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Time Domain Traveling Wave analysis
of the multimode dynamics of Quantum Dot

Fabry-Perot Lasers
Mariangela Gioannini, Paolo Bardella and Ivo Montrosset,Member, IEEE

Abstract—In this paper we investigate with numerical simu-
lations the rich multi-mode dynamics of Quantum Dot Fabry-
Perot Lasers. We have used a Time Domain Traveling Wave
approach including the electron and hole carrier dynamics in
the various Quantum Dot confined states, the inhomogeneous
broadening of the complex gain spectrum, the polarization
dynamics and the effect of the carrier-photon interaction in the
cavity. The role of the various non-linear interaction mechanism
on the broadening of optical spectrum of the Quantum Dot laser
has been investigated and the main parameters responsible for
the phase locking between the longitudinal modes have been
identified. We show that in some cases it is possible obtaining
pulses after simulating the propagation of the laser outputfield
in a dispersive medium. Many of the obtained simulation results
are in good agreement with the experiments reported in the
literature.

Index Terms—Quantum Dot semiconductor lasers, Fabry-
Perot lasers, Time Domain Traveling Wave simulations, Mul-
timode dynamics, mode locking.

I. I NTRODUCTION

T HE complicate dynamics of multi-mode Fabry-Perot (FP)
Semiconductor Laser and the various physical effects at

the origin of the multi-mode coupling have been investigated
from long time in various materials systems: bulk lasers were
considered for example in [1]–[7], Quantum Well (QW) lasers
in [8]–[10] and Quantum Cascade (QC) lasers in [11], [12].

Recently, several experimental works on Quantum Dash
(QDash) [13], [14] and Quantum Dot (QD) [15]–[18] lasers
have shown the possibility of generating wide optical comb
spectra with a single section FP cavity and, frequently, the
emission of a pulse train directly at the laser output [15]
or after propagation in a proper length of dispersive optical
fiber [13], [17]. This phase locking regime obtained in a
single section FP laser will be indicated hereafter as self-mode
locking (SML) regime, to distinguish it from the passive-mode
locking (PML) regime where a saturable absorber section is
required.

In the last years the research on SML at the optical
communication wavelengths has almost focused on the QDash
and QD material systems, but it is important to point out
that SML is not peculiar of nano-structured active materials
since it was reported also for QWell lasers in a few papers
[9], [10]. Compared to the QW counterpart, the QDash lasers
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have provided higher output power, broader optical spectrum
and smaller linewidth of the RF line at the cavity round
trip frequency [19]. The SML mechanism seems also more
robust in nano-structure materials since it has been found
by several independent groups on different FP samples and,
recently, also in QD based VCSELs [20]. QDash and QDs
seem therefore more promising for this application because,
thanks to the inhomogeneous broadening of the gain spectrum,
a wide optical spectrum of lasing modes above threshold can
be achieved [21]. It is important to note that the broad optical
spectrum often measured in QD and QDash lasers does not
automatically imply that a phase-locking condition can be
established among all the modes; in [14] for example the phase
locking is achieved only within separate clusters of modes
indicated as super-modes.

All these interesting results and the many possible appli-
cations of these simple lasers in several optical systems have
stimulated the research towards the understanding of the non-
linear mechanism that makes the longitudinal modes running
as synchronized oscillators. Many are the physical effectscited
in the literature for explaining SML in QD and QDash lasers;
these are the Four Wave Mixing (FWM) [22], the Kerr effect
together with Self and Cross Phase Modulation [15] and the
Two-Photon Absorption (TPA) [18]. Similarly to the QD laser
case, the QC lasers have also demonstrated the possibility of
a multi-longitudinal mode regime with broad optical spectrum
and narrow RF beat note at the cavity round-trip frequency
[11]. In [11] this behavior is attributed to the strong Fast
varying Longitudinal Spatial Hole Burning (Fast-LSHB) that
causes longitudinal carrier gratings with period one-halfof the
wavelength originated by the field standing wave pattern in
the FP cavity. These gratings are responsible for the coupling
among the modes. The authors of [11] demonstrate that
this strong Fast-LSHB is possible because the gain recovery
dynamics in the QC is much faster than the carrier diffusion
process. A second mechanism also considered in [11] is the
Kerr effect; this one was included as an instantaneous saturable
absorber distributed all over the device length. We however
point out that the results in [11] show that Kerr effect playsa
secondary role respect to the Fast-LSHB; this LSHB is indeed
responsible for the broadening of the optical spectrum whereas
Kerr effect gives a more pronounced splitting of the optical
spectrum in two or more clusters of modes.

The QD material system seems therefore more similar to
the QC case rather than the QW case. In QDs indeed the
Fast-LSHB of the carriers in the lasing ground state cannot be
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washed out by diffusion because carrier diffusion cannot occur
in a 0D states [23], [24]. Theoretical works have demonstrated
that the carrier gratings originated by the standing wave pattern
cause a saturation of the gain at the lasing mode wavelength
and this saturation can be modeled as a gain compression
factor parameter (also known asε parameter) [25], [26] [27].
Several experimental works have also reported measurements
or evidences of highε-parameter as a peculiar characteristic
of the QD lasers [28]–[30], [31].

