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ABSTRACT

ARTICLE INFO

For two kinds of defects — delamination and transversal failure in the multilayer com-
posite the damages detection method is proposed. The inverse geometrical problems
of crack’s parameters reconstruction were formulated as a sequence of boundary in-
tegral equations (BIE). These boundary integral equations were derived on the basis
of the principle of works mutuality applied to the problem of the composite specimen
stationary oscillations. To solve the integral equations the finite element method, the
boundary element method, and the Tikhonov regularization method were used. As
complementary information for inverse problems solving the displacement field
measured on a mechanical stress free area of the specimen’s surface was served. The
numerical examples of the interfacial cracks and transversal failure of the internal
layers in the multilayered composite were considered in the framework of two-di-
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1. Introduction

The model of linear elastic body with cut and negligi-
ble interaction between cut’s coasts can be successfully
used for describing the solid bodies with cracks. Then
boundary conditions for stress on the both flaw sides
must be set as zero stress condition. In the framework of
such linear model a problem of body stationary oscilla-
tions can be formulated. Solution of this problem makes
possible use of a measured vibration displacement field
on the free surface of body for damage parameters iden-
tification. The most natural statement of these problems
is implemented for the cases when the section, which
contains a defectis known; in a common case this section
may be non planar. For plane cross-section the problem
of defect parameters identification was considered in
(Bannour et all., 1997). The problem of plane flaws iden-
tification at the harmonic excitation of elastic body was
resolved by authors early (Vatulyan and Soloviev, 2003).
Analytical methods developed in the mentioned works,
require of measuring both stress and displacements on

the whole body surface. An identification of interfacial
flaws on the internal boundaries of compound elastic
body refers to the same kind. Some methods of such in-
verse problems resolve have been developed. So, in
(Vatulyan, 2003; Vatulyan et al., 2000) the method of
non-classical BIE was proposed. W. Weikl with coau-
thors (Weikl et al., 2001) were used the iterative algo-
rithm based on the approach proposed in (Kozlov et al,,
1991). Applying to the problem of planar cracks recon-
struction a semi-explicit algorithm for Laplase equation
has been developed by T. Bannour with coauthors (Ban-
nour et al,, 1997).

In order to use of these methods in practical applica-
tions it is necessary to provide the measuring of dis-
placement fields not on the whole boundary, but on its
free part only. On the base of such a statement we pro-
pose three BIE-based approaches to the problem of de-
fects identification. First approach uses statement of BIE
relative to displacement jumps on the cracks, and second
one use stress jump on internal boundaries containing
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interlayer delaminations and transversal fractures. De-
fects reconstruction is conducted step-by-step, sequen-
tially from the first external layer to the next one moving
into the body’s depth from the boundary on which the
measurements are made. Next we derive the BIE system
by application of mutuality theorems for bodies with de-
fects and without it, which reconstruction is implemented
on the previous steps. All constructed equations are the 1st
kind Fredholm integral equations with smooth kernel, and
therefore their resolving requires the regularization tech-
niques. Here we use a combination of a Finite Element
Method (FEM), Boundary Element Method (BEM), the
known Tikhonov’s regularization techniques (Tikhonov
and Arsenin, 1979), and also approaches that has been
proposed in (Vatulyan and Soloviev, 2004).

2. Inverse Problem Statement

In the Cartesian coordinate system Ox;x,x;(x =
(%1,x5,%3)) consider a laminated body located in the
area = UX_, * V. This body is bounded by a surface S
and divided by interfacial surfaces S;,; into k subdo-
mains Vi . Onto surface S a partition § = S;US,US, is
defined, and Sy NS, = Sy NSp. = 5. NSy = 6 (i.e. all sub-
sets not disjointed). An acting stress vector p is defined
on the surface S;, and surface S, is free from the exter-
nal stress. On the surface Spa subset S, c Sy, isavailable
for measurement of displacement vector . Let considered
body, which contalns several separated cracks I' =
UgsaT, (F = F 'y F ) thatare located between the
nearest layers Smt - delamlnatlons case (see. Fig.1).

Fig. 1. Defects free (left) and defected (right) bodies.

