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Algebraic strata for non symmetrical orthogonal
fractional factorial designs and application

Roberto Fontana and Giovanni Pistone

1 Introduction

All the fractional factorial designs that satisfy a set of conditions in terms of orthogo-
nality between factors have been described as the zero-set of a system of polynomial
equations in which the indeterminates are the complex coefficients of their counting
polynomial functions [8], [5], see [6] for a short review. What is needed for this pa-
per is recalled in Section 2. In Section 3 we define strata. We write the problem of
finding fractional factorial designs that satisfy a set of conditions as a system of lin-
ear equations in which the indeterminates are positive integers and we provide some
results on regular fractions, wordlength patterns and margins. In section 4, using
4ti2 [11] we find all the generators of some classes of fractional factorial designs,
including mixed level orthogonal arrays and sudoku designs. Finally, in section 5
we study how to sample from the space of solutions. We build a procedure to move
between fractions that use Markov basis, where moves between different fractions
are defined as integer valued functions over the full factorial design.

2 Notation and background

2.1 Full factorial design

We adopt the notations used in [8], namely:
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2 Roberto Fontana and Giovanni Pistone

e 9 is afactor with n; levels coded with the n;-th roots of the unity:
2 2r
Dj={wo,..., 001} a)kzexp<\/—lk>zexp(ik> ;
' nj nj
o 7 is the full factorial design with complex coding
D=D XD XDy .

e #9 is the cardinality of &.
e L is the full factorial design with integer coding

L =17y, ><---><an-~-><an,
e (¢ is a generic element of L
Oc:(oq,...,ocm) (XjIO,...,nj—l,jzl,...,m.

e [a — ] is the m-tuple made by the componentwise difference

([al 7[31};11 7"':[ajfﬁj]njw“v[amfﬁm}nm) 5

the computation of the j-th element being in the ring Zy;.
e X; is the j-th component function, which maps a point to its i-th component

Xi: 25(,....6n) — €D

the function X is called simple term or, by abuse of terminology, factor.
o X% is the interaction term Xla l... X% j.e. the monomial function

Xai @9(C],-~~,§m>'_)Clal'“grgm;

We underline that L is both the full factorial design with integer coding and the
exponent set of all the simple factors and interaction terms and o is both a treatment
combination in the integer coding and a multi-exponent of an interaction term. These
identifications make the complex coding especially simple.

The full factorial design in complex coding is identified as the zero-set in C" of
the system of polynomial equations
nj

X.

V-1=0 ,  j=1..m. (1)

Definition 1. 1. A response f on the design Z is a C-valued polynomial function
defined on .
2. The mean value on 9 of a response f, denoted by E4(f), is:

Eo(f) = 35 L AO).

437



Algebraic strata for non symmetrical OFFD 3

3. A response f is centered on 9 if Eq(f) = 0. Two responses f and g are orthog-
onal on 9 if E4(f g) =0, where g is the complex conjugate of g.

It should be noticed that the set of all the responses is a complex Hilbert space with
the Hermitian product:

f-g=Ez(fg).
Moreover

1. X%xB = xlo-Fl;
2. E5(X%) =1,and E5(X*) = 0 for o # 0.

The set of functions {X% , a € L} is an orthonormal basis of the complex re-
sponses on design Z. In fact #L = #% and, from properties (i) and (ii) above, it
follows that:

1 ifa=p

0 ifa#p

In particular, each response f can be represented as a unique C-linear combina-
tion of constant, simple and interaction terms. This representation is obtained by
repeated applications of the re-writing rules derived from Equations (1). Such a
polynomial is called the normal form of f on Z. In this paper we intend that all the
computation are made using the normal form.

Eq(X“XP) = By (X" P) = {

Example 1. Consider the 23 full factorial design. All the monomial responses on 7
are
L, X1, Xo, X3, XiXo, X1X3, XoX3, X1X0X3

or, equivalently,

x(0.0,0) x(100) 5(0,1.0) %(00,1) y(1,1,0) y(10.1) x(0.1,1) y(LL1)

) b ) ) b ) )

and L is

L={(0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1),(1,1,1)} .

2.2 Fractions of a full factorial design

A fraction % is a multiset (%, f.) whose underlying set of elements .%, is con-
tained in & and f is the multiplicity function f; : %, — N that for each element in
Z, gives the number of times it belongs to the multiset .%.

All fractions can be obtained by adding polynomial equations, called generating
equations to the design equations 1, in order to restrict the number of solutions.

Definition 2. If f is a response on 2 then its mean value on %, denoted by E #(f),
is
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"‘\Q

(=45 L O

e

where #.7 is the total number of treatment combinations of the fraction.
A response f is centered if Ez(f) = 0. Two responses f and g are orthogonal
on FifEz(fg)=0.

With the complex coding the vector orthogonality of two interaction terms X
and XP as defined before (with respect to a given Hermitian product) corresponds
to the combinatorial orthogonality as specified in Proposition 7.

We consider the general case in which fractions can contain points that are repli-
cated.

Definition 3. The counting function R of a fraction .# is a response defined on &
so that for each § € 2, R({) equals the number of appearances of { in the fraction.
A 0 — 1 valued counting function is called indicator function of a single replicate
fraction .%. We denote by ¢ the coefficients of the representation of R on Z using
the monomial basis {X%*, o € L}:

R =Y caX®(8) (€2 cucC.

aecl

As the counting function is real valued, we have cq = Cl—q]- We will write ¢ in
place of co,... 0.

Remark 1. The counting function R coincides with multiplicity function f.

Proposition 1. Let % be a fraction of a full factorial design 9 and R =Y ycj caX®
be its counting function.

