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Interval Estimation of Some Epidemiological
Measures of Association

Tasneem Zaihra and Sudhir Paul

Abstract

In epidemiological cohort studies, the probability of developing a disease for individuals in a
treatment/intervention group is compared with that of a control group. The groups involve varying
cluster sizes, and the binary responses within each cluster cannot be assumed independently. Three
major measures of association used to report the efficacy of treatments or effectiveness of public
health intervention programs in case of prospective studies are Risk Difference (RD), Risk Ratio
(RR) and Relative Risk Difference (RED). The preference of one measure of association over the
other in drawing statistical inference depends on design of study. Lui (2004) discusses a number
of methods of constructing confidence intervals for each of these measures. Specifically, Lui
(2004) discusses four methods for RD, four methods for RR and three methods for RED. For the
construction of confidence intervals for RD, Paul and Zaihra (2008) compare the four methods
discussed by Lui (2004), using extensive simulations with a method based on an estimator of the
variance of a ratio estimator by Cochran (1977) and a method based on a sandwich estimator of
the variance of the regression estimator using the generalized estimating equations approach of
Zeger and Liang (1986). Paul and Zaihra (2008) conclude that the method based on an estimate of
the variance of a ratio estimator performs best overall. In this paper, we extend the two new
methodologies introduced in Paul and Zaihra (2008) to confidence interval construction of the risk
measures RR and RED. Extensive simulations show that the method based on an estimate of the
variance of a ratio estimator performs best overall for constructing confidence interval for the
other two risk measures RR and RED as well. This method involves a very simple variance
expression which can be implemented with a very few computer codes. Therefore, it can be
considered as an easily implementable alternative for all the three measures of association.

KEYWORDS: clustered data, epidemiological studies, association
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1 Introduction

We often encounterclustereddatain manyfields, suchasepidemiology,preven-
tive medicine,public healthandtoxicology. Clustereddatarefersto a setof mea-
surementscollectedfrom subjectsthatarestructuredin clusters,wherea groupof
relatedsubjectsconstitutesa cluster,suchas a group of studentsfrom the same
classor rodentsin the samelitter. For instance,in toxicologicalstudies,a treat-
ment(a stimulusor a control substance)is given to a numberof pregnantfemale
animalswhereeachanimalis calleda litter or cluster.Theprincipalaim of sucha
studyis to determineif the treatmentaffectsthe incidenceof abnormalitiesin live
foetuses.Anotherexampleof clustereddatais grouprandomizedtrials. Groupran-
domizedtrials (GRTs)arefrequentlyusedin evaluationof public healtheducation
andinterventionprograms.In GRTsor cluster-randomizeddesigns,clusterssuchas
classrooms,schools,clinics, neighborhoods,familiesor communitiesareassigned
to interventionor controlconditions.Theoutcomes,suchasbehaviorchangewith
respectto employingsolarprotection(seedatain Table2), aremeasuredon indi-
vidualswithin clusters. In theseexperimentsindividualswithin the samecluster
respondsimilarly and henceare correlated. Analysis of suchdatathat doesnot
appropriatelyaccountfor correlationamongindividualswithin clustersleadsto er-
roneousstatisticalinferences.

Thefour majormeasuresof associationusedto reporttheefficacyof treat-
mentsor effectivenessof public healthinterventionprogramsareRisk Difference
(RD), Risk Ratio(RR), RelativeRisk Difference(RED) andOddsRatio(OR). The
preferenceof onemeasureof associationoveranotherin drawingstatisticalinfer-
encedependson thestudydesign. In thecaseof prospectivestudies,for instance
clinical trials, cohortstudiesor grouprandomizedtrials, etc.,risk ratio or relative
risk differenceis preferablewhile for case-controlretrospectivestudies,the odds
ratio is usuallyused.As we aredealingwith prospectivestudieswe will omit OR
from furtherdiscussion.

The threeimportantmeasures,risk difference,risk ratio and relative risk
difference,havingdifferentapplications,havebeenusedin theliteratureto quantify
theeffectof asuspectedrisk factoron theprobabilityof developingagivendisease
(seeLui, 2004).Riskdifferenceis usedin publichealthissuesin whichthepurpose
is to measurethemagnitudeof excessmortality attributedto eachdisease(seeLui,
2004,chapter2). Risk ratio is usedin toxicological,etiologicalandcohortstudies
to quantifythestrengthof associationbetweenagivendiseaseandasuspectedrisk
factor. For example,considerthe datain Table1 from a toxicologic experiment
analyzedby Fleiss,Levin andPaik(2003).Thedatarepresentthenumberof pups
surviving21 daysof lactationamongthenumberof pupsalive four daysafter the
birth from 16pregnantratswhosedietwaschemicallytreatedin onegroupandwas
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not treated(control ) in theothergroup. Now, let π1 andπ0 denotetheproportion
of pupswho would survive21 lactationdaysfor the treatedandthecontrolgroup
respectively. Then the effect of the chemicallytreateddiet can be measuredby
eithertherisk differenceRD = π1−π0 or therisk ratio (relativerisk) RR = π1/π0.