The role of the carrier gratings due to Fast-LSHB and of the
carrier diffusion in the broadening the QW FP optical spectrum
was studied using a Traveling Wave model already in [5]: the
numerical simulations evidenced that without Fast-LSHB the
FP spectrum is always single mode even well above threshold.
On the contrary, if the Fast-LSHB is included and the diffusion
is set to zero, the FP optical spectrum broadens with current.
However in [5] no spectral hole burning effect was included in
the model. After [5], the simulation of the coupled dynamics
of the longitudinal modes in bulk and QW FP lasers has
been undertaken in several other works such as [8], [32]. In
[8] and [32] the authors assumed that the longitudinal mode
coupling occurs only with the nearest neighbour modes via the
Slow varying LSHB been the fast carrier grating practically
washed out by the diffusion process. The Slow-LSHB is on the
contrary caused by the beating between co-propagating modes
and it is the overlap of normal cosine functions with periods
of few half-cavity length [32]. These papers have also shown
the existence of a continuous power transfer from one mode
to the other. The modes present periodic intensity fluctuations
in the MHz range with an anti-phase dynamics that gives a
compensation of the total power remaining practically constant
with time [8], [32]. A similar behavior has been observed also
for some QD lasers [33] where intensity fluctuations of the
modes where measured with frequency of tens of MHz.

The goal of this work is the development of a Time Domain
Traveling Wave (TDTW) model that can reproduce the exper-
imental findings concerning the mode coupling and the SML
in self assembled QD lasers. This is a complicate problem
because the static behavior and the dynamics of the complex
gain of QD active material need to be modeled including the
inhomogeneous distributions of the QDs (i.e.: inhomogeneous
gain broadening), the coupling among the different QDs via
the homogeneous broadening linewidth and the fast gain
recovery dynamics due to the carrier relaxation processes.An
initial attempt in this direction was partially undertakenin [33]
using a multi-population rate equation model. More recently
a TDTW model capable of simulating SML in FP QD lasers
was proposed in [34]; in that work the mechanism responsible
for the mode coupling was completely attributed to a self-
focusing Kerr effect modeled as an equivalent, lumped and
ultra-fast SA included in the model at one facet of the device.
Because of this instantaneous SA, stable pulses directly atthe
laser output facet were obviously obtained.

In this paper we address our attention to the simulation of
QD FP lasers assuming that only carrier-photon interactions
via mode beating, FWM and Fast- and Slow- LSHB due
to the non-uniform carrier distribution are the most relevant
phenomena in the laser structure we consider. We will show

that the obtained simulation results are in line with the
experimental results and can be used for a first interpretation
of many of the experiments published in the literature.

II. N UMERICAL MODEL

In this paper we use an updated version of the TDTW
approach we previously developed for the dynamical analysis
of QD single mode semiconductor laser in [35] and we already
presented in [36]; We report here only the most relevant
equations for the model description. We make reference to [36]
and [35] for the derivation of the model and to the Appendix,
where we summarize the full rate equation system we use to
model the carrier dynamics.

The spatio-temporal dynamics of the electric field along the
FP cavity is described by the TW equations that for the slowly
varying forward propagating electric fieldE+ (z, t) is:

1

vg0

∂E+

∂t
+

∂E+

∂z
= −

(αS

2
+ jβS

) (
S+ + 2S−

)
E+

− j
ω0

2cηε0
ΓxyP

+ −
αi

2
E+ + S+

sp

(1)

The TW equation for the backward propagating component
E− (z, t) can be obtained from (1) replacing the “+” su-
perscripts with “−” and the plus sign on the LHS with a
minus sign. In (1),ω0 is the extracted reference frequency
corresponding to a propagation constantβ0 such that the total
electric field is:

ξ±(t, x, y, z) = φ(x, y)
[
E± (z, t) e−jω0te−jβ0z + c.c.

]
; (2)

φ(x, y) is the transversal mode profile considered independent
on (z, t). In (1) vg0 is the group velocity,η is the cold
cavity effective refractive index,Γxy is the optical confine-
ment factor;αi is the waveguide loss andS+

sp (z, t) is the
noise source due to spontaneous emission. The first term on
the RHS accounts for the TPA contribution or Kerr effect
modelled as an absorption and phase variation proportional
(through the coefficientsαS andβS) to the photon densities
S± (z, t) = |E± (z, t) |2 [37]; the factor of 2, appearing in the
dependence with the photon densities, allows to account for
the coupling between the forward and backward propagating
field due to the standing wave pattern.
P± is the slowly varying component of the macroscopic

polarization that accounts for the gain and refractive index
dynamics; in the adiabatic approximation the macroscopic
polarization is written as [36]:

