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Abstract

This note shows that split-2 bisimulation equivalence (also known as
timed equivalence) affords a finite equational axiomatization over the process
algebra obtained by adding an auxiliary operation proposed by Hennessy in
1981 to the recursion free fragment of Milner’s Calculus of Communicat-
ing Systems. Thus the addition of a single binary operation, viz. Hennessy’s
merge, is sufficient for the finite equational axiomatization of parallel com-
position modulo this non-interleaving equivalence. This result is in sharp
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contrast to a theorem previously obtained by the same authors to the effect
that the same language is not finitely based modulo bisimulation equivalence.
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68Q10, 68Q45, 68Q55, 68Q70.

CR SUBJECT CLASSIFICATION (1991): D.3.1, F.1.1, F1.2, F.3.2, F.3.4,
F.4.1.

KEYWORDS AND PHRASES Concurrency, process algebra, CCS, bisimula-
tion, split-2 bisimulation, non-interleaving equivalences, Hennessy’s merge,
left merge, communication merge, parallel composition, equational logic,
complete axiomatizations, finitely based algebras.

1 Introduction

This note offers a contribution to the fascinating study of equational characteri-
zations of the parallel composition operation modulo (variations on) the classic
notion of bisimulation equivalence [14.119]. In particular, we provide a finite equa-
tional axiomatization o$plit-2 bisimulation equivaleneea notion of bisimulation
equivalence based on the assumption that actions have observable beginnings and
endings([9, 10, 11]—over the recursion, relabelling and restriction free fragment of
Milner's CCS [14] enriched with an auxiliary operator proposed by Hennessy in a
1981 preprint entitledOn the relationship between time and interleavirgd its
published versiori [11]. To put this contribution, and its significance, in its research
context, we find it appropriate to recall briefly some of the key results in the his-
tory of the study of equational axiomatizations of parallel composition in process
algebra.

Research on equational axiomatizations of behavioural equivalences over pro-
cess algebras incorporating a notion of parallel composition can be traced at least
as far back as the seminal pager|[12], where Hennessy and Milner offered, amongst
a wealth of other classic results, a complete equational axiomatization of bisimu-
lation equivalence over the recursion free fragment of CCS. (See the paper [5] for
a more detailed historical account highlighting, e.g., Hans &gkéarly contribu-
tions to this field of research.) The axiomatization given by Hennessy and Milner
in that paper dealt with parallel composition using the so-caddgolansion law-
an axiom schema with a countably infinite number of instances that is essentially
an equational formulation of the Plotkin-style rules describing the operational se-
mantics of parallel composition. This raised the question of whether the parallel
composition operator could be axiomatized in bisimulation semantics by means of
a finite collection of equations. This question was answered positively by Bergstra
and Klop, who gave in]8] a finite equational axiomatization of the merge operator
in terms of the auxiliary left merge and communication merge operators. Moller



clarified the key role played by the expansion law in the axiomatization of parallel
composition over CCS by showing in[16,/17] 18] that strong bisimulation equiva-
lence isnotfinitely based over CCS and PA without the left merge operator. Thus
auxiliary operators like the ones used by Bergstra and Klop are indeed necessary
to obtain a finite axiomatization of parallel composition. Moreover, Moller proved

in [16, [17] that his negative result holds true for each “reasonable congruence”
that is included in standard bisimulation equivalence. In particular, this theorem
of Moller's applies to split-2 bisimulation equivalence since that equivalence is
“reasonable” in Moller’s technical sense.

In his paperi[11], Hennessy proposed an axiomatization of observation congru-
ence[12] (also known as rooted weak bisimulation equivalence) and timed congru-
ence (essentially rooted weak split-2 bisimulation equivalence) over a CCS-like
recursion free process language. Those axiomatizations used an auxiliary oper-
ator, denoteq/ by Hennessy, that is essentially a combination of Bergstra and
Klop’s left and communication merge operators. Apart from having soundness
problems (see the reference [1] for a general discussion of this problem, and cor-
rected proofs of Hennessy'’s results), the proposed axiomatization of observation
congruence offered inp. cit is infinite, as it used a variant of the expansion the-
orem from [12]. Confirming a conjecture by Bergstra and Klog in [8, page 118],
and answering problem 8 inl[2], we showed [in [3] that the language obtained by
adding Hennessy'’s merge to CCS daesafford a finite equational axiomatization
modulo bisimulation equivalence. This is due to the fact that, in strong bisimula-
tion semantics, no finite collection of equations can express the interplay between
interleaving and communication that underlies the semantics of Hennessy's merge.
Technically, this is captured in our proof of the main resulfin [3] by showing that
no finite collection of axioms that are valid in bisimulation semantics can prove all
of the equations in the following family:

