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Abstract

We study an annotated type and effect system that integrates let-poly-
morphism, effects, and subtyping into an annotated type and effect system
for a fragment of Concurrent ML. First a small step operational semantics
is defined for Concurrent ML and next the annotated type and effect sys-
tem is proved semantically sound. This provides insights into the rule for
generalisation in the annotated type and effect system.

1 Introduction

In a recent paper [3] we developed an annotated type and effect system for a
fragment of Concurrent ML. This system allowed the integration of ML-style
polymorphism (the let-construct), subtyping (with the usual contravariant or-
dering for function space), and effects (for the set of “dangerous variables”). One
key idea in the design of the annotated type and effect system was the follow-

ing [3]:

e Carefully taking effects into account when deciding the set of variables over
which to generalise in the rule for 1et in the inference system; this involves
taking upwards closure with respect to a constraint set and is essential for
maintaining semantic soundness and a number of substitution properties.

This is highlighted in the present paper. First we define a small step opera-
tional semantics [4] for Concurrent ML. It employs one system for the sequential



components and another for the concurrent components and as in [5, 2] we use
evaluation contexts [1]. Next we extend the repertoire of techniques [3] for nor-
malising and manipulating the inference trees of the annotated type and effect
system. Finally, we show that the system is indeed semantically sound with
respect to the operational semantics.

2 Inference System and Semantics

We first briefly recapitulate the inference system presented in [3]. Expressions
and constants are given by

e == clx|fnrx=e|ejey|let z =e in ey
| rec fuz = e|if e then e; else ey
c () | true| false|n|+|*|=] -

pair | fst | snd |nil | cons | hd | t1 | isnil
send | receive | sync | channel | fork

where there are four kinds of constants: sequential constructors like true and
pair, sequential base functions like + and fst, the non-sequential constructors
send and receive, and the non-sequential base functions sync, channel and
fork.

Types and behaviours are given by

t == «a|unit|int|bool|t; X to|tlist
| t; —° ty|tchan|t comb
b == {t CHAN}|B|0]by U by

Type schemes ts are of form V(d’ﬁ: C). t with C a set of constraints, where a
constraint is either of form t; C t5 or of form by C by. The type schemes of selected
constants are given in Figure 1.

Fact 2.1 Let ¢ be a constructor. Then there exists ¢},---,t/ (m > 0) and ¢’
such that

TypeOf(c) = V(a7 : 0). t) =0 -, =0 ¢

where ¢’ is not a function type (i.e. the decomposition is “maximal”) nor a type
variable.

The ordering among types and behaviours is depicted in Figure 2; in particular
notice that the ordering is contravariant in the argument position of a function
type and that both ¢ chanC# chan and {t CHAN} C{t' CHAN} demand that



c TypeOf(c)

+ int x int —? int
pair Y(aiag : 0). ap =% ay =% a3 x ay
fst V(ajasg : ) a1 X Q2 —0 aq

0

snd A 109 ) a1 X Qo —" Q9

send V(a: 0). (a chan) x a —? (a con 0)

(

(

(

receive V(a:0). (a chan) —? (a com ()

sync V(aB: 0). (a com B) =° «

channel V(af:{{a cHAN}CB}). unit —° (a chan)
(

fork Y(aB:0). (unit =% a) —? unit

Figure 1: Type schemes for selected constants.

t=1t,ie tCt and t' Ct, since t occurs covariantly when used in receive and
contravariantly when used in send.

The inference system is depicted in Figure 3 and employs the notion of well-
formedness: a constraint set is well-formed if all constraints are of form ¢t C «
or bC #; and a type scheme V(a3 : C). ty is well-formed if Cy is well-formed

and if all constraints in Cy contain at least one variable among {d’ﬁ} and if

{&B}COT = {073}. Here!
Xl ={y|3F € X:Cky «*~}

where the judgement C'7; «— 75 holds if there exists (g1 C g2) in C such that
vi € FV(g;) for i = 1,2, and where we use «* for the reflexive and transitive
closure. Dually we have

Xl ={y|3 € X:Chky "~}
Also we write C'Cy to mean that C'Fg; C go for all g C g2 in Cy and we say

that the type scheme V(d’ﬁ: Cy). to is solvable from C by Sy if Dom(Sy) C {d’ﬁ}
and if C'F S() C().

LFollowing [3] we use g to stand for ¢ or b and we use v to stand for o or 3 and we use o to
stand for t or ts.



Ordering on behaviours

(aXiom) CHby Cby if (bl - bg) e C
(refl) CEbLCD

CEDLICby CrHbyCbs

(trans)

CHb; Cbs
(CHAN) Crt=1t
CH{t cuaN} C{t' CHAN}
() CHOCD
(U) C"bzg(blLJbg) fori:1,2
(lub) CHbLCh CHbCh

CF(by Uby)Ch

Ordering on types
(axiom) CFt1Cty if (t1Cty) € C
(refl) CHtCt

CkHt1Cty CEtyCts

ChHtCts
CH# Ct, CHtaCty, CHBCH
CH(ti =" t2) S (8] =" )
() Cc:tlgt’l CrtCty
(t1 X to) C(t] x th)

(trans)

. CHtCt
(1ist)  &F (t 1ist) C (¢ 1ist)
(chan) CHt=t /

C't (t chan) C (¢ chan)
CHtCt' CFOLCV
(com)

CH(t com b) C (' com V')

Figure 2: Subtyping and subeffecting.



(con)

(id)

(ins)

(gen)

C, Ak c : TypeOf(c) &0
C,Abz : Alx) &0

C,A[x:tl]l—e : tg&b
C’,Al—fnx:>€ : (tl —b tg)&@

Cl,Al—el : (tg —>b tl)&bl CQ,A"@Q : tg&bg
(Cl U Cg),Al—eleg : tl&(bl U bg U b)

Cl,Al—el : tsl&bl CQ,A[.fitSl]'_eg : tg&bg
(Cl U Cg),Al—let r = € in €y . tg&(bl U bg)

CA[f :tlFfnz=¢e : t&D
C,Atrec fx=e:t&bd

C(),Al—e() : bOOl&bO Cl,Al—el : t&bl CQ,A"@Q : t&bg

(C() U Cl U Cg),Al—if €o then €1 else €y . t&(bo U bl U bg)

C AFe: t&b
C AFe: &V

C,Ake : Y(@3: Cy). to&b
C,Al—e . S()t()&b

c u C(),Al_e . to&b
C,Abe : Y(@f:Co). tokeb

FV(C, A 0) =10
Figure 3: The type inference system.

ifCHtCt and CHLCV

if V(o?ﬁ: Cy). to is solvable from C by S

if V(@0 :Cy). to is both well-formed,
solvable from C, and satisfies {623} N



2.1 Properties of the Inference System

In this paper we shall use a number of technical results from [3]; to be self-
contained we repeat their statements here.

Fact 2.2 Suppose C' U Cyby1 < vy with y1 ¢ FV(C). Then Cob 7y « 7s.