− j
ω0

2cηε0
ΓxyP

± (z, t) =

N∑

i=−N

∑

m=GS,ES

g̃±im (z, t)
(
ρeim (z, t) + ρhim (z, t)− 1

)
·

t∫

−∞

Γej∆ωim(t−τ)e−Γ(t−τ)E± (z, τ) dτ

(3)

where the first sum occurs over the2N+1 sub-groups we have
used to represent the inhomogeneity of the QD ensamble. The
second sum is over the ground state (GS) and the excited state
(ES) where stimulated emission can take place. To represent
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Fig. 1. (a) Sheet density of each QD sub-group (Gi) versus GS emission
wavelength, here we consider2N + 1 = 51 sub-groups. The indexi = 0
corresponds to the central group. (b) Schematic of the electron dynamics as
it is considered in our model [35].

the inhomogeneous broadening of the gain, the QD ensemble
is divided in several sub-groups, each with confined state
recombination energyEim = h̄(ω0 + ∆ωim). Assuming a
Gaussian distribution of the QD size, the number of QDs per
unit of area in eachi-th group (Gi) is depicted in Fig. 1a.

On the right hand side of (3), the termsρe,him are the
electron/hole occupation probability of theim confined state
and1/Γ is the dephasing time to account for the homogeneous
broadening linewidth. The last term on the RHS of (3)
represents the filtering of the electric fieldsE± to account
for the complex gain wavelength dispersion. We define the
filtered field as:

I±im (z, t) =

t∫

−∞

Γej∆ωim(t−τ)e−Γ(t−τ)E± (z, τ) dτ. (4)

In this work we assume that lasing occurs only from the
GS whereas the modes at the ES wavelength always remain
below threshold. Therefore the gaiñg±im (z, t) writes, for the
GS, as:

g̃+iGS (z, t) =
g0,iGS

1 + ε
(
S+
iGS (z, t) + 2S−

iGS (z, t)
)

g̃−iGS (z, t) =
g0,iGS

1 + ε
(
2S+

iGS (z, t) + S−
iGS (z, t)

)
(5)

and for the ES as̃g±iES (z, t) = g0,iES , where

g0,iGS,ES = Γxy

GiµGS,ES|dGS,ES|
2ω0

2cηε0h̄Γ
(6)

with dGS,ES the dipole matrix element of the GS and ES
inter-band transition andµGS,ES the state degeneracy.

The expression in the denominator of (5) accounts for both
self- and cross- compression of the GS gain [26] of thei−th
QD population due to the photon densitiesS±

iGS resonant with
that state; this photon density per unit volume reads as:

S±
iGS (z, t) = 2

R
{
E±∗ (z, t) I±iGS (z, t)

}

EimwnLhQD

i = −N, . . . , N

(7)
with w the waveguide width,nL the number of QD layers and
hQD the thickness of a QD layer.

With the doubling of the backward/forward propagating
photon densities in (5) we represent in an empirical way the
effect (not otherwise included in our TDTW model) of the

coupling between the backward and forward propagating field
due to the carrier gratings caused by the electric field standing
wave pattern with fast periodicity. We are aware that the
present approach includes only empirically such mechanism;
other models, as those in [8], [11], [38] applied up to now to
the QW and QC laser case, account for this effect in a rigorous
way. These models have not been implemented in our QD
gain model for the difficulty of considering the effect of the
standing wave patterns in all of the carrier states (GS, ES and
WL) of all the 2N + 1 sub-groups of the QD ensemble used
here to represent accurately the effects of the inhomogeneous
gain broadening. Our approach aims indeed at a preliminary
investigation of the QD laser mode dynamics that could be
studied in future works adapting the previous models to the
QD case. An expression similar to (5) could be considered
however to account in our model also for other relevant non
linear effects [39] not represented in rate equation approach.

Equations (1) to (7) are coupled with the rate equations
describing the inter-sub band carrier dynamics for electrons
and holes in the GS, ES, wetting layer (WL) and barrier states
as sketched, for the electrons, in Fig. 1b. The full rate equation
system is detailed in [35] and summarized in the Appendix of
this paper. This set of equations is solved numerically witha
finite difference algorithm, that is detailed in [36]; boundary
conditions for the electric field are set at the FP facets that
are considered as cleaved. The time step isδt = 30 fs and
δz = vg0δt.

To conclude this Section, we summarize here the main
characteristics intrinsically included in our model:

1) the inhomogeneous and homogenous broadening of the
gain and effective refractive index spectrum,

2) the self-saturation of the complex gain of each QD group
via theε-parameter that account for the fast component
of the standing wave pattern,

3) the spectral hole burning of electrons due to the finite
relaxation time from ES1 to GS,

4) the coupling among the QDs via the common WL
reservoir,

5) the hole dynamics (faster than electron dynamics) mod-
elled with the approach presented in [35],

6) the spatial hole burning due to the slowly varying stand-
ing wave pattern; this pattern produces slowly varying
carrier gratings that facilitate the coupling among co-
propagating modes [32],

7) the FWM, the self-phase modulation and the cross-
phase modulation due to carrier beating and spectral hole
burning,

8) the effects due to TPA and Kerr lensing.