n n n
aO)/ZELai A azaai—i—ZTai (n>0) .
=0 =0 =0

In split-2 semantics, however, these equations are not sound, since they express
some form of interleaving. Indeed, we prove that, in sharp contrast to the situation
in standard bisimulation semantics, Hennessy's meagebe finitely axiomatized
modulo split-2 bisimulation equivalence, and its use suffices to yield a finite axiom-
atization of the parallel composition operation. This shows that “reasonable con-
gruences” finer than standard bisimulation equivalence can be finitely axiomatized
over CCS using Hennessy’s merge as the single auxiliary operation—compare with
the non-finite axiomatizability results for these congruences offered in 16, 17].

The paper is organized as follows. We begin by presenting preliminaries on
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the language CGg—the extension of CCS with Hennessy’s merge operator—and
split-2 bisimulation equivalence in Set. 2. We then offer a finite equational axiom
system for split-2 bisimulation equivalence over GL&nd prove that it is sound
and complete (Sedt] 3).

This is a companion paper to [3], where the interested readers may find further
motivation and more references to related literature. However, we have striven to
make it readable independently of that paper. Some familiarity with [1, 11] and
the basic notions on process algebras and bisimulation equivalence will be helpful,
but is not necessary, in reading this study. The uninitiated reader is referred to the
textbooks |[6) 14] for extensive motivation and background on process algebras.
Precise pointers to material inl [1,111] will be given whenever necessary.

2 Thelanguage CCY%

The language for processes we shall consider in this paper, henceforth referred to
as CCgy, is obtained by adding Hennessy’s merge operator frorn [11] to the recur-
sion, restriction and relabelling free subset of Milner's CCS [14]. This language is
given by the following grammar:

p==0 | up | p+p | plp | plp,

wherey ranges over a set afctionsA. We assume that has the form{7} UAUA,
whereA is a given set ohamesA = {a | a € A} is the set otomplement names
andr is a distinguished action. Following Milnelr [14], the action symbabill
result from the synchronized occurrence of the complementary actianda. We

leta, b range over the set ofisible actions\ U A. As usual, we postulate that= a

for each names € A. We shall usep, ¢, r to range over process terms. Téige

of a term is the number of operation symbols in it. Following standard practice in
the literature on CCS and related languages, traliagvill often be omitted from
terms.

The structural operational semantics for the language £ Gi8en by Hen-
nessy inl[11, Sect. 2.1] is based upon the idea that visible actions have a beginning
and an ending. Moreover, for each visible actigrthese distinct events may be
observed, and are denoted ${u) and F'(a), respectively. We define

E=AuU{S(a),F(a)|a € AUA} .

In the terminology ofi[11], this is the set ef/entsand we shall useto range over
it. As usual, we writel* for the collection of finite sequences of events.



Table 1: SOS Rules fof (1 € A,a € AU A ande € E)

S(a) F(a) T
ap — agp asp — up —p

e e
p—Ss q—Ss

pt+qg—s p+qg—s

e e a
s — s t—t/ s ¢t 2t

st =8|t s|t-—S st s|t—ss |t

p——s Py, g ¢

pla-"slq plqg-—p|q

The operational semantics for the language g@sSgiven in terms of binary
next-state relations—, one for each event € E. As explained in[[11], the
relations—— are defined over the set sfatesS, an extension of CC$ obtained
by adding new prefixing operations; (a« € A U A) to the signature for CG%.
More formally, the set of states is given by the following grammar:

su=p | asp | s|s,

wherep ranges over CC%. Intuitively, a state of the formgp is one in which the
execution of actior: has started, but has not terminated yet. We shallsuséo
range over the set of statés

The Plotkin style rules for the languageare given in Tabl€l1l; comments on
these rules may be found in |11, Sect. 2.1].