1. The coefficients cy are:

1
Co = 7 X 5
#9 ng )

in particular, cq is the ratio between the number of points of the fraction and that
of the design.
2. In a fraction without replications, the coefficients cy are related according to:

Ca =Y, Cp Clap]-
BeL

3. The term X% is centered on Z, i.e. Eg(X%), if, and only if,
Ca=C¢_q=0.

4. The terms X* and XP are orthogonal on .7, i.e. Ez(X* XP) =0, if, and only if,

“la—p) =0
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Example 2. We consider the fraction # = {(—1,—1,1),(—1,1,—1)} of the 2> full
factorial design of Example 1. All the monomial responses on .% and their values
on the points are

1] X] X0 Xs]X0 20X X3 X0 X5 X1 X0 X5
(—1,—171)‘1‘—1‘—1‘ 1‘ —1‘ —1‘ 1
—1 11—

1
(-1, 1,-D|1 1‘ -1 1| —1 1
Using Item 1 of Proposition 1, it is easy to compute the coefficients cq: c(q,1,0

. _ _ 2 _ _ 2
€(00,1) = €(1.10) = €(10.1) = 05 ¢(00,0) = €111 = 7 and ¢(100) = C(0,1,1) = ~3-
Hence, the indicator function is

1
F = 3 (1-X1 =X X3+ X1 X,X3) .
From the null coefficients we see that X; and X3 are centered and that X is orthog-
onal to both X, and X3. O

2.3 Projectivity and orthogonal arrays

Definition 4. A fraction % factorially projects onto the I-factors, I C {1,...,m}, if
the projection is a multiple full factorial design, i.e. a full factorial design where each
point appears equally often. A fraction .% is a mixed orthogonal array of strength ¢
if it factorially projects onto any /-factors with #I =t.

Strength ¢ means that, for any choice of ¢ columns of the matrix design, all possible
combinations of symbols appear equally often.

Proposition 2 (Projectivity).

1. A fraction factorially projects onto the I-factors if, and only if, all the coefficients
of the counting function involving only the I-factors are 0.

2. If there exists a subset J of {1,...,m} such that the J-factors appear in all the
non null elements of the counting function, the fraction factorially projects onto
the I-factors, with I = J¢.

3. A fraction is an orthogonal array of strength ¢ if, and only if, all the coefficients
of the counting function up to the order t are zero:

ca =0 forall aof orderuptot, o # (0,0,...,0) .

Example 3 (Orthogonal array).
The fraction of a 23 full factorial design
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Fo ={(=1,-1,-1,—-1,—-1,1),(=1,—1,-1,1,1,1), (=1, 1,1,—1,—1, 1),
(—1,=1,1,1,1,=1), (=1, 1,=1,=1,—1,= 1), (= 1,1, = 1,1,1,=1), (=1, 1,1,— 1, 1,1),

(-1,1,1,1,-1,1),(1,-1,—-1,—1,1,1),(1,—1,—1,1,—1,1),(1,—1,1,— 1,1, 1),

(1,—1,1,1,—1,—1),(1,1,=1,—1,1,=1),(1,1,—=1,1,—1,—1),(1,1,1,—1,— 1, 1),

(

LLLLLD}

is an orthogonal array of strength 2; in fact, its indicator function

1 1 1 1 1
F = 1 + ZX2X3X6 - §X1X4X5 + §X1X4X5X6 + §X1X3X4X5

1 1 1
+§X1X2X4X5 + §X1X3X4X5X6 + §X1X2X4X5X6
1 1
+§X1X2X3X4X5 - §X1X2X3X4X5X6

contains only terms of order greater than 2, together with the constant term. ]

3 Counting functions and strata

From Proposition 1 and Proposition 2 we have that the problem of finding fractional
factorial designs that satisfy a set of conditions in terms of orthogonality between
factors can be written as a polynomial system in which the indeterminates are the
complex coefficients ¢, of the counting polynomial fraction.

Example 4. Let’s consider 3 factors, each one with two levels. The indicator func-
tions F = Y, cqX* such that the terms X}, X>, X3 are centered on .% and the terms
Xi,X;i,j=1,2,3,i# j are orthogonal on .#, where # = {{ € ¥ : F({) =1}, are
those for which the following conditions on the coefficients of F" holds

2, 2
Co = €yt €13
c123 = 2cpc123

Apart from the trivial F =0, i.e. # =0 and F =1, ie. # = % we find F =
F(1+X1X:X3) and F = J(1 — X X2X3)

Let’s now introduce a different way to describe the full factorial design & and all
its subsets. Let’s consider the indicator functions 1 of all the single points of &

L 8= )
0 C#(Clw-wgm)

It follows that the counting function R of a fraction .# can be written as

Y vele

1437

1C: @9(@17---5Cm)'_’{
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with yr = R({) € {0,1,...,n,...}. The particular case in which R is an indicator
function corresponds to y, € {0,1}.

The coefficients y; are related to the coefficients c¢ as in the following Proposi-
tion 3

Proposition 3. Let % be a fraction of 9. Its counting fraction R can be expressed
both as R=Y ycqX* and R =Y ¢ y¢ 1¢. The relation between the coefficients cq
and y¢ is

1
ca =5z ), veX%(C)
#‘@éje@

Proof. From Proposition 1 we have

1
Co = .~ Z X*(¢) =
#7 feF

1

==Y yX%¢)
#9 leo
3.1 Strata
As described in Section 2, we consider m factors, %i,..., %, where 9; = Q,,j =

{mp, ..., a)nj,l}, for j =1,...,m. From [8], we recall two basic properties which
hold true for the full design 2.

Proposition 4. Let X; the simple term with level set Q,, = {wy, ..., Wy 1 }. Let’s
consider the term X; and let’s define

1 r=0
sj=
! nj/ged(rn;) r>0
Over 9, the term X} takes all the values of €;; equally often.

Proposition 5. Let X :Xla Lo X% an interaction. Xl.ai takes values in £, where s;
is determined according to the previous Proposition 4. Let’s define s =lem(sy, ..., 5p).
Over 9, the term X takes all the values of Qg equally often.