III. S IMULATION RESULTS

We consider a1mm QD Fabry-Perot laser operating at
1300nm; the material and device parameters are listed in Table
I. The aim of this Section is showing how the gain compression
plays a crucial role on the broadening of the optical spectrum
and on the mode dynamics. In Section III.A we present the
simulated static characteristics of the light out of the FP laser,
in Section III.B we discuss the longitudinal mode dynamics
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TABLE I
MAIN MODEL PARAMETERS

Symbol Description Values

Material parameters

η Effective refractive index 3.34

nL Number of QD layers 15

ND QD surface density 2.7× 1010 cm2

N Number of QD sub-groups 51

µm,CB CB states degeneracym = ES1, GS 4, 2

µm,V B

VB states degeneracy

m = ES4, . . . , ES1, GS
6, 6, 6, 4, 2

h̄Γ Homogeneous linewidth 10meV

∆Em
FWHM of the inhomogeneous gain

broadening form = ES1, GS
45, 40meV

dm Dipole matrix elementm = ES1, GS 0.96, 0.6 e·nm

τe,mc
Electron relaxation times

m = WL,ES1, GS
3, 3, 1ps

τmsp Spontaneous emission timesm = ES1, GS 1, 2 ns

αi Intrinsic waveguide losses 5 cm−1

Device parameters

W Ridge width 5µm

L Device length 1mm

Γxy Optical confinement factor 12%

R0, RL Terminal facets reflectivity 32%

due to the coupling among the modes and in Section III.C we
discuss the possibility of obtaining pulses out of the laserafter
the dispersion compensation in proper operation conditions.

A. Static characteristics

In this Section we analyze the numerical results of the
simulation of the static characteristic of the laser in the current
range from threshold to about 6 times the threshold current
Ith and for different values of gain compression factorε.
This parameter was estimated to be in the range between
ε = 1.0× 10−16 cm3 and ε = 5.0× 10−15 cm3 in [28]. In
[30] a value ofε = 1.0× 10−15 cm3 was used to fit, using
a numerical rate equation model, the small-signal modulation
bandwidth measured for a QD FP laser similar to the one
considered here.

Fig. 2 represents the calculated L-I characteristic normalized
respect to the threshold currentIth = 60mA. Moderate values
of gain compression (i.e.:ε = 1.5× 10−16 cm3) do not affect
the linearity of the curve in the considered current range,
whereas larger gain compression (i.e.:ε = 1.5× 10−15 cm3)
also causes a non-linear increase of the power starting froma
current about twice the threshold current. This strong satura-
tion effect on the L-I characteristic is often mainly attributed
to current leakage and temperature effects, which are not
included in our model. We show here that a contribution
to the non-linear L-I characteristic can be also associatedto
the broadening of the optical spectrum and the consequent
involvement of lasing modes interacting with lateral QD
groups (i.e.:i = ±1, 2, 3) respect to the central one (i.e.:
i = 0). These groups, with smaller QD densityGi and larger
detuning respect to the gain peak (see Fig. 1), need an higher
carrier density (respect to the central one) to bring the lateral
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Fig. 2. Power versus current characteristic for different values of gain
compression factorε; Ith = 60mA.

modes of the spectrum to the lasing condition; therefore less
carriers are available at the same pumping rate for photon
emission.

The evolution of the optical output spectra as function of
current and for the different values ofε is summarized in
Fig. 3. The spectra were obtained simulating the laser switch-
on with a current step att = 0 and the electric field has been
calculated fromt = 0 to t = 300ns with a time step of30 fs.
Due to the computational complexity of the considered model,
one nanosecond of simulated time requires about40 minutes of
CPU time per2.4GHz XEON processor. The optical spectra
have been obtained by the numerical Fourier transform of
the electric field in the last100ns of the simulation; this
corresponds to averaging over4500 cavity round trips. In some
cases longer simulation time would be necessary to assure
that the power transfer among the modes (see Section III.B)
reaches a stationary behavior but in any case a clear trend for
the broading of the optical spectrum is demonstrated. Without
gain compression the spectrum is practically single mode
over all the considered current range (see top row of Fig. 3);
increasingε the spectrum starts single mode at threshold and
then broadens increasing current (see mid row of Fig. 3). We
have seen that this broadening is larger asε increases. For
example, forε = 1.5× 10−15 cm3 in the bottom row of Fig. 3
the spectrum has a−10 dB width of about12 nm at only
1.7 times the threshold current. Increasing current the optical
bandwidth gets larger but the spectrum shows two peaks, one
at about 1245 nm and the other one at about1265nm; the
optical modes in the center (at about1255nm) are suppressed
of 9 dB at 4.2Ith and 5.8Ith. This suppression of the modes
in the center of the spectrum has been reported in several
experimental works on QD lasers, for example in [29], [40],
[41]. In Section III.B we will show that this is the consequence
of the power transfer from the modes at the center of the
spectrum to the modes at the border which can start lasing
thanks to this photon injection.