Lemma 2.3 Suppose C is well-formed and that C'Ht C .

o Ift/ =1 _— t, there exist t1, to and b such that t = ¢; —b ¢y and such
that CHt| Cty, CHto Cty and CHbHCY .

o If t/ =1t| com V' there exist t; and b such that ¢ = t; com b and such that
CkHt;Ct) and CHbHCU .

o If t/ =1t] x t} there exist t; and ty such that ¢ = ¢; X 3 and such that
ChHt1 Ct) and C'Hty CHl.

o If t/ =t} chan there exist ¢; such that t = ¢; chan and such that C'+t; Ct}
and C'Ht] Cty.

o Ift/ =t| 1ist there exist t; such that t = ¢; 1ist and such that C't-t; C ).

e If ¢/ = int (bool, unit) then ¢t = int (bool, unit).
Lemma 2.4 Suppose that C' is well-formed:
if CHbC Y then FV(b) C FV(¥)“".
Lemma 2.5 Substitution Lemma
For all substitutions S:

(a) If CHC' then SCFSC".
(b) f C,Ate : o&bthen SC,SAFe : So& Sb (and has the same shape).

Lemma 2.6 Entailment Lemma

For all sets C” of constraints satisfying C'F C"

(a) If CFCp then C'FCy.
(b) f C,Ate : oc&bthen C', AFe : 0 &b (and has the same shape).



Fact 2.7 Let x and y be distinct identifiers: if C, Ai[z : o1][y : 02)Asbe : &b
then C, A1ly : o9)[z : 01]AsbF e : 0 &b (and has the same shape).

Fact 2.8 Let x be an identifier not occurring in e and let ¢ be an arbitrary type.
If C,Ate : o&bthen C, Az :t]Fe : 0&b (and has the same shape).

Recall from [3]| that an inference tree is contraint-saturated whenever all oc-
currences of the rules (app), (let), and (if) have the same constraints in their
premises. Next recall that a strongly normalised inference tree is a constraint-
saturated inference tree whose structure essentially is that of the underlying ex-
pression: the rule (ins) is only allowed immediately after a (con) or (id), the rule
(gen) is only allowed immediately before a 1et (and only in the left branch), and
the rule (sub) is never allowed after a (gen) or (sub) and is required after all other
rules; we refer to [3] for the precise definition.

Fact 2.9 FEnforcing Constraint-Saturation

Given an inference tree for C, AlFe : 0 &b there exists a constraint-saturated
inference tree C; A . e : 0 &b (that has the same shape).

Lemma 2.10 FEnforcing Strong Normalisation

It A is well-formed and solvable from C' then an inference tree C, At-e : &b
can be transformed into one C, A F; e : 0 &b that is strongly normalised.

2.2 The Sequential Semantics

We are now going to define a small-step semantics for the sequential part of the
language. Transitions take the form e—e’ where e and €’ are expressions that
are essentially closed: this means that they may contain free channel identifiers
ch (created by previous channel allocations) but that they must not contain any
free program identifiers.

We first stipulate the semantics of the sequential base functions by means of an
“evaluation function” ¢:

Definition 2.11 The function ¢ is a partial mapping from expressions into ex-
pressions: if §(e) is defined then e will have the form ce; with ¢ a sequential base
function (but we do not claim that it is defined on all such arguments). It is
defined by the following (incomplete) table:



c e 6(ce)

fst pairejes €
snd pairejes €2
hd consej ey €
t1l conse; ey €9
isnil nil true

isnil consejey false
+ pairni;ny n where n =mng + no

We next introduce the notion of weakly evaluated expressions (w € WExp) that
are the “terminal configurations” of the sequential semantics:

Definition 2.12 An expression w is a weakly evaluated expression provided that

either

e w is a constant ¢; or
e w is a channel identifier ch; or
e w is a function abstraction fn x = e; or

e w is of form cw;---w,, where n > 1, where wy,---,w, are weakly
evaluated expressions, and where ¢ is a constructor (sequential or non-
sequential).

To formalise the call-by-value evaluation strategy we shall employ the notion of
evaluation context:

Definition 2.13 Evaluation contexts E take the form
E:=[]|FEe|wE |let x = F ine | if E then e; else ey

Notice that E is a context with exactly one hole in it, and that this hole is not
inside the scope of any defining occurrence of a program identifier. We write
Ele] for the expression that has the hole in E replaced by e, and similarly E[E']
for the evalution context that results by replacing the hole in E with E’. The
following (rather obvious) fact is proved in Appendix A:

Fact 2.14 (E1 [EQ])[€] = E1 [E2[€]]

Now we are ready for:
Definition 2.15 Sequential Evaluation

The sequential transition relation — is defined by



Ele]—=FEle'] provided e—¢’ holds according to the following definition:

(apply) (fnz=e)w —  elw/x]
(delta) cw — eife =6(cw)
(let) letx=wine —  elw/x]
(rec) rec fax=e — (fnz = e)[(rec f z = ¢€)/f]
) e; if w=true
(branch) if w then e; else ey { eo il w = false

Fact 2.16 If e—¢’ with e essentially closed then also €’ is essentially closed.

Observe that e; ea—¢€’ holds iff either (i) e; ea—€’, or (ii) there exists €] such
that e;—e} and € = €] e, or (iii) there exists e}, such that es—e)) and ¢ =
e1 €y (in which case e; is a weakly evaluated expression). Further observe that
let = ey in eg—e€ holds iff either (i) let © = e; in ep—¢’, or (ii) there exists €]
such that e;—e] and € = 1letx=¢] in eo. Finally observe that
if ep then e; else es—€’ holds iff either (i) if ey then e; else e;—¢’, or (ii)
there exists e, such that ep—ej, and €’ = if e[, then e; else es.

As expected we have:
Fact 2.17 If w is a weakly evaluated expression then w-/.

Proof It is easy to see that w-~; the result then follows by an easy induction on
w. O

We shall say that an essentially closed expression e is stuck if it is not weakly
evaluated and yet e4. We shall say that a stuck expression e is top-level stuck if
it cannot be written on the form e = Ele’] with E # [] and with €’ stuck. It is
easy to see (using Fact 2.14) that for any stuck expression e there exists E and
top-level stuck €’ such that e = E[e/].

Fact 2.18 Suppose that e is essentially closed and top-level stuck; then either

e ¢ = cw with ¢ a non-sequential base function; or
e ¢ = cw with ¢ a sequential base function where 6(e) is undefined; or
e ¢ = chw with ch a channel identifier; or

e ¢ =1if w then e; else e; with w ¢ {true, false}.



Proof We perform a case analysis on e. If e is a constant, a channel identifier
or an abstraction then e is weakly evaluated and hence not stuck. If e is of form
rec f x = e, then e—--- and hence e is not stuck.