Let’s now define the strata that are associated to simple and interaction terms.

Definition 5. Given a term X%, o0 € L = Zy, X ... X Zp,, the full design & is parti-
tioned into the the following strata

Dg:{ge@;mzwh}

where @), € €, and s is determined according to the previous Propositions 4 and 5.
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Remark 2. We define strata using the conjugate X% of the term in place of the term
X% itself because it will simplify the notations.

Remark 3. Each stratum is a regular fraction whose defining equation is X*({) =
_p, [8].

We use ng j to denote the number of points of the fraction .# that are in the
stratum D, with h =0,...,s— 1,

Nop = Z Y¢

o
(49}

The following Proposition 6 links the coefficients cq with ng 5. In the Appendix
we will explore the concept of strata for generic compex valued functions defined
over 2.

Proposition 6. Let . be a fraction of 9 with counting fraction R =Y g1 ca X%
Each cq, 00 € L, depends on ng j,,h =0,...,s—1, as

o)
Ca = > N, p Op
#2 /=,
where s is determined by X% (see Proposition 5). Viceversa, eachng j,h=0,...,5—
1, depends on c|_yq),k=0,...,5—1as
#9 s—1
Noah = —— 2 Cl—ka) Dfhk]
k=0

Proof. Using Proposition 3, it follows that we can write the coefficients ¢ in the
following way

1 1 s—1 1 s—1
ca= 4z Ly X0 =2 Y o ¥ v =2 Y nanon
#9 (e #9 h=0  {eDg #9 h=0

For the viceversa, we observe the indicator function of strata can be obtained as
follows. We define

BN~ k= 7
Fo(C)—];)C —{s 01

We have F(f(a)k) =0 for all @y € Q;,k # 0. It follows that

Faol@) = L% =1 (1445 4.4 009

s
is the indicator function associated to Dg‘.

The indicator of Dff = {C €P:X%{) = wh} ={0eZ:X{) = a_y} will
be
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1
Faal) = F(@i8) = (14 @l + -+ oy ¢1)
We get
Noh = Z R(&) = Z Foun(OR() =
feDyy Y
1 s—1
=Lieo ( ) w[ka’”m) (z%xﬂm) _
k=0 B
#9 #9 s—1
~ s Z O Cp = —— Z Olkch] €[~ kar]
Sk pifkort =0 S =0

Remark 4. From Proposition 6 we get

non = 0, h= 17...,S71
#9 s—1
ngo = —— Z Cl—ka)
S k=0
and in particular ng g = #.7.

We now use a part of Proposition 3 of [8] to get conditions on ny , that makes
X% centered on the fraction .#.

Proposition 7. Let X% be a term with level set Qg on full design 9. Let P({) the
complex polynomial associated to the sequence (ng j)n=o,.. s—1 S0 that

s—1
P(§) =Y nasd"
h=0

and let’s denote by @ the cyclotomic polynomial of the s-roots of the unity.

1. Let s be prime. The term X% is centered on the fraction % if, and only if, its s
levels appear equally often:

Ngo=nN"Na1=...=Ngs—1= Ao

2. Lets = p}l” . .pZ" with p; prime, fori=1,...,d. The term X% is centered on the
fraction .F if, and only if, the remainder

H(G) = P(§) mod @4(¢)

whose coefficients are integer linear combinations of ngp,h =0,...,5s — 1, is
identically zero.

Proof. See Proposition 3 of [8].
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Remark 5. Being Dy a partition of &, if s is prime we get 1q = L2

S

If we remind that ng j, are related to the values of the counting function R of a
fraction .# by the following relation

Ng.h = Z }’Q

o
geDy

this Proposition 7 allows to express the condition X% is centered on F as integer
linear combinations of the values R({) of the counting function over the full design
2. In the Section 4, we will show the use of this property to generate fractional
factorial designs.

We conclude this section limiting to the particular case where all factors have
the same number of levels s and s is prime. We provide some results concerning
the coefficients of counting functions, regular fractions, wordlength patterns and
margins.

3.2 Coefficients of the polynomial counting function

From Proposition 7 we get the following result on the coefficients of a counting
function

Proposition 8. Given a counting function R =Y o caX%, if cq = 0 then cjp.q) =0
forallk=1,....,s—1, where [k- o] is &+ ...+ & in the ring Z".
——

k times
Proof. Let’s consider cy.. From Proposition 7, c.q is equal to zero if, and only if],

Y ove= Y y=-= Y oy

seDke gepke genke,

s—

‘We observe that

pi* ={¢eo:Xre({) =} =

I
=
™
m
©
<

Q
o
I
S
—
I
—
y™
m
©
be
Q
O
I

w[kh]} =Dy,

where [kh] is A+ ...+ h in the ring Z,.
——
k times
It follows that X% and X** partition & in the same strata and therefore we get
the proof.
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3.3 Regular designs

Let’s consider a fraction .# without replicates and with indicator function F =
Y o caX®. Proposition 5 in ([8]) states that a fraction .% is regular if, and only if, its
indicator function F has the form

ac’

where £ C L, £ isasubgroupof Lande:.Z — {ay,...,®_1} is a given mapping.
If we use Proposition 7 we immediately get a characterisation of regular fractions
based on the frequencies ng .

