangian, giving further justification to
its correctness.

Also necessary to the calculation of the conjugate coordinate to the four-potential is the expression of the
Lagrangian in terms of the four-potential, which is done by expressing the electromagnetic field tensor as
the asymmetric derivative of the four-potential:

FHY = 9rAY — 9V AP (38)
where 0, is the four-gradient defined by 0,, — (%7 ﬁ) in flat space. This relationship is easily verified by

direct computation.

To calculate the coordinate conjugate to A, we would start with the definition

T = % (39)
0A,
Since Au is the derivative of A, with respect to ¢, we have Au = 0pA,. Then,
o oL
G
0 1
= o | Euw " 40
a(aoAa) <4 ! > ( )
~ 19 (0,4, — 0,4, (97 A — 9 ARY)
T4 90A, T ven ’

From here, brutal force calculations lead to the result
ﬂ,a:aOAaiaaAO

o (41)

From equation (35), we see that F°° = 0 and F% = E? for i = 1,2,3. Thus, 7 = (0, E) so the electric field
and the four-potential are canonical variables for electromagnetism. Note that the electric field has three
components while the four-potential has four components, which indicates that there must be a constraint

on the variables. In fact, there are multiple constraints: Maxwell’s equations.

5. ASHTEKAR VARIABLES

Like the electric field and four-potential of electromagnetism, Ashtekar variables are canonical variables
for general relativity. To define Ashtekar variables, one first chooses a foliation of spacetime, which takes
advantage of the M = R x M structure of spacetime where M is associated with spacetime, R is associated
with time, and M is associated with space. Choosing a foliation means choosing a particular time and space.
Then, at each point on the spatial manifold M, there is an spatial metric ¢,;. The inverse triad e is related
to this metric through

e?e?qab = 1. (42)
Through this equation, the inverse triad relates the spatial metric to the flat space metric 7;;. The a or b
index correspond to each spatial direction on M. The i or j index of the inverse triad corresponds to the

expression of the inverse triad components in an orthonormal basis of the tangent space at a point on M.
13



These components can take values from the Lie algebra su(2) because of the isomorphism between so(3) and
su(2).
The inverse densitized triad Ef is obtained by rescaling the inverse triad using the metric:

Ef = +/det(q)ef. (43)

The inverse densitized triad is one of the Ashtekar variables. The conjugate variable to the inverse densitized
triad is the connection A¢. The connection is defined in terms of the curvature K! of the spatial manifold
and the connection associated with the inverse triad given by
Ti=e T, (44)

Then the connection is defined as

Al =T! + K., (45)
The connection is used in the parallel transport of vectors between points in space and so allows for the
comparison of vectors from different locations.

These variables are similar to the electric field E and the four-potential A, of electromagnetism. Clas-
sical general relativity can be completely described by Ashtekar variables provided that they satisfy three
constraints: the Gauss constraint, the diffeomorphism constraint, and the Hamiltonian constraint. The con-
straints ensure the the Ashtekar formulation has to necessary symmetries of general relativity. Here, we give
the form the constraints as they are given by Giesel [11].

The Gauss constraint is the akin to Gauss’s law in vacuum in electromagnetism. It accounts for rotational
invariance and has the form

D, E} =0, (46)
which is analogous to V - E = 0. It then turns out that D, is defined through
D E} 1= 0,E + ¢,  ALE} = G, (47)

where ej,f is the Levi-Cevita symbol.
The diffeomorphism constraint D, ensures the system behaves the same regardless of the spatial coordinate

system. It generates a diffeomorphism on M given by
DIN] = / N®D,da2? (48)
M
for a spatial shift N®. Assuming that the Gauss constraint is satisfied, the diffeomorphism constraint is
i b
D, = F},E! (49)
where F’ gb is the curvature associated with the connection given by
. , _ e
Fl = 0,A] — 0y A) + €, , Az Ay (50)
The curvature ng is analogous to the electromagnetic field tensor F),,. The major difference comes in the
last term of equation (50), which accounts for the group structure of the variables.
The Hamiltonian constraint H ensures the system behaves the same regardless of the spacetime coordinate
system. It is given by
H = 4nGr?¢/""E% E?, (ng —(1+ vz)ej“K!;K;T) (51)

where G is Newton’s gravitational constant and v is the Barbero-Immirzi parameter.*

4The Barbero-Immirzi parameter is currently undetermined but could potentially be calculated from physical situations.
One such calculation is the computation of black hole entropy. At this point, we can only say v € C and note that each choice
of v gives a different set of canonical variables. However, the mathematics are only fully worked out for the case v € R.
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In addition to the aforementioned constraints, plane gravitational waves must also satisfy the unidirec-
tional constraint which ensures the waves propagate in only one direction. There are two unidirectional

constraints: one for right-moving waves and another for left-moving waves.

6. CONSTRAINTS IN ONE DIMENSION

Since this thesis deals exclusively with plane gravitational waves, it is useful to make a number of simpli-
fications to the constraints, and then present a simplified unidirectional constraint. We set our coordinate
system so that the waves travel in the z-direction. Then the z and y symmetry of the waves allows us
to significantly reduce the amount of variables involved. We do this simplification in the polarized Gowdy
model (see [7]) and the details are beyond the scope of this thesis. For our purposes, it is important to note
that after the simplification, the only remaining variables are the spatial components of the triad E*, EY,
and £, and the spatial components of the connection K, K, and A. The variables that have been renamed
differ from earlier versions by a constant. For the forms of the constraints given below, the Gauss constraint
has been solved and used to simplify the other constraints.