Gart andNam(1988)andKoopman(1984)discussedrisk ratio of two bi-
nomial proportionsfor non-clustereddata. For otherapplicationsanddiscussions
of risk ratio,seeGart(1979)andMorris andGardner(1988).

Relativedifferenceis usedasa measureof impactwhen,for example,the
exposureis preventive.It quantifiestheability of a treatmentto reducetherisk of
developinganundesirableoutcome.It is mostpopularin publichealthintervention
programs.Forfurtherdetails,seeSheps(1958,1959),Lui (2004)andFleiss(1986).
Considerthe datagiven in Table2 ( modifiedfrom the datagiven in Table1.1 of
Lui, 2004,p. 7) from aneducationalinterventionprogramonbehaviorchangewith
regardto employingsolarprotection.Now, let π1 andπ0 denotetheproportionof
childrenwho employadequatesolarprotectionin the interventionandthecontrol
groupsrespectively.Thenthe impactof solarprotectioncanbe measuredby the
relativedifferencedefinedby RED = π1−π0

1−π0
. As the educationalinterventionpro-

gramis expectedto motivate(to usesolarprotection),thevalueof REDis expected
to bepositive.SeeLui (2004,p. 54-55)for morediscussion.

Table1: ToxicologicalData(Weil, 1970).(i) Numberof pupssurviving21lactation
days,(ii) Total numberof pupsalive four daysafterbirth in 16 litters of pregnant
rats.

Groups
Chemicaldiet (i) 12 11 10 9 11 10 10 9 9 5 9 7 10 6 10 7

(ii) 12 11 10 9 10 9 9 8 8 4 7 4 5 3 3 0
Control (i) 13 12 9 9 8 8 13 12 10 10 9 13 5 7 10 10
diet (ii) 13 12 9 9 8 8 12 11 9 9 8 11 4 5 7 7

Table2: RadiationExposureData (Mayer, 1997). (i) ClassSizes,(ii) Observed
numberof childrenwith adequatelevel of solarprotection.

Groups
Intervention (i) 3 2 2 5 4 3 1 2 2 2 1 3 1 3 2 2 6 2 4 2 2 2 2 1 1 1 1 1 1

(ii) 2 1 1 5 3 1 0 0 0 1 0 1 0 1 0 2 6 2 4 1 0 1 1 0 0 1 1 1 1
Control (i) 2 4 3 2 3 4 4 2 2 3 2 2 4 3 2 3 1 1 2 2 2 3 3 4 1 1 1 1 1

(ii) 2 4 1 0 3 0 2 1 1 0 0 1 3 0 0 0 0 1 1 0 1 2 1 0 0 0 0 1 1

It is of generalinterestin epidemiologicalstudiesto obtainconfidencein-
tervalsfor oneor moreof thesequantities.Thesimplestanalysiswould bebased
on theassumptionthatobservationswithin clustersareindependent.Suchananal-
ysiswould biasthe inferenceproceduresasobservationswithin clustersarelikely
correlated.Lui (2001)reviewsfour methodsfor constructingconfidenceintervals
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for risk difference.PaulandZaihra(2008)proposeanewmethodbasedonanesti-
mateof thevarianceof a ratio estimator.Supposethatwe independentlysampleni

clustersfrom theith group,i = 0,1, with mi j individuals, j = 1, ...,ni. Supposethat
xi j is thenumberof individualsin the jth clusterof the ith groupwho areexposed
to arisk factor.Theunbiasedestimateof πi is π̂i = xi./mi., wherexi. = ∑ni

j=1xi j and
mi. = ∑ni

j=1mi j. This canbewritten astheratio of two samplemeans,π̂i = x̄i/m̄i,
wherex̄i = xi./ni andm̄i = mi./ni. Then,usinga resultby Cochran(1977,p. 31)of
theestimateof thevarianceof aratioestimator,anestimatorof thevarianceof π̂i is

vi = (ni/(ni −1))
ni

∑
j=1

(xi j − π̂imi j)
2/m2

i. = ni/(ni −1)
ni

∑
j=1

r2
i j/m2

i., (1)

πimi j. PaulandZaihra(2008)alsodevelopa sandwichestimatorwhereri j = xi j − ˆ
vsi of the varianceof π̂i using the generalizedestimatingequationsapproachof
ZegerandLiang (1986). They further showa simplerelationshipbetweenvi and
vsi asvsi = (ni/(ni −1)vi.

Usingtheestimatorvi, anapproximate100(1−α)% confidenceintervalfor
therisk difference∆ = π1−π0 , proposedby PaulandZaihra(2008),is (π̂1− π̂0)±
Zα/2

√
(v0 + v1), whereπ̂∗

i = (xi. + 0.5)/(mi. + 1). Thecorrespondingconfidence

interval usingvsi asthe varianceof π̂i is (π̂1− π̂0)±Zα/2

√
(vs0 + vs1). For more

details,seePaulandZaihra(2008). Note that thesemethodsdo not assumeany
specificmodel for over-dispersionor intra-classcorrelation. Using an extensive
simulationstudy Paul and Zaihra (2008) show that the former of the abovetwo
methodsperformsbetterthanthelattermethodandthefour methodsgivenby Lui
(2001).