Proposition 9. Given a single replicate fraction F with indicator function F =
Y o ca X% the following statements are equivalent:

(i) F is regular
(ii) for ng j, there are only two possibilities

a. ifcq =0 then ng j, = g, h=0,...,s—1,
b. if cq # 0 then 3h, €{0,...,s — 1} such that

a.h —

0 otherwise

Proof. Using Proposition 6 we get
1 s—1

Coq = —— Ng h@,
o #@];} a,hWh

Proposition 5 in [8] gives the following conditions on the coefficients of the indicator
function F of a regular fraction .%:

@7 acZCL
Cq = )
0 otherwise

where e : £ — {p,...,0_1}, | =#< and .Z is a subgroup of L.
Let’s consider o € .Z. We get

ézz‘;na:hwh = e(@)
Let’s suppose e(a) = @y, . We obtain
1w 1 1
37 Y nanon+ (45 "am = 7)0n =0 2

h=0,h#h,
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To simplify the notation we let a, = @na,h,h =0,....,.s — 1,h # h, and a;, =
ﬁna,h* — % Therefore, from the proof of item (1) of Proposition 7, for the rela-
tion 2 to be valid, it should be

a)=da) = ... =dy—1

Being ZZ;}) ngp =#.7 it follows

s—1 s—1 1 —1 (#@)
Y nan= Y, (#D)an+#D) an + )= (#D) Y ap+ - =#F
h=0 h=0,hzh. =0
and so | 42)
_— o
ah—s(#@)(#J 5 )
We finally get

{1(#32‘*‘,@))+ L
oh =

N
17 - (#i@) ) otherwise

Being . a subgroup of L it follows that 0 € . and so ¢p = 1/1. We also know that
co= % and therefore
#9

[
For the null coefficients of F, {cy : @ € L— £}, it is enough to refer to the proof of
item 1 of Proposition 7 to conclude the proof.

#7 =

3.4 Wordlength Pattern

Aberration is often used as a criterion to compare fractional factorial designs. The
generalized minimum aberration, proposed by [12], is based on the generalised
wordlength pattern, see also [1]. It can be shown that the generalized wordlengths
can be written in terms of the squares of the modules of the coefficients ¢, obtaining

#2\’ 1 .
Aj:<#}\> Z |c05|2:—2 Z lea|* forj=1,....m
wi(a)=j €0 wi(o)=j

where wt () is the Hamming weight of o, i.e. the number of nonzero components
of or. We now express the square of the module of the coefficient ¢4 in terms of ng j,.

Proposition 10.

1 N

—1
\ca|2 — @;;)(n?x’h —no g p—y) forye{l,...,s—1}
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Proof. From Proposition 6 we get

It follows

1 s—1 s—1 .
m(z ”ot,hwh)(z N kO) =
1 s—1

(#@)2(2 Othwh) Z”akw[s k])

s—1s—1

#9)2 ) Z”W” a.p—y @

y=0p=

|ce|* must be a real number. Being @y = 1 it follows

1 —15—1
(#9 #2)? Z o= Ical’) “’0+ ) Zl Y napap—y @y =0 @)
7=1p=

. . . 1 1
To simplify the notation we let ag = (—(#%2 e n2, » |ca| Janda, = —(#;)2 Yo —onapNap1: Y=

1,...,s — 1. Therefore, by the proof of item 1 of Proposition 7, for the relation 3 to
be valid, it should be
ap=da) = ... =ds—1

Using one of the equalities, ap =a, h=1,...,5s — 1, it follows

1
|C06‘2 = #2)? Zo(nlzx-}’ 7”“#’”[0‘717*’1])
p=

Remark 6. Proposition 10 provides a useful tool to compute the modules of the coef-
ficients c,. Indeed it is enough to choose y = 1 and compute |cq |2 as @ ):2;}) (n%x h

Mo Mg 1))

Remark 7. We make explicit these relations for 2 and 3 level fraction.

If s = 2 then |

‘Coc|2 = 7(#@)2 (n(x,O - ”05,1)2

If s = 3 then, choosing y =1,

2 2 2
(”a,o TNy T2~ Na,0la2 — Na,1 a0 — Rg2Na,l)

1
2 _
<" = Gy
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Remark 8. We observe that, denoting by 7, the mean of the values of ny j, g =

1 ys—1
3 Lp—o b, W get
s—1

s—1
Z (nan —ﬁa)z = Z n,zxﬁh — STy,

h=0 h=0
‘We have

131

ng = ) Z No,hMok =
h,k=0

1 (3= s—1 s—1
= (Z n%x,h +2 Z No W [h—1] T - - - 2 Z na,hnm[hs*])
h=0 =0 h=0

where s, = % Proposition 10 states that all the quantities Zﬁl;}) No i, [h—y] Are
equal and so, choosing, without loss of generality, ¥ = 1, we get

1 s—1
n%x (Znah+2s*znah”a h— 1) (Znah S_I)Zna,hna,[hl]>
h=0

and therefore

s—1

s—1
Z (nah—Ta) = Z n%x,h —Shg =
h=0 h=0
s—1 (3= 1
= R < Z”ah”hxhl)z
h=

= %(#@)ﬂcaf

It follows that, if we denote by 62 the variance of R hs ol = %ZZ;}) (nop —Tig)?
we get

e = (= iyaap) %

and so the square of the module of ¢ represents, apart from a multiplicative con-
stant, the variance of the frequencies ng ;.

3.5 Margins

We now examine the relationship between the margins and the coefficients of the
counting functions. We refer to ([8]) and we report here a part of it.

For each point { € 2 we consider the decomposition § = (§;, ;) where I C
{1,...,m} and J = {1,...,m} — [ = I° is its complement. We denote by R;({;) the
number of points in .% whose projection on the I factors is ;.
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In particular if = {1,...,m} we have R; = R and if ] = @ we have R; = #.7.
We denote by L; the subset of the exponents restricted to the I factors and by oy
an element of L;:

LI:{aI:(al,...,am),aj:OifjeJ}

Then for each a € Land { € 2 we have a = oy + ay and X*({) = X/ (§)X(&)).
Finally we denote by Z; and Z; the full factorial over the / factors and J factors,
respectively (2 = Z; X 9y).