If e is of form let x = €1 in ey then e is essentially closed and e;/ (as otherwise
e—) but ep is not stuck (as e is top-level stuck). Hence we conclude that e; is
weakly evaluated, but this is a contradiction since then e— - - -

If e is of form if ey then e; else ey then e is essentially closed and eg/ (as
otherwise e—) but eg is not stuck (as e is top-level stuck). Hence we conclude
that ep is weakly evaluated; and this yields the claim since if ¢g = true or
eo = false then e— - -

If e is of form e; e3 we infer (using the same technique as in the above two cases)
that e; is a weakly evaluated expression w; and subsequently that e; is a weakly
evaluated expression wsy. Since e is not a weakly evaluated expression it cannot
be the case that w; is of form cw] - --w!, with ¢ a constructor and with n > 0;
and since e/ it cannot be the case that w; is of form fn x = €] or a sequential
base function such that §(e) is defined. This yields the claim. O

From the preceding results we get:

Proposition 2.19 Suppose that e is essentially closed and that e—*¢’4. Then
either

1. €' is a weakly evaluated expression; or
2. € is of form E[cw] with ¢ a non-sequential base function; or

3. € is either of form E[cw] with ¢ a sequential base function where 6(cw)
is undefined, or of form E[chw], or of form E[if w then e; else ey] with
w ¢ {true,false}.

The configurations listed in case 3 can be thought of as error configurations,
whereas in Section 2.3 we shall see that case 2 corresponds to a process that may
be able to perform a concurrent action.

Fact 2.20 The rewriting relation — is deterministic.

Proof We perform induction on e to show that if e—e’ and e—e” then ¢’ = ¢€”.
If e is a constant, a variable or a function abstraction then e/ and if e is of form
rec f x = e determinism is obvious.

If e is of form let x = w in eg the claim follows from w+/. If e is of form
let © = €7 in ey with e; not a weakly evaluated expression then e’ takes the
form let x =€ in ey where e;—e)| and by the induction hypothesis this €} is
unique.

10



If e is of form if w then e; else ey the claim follows from w. If e is of form
if ep then e; else e; with eg not a weakly evaluated expression then e’ takes the
form if ef, then e; else ey where eg—e( and by the induction hypothesis this e,
s unique.

We are left with the case e = e; e5. First suppose that e; is not weakly evaluated.
Then e/ and we infer that €’ takes the form e} e; where e;—€/| so by the induction
hypothesis this €] is unique.

Next suppose that e = wy e5 with es not weakly evaluated. Then e/ and as w4
we infer that e’ takes the form w; e}, where es—¢), so by the induction hypothesis
this e}, is unique.

Finally assume that e = w; we. Then w4 and wy/ so it must hold that e—e’.
If wy is a function abstraction this €’ is clearly unique; and if w; is a sequential
base function uniqueness follows from the fact that 6 is a function. O

2.3 The Concurrent Semantics

Next we are going to define a small-step semantics for the concurrent part of the
language. Transitions take the form PP-2+PP’ where PP as well as PP’ is a
process pool which is a finite mapping from process identifiers p into essentially
closed expressions, and where a is a label describing what kind of action is taken.

Definition 2.21 Concurrent Evaluation

The concurrent transition relation — is defined by:

PPlp:e] =3 pPp:e]
if e—e’
p chan ch
PP[p: E[channel ()]] — PPIp: E[ch]]

if ch not in PP or F
p fork p’ ,
PPlp: E[forkw]] — PPlp: E[O]][p :w O]

it p ¢ Dom(PP) U {p}

PPIp, : Eq[sync(send (pairchw))]] comm

[pa : Ea2[sync (receivech)]] PPlp : Er[w]][pa : Eaw]]

if p1 # po

11



2.4 Manipulation of Proof Trees

In this section we present some auxiliary results which will eventually enable us
to show that if there is a typing for e and if e gets “rewritten” into e’ (sequentially
or concurrently) then we can construct a typing for €.

A common pattern will be that we have some judgement C’; A'F Ele] : o' &V,
but we want to reason about the typing of e rather than that of E[e]. To this
end we need to be precise about what it means for a judgement to occur “at the
address indicated by the hole in E7”:

Definition 2.22 The judgement jdg = (C,AlFe : c&b) occurs at E (with
depth n) in the inference tree for the judgement jdg' = (C', A'Fe’ : o’ &),
provided that either

e jdg = jdg' and E =[] (and n = 0); or

e there exists a judgement jdg” and an evaluation context E” such that jdg
occurs at E” (with depth n — 1) in the inference tree for jdg”, and such
that the last rule applied in the inference tree for jdg' is either

— (sub), (ins), or (gen), with jdg" as premise and with £ = E"; or

— (app), with jdg"” as leftmost premise and with £ = E” e where € is
of form e es; or

— (app), with jdg” as rightmost premise and with £ = wy E” where ¢’
is of form w;y ey; or

— (let), with jdg” as leftmost premise and with £ = let o = E” in ey
where €’ is of form let x = ey in eg; or

— (if), with jdg” as leftmost premise and with £ = if E” then e; else ey
where ¢’ is of form if eg then e; else es.

This is clearly well-defined in the size of the inference tree for jdg'. As expected
we have the following results, the latter to be proved in Appendix A:

Fact 2.23 Suppose that C, Ate : o0& b occurs at E in the inference tree for
C A Fe o’ & then € = Ele].

Fact 2.24 Given jdg' = (C', A’ Ele] : o' &V'); then there exists (at least one)

judgement jdg of form C, At-e : o & b such that jdg occurs at F in the inference
tree for jdg'.

Some of the subsequent proofs will be by induction in the depth of a judgement
in an inference tree; for this purpose the following result is convenient:

12



Fact 2.25 Suppose the judgement jdg occurs at E with depth n in the inference
tree for jdg', where n > 2. Then there exists a judgement jdg” and evaluation
contexts £ and Fs such that

jdg occurs at Ey with depth < n in the inference tree for jdg”; and
jdg" occurs at FEo with depth < n in the inference tree for jdg’; and
E = Eb[E4).

Proof We can clearly use jdg” as in Definition 2.22. O

Having set up the necessary machinery we are now ready for the first result,
which states that “equivalent” expressions may be substituted for each other:

Fact 2.26 Suppose the judgement C,Ale : 0& b occurs at E in the infer-
ence tree of C', A'F Ele] : o' &b'. If ¢g is such that C, AlFey : 0 &b then also
C" A’ Eleo) : o' &V

Since the hole in an evaluation context is not inside the scope of any bound

identifier we have:

Fact 2.27 Suppose the judgement C, AFe : 0 &b occurs at E in the inference
tree of C', A'¢e' 1 o’ &V then A’ = A, and if C" is well-formed also C' is well-

formed.

The (concurrent) transition which poses the greatest danger to semantic sound-
ness is channel allocation, due to the need for an environment update (cf. the
relationship to side effects in Standard ML). In order to construct an inference
tree with the new environment we must demand that the type of the new channel
is “present” in the behaviour:

Lemma 2.28 Suppose the judgement C, A-e : 0 &b occurs at E in the infer-
ence tree of C', A Ele] : o' & where C’ (and hence also C') is well-formed.

Let ch be a channel identifier not in El[e], and let ¢ be a type and eg an expression
such that

CH{t cnaN} Cband C, A[ch : t chan|teq : 0 &D.
Then it also holds that
C'H{t CHAN} C b and C’, A[ch : t chan|F Eleg] : o’ &'.

Proof See Appendix A. O

Fact 2.27 told us something about the relationship between the root of an infer-
ence tree and the interior nodes of the tree. It proves useful to know some more:

13



Lemma 2.29 Suppose the judgement C,Ale : c&b occurs at E in the
constraint-saturated inference tree of C', A F. ¢ : ¢/ & where C' (and hence
also C') is well-formed.