Lui, MayerandEckhardt(2000)develop(seealsoLui, 2004)four asymp-
totic intervalestimatorsfor therisk ratio. An estimateof therisk ratio RR, though
biased,is R̂R = π̂1/π̂0. Using the deltamethod,an approximatevarianceof the

πi)/πi
2). The four proceduresde-estimatorR̂R is var(R̂R) = (π1/π0)

2∑1
i=0(var( ˆ

velopedby Lui et al.(2000),which we review in Section2, are basedon an es-
timate of the beta-binomialvariancevar(π̂i) = π̂i(1− π̂i) f (mi,φi)/(mi.), where
f (mi,φi) = ∑mi j[1+(mi j −1)φi]/mi. andφi is theclusterspecificover-dispersion
parameter.Eachof thefour methodsof intervalestimatorsfor therisk ratio devel-
opedby Lui et al.(2000)is compared,by simulations,usingthe threeestimatesof
var(π̂i), namely,thatusedby Lui et al.(2000),vi andvsi. Thus,we comparetwelve
methodsandmakea recommendationfor practicaluse.

Lui (2004)discussesthreemethodsof constructingconfidenceinterval for
the relativerisk differenceRED. Thesemethodsarealsobasedon an estimateof
thebeta-binomialvariancevar(π̂i) = π̂i(1− π̂i) f (mi,φi)/(mi.). Eachof thesethree

3
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methodsis compared,by simulations,usingthethreeestimatesof var(π̂i) discussed
above.Thus,herewecompareninemethods.

In Section2 the methodsfor constructingconfidenceintervalsfor RR are
givenalongwith resultsof anextensivesimulationstudyandanexample.Section
3 providesthe methodsfor constructingconfidenceintervalsfor RED alongwith
somesimulationresultsandanexample.A discussionfollows in Sections4.

2 ConfidenceInterval for the Risk Ratio

2.1 The methods

Lui etal.(2000)evaluatedfour methodsof constructingconfidenceintervalsfor the
risk ratio. Herewe revieweachof thesemethodsandintroducetwo otherversions,
basedon vi andvsi discussedin Section1, for eachmethod.Now, an estimateof
var(R̂R) is v̂ar(R̂R) = (π̂1/π̂0)

2∑1
i=0( ˆvar(π̂i)/π̂i

2), where ˆvar(π̂i) is anestimateof
var(π̂i) = π̂i(1− π̂i) f (mi,φi)/(mi.).

Thusanapproximate100(1−α)% confidenceintervalfor RR,basedonthe
asymptoticnormalityof R̂R, is givenby

[
max{R̂R−Zα/2

√
v̂ar(R̂R),0}, R̂R+Zα/2

√
v̂ar(R̂R)

]
. (2)

MethodM1 (Lui etal. (2000)):
Lui et al. (2000)useanestimatevli of thevarianceof π̂i basedon thebeta-

binomial model using an ANOVA estimateof the beta-binomialover-dispersion
parameterasfollows:

vli = ˆvar(π̂i) = ˆ πi) f (mi, ˆπi(1− ˆ φi)/(mi.), wheref (mi, φ̂i) = ∑mi j[1+(mi j−
1)φ̂i]/mi., π̂i = xi./mi. andφ̂i = (BMSi −WMSi)/[BMSi +(m∗

i −1)WMSi], where
BMSi = [∑ j X2

i j/mi j−(∑ j Xi j)
2/∑ j mi j]/(ni−1) andWMSi = [∑ j Xi j−∑ j X2

i j/mi j]/(∑ j(mi j−
1)) arebetweenmeansquaredandwithin meansquarederrorsrespectively.The
aboveanalysisof variance(ANOVA) typeestimateof the intraclasscorrelationφi

wasfirst proposedby Elston(1977)for correlatedcontinuousdataandlater used
by others,suchas,Donner(1981)andLui etal.(2000).

MethodMR1: Usevi asanestimateof var(π̂i), where

vi = (ni/(ni −1))
ni

∑
j=1

(xi j − π̂imi j)
2/m2

i. = ni/(ni −1)
ni

∑
j=1

r2
i j/m2

i., (3)

whereri j = xi j − π̂imi j with π̂i = (xi. +0.5)/(mi. +1).