We have the following proposition (see item 1 and 2 of Proposition 4 of [8])

Proposition 11. Given a fraction F of 9

1. the number of replicates of the points of ¥ projected on the I factors is:

Ri(&) =#91 ) ca, X ({))

ay
Z fully projects on the I factors if, and only if,

#7 #F

(C[)—#.@J Co—#.@J#@ r@[

We will refer to R; as k-margin, where k = #I. The number of k-margins is (’,f)
and each k-margin can be computed over sk points &; € ;. It follows that there are
(1+s5)™ marginal values in total.

Using item 1 of Proposition 11 and reminding that we work with a prime number
of level s we have

Ri(&) =" anl

or, by the definition of R; as the restriction of R over the 7 factors,

Z R(&,8)) = Z yclvgJ:SmikZC‘xICIaI

81€9) 81€9)

We point out the following relationship between margins.

Proposition 12. [fACBC {1,...,m} and Rg({p) = 5" *Bco then Ry ({4) = s *acq
where #B = kg and #A = ky

Proof. Let’s put A = B—A. We have

Y Raua, (8a,6a)= ) Rp(8a,a,) = shFagn—hocy = gmhac
Ca €A Ca €AY

We finally observe that, as we already pointed out, given € C L a set of conditions
cq =0, 00 € € translates in a set of conditions Yieppye = Ah=0,....s— 1,0 €€
where A does not depend by o (and by ). In general, with respect to margins, the
situation is different. For example let’s suppose to have a .%# that fully projects over
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the I; and the I, factors, with I NI, = @ and #I; # #I,. From Proposition 11 we

obtain 49 49
Ry, (C’]) = e and Rlz(clz) = S

4 Generation of fractions

Let use strata to generate fractions that satisfy a given set of constrains on the coef-
ficients of their counting functions. Formally we give the following definition

Definition 6. A counting function R =Y, ¢, X* associated to .% is a ¢-compatible
counting function if its coefficients satisfy to

CQZO, (XE%,%QZM X...an

We will denote by OF (n; ...n,,, %) the set of all the fractions whose counting func-
tions are ¢’ -compatible.

In the next sections, we will show our methodology on Orthogonal Arrays and
Sudoku designs.

4.1 OA(n,s™ 1)

Let’s consider OA(n,s™,1), i.e. orthogonal arrays with n rows and m columns where
each columns has s symbols, s prime and with strength ¢.

Using Proposition 2 we have that the coefficients of the corresponding counting
functions must satisfy the conditions ¢, = 0 for all @ € ¥ where ¥ C L= {«:
0 < ||et|| <t} where ||a|| is the number of non null elements of . We have Nj =
Yi_1 () (s = 1) coefficients that must be null.

It follows that OF (s™,¢) = U, OA(n, s™,1).

Now using Proposition 7, we can express these conditions using strata. If we
consider o € € we write the condition co, = 0 as

Yeepgye =2
Yeepgye =2
Yeepr ye =2

To obtain all the conditions it is enough to vary o € €. We use Proposition 8 to
limit to the o that give different strata. It is easy to show that we obtain N, = SIX—‘]
different o, each of them generate s linear equations, for a total of
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g (e

constraints on the values of the counting function over Z.
We therefore get the following system of linear equations

AY =21

where A is the (N x s™) matrix whose rows contains the values, over &, of the
indicator function of the strata, 10;7’ Y is the s™ column vector whose entries are the

values of the counting function over 2, A will be equal to % and 1 is the s column

vector whose entries are all equal to 1. We can write an equivalent homogeneous
system if we consider A as a new variable. We obtain

AY =0
where
-1
- —1
A=A :[A7_l]
—1
and 3
~ Y
Y = _7 = (Y,A)

In an equivalent way, we can also express the conditions c¢q = 0 for all o € € in
terms of margins. We obtain

RI(CI) _ Smf(#I)CO

where I C {1,...,m} and 1 <#I <r. If we recall Proposition 12, we can limit to the
margins R; where #I = t. We have s' (') values of such r margin

Y vgg=5""c
12

In this case, with the same approach that we adopted for strata, we obtain a system
of linear equations
BY =pl

where p = 5™ ¢ and its equivalent homogeneous system
BY =0

Now we can find a set of generators of OF (s, %), that means of Orthogonal Arrays
OA(n,s™,t), by computing the Hilbert Basis [10] corresponding to A (or, equiva-
lently, to B). Given two orthogonal arrays Y; € OA(ny,s™,t) and Y» € OA(na,s™,1) it
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is immediate to verify that Y; + Y5 is an orthogonal array, Y1 +Y» € OA(n +na,s™,t).
The Hilbert Basis is a minimal set of generators such that any OA(n,s™, ) becomes
a linear combination of the generators with positive or null integer coefficients. This
approach extends that of [2] where the following conditions were used

1 1
Ca =35 Y xe(§)= 7 Y X8y =0

LeF 1437

The advantage of using strata (or margins) is that we avoid computations with com-
plex numbers (X%(&)). We explain this point in a couple of examples. For the com-
putation we use 4ti2 [11].

We use both A (strata) and B (margins) because, even if they are fully equivalent
from the point of view of the solutions that they generate, they perform differently
from the point of view of the computational speed.

4.1.1 0A(n,2%,2)

OA(n,2°,2) were investigated in [2]. We build both the matrix A and B. They have 30
rows and 40 rows, respectively and 33 columns. We find the same 26, 142 solutions
as in the cited paper.

4.1.2 0A(n,33,2)

We build both the matrix A and B. They have 54 rows and 27 rows, respectively and
28 columns. We find 66 solutions, 12 have 9 points, all different and 54 have 18
points, 17 different.

Finally we point out that 4ti2 allows to specify upper bounds for variables. For
example, if we use B and we are interested in single replicate orthogonal arrays, we
can set 1 as the upper bound for y¢, € € 2. The upper bound for the variable p can
be set to s = 3372 that corresponds to ¢o = 1, i.e. to the full design 2.