Definition 2.1 For a sequence of events= ¢ - - - ¢;, (k > 0), and states, s’, we
write s —— s’ iff there exists a sequence of transitions
8280&81&-”&&9:8, .
If s -/ s holds for some staté, theno is atraceof s.
The depthof a states, written depth(s), is the length of the longest trace it
affords.

In this paper, we shall consider the language @C&hd more generally the set of
statesS, modulo split-2 bisimulation equivalence [4,9]11]. (The weak variant of
this relation is called-observational equivalendsy Hennessy in‘[11]. Later on,
this relation has been calleiined equivalencen [4]. Here we adopt the terminol-
ogy introduced by van Glabbeek and Vaandragelrlin [9].)

5



Definition 2.2 Split-2 bisimulation equivalencelenoted by ,q, is the largest
symmetric relation ove$ such that whenever < ,, t ands — s/, then there is
a transitiont — ' with s’ < »q ',

We shall also sometimes refer 48,5 assplit-2 bisimilarity. If s < g t, then
we say thak andt aresplit-2 bisimilar

In what follows, we shall mainly be interested ir,¢ as it applies to the lan-
guage CCg. The interested reader is referred|[tol[11, Sect. 2.1] for examples of
(in)equivalent terms with respect te,5. Here, we limit ourselves to remarking
that < ,5 is a non-interleaving equivalence. For example, the reader can easily
check that

a|bbogalb+abygab+ba .

It is well-known that split-2 bisimulation equivalence is indeed an equivalence re-
lation. Moreover, two split-2 bisimulation equivalent states afford the same finite
non-empty set of traces, and have therefore the same depth.

The following result can be shown following standard lines—see, glg., [4].

Fact 2.1 Split-2 bisimilarity is a congruence over the language @CBloreover,
for all statess, s',t,t, if s =59 8" @andt —,q ¢/, thens |t =45 " | T

A standard question a process algebraist would ask at this point, and the one that
we shall address in the remainder of this paper, is whether split-2 bisimulation
equivalence affords a finite equational axiomatization over the language; CCS
As we showed in [3], standard bisimulation equivalence is not finitely based over
the language CGg In particular, we arguedidemthat no finite collection of
equations over CGg that is sound with respect to bisimulation equivalence can
prove all of the equations

n
en a0|/pn ~ apn—l—ZTai (n>0), D)
=0

wherea® denotes), a™*! denotes:(a™), and the termg,, are defined thus:
n .
Pn = aa" (n>0) .
i=0
Note, however, that none of the equatiansholds with respect te-,5. In fact,
for eachn > 0, the transition

n
oS
apn + E Ta' 2a) aspn
=0



Table 2: The Axiom Systeri for CCSy Modulo <,

Al r+y ~ y+x

A2 (x4+y)+z =~ 2+ (y+2)

A3 rT+r = T

A4 r+0 =~ =x
HM1 z+y)lz ~ zf z2+y| 2
HM2 @lyfz~ = (yl2
HM3 /0 ~ =z
HMA4 0fz ~ 0
HMS5 (r2)fy =~ 7(x]|y)
HM6  azf (@yf w)+2) ~ azf ((ayf w)+2)+7(|y|w)
M zly = (@fy)+ @l =

cannot be matched, module ,¢, by the terma0 | p,. Indeed, the only state
reachable fromu0 | p, via anS(a)-labelled transition isis0 | p,. This state is
not split-2 bisimilar toagp,, because it can perform the transition

S(a
as()’pn(;‘zaso‘@so,

whereas the only initial eventsp,, can embark in isF'(a). Thus the family of
equations on which our proof of the main result fram [3] was based is unsound
with respect to split-2 bisimilarity. Indeed, as we shall show in what follows, split-
2 bisimilarity affords a finite equational axiomatization over the languagefCS

if the set of actionsA is finite. Hence it is possible to finitely axiomatize split-2
bisimilarity over CCS using a single auxiliary binary operation, viz. Hennessy'’s
merge.

3 An Axiomatization of Split-2 Bisimilarity over CCS g

Let £ denote the collection of equations in Table 2. In those equations the symbols
x,y,w, z are variables. Equation HM6 is an axiom schema describing one equation
per visible actioru. Note that€ is finite, if so isA.

