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ABSTRACT 
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Preliminaries : 

1.1 Definition: 

Let X be a real linear space and ‖. , . ‖ be a non negative real valued function defined on X satisfying the 

following condition: 

(1) ‖𝑥, 𝑦‖ = 0 iff x and y are linearly dependent. 

(2) ‖𝑥, 𝑦‖ =  ‖𝑦, 𝑥‖  for all x, y∈ X. 

(3) ‖𝑥, 𝑎𝑦‖ =  |a|‖𝑥, 𝑦‖ ,a being real, for all x, y∈ X. 

(4) ‖𝑥, 𝑦 + 𝑧‖ =  ‖𝑥, 𝑦‖ + ‖𝑦, 𝑧‖ for all x, y, 𝑧 ∈ X. 

Then ‖. , . ‖ is called a 2-norm and the pair (X, ‖. , . ‖) is called a linear 2-normed space. 

So a 2-norm ‖𝑥, 𝑦‖ always satisfies ‖𝑥, 𝑦 + 𝑎𝑥‖ = ‖𝑥, 𝑦‖ for all x, y∈ X and all scalars a. 

1.2 Definition: 

A sequence {𝑥𝑛} in a 2-normed space (X, ‖. , . ‖) is said to be a cauchy sequence if  lim𝑛→∞‖𝑥𝑚 − 𝑥𝑛 , 𝑎‖ = 0 

for all a in X .  

1.3 Definition: 

A sequence {𝑥𝑛} in a 2-normed space (X, ‖. , . ‖) is said to be convergent if there is a point x in X such that 

lim𝑛→∞‖𝑥𝑛 − 𝑥, 𝑦‖ = 0 for all y in X . If 𝑥𝑛 converges to x , we write 𝑥𝑛 → 𝑥 𝑎𝑠 𝑛 → ∞. 

1.4 Definition: 

A linear 2-normed space is said to be complete if every Cauchy sequence is convergent to an element of X. A 

complete 2-normed space X is called 2- Banach spaces. 

1.5 Definition: 

Let X be a 2-Banach space and T be a self mapping of X. T is said to continuous at x if for every sequence {𝑥𝑛} 

in X , {𝑥𝑛} → 𝑥 𝑎𝑠 𝑛 → ∞ implies {T(𝑥𝑛)} → 𝑇(𝑥) 𝑎𝑠 𝑛 → ∞. 
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Main  Result 

Theorem 2.1: Let E,  F and T are three continuous mappings of a 2-Banach space satisfying the following 

conditions: 

ET = TE , FT = TF, E(X) ⊂ T(X) and  F(X) ⊂ T(X).                                                      (1.1) 

‖(𝐸𝑥 − 𝐹𝑦), 𝑎‖  ≤  𝛼 
‖𝑇𝑦−𝐹𝑦,𝑎‖ [1+‖𝑇𝑥−𝐸𝑥,𝑎‖]

1+‖𝑇𝑥−𝑇𝑦,𝑎‖
+  𝛽 [‖𝑇𝑥 − 𝐸𝑥, 𝑎‖ + ‖𝑇𝑦 − 𝐹𝑦, 𝑎‖] +                                 

𝛾 [‖𝑇𝑥 − 𝐹𝑦, 𝑎‖ +  ‖𝑇𝑦 − 𝐸𝑥, 𝑎‖] + 𝛿‖𝑇𝑥 − 𝑇𝑦, 𝑎‖                                                     (1.2)        

For all x, y in X where 𝛼, 𝛽, 𝛾, 𝛿 ≥ 0, 𝛼 + 2𝛽 + 2𝛾 + 𝛿 < 1. then E,F and T have a common fixed point in X. 

Proof: Let 𝑥0 be an arbitrary element of X and let {T𝑥𝑛} be defined as  

T𝑥2𝑛+1 = E𝑥2𝑛 , T𝑥2𝑛+2 = F𝑥2𝑛+1 for n- 1,2,3,4……                                                      (1.3) 

We can  do this since E(X) ⊂ T(X) and  F(X) ⊂ T(X).      