4.2 OA(n,ny ...ny,t)

Let’s now consider the general case in which we do not put restrictions on the num-
ber of levels.
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4.2.1 OA(n,4*,1)

In this case the number of levels is a power of a prime, 2%. Using Proposition 2 we
have that the coefficients of the corresponding counting functions must satisfy the
conditions ¢ =0 for all o € € where ¥ C L= {o : | o] = 1}.

Let’s consider c1. From Proposition 4 we have that X; takes the values in £
where s = 4. From Proposition 7, X; will be centered on . if, and only if, the

remainder
H({) = P({) mod P4(L)

is identically zero. We have ®4({) = 1+ {? see [7] and so we can compute the
remainder

H(E) =n(10)0 =102+ @101 —101,03)8C

The condition H({) identically zero translates into

n(1,0),0 (1,002 = 0
n.0)1 — 11,03 =0

Let’s now consider ¢ . From Proposition 4 we have that X12 takes the values in
Qg where s = 2. From Proposition 7, X12 will be centered on .% if, and only if, the
remainder

H(§) = P(§) mod &, (L)

is identically zero. We have @,({) = 1+ { see [7] and so we can compute the
remainder

H(8) =npo)0—no0).
If we repeat the same procedure for all the ¢ such that ||a|| = 1 and we recall that

Ngh = Z Y¢

{eDy

orthogonal arrays OA(n,42, 1) become the positive integer solutions of the following
integer linear homogeneous system
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Yoo
Y10
Y20
Y30
Yol

o

—_—O = = O = O == O

\
O == O == O == O

\
O == O = O = =0

Y11
Y21
Y31
Y02
Y12
Y22
Y32
Yo3
Y13
y23
| V33 |

—_O = = OO = = O =

| \

—_— O =R R O, O Mk =0
|
|

O = = O = O =0 =

| \

O = = O = O = =0
|
|

O == O = O == O =
O = = O O = = O =
e = I N s M an I S e S SN
\
—_O = = O = O == O
—_ O = = OO == O ==
—_—O = = O = O == O
O = = O = O =0 =
|
O = o=m O == O == O
—_ O = = OO = = O ==

[=heleoBoloNeololeoh=Rel=holoBaB o)

Using 4ti2 we find 24 solutions that correspond to all the Latin Hypercupe Designs
(LHD).

4.2.2 OA(n,6%,1)

As in the previous examples, using Proposition 2 we have that the coefficients of the
corresponding counting functions must satisfy the conditions c¢q = 0 for all ¢ € €
where ¥ CL={a: ||a| =1}

Let’s consider ¢ g. From Proposition 4 we have that X; takes the values in £
where s = 6. From Proposition 7, X; will be centered on . if, and only if, the
remainder

H(E) = P(S) mod P(E)

is identically zero. We have ®(&) = 1 — { 4 £ see [7] and so we can compute the
remainder

H(E) =n(1,0)0 = 11,002 — (1,003 T 71,006 + (11,001 +71(1,002 = 1(1,0)5 —1(1,0),6)C

If we repeat the same procedure for all the o such that ||| = 1 and we recall that

No.h = Z ye

o
(49}

orthogonal arrays OA(n,62, 1) become the integer solutions of an integer linear ho-
mogeneous system AR = 0 where the matrix A is built as in the previous case of
OA(n,4?,1). Using 4ti2 we find 620 solutions that correspond to all the LHD.



Algebraic strata for non symmetrical OFFD 21

4.3 Sudoku designs

As shown in [6], a sudoku can be described using its indicator function. Here we
report a very short synthesis of Section 1.3 of that work.
A p? x p* with p prime sudoku design can be seen as a fraction .% of the full
factorial design Z:
@:Rl ><R2><C1 ><C2><Sl ><Sz

where each factor is coded with the p-th roots of the unity. Ry and R, C; and C5,
S1 and Sy, represent the rows, the columns and the symbols of the sudoku grid,
respectively.

The following proposition (Proposition 5 of [6]) holds.

Proposition 13. Let F be the indicator function of a fraction F of a design design,
F =Y g4c1baX®. The fraction F corresponds to a sudoku grid if and only if the
coefficients by, satisfy the following conditions:

1. boooooo =1/ P2, i.e. the ratio between the number of points of the fraction and the
number of points of the full factorial design is 1/ p?;
2. forallij€{0,1,...,p—1}:
a. bi|i2i3i400 Of()l" (llal2al37l4) 7& (0705070)’
b. b1112001516 =0 for (lla127157 6) (0 0,0 0)
C. b001314lsl6 - Ofor (l3al4a15716) 7é (0 0 0 0)
d. b1101301516 = OfOV (11:137l57l6) 7£ (O 0,0 0)

i.e. the fraction factorially projects onto the first four factors and onto both sym-
bol factors and row/column/box factors, respectively.

From this Proposition, we define ¢ as the union of 47, %>, 63 and %4, where

@1 = {(i1i2i3i400) : (i1,i2,i3,i4) # (0,0,0,0)}
€ = {(111200isi6) : (i1,i2,i5,16) # (0,0,0,0)}
©3 = {(00i3isisi) : (i3,1a,is,i6) # (0,0,0,0)}
éx = {(i10i306si¢) : (i1,i3,i5,16) # (0,0,0,0)}

The problem of finding Sudoku becomes equivalent to find ©-compatible counting
functions, that are (i) indicator functions and (ii) that satisfy the additional require-
ment by = 1/p°.

4.3.1 4 x 4 Sudoku
We use the conditions % to build both the matrices A and B. A has 78 rows. With

respect to B, that corresponds to the margins that must be constant, if we recall
Proposition 12 we obtain 64 constraints, all corresponding to 4-margins.
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To find all sudoku we use 4ti2, specifying the upper bounds for all the 65 vari-

ables. The upper bounds for yC,C € 2 must be equal to 1. If we use A, the upper

bound for A must be set equal to g = 176 = 8, while if we use b the upper bound

for p must be set equal to s" *by =221 = 1.