The evolution of the−10dB optical bandwidth as function
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of current is plotted in Fig. 4a; similarly to the experimental
results for QD and QDash lasers [13], [16] a clear spectral
broadening with current is well reproduced by the simulations.
The simulation results also point out that the sole inhomo-
geneous broadening of the gain spectrum is not sufficient
to obtain a significant broadening of the optical spectrum; a
strong non-linearity (only the selective self- saturationterm
of the GS gain of each QD sub-group by means of the
photon density resonant with that state) is indeed sufficient
for establishing the amplitude and phase coupling that makes
possible the spectral broadening (see Section III.B).

In order to verify that the large spectra broadening can be
attributed to the soleε parameter and not to other effects such
as the TPA and the Kerr, in the caseε = 0 we also investigated
the role of the TPA and the Kerr effect. Using for TPA the
values of the coefficientsαS and βS generally reported in
the literature (for example in [37]), no significant effectswere
obtained on the lasing spectra which remain single mode. For
what concerns the Kerr effect, similarly to [11], we estimated,
for the ridge waveguide structure considered in this analysis,
the variation of the modal losses and of the mode confinement
factor in the active region as function of the photon intensity.
In our structure, differently respect to the QC case in [11],[12],
the good field confinement in the low doping region makes the
variation of the modal loss quite small with the photon density
and therefore the Kerr effect in this structure cannot contribute
significantly to the spectral broadening.

In the experiments a narrow RF line at the cavity free
spectral range is considered a finger print of the phase locking
of the modes; RF linewidth as narrow as10 kHz have been
reported for example in [19]. A correct estimation of such
narrow linewidth would require averaging the laser output in-
tensity over at least500µs which is a prohibitive computation
time for our TDTW approach with our computational facilities.
In this Section we will use the second-order coherence func-
tion (g(2)(τ)) as an estimation of a phase locking condition.
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(on right axis) as function of the injected current above threshold for different
values of gain compression factorε; zero bandwidth in (a) means single mode.
Legend is the same as in Fig. 2.

We evaluate the second order coherence inτ = 0 defined as:

g(2)(0) =
< I(t) · I(t− τ) >

< I(t) >2
|τ=0 = 1 +

σ2
I

I20
(8)

whereI(t) is the intensity of the electric field:

I(t) = |E+(z = L, t)|2, (9)

I0 is the average ofI(t) and σ2
I is the variance of the

intensity. We note that the second term on the right hand side
corresponds to the definition of the relative intensity noise
(RIN = σ2

I/I
2
0 ). In Fig. 4b we plot the RIN and theg(2)(0)

calculated averaging over4500 cavity round trips; for all the
values ofε and currents considered,g(2)(0) is quite close to 1
and remains close to 1 even increasing current. This behavior
resembles the case of a single mode laser [42] despite the very
broad optical bandwidth of the spectrum. We use this result
as indication of a phase locking condition among the modes.
Indeed, in the case of a set ofM uncorrelated modes the value
g(2)(0) should get closer and closer to2 asM increases; in
[43] it is demonstrated that only 5-6 modes would be enough
to approach theg(2)(0) value of a thermal source.

From Fig. 4b we observe that the caseε = 1.5× 10−16 cm3

gives the smallest RIN andg(2)(0) the closest to one. With
increasing gain compression (ε = 7.5× 10−16 cm3 and ε =
1.5× 10−15 cm3) the RIN increases. We consider this increase
as an indication of the fact that not all the modes in the very
broad optical spectrum are phased locked. In particular we
have observed that the modes with the highest power at the
border of the optical spectrum give an incoherent contribution
to the output electric field. At this respect, we compare in
Fig. 5 the RF spectra calculated over4500 cavity round trips
for three different currents andε values; the spectra have been
shifted in frequency for better readability. Despite the fact
that we cannot get a correct estimation of the RF linewidth,
this analysis allows a qualitative comparison among the three
cases: forε = 0 there is no clear spectral line at cavity
free spectral range. Forε = 1.5× 10−16 cm3 the lines are
the narrowest, whereas they show a significant broadening for
ε = 1.5× 10−15 cm3. The RF lines at4.2Ith in Fig. 5b and at
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for a better comparison.

1.7Ith in Fig. 5c corresponds both to an optical bandwidth
of 12nm; however the line in Fig. 5b is smaller than the
one in Fig. 5c as indicated also by the RIN in Fig. 4b. Our
simulations also show that these noise features can be obtained
only including, in the way it has been done, the gain self
suppression term.