With these simplifications made, we give the simplified constraints in the same forms as are used by

Hinterleitner and Major [13]. The right-moving unidirectional constraint is
Uy =E"K, + E'K, +¢& (52)

where the prime denotes the derivative with respect to z. We exclusively work with the right-moving

constraint in this thesis, but we will also give the left-moving constraint for the sake of completeness. It is
U.=FE"K,+E'K, - ¢&'. (53)
The one-dimensional diffeomorphism constraint is
D = E*K| + EyK; + &' A. (54)

The one-dimensional Hamiltonian constraint is

+ %5' (In (E®EY))". (55)

1 1£72 1 Ev\Y\’
— _FR*% Yy T Yy _ -z e P
H 5E K,EYK, + (E*K, + EYK,)A 1 E & 45[(111( 1))

We used these forms of the constraints to verify the algebra of the classical theory, which is defined by
the actions of the constraints with test functions f(z) and g(z). The test functions control the extent of the
transformation generated by the constraint. For example, the change to E* over time is { E*, H[f]} where f
controls how much time passes. Similarly, the change to E* by a diffeomorphism is { E, D[f]} where in this
case f controls the size of the diffeomorphism. The Poisson brackets between constraints give the difference
in the difference in the result when the order of the action by two constraints is switched. Setting aside the

Gauss constraint, we have the following Poisson brackets:

{H|[f]. H[g]} = D[f'g — t4'] (56)
{D[f]. Hlgl} = H[f'g — fd'] (57)
{ULf], Hlg]} = Ut [~ fg'] (58)
{U+[f], Dlgl} = U+[f'g] (59)

From these Poisson brackets, we see that the order that the constraints act a point matters.
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7. SPACETIME DIAGRAMS

To better understand the actions of the constraints and the relationships between them, we will look at
their actions represented on a spacetime diagram, but first, we need to define active and passive transfor-
mations. The important distinction between the two is that active transformations move the location of a
point whereas passive transformations change the coordinate system of a point. A passive transformation
given by the inverse of an active transformation will give the same final point as that active transformation.
Similarly, an active transformation given by the inverse of a passive transformation will the give same result
as the passive transformation.

For example, consider a point (xg,yo) located in the zy-plane. Moving the point over by (a,b) will result
in the new point (z¢ + a,yo + b) as shown in Figure 2. The passive transformation given by the inverse
of this active transformation moves the coordinate system by (—a,—b) as shown in Figure 3. Expressed
in terms of the new coordinate system, original point becomes (xg + a,yo + b), just as it would under the
active transformation. We will use the relationship between active and passive transformations to express

the constraints as active transformations of points on a spacetime diagram.

Y

(zo + a,yo +b)

(w0, y0)

FIGURE 2. Active transformation of the point (xo,yo) by (a,b)

y/

(ZL'O + a, Yo + b)
[ ]
(70,%0)

FIGURE 3. Passive transformation of the point (z¢,yo) by (—a, —b)

The diffeomorphism, Hamiltonian, and unidirectional constraints can all be represented as infinitisimal
transformations on a spacetime diagram. Because we are dealing with plane waves, E¢ and A% do not depend

on z and y, and therefore, we are only concerned with transformations of z and t.
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The diffeomorphism constraint represents a spatial transformation. To find its action on a graph, we need
to calculate how it changes the six canonical variables by calculating the Poisson bracket of each variable
with D[f]. As an example, we will calculate {E”, D[f]}. The calculations for K,, EY, K,, £, and A are
very similar.

Since E* and f both depend on where in space they are evaluated, we need to specify at which point each

one is evaluated. Choosing to evaluate E* at Z and f at z, the Poisson bracket is

@00 = { £, [ 16D ds} (50)
60

_ {E%z), [ 16 (B R + BV, ) + €10 A) dz}

The integral accounts for the fact that we are checking the whole space for the points where Z and z are the

same and runs from negative infinity to infinity. Next, since the Poisson bracket is bilinear, we find

B @.0UCN = {56, [ 1B @R o+ { B, [ raE R )
+ {E””(Z), / F)E () A) dz} (61)

Recall from equation (33) in Section 3 that the Poisson bracket between two canonical variables is zero unless
it is between the same components of conjugate variables. Therefore, the Poisson brackets of £E* with E7,
EY, K,, £, and A vanish. Only {E”, K, } is nonzero. Since only the first term in equation (61) contains K,

in the second slot, the other terms vanish, giving

{E°(2), D[f ()]} = {Ex(i)v/f(Z)E””(z)K;(Z) dZ}- (62)

The next step involves integration by parts. In order for the Poisson bracket to converge, f must go to zero

at infinity and negative infinity. Hence, we have

| rerere = iaEeRe" - [ eEFe) K i
o s - (63)
—- [ (@) K

— 00

By using the above equation and a version of the product rule, we find
(B 600N = {56~ [ (B Kale)d:)
= [EUEE ) O, KE) - [ FE.GEFE) )
= [z (@B ) (B (), Ka(o)).

The generalization of equation (33) to a function space is {E*(2), K, (2)} = 0(Z — z) where 6(Z — z) is the
Dirac delta function. Therefore, the Poisson bracket evaluates to

{E*(2), DIf(2)]} = — /dz (f()E"(2)) 6(2 — 2)
= - (f(®)E"(2))".

17



This result shows that a given point Z with triad E*(Z) will have triad E*(2) — (f(2)E*(Z))" after the
diffeomorphism. For a constant shift, this triad can be written as

E"(2) - (F(A)E"(2)) = E*(2) — f(HE"(2)

66
~ B - £(2) 0

by using a Taylor series approximation about Z.

Suppose f is a shift by d, so f(z) = ¢ for all z. Then for any point z, the triad before the diffeomorphism
is E¥(z) and the triad after the diffeomorphism is E*(z — ¢), so the diffeomorphism essentially takes the
triad E*(z —d) located at z — ¢ and moves it over by § to put it at z. By additional brute force calculations,
one can verify that the diffeomorphism has the same action on the other five canonical variables. Expressed
another way, the diffeomorphism constraint is a spatial translation that takes the variables on a spacetime
diagram at (¢, z) and moves them to (¢,z + 0), which is given by

DI6] : (t,2) — (£, 2 +6). (67)

The other constraints also generate changes on a spacetime diagram that can be verified using Poisson

brackets. The unidirectional constraint represents a shift in the direction of a light ray given by

UrlB]: (t2) = (t+ B,z + B). (68)

The Hamiltonian constraint for plane waves represents a spacetime transformation, which is a Lorentz
boost. A Lorentz boost can be written in terms of the rapidity a where tanh o = v. Usually a Lorentz boost
is given as passive transformation, which is a change of reference frame:

2z = zcosha —tsinha ~ z — ot
, : (69)
t' =tcosha — zsinha~t — az,
where small angle approximations are used because we are dealing with infinitesimal boosts. We are repre-
senting the constraints as active transformations, which move a point within a single reference frame. Recall
that an active transformation is the inverse transformation of the equivalent passive transformation. Written

as an active transformation, an infinitesimal Lorentz boost is

z—=z+at
(70)
t— 1+ az.
Therefore, the Hamiltonian constraint is
Hlaz] : (t,2) = (t+ az,z + at). (71)

The test function for the Hamiltonian constraint is «ez because it needs to be a function of z rather than ¢.
Also, the initial points are placed on the z-axis where t = 0.