We write £ - p ~ ¢, wherep, ¢ are terms in the language CgShat may
possibly contain occurrences of variables, if the equatios ¢ can be proven
from those in€ using the standard rules of equational logic. For example, using



axioms Al, A2, A3, M, HM1 and HM2, it is possible to derive the equations:

|0 = =z 2
Olz ~ x 3
z|ly =~ ylx and 4)
@y lz = z|(y]=2) (5)

that state that, module- g, the language CGgis a commutative monoid with
respect to parallel composition withas unit element. (In light of the provability

of (@), we have taken the liberty of omitting parentheses in the second summand of
the term at the right-hand side of equation HM6 in Tdhle 2.) Moreover, it is easy
to see that:

Fact 3.1 For each CCg termp, if p <44 0, then the equatiop ~ 0 is provable
using A4, HM4 and M.

All of the equations in the axiom systefimay be found in the axiomatization of t-
observational congruence proposed by Hennessy In [11]. However, the abstraction
from 7-labelled transitions underlying t-observational congruence renders axiom
HM2 above unsound. (See the discussion in [1, Page 854 and Sect. 3].) Indeed, to
the best of our knowledge, it is yet unknown whether (t-)observational congruence
affords a finite equational axiomatization over CCS, with or without Hennessy’s
merge.

Our aim, in the remainder of this note, will be to show that, in the presence of
a finite collection of actiongl, split-2 bisimilarity (that is strong t-bisimulation$
finitely axiomatizable over the language C&£.SThis is the import of the following:

Theorem 3.1 For all CCSy termsp, ¢ not containing occurrences of variables,
p a9 qif,and only if, £ - p ~ q.

We now proceed to prove the above theorem by establishing separately that the
axiom systen€ is sound and complete.

Proposition 3.1 [Soundness] For all CGhtermsp, g, if £ - p = ¢, thenp <, q.

Proof: Since < ,¢ is a congruence over the language GQ%ac{2.1), it suffices
only to check that each of the equation<iis sound. The verification is tedious,
but not hard, and we omit the details. O

Remark 3.1 For later use in the proof of Propositibn 3.3, we note that equations
(2)-(8) also hold module- ,¢ when the variables, y, z are allowed to range over
the set of state§.



The proof of the completeness of the equations imith respect to« ,5 follows

the general outline of that of [11, Theorem 2.1.2]. As usual, we rely upon the
existence of normal forms for CG&erms. In the remainder of this paper, process
terms are considered modulo associativity and commutativity of +. In other words,
we do not distinguisp+¢ andg+p, nor (p+¢)+r andp+ (¢+r). This is justified
because, as previously observed, split-2 bisimulation equivalence satisfies axioms
Al, A2 in Table2. In what follows, the symbet will denote equality modulo
axioms A1, A2. We use summationd .,  ;y pi to denotep; + - - - + py, where

the empty sum represerts

Definition 3.1 The set NF ohormal formss the least subset of CGSsuch that
> aipi { )+ ra; €NF
icl jed
wherel, J are finite index sets, if the following conditions hold:
1. the termg;, p) (¢ € I) andg; (j € J) are contained in NF and

2. ifa;ipi | pi — q for someg, thenq = ¢; for somej € J.

Proposition 3.2 [Normalization] For each CCgtermp, there is a termp € NF
such that + p ~ p.

Proof: Define the relation< on CCSy; terms thus:

p < ¢ if, and only if,
e depth(p) < depth(q) or
e depth(p) = depth(q) and the size op is smaller than that of.

Note that< is a well-founded relation, so we may ugeinduction. The remainder
of the proof consists of a case analysis on the syntactic form of

We only provide the details for the cage- ¢ V r.(Thecasep =0,p =q+r
andp = ugq are trivial—the last owing to the fact thay ~ uq V 0 is an instance
of axiom HM3—, and the casg = ¢ | r follows from the case that is treated in
detail using axiom M.)