At the stationary harmonic oscillations the boundary
value problem for determination of stress-strain state
and geometry of the cracks is formulated using the equa-
tions of linear elasticity (Nowacki, 1970).

al(jk]) pwzui(k) k=12,..,K xeV, (1)
() _ (k) (k)
Oy = CijmYmy- (2)

the boundary conditions for the forward problem

(k)|5 =0, t(k)|5t = a(k)nlet putz )lsfr =0, (3

the definition of continuity constraints on

k k+1 k
ug )|Sint\F= ui(+)|5int\ri ti( )lsint\rz

k+1
6 S \ T “)
conditions on the cracks sides
tPlrE=0,q=12..,M, (5)

and supplementary conditions, corresponded to meas-
uring of displacement vector on S,

k
u?lSy = uf . (6)

In the expressions (1) - (6) a(k) cl(]k%l , arethe stress

and elastic constant tensors components respectively, u;

are displacement vector components, p®*) is material
density, w is anangular frequency, n; are components of
unit normal vector to the corresponding surfaces, and
tl.(k) are i-th components of stress vector applied to the
surface.

Remark 1. In experimental applications the displace-
ment vector distribution is defined most often not eve-
rywhere onto S,, but on some discrete set of points.
These points corresponds to the locations of the sensors,

so, Eqg. (5) must be replaced by

U™ (x) = U, Xy € Sp, m=1,2,...,M. (7)

3. The Auxiliary Problems
3.1. Problem I

Let us consider the problem I for defects free body V°.
Then boundary conditions on the inner surface S;,;
correspond to the continuity of displacements and stress
vectors. The problem statement consists of differential
Eq. (1), (2) for u; (e)s , X € V., the boundary conditions

us, =0, t¥"

S;=acnls, =0, (8)

GE
ti

k *
So 1(1) ]|50:Qi (&i), x§ €Sy, 9)
and continuity constraints on S;,;

(k)|s (k+1)* S t-(k)*|5im _ ti(k+1)*

int = UY; int Sine - (10)
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3.2. Problem II

Next consider the boundary value problem II for body V2 = Ufil * V, at K; < K the same load acting on S,; and

Ky
surface S}

of last layer is stress free. At first we study this problem assuming the defects free body V2.

Fig. 2. The sequence of auxiliary problems for K; = 1 (left), and for K; = 2 (right).

The problem statement consists of differential Eq. (1),
(2) for ;, , x € V?the boundary conditions

1S, =0, IS, = 6;m1S, =0 , (11)

tilS, =0, t1S, = 6my |50 =0 (E{) x$€S,, (12)

K ey .
and Sinlt condition when is stress free

6182 =0, (13)

int

3.3. Problem 111

This boundary value problem is considered for a body
V3= U:{lle U 17,(1 , K, < K which undergoes the same
loads on the surface S, . The surface S;:llt (see Fig. 3,
right) is wholly belongs to the K;-th layer. Three types
of conditions can be set on this surface: 1t - fixed sur-
face, 2nd - sliding contact (restricted normal displace-
ments and zero tangential stress), and 3" - restricted
tangential displacements and zero normal stress. At first
we study this problem assuming the free defects

body V3.

Fig. 3. The 319 auxiliary problem (right K1=3).

The problem statement consists of differential equa-
tions (1), (2) for ;, x € V3, the boundary conditions

ﬁl|5u = 0, fi|5t = 6”n]|5t =0 ; (14)

BISy = 6,m1So =0, (x.€), x§€S,, (15)

K1

and also one from three boundary conditions types S},

e.g. for 1st type of boundary conditions

alsf =0, 16
1

int

Remark 2. Here we assume that ¢ dependence of func-
tions 9/ (x, &), 9, | x, 5 can be considered as one param-
eter set - -

0i(wg)=ro(x-¢) G(xg)=R(x-g) a7
Remark 3. The technique of BIE design with the aid of
the problem II or problem III does not changed if the

bodies V2 and 13 contain known imperfections (possibly
identified on the previous step).

4. Derivation of BIE on the Basis of Auxiliary
Problems Solution

4.1. Derivation of BIE on the basis of problem I
solution

Let’s consider the multilayered material with the
presence of some delaminations and absence of any
transversal failures. Assuming that the problem I is re-
solved denote
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u(k)*|St = qb*(&f), x€S;, €€S,.

Regarding an operator

6 (up,¢°.0") = f,, u0(x)Q; (x.¢)ds, -
I, i (x.§) pix)ds, = 6, (5) (18)

we apply the theorem of works mutuality (Nowacki,
1970) to the bodies V and V1. Taking into account the
continuity conditions (4) on S;,;\I' and (10) onthe S;;,
such equation can be obtained

[t (2 8) xi(x)ds, = G, (£) (19)

where X; (g) - the jumps of displacement vector on the
cracks. Itis important to mark that on S;,,;\I' these jumps
have zero value. Entering a designation

¥ _(Xiat x€T
"(E)_{O at x € S\I"’

into relationship (19) transform it to the system of inte-
gral equations for functions X;(x) , which are defined on
X € Sint'

(k)*
Jie 0 () X (s = 61 (5) 6 €50, @0)
where integration spread over the known surface . Itis
clear that last equation can be used for the cracks shape
reconstruction at variation of excitation frequency and
load distribution.