4
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MethodMS1:
Usevsi asanestimateof var(π̂i), wherevsi = (ni/(ni −1))vi.
As the samplingdistribution of R̂R canbe skewed,the interval estimator

(1.2) may not performwell, especiallywhenthe numberof clustersis small (see
Katz, Baptista,Azen andPike ,1978). To avoid this problem,asan extensionof
methodM1, Lui et al. (2000)proposeusinglogarithmictransformationto improve
thenormalapproximation.Then,usingthedeltamethod,anapproximatevariance
of theestimatorlog(R̂R) is var(log(R̂R)) = ∑1

i=0(var(π̂i)/πi
2). Now,anestimateof

var(log(R̂R)) is v̂ar(log(R̂R)) = ∑1
i=0( ˆvar(π̂i)/π̂i

2). Basedon a logarithmictrans-
forationof RR, then,anasymptotic100(1−α)% confidenceintervalfor theRR is
givenby

[
(R̂R)exp

(
−Zα/2

√
v̂ar(log(R̂R))

)
,(R̂R)exp

(
Zα/2

√
v̂ar(log(R̂R))

)]
. (4)

MethodM2 (Lui etal. (2000)):
Usevli for ˆvar(π̂i) in (1.4).
MethodMR2:
Usevi for ˆvar(π̂i) in (1.4).
MethodMS2:
Usevsi for ˆvar(π̂i) in (1.4).
Now, defineZ = π̂1−RRπ̂0. It canbeseenthatE(Z) = 0 andanestimate

of Var(Z) is ˆvar(π̂1)+ (R̂R)2 ˆvar(π̂0). Then,usingFieller’s Theorem(seeFieller,
1954,CasellaandBerger,1990)an asymptotic100(1−α)% confidenceinterval
for RR is obtainedby solvingthefollowing quadraticequationin RR:

A(RR)2−2B(RR)+C ≤ 0, (5)

whereA = π̂2
0 −Z2

α/2 ˆvar(π̂0), B = π̂1π̂0 andC = π̂2
1 −Z2

α/2 ˆvar(π̂1). Solving(1.5)
anasymptotic100(1−α)% confidenceintervalfor RR is

[RR1,RR2], (6)

whereRR1 = max
{

(B−
√

B2−AC)/A,0
}

andRR2 = (B+
√

B2−AC)/A.

MethodM3 (Lui etal. (2000)):
Usevli for ˆvar(π̂i) in (1.6).
MethodMR3:
Usevi for ˆvar(π̂i) in (1.6).
MethodMS3:
Usevsi for ˆvar(π̂i) in (1.6).

5
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Note that in orderto avoidnegativeor complexvaluesof RR in theabove
methodsM3, MR3 andMS3, the restrictionsA > 0 andB2−AC > 0 needto be
imposed.

To reducepossibleskewnessof thesamplingdistributionof(π̂1−RRπ̂0)/
√

{var(π̂1−RRπ̂0)},
Bailey (1987)proposedconsideringˆ π0)

1/3, which aftertheapplicationπ1
1/3− (RR ˆ

of Fieller’sTheorem,leadsto theapproximate100(1−α)% confidenceintervalfor
RR givenby

[
max

{
((B†−

√
B†2−A†C†)/A†)3,0

}
,
{
((B† +

√
B†2−A†C†)/A†)3,

}]
(7)

whereA† = π̂0
2/3−Z2

α/2 ˆvar(π̂0)/9π̂0
4/3, B† = (π̂1π̂0)

1/3 andC = π̂1
2/3−

Z2
α/2 ˆvar(π̂1)π̂1

4/3.
MethodM4 (Lui etal. (2000)):
Usevli for ˆvar(π̂i) in (1.7).
MethodMR4:
Usevi for ˆvar(π̂i) in (1.7).
MethodMS4:
Usevsi for ˆvar(π̂i) in (1.7).

2.2 Simulation study and the results

Now we reporton a simulationstudyconductedto comparethe 12 methodsdis-
cussedin Section2.1 for theconstructionof confidenceintervalsfor therisk ratio
RR.As mentionedin Section2.1,Lui etal. (2000)evaluatefour methodsM1, M2,
M3 andM4, andfor eachmethodwe proposetwo extensions.All themethodsby
Lui et al. (2000)arebasedon anANOVA-type estimatevli (given in Section2.1)
of var(π̂i) andour extensionsarebasedon vi: thevarianceof a ratio estimatorof
π̂i andvsi: thevarianceof asandwichestimatorof π̂i. Thusmethod1 hasthreever-
sionsM1, MR1 andMS1,method2 hasthreeversionsM2, MR2 andMS2,method
3 hasthreeversionsM3, MR3 andMS3andmethod4 hasthreeversionsM4, MR4
andMS4.

For generatinga beta-binomialobservation,we first generatea value p
from a beta(α, β ) distribution. Then,given this valueof p, a valuey is gener-
atedfrom a Binomial(m, p) distribution,wherem is thebeta-binomialindex. Thus
E(P) = α

α+β = π andVar(P) = αβ
(α+β )2(α+β+1)

= π(1−π)φ andtheunconditional

meanandvarianceof Y areE(Y ) = mπ andVar(Y ) = mπ(1−π){1+(m−1)φ}
respectively.Theparameterφ = 1

α+β+1 is theover-dispersionparameterwhich is
alsothe intra-clustercorrelationbetweentwo binaryobservationswithin thesame
cluster.

6
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As in thecaseof risk differenceinvestigatedby PaulandZaihra(2008),the
confidenceinterval doesnot exist for somesamplesif eitherBMSi or WMSi is 0,
astheestimateof φ̂i, usedin themethodsM1, M2, M3 andM4, is not valid. Also,
if A ≤ 0 or B2 −AC ≤ 0 or if B†2−A†C† ≤ 0, then confidenceintervalsby the
methodsM3 andM4 donot exist.

