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ABSTRACT 

In this research, we generalize the Half normal distribution which is a special case of folded 

normal and truncated normal distributions. We provide a comprehensive description of the 

statistical properties of the subject distribution along with its reliability behavior. The 

usefulness of the transmuted Half normal distribution for modelling reliability data is 

illustrated. 
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1.0 Introduction 

The quality of the procedure used in a statistical analysis depends heavily on the assumed 

probability models or distribution, because of this, considerable efforts has been expended in 

the development of large classes of standard probability distribution along with relevant 

statistical methodology, However, there still remain many important problems where the real 

data does not follow any of the classical or standard probability models. In this research, we 

present a new generalization of the Half Normal distribution called Transmuted Half 

Normal Distribution. 

 

2.1 Transmuted Half Normal Distribution  

The half-normal distribution is a special case of the folded normal and truncated normal 

distributions. It was used to model brownian movement and can also be used in the modeling 

measurement data and lifetime data. Let X~N(0,σ2), then Y = |X| follows half normal 

distribution. The Half-normal is a fold at the mean of an ordinary normal distribution with 

mean zero, where σ is the scale parameter. 
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f(x)  =                                                                                                (1) 

From (46), we can obtain the cdf of Halfnormal distribution by using the change of variables 

and let  y=   ;    ; dx = ; which can be dx =      by  cross 

multiplication. Now substitute for y and dx in                                

F(y; ) = 

. 

Therefore, the F(y;  ) in term of error function is displayed below 

FHND(y; )=   or F(x;  )  =                               

F(x) = erf( )                                                                                                           (2) 

The (1) and (2) above are respectively the pdf and cdf of halfnormal distribution. The 

transmuted distribution can be obtained by adding a real number λ to the cumulative 

distribution. That is, if there a cdf G(x) of any random variable X, then the function (3) is 

called the transmuted distribution (Shaw and Buckley, 2007) 

F(x) =                                                  (3) 

From (48) by substituting (47) in (48) we obtain the cdf of transmuted halfnormal distribution. 

F(x,  λ,) =                                                 (4) 

=    

=                                                                                (5) 

Substitute for pdf and cdf of the parent distribution (Halfnormal distribution) in  (108), then 

f (x) =        

f (x) =                                                        (6) 

The (6) above is the pdf of Transmuted HalfNormal distribution 

 

2.1 Hazard Rate Function 

=   where  is the baseline 

(parent) distribution. 

=  
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asymtotic of f(x; ) AND F(x; ) as  

F(x)~(1+ )  ,  

asymtotic of f(x; ) AND F(x; ) as  

1  

2.2 Order Statistics 

According to Marcelo Bourguignon et al (2016), the order statistics for transmuted family can 

be obtained by  (110). 

=   which can be view as (7) when defining it 

in term of transmuted family using the required baseline (parent) distribution. 

= 

(7) 

By substituting the pdf and cdf of parent distribution we obtain the order statistics of 

transmuted halfnormal distribution (THND) . 

=

                                                                                         

(8) 

The kth order moment of  is displayed (113) below: 

=               (9) 

The (9) can be simply by binomial expansion as (10) 

=                                                                        (10) 

J =   , substitute for G(x; ) in J to obtain the 

kth order moment of Transmuted Half-Normal. 

=  Put for  J in equation (11). 

=   (12) 

J can be evaluated using numerical integration. 

2.3 Probability Weighted Moment 
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According to Marcelo Bourguignon et al (2016), the probability weighted moment for 

transmuted family can be obtained by                                                                                  

= (13) 

using binomial expansion, the result can be rewritten  

=                  (14)   

  

From (59)  let y =   ,  , then   

=    =  

=         (16) 

=                                       (17) 

The (16)   and (17) can be obtained by following some numerical method of integration and 

substitute them in (14) to obtain the Probability weighted moment. 

2.4 Maximum Likelihood Method for THND 

We consider the estimation of parameters of Transmuted family from samples by maximum 

likelihood. Let  be observed values from this family with parameter . 

=                                  (18) 

=   +                                   (19) 

To obtain the information matrix, we follow this procedure. 

=                               (20) 

=  

= 2                             (21) 

 

=                     (22) 
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=      (23) 

=   

                                                                                  

(24)                         

=  

=

                                    

(25) 

From  , we can form information matrix called J ( ) and the likelihood of 

the two distributions can be used to test for the goodness of fit to determine if transmuted 

distribution is superior to the baseline distribution based on the available data. These 

equations can be solved numerically using Newton-raphson algorithm and the information 

matrix J ( ) is given by (26). 