Assume therefore that= ¢ | . Thendepth(q) < depth(p) and the size of
is smaller than that gf, sog < p. Hence, by the induction hypothesis there exists
G € NF such that I ¢ =~ ¢, say

§=> (aq | a)+> 74} .
iel

jeJ



By axiomsHM1, HM2, HM4 andHMS35 it follows that
pe Y ag | (gr)+> 7(d] ) .
icl jed
Sincedepth(q;), depth(q}) < depth(q) = depth(q) for eachi € I andj € J, it
follows that

depth(q} | ), depth(q] | r) < depth(q | v) = depth(q | r) = depth(p) |,

and hencey; | » < p andqj | r < p. By the induction hypothesis there are normal
forquQ/]\r, W suchthatt + ¢, | r ~ qj\\r, qj | r =~ W' So¢ proves the
equation

peY g | () +> 7)) . (6)

i€l =

Finally, using equation HM®, it is now a simple matter to add summands to the
right-hand side of the above equation in order to meet requirefent 2 in Defini-
tion[3.1. In fact, let € I and

q|r= Z(ahrh () + erg .
heH keK

Using A4, we have that

—

dlre Yo Aarn )+ D (awrnf i)+ D> Tk

he€H,ap=a; heH, ap#a; keK

is provable from€. Then, using HM6 and the induction hypothesis repeatedly, we
can prove the equation

aigi | (4 1r) =~ agl (d|r)+ > tlalralr) .
heH,ap=a;

Using this equation as a rewrite rule from left to rightlih (6) for eaehI produces
a term meeting requirement 2 in Definition 13.1 that is the desired normal form for

p:q|/r. O

The key to the proof of the promised completeness theorem is an important can-
cellation result that has its roots in one proven by Hennessy for his t-observational
equivalence in[11].

Theorem 3.2 Letp, p', q, ¢ be CCS; terms, and let. be a visible action. Assume
thatasp | p’ <45 asq | ¢'. Thenp —,q gandp’ < ,q ¢'.
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For the moment, we postpone the proof of this result, and use it to establish the
following statement, to the effect that the axiom syst&im complete with respect
to < ,5 over CCSy.

Theorem 3.3 [Completeness] Lep, ¢ be CCS; terms such thap < ,5 ¢g. Then
EFp=yq.

Proof: By induction on the depth gf andg. (Recall that, since < ,s ¢, the
termsp andq have the same depth.) In light of Propositionsg 3.1[@né 3.2, we may
assume without loss of generality thaandg are contained in NF. Let

p = Z(aipi )/p;) + ZTP;-/ and

iel jel
g = Y (bnan{ @)+ > 7q -
heH keK

We prove tha€ + p =~ p + ¢, from which the statement of the theorem follows by
symmetry and transitivity. To this end, we argue that each summanacanh be
absorbed by using the equations i, i.e., that

1. £Fp=p+ 7] foreachk € K, and
2. EFpap+ (buan | ¢)) for eachh € H.
We prove these two statements in turn.

e PROOF OFSTATEMENT[L. Letk € K. Theng — g}/ Sincep <44 ¢, there

is a termr such thap —— r andr < ,¢ ¢/. Sincep € NF, condition2 in
Definition[3.1 yields that = p// for some;j € J. The induction hypothesis
together with closure with respect teprefixing now yields that

ErTpl =gy

Therefore, using A1-A3, we have that
Erprp+1p]=p+T1q) ,
which was to be shown.

e PROOF OFSTATEMENT [2]. Leth € H. Theng 5n) bhsan | qp,- Since

, S(b
D <45 ¢, there is a state such thap ) sands <49 brsqn | ¢),- Because

of the form ofp, it follows thats = a;gp; | p; for somei € I such that
a; = by,. By Theoreni.3.2, we have that

Di <99 qn ANAD; <46 q), -
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Since the depth of all of these terms is smaller than that ofe may apply
the induction hypothesis twice to obtain that

Therefore, using A1-A3 ang; = by, we have that

Erprp+(ami | ) =p+ O | a))
which was to be shown.

The proof of the theorem is now complete. O

To finish the proof of the completeness theorem, and therefore of Thé€arem 3.1, we
are left to show Theorein_3.2. Our proof of that result relies on a unique decom-
position property with respect to parallel composition for states modujg. In

order to formulate this decomposition property, we shall make use of some notions
from [15,[16]. These we now proceed to introduce for the sake of completeness
and readability.

Definition 3.2 A state s is irreducibleif s < ,q s1 | so implies s; < ,5 0 OF
s9 <49 0, for all statessy, ss.
We say thas is primeif it is irreducible and is not split-2 bisimilar t0.

For example, each statef depthl is prime because every state of the form so,
wheres; ands, are not split-2 bisimilar t®, has depth at leagt and thus cannot
be split-2 bisimilar tos.