With these test functions defined, the constraint algebra from equations (57) and (58) becomes
{D[0], H[az]} = H[-ad] (72)
{U+[8], Hlaz]} = Uy [-af], (73)

showing that the order that constraints act on a point does matter. The first relation states that performing
a diffeomorphism then a Lorentz boost on an initial point will not result in the same final point as performing
a Lorentz boost then a diffeomorphism on that same initial point. The two final points are separated by a

Lorentz boost H[—«d], as shown in Figure 4. Similarly, the second relation is shown in Figure 5.
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The algebra of Poisson brackets is significant because it carries over into quantum mechanics as the algebra
of the commutators. A strong understanding of the classical algebra will provide insight into the quantization

process.

(azp + ad, zg + 9)

DI[o]
(@20, 20) 4 (azp, 20 + 0)
Hlaz] Hlaz]
DId]
(0a20> (0720 + (S) Z

FIGURE 4. This spacetime diagram shows the algebra of a spatial translation and a Lorentz
boost. The blue vectors show a diffeomorphism followed by a Lorentz boost. The red vector

show a Lorentz boost followed by a diffeomorphism from the same initial point.

(B+az +afB, 2+ B+ ap)
(aZO+/67ZO+/8)

(0, o) z

FI1GURE 5. This spacetime diagram shows the algebra of a Lorentz boost and propagation
along a light cone. The blue vectors show propagation along a light cone followed by a
Lorentz boost. The red vectors show a Lorentz boost followed by propagation along a light

cone.
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Part 2. Loop Quantum Gravity

Quantum gravity aims to answer one of the biggest questions of theoretical physics: how does one build a
theory encompassing both general relativity and quantum mechanics? Loop quantum gravity is a theory of
quantum gravity which uses canonical quantization to quantize space as described classical general relativity.
The resulting theory is expressed using a graph called a spin network. This part first introduces holonomies
and explains their significance to quantum mechanics. Then, we explain the process of canonical quantization

and apply it in loop quantum gravity, including a description of spin networks.

8. HOLONOMIES

The motivation for using a spin network comes partly from the need for holonomies, which are used to
express quantities that depend on gauge in a gauge invariant form. Once again, we will use electromagnetism
to illustrate to necessity of holonomies. Classically, we are used to working with the electric field and the
magnetic field, gauge invariant quantities. However, we just showed that the electric field and the four-
potential are canonical variables for electromagnetism, so it should be possible to express the evolution of
the system in terms of these variables. As it happens, it is sometimes necessary to consider E and A,, as the
variables of electromagnetism. This need arises in the description of the quantum phenomenon called the
Aharonov-Bohm effect.

The Aharonov-Bohn effect, which has been observed experimentally [21], predicts that a beam of charged
particles split by a solenoid will exhibit an interference pattern that is dependent upon the vector potential
despite the fact that the beam travels through a region where the magnetic field is zero, as shown in Figure
6.

a!

Source Interference

72

FIGURE 6. The Aharonov-Bohm effect

A full explanation requires the path integral formulation of quantum mechanics. Most importantly, the

time evolution of a particle is given by

(') = e/ [y (to)) (74)

where S is the familiar action from classical mechanics,

t/
S = / Cat. (75)
to

For a charged particle moving in a vector potential, the total phase % can be broken into two parts: a phase
¢ arising from the vector potential and a phase ¢¢ arising from the remaining part of the Lagrangian. We

can ignore ¢y because it is the same for both beams of particles. To calculate ¢, we need to know that the
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Lagrangian term arising from the vector potential is gA - v for a particle with charge ¢ moving with velocity

v.% Therefore, the phase acquired from the vector potential is

1 q
qb:f/ qA-vdt:f/A-ds (76)
h Jy, hJo

showing that the phase depends only on the line integral of the vector potential along the trajectory C' of
the particle.

To calculate the phase of the particles in the experiment shown in Figure 6, let 7, and 72 be the two paths
that the charged particles take. Note that the solenoid is between the two paths and that the magnetic field
is nonzero only within the solenoid. However, the vector potential in nonzero along the paths v; and ~s.
The phase change due to the vector potential of a particle traveling along v, is given by

b1 = 9/ A - ds. (77)
h Y1
Similarly, the phase change of a particle traveling along ~s is given by

2

From equations (77) and (78), we find the phase difference between the beams of particles when the beams

interfere. The phase difference is

Ap = g1 — ¢
q q
== A~ds—f/A-ds
h 71 h Y2 (79)
q
== ¢ A ds.
hj{ ®
Using Stokes’ theorem, we find
Aqﬁ:% V x A -da
S
1 B.da (80)
hJs
_a®
h

where S is the surface bounded by « and @ is the magnetic flux through S.

At first, this result seems incredibly problematic because it appears that the vector potential itself has
direct observable consequences. The role of the vector potential extends beyond a mathematical tool to
calculate the magnetic field, forcing us to accept its physical importance. However, the vector potential is
not gauge invariant, but anything we observe cannot depend on a choice of gauge. Fortunately, we can define

a holonomy to solve the problem. A holonomy along = is
;4 .
hy = el JyAds, (81)

The above holonomy is always gauge invariant along a closed path.

Holonomies are important in loop quantum gravity because they are used to create a quantity with
physical significance from a gauge invariant quantity. Since the connection A’ is not gauge invariant, we

5The proof of this fact requires calculating the equations of motion from the Lagrangian

1
L= EmVQ—qgo—i—qA-v

and noting that it yields the Lorentz force.
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take the holonomy of A% to have physical significance. As we will see in Section 10, the holonomy used in
loop quantum gravity is slightly more complicated. It is a matrix whose trace is gauge invariant provided
the holonomy is along a closed loop. The necessity of closed loops for holonomies gives spin networks their
characteristic loop structure. To reach holonomies on spin networks however, we first must introduce and

use canonical quantization.

