Journal of Advanced Mathematics 01[01] 2015

www.asdpub.com/index.php/jam

Original Article

Generalizations on contractive mappings in metric spaces

N. B. Okelo™1, P. 0. Mogotu? and Sabasi Omaoro?

1School of Mathematics and Actuarial Science, Jaramogi Oginga Odinga University of Science and Technology, P. O.
Box 210-40601, Bondo-Kenya

2Department of Mathematics, Kisii University, P. 0. Box 408-40200, Kisii-Kenya

*Corresponding Author Abstract

N. B. Okelo

School of Mathematics and Actuarial Science,
Jaramogi Oginga Odinga University of Science
and Technology, P. 0. Box 210-40601,
Bondo-Kenya

E-mail: bnyaare@yahoo.com

Keywords:
1 Metric space,
Fuzzy sets and Contractions

We present new results on generalizations on metric spaces. New results are given
on contractions in metric spaces and their fuzzy sets.

1. Introduction

In this paper we initiate the study of fixed point theory for
fuzzy contraction mappings in the settings of b-dislocated metric
spaces.

2. Definitions and terminologies
Definition 2.1 [20] Let X be a nonempty set. A mapping
d, : X x X —[0,00) is called a dislocated metric or d, -metric if the
following conditions hold for any x,y,z e X

M 1fd,(x,y)=0, then X=Y

(i) d, (x, y) =d,(y,x),

(iii) d,(x,z) <d,(x,2)+d,(z,y)

The pair (x,d,) is called a dislocated metric space or a ¢, -

metric space.
Note that when X =Y, d,(x,y) may not be 0.

Example: If X = R* U{0}, then d (X, y)=x+y defines a d, -metric on
X.

Definition 2.2 [4] Let X be a nonempty set and let s >1 be given real
number. A function d : X x X —[] " is said to be a b-metric if and only if
forall X,y,z € X the following conditions are satisfied:

1. d(x,y)=0 ifand only if X=1Y;

2.d(xy)=d(y, %) ;

3.d(x,z) <s[d(x y)+d(y,2)]

The pair (x,q) is called a b-metric space with parameter S.

Definition 2.3
b, : X x X —[0,00) is called a b-dislocated metric or bd -metric if the

[18] Let X be a nonempty set. A mapping

following conditions hold for any X,y,ze X :
(b, J1f b, (X, y) =0, then x =y
(b, ) by (%, y) =y (v, X),
(by, ) by (x,2) <s(by (%, 2) +5 (2, Y))
The pair (X, b,) is called a b-dislocated metric space or a b, -
metric space. It should be noted that the class of b, -metric spaces is
effectively larger than that of ¢ -metric spaces, since a b, -metric is a

d, -metric when S=1.
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In general a b, -metric need not be a dI -metric, as the
following Example shows.
Example 1.8 Let X =[0,+x). Define the function b, : X x X — [0, )
by b, (X,y) = (x+ y)?. Then (X,b,) is a p, -metric space with constant

s =2.Itis easy to see that (X,b,) is not a b-metric or dI -metric space.

In [18] showed that each bd -metric on X generates a

topology 7, whose base is the family of open b, -balls

B, (x,&) ={y e X :b,(x,y) <&}

Also in [18] are presented some topological properties of bd -metric

spaces; (X,b,,z,) is a Hausdorff space and first countable.

Definition 2.4 Let (X,b,) a b, -metric space, and (X,),., be a
sequence of points in X . A point X € X is said to be the limit of the

sequence (X.),. if limb, (x,,x) =0 and we say that the sequence
nN—w0

(X,),oy is b, -convergentto X and denote itby X, — X as N —» 0.

The limit of a bd -convergent sequence in a bd -metric space is unique
[18, Proposition 1.27] .
Definition 2.5 [18] A sequence (X,)

neN ina bd -metric space (x,bd) is

called a b, -Cauchy sequence iff, given & > 0, there exists n, € N such

that for all nm>n,, we have b,(x,,X,) <& or |im b, (x,.x,)=0 -
n,m-—o

Every bd -convergent sequence in a bd -metric space is a bd -Cauchy

sequence.

Remark 2.6 The sequence (X,),. in a b, -metric space (X,h,) is

called a b, -Cauchy sequence iff |jm by (X, X,,,) =0 forall pe N*.