B. Longitudinal mode dynamics

To study the longitudinal mode dynamics we have filtered
each line of the output optical spectrum with a narrow band-
pass filter and then we have calculated its inverse Fourier
transform; we obtain in this way the time evolution of the
mode fieldEp(t), where p is the mode index. The mode
intensity versus time of each longitudinal mode is given by
Ip(t) = |Ep(t)|

2.
We investigate first the caseε = 0 at injection current equal

to 5.8Ith. The resulting longitudinal mode dynamics is pre-
sented in Fig. 6a and the total intensity (i.e.:Itotal = ΣpIp(t))
is in Fig. 6b. Fig. 6b shows that the relaxation oscillations
(after the laser turn on att = 0) are completely damped after
0.7 ns and the total intensity reaches a steady state at about
1.5 ns. After 2 ns the total intensity is therefore constant and
the power exchange among the various modes is only due
to the mode coupling. We indeed observe that several modes
(i.e.: p = ±1, 2, 3, . . .) are present in the time range between
5 and 50 ns. These modes are however not stable as they
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Fig. 6. (a) Intensity dynamics of the longitudinal modes shown in the inset
and (b) sum of the intensity of all the lasing modes. The laseris switched on
at t = 0 with a current step of5.8Ith and gain compression isε = 0 cm3.

transfer their power towards the center of the spectrum (for
example:p = −3 → −2, −2 → −1 and−1 → 0); the central
modep = 0 collects all the power initially distributed over
a broader optical spectrum and eventually the laser becomes
single mode. This mode is the one closest to the gain peak of
the central QD groupi = 0.

To study the effect of a largeε on the longitudinal mode
dynamics, we analyse in Fig. 7 the time evolution of the
optical spectrum in the caseε = 1.5× 10−15 cm3 at current
injection 2Ith; the optical spectrum reaches a steady state
with a bandwidth of about15 nm. Due to the very broad
spectrum the intensity dynamics (Ip(t)) of 60 longitudinal
modes has been analyzed and the result is presented in Fig. 7a.
The total intensity (Itotal(t) in Fig. 7b) reaches a constant
steady state value at about1 ns after the current switch-on
with no relaxation oscillations as consequence of the highε
in line with the experiments in [29]. Despite the flat total
power, the intensities of the lasing modesIp(t) present a
very complicate dynamics. The optical spectrum starts rather
narrow with the switch-on of 5-6 modes in the time range
betweent = 0 and t =10ns; due to the coupling among two
adjacent co-propagating modes (made possible by the slowly
varying spatial grating in the GS carriers) each of the modes
transfer power to the two adjacent ones. Each mode, receiving
the power, in turn transfers part of power back to the initial
mode and part to the next one. This explains the almost regular
pattern we observe in the wavelength region between the two
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red lines in Fig. 7a. The dynamics of some of these modes
in this spectral region is also plotted in Fig. 8. We see for
example that the central modep = 0 transfers power to the
modesp = ±1; the modep = 1 transfers power back to the
modep = 0 and to the modep = +2. This continuous power
transfer back and forth among the modes is indeed the physical
mechanisms that guarantees an almost uniform distributionof
the power among the lasing modes. We have also verified that,
as soon as this coupling mechanism is established, the phases
of the modes are locked (i.e.: each phase is almost constant
with time with a constant phase difference between one mode
and the other). The period of this intensity fluctuations is about
9 ns for the case shown in this figure. We have observed
that the period gets smaller increasing current whereas it is
longer reducingε. For example forε = 1.5× 10−16 cm3 and
current5.8Ith it is about 70 ns. This result is in line with the
experimental findings presented in [33].

The two red lines in Fig. 7a evidence the FWHM of the
homogeneous broadening of GS emission of the central QD
group (i = 0) whose recombination wavelength at1254.8nm
is indicated by the dashed line. The power transfer from one
mode to another also continues outside the red lines involving
modes which are resonant with other QD groups such as
the groupsi = ±2. This power transfer produces a sort of
optical injection mechanism which makes the modes, resonant
with the QD groupsi = ±2, turning on also if their gain is
slightly smaller than the threshold gain. This may explain the

Wavelength [nm]

1256.75 1257 1257.25 1257.5 1257.75

S
p

ec
tr

u
m

 [
d

B
]

-60

-40

-20

0

20

Time [ns]

70 75 80 85 90

I p
(t

) 
[a

.u
.]

0

2

4

6

(b)

(a)

+10 +2-1-2

Fig. 8. (a) Intensity dynamics of 5 modes at the center of the optical spectrum
considered in Fig. 7; (b) optical spectrum of the modes considered. Each line
color in (a) corresponds to the colored spectral line in (b).

higher mode intensities observed at the border of the spectrum.
However, the strong power increase depletes the GS carriers
and the gain causing after some time the switch-off of these
lateral modes. They will switch-on another time when they will
be feed again by enough power from the modes at the center of
the spectrum. The continuous switch-on and off of the modes
at the border of the spectrum causes incoherent fluctuations
of the gain and refractive index all over the complex gain
spectrum and may explain the increased RIN and the larger
RF linewidth observed in Fig. 4b and Fig. 5c. Such incoherent
contribution also causes instabilities on the pulses obtained
after dispersion compensation. Applying a band pass filter at
the laser output to cut off the modes outside the red lines, a
train of pulses can be obtained directly at the laser output;
such pulses are however rather unstable and show multiple
peaks. From the analysis of the simulations results, we stress
here the fact that the mode coupling induced by the large self
saturation due toε is the seeding mechanism for the spectral
broadening and to start the pulse formation.