9. CANONICAL QUANTIZATION

Canonical quantization is the process used in loop quantum gravity. It begins with a classical theory
expressed in terms of canonically conjugate variables. The variables and constraints become quantum oper-
ators, and the Poisson brackets between quantities become commutators between operators. Symbolically,

for two classical quantities A and B, we have the relations
A— A
B— B (82)
{A,BY - [A, B] = ih{A, B}.

It follows that for canonically conjugate variables z* and p;, the commutator is [#1, pjl = Zh(S; Furthermore,

we can express &' and p; in the |z*) basis as

# oty = o |27) (83)
5i ) = —ih 2 |a) (84)
pila') = —iho o

We will justify these choices by examining the Hamiltonian operator of single particle mechanics and showing
that it yields the familiar time independent Schrédinger equation if we make the choices given in equations
(83) and (84). Classically, the Hamiltonian is equal to the sum of the kinetic and potential energies. The
same holds true in quantum mechanics but the Hamiltonian becomes a quantum operator. We find

@' A1) = @' (T+0) )
. (85)
— ] (45 + V@) 1.

2m

Expressing #° and p; in the |z%) basis as in equations (83) and (84) gives

«ﬂﬁw»=@ﬂC;? (7) +mf0w»

— (G v+ V) ).

(86)

Since the Hamiltonian is the total energy, we expect the eigenvalues of the Hamiltonian to be the energy
eigenvalues, meaning H |y = E|¢). Thus, we have just found the time independent Schrédinger equation

for an energy eigenstate:
N _ _
W (G U 1) = Bl (57)

Although this “derivation” was only done for a certain case, equations (83) and (84) hold more generally for

canonical variables and we will use a very similar form in our quantization.
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Also recall that the energy eigenstates form a basis for all possible states of a wavefunction meaning any
arbitrary state can be written as a linear combination of energy eigenstates:

) =" e ltn) (38)
n=1

where [1),,) are energy eigenstates and ¢, are complex coefficients satisfying > -, |¢,|* = 1. The need to

find a basis for all possible states carries over into loop quantum gravity, as is discussed in the next section.

10. SPIN NETWORKS AND QUANTUM STATES

A spin network forms a basis for the states of spatial geometry [6]. As described by Major [17], a spin
network is a three-dimensional labeled graph® where all edges and some vertices” have a label associated with
them. The labels denote the spin states. The name spin network comes from the fact that when edges meet
at a vertex, their labels obey the same rules that quantum spin numbers obey. Figure 7 shows an example
spin network.

11 Ji1

Jo

J1o

Js

Ja

FIGURE 7. A spin network where edges are labeled by spins j, and vertices are labeled by

intertwiners i,

To find information about geometry such as areas [4], [20], angles [18], and volumes [5], [14], [15], [16], [20]
from a spin network, one uses quantum operators whose eigenvalues are in expressed in terms of the labels.
The volume operator gives the volume of a region of space containing a particular vertex, depending on
where the volume operator acts. The resulting volume depends on the intertwiner of the vertex. Similarly,
the area operator gives the area of a surface pierced by a particular edge and the result depends on the label
of the edge. The angle operator acts on two edges meeting at a vertex. In this way, a spin network provides
a discrete description of geometry.

The motivation for spin networks comes from the need for a discrete analog to continuous space formulated
on a manifold. Continuous space leads to many difficulties in the form of divergent quantities in both general
relativity and quantum mechanics. For example, at the center of a black hole, the curvature of spacetime
diverges to infinity. Similarly, many quantities calculated in quantum field theory must be renormalized to
eliminate divergences. Since continuity enables divergences, discretizing space will eliminate this problem.

Spin networks are also a natural representation of holonomies. As discussed in Section 8, the connection

A® is not gauge invariant, but the trace of its holonomy around a closed loop of a spin network is gauge

6a graph is defined as a set of vertices and a set of edges, expressed as G = {v, e}.
"Vertices are only labeled if they are the intersection of more than three edges. The label, called an intertwiner, describes
how to express the vertex in terms of trivalent vertices (intersections of three edges).
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invariant. Taking the trace of the holonomy is necessary because A’ is a matrix so the holonomy is also a

matrix. The holonomy of A along a path - is defined as
h,(A) = Pexp [ / Agmadt] = Pexp [ / Agndxa} (89)
¥ %l

where 7; are defined in terms of the Pauli matrices® and the exponential is a path-ordered exponential, which
comes from taking the ordered product along segments of a line as the length of each segment approaches

zero. Mathematically, it is defined as

n— oo

Pexp [ / AzTidx“} = lim [ (1+ A} (zx)midaf) . (90)
v k=1

Despite the more complicated formulation, these holonomies are still similar to holonomies in electromag-
netism. Just as there is a holonomy of the vector potential along every path in space, there is a holonomy
of the connection associated with every edge of a spin network.

For the case of plane gravitational waves, we can simplify the situation considerably by looking at
holonomies on a one-dimensional graph rather than on a three-dimensional graph. The symmetry of a
plane gravitational wave allows us to represent its spin network as a line with nodes placed along it, as
shown in Figure 8. The wave propagates in the direction of the edges e;, and information about variables in
that direction are given by integer labels k., along the edges. Labels p,, and v,, at the vertices v; contain
information about variables in the two directions perpendicular to the direction of propagation.

le ) VU1 I{jel ,U/’Uz b V’Uz ,Z(je2 M1)37 VU3

vy €1 U2 €2 v3

FIGURE 8. Spin network representing plane gravitational wave where each edge e; has an

integer label k., and each vertex v; has integer labels u,, and v,,

The quantum states are represented by products of holonomies along edges and at vertices. The equations
in the rest of this section are taken from Banerjee and Date [8]. A holonomy of the connection along an edge
is

he[A] 1= et JoAdz (91)

where k. is the integer label assign to edge e. At a vertex, the holonomies are point holonomies due to the

reduction from three to one dimensions. The point holonomies are
hy[K,] == ¢l'F Ke (92)
holK,] = e 3 5 (93)

where u, and v, are the integer labels assigned to vertex v. Note that these holonomies are no longer
matrices because the matrices 7; can be replaced by the imaginary unit ¢ with no effects on the theory. The
lack of effect of Pauli matrices on our results is covered in the Appendix.

