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HOMOGENIZATION OF DISCRETE HIGH-CONTRAST ENERGIES*

ANDREA BRAIDES', VALERIA CHIADO PIAT!, AND ANDREY PIATNITSKI®

Abstract. This paper focuses on deriving double-porosity models from simple high-contrast
atomistic interactions. Using the variational approach and I'-convergence techniques we derive the
effective double-porosity type problem and prove the convergence. We also consider the dynamical
case and study the asymptotic behavior of solutions for the gradient flow of the corresponding discrete
functionals.
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1. Introduction. Variational theories of double-porosity models can be derived
by homogenization of high-contrast periodic media (see [12]). Typically, we have one
or more strong phases (i.e., uniformly elliptic energies on periodic connected domains)
and a weak phase with a small ellipticity constant, coupled via some lower-order term.
We consider the energies that satisfy p-growth conditions and are consistent with the
high-contrast structure of the medium. Our goal is to homogenize these high-contrast
elliptic energies and to derive the so-called double-porosity continuous model. In the
simplest case of quadratic energies, this amounts to considering energies of the form

N
(1.1) Z/ |Vu|2dx+£2/
j=1 QNeC;

|Vu|2—Q—K/ lu — uo|? de,

QNeCy Q

where ¢ is a geometric parameter representing the scale of the media. The strong
components are modeled for j = 1,..., N by periodic connected Lipschitz sets Cj of R?
with pairwise disjoint closures; in this notation Cy is their complement and represents
the weak phase. Note that we may have N > 1 only in dimension d > 3, while in
dimension d = 2 this model represents a single strong medium with weak inclusions
(i.e., the set Cp is composed of disjoint bounded components). In dimension d = 1
the energy trivializes since Cy must be empty and the energy is then e-independent.
The scaling €2 in front of the weak phase is chosen so that the limit is nontrivial; the
analyses for all other scalings are derived from this one by comparison.

If we let ¢ — 0 these energies are approximated by their T-limit [9, 10], which
combines the homogenized energies of each strong medium (which exist by [1, 12])
and a coupling term. Note that the energies above are not strongly coercive in L2
They are weakly coercive in L?, but their limit is more meaningful if computed with
respect to some topology which takes into account the strong limit of the functions
on each strong component (or, more precisely, of the extensions of the restrictions of
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functions on each €Cj, which are taken into account by the fundamental lemma by
Acerbi et al. [1]). In this way a convergence u. — (u1,...,uy) is defined; the limit
then depends on these N independent functions, and takes the form

N
(1.2) Z/((AﬁomVuj,Vuj>+ch|uj—u0|2) da:—l—/ o(ug, u1, ..., un)de,
oe Q

where ¢; are the volume fractions of the strong components and ¢ is a quadratic
function taking into account the interaction between the macroscopic phases. Note
that the lower-order term is not continuous with respect to the convergence u. —
(u1,...,un), which explains the appearance of an interaction term, whose computa-
tion in general involves a minimum problem on the weak phase C (see [12] for results
in the general framework of p-growth Sobolev energies, [18, 19] for perimeter energies,
and [14] for free-discontinuity problems).

In this paper we derive double-porosity models from very simple atomistic in-
teractions. Again in the case of quadratic energies, we may write the microscopic
energies (in the case of the cubic lattice Z9) as

(1.3) sd‘ Lo " ¥ ‘2
(aﬁ)@s%l:ﬂ(ﬂxﬂ) <
+e? sd‘w‘2+K g — (u0)al?.
(a”é’)ea%a:ﬂ(ﬂxﬂ) < aesde:ﬂQ

For explicatory purposes here we use a simplified notation with respect to the rest of
the paper, and we denote by Ni the set of pairs in Z¢ x Z¢ between which we have
strong interactions, and by Ny the set of pairs in Z? x Z? between which we have
weak interactions; we assume that N7 and Ny are periodic sets. The energies depend
on discrete functions whose values u, are defined for o € €Z%. Connected graphs
of points linked by strong interactions play the role that in the continuum models is
played by the sets C; (j # 0). In order to define a limit continuous parameter, we
have to suppose that at least one such infinite connected graph exists, in which case
we may take the limit of (extension of) piecewise-constant interpolations of u, on this
graph as a continuous parameter. If we have more such infinite connected graphs the
limit is described again by an array (uq,...,uy). In the more precise notation of this
paper below we directly define the (analogues of the) C; and derive the corresponding
strong and weak interactions accordingly. Note that weak interactions in Ny are due
either to the existence of “weak sites” or to weak bonds between different “strong
components,” and, if we have more than one strong graph, the interactions in Ny are
present also in the absence of a weak component. Under such assumptions, the limit
is again of the form (1.2). In the paper we treat the general case of vector-valued u,,
where the energy densities are given by some asymptotic formulas.

It is interesting to compare the results of the paper with the existing results in
[20] (see also [17] for the nonquadratic case), where the homogenization results for
singular periodic structures and periodic measures have been obtained, and, in partic-
ular, for high-contrast Lagrangians and operators, in the case of critical scaling, the
double porosity model has been derived. It should be noted that the 2-connectedness
(or p-connectedness) condition used in [20] is replaced in the discrete case under con-
sideration with the assumption that each strong phase has an unbounded connected
component and the maximal connected component is unique.
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Notice also that the contribution of each strong phase to the elliptic part of the
limit Lagrangian is quasi convex. It follows from the fact that this contribution is given
by the homogenized Lagrangian for the Neumann problem defined on the correspond-
ing unbounded connected component. Quasi convexity of the effective Lagrangian for
perforated domains with Neumann boundary condition is known; see [13].

From the description of I'-limits we also derive dynamic results using the theory
of minimizing movements. Under convexity assumptions, in that framework, the
behavior of gradient flows of a sequence F. is described by the analysis of discrete
trajectories u;’a defined iteratively as minimizers of

1 .
Fe(u) + ZH“ - “jlez

with 7 a time step (in our case the norm is the L?-norm for discrete functions).
In our case, we take as F. the energies above without lower-order term (i.e., with
K = 0). We first show the strong convergence of u;* as ¢ — 0. In this way, we
can treat these functions as fixed and apply the static limit results with K = 1/(27).
We may then follow the theory for equi-coercive and convex functionals, for which
gradient-flow dynamics commutes with the static limit (see [11, 4, 5]). As a result
we show that the limit is described by a coupled system of PDEs (in the strong
phases) and ODEs (parameterized by the weak phase). It is interesting to note that
this latter parameterization is easily obtained by a discrete two-scale limit of the
trajectories. Two-scale I'-convergence was previously used in [15] for studying high-
contrast Lagrangians satisfying p-growth conditions.

We finally note that in the discrete environment the topological requirements
governing the interactions between the strong and weak phases are replaced with as-
sumptions on long-range interactions. In particular, for discrete systems with second-
neighbor interactions we may have a multiphase limit also in dimension one.

2. Notation. The numbers d, m, T', and N are positive integers. We introduce
a T periodic label function J : Z% — {0,1..., N} and the corresponding sets of sites

Aj={kez':Jk)=j}, j=0,...,N.

Sites interact through possibly long- (but finite-) range interactions, whose range
is defined through finite subsets P; C Z% j =0,...,N. Each P; is symmetric and
0e Pj.