Definition 2.7 A b, -metric space (X,b,) is called complete if every b,
-Cauchy sequence in X is b, -convergent.

In general a p, -metric is not continuous, as in Example 1.31 in [18]
showed.

Lemma 2.8 [18, Lemma 1.32] Let (X,b,) be a b, -metric space with

s>1, and suppose that (X,),_, and (Y,),. are b, -convergent to

neN

X, Y respectively. Then, we have
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Sizbd x,y) < Iir:ligf d(X,,¥,) < Iir:ﬁjgpbd (X, ¥,) <8°b, (X, Y)

In particular, ifb, (x, y) = 0, then we have !mbd (%,,¥,)=0=Db,(x,y)-
Moreover, for each Z € X we have

%bd (x,2) < IiTJEf b, (x,,z) < Iir:ﬁsup b, (X,,z) <sb,(x,2)

In particular, ifb, (x,z) = 0, then we have ,!im,bd (x,,2)=0=Db,(x,2)-
Lemma 2.9 Let (X,b,) be a b, -metric space with parameter S and
(%), @sequencein X such that:

by (X415 Xoh0) £ A0 (X, X,,,) forall ne N where 0<q<1.Then
the sequence (Xn)nEN is bd -Cauchy sequence in X provided that
sq<1.

Proof. For any N € N we have that:

Dy (%111 %0.2) < Qg (%, %,.0) <0y (%1, %) <. < 0"y (%, %)

For all peN

by (x

=Y -1,
+Sp bd (Xn+p—2 ’ Xn+p—1) + Sp bd (Xn+p—1y Xn+p)

o Xovp) < 8By (X0, X0 ) + 57Dy (X Ly %) + oo

<5q"b, (X5, %) + szqnﬂbd (% %) +---+5p71qn+p72bd (X0 %) +
_'_Sp—lanrp—lbd (X0| X1)

=50"(L+5q +5°0% +...+(30)* " +5°2° )b, (%, %,)
<sq"[L+5q+5°G% +...+(sq) P2 +5"7q b, (%o, X))

sq"
=——[1-(sq)" b, (X,,
g B (0", ()
Since _S9" [1—(sq)?]d(x,, x,) — 0+ as N —>o0, the sequence (X)) nen
1-sq

is b, -Cauchy sequence in X.
We need the following Definitions and Lemmas according to [1].
Definition 2.10 Let (X,b,) be a bd -metric space with parameter S.
The Hausdorff b, -metric H on ¢(x); the collection of all nonempty
compact subsets of (X, b,) is defined as follows:

max{sup,, d(x, B),sup, s d(y, A)}
H(AB) = if the maximum exists

oo, otherwise

It is known [1] that (C(X),H) is a complete b-metric space
provided (X,b,) is a complete b-metric space.

We cite the following Lemma:
Lemma 2.11 Let (X b,) be a b, -metric space with parameter S and

AB,C eC(X).
Then:
(i) d(x,B)<d(x,y) forany yeB,

(i) d(A,B)<H(AB)
(i) d(x,B)<H(AB), xeA,
(iv) H(A,C)<s[H(AB)+H(B,C)]
() d(x,A) <s[d(x,y)+d(y,A)], x,ye X .
Let (X,b,) be a D -metric space with parameter S and
A,BeC(X).Thenforall b € B thereexists &€ A such that:
d(a,b) <sH(A,B)
Let (X,b,) bea bd -metric space with parameter S. A fuzzy

setin X is a function with domainin X and valuesin [0,1].If A isa

fuzzy set and X € X , then the function-value A(X) is called the

grade of membership of X in A . The collection of all fuzzy sets in X
denoted by . (X).
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Let Ae.7(X) and o €[0,1]. The & -level set of A, denoted by Aa,
is defined by

A ={xe X :AKX)>a}if a (0], A ={xe X :A(X) >0}
whenever B is the closure of set (non-fuzzy) B with respect to

topology induced by b-metric.
We consider a sub-collection of -(x) denoted by , (x); for any

Aer (X),its o -level set is a nonempty compact subset (non-fuzzy)
of bd -metric space (X,b,) for each a <[0,1] and sup, _x AX)=1;

named the collection of all approximate quantities.
Definition 2.12 Let (x,b,) be a b, -metric space with parameter S

andlet A,B e 7 (X) and « €[0,1]. Then we define,
p,(AB)=inf{d(x,y):x< A, yeB}=d(A,B,)
D,(AB)=H(A, B,)

p(A,B) =sup{p, (A B):a e[0,1]}
D(A,B) =sup{D, (A, B): & <[0,1]}.