Then C" C C, and there exists S with Dom(S) N FV(A) = 0 such that C'FSC.
Proof See Appendix A. O

The following lemma tells us something about the relationship between the type
of an expression cej - - - e,, the type of ¢, and the type of each e;:

Lemma 2.30 Suppose that C' is well-formed and that
C,AbFs cep---e, : t&b(n > 0)

and that TypeOf(c) is of form
V(@3 : Cy). t, —b R R4

where we demand that if ¢ is a base function then m > n.

Then in all cases (i.e. also if ¢ is a constructor) we can write
TypeOf(c) = V(@3 : Cp). ¢, =t -t/ —bh ¢/

and there exists S, ty---t,, and by - - - by, such that
Dom(S) C {@3} and C'+S Cy and C+ St Ct;

foralli € {1---n}: CA F5 e 1 t; &band CHt; C St and CHb; Cband
CHSU, Cbh.

Similarly, if TypeOf(c) = ¢/ =% -..¢/ =¥ ¢ in which case {d’ﬁ} = () and
Co =0 (so we have S =1d).
Proof See Appendix A. O

The following two lemmas, both to be proved in Appendix A, show

e that we can replace variables by expressions of the same type, provided
these expressions have an empty behaviour; and

e that the latter condition can always be obtained for weakly evaluated ex-
pressions.

Lemma 2.31 Suppose that C,A[z:o']Fe : 0&b and that C,Ake' : o' &0
then C, Al-ele//z] : o &b.

Lemma 2.32 Suppose that C; A F w : 0 &b with C well-formed;
then C, AFw : o0& () and with the same shape.

14



3 Semantic Soundness

In this section we shall prove that the sequential as well as the concurrent tran-
sition relation “preserves types and behaviours”. First an auxiliary concept:

Definition 3.1 An environment A is a channel environment if Dom(A) is a
subset of the channel identifiers and for each ch € Dom(A) that A(ch) takes the
form ¢ chan.

We then impose that the concurrent transition relation only operates on channel
environments. This is going to hold for the initial environment which is going
to be empty, and we shall see that the concurrent soundness result guarantees
that the assumption is maintained; thus our decision seems to be a benign one.
To see that it is actually necessary to impose the condition, note that otherwise
the type of the channel would be polymorphic and the sender and receiver of a
transmitted value would then be allowed to disagree on its type; this is exactly
where type insecurities would creep in.

3.1 Sequential Soundness

First we shall prove that “top-level” reduction is sound:

Lemma 3.2 Let C be well-formed and let A be a channel environment and
suppose
C,AkFe : c&b.

If e—é’ then also

C,Ate : oc&b.

Proof Due to Lemma 2.10 (which can be applied since A is trivially well-formed
and solvable from C') we can assume that we in fact have C; A k4 e : o &b. It
will clearly suffice to show the result when o is a type. Moreover, it will be enough
if we can show the result in the case where the last application of the rule (sub)
is a trivial one. We perform case analysis on the transition —:

The transition (let) has been applied: Then the situation is

C,AF, w:ts&b C,Alx :ts] Fs e : t&by
C,AFlet x =w ine : t&b U by

and using Lemma 2.32 we have

15



C,AFw : ts& ()

which by Lemma 2.31 can be combined with the second premise of the inference
to yield

C,AFelw/x] : t& by
and since C'Fby C (by U by) we can apply (sub) to get the desired result.

The transition (rec) has been applied: Then the situation is

C,A[f:t]Fs fnx=e : t&b
C,AFrec fr=e:t&b

and using Lemma 2.32 we have
C A[f:t]lFfnz =€ : t&0

so by applying (rec) we get the judgement
C,Atrec fr=c:t&l

which by Lemma 2.31 can be combined with the premise of the inference to yield
the desired

C,AF(fn z = e)[(rec f z = ¢)/f] : t&b.

The transition (branch) has been applied: Then the situation is

C’,Al—w:bool&bo C,A"€1 St&bl C,A"€2 St&bg
C,Al—if w then e; else ey : t&(bo U b U bg)

and the claim is immediate.

The transition (apply) has been applied: Then the situation is

C,Alx:th] s e : &by

CoLAbF, fnxz=e:ty = t&b; (abs) (sub) C,LAF, w:ty&by
C,Al—(fnx:>e)w : t&(bl U by U b())

where C'Ht), =% ' Cty =% t. Since C is well-formed we can apply Lemma 2.3
to deduce that

16



ChktyCt, and C'Hby C by and C'H' Ct.
By Lemma 2.32 followed by an application of (sub) we get
C,AFw @ th &)

which by Lemma 2.31 can be combined with the upmost leftmost premise of the
inference to yield

C,AFelw/x] : t' &b

and since CHt' Ct and CHby CbyCby U by U by we can apply (sub) to get the
desired result.

The transition (delta) has been applied: The claim then follows from an
examination of the table defining §; below we shall list some typical cases only.
In all cases we make use of Lemma 2.30 and Lemma 2.3 which can be applied
since C' is well-formed.

e = fst(pairejey) and 6(e) = e;:  Then the situation is that

C,A kg fst(pairejes) : t&b

so since TypeOf(fst) = V(g : 0). a1 X —% oy Lemma 2.30 tells us that
there exists tg, by and Sy such that

C,A F, pairejes : to& by and
C"S@O&lgtaﬂd C"togS()(Oél X 042) and Cl—bogb

0

Since TypeOf(pair) = V(agay : ). aq -0 0y =9 a7 x @y Lemma 2.30 tells us

that there exists t1, by, ta, by and S such that
C.AF, e : t1&byand C,A F, ey : to& by:
CHt;CSag and CHt3C S ag and C'Hby Chy and C'F by C by;
CES (a1 x az)Cty.

Since Oty X t5CSa; X Sas CtyCSya; X Syay we by Lemma 2.3 deduce
that

Cc+ tl Q S() (05} Q t
and since C'Fb; Cby Cb we from C, A 4 ey : t1& by get the desired judgement

C AFer : L&D
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e = + (pairniny) and 6(e) = n where n =n; + ny:  Then the situation is that

C,A s + (pairning) : t&b

0

so since we have TypeOf(+) = int X int —” int we can infer by Lemma 2.30

that
CFint Ct.

But as C'H( Cb this is sufficient to show the desired judgement
C,Akn : t&b.

This completes the proof. O

Theorem 3.3 Sequential soundness

Let C' be well-formed and let A be a channel environment and suppose
C,Ate; : c&b.
If e;—ey then also

C,Atey : 0&b.

Proof There exists E, €| and €, such that
e1 = Ele}] and eo = Ele}] and e]—ej,.

By Fact 2.24 there exists C’, A’, ¢/ and V' such that C", A'F¢e) : ¢/ &b occurs at
E in the inference tree of C; AF Ele}] : 0&b. By Fact 2.27 we infer that A’ = A

and that C” is well-formed. This enables us to use Lemma 3.2 from which we get
C AFRe, o' &b

and by Fact 2.26 we get the desired judgement
C,AFEle,] : 0 &0b.