We say that two points k, k" € A; are Pj-connected in A; if there exists a path
{kn}n:O,...,L such that k,, € Aj, ko =k, kr, = k/, and k, — k,_1 € Pj.

We suppose that there exists a unique infinite Pj-connected component of each
Ajfor j =1,...,N, which we denote by C;. Note that we do not make any such
assumption for Ag.

We consider the following sets of bonds between sites in Z¢: for j =1,..., N

Ny ={(k,K) : kK € Aj k— K € P\ {0}};
for =0
No = {(k, k) : k= k' € Py\ {0}, J(k).J(K') = 0 or J(k) # J(K)}.

Note that the set Ny takes into account interactions not only among points of the set
Ao, but also among pair of points in different A;, j = 0,...,N. A more refined model
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could be introduced by defining range of interactions P;; and the corresponding sets
N;j;, in which case the sets N; would correspond to Nj; for j = 1,..., N and Ny
the union of the remaining sets. However, for simplicity of presentation we limit our
notation to a single index.

We consider interaction energy densities f : Z¢ x Z¢ x R™ — R and ¢ : Z% x
R™ — R. Note that the values of the function f(k, %', z) will be considered only for
(k, k") belonging to some N;. The functions f and g satisfy the following conditions:
f(k,K' z) = f(K',k,z) (this is not a restriction up to substituting f(k, k', z) with
$(f(k,K',z) + f(K,k, z)) and there exists p > 1 such that

(2.1) c(lzlP =1) < f(k, K, 2) <C(2P + 1),  0< f(kF,2),
(2.2) |[f(k K 2) = f(k K 2N < Clz = 2'[(L+ [P+ [P,
(2.3) f(k,K',-) is positively homogeneous of degree p if (k,k’) € N,
(2.4) 0 <g(k,u) <C(|z[" +1),

(2.5) lg(k, ) — g(k,2")] < Clz = 2'|(L+ |2[P~H + []P7H).

Given a bounded Lipschitz domain € R?, we define the energies

N
_ 1 _ d ; Uk — Upy
Fow) = Fe(u,22) = 3 1 (b, )

J=1 (k,k")ENE ()

(2.6) + Y ety (k K, @) + Y lglhw),

(k,k")ENG (2) keZ=(Q)
where
(2.7) /\/'J*?(Q):Njﬂé(QxQ),j:O,...,N, ZE(Q):Zdﬂgﬂ.

The energy is defined on discrete functions u : %Q NZ* — R™.

The first sum in the energy takes into account all interactions between points in
Aj (hard phases), which are supposed to scale differently than those between points
in Ay (soft phase) or in different phases. The latter are contained in the second sum.
The third sum is a zero-order term taking into account with the same scaling all types
of phases.

Note that the first sum may take into account also points in A; \ C;, which
form “islands” of the hard phase Pj-disconnected from the corresponding infinite
component. Furthermore, in this energy we may have sites that do not interact at all
with hard phases.
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3. Homogenization of “perforated” discrete domains. In this section we
separately consider the interactions in each infinite connected component of hard
phase introduced above. To that end we fix one of the indices j, j > 0, dropping it in
the notation of this section (in particular we use the symbol C in place of Cj, etc.),
and define the energies

- 1 - d ;) Uk — Uk
(3.1) Folu) = ]-'E(u, EQ) = ¥ f(k,k : f)
(k,k')ENE ()
where
(32)  Na@={(kk) e (@x0)n é(Q Q) kK e PE£K).

We also introduce the notation C*(Q) = C' N 1Q.
DEFINITION 3.1. The piecewise-constant interpolation of a function u : Zdﬂ%Q —
R™, k + uy, is defined as

u(z) = Ulz/e),

where |y| = (ly1],- .., |ya]) and | s| stands for the integer part of s. The convergence
of a sequence (uf) of dlscrete functions is understood as the L{ () convergence of
these piecewise-constant interpolations. Note that, since we consider local convergence
in , the value of u(z) close to the boundary is not involved in the convergence
process.

We prove an extension and compactness lemma with respect to the convergence
of piecewise-constant interpolations.

LEMMA 3.2 (extension and compactness). Let u® : %Q — R™ be a sequence such
that

(3.3) sup{ Z Ed‘u‘ + Z d|u2|}<+oo.
S (kK)ENE(Q) c keC=(Q)

Then there exists a sequence U° : 1Q — R™ such that uf, = uf, if k € C*(Q) and
dist(k,@%Q) > C(T,p,d,m), with u° converging up to subsequences to u € WP (Q)

Proof. Tt suffices to treat the scalar case m = 1, up to arguing componentwise.

With fixed i € Z? we consider a periodicity cell Y; = iT + Y, where Y = [0,7)% N
Z2. 1f we consider k € CNY; and k' € CNY/, where Y/ is either Y; or a neighboring
periodicity cell, then the minimal path in C' connecting & and k' lies in a periodicity
cube Y; = iT + [~ DT, (D + 1)T)? for some positive integer D. We suppose that such
37;- is contained in %Q This holds if

1
(3.4) dist (Y agQ) > O(T)
for some C(T).
We define
U = CﬂY > uf for k€ Y;\ C.

IGCﬂY
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For k € Y; and |k — k’| =1 (in the notation above k' € Y;) we have

P
max u° — min u®| = e P|uf — uf [P
YUY/ YUY/

< gd-p

~€ ~€
d‘ Uy, — U [P
€

for some [,1I’ € Y; UY/. We then may take a path {l,},=1... 1 in C connecting ! and
" lying in Y;. We then have

L s us € _ o€
6d‘uk—uk, Z ‘ "1p<C gd‘uj us, |p
o Z _ €
n=1 Jj—Jj'€P,j,j' €Y;NC
Summing up in k, ¥’ we obtain
~c ~c g __ 1>
Ut —u P U U=, |p
Z Ed‘ k # " < ord Z Ed‘ j J
, € ~ €
|k—k'|=1,keY; j—j'€P,jj€Y;NC
and
~c ~c £ __ I
uz — uy, |P U= Uz, |p
(3.5) ) sd’u <cp'rt sd‘u ,
_ € . €
|k—k'|=1,k,k’ €L, (4,0 )ENE(Q)
where

Q. = U{eYi 1 (3.4) holds}.

Trivially, we also have the estimate

~ . T4
Z|Ui|§ Z |ug| + Z |Ui|:m Z |ug.

keY; key;nC keY;\C key;nC

These two estimates ensure the precompactness of u° in L'()') for all ' cC Q and
that every cluster point is in W?(£2) by the uniformity of the estimates (3.5) (see [2,
Proposition 3.4]). O

THEOREM 3.3 (homogenization on discrete perforated domains). The energies
Fe defined in (3.1) T'-converge with respect to the Li (S R™) topology to the energy

(36) -Fhom / fhom VU
defined on WP (Q; R™), where the energy density fuom satisfies
(3.7)
Fhom(€) = Klir}: inf{Kﬁd Fr(éx +v, (0, K)?) : v, =0 in a neighborhood of (0, K)d}.
)

Proof. The proof follows the one in the case C' = Z? contained in [2], and therefore
we have the coerciveness condition f(k, k', z) > C(|z|P — 1) whenever |k — k| = 1.
That condition is used only to obtain precompactness of sequences with bounded
energy and is substituted by the previous lemma.
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The proof can also be obtained by directly using the homogenization result of [2]
applied to F7 = F. + n G, where

G(u) = 3 gd\L‘“k'

€
|k—k'|=1,k,k'€1Q

p

3

obtaining limit energies

‘F}?om(u) = /(;.f}?om(vu) dx.