J ( ) =                                                                                                     (26) 

3. BETA-HALFNORMAL DISTRIBUTION (BHND) 

Akomolafe et al (2017) used the logit of beta defined by Jones to obtain the mixture of Beta 

and Half-Normal distribution which we called Beta- Half-Normal distribution. The beta 

distribution is one of the skewed distributions used in describing uncertainty or random 

variation in a system. It can be used in modeling complex process due to its multi-faceted 

structured when varying the parameter values of the distribution. In view of this, The Beta-

half-normal distribution was compounded as a mixture of beta and half-normal distribution to 

give Beta-halfnormal distribution. 

fBHND(x;a,b,σ)=                              (27) 
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FBHND(z)= , Z =            (28) 

3.1 Estimation of Parameters 

Log-Likelihood Function 

Cordeiro et. al [2011] gave the log-likelihood function for    as 

L( ) = 

 

The Generalized Beta distribution reduces to the class of Beta generated distribution when c = 

1. We hereby have  

L( ) = 

 

 + 

 

=                                                  (29) 

=  

=  

Expressing (29) and (30) in term of digamma function result to (31) and (32) 

=                                     (32) 

=                               (33) 

The numerical method can be employed in solving the equations (30),(31) and (32) so as to 

obtain the parameters , . The loglikelihood can be used to determine if beta-

halfnormal distribution is better than the parent halfnormal distribution and the information 

matrix can be used to test the hypothesis that a= b =1. 

Maximum A Posteriori Estimation 

When we consider   as a random variable, the bayes convert our belief about the parameter 

 of Halfnormal distribution (before seeing data) into posterior probability, P(  | ) ,  by 

using the likelihood function P(X| ) .The maximum a-posteriori (MAP) estimate is defined 

as: 
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=     = argmaxσ  

logL =        (138) 

= + =0  (138)        

= =0                                                                                   (34)               

=                                                                        (35) 

The   could be further simplify  as  (141) and (142) 

=                                                                         (36) 

=                                                               (37)                                                                    

 

Plot of PDF and CDF for Different values of Parameters (BHND, THND and EEPD) 

 

 

             Fig 1: the probability density function of Beta-halfnormal distribution  

The fig 1 above shows the probability density of beta-halfnormal distribution with heavy tail 

to the right. 
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                      Fig 2: the cumulative distribution function of Beta-halfnormal distribution 

 

Fig 3: probability density of Beta-halfnormal at a=2, b= 3 and  

From fig 3, we can say that increased in the value of  a and b makes the density plot more 

kurtic and heavily tailed. 
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Fig 4: the pdf of transmuted halfnormal distribution (THND) 

From fig 4, we can say that the transmuted halfnormal is heavily tailed 

 

Fig 5: the cumulative distribution function of transmuted halfnormal distribution with λ =2 

and  
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                           Fig 6: the probability density function λ = 0.05 and  

From fig 6, we can say as the value of parameter λ reduces ( ), the height of the pdf will 

reduce making its tail to be heavier. 

 

 

Fig 7: cumulative distribution function of transmute halfnormal λ = 0.05 and   
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Fig 8: the cumulative distribution function of transmuted half normal  λ = 0.05 and . 

 

Fig 9: probability density function of transmuted halfnormal distribution λ = 0.05 and 

 . 

 

                         Fig 10: the hazard function of transmuted halfnormal λ = 0.05 and . 
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4. APPLICATION 

Now we use a real data set to show that the THND can be a better model than the HND.We 

work on buying behavior data culled from a standard wholesales outlet, we analyse the data 

by fitting the hybrid newly developed model as well as the HND on it and the table below 

shows the parameter estimation. 

Table 1: Parameter Estimation by Fitting the Hybrid Models to Buying Behavior Data 

parameter Estimate Standard Error t-value 

THND                 λ          2.124 0.212 10.23 

                             1.324 0.130 9.631 

    

BHND                  a 3.213 0.829 8.342 

                             b 4.541 0.932 8.763 

                              1.361 0.718 7.342 

    

HND  1.921 0.143 9.527 

 

WALD TEST 

H0: λ  (the data supported (THND)) VERSUS      H1: λ = 0 

Decision Rule:    Accept H0 if  

W= (R )      where q is the number of parameters in the 

model or the number of rows of the variance-covariance matrix 

=  , at q = 2, is 0.103.  H =  , w =0.023 

Decision 

Since the w < , it establishes reason to accept H0 and conclude that Transmuted 

halfnormal captures the buying behavior data more than halfnormal distribution because of 

the increased in number of parameters which control the flexibility of the distribution.   
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COMPARISON OF CRITERIA 

In order to compare the two distribution models, we consider the criterion like AIC [ Akaike 

Information Criterion[,CAIC [Corrected Akaike Information Criterion] and BIC [Bayesian 

Information Criterion].Transmuted HalfNormal Distribution still establishes that it has a better 

fit than HalfNormal Distribution based on the values shown in the table below 

Table 2: Comparison Criteria  

Hybrid Models Loglikelihood AIC CAIC BIC 

THND 400.5621 805.1242 833.1242 803.8846 

HND 423.2286 854.4572 882.4972 853.2176 

  

5. Conclusion 

In this paper the Transmuted HalfNormal Distribution has been introduced. 

Its mathematical properties have been dealt with. Parameters have been estimated using 

the method of Maximum Likelihood. This distribution has also been applied to  real data 

sets. It has been observed that Transmuted HalfNormal Distribution provides a 

better fit for buying behavior data as compared with 

HalfNormal Distribution.  
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