Fact 3.2 The statexgp is prime, for each CC% termp and actiom.

Proof. Sinceagp is not split-2 bisimilar to0, it suffices only to show that it is

irreducible. To this end, assume, towards a contradictionathyat— ¢ s1 | s2 for

some states;, s, that are not split-2 bisimilar t0. Then, sinceisp < 4g s1 | s2,
F F .

we have that,; Pl sy andssy Fla) sh, for somes’, s5,. But then it follows that

F(a) , F(a) /
51| 82— 81|82 —> 8185,

whereas the termgp cannot perform two subsequehi{a)-transitions. We may
therefore conclude that sush ands, cannot exist, and hence that the tergp is
irreducible, which was to be shown. O

The following result is the counterpart for the language @G the unique de-
composition theorems presented for various languages in,[e/g.][4,13] 15, 16].
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Proposition 3.3 Each state is split-2 bisimilar to a parallel composition of primes,
uniquely determined up to split-2 bisimilarity and the order of the primes. (We
adopt the convention th@tdenotes the empty parallel composition.)

Proof: We shall obtain this result as a consequence of a general unique decompo-
sition result, obtained by the fourth authorlin][13].
Let [S] denote the set of states modulo split-2 bisimilarity, and, for a state
s € S, denote by[s| the equivalence class [i¥] that containss. By Fac{Z2.1 we
can define oniS] a binary operation by

[s] 1] = [s 1] -

By Remark 3.1, the s¢f] with the binary operatiohand the distinguished element
[0] is a commutative monoid.
Next, we define ofS] a partial order by

[s'] < [s] iff there exists” € S ando € E* such thats —7 5" < ,¢ 5.

Note thatx is indeed a partial order (to establish antisymmetry use that transitions
decrease depth, and that split-2 bisimilar states have the same depth).
For each state, there are a sequence of evemtand a state’ such that

o
§— 8 4550 .

So|0] is the least element df] with respect tog. Furthermore, ifs’] < [s], then
s 7 8" <44 8, for somes € E* and states”. So, using the SOS rules férand
Fac2.1, it follows thas | t -~ s | t <>, s’ | t, and hence

[STIE =1s"1] < [s]t] = [s] [ [t] -

Thereby, we have now established tf#twith |, [0] and< is a positively ordered
commutative monoid in the sense of [13].

From the SOS rules fof it easily follows that this positively ordered commu-
tative monoid isprecompositionalsee [13]), i.e., that

if [s] < [s1] | [s2], then there arés)] < [s1], [s5] < [s2] s.t.[s] = [s]] | [s5)-

Consider the mapping| : [S] — N into the positively ordered monoid of natural
numbers with addition) and the standard less-than-or-equal relation, defined by

[s] — depth(s) .

It is straightforward to verify thalt | is a stratification(see[13]), i.e., that
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() [ls] | [f]l = llsll + [[7]]; and
(ii) if [s] < [¢], then|[s]| < [[]].

We conclude thatS] with |, [0] and < is a stratified and precompositional pos-
itively ordered commutative monoid, and hence, by Theorem 13ih [13], it has
unique decomposition. This completes the proof of the proposition. O

Using the above unigue decomposition result, we are now in a position to complete
the proof of Theorerh 3]2.

Proof of Theorem[3.2: Assume thatisp | p’ <45 asq | ¢'. Using Propositioh 313,
we have thap’ andq’ can be expressed uniquely as parallel compositions of primes.
Say that

' o4 pi|pP2| o |Pm and
!

¢ =05 @l |

for somem,n > 0 and primeg; (1 <7 < m)andg; (1 < j < n)inthe language

CCSy. Sinceagp andagq are prime (Fadt 3]12) ang 5 is a congruence (Fact2.1),
the unique prime decompositions@fp | p’ andagq | ¢’ given by Proposition 313

are

asp|p a9 asp|pi|p2| - |pm and
asqlqd ©ss asqlala] g,

respectively. In light of our assumption thatp | p’ <45 asq | ¢/, these two
prime decompositions coincide by Proposition]3.3. Hencesas# ,5¢; for each
1 < j < n, we have that

1. asp =g asq,
2. m = n and, without loss of generality,
3. pi =49 ¢; foreachl <i < m.

It is now immediate to see that— ,5 ¢ andp’ < ,g ¢/, which was to be showrtl
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