This completes the proof. O
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Remark. The purpose of types is to detect certain kinds of errors at analysis
time rather than at execution time. To this end one usually wants a result that
guarantees that “error configurations are not typeable”; here we presuppose some
well-formed constraint set and some channel environment A. By Proposition 2.19
and the discussion after it, it suffices to consider each of the error-configurations
listed below, and to show that it is not typeable; for this we make use of Lemma

2.3 and Lemma 2.30.

chw with ch a channel identifier: here we employ that A(ch) is of form ¢ chan.

if w then e; else ex with w ¢ {true,false}: for this to be typable it must
hold that

w can be assigned the type bool.

Thus w cannot be a channel identifier (as A is a channel environment);
w cannot be a function abstraction; and an examination of the function
TypeOf will reveal that w cannot be a constant (apart from true,false)
or of form cwy ---w, (n > 1) with ¢ a constructor.

cw with ¢ a sequential base function where 6(cw) is undefined: consider
e.g. the expression £stw. For this to be typeable there must exist ¢; and
ty such that

w can be assigned the type t; X t,.

Thus w cannot be a channel identifier (as A is a channel environment);
w cannot be a function abstraction; and an examination of the function
TypeOf will reveal that w cannot be a constant and that w cannot be of
form cwy - - - w, with ¢ a constructor (apart from pair).

3.2 Concurrent Soundness

First some auxiliary results concerning the three kinds of concurrent transitions:

Lemma 3.4 Let C be well-formed and suppose that
C,A s E[channel ()] : o0 &b.

Let ch be a channel identifier that does not occur in E[channel ()]; then there
exists to such that

C'+{to CHAN} Cb and
C, Alch : to chan|F E[ch] : o&b.
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Proof The strongly normalized inference tree contains a judgement of form
C'JA F, channel () : /&b
where C" is well-formed (Fact 2.27). Since
TypeOf(channel) = V(a3 : {{a CHAN} C 3}). unit —” (« chan)
it follows from Lemma 2.30 that there exists S such that
C'H{Sa cHaN}CSpand C'FSa chanCt and C'FSBCV.
Now define tg = S «, then we have
C'F{to CHAN} C¥ and C’, A[ch : ty chan]tch : ' &V
so by Lemma 2.28 we arrive at the desired relations
C't{to CHAN} Cb and C, A|ch : ty chan|t E|ch] : 0 &D.

This completes the proof. O

Lemma 3.5 Let C be well-formed and suppose that
C,A s Elforke] : a&b.

Then there exists t”, b’ such that

(a) C,AFE[Q] : o&b;

(b) C,AFe () : t"&D".

Proof The strongly normalized inference tree contains a judgement of form
C' A b, forke : t' &V

and by Lemma 2.29 we infer that C’ is well-formed and that there exists S” with
Dom(S") N FV(A) = 0 such that C'+ S’ C".

Since TypeOf(fork) = V(af: 0). (unit - a) —? unit Lemma 2.30 tells us
that there exists t1, by and S such that
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C'tunit C¢ (1)
C' Ay e ti &b and C'Ft; Cunit —°7 Sa (2)

Here (1) (together with C"F( Cb') tells us that
CAFEQ - &Y

which by Fact 2.26 yields claim (a).
For claim (b) we use Lemma 2.3 on (2) to find ¢}, b, ] such that

C' A by et =% "&by and C'Funit C ).
This shows that
C' AFe () @ t] &b for some b

and by Lemma 2.5 and Lemma 2.6 (since C'=S" C’) this yields the desired judge-
ment

CAFe() : S't/& SV

This completes the proof. O

Lemma 3.6 Let C be well-formed and let A be a channel environment and
suppose that

C, A b, Ey[sync(send (pairchw))] : o &by (3)
and suppose that

C, A b, Eysync(receivech)] : o3& bs. (4)
Let A(ch) =t chan, then

(a) C,AF Er[w] @ o1 & by;
(b) C,AFw : t&0;
(c) C,AF Es|w] : o2& bs.

Proof The tree (3) will contain a judgement of form
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C1, A by sync(send (pairchw)) : t; &b} (5)

with €y well-formed. Since TypeOf(sync) = V(af3 : ). (a com 3) = «a Lemma
2.30 tells us that there exists t3, b3 and S3 such that

C1, A by send(pairchw) : t3&bs;
Ci1SsaCty;

Cl "th(Sg Oé) com (Sg ﬁ),

CiEb3 CU.

Since TypeOf(send) = V(o : ). a chan x a —? a com () Lemma 2.30 tells us
that there exists t4, by and Sy such that

C1,A g pairchw : t4 & by;

CiE (Sya) com ) C t;

CiFt,C(Sya) chan X (Sqa);

CiF by Cbs.
Since TypeOf(pair) = V(agay : ). aq =% s =P o x ay Lemma 2.30 tells us
that there exists t5, bs, tg, bg and S5 such that

Cl,A "S ch : t5&b5; (6)
Cl,A "S w t6&b6; (7)
CiFSsaq X Ssap Cty;
Cl l—t5§S5041 and Cl l—t6§S5042;
C'Fbg C by.

Since A(ch) =t chan we infer from (6) that
C1Ft chan Ct5.

We now apply Lemma 2.3 repeatedly: from

CiE(Sya) com D Ct3C (S5) com (S3/3) and
Cl |_t5 X t6§S5041 X 55042§t4§ (8404) chan X (8404)

we deduce that
01I—S404§5304§t1 and

C1Ft chanCt5 C (S ) chan and
Cl F t6 Q S4 .
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By applying Lemma 2.3 once more?, exploiting the contravariance of --- chan
(cf. the remarks concerning Figure 2), we end up with the following relations:

CiFtgCty and Citg Ct.

As C1Fbg C b we get from (7) that
Ci, Atw @t &0,

which by Fact 2.26 yields claim (a); next using Lemma 2.32 on (7) we also get
C, Arw : t&0.

By Lemma 2.29 there exists S; with Dom(S;) N FV(A) = () such that C'+ S, Cy,

so by applying Lemma 2.5 and Lemma 2.6 we arrive at
C,AFw : S1t&0

which yields the claim (b) since FV(t) C FV(A) and hence St = t.

Our remaining task is to show claim (c), where we first notice that the tree (4)
will contain a judgement of form

Cs, A 5 sync(receivech) : to & b) (8)

with Cy well-formed. Since TypeOf(sync) = V(af3 : ). (a com 3) = o Lemma
2.30 tells us that there exists t7, by and S7 such that

(5, A b, receivech : t; & by;
CQI—S704§t2;
CQ l—t7§ (S7 Oé) com (S7 ﬂ)

Since TypeOf(receive) = V(a : 0). (o chan) —? (a com @) Lemma 2.30 tells us
that there exists tg, bg and Sg such that

CQ,A "S ch : tg&bg; (9)
Col= (Ss @) com () C tr;
Cy 1t C (Ss ) chan.