Using the holonomies, we then represent a basis state of the graph by

<Km,Kyv~A|ﬁa v, E> = H ei% JoAdz H ei%Kxei%Ky' (94)
ecG veG

i

8More specifically, 7, = — 2

o; where o; are the Pauli matrices.
24



Because the triad and connection are canonically conjugate variables, we can express them as quantum

operators. In the basis of the connection variables, we have

B = —
il 3K, (95)
- )
EY = —iyf®——
il 5K, (96)
. A
&= —wfpa. (97)

To find E® and EY, we integrate along an edge I, summing over the vertices along that edge. For the

eigenvalues, we find

o o b2 L
B |ji, 0, k) = =5 > o lii, 7, k) (98)
I
vel
BV, 7, F) L@ZV |, 7, K) (99)
, w,v, _21}611)#’,

For &, the eigenvalues only depend of k at each end of the interval, denoted k.+ and k.-. So we find

_ 2 ket + ke
) 2

11. VOLUME OPERATOR

E |17, k) /i, 7. K) . (100)

As an example of a quantum operator, we will briefly discuss the volume operator. Classically, the volume

is given by
V= / Vg &z (101)

where g is the metric, so \/g = /||E*EY. Banarjee and Date provide a way to quantize the volume [8].

First, the integral is broken up into the sum of n integrals, each over a length €. We find

n zite zi+e
Va> VE] / E® / Ev|. (102)
i=1 Zq 23
By changing the variables to operators, we find the volume operator:
. n " zite zite
Vi=> W/I€] ‘/ E® / Ev|. (103)
i=1 2 2
Using equations (95) to (97), the eigenvalues of the volume operator are
3/2
. 1 (e /
Vv |.uvv Vy, ke> =7 5 Z \/|.U1)||Vv‘|ke+ + ke*| ‘/‘m Vy, ke> . (104)
\/i vel
Note that if p, =0, v, =0, or k.+ + k.- = 0, then the vertex has no volume. We refer to a vertex with no

volume as degenerate space.
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Part 3. Quantization of the Unidirectional Constraint

In this section, we complete part of the canonical quantization process by creating a unidirectional operator
from the unidirectional constraint. We act on a node of an arbitrary one-dimensional spin network with the
unidirectional operator and find quantum states that satisfy the operator. We then check that the quantum
states are normalizable.

We create multiple quantizations of the unidirectional constraint to account for the various choices we
have to make in the quantization process. The main choices are which of two possible ways to approximate
K, and Ky using Taylor expansions and how to order the terms in U,. We will address these items in more
depth individually.

12. QUANTIZATION PROCESS

The quantization process follows the steps laid out in Section 9. The canonically conjugate variables used
for quantization are the Ashtekar variables with classical general relativity expressed as the Gauss, diffeo-
morphism, and Hamiltonian constraints. Plane gravitational waves are expressed through the unidirectional
constraint. These constraints are written in terms of the Ashtekar variables. The first step in quantization is
to promote each of the Ashtekar variables to a quantum operator and then promote each of the constraints to
a quantum operator. This project focuses on promoting the unidirectional constraint to the unidirectional
operator, but in order to complete the quantization, all constraints must be promoted to operators. To

quantize the unidirectional constraint, each term is sent at an operator, as shown:

Uylf] = /dzf(Eg”Kz +EVK, + &)~ Uy =Y f(E°K, + EVE, + €. (105)
1 vel
Note that the terms E/IEE could be ordered as either EA””K'$ or IA{mEA‘” with similar orderings for E/yEy We
quantize constraint both ways because there is no clear reason for choosing one ordering over the other.

After creating the unidirectional operator, we find the states that satisfy it, which are the states such that
Uy ) =0 (106)

is true at all nodes. In this work, we investigate states at a single node, which could be combined to give
states at all nodes. Recall that |u v) a basis state at a single node. By letting m = ﬁ and n = V—”O for some
constants o and vy, we can represent | v) as |m n). Then an arbitrary state at a node is a superposition of
basis states with amplitudes ap,, denoted as |¢)) =3, @mn |m n). Therefore, the unidirectional operator

is satisfied at a node when
U, Zamn |m n) = 0. (107)

m,n

Since a state must be normalizable to have physical meaning, we next check that the states satisfy-
ing the unidirectional operator are normalizable. Recall from one-dimensional quantum mechanics that a

wavefunction is normalized when

Wiy = [ par=1. (108)

A wavefunction is normalized so that [1|? is a probability distribution and the probability of finding the
particle somewhere is 1. The requirement for an unnormalized wavefunction |¢) to be normalizable is that
J75_ 16| dx is finite. If |¢) is normalizable, then it can be multiplied be some constant to make equation
(108) true. In loop quantum gravity, the requirement for a state to be normalizable is similar. We require

> ma|* < 00 (109)
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meaning that > |amn|? converges. For each version of U+ that we create, we find solutions to equation

(107) and check that these solutions are normalizable.

13. SETUP FOR (QUANTIZATION

In this section, we explain the process by which we create two quantum operators from the z-component
of the connection K. The quantum operators created from K, are similar, so we simply state them. We
start by creating two operators K él) and K. 9(52) by using two different approximations for K,. The superscript
number in parentheses simply indicates which version of K, it is. We then modify IA(,(}) to 163(01) and IA(Q(CQ)
to l@f) by eliminating extra factors and ensuring real coefficients. To begin, we use a Taylor expansion of
hoK,] = €3 K= We find

ho[K.] — h 'K 2 K
K, n Mol = 0] ’”]:sin(“o x) (110)
Lo Ho
and
hy[K.]—1
Ky~ ——p—. (111)
&)
We use these approximations to define K,. Using approximation (110), we define
IA(S) = —t (ei%oK‘" — eii%oK:”) . (112)
Ho
Acting on a state |p) = e'55+ we find
Rﬂ(gl) ) = —i (ei"—;’Kx _ e—i”—zoKm) BTV
Ho
S— (ei%QK“ — et K“) (113)
Ho