From (1.2) we have  

‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎 ‖ = ‖𝐸𝑥2𝑛 − F𝑥2𝑛+1, 𝑎‖ 

   ≤  𝛼 
‖T𝑥2𝑛+1−T𝑥2𝑛+2,𝑎‖[1+‖T𝑥2𝑛−T𝑥2𝑛+1,𝑎‖]

[1+‖T𝑥2𝑛−T𝑥2𝑛+1,𝑎‖]
+ 𝛽[‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ + ‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎‖] +  𝛾[‖T𝑥2𝑛 −

T𝑥2𝑛+2, 𝑎‖ + ‖T𝑥2𝑛+1 − T𝑥2𝑛+1, 𝑎‖]  +   𝛿‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ 

≤  𝛼 
‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎‖[1 + ‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖]

[1 + ‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖]
+ 𝛽[‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ +   ‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎‖]

+ 𝛾[‖T𝑥2𝑛 − T𝑥2𝑛+2, 𝑎‖ + 0] +  𝛿‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ 

≤  𝛼 
‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎‖[1 + ‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖]

[1 + ‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖]
+ 𝛽[‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ + ‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎‖]

+  𝛾[‖T𝑥2𝑛 − T𝑥2𝑛+2, 𝑎‖ + ‖T𝑥2𝑛+1 −  T𝑥2𝑛+1, 𝑎‖] + 𝛿‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ 

≤  𝛼 
‖T𝑥2𝑛+1−T𝑥2𝑛+2,𝑎‖[1+‖T𝑥2𝑛−T𝑥2𝑛+1,𝑎‖]

[1+‖T𝑥2𝑛−T𝑥2𝑛+1,𝑎‖]
+ 𝛽[‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ + ‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎‖] + 𝛾 +

 𝛿‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖        [using triangle inequality] 

‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎 ‖  ≤ 𝛼‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎‖ +  𝛽‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ + 𝛽‖T𝑥2𝑛+1 −  T𝑥2𝑛+2, 𝑎‖ +
 𝛾‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ +  𝛾‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎‖ +   𝛿‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ 

‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎 ‖(1 − 𝛼 − 𝛽 − 𝛾) ≤ (𝛽 + 𝛾 + 𝛿)‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ 

‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎 ‖ ≤
(𝛽 + 𝛾 + 𝛿)

(1 − 𝛼 − 𝛽 − 𝛾)
‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ 

‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎 ‖ ≤ ℎ ‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ 

Where  h = 
(𝛽+𝛾+𝛿)

(1−𝛼−𝛽−𝛾)
< 1 

Similarly we can see  

‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎 ‖ ≤ ℎ ‖T𝑥2𝑛−1 − T𝑥2𝑛 , 𝑎‖ 

Proceeding in t is way ,we have  

‖T𝑥2𝑛+1 − T𝑥2𝑛+2, 𝑎 ‖ ≤ ℎ ‖T𝑥2𝑛 − T𝑥2𝑛+1, 𝑎‖ 

                                   ≤ ℎ2 ‖T𝑥2𝑛−1 − T𝑥2𝑛 , 𝑎‖ 
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                                 ≤ ℎ2𝑛+1 ‖T𝑥0 − T𝑥1, 𝑎‖ 

By routine calculation the following inequalities hold for k>n  

‖T𝑥𝑛 − T𝑥𝑛+𝑘, 𝑎 ‖ ≤ ∑‖T𝑥𝑛+1−1 − T𝑥𝑛+1, 𝑎‖

𝑘

𝑖=1

 

                              ≤ ∑ ℎ𝑛+1−1‖T𝑥0 − T𝑥1, 𝑎‖𝑘
𝑖=1     

                             ≤
ℎ𝑛

1−ℎ
  ‖T𝑥0 − T𝑥1, 𝑎‖                          → 0 𝑎𝑠 𝑛 → ∞. 

Hence {T𝑥𝑛} is a Cauchy sequence by the completeness of X. {T𝑥𝑛} converges to a point u in X. It follows 

from (1.3) that {E𝑥2𝑛}and  {F𝑥2𝑛+1} also converges to u. since E,F and T are continuous we have 

E(T𝑥2𝑛) → 𝐸𝑢  ,F(T𝑥2𝑛+1) → 𝐹𝑢                                                                                 (1.4) 

From (1.1) t commutes with E and F therefore  

E(T𝑥2𝑛) = T(E𝑥2𝑛) , F(T𝑥2𝑛+1) = T(F𝑥2𝑛+1) for all  n= 0,1,2,3…………. 