Since A(ch) =t chan we infer from (9) that

2For later reference we note that if we were to use also the covariance of - -+ chan we would
additionally get that C1FtC Sy a Cty.
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CyFt chan Cig.
We now apply Lemma 2.3 repeatedly: from

Cot (Ssar) com O Ct7 C (S7 ) com (S7 ) and
Cykt chan Ctg C (S5 ) chan

we get, by exploiting the covariance of --- chan (cf. the remarks concerning
Figure 2),

CoFtC SsaC Sy aCt,.

Since Lemma 2.29 ensures that C' C Cy we can deduce from claim (b) that
Cy, AFw : t&0

so by applying (sub) we arrive at
Coy, AFw : ta &b

which by Fact 2.26 yields claim (c). O

We are now able to formulate what it means for our system to be semanti-
cally sound. We write C, A- PP : PT & PB, where PT (respectively PB) is
a mapping from process identifiers into types (respectively behaviours), if the
domains of PP, PT and PB are equal and if C, A+ PP(p) : PT(p) & PB(p) for
all p € Dom(PP).

Theorem 3.7 Semantic (concurrent) soundness

Let C' be well-formed and let A be a channel environment and suppose
C,A-PP : PT&PB.

If PP+ PP’ then there exists PT", PB’ and channel environment A’ such that
C,A'+-PP : PT'"& PB’

and such that if p is in the domain of PP then PT'(p) = PT(p) and PB'(p) =
PB(p) and such that if ch occurs in PP then A’(ch) = A(ch).

Furthermore we have the following property:

e if a = p chan ch then there exists to such that C'F{ty CHAN} C PB(p) and
such that A’(ch) =ty chan.

Proof Notice that by Lemma 2.10 we can assume that the inference trees in
C,AF PP : PT & PB are strongly normalised. We perform case analysis on the
action label a:
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a = seq: It follows from Theorem 3.3 that we can use PT' = PT, PB' = PB

and A’ = A.

a = p chan ch: It follows from Lemma 3.4 that there exists ty such that the
claim follows with PT" = PT, PB’ = PB and A’ = A[ch : ty chan|. (For p/ in the
domain of PP with p’ # p we must show that C, A-PP(p') : PT(p') & PB(p')
implies C; A’ PP(p') : PT(p') & PB(p'), but this follows from Fact 2.8.)

a=p fork p': It follows from Lemma 3.5 that there exists t”, b such that we
can use PT" = PT[p' : "], PB'= PB[p' : b"] and A’ = A.

a = comm: It follows from Lemma 3.6 that we can use P1" = PT, PB’ = PB
and A’ = A. O

Remark. Theorem 3.7 says that if we start with a correctly typed program
then we are never going to encounter programs that are not correctly typed. One
consequence of this is that Lemma 3.6 will be applicable at all stages; this is a
result that ensures that the value sent can always be given the type allowed on the
channel on which it was sent, that having sent the value we still have a correctly
typed sender, and that having received the value we still have a correctly typed
receiver. However, the statement of Lemma 3.6 does not directly relate:

e the type tg of the value w actually communicated (see line 7),
e the type t of the entities allowed to be communicated over the channel,
e the type t; that the sender thinks was communicated (see line 5), and

e the type ty that the receiver thinks was communicated (see line 8).

However, by inspecting the proof of Lemma 3.6 one may note that the following
relations are established:

CiHtsCt CiHtCty CottCts

Here the constraint sets Cy and Cy are those corresponding to the point of sending
and receiving, respectively. Thus we can be ensured that a value is always received
with a type that is larger than the type it actually had when communicated. (It
is possible for the sender to think that an even larger type was communicated,
but this causes no harm.)
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4 Conclusion

We have given a formal justification of the semantic soundness of a previously
developed annotated type and effect system that integrates polymorphism, sub-
typing and effects [3]. Although the development was performed for a fragment
of Concurrent ML we believe it equally possible for Standard ML with references.
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A Details of Proofs

The sequential semantics
Fact 2.14 (El[EQ])[€] = El[E2[€]]

Proof The proof is by induction in E;. If Fy = [] the equation reads Esle] =
Esle], so assume that E; is a composite context and let us consider the case
Ey = FE ey (the other cases are similar). By using the induction hypothesis for £
we get the desired equation

EL[By][e] = (B e2)[Ex]le] = (E[Ea] e2)le] = E[Ea]le] e2 = E[Es|e]] ea = Er[Eqle]].

This completes the proof. O

Manipulation of proof trees

Fact 2.24 Given jdg = C',A'F Ele] : o’ &b'; then there exists (at least one)
judgement jdg of form C, At-e : o & b such that jdg occurs at F in the inference
tree for jdg'.

Proof The proof is by induction in the inference tree for jdg'. If E =[] we can
use jdg = jdg', so assume E # []. Hence the last rule applied in the inference
tree for jdg' is none of the following: (con), (id), (abs), or (rec). If (sub), (ins)
or (gen) has been applied the induction hypothesis clearly yields the claim. So
we are left with (app), (let) and (if); we only consider (app) as the other cases
are similar. Then FE takes either the form FEje; or the form w; Fsy; we consider
the former only as the latter is similar.

The situation thus is that Ele] = Fi[e]es so the left premise of jdg’ is of form
C" A" Erle] : 0" &b (abbreviated jdg”). Inductively we can assume that there
exists jdg which occurs at Ej in the inference tree for jdg”; but this shows that
jdg occurs at E in the inference tree for jdg'. O

Lemma 2.28 Suppose the judgement jdg = (C, AFe : 0 &b) occurs at E with
depth n in the inference tree of jdg' = (C', AF Ele] : o’ & V') where C’ (and hence

also C') is well-formed.

Let ch be a channel identifier not in El[e], and let ¢ be a type and eg an expression
such that

CH{t cnaN} Cband C, A[ch : t chan|teq : 0 &D.
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Then it also holds that

C'F{t CHAN} C ¥ and C’, A[ch : t chan|F Eleg] : o' &V

Proof We perform induction in n: if n =0then E =[], C"=C,0' =0, =0
and the claim is trivial.

If n > 1 then by Fact 2.25 there exists judgement jdg’" = C", A"Fe" . 0" &b
and evaluation contexts E; and Es such that E = Fs[E| and such that

jdg occurs at Ey with depth < n in the inference tree for jdg”; and
jdg" occurs at Fo with depth < n in the inference tree for jdg'.

So if CF{t cHAN} Cb and C, A[ch : t chan|F ey : 0 &b we can apply the induc-
tion hypothesis (with jdg and jdg”) to infer that C”+ {t cHAN} Cd” and that
C", Alch : t chan]l Fieg] : 0”& b”; and by applying the induction hypothesis
once more (with jdg¢” and jdg') we can infer C'F{t CHAN}CV and
C’', Alch : t chan|F Es[Erleg)] : o’ & which is as desired (due to Fact 2.14).

So we are left with the case n = 1. We perform case analysis on E:

E = Fiey: Here Fy =[] and the situation is:

Jjdg = C1, Aleq : (t2 —b t1)&bl Cy, Al ey 1ty & by
jdg' = (C1 U Cy),AlFeres : t1& (b U by U D)

and our assumptions are
CyF{t cHAN} Cby and Cy, A[ch : t chan|teg : to —b t &by
and we must show that

Cy U CyF{t cHAN}C by U by U b and
(Cl U CQ),A[CthChan]l_€0€2 : tl&(bl U bg U b)

The former is a trivial consequence of the assumptions, and the latter will follow
provided we can show that Cy, A[ch : t chan]F e : t3& be. But this follows from
Fact 2.8 since ch does not occur in es.