By comparison we obtain the existence of the desired I'-limit and the equality

Fhom(w) = iuf 7 (0) = [

inf f/ .
5 inf fiom (V) da

Once this integral representation is shown to hold, standard arguments allow US to
conclude the validity of formula (3.7) (see [13, section 14.1]). O

4. Definition of the interaction term. The homogenization result in Theo-
rem 3.3 will describe the contribution of the hard phases to the limiting behavior of
energies F.. We now characterize their interactions with the soft phase.

For all M positive integer and z1, ..., zy € R™ we define the minimum problem

(4.1)
1
@M(zl,...,zN):Wmf{ Z flk K v —vp )+ Z g(k,vk):veVM},
(k,k")EN0(Qn) keZ(Qnm)
where
M M4

(42) Qu=[-5.5) s No(Qu) = NoN(@QurxQur),  Z(Qur) = Z*NQur,
and the infimum is taken over the set Vas = Vps(21, ..., zn) of all v that are constant

on each connected component of A; N Qs and v = z; on C; for j =1,...N.
PROPOSITION 4.1. There exists the limit @ of pyr uniformly on compact subsets
of R™N .
Proof. Note preliminarily that by the positive homogeneity condition for f we
have

[f(k K 2) = f(k K, 2N < Clz = 2/|(|2[P~ + 12/P7)

for (k,k') € Ny. Let v be a test function for ¢p(z1,...,2x). In order to estimate
em (21, 22,.-.,2N) We use as a test function
o — Zi if ke Cq,
k™1 v, otherwise.

We then have

Z f(k,k/,’l};c _U;c’)"_ Z g(k,v;)

(k,k")ENo(Qnr) keZ(Qn)

— Z flk K v — o) — Z g(k,vg)

(k,k")ENo(Qnr) keZ(Qar)
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=2 Z ‘f(k7k:/7v;€_’U;C/)_f(k.ak/vvk_vk')
(k,k’)GNg(Qzu),kécl

+ > gtk z) — g(k, 20)

keCiNQnmr

<2 Y [f R ) = fO K - )
(k,k')GNg(Qzu),kécl

+ > gtk z) — g(k, 20)

keC1NQnr

By (2.5) the second sum can be simply estimated by CM®|zy — 2| (14|21 [P~ 4|21 [P~ 1).
As for the first sum, we have

Z ’f(k,k',zi—vk/)—f(k,k’,zl—vk/)’

(k,k")ENo(Qnr),keC

< Y Aa-aAlld-al T+ o)
(k,k")ENo(Qn ), k€C
SOMd|Zl_zi|p+C|Zl —ZH Z |’Uk—’Uk/|p_1
(k,k")ENo(Qnr),k€C
p1
SOMUzy = 24P +Cla =4 M3 (3 o — v )
(k,k’)GNQ(Q]u),kécl
p1

SCMd|zl—zi|p+C|zl—z{|M%( Z f(k,k',vk—vk/)) ’

(k,k/)GNQ(Q]u),kécl

By the arbitrariness of v, taking infima we conclude that

|¢M(21)5ZN)_¢M(2155'ZN)|

p—1 _ _
< Clan = 2l (ls1 = 2P+ (a2 T+ (1 a7 4 7))

Furthermore, by taking as a test function v = 0 on the complement of the J ; Cj we
have the estimate

om(21,...,2N8) < C(l +Z|Zj|p).
J

These estimates give equiboundedness and equicontinuity of the family ¢, on bounded
subsets. By the Ascoli-Arzela theorem, to conclude it suffices to show that the whole
sequence @); converges pointwise. To this end, we note that for integer K and M we
have

(1) ¢rm > pur;

(i) Moy < Khpg if M < K.

By (i), with fixed M the sequence ¢, ox is increasing, and in particular

(4.3) Prmok = PM

for all .
Let k be fixed; for all K let Lx = |K/M?2*], so that

0< K — LgM2F < M2F.
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Then, by (ii)
(LeM2%)op, e < Kk,

and by (4.3)

L M2F\d L M2F\d L M2F\d
o> (B e > (P > (B,

By taking first the liminf in K and then the limsup in M we obtain

liminf px > limsup vy,
K M

that is, the desired claim. d
Remark 4.2. Let u™ € Vy; be a sequence such that
.1
lﬁ\l/an( Z kK udt —ud?) + Z g(k,uﬂ”)):gp(zl,...,z]v);
(k,k")EN0(Qar) keZ(Qmn)

then for every sequence of constants Ry; = o(M) we have

1

. M _ Mp _

1%1 — E |lup’ —ugs [P =0.
kk €Qu\Qm—R,, k—k €Py

Indeed, otherwise taking u™ as test function for the problem defining pu_g,,
(21,...,2n), we would obtain

thUP‘PM—RM(Zlv-- '7ZN) < 80(217" 'azN)v
M

which is a contradiction.

We now prove that the function ¢ introduced in Proposition 4.1 can be defined
through minimum problems with additional boundary data. This will be useful in the
computation of the upper bound for the I'-limit. We then define the boundary set of
@ as follows: we consider R a fixed constant such that for any two points k£ and
k' € Qar_ R connected in terms of Py-interactions there exists a path of Py-interacting
points contained in Q,y, that starts at k and ends at &', and R larger than twice
the diameter of each bounded connected component of any A; for j =1,...,N. The
existence of such R > 0 is ensured by the following.

PROPOSITION 4.3. There exists R > 0 such that for all M > 4R and for any
k and k' € Qp—Rr connected in terms of Py-interactions, there exists a Py connected
path in Qpr that goes from k to k'.

Proof. For each = € Z% denote by S, the maximal connected component that
contains = and is defined in terms of Py-connectedness. Clearly, each such a component
is either a finite or periodic unbounded set. In the latter case, the diameter of a
periodicity cell is not greater than (¢T')%. Let R, be a positive number such that for
any z1, zo € S, that are situated in the same periodicity cell or neighboring periodicity
cells, there exists a Fy-connected path that starts at 21, ends at 23, and belongs to
z1 + [— Rq, Rm]‘i N Z%. Denote R = max, R,, where the maximum is taken over all
x € [0,T7)¥NZ*. For any k and k' from S, consider a path of neighboring cells situated
along the segment [k, k’]. Choosing in each such cell an element of S, and recalling
the definition of R we conclude that there exists a Py-connected path that starts at
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k, ends at k', and belongs to the R-neighborhood of the segment [k, k'], where R is
equal to the sum of R and the diameter of a periodicity cell. This implies the desired

statement. 0
We define B, as

N
Bar = (@ \ Qu-m)\ J 4))
j=1
U U{B:B C Qm\Qn—r bounded connected component of A; N Qar,j=1,...,N}.

With this definition, we can set

Fr(z,.. o 2n) = 2 inf{z(k,k,)e%@m Fk, Ko, — v

+ Z g(k,vk):UEVM,U:OonBM}.
k€Z(Qn)

(4.4)

PROPOSITION 4.4. There exists the limit
1i1\1;1n$M(z1, o 2N) = @(21,...,2N)
uniformly on bounded subsets of R™Y | where o is defined in Proposition 4.1.