We find all the 288 different 4 x 4 sudoku as in [6]. We point out that to solve the
problem using A the total time was 31.59 minutes, while using B the total time was
only 58.04 seconds on the same computer.

If we admit counting functions with values in {0,1,2} and #.# < 32 we find
55,992 solutions.

S Sampling

Sometimes, given a set of conditions % we are interested in picking up a solution
more than in finding all the generators. The basic idea is to generate somehow a
starting solution and then to randomly walk in the set of all the solutions for a certain
number of steps, taking the arrival point as a new but still %’-compatible counting
function.

5.1 Sampling one solution

We can combine the previous results on strata (or equivalently on margins) with
Markov Chain Monte Carlo Methods to sample one solution. We show the meth-
ods on some examples with indicator functions but it can be extended to counting
functions.

Let’s consider OA(n,3%,2) and let’s suppose that we are searching for an orthog-
onal array with 9 design points and no replications. It means that we are interested in
an indicator function whose values y¢, £ € 9 satisfy the following system of linear
equation

BY =1 “)

where B, Y and 1 have the standard meaning (see Section 4.1.2).

We now use standard simulated annealing to find one solution of our system [9].
We define the function V that, for every indicator function defined over the design
2, counts the number of equations of the linear system 4 that are satisfied. In the
case under study there are 27 equations so V can take any integer values between 0
and 27. We describe the algorithm:

1. randomly choose an indicator function ¥©) with 9 points and let i = 1;

2. let Y =y and compute V (¥ ));

3. randomly choose one point §; between the points of & for which Y is equal
to 1 and another point & between the points of 2 for which ¥ () is equal to 0.
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Generate Y1) that will be equal to ¥!) with the values corresponding to §; and
& exchanged.

4. leti =i+ 1, compute V(Y(l) and move to Y(l), that is let Y = Y (1) with proba-
bility equal to min { Lexp(V(y() — V(Y(O))}, otherwise stay at ¥ (7

5. repeat steps 2 and 3 until a solution Y* for which Y* = 27 is found or when i
reaches the maximum number of allowed iteration

We have implemented this algorithm using SAS/IML. We have found a solution
in 2,702 iterations (a couple of seconds on a common laptop).
We have also experimented the algorithm on

e OA(9, 34 3); we found one solution in 2, 895 iterations;
e 4 x4 sudoku; we found one solution in 2,852 iterations;
e 9 x 9 sudoku; we did not find any solution in 100,000 iterations;

With respect to the failure to find a solution for the 9 x 9 sudoku we observe that
we used a standard version of the simulated annealing algorithm. We expect that
the use of specific elements of the problem could lead to a significant improvement
of the performances of the algorithm. We conclude this section observing that the
algorithm can also be used to explore the set of solutions simply replacing stop when
an optimal solution is found with store the optimal solution and continue since the
maximum number of iterations is reached.

5.2 Moves

Let’s use the previous results on strata to get a suitable set of moves. We will show
this procedure in the case in which all the factors have the same number of levels s,
S prime, but it can also be applied to the general case. In Section 4 we have shown
that counting functions must satisfy the following set of linear equations

AY =21

where A corresponds to the set of conditions € written in terms of strata.

It follows that if, given a ¥’-compatible solution Y, such that AY = A 1, we search
for an additive move X such that A(Y + X)) is still equal to A1, we have to solve the
following linear homogenous system

AX =0

with X = (x¢),§ € ,x; € Zand yg +xz > 0 forall § € 9. We observe that this set
of conditions allows to determine new %’-compatible solutions that give the same
A. We know that A = ? so this homogenous system determines moves that do not
change the dimension of the solutions.

Let’s now consider the extended homogeneous system, where A has already been
defined in Section 4,
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AX =0
with X = (%¢), € 2,5 € Zand §; + X, > Oforall { € 2.
Leyg

Given ¥ = (Y, Ay), where Y is ¥-compatible counting function and Ay = ==,
the solutions of AX = 0 determine all the other ¥ + X = (Y + X, Ay, x) such that
A~(17 +X ) =0.Y +X are ¢’-compatible counting functions whose sizes, sAy 1, are,
in general, different from that of Y .

5.3 Markov Basis

We use the theory of Markov basis (see for example [3] where it is also available a
rich bibliography on this subject) to determine a set of generators of the moves.

We use the following procedure in order to randomly select a % -compatible
counting function. We compute a Markov basis of ker(A) using 4ti2 [11]. Once we
have determined the Markov basis of ker(A), we make a random walk on the fiber
of Y, where Y, as usual, contains the values of the counting function of an initial
design .. The fiber is made by all the %’-compatible counting functions that have
the same size of .%. The randow walk is done randomly choosing one move among
the feasible ones, i.e. among the moves for which we do not get negative values for
the new counting function.

In the next paragraphs we consider moves for the cases that we have already
studied in Section 4.

5.4 Orthogonal arrays

5.4.1 0A(n,2°,2)

We use the matrix A, already built in Section 4.1.1 and give it as input to 4ti2 to
obtain the Markov Basis, that we denote by .. It contains 5.538 different moves.
Given M = (x¢) € .4 we define M* = max(x¢,0) and M~ = max(—x;,0). We have
M=M"—M".

As an initial fraction .%,, we consider the eight-run regular fraction whose indi-
cator function Ry is

1
Ry = Z(l +X1XX3) (1 + X1 X4 X5)

We obtain the set of feasible moves observing that a move M € .#, to be feasible,
should be not negative when Ry is equal to zero that means

(1—Ry) M~ =0

We find 12 moves. Analogously an element M € .# such that
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(1-Ry)M*™ =0

gives a feasible move, —M. In this case we do not find any of such element.
Therefore, given Ry, the set of feasible moves becomes ,///RO that contains 12 +0
different moves.
We randomly choose one move Mg, out of the 12 available ones and move to

R = Ry + Mg,

We run 1.000 simulations repeating the same loop, generating R; as R; = R, +
Mg, .