Thenumberof samplesrejected,in general,weresmall(in 10,000samples
0 to 1,000sampleswererejected).However,for somesmallvaluesof n andm and
largevalueof φ this numberwassubstantiallylarger. For example,for RR = 1,
n=20,m=5, π = .10 andφ = 0.5 a total of 16,511sampleswererejectedbeforea
total of 10,000goodsamplescouldbetaken.Table3 displaysthetotal numberof
invalid samplesfor π = .10,φ = 0.1 andfor π = .10,φ = 0.5 for someconfigura-
tionsof RR, n andm.

Table3: Numberof samplesrejected(NR) to obtain10,000goodsamplesfor π =
0.10,φ = 0.1, φ = 0.5 andsomeconfigurationsof RR, n, m.

RR n m NR for φ = 0.1 NR for φ = 0.5
1 20 5 677 16511

10 52 7857
50 0 5357

30 5 35 2540
10 2 1618
50 0 977

50 5 7 194
10 2 50
50 0 15

2 20 5 671 10894
10 38 7201
50 5 5370

30 5 25 2505
10 9 1609
50 2 930

50 5 5 111
10 3 52
50 2 20

4 20 5 648 7523
10 45 5214
50 15 2490

30 5 39 1582
10 10 989
50 5 171

50 5 5 525
10 2 16
50 0 9

7
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confidenceinterval wascalculated.The averagecoveragelength(averagelength)
is themeanof these10,000lengths.

Wenowcomparethecoverageprobabilitypropertiesof all themethods.For
thiswefirst comparethebiasof thethreeversionsof eachmethod.Theaveragebias
(coverageprobability- 0.95)overall combinationsof n andm wereplottedagainst
differentvaluesof therisk ratioRR.Forexample,for RR=1,theaveragebiasis the
meanof theninebiasesfor all combinationsof n=20,30,50 andm=5,10,50. The
plots for different combinationsof π0 andφ aregiven in Figure1 to Figure4 for
thefour methods.

It appearsfrom thegraphsin figures1, 2, 3 and4 that,overall,themethods
which usethevarianceof a ratio estimatorof πi, namely,themethodsMR1, MR2,
MR3 andMR4, havesmallestbias. We thencomparetheaveragebiasof the four
methodsMR1, MR2, MR3 andMR4 usingFigure5. We seefrom figure 5 that
methodMR3, which is basedon the varianceof ratio estimatorvi of var(π̂i) and
Fieller’s theoremfor theconstructionof theconfidenceinterval,hasthebestoverall
biasproperty.Thenextbestis thatof MR2.

Next,wediscussthepropertiesof all methodsin termsof theaveragecover-
agelength.Thispropertyis similar for all threeversionsof eachmethod.Soto save
spacewe give theaveragelengthof theconfidenceintervalsfor themethodsMR1,
MR2, MR3 andMR4 in Table4 for π0 = .10,φ = .10and.50.Resultsfor theother
combinationsof π0 andφ aresimilar. In general,MR3 showslargeraveragelength
thantheotherthreemethods,substantiallylargerwhenthesamplesizeis smallor
thenumberof clustersis small( seecasesn=20,m0 = 5,10andn=30,m0 = 5).

TheCoverageprobabilityandaveragelengthwerebasedon10,000samples
in which theconfidenceintervalexistedfor all methods.Thecoverageprobability
for RR is equalto thenumberof times(out of 10,000)that theconfidenceinterval
containedthe truevalueof RR. For eachof the10,000samples,the lengthof the

8
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Figure1: Biasof theconfidenceintervalsof thethreeversionsM1, MR1 andMS1
of method1.
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Figure2: Biasof theconfidenceintervalsof thethreeversionsM2, MR2 andMS2
of method2.
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Figure3: Biasof theconfidenceintervalsof thethreeversionsM3, MR3 andMS3
of method3.
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Figure4: Biasof theconfidenceintervalsof thethreeversionsM4,MR4 andMS4
of method4.
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Figure5: Biasof theconfidenceintervalsby all four methodswith varianceof ratio
estimator
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Table4: Theestimatedcoverageprobabilitiesandaveragelengthsof theconfidence
intervals(in parenthesis)for therisk ratio by themethodsMR1, MR2, MR3, MR4;
for equalnumbersof clustersn1 = n0 = n in bothgroups,meanclustersizem0 =
5,10,50; underlyingmeanprobabilityof responsein group0, π0 = 0.10 andα =
0.05;basedon10,000simulations

φ=.1 φ=.5

RR n m0 MR1 MR2 MR3 MR4 MR1 MR2 MR3 MR4
1 20 5 .891 .949 .949 .937 .744 .905 .939 .887

(2.108) (2.497) (6.525) (2.081) (2.081) (2.786) (21.955) (2.799)
20 10 .913 .936 .943 .931 .776 .905 .956 .894