C. Phase locking and pulse formation

The measurements of the spectral phase using stepped het-
erodyne [44] or generalized multi-heterodyne [45] techniques
is an important step in the characterization of a multi-mode
FP laser. If the mode phases are constant in time and if
they follow a parabolic profile versus the mode pulsation,
then it is possible to compensate the corresponding Group
Delay Dispersion (GDD) using a standard single mode fiber
of suitable length in order to obtain a pulse train at the output
of the system [10], [13], [46].

Here we present the numerical method implemented to
evaluate the phase dynamics of each mode and, if locked, to
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determine the optimal value of the GDD to introduce in the
dispersion compensation algorithm. The aim is reproducing
the generation of a pulse train after dispersion compensation as
done in some experiments [10], [13], [46]. We assume that the
electrical field associated to each longitudinal cavity mode can
be written asEp(t) =

√
Ip(t)e

−j(ω0,pt+φp(t)), whereφp(t) is
the temporal variation of the phase respect to the reference
mode wavelengthω0,p. With the same procedure used in Sec-
tion III.B, we extract from the laser optical spectrum the mode
fieldsEp(t). From the phase of the productsEp(t)E

∗
p+1(t) we

define the time phase difference between two modes,∆φp(t),
as:

∆φp(t) = 6 Ep(t)E
∗
p+1(t)− (ω0,p − ω0,p+1)t (10)

and we calculate∆φp =< ∆φp(t) >. The standard deviation
of ∆φp(t) is evaluated to estimate the stability with time of
the phase-locking.

The spectral phase profile,ϕ(ω0p), is evaluated as:

ϕ(ω0p) =

p∑

q=1

∆φq (11)

When the spectral phase profile follows an almost parabolic
function the value of the GDD parameter is then extracted from
the curvature of the parabola obtained fittingϕ(ω0,p) in the
least-squares sense. The dispersion compensation is simulated
as a concentrated block with transfer function:

Hcomp(ω) = e−jπGDDω2

(12)

and the final electric field after compensation is obtained as:

Ecomp(t) = F−1
{
F{E+(z = L, t)}Hcomp(ω)

}
. (13)

From our simulations but also from the experimental re-
sults, it is possible to see that a proper compensation of the
output power dispersion can be obtained in a wide range of
parameters and currents; however stable mode locked pulses,
suitable e.g. for optical communication applications, canbeen
obtained only with moderate values ofε (e.g. equal or less
than about1.5× 10−16 cm3 for our input parameter set) and
not too high current injection (e.g. when the spectrum is not
so broad to involve in the lasing also other QD groups outside
the homogeneous broadening). We report here two examples
of compensation applied to the device output field.

Fig. 9 presents the results of this analysis for the caseε =
1.5× 10−16 cm3 and injected current of3.3Ith. The phase
difference between couples of adjacent modes lying in the
central part of the optical spectrum is practically constant with
time, while modes at the border of the spectrum and with
very low intensities have very large phase fluctuations. Fig. 9b
shows a nice parabolic phase profile in line with [46]. The
GDD extracted is7.5ps2. The output power obtained after the
GDD compensation according to (13) is presented in Fig. 11a
in dashed line and clearly exhibits pulses with a repetitionrate
of 44.9GHz and a FWHM of2.9 ps. The pulse autocorrelation
is reported Fig. 11b and it is compared with the autocorrelation
of the laser output to show that the pulse formation is only
due to the compensation algorithm.
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Fig. 10. Same as Fig. 9 for injected current4.2Ith

Increasing the injection current, we expect shorter pulses
as consequence of optical spectrum broadening shown in
Fig. 3. We have analyzed the phase dynamics at current
injection 4.2Ith and the results are reported in Fig. 10. The
corresponding GDD value is0.6 ps2. This reduction of GDD
with increasing current is in line with the measurements in
[13]. The44.7GHz pulses obtained after the compensation are
reported in Fig. 11a in solid line and have a480 fs FWHM. The
corresponding autocorrelation is in Fig. 11c. The pulses show
however some instabilities that were not observed at3.3Ith;
this may be due to the modes evidenced with the asterisks in
Fig. 9; these modes are not properly aligned with the parabolic
profile and present large standard deviations.

IV. CONCLUSION

In this paper we have analyzed the longitudinal mode
dynamics of a QD FP laser using the TDTW we developed
in [35]. We have shown that we can reproduce the large
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broadening of the above threshold optical spectra as measured
in experiments provided that we include in the model the self-
gain compression factor parameterε with values in the range
between about1× 10−16 cm3 and1× 10−15 cm3. This range
is considered quite typical for QD and QDash materials. This
ε-parameter accounts in our model for the GS carrier grating
(originated by the electric field standing wave pattern in the
FP) that can not be washed out by carrier diffusion, being
null in 0D states. Our simulation results have evidenced that
the different self-gain saturation of the QD populations isthe
fundamental mechanism allowing to broaden the QD laser
spectrum. The nonlinear interaction between the modes due to
gain saturation establishes a continuous power transfer among
the lasing modes allowing a wide optical bandwidth and
almost equal power distributed among the modes. Analysing
the intensity and phase dynamics of the modes, we have seen
that in some cases the mode phases, when locked, have a
parabolic distribution as a function of the mode frequency;
such parabolic distribution can be compensated with propaga-
tion in a dispersive medium and pulses can be obtained in line
with experimental results reported in the literature.