Proof. By the same argument as in Proposition 4.1 we may show that the sequence
is equibounded and equicontinuous on bounded sets. It is then sufficient to show the
existence of the pointwise limit and that this coincides with that of ;. To this end
we will estimate @) in terms of ;.

Note that we may write @ps (21, ..., 2x) as the sum of two independent minimum
problems, the first one where only k£ and &’ connected with U;V:1 C; in Qu are taken
into account, and the second one where the summation is done over all other indices
(disconnected with Ujvzl C;). Note that the first one is actually a minimum, of which
we choose a minimizer v™, while the second one may be only an infimum. The latter
infimum can be further decomposed into a sum of disjoint infimum problems over
bounded connected components, the ones intersecting Qa;— g being TZ%translations
of a finite family {I;} of subsets of Z¢ by our choice of R; i.e., their value is

(4.5) inf{ S FRE o)+ Y glkon) v Rm},

(k,k/)ENo(Il) kel

where the infimum is taken on those v that are constant on each component of A; N1
for j =1,...,N. This value is independent of M and z1,...,zy. We denote by w' a
+r-almost minimizer of problem (4.5), that is, w! : I; — R™ is such that the infimum
in (4.5) differs from >, 1yeno(ry f (K K, wh —wt,) + > wer, (K, w!) not more than
1/M.

We define 9™ € Vj; with 7 = 0 in Bjs by setting

0 if k € Bur,
’1724: w%ch if ke K+ 1, for some K € TZ% and K +I; N Qn—r # 0,
oM otherwise.

Using 9™ as a test function we can estimate, recalling (2.3), (2.1), and (2.4),
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vz, 2n) < om(z1,. ., 2N)
C - ~ _
+ —Md( 3 T =T+ ST gk, 0) + MO+ #(A; 0 BM))
kor k’€Bpr,k—k'€Py kEBn
C -
§<pM(z1,...,zN)+W( S TP+ #(Bur) ).

k@B 3k’ €Byr k—k' € Py

By the Poincaré inequality the sum can be estimated as

> oM P < c(#(BM) + 3 M v,fyw).

k¢ B3k’ € B, k—k' €Py k,kleQM\QMszikfklepo

Since this last sum tends to 0 as M — 4oc by Remark 4.2, we obtain

&M(Zla"'azN) S@M(Zl,,ZN)‘FO(l)

Since the opposite inequality @ar(21,...,2n8) = @ar(z1,- .., 2n) trivially holds, we get
that

1}\1/[11((701]\4(21, e ,ZN) - (pM(Zl, e ,ZN)) =0
as desired. O

5. Statement of the convergence result. We now have all the ingredients to
characterize the asymptotic behavior of Fy.
Thanks to the compactness Lemma 3.2, we may define the convergence

(5.1) u® = (ug,...,un)

as the L] (£;R™) convergence uj — u; of the extensions of the restrictions of u® to
C}, which is a compact convergence as ensured by that lemma.

The total contribution of the hard phases will be given separately by the con-
tribution on the infinite connected components and the finite ones. The first one is
obtained by computing independently the limit relative to each component,

. B , Uk — Uk
(5.2) Flu)= Y adf(k,k,is )

(k.k)ENE(Q)

where

(53)  NI(Q)= {(k,k’) € (C; xCy)N %(Q x Q) k—k € P k+ k}

which is characterized by Theorem 3.3 as
(5.4) Fo(@) = [ Flon(Va)da.
Q

In order to characterize the contribution of the finite connected components of
Aj, we can write

(5.5) AN\ G = A + 127,

lel;
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where, due to the periodicity of the media, [ runs over a finite set of indices I;, and
A} +TZ* and Aj, + TZ* are Pj-disconnected if | # I’. To each such A7 we associate
the minimum value

(5.6) mi = min{ Z Flk K 2 —zp) s 20 A — Rm}.
k.k'€A] k—k'€P;

Note that we have no boundary conditions for the test functions z. The total contri-
bution of the disconnected components will simply give the additive constant m|Q|,
where

1 & :
(5.7) m=gg 2 Y m

j=11€l;

In the previous section we have introduced the energy density ¢, which describes
the interactions between the hard phases. Taking all contribution into account, we
may state the following convergence result.

THEOREM 5.1 (double-porosity homogenization). Let 2 be a Lipschitz bounded
open set, and let F. be defined by (2.6) with the notation of section 2. Then there
exists the U'-limit of F. with respect to the convergence (5.1) and it equals

N
(5.8) Fhom(ul,...,uN):Z/ fﬁom(Vuj)dx+m|Q|+/ o(ut,...,un)de
iy Q

on functions u = (u1,...,uy) € (WHP(Q;R™))N, where ¢ is defined in Proposition
4.1, fil .. are defined by (3.7), and m is gwen by (5.7).

The proof of this result will be subdivided into a lower and an upper bound in
the next sections.

Remark 5.2 (nonhomogeneous lower-order term). In our hypotheses the lower-
order term g depends on the fast variable k, which is integrated out in the limit.
We may easily include a measurable dependence on the slow variable ek by assuming
g = g(z, k, z) a Carathéodory function (this covers in particular the case g = g(z, z)
and substitute the last sum in (2.6) by

Z 8dg(5k7kauk)'

keZ=(Q)

Correspondingly, in Theorem 5.1 the integrand in the last term in (5.8) must be
substituted by ¢(x,u1,...,un), where the definition of this last function is the same
but taking g(z, k, z) in place of g(k, z), so that x simply acts as a parameter.
Ezample 5.3 (simple one-dimensional energies). We give two examples of one-
dimensional energies with a nontrivial double-porosity limit due to next-to-nearest
neighbor interactions.
(1) We consider d =1, 2 = (0,1) and the energies

fel=t o e,

iy i
Z 8‘ Z+ : ‘ +EQZ(€‘ : : ‘.
=1 € 1=1 €

In this case C1 and Cy are the sets of even and odd integers, and Cy = (). We have
g = 0 and the definition of ¢ is trivial; the limit is

Fhom (u1,u2) :2/ |u’1|2dx—|—2/ |ub|? da:—l—/ luy — ug|? dx
0,1) 0,1) 0,1)



3076 A. BRAIDES, V. CHIADO PIAT, AND A. PIATNITSKI

(note the abuse of notation for u;). Note that the second sum of the discrete energy can
be interpreted as the L2-norm of the difference between even and odd interpolations
of u.

(2) We consider d =1, 2 = (0,1) and the energies

Fl1/e]-1 [1/¢] [1/¢]

o e 12 oy
U242 U24 U; Ui—1
E 8‘7 + &2 E g|l———— + E lu; — ud?
3 3

i=0 i=1

In this case, C is the set of even integers, Cj is the set of odd integers, and we may
take g(x, z) = |z — ug(z)|?* (we take ug a fixed L2-function and {u?} an interpolation
strongly converging to ug). Correspondingly,

5
ol u) = Sl = uo(@)

and the limit is
5
Fhom(u) :2/ |u’|2dx—|——/ lu — uo(z)|* do
(0.1) 6 /o)

(in this case we only have one parameter in the continuum).