4.2. Derivation of BIE on the basis of problem Il
solution end examine the integral operator

As well as in the previous section we consider the
multilayered material with the presence of some delam-
inations and absence of any transversal failures. Let aux-
iliary problem II is resolved. Then denote

a®ls, = (x§). xS, £€5,,

and examine the integral operator

F(w,p¢,0") = J, u0(x)0; (x¢)ds, -
Iy, 9 (2 €) pix)ds, = F (¢) . (21)

Applying the theorem of works mutuality (Nowacki,
1970) to the body, which occupy the subdomain V2 we
can obtain

fsi’fllt\r (E' é) ti(Kl) (x)dS, =F, (i) . (22)

Taking into account that multipliers under integral
K1

(22) are defined everywhereon S, .,

and because of (5)

t*r=o, (23)

the relationship (22) can be treated as BIE system on the
known boundary S

o (2 )t ase =R (g): g5, @9

[tis necessary to mark herein an important difference
between the system (20) and (24). Identification based
on the Eq. (20) use that searched variables are not zero
inside the cracks area. Unlike the previous case the crack
reconstruction using Eq. (24) assume zero value of
stress vector components on the crack's coasts, and also
their singular behavior at come to the crack coast out of
intact area. This singularity appears numerically as a
rapid growth of these components.

4.3. Derivation of BIE on the basis of problem III
solution

Now consider the multilayered material with the
presence of some transversal fracture and absence of
any delaminations. Let auxiliary problem III is resolved.
Then denote

F(u0p 970 )a®Is = d(xg), xS, £esy

Considering operator

T(w0p.¢%,0) = f, uf(@)0; (x.£)ds, -
fst bi (E' i) pi(g)de =T (é) , (25)

and applying the mutuality theorem [9] to the body,
which locates in a subdomain 13, we shall obtain

foes 2 () (s, + 1 (8) X ()as, =
n(g). (26)

where Xl-(g) - jumps of displacement vectors on the
transversal cracks (ply fracture). However, in practice,

using of Eq. (26) is impossible because of unknown
K1

boundary S,. Therefore we use a surface S,

located in adjacency to the boundary separating the lay-

which is

ers K, —1 and K; . As S, is asmall quantity we can ne-
glect second summand in Eq. (26) in the first time. Then
Eq. (26) is substituted by

fsl’fllt i ({. i) ui(l) (g)de =T (i) . (27)

It is worth to notice that at presence of transversal
fractures and at successfully selected oscillation fre-
quency the functions ul.(l) are piecewise continuous,
and the points of discontinuity coincide with surfaces in-
tersection. So, it is possible to use of Eq. (26) at the sec-
ond stage with variation of S, position relative to its in-
itial position founded on the first stage.
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5. Frequency Scanning and Cracks Identification

If a used experimental setup and tested structure do
not restrict of the scanning frequency range, it is desira-
ble to expand this range so that it includes as much as
possible of structure’s eigenfrequencies. Then functions
in eq. (20) and (24) will be defined in the following fre-
quency domain

weN=UY0,, 0, =0, 0],

where intervals ), can be chosen after the preliminary
modal analysis of defects free structure. The selected fre-
quency intervals should include those vibration modes,
at which there is an intensive opening of cracks. Usually,
it is the tensile-compression or shear deformations
modes in a neighborhood of a surface S;,,¢, while the flex-
ural modes are less sensitive to existence of the crack-
like imperfections.

Now the system (20) can be rewritten in the form

Js

wen. (28)

" (1.60) X, (x0)dS, =6 (§0), €€ 5,

int !

As the carrier (crack's geometry) of functions X; (g w)
does not depend on w, the solution of the equation (28)
in a frequency set Q allows achieving a high accuracy of
the cracks numerical reconstruction. Let’s mark here
that function G, (§, w) equal to zero everywhere in Q if
the body has no cracks. This circumstance gives a simple
means of cracks detection even if the surface S;,; is a
priory unknown. For this purpose it is enough to choose
any scheme of loading in a problem I, for instance,
scheme (9) at § =&, and to construct a frequency re-
sponse -

GZ((‘))=Gl(§k;(J)), wEN.

At known precision of the displacement field u? (see
Eg. 6) measurements, and known exactitude of integrals
(15) calculation one can conclude a crack’s occurrence
by form of this frequency response.