(1.816) (2.048) (3.294) (2.115) (2.318) (3.044) (16.575) (3.099)
20 50 .924 .934 .943 .934 .818 .897 .941 .891

(1.341) (1.438) (1.645) (1.458) (2.701) (3.476) (19.206) (3.599)
1 30 5 .915 .943 .942 .935 .840 .935 .957 .927

(1.813) (2.043) (3.459) (2.113) (2.274) (2.859) (16.347) (2.966)
30 10 .924 .942 .946 .939 .855 .927 .952 .921

(1.442) (1.562) (1.071) (1.591) (2.360) (2.919) (11.706) (3.047)
30 50 .931 .941 .946 .939 .882 .930 .951 .924

(1.086) (1.137) (1.227) (1.146) (2.427) (2.953) (18.693) (3.099)
1 50 5 .931 .947 .950 .943 .900 .944 .953 .937

(1.348) (1.446) (1.667) (1.469) (2.119) (2.484) (5.552) (2.594)
50 10 .937 .947 .949 .946 .909 .946 .948 .933

(1.095) (1.148) (1.242) (1.160) (2.062) (2.380) (5.210) (2.479)
50 50 .936 .942 .945 .941 .915 .944 .952 .939

(.830) (.853) (.888) (.857) (1.909) (2.166) (6.749) (2.228)
2 20 5 .914 .950 .952 .947 .764 .917 .960 .914

(3.599) (4.076) (14.472) (4.428) (3.495) (4.280) (30.553) (4.652)
20 10 .929 .941 .937 .935 .803 .916 .959 .918

(3.157) (3.458) (6.270) (3.678) (3.901) (4.727) (37.317) (5.952)
20 50 .931 .933 .933 .932 .857 .914 .946 .941

(2.302) (2.425) (2.907) (2.502) (4.496) (5.397) (40.259) (4.976)
2 30 5 .928 .943 .933 .934 .866 .942 .962 .942

(3.155) (3.452) (6.200) (3.675) (3.836) (4.526) (30.491) (5.153)
30 10 .939 .945 .943 .942 .889 .942 .959 .933

(2.494) (2.647) (3.320) (2.748) (4.008) (4.685) (29.519) (5.331)
30 50 .940 .942 .940 .939 .910 .935 .944 .944

(1.847) (1.911) (2.119) (1.949) (4.187) (4.843) (19.183) (4.501)
2 50 5 .935 .946 .942 .943 .921 .951 .951 .938

(2.326) (2.451) (2.958) (2.533) (3.680) (4.150) (10.708) (4.269)
50 10 .943 .943 .941 .941 .927 .943 .944 .938

(1.877) (1.943) (2.170) (1.988) (3.557) (3.964) (9.099) (3.913)
50 50 .942 .942 .945 .942 .931 .944 .939 .926

(1.412) (1.441) (1.520) (1.458) (3.333) (3.667) (6.087) (8.062)
4 20 5 .913 .949 .946 .948 .771 .907 .967 .926

(6.482) (7.184) (23.635) (7.986) (6.071) (7.066) (76.937) (8.062)
20 10 .934 .936 .919 .928 .828 .915 .952 .924

(5.722) (6.173) (12.972) (6.677) (6.825) (7.907) (143.326) (9.043)
20 50 .938 .935 .925 .931 .867 .903 .922 .906

(4.146) (4.327) (5.363) (4.509) (8.051) (9.297) (111.423) (10.767)
4 30 5 .933 .945 .935 .941 .882 .944 .968 .952

(5.635) (6.079) (11.273) (6.476) (6.751) (7.696) (79.822) (8.753)
30 10 .942 .938 .925 .932 .906 .934 .945 .937

(4.518) (4.748) (6.219) (4.985) (7.198) (8.163) (94.118) (9.262)
30 50 .941 .941 .933 .938 .916 .933 .933 .931

(3.324) (3.418) (3.866) (3.509) (8.365) (9.369) (55.712) (9.456)
4 50 5 .942 .944 .935 .942 .928 .948 .941 .945

(4.214) (4.401) (5.472) (4.593) (6.669) (7.364) (20.550) (8.159)
50 10 .941 .942 .935 .939 .930 .942 .931 .937

(3.344) (3.440) (3.896) (3.533) (6.342) (6.935) (16.404) (7.604)
50 50 .944 .942 .939 .941 .933 .942 .927 .935

(2.544) (2.587) (2.768) (2.626) (5.991) (6.487) (11.208) (7.038)
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2.3 An example

As anillustrativeexampleweconsiderthetoxicologicaldatadiscussedin Section1
andgivenin Table1. For thesedatawe obtainπ̂1 = 0.772,π̂0 = 0.899,R̂R = .859
andthe estimateof the commonintraclasscorrelationφ̂ = 0.193. The 95% two
sidedconfidenceintervalfor therisk ratioRR by thefour methodsMR1, MR2, MR3
and MR4 are (0.700,1.018); (714,1.034); (0.703,1.022) and (0.710,1.029) re-
spectively.Thecorrespondinglengthsof theconfidenceintervalsare0.318,0.319,
0.319and0.318.