Taking 𝑛 → ∞ we have  

Eu=Tu=Fu and                                                                                                               (1.5) 

T(Tu= T(Eu)) = E(Tu) = E(Fu) = F(Eu) =T(Fu) = F(Tu) = F(Eu) = F(Fu).                  (1.6) 

By (1.2) , (1.5) and (1.6). if Eu  ≠ F(Eu) we have 

‖𝐸𝑢 − 𝐹(𝐸𝑢), 𝑎‖ ≤

𝛼
‖𝑇(𝐸𝑢)−𝐹(𝐸𝑢),𝑎‖ [1+‖𝑇𝑢−𝐸𝑢,𝑎‖]

[1+ ‖𝑇𝑢−𝑇(𝐸𝑢),𝑎‖]
+ 𝛽[‖𝑇𝑢 − 𝐸𝑢, 𝑎‖ + ‖𝑇(𝐸𝑢) −                                   𝐹(𝐸𝑢), 𝑎‖] + 𝛾[‖𝑇𝑢 −

𝐹(𝐸𝑢), 𝑎‖ + ‖𝑇(𝐸𝑢) − 𝐸𝑢, 𝑎‖] +  𝛿‖𝑇𝑢 − 𝑇(𝐸𝑢), 𝑎‖  

                           ≤ (2𝛾 + 𝛿)‖𝐸𝑢 − 𝐹(𝐸𝑢), 𝑎‖ 

                           < ‖𝐸𝑢 − 𝐹(𝐸𝑢), 𝑎‖                         [ (2𝛾 + 𝛿) < 1.
.   . ]                         (1.7) 

Leading to a contradiction . Hence 

Eu = F(Eu). Using (1.6) and (1.7) we get 

Eu = F(Eu) = T(Eu) =E (Eu) 

Which shows that Eu is the common fixed of E,  F and T . 

         Let z and w   (z≠ w) be two points in X such that  

Ez = Fz =Tz= z and Ew = Fw= Tw = w .Then by (1.2) we have  

‖𝑧 − 𝑤, 𝑎‖   =   ‖𝐸𝑧 − 𝐹𝑤, 𝑎‖ 

                 ≤ 𝛼
‖𝑇𝑤−𝐹𝑤,𝑎‖[1+‖𝑇𝑧−𝐸𝑧,𝑎‖]

[1+‖𝑇𝑧−𝐹𝑤,𝑎‖]
+ 𝛽[‖𝑇𝑧 − 𝐸𝑧, 𝑎‖ + ‖𝑇𝑤 − 𝐹𝑤, 𝑎‖] + 𝛾[‖𝑇𝑧 − 𝐹𝑤, 𝑎‖ + ‖𝑇𝑤 −

𝐸𝑧, 𝑎‖] +  𝛿‖𝑇𝑧 − 𝑇𝑤, 𝑎‖ 

                 ≤ 𝛼. 0 + 𝛽. 0 + 𝛾[‖𝑇𝑧 − 𝐹𝑤, 𝑎‖ + ‖𝑇𝑤 − 𝐸𝑧, 𝑎‖] +  𝛿‖𝑇𝑧 − 𝑇𝑤, 𝑎‖ 

                  ≤ (2𝛾 + 𝛿 ) ‖𝐸𝑧 − 𝐹𝑤, 𝑎‖ 

                     < ‖𝐸𝑧 − 𝐹𝑤, 𝑎‖  [ (2𝛾 + 𝛿) < 1.
.   . ]      

Leading to a contraction. Hence z = w. This implies the uniqueness of common fixed point for E,F and T. This 

completes the proof of the theorem. 

http://www.iiste.org/


Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 

ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online) 

Vol.6, No.5, 2016 

 

84 

 

REFERENCES 

[1]. S.Banach, Sur les operations dans les ensembles abstraits etlour applications aux equations integrables, Fund 

.Mat. (1922) 133-181. 

[2]. L. B. Ciric, Generalized contraction and fixed point theorem, Publ. Inst. Math.12 (1971) 20-26. 

[3]. B. Fisher, A Fixed point theorem for compact metric space , Publ. Inst. Math.25 (1976)  

193-194. 

[4]. K. Isoki, S.S. Rajput and P.L. Sharma, An Extension of Banach contraction principle through rational 

expression , Mathematical Seminar notes, Kobe University Vo.(10),1982. 

[5].R. Kannan , some results on fixed points, Bull. Calcutta Math. Soc. 60(1968) 71-76. 

[6]. Geeta Chourasia,  An Extension of Banach contraction principle through rational expression Ganita,Vol.39. 

No.1,1988. 

  

http://www.iiste.org/