6. Lower bound. Let u® be such that sup, F.(u®) < +o00 and u® — u =
(u1,...,un) with respect to convergence (5.1).
We may then rewrite

N N € €
>N @)+ Y Y s‘?(k,k’,@)

=1 =lajcla pr'eal
k—k' €P;
g
(6.1) + Y ad< > apf(k K, %) + 0y g(k,u§)>,
Q%{C%Q (k7k,)eN0(Q71;\/1) keZ(ij)
where
Q= Qu +Mi,  No(Qy)=NoN(Qy x Q) Z(Qh) =Z'NQYy,
for i € Z<.

The second term in (6.1) is estimated by taking the minimum over all zj in the
place of uj /e, obtaining

N
ug
DO B S T )>de 2 m
IFLAICIO pwend =l aAiclo
k—k'eP;

(6.2) = dz deZml+o =m|Q| + o(1).

lely

In order to estimate the last term in (6.1) we estimate separately

3 Epf(k,k’,@)—i— S glkuf)

(k,k")ENo(QYy) keZ(Qjy)
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for each fixed i. To this end, we consider the function u®¢ defined by

. 1 - ,
W rra X uim HkEC;N 0k,
J M7 1ec;nQi,
. 1 . . )
uy = HA O Z uf =:u;"? if ke Al NQYy
#( 1 rWQM) leA{ﬂij

forj=1,...,Nandl€ I, andui’i:ui ifkeQ?w\U;V:lAj.
We can now use Lemma 9.1 with u = u® and v equal to the function defined by
u®® on Q% and note that

ol —ul=3( X ehiowld > <ui-ul)

kEA; i keC;NQY, ke (A;\C5)NQY,
S X s Y o)
i keC;NQi, Il ke AINQY,

SCMPEPZ( Z Ed‘Mp

. : €
i kEC;NQY, k—k'EP;
3 3
Z Z Uy, — Ups P
+ 5d‘ ) € : )
el ke AINQY,

< OMPEPF.(uf).

We then have

Zegad< S gpf(kk’“k ”’)+ 3 kuk>

Qi,cl (k,k")ENo(QY,) k€Z(QY,)
= Z 5d< Z (kK uf, —uf)) + Z g(k,ui))

Qi CI  \(kK)EN(QYy) keZ(Q4,)
S SIS S ) LIp I T A) Rt

Qy,Ccla Qi,CLa (kK )ENO(QY,) keZ(Qjy)
ase — 0

Since (a translation of ) u®? can be used as a test function for s (us®t, ... usH )
we have

S R )
Q]\{ (k k,)eNO(QZ ) kZGZ(Q;W)

> ]\4(1(101\/1(1[5,1',17 o Us’i’N).
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We define the piecewise-constant functions u37 to be equal to u**7 on each Q%, C
%Q and to 0 otherwise. We then obtain

d P / UZ - Ui/) € )
Z £ ( Z . £ f(kaka c + Z g(kauk)
Qi,ci  (kk)ENI(QY,) keZ(Qi,)

> / o (u) (@), .. uy) (x))de + o(1)
Q

as € — 0.
Since

€4, _ 1 ~e
STSTITR NP L

leC;nQy,

oe (5, R™), so that also uf\j converges strongly
to u; for all M. By the Lebesgue dominated convergence theorem we get

e : 1
where u§ converges strongly to u; in L

(6.3) ;1_1% onr (s (@), ) () de = / on(ur (), ..., un(z))de.
Q Q

Summing up the liminf inequalities for all F?, (6.2) and (6.3), we get
N .
Hrsri}élf F.(u:) > leigbiglf F(ue) +m|Q] + /Q om(ug, ... un)de
=

N
>3 [ Bon(Vug) izl + [ onrls,uw)
j=1"9 Q

from which (5.8) follows taking the limit as M — +o0 and using Lebesgue’s theorem
once again.

7. Upper bound. We prove the upper bound for a linear target function

u(z) = (la, ..., V1),

the proof for an affine function following in the same way. For piecewise-affine func-
tions the same argument applies locally, while for an arbitrary target function we
proceed by approximation (see [12]).

A recovery sequence for u can be constructed as follows:

e For all j = 1,..., N we choose a recovery sequence ul — &z for FJ; we may
regard u/ as defined in the whole Z?. We set

(7.1) ug = (ud)p on Cj.

e For each fixed M let Q%, be the corresponding partition of Z¢. For all i we
define

€4, _ 1 €
e wea 2

leC;NQY,
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for j =1,..., N and take a minimum point v* for @y (u®1, ... us»N). We define

N
ug, = v, on Q4 \ UAj.

j=1

Notice that the function u®"/ — uj is of order eM on Cj, and thus, by Lemma 9.1,
the difference

o) S ¢ T ko)
i,Clo (kk)ENO(QY,)
_ Z Ed Z f(kaklaﬂk_ai,) :0(1)

Qi Cla  (kk)EN(QY,)

as € — 0; here 4§ stands for the function equal to u®*/ on C; N Q%, and to ug on
N
Q\U;L G
e For any connected component A of A; \ C; with A C QY define

(7.3) ug, =it ezt
27! being a minimizer of (5.6). Note that UZil-M is a constant function on A{, so that
ug, is still minimizing.

With this definition of u® we have a recovery sequence for u. In order to check
that, we introduce an outer approximation of the set {2 as €. s defined by

Qe = U Q' IEM:{ieZd:Qﬁv,ﬂéﬂsfé@}.

ieIM

In this way we have

1
Fa(uf) < B (v, -0 )
€
N 1 d Uy, — ug,
< F]( g ) ( / /)
fZEU’sQE’M * Z Z R AGLE €
j=1 SLATNIQ M #0 kK €A]
kfk/er
> ( S kK- + > 9““””)
ieIM koK €Qly kEQly

k—k'€Py

d /€ £
+Z Z Ef(kakauk_uk’)7
€1 keQl, K #Qi,
k—k'€Py

where we have separated the estimates for the contribution of the infinite components
of the hard phases, the isolated islands of hard phases, the contributions of the soft-
phase energy and the potential g inside each cube Q%,, and the contributions of the
soft-phase interactions at the boundary of each cube.
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We separately examine each term. By (7.1) and the limsup inequality for F? we
have

; 1 1 ‘ 1 .
' 3 (e = J z < R < FJ j !
(7.4) F? (u ,EQ ) F? ( ’EQE’M) < F? (u aQ) Fl (&2, Q) +o(1)
for all fixed Q" DD Q. as.

As for the second term, we have two cases:
o Al C Qi for some i € IM. In this case by (7.3) we have

) Y iR ) = S ko ) = m,

k.k'€A] k.k'€A]

k—k'eP; k—k'eP;
so that

(7.6)
us, — uj,
DD adf(k,k’,u)g S eml < miQf+o(1).
. — _ € .
€I G 1A CQly kK €Al LA NLQ a0
k—k'eP;

e For the other A{ we have uj, —u5, = 0 for all k, &, so that their total contri-
bution is O(1/M).
By (7.2) the third term is estimated by

Z 5d< Z f(k,k’,ui—ui,)—i— Z g(k,ui))

el kK €Qi, kEQi,
k—k €Py
S ( S ST g(k,a@) 4ol
el kK €Qly kEQi,
k—k € Py
Zade 511. ] 61N)+0(1)
eIM
(7.7) g/ Gar (M uSM) d + o(1),

M . . . . . - :
where uj is the above-defined piecewise-constant function with value u**7 on Q.