To examinetheappropriatenessof usingMR1, MR2, MR3 andMR4 in the
particularconfiguration(π0 = .899, φ = .193,RR=.859,n=16,m=9)givenby this
example,we applysimulationagain.WhenapplyingMR1, MR2, MR3 andMR4
weobtainestimatedcoverageprobabilitiesandcoveragelengths(in parenthesis)of
95%confidenceintervalsto be.94(.294),.94(.295),.94(.295)and.94(.295)respec-
tively. Theseresultssuggestthat all of the abovemethodsof interval estimation
shouldbeappropriatefor usein this example.Note that all methodsMR1, MR2,
MR3 andMR4 producesimilar confidenceintervalsandconfidencelengths.

3 ConfidenceInterval for Relative Difference,RED

3.1 The methods

Lui (2004)discussthreemethodsof constructingconfidenceintervalsfor the rel-
ative risk difference. As in Section2, here we review eachof thesemethods
and introducetwo otherversions,basedon vi andvsi, for eachmethod. To esti-
matetherelativerisk differenceδ , we substituteπ̂i for πi andobtaintheestimator
δ̂ = (π̂1 − ˆ π0). Using the delta method,an asymptoticvarianceof theπ0)/(1− ˆ
estimatorδ̂ is Var(δ̂ ) = ϕ2∑1

i=0var(π̂i)/(1−πi)
2. Now, anestimateof var(δ̂ ) is

v̂ar(δ̂ ) = ϕ̂2∑1
i=0 ˆvar(π̂i)/(1− π̂i)

2, whereϕ̂ = (1− π̂1)/(1− π̂0). Thusanasymp-
totic 100(1−α)% confidenceintervalfor theRED is givenby

[
max{δ̂ −Zα/2

√
V̂ar(δ̂ ),0},min{δ̂ +Zα/2

√
V̂ar(δ̂ ),1}

]
(8)

Notethatto ensurethattheconfidenceintervalfalls in specifiedrangeof δ , wehave
restrictionson theconfidencelimits: maximumof δ̂ −Zα/2

√
V̂ar(δ̂ ) and0 for the

lower limit andminimumof δ̂ −Zα/2
√

V̂ar(δ̂ ) and1 for theupperlimit.
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Usevli for ˆvar(π̂i) in (1.8).
MethodRDR1:
Usevi for ˆvar(π̂i) in (1.8).
MethodRDS1:
Usevsi for ˆvar(π̂i) in (1.8).
Whenboth thesamplesizesandtheprobabilityof positiveresponseπi are

small,thesamplingdistributionof δ̂ canbeskewedandhencetheintervalestimator
(1.8)maynot performwell, especiallywhenthenumberof clustersis small (Katz
et al. 1978).To avoidthis,Lui (2004)proposesusinga logarithmictransformation
of ϕ̂ = 1− δ̂ to improvethenormalapproximation.Thenusingthedeltamethod
andafter somealgebra,an asymptotic100(1−α)% confidenceinterval for δ is
givenby
[
1−min{(ϕ̂)exp

(
Zα/2

√
v̂ar(log(ϕ̂))

)
,1},1− ϕ̂ exp

(
−Zα/2

√
v̂ar(log(ϕ̂))

)]
(9)

wherev̂ar(ϕ̂) = ∑1
i=0( ˆvar(π̂i)/(1− π̂i)

2).
MethodRD2(Lui etal. (2004)):
Usevli for ˆvar(π̂i) in (1.9).
MethodRDR2:
Usevi for ˆvar(π̂i) in (1.9).
MethodRDS2:
Usevsi for ˆvar(π̂i) in (1.9).

Now, let a = π̂1− π̂0 andb = 1− π̂0. Further,defineZ = a−REDb. Now,
an estimateof Var(Z) is ˆVar(Z) = v11− 2( ˆRED)v12 + ( ˆRED)2v22, wherev11 =
ˆvar(π̂0)+ ˆvar(π̂1), v12 = ˆvar(π̂0) andv22 = ˆvar(π̂0). Then,usingFieller’sTheorem

weobtainanasymptotic100(1−α)% confidenceintervalfor REDas

[RED1,RED2], (10)

where RED1 = max
{
(B−

√
B2−AC)/A,0

}
, RED2 = (B +

√
B2−AC)/A, A =

b2− v22Z2
α/2, B = ab−Z2

α/2v22 andC = a2− v11Z2
α/2.

MethodRD3(Lui (2004)):
Usevli for ˆvar(π̂i) in (1.10).
MethodRDR3:
Usevi for ˆvar(π̂i) in (1.10).
MethodRDS3:
Usevsi for ˆvar(π̂i) in (1.10).

MethodRD1(Lui etal. (2004)):
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3.2 Simulation study and the results

In thissectionwereportonasimulationstudyconductedto comparetheninemeth-
odsRD1,RDR1,RDS1,RD2,RDR2,RDS2,RD3,RDR3andRDS3discussedin
Section3.1for theconstructionof theconfidenceintervalsfor therelativedifference
RED.