Zij(lwruo)—lu—uo))-

Classically, K, is real, so one would expect the eigenvalues of K, to also be real. We renormalize K, so its

eigenvalues will be real as well as to remove any stray factors. Thus,

~ _/'I’O A~
K () = TKJ(EI) l1) = |+ po) — [ — ko) - (114)
Doing the same process with approximation (111), we define
e p—" (ei%% _ 1) (115)
Ho
to find
Ho
—21 - ptp -
S (e’%f@ - e’sz) (116)
Ho
—21
=—(ln+po) — 1)
Ho
Renormalization gives
R |n) = KD ) = |+ o) = ) - (117)
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We will refer to equation (114) as version 1 of K, and to equation (117) as version 2 of K,. Versions 1 and

2 of I@u are similar:

KM vy = [v+vo) — v — o) (118)
K& vy = v+ o) — |v). (119)

We now have two versions of K, and Ky to use to quantize the unidirectional constraint. We will quantize

each term of the constraint separately. For the first term, we have two choices. The first choice is

/dszQE‘T —>/dzflCmEx
I I

o (120)
=Y fWKLE".
vel
The second choice, which is less conventional, is
/dszme — /dszT'le
I 1 (121)

vel

We will refer to equation (120) as “E to the right” and to equation (121) as “E to the left.” The second
term has two similar versions using I€y in place of K,. The quantization of the third term is simple by

comparison. For £, we have action on nodes:

/dzf5' —>/dzf8’
I I

= fE(I-) - fE(I) (122)
2

= T2~ ky),

Equation (122) is used for the quantization of the third term in all cases. Now, we will go through the

different cases we investigated without Pauli Matrices.

14. F 1O THE LEFT, VERSION 2 OF ICT

To find the first term of U, , we will act on a state |u) = ¢'2%+ with the operator from equation (121)

using equation (117) for K. Recall that the eigenvalues of E* are given in equation (98). Then, acting with
K, before E* gives

D F@WEKE 1) =Y F)ET (| + po) = |in))

vel vel
e (123)
3 2 F0) (o) [+ po) = ) -
vel
Another way to express this operator is by its action on a state |m) = ¢! K+ where m = ﬁ and h,[K,] =
3K, Then,
S F)BKD my = L2 =3 fw 1) [m+1) = m|m)). (124)
vel vel
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The quantization for the second terms proceeds similarly. We find

S F)EYRD |n ”Zf (n+1)|n+1) —nn)). (125)

vel vel
From now on, we denote states at a vertex by |m n) with the understanding that we mean |m n ki k_).

Thus, our quantized version of [ ; dz U [f] an operator where the result of its action is

(2 02
T 237 (@) (m+ D) lm+ 1) = mlm ) + (o + 1) fm o+ 1) = n | n))—f%(k, k) mny. (126)
vel
We will now present states which satisfy this operator.
14.1. Trivial Solution. Consider the case where
k_ - k.;,_ (127)
so that k is constant. Furthermore, to satisfy equation (107) at each node,
gl
Zamn (m+1)m+1n)—mmn)+(n+1)jmn+1)—n|mn)) =0 (128)
m,n
Z (a(m—l)nm |m TL> — AmnM |m TL> + Am(n—1)T ‘m TL> — mnN |m n>) =0 (129)
MA(rm—1)n — Mmn + Mgy (n—1) — Ny = 0. (130)

For amplitudes corresponding to m = 0, equation (130) reduces to ag, = ag(,—1) which implies that these
amplitudes are constant. Similarly, the amplitudes are constant for n = 0. Therefore, every m = 0 amplitude

and every n = 0 amplitude must be zero in order for Z \amn|2 to converge.
m,n
For ag; = a9 = 0, it follows from equation (130) that a;; = 0. It then follows that as; = a12 = 0. In fact,

Gmn = 0 for all m,n. Thus, for k_ = k., the only solution is the trivial solution. This solution corresponds

to degenerate space.

14.2. Nontrivial Solution. If instead, k_ # k., then

Zamn<m+1 Ym+1n)— |mn>+(n+1)|mn+1>—n|mn)—;(k—k+)|mn>> =0 (131)

amn
Z (a(m_l)nm Im n) — @mnm |m n) + apn_1)n |m 1) — ampn |m n) — T( _—ky)|m n)) =0 (132)

m,n

M —1)n — Mbmn + Nl (n—1) — Nmp — OLLQ”(IL —ky)=0. (133)

Assume k_ — k is constant and let Ak = k_ — k;. For amplitudes with m = 0 and n € N, equation (133)

becomes
n
Aon = mao(n—m (134)
Written as an explicit formula, equation (134) is
n! I(1+ Ak/2)['(n+1)
= = = . 135
o =+ AR/2) " T T+ 1+ Ak2) (135)
Assuming Ak is an even natural number (Ak € 2N),
Ak/2)! n!
Gop, = ﬂa . (136)

(n+ Akj2)1 %
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Observe that

2 0o

> oo =3 (BRI = (a2 a00)2;<(n+gk/2)!> . (137)

77400
oy rt (n+ Ak/2)!

2
Note that m < % SO ((n++'k/2),) < n—lf‘\ By the comparison test, equation (137) converges for all
Ak € 2N.

After a bit more work, we find an explicit formula for a,,, that satisfies equation (133) for m,n € Np.
The amplitudes are given by

(Ak/2)!{(m + n)!

mn = (Ak/2+m+n)!a00' (138)
We claim that Z |@mn|* converges. Observe:
(Ak/2)!{(m + n)! 2
2
Z Z‘a7nn| Z Z Ak/2+m+n)'a00
m=0n=0 m=0n=0
| (139)
m-+n
Ak/2)!
= (@2 ool 3o 5 ()

Notice that terms for the same value of m + n are the same. For a given value of m + n, there are m+n+1
terms. Let £ = m + n, then

oo 00 00 Vil 2
2 2
> 3l = ((AR/2! o 3 (6+1) (e amm)

m=0n=0

- (140)
1
= ((Ak/2)! |ago])? — .
;) C+ DI 0+ Ak/2 = j)?
Note that the denominator, when written as a sum, contains ¢2%+1. So,
1 1
5 < . (141)

oo oo
1
Because Z JARTT converges for Ak > 1, it follows that Z |amn|2 converges for Ak > 1.
£=0 m,n=0
Unfortunately, the gamma function is undefined for the negative integers, meaning that Ak cannot be a

negative even integer because I'(Ak/2 4+ 1) must be defined. Therefore, at this point, we can conclude that
our solution is valid for m,n > 0 for Ak € 2N.