E =wkFy: Similar to the case above (now exploiting that for all C' it holds
that Cl—bggbl U bg U b)
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E =1let x = Fy in ey: Here Ey =[] and the situation is:

jdg=Cy, AlFey : tsi &by Co Alx i tsi]lFeq @ tad by
jdg/ = (Cl U Cg),Al—let r =e; in ey : tg&(bl U bg)

and our assumptions are
CyF{t CHAN} Cby and Cy, A[ch : t chan|teg : ts1& by
and we must show that

Ch U Cgl_{t CHAN}le U by and
(Cl U CQ),A[Ch 0t chan] Flet z = €o in €a tg&(bl U bg)

The former is a trivial consequence of the assumptions, and the latter will fol-
low provided we can show that Cy, A[ch : t chanl[x : tsi]F ey @ t2 & by. But this
follows from Fact 2.8 and Fact 2.7 since ch # x and ch does not occur in e,.

E = if E; then ey else ey: Here Ey = [] and the situation is:

jdg:C(),Al—€0:bool&bo Cl,Al_€1 Ztl&bl CQ,A"€2 Ztl&bg
jdg’ = (C() U Cl U CQ),Al_if €o then €1 else €y . tl&(bo U bl U bg)

and our assumptions are
Cob {t cHAN} C by and Cy, A[ch : t chan|Fep : bool & by
and we must show that

C() ucC; u Cgl_{t CHAN}gb() U b U by and
(C() U Cl U CQ),A[Ch 0t chan]l—if €o then €1 else €y . tl&(bo U bl U bg)

The former is a trivial consequence of the assumptions, and the latter will follow if
we can show Cp, A[ch : t chan]le; : t; &by and Cy, A[ch : t chan|tes @ ¢ & bo.
But this follows from Fact 2.8 since ch does not occur in e; or es.

E =1]: In this case jdg follows from jdg by one application of either (sub),

(ing) or (gen).
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(sub) has been applied: the situation is

jdg =C,Abe : to&b
jdg =C,Ake : ' &bV

where C'Hty Ct' and CHbC V. Our assumptions are
CH{t cHAN} Cb and C, A[ch: t chan|ley : to&b
and we must show that
CH{t cHAN} CV and C, A[ch : t chan|tey : T &b.

But this is trivial.

(ins) has been applied: the situation is

jdg=C,Ake : V(@3 : Cy). to&b
jdg’:C,Al—e : S()t()&b

where V(@[ : Cy). to is solvable from C by S;. Our assumptions are
CH{t cHAN}Cb and C, Alch : t chan]beq : V(@3 : Cp). to& b
and we must show that
CH{t cHAN} Cb and C, A[ch : t chan]l ey : Syt &b.
But this is trivial.

(gen) has been applied: this is the really interesting case! The situation is

jdg:C U C(),Al_€ : to&b
jdg = C, Ate V(@G : Cy). to&b

where V(o?ﬁ: Co). to is well-formed and where {623} NFV(C,A,b) = and where
there exists S with Dom(S) C {623} such that C'F .S Cy. Our assumptions are

C U Cot{t cHAN} CD (1)
C U Co, Alch : t chan]teq : to&b (2)

and we must show that
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CH{t cHAN} Cb (3)
C, Alch : t chan]F ey : V(@G : Cy). to&b (4)

It will suffice to prove
{af} N FV(t) =0 ()

for then (1) and Lemma 2.5(a) give that C US CyFt CHAN C b which (by Lemma
2.6) implies (3); and we will be able to use (gen) to arrive at (4) from (2).

So we are left with the task of proving (5). Since V(d’ﬁ: Co). to is well-formed it
holds that {@3} "' = {&7}, that is

if Cob~ —~ with v € {@(} then also v € {af}. (6)
By Fact 2.2 we are able to infer (as {@3} N FV(C) = 0) that

if C U Cobry«—+ with vy € {@f} then Cob~ «— ~. (7)
By combining (6) and (7) we infer that

if C'U Cyb~y«—+ withy € {d’ﬁ} then also 7/ € {&g}

which amounts to {&ﬁ}(CUCO)T = {d’ﬁ}. Since {d’ﬁ} N FV(b) = 0 we have
{&ﬁ}(CUCO)T N FV(b) = (), and hence we do not have C' U CyF~ «* +' for any
v € {df} and v € FV(b). But this is just another way of saying that

(a3} n Fv(p) Ul =g (8)

From (1) and from Lemma 2.4 (which can be applied since we know that C' U Cj
is well-formed) we infer that

Fv(t)(CUCO)l C FV(b)(CUCO)l‘ (9)

Combining (8) and (9) we get {d’ﬁ} N FV(iS)(CUC‘))l = () which trivially implies
(5). This completes the proof. O

Lemma 2.29 Suppose the judgement jdg = C, Ake : 0 &b occurs at E with
depth n in the constraint-saturated inference tree of jdg' = C', A k. €' : o’ &V
where C" (and hence also C') is well-formed.
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Then C" C C, and there exists S with Dom(S) N FV(A) = 0 such that C'FSC.

Proof We perform induction in n: if n =0 then C' = C and we can use S = Id.

If n > 1 then by Fact 2.25 there exists judgement jdg" = C" A"Fe" . 0" &b
and evaluation contexts £y and Fs such that

jdg occurs at Ey with depth < n in the inference tree for jdg”; and
jdg" occurs at Fo with depth < n in the inference tree for jdg'.

We can thus apply the induction hypothesis twice to infer that " C C” C C
and that there exists S;,S2 with Dom(S;) N FV(A) = ) = Dom(Sy) N FV(A)
such that C"F Sy C" and C"F S; C. But then we by Lemma 2.5 and 2.6 arrive
at C'F Sy 81 C, where clearly Dom(Sy S1) N FV(A) = 0.

So we are left with the case n = 1. We perform case analysis on the inference
rule applied. The only interesting case is (gen), for otherwise we have ¢/ = C
due to our assumption about the inference tree being constraint saturated and
hence we can use S = Id. The situation thus is

jdg:C U C(),Al_€ : to&b
jdg = C, Ate V(@G : Cy). to&b

-,

where {d’g} N FV(C, A, b) = () and where there exists S with Dom(S) C {as}
such that C'F S Cy. Our task can be accomplished by showing that C' C C' U ()
and that Dom(S) N FV(A) =0 and that C+ S Cy and that C'+S C. But all this

follows directly. O
Lemma 2.30 Suppose that C is well-formed and that
C,A s cep---e, : t&b(n > 0)
and that TypeOf(c) is of form
V(@G : Co). th =t oot =
where we demand that if ¢ is a base function then m > n.
Then in all cases (i.e. also if ¢ is a constructor) we can write
TypeOf(c) = V(a3 : Cy). t) =% -t —bn ¢/ (10)

and there exists S, ty---t,, and by - - - b, such that
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Dom(S) C {@F} and CF S Cy and C'+ St Ct;

foralli € {1---n}: CA k5 e 1 t; &biand CHt; C St and CHb; Cband
CHSUY Cbh.