Note that
(7.8) us™ — & in LP(Q;R™)

as € — 0 for all j and M.

As for the last term, we note that the difference uj — uf, is equal either to 0
(if both k£ and & do not belong to in any Cj j = 1,...,N), to (u5)x if k¥ € C; and
k' ¢ U; Cj, or to (u5)e — (u§)w if k € Cj and k' € Cjr with j # j'. In any case, we
can estimate the total contribution by
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C Y iers, i > (1 + |(uf)P)

keC;NGEM+(Qm\Qrm—Rr))

oYY ) 1+ (@),

i€l j=1 keC;N(iM+(Qm\Qum—R))

(7.9)

Note that since u5 are equi-integrable the latter term vanishes as M — +oc uniformly
in . In fact, it can be written as an integral over a set of measure of order 1/M.

Taking into account this last estimate, together with (7.4), (7.5), and (7.7), we
get

e—0

N

(7.10) lim sup F. (ue) < Z 0 (@, Q)+ m|Y +/ oy (u)de + o(1)
: Ql

as M — 4o0. We can then let M — 400 and use Lebesgue’s theorem to obtain

(7.11) lim sup F. (u.) <Z o fjx,Q’)+m|Q’|+/ o(u) dx.
Q/

e—0 J=1

Eventually we obtain the desired inequality by the arbitrariness of ' D> Q.

8. The dynamical case. We consider the asymptotic behavior of solutions for
the gradient flow with respect to the L2-metric of the functionals

fw-n(le) -3 X per ot

J=1(k,k")ENZ(Q)

Ul — Uk
(8.1) Y adﬂ’f(k,/a,f),

(kK" ENG ()

i.e., functionals (2.6) with g = 0, with given initial data functions u§ : Z*N1Q — R™
converging to some ug : 2 — R". (Note that in this notation 0 € N has the meaning
of an initial time and should not be confused with an index 0 € Z¢ as in the notation
labeling the values of discrete functions.) To that end, we will apply the minimizing-
movement scheme along a sequence of functionals (see [11, 5]): with fixed 7 > 0 we
define recursively, for [ € N, 1 > 1, u5! as the minimizers of

1
(82) v Fo(v) + o= flv — a2,
2T
where 40 = u§. We want to characterize the limits u' of these minimizers as e — 0
as the minimizers obtained by recursively applying the same scheme to a I'-limit Fj,
i.c., to show that u' is a minimizer of

1
(8.3) v Fov) 4 o lo - P

The norm in these formulas is the L?-norm in €.

Note that this characterization does not follow trivially from the fundamental
theorem of I'-convergence since the additional term may not be a continuous per-
turbation, depending on the topology chosen (e.g., the one used in Theorem 5.1).
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In order to have a topology for which the last term gives a continuous perturbation,
and the sequences u®! are still precompact, we cannot use the description in Theorem
5.1. We need to describe the effect of oscillations on the soft phase, as we cannot inte-
grate out their contribution. This can be done, at the expense of introducing a larger
number of variables, using two-scale convergence adapted to the discrete setting. In
the continuous setting this was already done in [15].

Everywhere in this section we assume that the sites that do not interact at all with
infinite components of the hard phases do not contribute to the energy functional. In
other words,

N N
8.4) for any k € A; there exists k' € C; such that k and k' are connected;
( y J J

=0 j=1

i.e., either k = &k’ or there exists a path {k, }n=0,.. x such that ko =k, kx = k' and
(Fnykn-1) € Ujo Nj.

8.1. I'-limits with respect to discrete two-scale convergence. Let v°
Z¢(2) — R be a sequence bounded in L?(2). We say that v® weakly (respectively,
strongly) (discrete) two-scale converges to the family {v¥} for y € Y := {1,...,T}¢
with v¥ € L?(Q) if for all y € Y the sequence v*¥ of discrete functions obtained by
considering only the values v{ with k¥ = y modulo Y weakly (respectively, strongly)
converges to the corresponding v¥; more precisely, we define v*¥ on TZ% as

ey _
Yy v?H‘J

for j € TZ? and require that its piecewise-constant interpolation weakly converges in
L?(Q) to vY.

It can be checked that the definition corresponds to that of two-scale convergence
as in [16, 3, 15], i.e., (for weak convergence) that for all functions {¢x(%)}rezd zeq
being T-periodic in k and smooth in  we have

(8.5) hm Z e pr(ck) Td Z/vy x)py(x

keZ€(Q) yey

Note that this is equivalent to

(8.6) i [ @@= 75 Y [ e

yeyY

upon identification of v with its piecewise-constant interpolation.
We can compute the I'-limit of

Ge(u)=Fo(u)+ Y eglux —wf)
keZ=(Q)

with respect to the weak two-scale convergence u® — {u?}, where g : R™ — R is a
continuous function and w® strongly two-scale converges to {wV}.

THEOREM 8.1.  The I-limit of G. with respect to weak discrete two-scale
convergence s
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N
o({u?}) = From(Vu) d
> g6 o, e

yEC ny

(87) s > /u —w“<>>dx+/soq< (@)} do

yEYﬂU

with the constraint that uY is independent of y on each Cj, and ¢4 is given by

pole ) = im i SRR v )

M—+o00 Tde
(kJC/)GNo(QTM)

(8.8) Y gwe-wt@)s Y we= M,

k€Zo(Qrnm) k€EQrmN(y+TZ4)

where each test function v is extended by T M -periodicity.

Proof. The proof follows that of Theorem 5.1, with a different characterization of
the interaction energy density ¢4 in terms of the variables {u¥}. The changes follow
the ones for the corresponding theorem in the continuum [12] section 7.2. 0

ProrosiTION 8.2. If f and g are convez, then

o) =Y fERE ) Y gt - wb),

(k,k)ENF (QT) k€Z(Qr)

where
N{(Qr) ={(k,k') € No: ke Qr}.

Proof. The proof follows by a classical argument for periodic convex minimization
problems (see [13, section 14.3]), noting that by Jensen’s inequality we may take
M =1 and a test function v replaced by its mean value on each y. By the average
constraint in the definition of ¢, this argument fixes exactly the value equal to u¥
on each y. The definition of Ng‘;é (Qr) is given so as to avoid double counting in the
computation of the interactions. d

Ezample 8.3. In order to illustrate the difference with Theorem 5.1 we consider
Example 5.3(2). In that case CoNY is the only point 1, so that weak discrete two-scale
convergence reduces to the separate weak convergence of even and odd interpolations
and then, by the coerciveness on even interpolations, to the strong convergence of
even interpolations and the weak convergence of odd interpolations. The I'-limit is
then expressed by

1
Go(ul,u2):2/ |(u2)'|2dx+/ |u2—u1|2dx—|——/ lu' — uo|? dz
(0,1) (0,1) 2 Jo,)

1
+ _/ |U2 —U0|2 dma
2 Jo,)

where 1! is the limit of odd interpolations and w2 the limit of even interpolations.
Note that the computation of the minimum

1
min{§|ul —upl? + |Ju? —uPiut € ]R}

gives the integrand in the limit of Example 5.3(2).
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LEMMA 8.4. Let g5(u) = Clu—w|?* with we strongly two-scale converging to wY
and

sup F.(w®) < 4o0.
1>

Then the recovery sequences for Gy converge strongly.