So far we’ve only shown convergence for m,n > 0, and because the gamma function is undefined for the
negative integers, solutions to equation (133) do not exist when m + n < 0. Next the step, which we have
not done, is to consider solutions where m +mn > 0, but m < 0 or n < 0.

Therefore, we can only say with certainty that our solution is valid for m,n > 0 with Ak € 2N. We could
possibly avoid this problem by using |m| and |n| in equation (138).
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15. E 17O THE RIGHT, VERSION 2 OF I@m

Proceeding similarly to Section 14, we find

> FKPET |u) = ”Zf K& )

vel vel

) (142)
¢
= 223 f @i+ o) — )
vel
This result can also be expressed as
S FKRPE m _ % 23 Fwym (fm+1) = [m)) (143)
vel vel
Therefore, the complete action of the constraint operator is given by
v e
7Zf(v)(m|m+1 n) —mlmn)+nmn+1) =nlmn) = =2 (k- ~ k) |mn). (144)
vel
To satisfy equation (107) at a vertex, we must have
1
Zamn ((m|m—|— I1n)y—mlmn)y+nmn+1)—nlmn))— §(k_ —ki)|m n)) =0. (145)

Upon reindexing the sum, we find

Z ((m = Dagm—1yn [m 1) = Mamn |m n) + (0 = 1)ay,pm—1) |m n)

m,n

1
— Ny [M M) — 5(1@’, —ky)amn |m n>> =0 (146)
so that each term must satisfy
1
(M = 1)a(m—1)n — Mamn + (1 = 1)amn-1) = Nmn — §(k_ —ky)amn = 0. (147)

From here, we find the recurrence relation

~(m=1Dagm—1yn + (0 = Daym_)

mn = 148
“ m+n+ Ak/2 (148)
where Ak = k_ — k4. There are a few things to note from this formula. First, a;; = 0, and therefore,
am1 = 0 for m > 1. This can be shown using induction and the fact that % Similarly, a1, = 0

for n > 1. It follows that a,,, = 0 when m > 1 and n > 1.
Also, notice that a,, does not exist when m +n + Ak/2 = 0. Since m and n take one all integer values,
we must have Ak/2 ¢ Z, so Ak must be odd.

15.1. Trivial Solution. The trivial solution is simply @, = 0 for all m,n € Z. As noted above, Ak must

be odd, but there are no other restriction on Ak for the trivial solution to hold.
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15.2. Nontrivial Solution. One solution to equation (148) requires @, = 0 if m # —1 or n > 0. For

m = —1and n < 0, we have

In|

A1) (lnl) = T |,H — Ak/2) a(—1)(-

For convenience, let b = —n, so

b
177
any-n = 35 [[ = Bk/2) aiy

T i=3

2T(b+1— Ak/2)

bl I(3— Ak/2)

a(-1)(-1)-

We then need to check that the amplitudes are normalizable. Observe:

Z|amn|2 1)(— 1)|2

m,n

— 2 DY
- |a(_1)(_1)| + ‘ Ak/2

2 P(b+1—Ak/2)
T(3— Ak/2)

P

(b+ 1 - Ak/2)

(149)

(150)

(151)

(152)

(153)

We only care about whether or not the sum in equation (153) converges. To start, let Ak = 3. Then the

sum becomes

2

—2 b=2 b' b T2
Sl
- b _1
=4 (BH2(b )

Making use of Stirling’s approximation, we find

(20)! _ (20)%e20\/2m(20) 4P

nz "~ 2 T

(b1) (bbe—b 27rb) b
Therefore, our sum is approximately

2 \o=vi| “ X

=2 b=2

which clearly converges because b(b7 Tz < b737 which converges.

2

For Ak > 5,
L(b+3)
Lb+1-Ak/2) = H(Ak 1)/2( z—|—%)
Therefore, the sum from equation (153) is
i I'(b+1—Ak/2)[? i r(b+13)
=2 b! b=z | 0! H(Ak 1)/2(
I'(b+ 5
= bl(b

(154)

(155)

(156)

(157)

(158)

(159)

(160)

Thus, by the comparison test, the sum converges, which shows that ) |amn|? converges for Ak > 5.
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Now we will show that Y-, [amn|* diverges for Ak < 1. To start, let Ak = 1. The relevent part of

equation (153) is once again the sum

> Fb+1—Ak/2) =T (b+3)
D e Tl D B b
b=2 b=2
_ i (20)!
b(p!
P 4b(b!)
Using Stirling’s approximation gives
00 2 00
1 1
S|a -3
b=2 b=2
which diverges. For Ak < —1, we have
—(Ak+1)/2

F(b—s—l—Ak/Q):F(b—s—;) [I rte-i-ak2)

Therefore,

b+ )]
b!

> rb+1—Ak 2
Z /2)|?

b=2

2

so equation (153) diverges for Ak < —1.

(161)

(162)

(163)

(164)

(165)

(166)

In summary, we have shown that the amplitudes given by equation (149) satisfy this version of the

quantized unidirectional constraint when Ak is odd. These amplitudes are normalizable only for Ak > 3.

16. E 1O THE LEFT, VERSION 1 OF ;Gx

In this section and the next, we will use version 1 of l%w to quantize the unidirectional constraint, but we

will not present full solutions. Observe:

ST F@ETED () =" FO)E” (Jn+ po) — i — o))

vel vel

szf (1 + po) [+ po) — (1 — po) [t — Ho))

vel

which can also be expressed as

S ) ERY m) ”Zf (m+1)|m+1) = (m— 1) [m —1)).

vel vel

So the quantized unidirectional constraint is
pi (m+1D)|m+1n)—(m—-1)|m—1n)+n+1)|mn+1)
vel
42
—(n=1)fm 1) - f 12

33

(k- — k) m n).