At the frequency scanning the system (28) is replaced
by the following system

fi 1 (28 0) ! (go)ds, =F (¢), £€ 5
w E N, (29)

where the principle of geometry I' reconstruction does
not depend on frequency w , as well as for (28).

Remark 4. As the functions Q*, 9 are defined on a dis-
crete set of measuring points xm, the integrals in (18)
and (21) can be calculated explicitly.

6. Numerical Examples of Cracks Parameters
Reconstruction

6.1. Example 1

At first consider the problem of identification of two
longitudinal cracks I'; =KL and I, =MN located between
two layers of semi-passive bimorph that has a rectangu-
lar shape AOBCED [A(0;-0.03), 0(0;0), B(0;0.03),
C(0,1;0.03), E(0.1;0), D(0.1;-0.03), K(0.03;0), L(0.05,0),
M(0.065;0), N(0.08;0) ]- all dimensions in meters. The
upper layer OBCE is made of Cu, and lower layer AOED -
made of piezoelectric ceramic PZT-4. The present resolv-
ing scheme leads to Eq. (21), which is resolved in the
framework of plane strain. The forced oscillations at fre-
quency f = (w/(2m)) = 20 kHz are excited by alternat-
ing voltage V, = 1000 V applied to electrodes located on
the sides OE and AD. The boundary AB is fixed; the re-
maining exterior boundaries are stress free.

All numerical simulations were implemented using
FEM package ACELAN (Belokon, 2000). The cracks were
modeled by holes which transversal size is sufficiently
short comparing to their length (~ 10-7). It was sup-
posed that the crack walls do not interact. Near the crack
tip a FEM mesh was essentially condensed. The side BC
was accessible to measurements of the displacement
vector, and on this side 39 interior equidistant nodes
were selected, in which displacements were calculated.
The excitation frequency was chosen from reasons of in-
tensive crack opening, but it should differ from the natu-
ral frequencies of a boundary value problem II. These
natural frequencies are shown in Table 1.

Table 1. The first eigenfrequencies of the studied semi-
passive bimorph (kHz).

Eigenfrequency Free of defects Boundary
No problem II

1 2.851 1.721

2 9.194 7.946

3 9.858 9.575

4 19.01 17.51

5 22.32 27.18

6 24.16 27.88

BIE (24) was resolved on the basis of the Boundary
Element method. For discretization of Eq. (24), a piece-
wise constant and piecewise linear continuous approxi-
mation of unknown depending variables was used. How-
ever, our numerical experiments have shown that the
first scheme is more preferable. The discrete analog of
Eq. (24) was resolved by the Tikhonov regularization
method (Tikhonov and Arsenin, 1979) and regulariza-
tion parameter for n=40 was accepted 2:10-14 (n- num-
ber of points, in which displacements were "measured").

Some obtained results are present in Figs. 4 and 5. Fig.
4 demonstrates the stress amplitude distributions along
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a sample with one crack KL. Two extremes of stress there
correspond to coordinates of the crack’s tips. The dia-
grams of a stress distribution in a specimen with two
cracks are present on a Fig. 4, where for comparison the
graphs created by the solution of the problem (24) and
FEM solution results are displayed. The tips of both
cracks also easily identified.

0 &(—’ =
N\ e
N, |

NT13
_1 \_//
0.02 0.04 0.06 0.08 X1

In the performed numerical experiment the influence
of the number n “measured” points, which provide the
input information, on the precision of crack reconstruc-
tion was also studied. Relative errors of the crack tips de-
termination at different number of the “measured”
points on a side BC at distance 0.25 mm between adja-
cent points are present in Table 2.

o ,MPa C;;
AV AR
0 \\/(:/ //
/
N
Ke=4==1L

0.02 0.04

0.08 X;

Fig. 4. The stress distributions in the intact specimen (left diagram) and in the specimen with interfacial crack KL
(results of the inverse problem (24) solution).

G .,MPa
1,2-0C,,

o

3,4-C #
[g====L/\ :::::N

008 X;

0.02

Fig. 5. The stress distributions in a specimen with two
interfacial cracks KL and MN
(bold lines - FEM solution results; subtle line - BIE so-
lution result).

Table 2. Relative tolerance of crack’s tip coordinate identi-
fication (in percents).