We obtain all the 60 different 8-run fractions, each one with 8 different points as
in [2].

Using A we obtain the set ./ that contains 18 different moves.

5.4.2 0A(n,3%,2)

Using A as built in the Section 4.1.2, we use 4ti2 to generate the Markov basis
corresponding to the homogeneous system AX = 0. We obtain ./ that contains 81
different moves.

As an initial fraction we can consider the nine-run regular fraction .%; whose
indicator function Ry is

1
Ry = 5(1 +X1X:X3 + X[ X5X3)

We run 1.000 simulations repeating the same loop, i.e. generating R; as R; = R;_| +
Mg, .

We obtain all the 12 different 9-run fractions, each one with 9 different points as
known in the literature and as found in Section 4.1.2.

Using A we also obtain the set ./ that contains 10 different moves.

5.4.3 4 x4 sudoku

Using the matrix A built in Section 4.3.1, we run 4ti2 getting the Markov basis .#
that contains 34.920 moves.
We randomly choose an initial sudoku

32|41
41|32
23|14
1423

The corresponding indicator function is
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1
k= Z(l —R2C1S1S2)(1 —R1C251) .

Then we extract from ./ the feasible moves. We obtain a subset .#, that contains
5 different moves. We repeat the procedure on —.# and we obtain other 9 moves.
We randomly choose one move M, out of the 5+ 9 available ones and move to

F = Ky +MFp,

We run 1.000 simulations repeating the same loop F; = F;_| +Mp, ,.
We obtained all the 288 different 4 x 4 sudoku.

6 Conclusions

We considered mixed level fractional factorial designs. Given the counting function
R of a fraction .# we translated the constraint ¢, = 0, where ¢, is a generic coeffi-
cient of its polynomial representation R = ¥, ¢, X%, into a set of linear constraints
with integer coefficients on the values y; that R takes on all the points { € 2. We
obtained the set of generators of the solutions of some problems using Hilbert Basis.
We also studied the moves between fractions. We characterized these moves as the
solution of a homogeneous linear system. We defined a procedure to randomly walk
among the solutions that is based on the Markov basis of this system. We showed
the procedure on some examples. Computations have been made using 4ti2 [11].

Main advantages of the procedure are that we do not put restrictions on the num-
ber of levels of factors and that it is not necessary to use software that deals with
complex polynomials.

One limit is in the high computational effort that is required. In particular only
a small part of the Markov basis is used because of the requirement that counting
functions can only take values greater than or equal to zero. The possibility to gen-
erate only the moves that are feasible could make the entire process more efficient
and is part of current research.

6.1 History

A preliminary version of this work [4] was presented by R.Fontana at the poster
session of the Transition Workshop, Program on Algebraic Methods in Systems Bi-
ology and Statistics, SAMSI, Research Triangle Park, NC, June 18-20, 2009. Con-
ference presentations of related material will include:

e the Special Session on Advances in Algebraic Statistics, American Mathematical
Society Sectional Meeting, #1057, Lexington, KY, March 27-28, 2010;

o the 45th Scientific Meeting of the Italian Statistical Society, University of Padua,
June 16 -18, 2010.
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7 Appendix: Functions over

27

Let’s consider a complex valued function Y defined over &

{>29—Y()eC
It can be represented as a polynomial ¥ (§) = Yy 0 X *({) where 0 = 375 Yo ¥ (£)X*
Let’s denote by 7 the lowest common multiple of ny, ...
of the design Z and by  the primitive of the n-th root of the unity

ny, by N the cardinality
n=1lcm(n,

2
',nm)7 N=n1~...~nm, a):exp(mn)
We get

ZY Zwl

1 s—1
wh Z o Z Y(¢
Ce_@ h=0 h:o
where wg ,(Y)

s—1
wh(C) = N Z whwa,h Y
1437 h=
= ZCG@Y(g)lxa(
It follows

_w(8)

Y(¢) = Z 8uX*(8) = Z o Z wan(Y)X

(¢)
o€l
Given { € 9, { = (exp (1—a1) .,€xp (i%am) we have
2n mn n m n
X(X — s —a:x — o j= ln /
e o)
It follows
1= 1 1 s—1
szwwah Zw Zwak):’]"]nfaa()
h=00€clL k=0 acL
If we define
Z Wak Z, ]n aj a,(Y)
acL
we can write

Zw «(8.Y)

Now we study the conditions under which a set of complex numbers Wy (&) provides
a representation of a complex valued function defined over Z. Let’s define Y as
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Za)wk

It holds
wan(Y) =Y Y () lxazy—en (§)

1437

The indicator function 15z X (0)=ch (&) can be written in polynomial form as

1& .
LY o)
ni=
It follows
. N hoi 1 itk .
wan(Y) =Y, < Zkak(C)> (Zw’hX’“(C)> =—YY¥YYo" IR (0)
n = nN -
€9 j=0 k g
and so we obtain
Wo k— 11*“1"‘1

m

ZZZ“’ Ty i) b (T bio) g oy

F T
J ZZZ o T b)) 5y
We have '
Wie() =
ZZZZ @ HET F ma)a) g oy
T T T
ZZZw W r)Za) J=X i (bi—ap)ot)
TG

‘We observe that

ij(k*):’,-":l iy (bi—ai)eq)

J

1 if ois such that k = Y7 | 2 (b; —a;) 04
0 otherwise

and so the relationship that W (&) must satisfy is

() = ,;VZZw’Wr(T)#{a k= i nfi(bi —ai)ai}

If we let
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2on
N(k,§,7)=# a:k:Z;(bi_ai)a[
i=1

we finally obtain the conditions that must be satisfied by a set of complex numbers
Wi (&) to represent a complex valued function defined over 2

W (0) = o T 0 ENGK G0 (2)
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