Proof. Take u® a recovery sequence for {u¥}. Note first that since w® converges
strongly, then |uf|? dz cannot concentrate on the boundary of . In order to check
this, we can consider the localized version of G.:

Ge(u, A) = (u A) + Z glug —wg),
keZ=(A)
which T'-converges to the corresponding Go({u¥}, A), defined as in (8.7) with A in the
place of Q2. Note that if A is an open set with boundary of zero Lebesgue measure, then
u® is a recovery sequence also for G.(u, A) at {u¥}. Indeed suppose by contradiction
that
limsup Ge (u®, A) > Go({u"}, A);
e—0

then we have (note that the first inequality simply follows from the positiveness of f
and g)

limsup G (u®, Q) > limsup (Ga(ua, A) + Ge(u®, 2\ Z))

e—0 e—0

> limsup G, (u®, A)+11m1nfG (uf,Q\ A)

e—0

> GO({uy}vA) + GO({uy}vﬂ \ A) = GO({uy}ﬂg)v

which contradicts the limsup inequality for u® on €. Since we have (identifying as
usual discrete functions with piecewise-constant interpolations)

/ |uf|? dx < 2 / |w®|* dx + / |u® — 5| < Zbup/ |w®|? dx + CG (uf, A,
where A’ is any open set with A CC A’ in Q, we obtain that [, [uf|? dz is arbitrarily
small if we take A a small neighborhood of 0f).

We then have to show strong convergence in the interior of 2.
Let {Qs} be a family of disjoint cubes of size 0 contained in €. We can then write

(8.9)
Go({u'}) = i (F(w) +C " uf —wil?)
kEZ=(Q)
> Z hmlnf( (uf,Q5) +C Z euj, — wi|2)
{Qs} k€Z=(Qs)
N
> f om (VuY) dx
{%;} (; # C] ye;-]y Qs "
e Z / 0¥ (2) — wt (2)]? d)

yeUL

+Zm€r§51fgd< > Fl K ug —ui) + Y C|u;—wz|2>.
(

{Qs} k,k")ENo(Qs/<) k€Z(Qs/c)
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In order to estimate the last term, for all y € Y and k with k —y € TZ% we substitute
uf, with the average u®¥ over all ¥’ € Qg,. with k' —y € TZ%. Note that we may
suppose that /¢ € TZ, up to a vanishing error in the computation of these averages
as € — 0, so that

d_d
ey T 5
u = 6d Upr -
k' €Qs/N(y+TZ%)

In the following for all k& we indicate by y = y, the (unique) point in Y N (k + TZ9).
With fixed 7, by using the Young inequality and the convexity inequality on the
first term, we then obtain

(8.10)
(Y RKw—uw) Y Clui - wif)
{Qs} (k,k")EN0(Qs/c) k€Z(Qs,<)
>3 K-+ Y OO =l - w
{Qs} (k,k")ENG(Qs/e) k€Z(Qs/c)
1
—C(-1) Y i e
g kEZ(Qs)e)
Sa-md (Y feKw e+ > Clup— et
{Qs} (k,k")ENO(Qs/c) k€Z(Qs/c)
1
LY e wps Y ot w ol S o wep)
KEZ(Qs)e) KEZ(Qse) KEZ(Qs)2)
=el(1-n) Z( > Fle K ug —ui) + > C(luf* = [us?)?)
{Qs} (k,k')ENO(Qs/c) k€Z(Qs,<)
5d 2 1 2
+ WZCWE’-”—ME’” - Z Clwy, — w™Y| )
yey KEZ(Qs)2)
6d / ’ 2 /E d
-0 (X )+ Y O - ) s
{Qs} (yy)eNg () yey
1—n
Sa-mY Y Cluil - )-SRl S Cle - e
{Qs} k€Z(Qs/.) {Qs} k€Z(Qs/c)

Note that by taking into account only interactions with (k, k") € No(Qs/-) we
have neglected some interactions “through the boundary” of Qs,/., which introduce
an error on the boundary of the hard components. After a proper adjustment of the
position of Qs this error can be estimated from below by —C’e§%~! using the convexity
and the Poincaré inequality as follows. By (2.2) and the Poincaré inequalities on the
first hard phase C; we have

4Y Y g-orso
{Qs} k€ECINZ(Qs/2)

for some constant C*, and we can take C* equal to the average of uj, over U{Q5}(Cl N
Z(Qs/c))- Denote by C1 the set of k € Z? that are connected to C;. Combining the
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last estimate with the energy bound and considering (2.2) we get

e? Z Z lup, — C*|P < C.

{Qs} keCinz(Qs).)

Next, we choose R such that any two points do not interact if the distance between
them is greater than or equal to R. For each € > 0 one can adjust the position of the
cubes Q5. in such a way that

2D DD D I ey oS

{Qs} kec”mZ(Qj;/E)

(9]

where
Z(QF.) = {k € Z(Qsse) : dist(k,0Qs/.) < R}.

Setting /\A/O(Q[;/E) = No(Qs/:) N (C1 x Cy1), with the help of Jensen’s inequality we
obtain

SD DD DR (CV TSI
{Qé}(k,k’)EJ\Afo(Qa/e)

=ty Y FR K — CF) — (uf = C9))

{Qs} (k,k/)éﬁo(Qws)

54 , -
2 Td > > fly, ', (u®Y = C%) — (u™Y — C%)) — O’g5d
{Qs} (y,y)e(NF (Y)N(C1xCr)
5 - ey’ 1€ od
=ﬁ2 Z f(y,y,uﬂ—u’y)—cgé.

{Qs} (y,y)e(NF (Y)N(C1xCh)

Considering (8.4) and summing up over all the connected components yields

Ed Z Z f(kvklaui —UZ/)

{Qs} (k,k")ENO(Qs,e)

5 € ey’ € d
ZWZ Z f(y,y’,u’y—u’y)—C'/g(S.

{Qs} (yyHeNF(v)

Passing now in (8.10) to the limit as ¢ — 0, we obtain the estimate

1i£1§61f5d Z ( Z Flk K uf, —uf) + Z Cluj, — wf|2)

{Qs} (k,K')ENO(Qs/e) k€Z(Qs,<)
5 /
{Qs} (y,y)ENO(Y) keY
1
e d 2 y|2 y2
+C—ntminfe > (3 (P -l -~ >0 fuf - et ),
{Qs} k€Z(Qs/c) k€Z(Qs/c)

where the subscript § indicates the average on Q5.
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Note that, using Proposition 8.2,

(8.11)
[ oot tuthyda
Qs
1 ,
:ﬁ/ ( Z f(yay/,u‘g—ug)—kZO|ug—wy(x)|2) dx
@ (y,y")ENF(Y) yey
6d !’
=qa( X Sy —ud)+ X Ol - wil?) +0(/ ) — w? (@) dz).
(y,y)ENF (V) yey Qs

Comparing (8.9) and (8.11), by the arbitrariness of the partition {Qs} and 1 > 0, and
noting that Y xo,{uf} converge to {u?} as § — 0 we then get

liminf/(|u€’y|2 _ P <0,
e—0 Q

which implies the strong convergence for all y € Y. O

8.2. Minimizing movements. We now fix initial data u{ strongly converging
to {uf} and with sup, F.(u?) < +00. Given 7 > 0 we define iteratively the functions
u3 , as the unique minimizers of the problems

min{Fa(v) + 2i Z eog — (uf’7n71)k|2}’

keZ<(Q)

where we have set us ; = ug.