Number of points n Xk XL XM XN
10 5.0 6.4 3.8 5.5
20 4.2 3.6 2.0 33
30 4.2 25 1.9 3.1
40 4.2 25 1.9 3.1

6.2. Example 2

In this example the interface delamination in free bi-
morph (Fe, Cu) plate (0.3x0.04 m) is identified. From the
Table 3, where the first three natural frequencies and vi-
bration modes are shown, one can see that the frequency
near the first flexural mode is not suitable for the effi-
cient crack reconstruction. On the second eigenfre-
quency the principal role a horizontal displacement of
crack’s side is played, and on the third mode - crack
opening along a vertical direction. For this crack identi-
fication the Eq. (20) was used. The discretization of the
searched functions - discontinuities of the crack’s coasts
displacements by 10 piecewise constant elements was
implemented. Fig. 6 demonstrates the found jumps of
horizontal displacements (left graph) near the second ei-
genfrequency (16000 rad/s), and vertical displacement
(right graph) near the third eigenfrequency.
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Table 3. Eigenfrequencies and natural oscillation modes, which are used for the longitudinal crack
(local delamination) identification in the bimorph plate.

Eigenfrequency, kHz

Natural oscillation mode shape

Vertical
displacements

Horizontal
displacement

&
—

R

Vertical
displacements

=
-

12694
SE-10+
4E-104

I

T

)

0.31 0.61 l

T py =
L B e e B - L . * L S B B |

0.31 0.61 )

Fig. 6. The jumps of horizontal (left) and vertical (right) displacements on the crack’s coasts
(explanation in text).

6.3. Example 3

Next example illustrates an application of BIE derived
in sub-section 4.3 for reconstruction of two separated
transversal fractures in intermediate layer of three-ply
laminate. Coordinates of fractures are x=0.02 and
x=0.05 (see Table 4). Preliminary FEM analysis has
shown that on the natural frequency 20.59 kHz, which
provides the major amplitude of horizontal displace-
ments, there an intensive opening of cracks is. Fig.
8 demonstrates the charts of horizontal displace-
ment on a center line of interior layer at harmonic oscil-
lation near to eigenfrequency. Observed displacements

discontinuities on the charts are caused by the presence
of two cracks. On both charts the continuous bold lines
present the solution obtained using finite element
method, whereas the light lines with small circles - solu-
tions obtained by Boundary Element method imple-
mented using GMRES algorithm (Rjasanow and Stein-
bach, 2007). The left plot in Fig. 7 demonstrates solution
of the Eq. (27), and right plot - specified solution of the
Eq. (26). BEM based solutions are implemented by using
of piecewise continuous approximation, which is the
most preferable for discontinuous solutions. One can see
thatlocation of both cracks is reconstructed with the sat-
isfied precision.
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Table 4. Eigenfrequencies and natural oscillation modes, which are used for two transversal crack
identification in the in the three-layered plate.

Eigenfrequency, kHz

Natural oscillation mode shape

7.11
Horizontal
displacement
20.59
uj uj
429 4E5
256 265
i x 1€
269] n n 2e8] n n
1 1l 1 | 1 1
T T T T T L R e e
0.2l 0.51 I 0.21 0.51 l

Fig. 7. The results of two transversal fracture reconstructions in the intermediate layer of three-ply laminate
(explanation in text).

7. Conclusions

The boundary integral equation method is proposed
and effectively used to solve the problem of longitudinal
and transversal crack identification in multilayered elas-
tic structures. These boundary integral equations were
derived using the principle of works mutuality applied to
the problem of stationary oscillations of the multi-
layered elastic structures. In order to excite these oscil-
lations into a broad frequency range, which contains
some eigenfrequencies of the studied structure, the local
sources of harmonical excitation are provided. These
sources can be disposed on some part of tested struc-
ture’s surface. As input information for the defects iden-
tification problem the displacements, which are meas-
ured on the discrete set of points belonging to the stress
free area of the tested specimen’s surface is used.

e Precision of the crack’s tips coordinates determina-
tion essentially depends on location of the displacement
field measurements area. Therefore at the use of discrete
set of points for measuring of displacement field (the

positional probe) their location should be extended on
the overall accessible area. The obtained overdeter-
mined equations system can be resolved by application
of some regularization scheme.

e If the choice of oscillation frequencies is not re-
stricted by a measuring apparatus and by specificity of
atested structure, itis necessary to perform the prelim-
inary numerical modal analysis with the purpose of op-
erational frequencies selection. It is necessary to select
those frequencies, which cause intensive motions of a
material close to guessed imperfections. It is possible
also to expand the resolving linear equation system by
scanning in a broad frequencies band (frequency scan-
ning).

e To increase the reliability of the identification results
in the areas with high gradients of the solution, the iter-
ative reconstruction scheme with sequentially finer fi-
nite element mesh is desirable.

e Use of the step by step reconstruction scheme allows
identifying multiple imperfections located in the differ-
ent layers of a multilayered composite material.
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