We have also found that, in the waveguide structure we have
examined, other non-linearities such as TPA and Kerr effects
produce a negligible enhancement of the optical bandwidth.
Therefore we conclude that the very limited carrier diffusion
and the fast GS gain recovery, typical of QDashes and QDs,
are the mechanism seeding the coupling and the phase-locking
among the modes.

V. A PPENDIX

We summarize here the full set of the carrier rate equations
we implemented to calculate the electron and hole occupation
probabilities that appear in the polarization equation (3). This
set of equations in also coupled with the TDTW equation of
the electric field via the stimulated and spontaneous emission
terms for the GS and ES.

For the electrons dynamics in conduction band we have:

dρeSCH (z, t)

dt
=

ηiJ

eDe
SCH

+
nLD

e
WL

De
SCH

ρeWL

τe,WL
e

(1− ρeSCH)

−
ρeSCH

τe,WL
c

(1− ρeWL)

(14)

dρeWL (z, t)

dt
=

De
SCH

De
WLnL

ρeSCH

τe,WL
c

(1− ρeWL)−
ρeWL

τe,WL
e

(1− ρeSCH)

+

N∑

i=−N

[
−

Gi

ND

ρeWL

τe,iES
c

(1− ρeWL) +
GiµES

De
WL

ρeiES

τe,iES
e

(1− ρeWL)
]

(15)

dρeiES (z, t)

dt
=

De
WL

µESGi

ρeWL

τe,iES
c

(1− ρeiES)

−
ρeiES

τe,iES
e

(1− ρeWL)−
ρeiES

τe,GS
c

(1− ρeiGS)

+
µGS

µES

ρeiGS

τe,GS
e

(1− ρeiES)−
RSp

iES +RSt
iES

µESnLGi

(16)

dρeiGS (z, t)

dt
=

µES

µGS

ρeiES

τe,GS
c

(1− ρeiGS)

−
ρeiGS

τe,GS
e

(1− ρeiES)−
RSp

iGS +RSt
iGS

µGSnLGi

(17)

whereρeSCH,WL,ES,GS are the electron occupation probabili-
ties of the 3D SCH state, 2D WL state and the 0D GS and ES;
ηi is the internal quantum efficiency,J is the current density,
De

SCH is the SCH density of states per unit area;De
WL is the

WL sheet density of state per QD layer, andND the density
of QDs per layer. The carrier capture rate into one state occurs
only via the carrier relaxing from the state immediately above
and depends on the capture time constantτe,SCH,WL,ES,GS

c ,
whereas the corresponding escape timeτe,SCH,WL,ES,GS

c is
calculated to assure the Fermi thermal equilibrium in absence
of any excitation.RSp

im andRSt
im are the spontaneous emission

and stimulated emission rate from theim-th state; for the
stimulated emission rate per unit area we have:

RSt
im (z, t) =

2

h̄ωim

(
ρeim + ρhim − 1

)
·

R
{
g̃+imE+∗I+im + g̃−imE−∗I−im

}

i = −N, . . . , N m = GS,ES

(18)

while the spontaneous emission rate per unit area is

RSp
im (z, t) =

GiµmnLρ
e
imρhim

τSp
m

i = −N, . . . , N m = GS,ES.

(19)

For the hole rate equations we assume that the holes are
always in quasi-thermal equilibrium within the confined states
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and the WL and therefore, the hole distribution inside the
QDs always follows a Fermi-Dirac distribution. With this
assumption, the rate equations for the holes reduces to [35]:

dρhSCH (z, t)

dt
=

ηiJ

eDh
SCH

+
nLND

Dh
SCH

ρhQD

τh,QD
e

(
1− ρhSCH

)

−
ρhSCH

τh,QD
c

(
1− ρhQD

)

(20)

dρhQD (z, t)

dt
=

Dh
SCH

nLND

ρhSCH

τh,QD
c

(
1− ρhQD

)

−
ρhQD

τh,QD
e

(
1− ρhSCH

)

−

N∑

i=−N

∑

m=ES,GS

[ RSt
im

nLND

+
RSp

im

nLND

]
(21)

whereρhSCH is the hole occupation probability of the SCH
state in valence band with density of stateDh

SCH and ρhQD

is the hole occupation probability of the hole QD state. Since
this QD state is composed by the hole WL state and by the
several hole 0D confined states, it is defined as:

ρhQD =
∑

m=GS,ES1,...,ES4

µm

1 + e
Eh

F
−Eh

m
KT

+
Dh

WL

ND

log

(
1 + e

Eh
F

−Eh
WL

KT

) (22)

such that the sheet density of holes per QD layer isNDρhQD.
For the above set of hole equationsDh

WL is the hole density
of states in the WL;Eh

F is quasi-Fermi level for the hole QD
state,Eh

m are the energy levels for the hole 0D states andEh
WL

is the energy level of the WL;KT is the thermal energy.
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