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Stochastic Differential Equations for the Wright-Fisher Model

Kishiko Maruyama
(Department of Statistical Science, The Graduate University for Advanced Studies)

Yoshiaki Itoh
(The Institute of Statistical Mathematics and The Graduate University for Advanced Studies)

Consider a population of N particles each of which is one of m types, A, As, ..., An.
The types may represent species, alleles, genotypes or other classification. We then
consider random collisions between particles, which are assumed to occur at the rate Ad¢
per time interval (¢, £+ dt) for each particle. If a pair of particles of different types 7 and
7 collide, then after the collision the both particles are the type 7 with probability 1/2 and
the type j with probability 1/2. If the type of the colliding particles are the same, no
change occurs.

We can approximate our random collision model by the following stochastic
differential equation, in Ito’s sense. In it, the relative abundance of type ¢ increases
by cv/x:(£)x;(¢) dB:;(¢t) and the relative abundance of type j decreases by

v x%:(t)x;(¢) dB:;(¢) by the interaction of the particles of type ¢ and j, where c=vA/2N.
Hence our random collision model automatically makes the following equation (1), which

has the genetic drift matrix as covariances, for ¢, j=1,2, ..., m,
)} dxi(t)=§1c¢xi(t)xj(t)dBij(t)

with B (#)+B,;(¢)=0, where B;;(t) (i>;) are mutually independent one-dimensional
Brownian motion with mean 0 and variance £.

It is pointed out that the stochastic differential equation (1) in Stratonovich’s sense
represents a Brownian motion on a sphere by a correspondence y{=x;, and that the
transition probability density for the isotropic diffusion on a sphere gives the density for the
Wright-Fisher model of a particular mutation rate.

Key words: Ito integral, Stratonovich integral, Wright-Fisher model, Brownian motion on a
sphere.