Similarly, if TypeOf(c) = ¢/ =% -..¢/ =¥ ¢ in which case {d’ﬁ} = () and
Co =0 (so we have S =1d).

Proof We perform induction in n. If n = 0 we can trivially always assume

(10), i.e. that TypeOf(c) takes the form V(d’ﬁ: Cy). t', and the claim is that if
C,A kg ¢ : t&b then there exists S with Dom(S) C {d’ﬁ} and C'H S Cy such
that C'F St Ct. But since C; A 4 ¢ : t&b is constructed by an application of
(con) followed by an application of (ins) followed by an application of (sub), this
is immediate.

Next consider the inductive step. The situation is that there exists ¢, t~, b,, b
and b such that

CoA by cer 1ty =" t7&0  C,AF, e, : t, &b
C,Abgcep---e, : t&b
where CHt~ Ct and CHV U b, U b’ Cb.

= (app)(sub)

By the induction hypothesis we infer that in all cases it holds that
TypeOf(c) takes the form V(O_zﬁ: Co). th =t ool | bhr g
and that there exists S, t1---t,_1, and by ---b,_1, such that
Dom(S) C {@B} and C'F S Cy;
CESt"Ct, =Y t7; (11)

foralli € {1---n—1} C,A k5 e; : t;&b; and CHt; C St and
CEbCH Chand CHSH, CH Ch.

Since C' is well-formed we can apply Lemma 2.3 on (11) to infer that St is a
function type. If ¢ is a constructor Fact 2.1 tells us that ¢t cannot be a vari-

able; hence in all cases we can write t” = ¢/, —bn ¢ which amounts to (10).
Lemma 2.3 further tells us that C'+t, €St/ and that CF S, Cb” Cb and that

CHFSt' Ct~ Ct. Thus all our proof obligations are fulfilled. O

Lemma 2.31 Suppose that C, Alz:o'|Fe : 0&b and that C, Ake' : o' &0
then C, Al-ele//z] : o &b.

Proof Induction in the shape of the proof tree for C, A[z : o'|Fe : 0 &b which
we by Fact 2.9 can assume to be constraint saturated. We perform case analysis
on the last rule applied:
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(con) has been applied: Then e is a constant, and e[e//z] = e so the claim
is clear.

(id) has been applied: Then e is an identifier y. If y # x then ele//z] =€
and the claim is clear since Alx : o'](y) = A(y).

If y = x then 0 = ¢’ and b = (). Since ele’/z] = €' the claim follows from the
second part of the assumption.

(abs) has been applied: Here the inference takes the form

C,Alz: o'y ti]Fe : t2&b
CoA[x:o'|lFfny=e : t; = t, &0

where we can assume (by suitable alpha-renaming) that y # x and that y does
not occur in €. Hence we can apply Fact 2.7 and Fact 2.8 to get

C,Aly : t1][x : o' e : t2 &b with the same shape as the premise and
C,Aly : ti]Fe : o' & 0.

We can thus apply the induction hypothesis and subsequently use (abs) to con-
struct an inference tree whose last inference is
C,Aly : th]Fele'/z] : t2&D
C,Arfny = ele//x] : t; =" t2& 1)

which is as desired since (fn y = e)[e’/z] = (fn y = e[e'/x]).

(app) has been applied: Here the inference (which was assumed to be con-
straint saturated) takes the form
C,A[%ZU’]"€1 3t2—>b tl&bl C,A[%ZU’]"€23t2&bg
C,A[$ : 0"]"6162 : tl&(bl U bg U b)

where we can apply the induction hypothesis twice and subsequently use (app)
to construct an inference tree whose last inference is

C,A"€1[€//$] : tg —>b tl&bl C,A"€2[€//$] : tg&bg
C,AFeile/x]esle /x] + t1 & (by U by U b)

which is as desired since (e eg)[e’/x] = e1]e’/x] ea]e’ /x].
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(let), (rec) or (if) has been applied: Similar to the above two cases, ex-
ploiting Fact 2.7 and Fact 2.8 and we only spell the case (rec) out in detail. Here
the inference takes the form

C,Alx:d][f:tj]Ffny=¢e : t&D
C,Alx:o0'|Frec fy=e:t&bd

where we can assume that y # z, f # x and that neither y nor f occurs in €.
Hence we can apply Fact 2.7 and Fact 2.8 to get

C,A[f :t][x: o'|Ffny = e : t &b with the same shape as the premise and
C,A[f :tlFe = o & 0.

We can thus apply the induction hypothesis to infer
C,A[f :t]F(fny = e)le/x] : t&b
which since y # x and y is not free in € amounts to
C,A[f :t]Ffny = ele//z] : t&D.
By applying (rec) we get
C,AFrec fy=cele/x] : t&b
which is as desired since (rec fy = e)[e'/z] = (rec f y = e[e'/z]).

(sub) has been applied: Here the inference takes the form

C,Alx:o'|Fe: t&b
C,Alx:o|Fe: t'&l

with CFHtC+t and CFHCV

so we can apply the induction hypothesis and subsequently use (sub) to construct
an inference tree whose last inference is

C,Atele/z] : t&b
C,Atele/z] : t' &V

(ins) has been applied: Similar to the above case.
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(gen) has been applied: Here the inference takes the form

C U CyAlx:o'lFe : to&kbd
C,Alx:o'|Fe : ts&bd

where ts = V(d’ﬁ: Cy). to is well-formed, solvable from C', and satisfies {d’ﬁ} N
FV(C, Alz: 0'],b) = 0. By Lemma 2.6 we have

C UCyAke 1 o' &0
so we can apply the induction hypothesis to get
C U Cy, Alele/z] : to&b.

We can then apply (gen) (since {d’ﬁ} N FV(C, A,b) = 0) to arrive at the desired
judgement C, Atele’/x] : ts&b. O

Lemma 2.32 Suppose that C, A b, w : 0 &b with C well-formed;
then C, A b, w : 0 &0 and with the same shape.

Proof It is enough to consider the case where o is a type t, for if the inference

c u C(),Al_w . to&b
C,AFw : V(@G : Cy). to&b

(gen)

is valid it remains valid when b is replaced by (). We now prove the claim by
induction in the size of w, and the only interesting case is where w = cwy - - - wy,
for n > 1 and with ¢ being a constructor.

Lemma 2.30 combined with Fact 2.1 tells us that
TypeOf(c) takes the form V(d’ﬁ: 0). ¢, =0 ...t S0 ¢

and Lemma 2.30 further tells us that there exists ¢1---¢,, b1 -+ by, and S with
Dom(S) C {df} such that

CHStCt;
foralli € {1---n}: C,A s w; : t; &b; and CHt;, C St

The induction hypothesis tells us that
foralli € {1---n}k C,A s w; : t; &0
and by using (con), (ins) and (sub) we have
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CoLAFsc:t =0 - ot, =0 t&0.

This shows that we can construct the desired judgement C, A F, cwy---w, : t&0
(where the applications of (sub) are justified by CH) U § U 0 C (). O
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