(167)

(168)

(169)



In order for the constraint to be satisfied at a node, we need

Zamn<(m+1)|m+1n>—(m—1)|m—1n)+(n+1)|mn+1>

—(n—1)|mn—1>—;(k—k+)mn>> =0. (170)

Upon simplication, we find

1
E : (ma(m—l)n — MA(mt1)n T Mm(n—1) ~ Nm(n+1) — b} (k- —ky) amn) =0 (171)
1
MA(—1)n — MA(m41)n + M (n—1) — Nl (nt1) — 3 (k— —ky)amn =0. (172)

17. E TO THE RIGHT, VERSION 1 OF I@

Observe:

S FORDE ) = L2 Y Rl

vel vel

(173)
’Y
”Zf (I + po) = |1 = po)) -
vel
Alternatively, we can express the action as
S FRDE |m) = “Zf (jm+1)— m—1)). (174)
vel vel
Therefore, the unidirectional constraint is
'y€2 74
Zf Jmm+1n)y—mim—-1n)+nmn+1)—n|mn—1) —fT(k, —ky)mmn). (175)
vel

In order to satisfy the constraint, the amplitudes at each node must satisfy

Zamn (mm+1n>—m|m—1n>—|—n|mn+1>—n|mn—l>—;(k_—k+)|mn>> =0 (176)

1
(m = 1)am-1yn — (M + 1)agni1yn + (0= Damm-1) — (0 + 1)ammi1) — Q(k, —ky)amn = 0. (177)
18. DiscussION

We found four possible versions of the unidirectional operator created from the unidirectional constraint
and found states satisfying two of them. Some of these states were trivial, meaning that they correspond
to degenerate space and are not significant. The other states that we found are normalizable provided that
certain conditions are met. Both nontrivial solutions require Ak > 2, but the solution to one version requires
Ak to be odd and the solution the other version requires Ak to be even. The significance of this discrepancy
is unclear, however, we hope that further research will uncover additional solutions allowing Ak to take
odd or even values for both versions of the constraint. Another difference to note is that our solution to
one version of the constraint only works when we limit m and n to positive values (the first quadrant of a
coordinate plane) and our solution to the other version only works when we consider all values of m and
n (all four quadrants of a coordinate plane). In the latter case, only the third quadrant contains nonzero

amplitudes. Since the value given by the volume operator depends only on the absolute values of m and n,
34



neither case is immediately cause for concern, but allowing m and n to take on both positive and negative
values leaves open more possibilities in the theory. All of our solutions are for a single vertex. A full solution
would include a state for all vertices.

We also showed that using Pauli matrices in the quantization of K, gives one of the same results that
we obtained without Pauli matrices. Since using Pauli matrices gives the same result as K}(gl), we conclude
that 16551) is more consistent with the Gowdy model in 3 + 1 dimensions than 169(52) is. The solutions we
found satisfy both versions of the unidirectional operator that use l@gf), so future work will focus on finding
solutions to the two versions of the unidirectional operator that use Iﬁg(gl).
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Part 4. Conclusion

In Part 1, we represented of the diffeomorphism, Hamiltonian, and unidirectional constraints on a space-
time diagram, showing their algebra visually. This representation mainly serves to help us better understand
the constraints.

In Part 3, we presented our main results, quantization of the unidirectional constraint four different ways.
We found normalizable solutions to the two quantizations given in sections 14 and 15. One key difference
between the solutions is that one only worked for m > 0 and n > 0 while the other was zero for all values of
m and n except for m = —1 and n < 0. The other key difference is that they required different values of Ak.
We hope that further investigation will result in a more general solution for both quantizations, eliminating
some of these differences. We also hope to find solutions for the other two quantizations, given in sections
16 and 17.

Finding nontrivial normalizable solutions to a unidirectional operator is a huge step forward in the theory.
In addition to finding more solutions, the next step is to investigate the compatibility of the unidirectional

operator with a diffeomorphism operator.
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Part 5. Appendix
19. QUANTIZATION USING PAULI MATRICES

Using Pauli matrices in the quantization of K, and K, allows us to compare our one-dimensional sim-

plification with the full three-dimensional theory. In this appendix, we use the matrices 7; = —%O’i where
the non-subscript i refers to the imaginary unit. We use the properties Tr[0;] = 0 and 07 = 1, which imply

Tr(r] =0and 77 = —11.
The main difference in the quantization is that we now use h,[K,] = e™=#oK=  The Taylor expansion is

eTwHoBe ~ 1 4 7,19 K,. Using this Taylor expansion, we find two approximations for K,:

K, ~ —/%Tr [Ty (eTeHoRe — gmTemoRe)] (178)
0

and

K, ~ _ulTr [rp (710K — 1)) (179)
0

We can use both of these approximations to create an operator Kw, which we define as

RO =~ Lqy [, (eremoKe _ omramole)] (180)
Ho
and
R@ = _HiTr [ro (70K —1)]. (181)
0

As before, we will need to renormalize each version of K, for which we will need the identity
eTeroKe — o (%Kx) + 27, sin (%Kz) (182)
From equation (180), we find
K& i) = —fTr e G e

——Tr |:7'x ( ( x) + 27, sin (%Kl‘) — cos (—%Kﬁ) — 27, sin (—%Ki))] et ke

——Tr [47 Sln( Kx) el Ke

I
Q
@]
1}

= —Tr {sln (l;()K )] els Ke
0
= —sin ( OKI)e’fKz
Ho 2
2 €K 26’“0&61“%1
Mo ¢
_ b (ei%QK eiuQKm)
ifo
1

o — (|1 + po) — |1 — o)) -

The action of this operator turns out to be the same as the action of IA(H(EU

37
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For [A(a(f), we find

(M
=
8

R i) = =T [y (0% — 1))

9 ”
=——"Tr [Tze”“UK*] els ke
Ho

(184)

1 (eiw;uo Ko eiuf;o KT)

:%(\M+Mo>—|ﬂ—ﬂo>)'

Thus, we see that with the use of Pauli matrices, both versions K 3(53) and K. 9(04) yield the same result as K él).

)

Therefore, it suffices to use equation f(ﬁl and forgo the use of Pauli matrices because they do not provide

any new information.
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