It is easy to see that D is a b, -metric with parameter S in
7 (X),provided that (X, b,) isa bd -metric space with parameter S .
Definition 2.13 Let (X,b,) be a bd -metric space with parameter S.
The mapping T is said to be a fuzzy mapping if and only if is mapping
from the set X into 7 (X),ie, T(X) €7 (X) foreach xe X .
Definition 2.14 The point Z € X is called fixed point for the fuzzy
mapping T ifand only if {Z} = T(z).
The analogues lemmas of Heilpern in settings of bd -metric spaces are:
Lemma 2.15 Let xe X , Ae7 (X) and {x} be a fuzzy set with
membership function equal to characteristic function of the set {X}.
Then {x} c A ifand only if p_(x, A)=0 for each o €[0,1].
Lemma 2.16 p_(x,A) <s[d(x,y)+ p,(y,A)] for all x yeX and
Aer (X).
Lemma 2.17
Berz (X).

Lemma 2.18 Let (X,b,) be a complete b, -metric space with

If {x,}= A, then p_(X,,B)<D,(A B) for each

parameter S, T : X —7 (X) be a fuzzy map and x, € X . Then there
exists x, € X suchthat {x}c=T(x,).

Let (X,b,) be a b-metric space with parameter S .

We consider a sub-collection of ~(X) denoted by *(X) such that
for any Ae7 *(X), its o —level set is a nonempty compact subset

(non-fuzzy) of X for each o <[0,1]. It is obvious that each element

Ae7 (X) leadsto Ae” "(X) but the converse is not true.

3. Main results
Next, we introduce the improvements of the lemmas in
Heilpern [6] as follows.

Lemma 3.1 Let (X,b,) be a bd -metric space with parameter S and
Xe X, Aerz*(X) and {X} be a fuzzy set with membership
function equal to characteristic function of the set {X}.

Then {x} c A ifand onlyif P, (X, A) =0 for each & €[0,1].

Lemma 3.2 p_(X,A) <s[d(x,y)+p,(y,A)] for all x,yeX and
Aerz " (X).

The proof of this lemma is particular case of Lemma 2.4 (v)

Lemma 3.3 If {x,}= A, then p,(x,B)<D,(AB) for each

Ber*(X)-
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Lemma 3.4 Let (X,b,) be a complete bd -metric space with
parameter S, T :X —7 *(X) be a fuzzy map and x; e X . Then there
exists x, e X such that {X1}CT(X0)'

Theorem 3.5. Let (X,by) be a complete bd -metric space with
parameter S and with continuous bd -metric in each coordinate,
T:X =7 *(X) be afuzzy mapping such that:

D(Tx, Ty) <q[d(x, y)]

where ( is real constantand g < q< 1 Then T hasa fixed point.
S

Proof. For a arbitrary point x, € X there exists X, € X such that
{x}<=T(x,) and x, € X such that {x,} = T(x,) and
d (%, %) < D(Tx;, Tx) < qd (%, %)

Similarly, there exists X, € X such that

d(X;, %) < DT, TX,) < qd (%, X;) < q*(d (%5, %,))

So we construct a sequence (x,),_, such that:

d(xn’ Xn+1) S q(d (Xn—l’ Xn ))

By Lemma 2.9 the above sequence is Cauchy in complete b-
dislocated metric space (X,h,), so there exists a ze X such that

limx, =z- By Lemmas 2.16 and 2.17 we get:

n—w

p,(z,Tz) <s[d(z,x,)+ p, (X,,Tz)]
<s[d(z,x,)+D, (Tx, ,,Tz)]
<s[d(z,x,)+D(Tx,;,Tz)]
<sfd(z,x,)+d (X, 4, 2)]

Since d is continuous, letting N—>o0 , we have

P, (z,Tz) =0 and By Lemma 2.15, {z} = T(z) .
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