THEOREM 8.5. Suppose that f and all f}{om are continuously twice differentiable.
For all choices of infinitesimal sequences € and T, the functions u™(x,t) defined by

UT7E($at) = (uf—,Lt/-rj)\_w/aJ
converge in 01/2((0,+oo);L2(Q))Td to a vector function {u¥} with y € Y. The com-

ponents of this function are independent of y on each C; NY, so that we equivalently
use the notation u; for their common value. With this notation and setting

_#GNY)
o ="t
forall j =0,...,N, {u¥} is characterized as the solution of the coupled system
8u] ] J 1 a / ’
cjﬁ = d1v(thom(Vuj)) ~ Td Z %f(y,y o — u?)
(y,y")ENo(Y),y€C;
1 9 ’ ! .
(8.12) T Ta > %f(y,%uy - uj), j=1,...,N,

(y,y)ENo(Y),y€C;
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ouY 0 y
ot Z %f(yay/7uy—uy)
(y,y")ENo(Y)
0 /
+ Z %f(y/ayvuy _uy)v erﬂOOa
(¥',y)ENo(Y)

with w; satisfying Neumann boundary conditions
YV fiom(Vug) -v =0
on 9 x (0,400), and uY the coupling condition
(8.13) wW=ujifyeC;Ny
and the initial conditions
u?(0,z) = uf(z).

This limit function also coincides with the limit of gradient flows of F..
Proof. By the convexity of the functionals we can use the stability for minimiz-
ing movements along F.. The results will follow by applying Theorem 11.2 in [11],
provided that we have strong convergence of minimizing sequences (see [11, Remark
11.2]). This follows from Lemma 8.4 applied iteratively with
1
gi(u) = 5-fu— (S 1)kl

3

so that all sequences u$, are strongly converging as ¢ — 0 (thanks to the strong
convexity of the I'-limit). If we denote by {u¥,} their two-scale limit, by the fun-
damental theorem of I'-convergence they solve iteratively an analogous minimization

scheme with u7* = {u{}, and {u¥,} being the unique minimizer of

(8.14)

N
. 1 / j
min —_—— Vvy dﬂ:
ZFG T, 2, Jo e
1 1 1 /
t= Y —/ (@) =, @) Pdet = > / fyy' 0¥ —o¥ )dw},
T 2T 0 T Q
yey (y,y")ENo(Y)

with the constraint that v¥ is constant on each component Cj.

Under the assumption that f and fﬁom are C? we can derive the Euler-Lagrange
equations for {u¥ ,}. It is convenient to separate the hard and soft phases by intro-
ducing the functions

(8.15) wyt =l ifye CiNY

for j =1,..., N and the set of indices Cy = Y\Ué\]:1 Cj.
For j =1,..., N we obtain

i - AL Y — 8 Tn /
AV o (V) + o= > 5. f Wy " =)
(y)y/)ENO(Y)7y€Cj
(9 / ! T,n

(¥, y)ENo(Y),y€C;
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with Neumann boundary condition, which reads
Vi L(VuT™) v =0  ondQ, j=1,..., N,

where v stands for the exterior normal on 0f).
For fixed y € Cy we obtain instead

n T,n—1
Uy — Uy 0 /
Yy Yy AT} Yy
- _ + a_ b) ’uT n - uT n
. > gud Wy Ul )
(y,y")ENo(Y)
0 , /
- E _f(y7y7ugn_ugn):0
ou ’ '
(y",y)ENo(Y)

Note the coupling condition (8.15).
We define the piecewise-constant trajectories

uf(t,2)) = uf ()

forj=1,...,N and
ul(t,z) = uf)LtTJ (x)

for y € Cy, which converge uniformly in [0, 4+00) as 7 — 0 to functions u,;(¢,z) and
u¥(t, x), respectively. By passing to the limit in the Euler-Lagrange equations we
obtain system (8.12). O

Remark 8.6. The limit system is not decoupled also if Cy = ), in which case we
have the system of partial differential equations for u; only,

O = v (9 (V)

1 9 /
—WZ( Z %f(y,y,uj—uj/)

J'#3 (yy)ENo(Y),yeCj,y'€Cy

7]
+ % > AR —Uj))~

(¥, y)ENo(Y),yeCy,y’€Cy

G

Ezample 8.7. In the case of the energies in Example 5.3(2) the limit (uq(¢, ),
us(t,x)) satisfies

1(91,L2 82u2

e L ) 2
20t a2 A
% :4(’11,2 —ul),

u1(z,0) = ua(z,0) = ul(z).

Note that we may solve the ODE and obtain the integro-differential problem satisfied
by u = ug only,

9 t
; 6u((99;, R ZSZ B _ 2u(z,t) + 2u°(z)e " + 2/0 ' Vu(z, s) ds,
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Consider also an example of two-dimensional energies.
Ezample 8.8. On the unit square [0, 1] x [0, 1] we define the energy by

F.(u) = EQ‘UZi,j — U2ij-1 ‘2 4 Eg‘ui,Qj — Ui—1,2; |?
i=1  j=1 c i=1  j=1 <
laz]-1l2]-1 9
12 Z EQ‘UQi—l,J — U2i—1,j-1 ’
=1 j=1 c
l2)-1lz)-1
4+ &2 g2 M
i=1  j=1

In this case T' = 2 that is the period is equal to 2 in each coordinate direction. There
is one strong phase. The discrete periodicity cell consists of four points, three of them
belonging to the strong phase and one to the weak phase. Denote the limit function
on the weak and strong phases by w1 (¢, ) and us(t, x), respectively. They satisfy the
following system:

30

Z% = Ausg + 2(U1 — UQ),
0

B = S )

uy(,0) = uz(z,0) = u’(z);

on the boundary of the square the function wuy satisfies the homogeneous Neumann
boundary condition.

9. Appendix.
LEMMA 9.1. Let up = v if k & Ujvzl Aj. Then we have

Z gdlf(k,kl,Uk—Uk/)—f(k,k/,’l}k—’l}k/)|

(k,k")ENo(Q)

N 1/p p—1/p
(9.1) < CZ( S ety — Uk|p) (Fs(u) + Fs(v)) .

keEA j
Proof. We estimate

Z €d|f(k,]€I7Uk—’u,k/)—f(k,k/,’l}k—’l}k/)|
(k,k")ENp(2)
<O e — ) — (o — o) — P+ e — o)
(k,k")ENp(2)

N
<0 > el — P o= P
J=1 (k,k’")ENo(2),kEA,

N d 1/p
gOZ( Z € |uk—vk|p)

J=1 (k,k")ENo(Q),kEA;

S (el o — o)

(k,k")ENO(Q),kEA,

)(p—l/p)



<O (X e i)

The

[1]

2]
[3]

[4]

[20]
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1/p (p—1/p)
> ek —uw]” + ok — Uk’|p)) :

j=1 ]CGAJ' (k:,k‘,)ENo(Q)

required claim then follows by (2.2) and (2.3). O

= e =

G.
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