As in Section2.2, we considerequalnumberof clustersn (=10, 20, 30
and50) in the two comparisongroups,commonintraclasscorrelationcoefficient
φ1 = φ0 = φ andvaluesof π0 andφ asπ0 = .1 andφ = 0.1, .2, .5. As relative
differenceis usedin caseswherethe experimentaltreatmenttendsto increasethe
probability of positive responseas comparedwith standardtreatmentor control,
we musthaveπ1 ≥ π0. So, we considervaluesof π1=.15, .20, .25, .3, .4 and.6
producingvaluesof RED = π1−π0

1−π0
=.056,.111,.167,.222,.333and.555. Further,

asin Section2.2,clustersizesmi j havebeengeneratedfrom thePoissondistribution
with meanm0=5, 10, 50 with mi j = 0 andmi j = 1 beingexcluded.As in thecase
of RD andRR,aconfidenceintervaldoesnotexistfor somesamplesif eitherBMSi

or WMSi is 0, astheestimateof φ̂i, usedin all themethods,is not valid. Further,if
A ≤ 0 or B2−AC ≤ 0, thenconfidenceintervalsby themethodsRD3, RDR3and
RDS3donotexist.Here,ascomparedto Section2.2,asubstantiallylargernumber
of sampleshadto berejectedto produce10,000goodsamplesbasedon which the
confidenceintervalsandaveragelengthswerecalculated.

Our simulationsshowthat in termsbiasandaveragelength,theproperties
of the threeversionsof eachmethodaresimilar. So, to savespacetheseresults
arenot presented.Further,as in Section2.2, we study the versionbasedon the
varianceof a ratio estimatorfor all threemethods,namely, the methodsRDR1,
RDR2andRDR3.TheresultsaregivenTable5. To savespaceweonly giveresults
for RED=.056,.167and.333. Fromtheresultsin Table5 we seethatall thethree
methodsshowsimilar behavior,althoughmethodRDR3seemsto havein general,
smallerbiasandsmalleraveragecoveragelength.For largervaluesof φ (φ = 0.5)
all threemethodsshowunder-coverage.For smallervaluesof φ (φ = 0.1) all three
methodsshowunder-coverageonly whenthe samplesizeis small or the number
of clustersis small( seefor RED=0.056,n=20,30).For largervaluesof RED there
is evidenceof over-coverage.
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Table5: The estimatedcoverageprobabilitiesandaveragelengthsof confidence
intervals(inparenthesis)for the relativedifferenceby the methodsRDR1, RDR2,
RDR3; for equalnumbersof clustersn1 = n0 = n in bothgroups,meanclustersize
m0 = 5,10,50; underlyingmeanprobabilityof responsein group0, π0 = 0.10 and
α = 0.05;basedon10,000simulations

φ=.1 φ=.5

RED n m0 RDR1 RDR2 RDR3 RDR1 RDR2 RDR3
.056 20 5 .805 .805 .803 .707 .707 .705

(.166) (.160) (.156) (.227) (.211) (.212)
20 10 .865 .865 .864 .734 .734 .732

(.147) (.142) (.137) (.220) (.206) (.204)
20 50 .913 .913 .913 .747 .747 .744

(.123) (.120) (.114) (.208) (.196) (.194)
30 5 .860 .860 .858 .762 .762 .760

(.145) (.141) (.136) (.197) (.186) (.183)
30 10 .905 .905 .904 .776 .776 .773

(.128) (.125) (.119) (.189) (.180) (.177)
30 50 .957 .957 .955 .799 .799 .797

(.107) (.106) (.098) (.180) (.172) (.169)
50 5 .923 .923 .921 .819 .819 .817

(.122) (.120) (.113) (.163) (.157) (.153)
50 10 .955 .955 .954 .838 .838 .836

(.108) (.106) (.098) (.157) (.153) (.147)
50 50 .986 .986 .983 .851 .851 .849

(.089) (.089) (.080) (.149) (.145) (.140)
.111 20 5 .950 .950 .941 .855 .855 .848

(.214) (.208) (.186) (.284) (.267) (.255)
20 10 .975 .975 .966 .872 .872 .864

(.187) (.184) (.158) (.272) (.258) (.244)
20 50 .994 .994 .985 .891 .891 .885

(.155) (.154) (.126) (.261) (.250) (.233)
30 5 .976 .976 .965 .903 .903 .893

(.185) (.182) (.157) (.248) (.237) (.220)
30 10 .990 .990 .976 .918 .918 .909

(.162) (.160) (.131) (.239) (.230) (.211)
30 50 .999 .999 .983 .930 .930 .920

(.132) (.131) (.099) (.227) (.220) (.200)
50 5 .996 .996 .976 .953 .953 .938

(.153) (.152) (.122) (.209) (.204) (.181)
50 10 .999 .999 .975 .963 .963 .948

(.131) (.130) (.097) (.200) (.196) (.172)
50 50 1.0 1.0. .961 .972 .972 .958

(.104) (.104) (.069) (.191) (.188) (.163)
.167 20 5 .988 .988 .964 .932 .932 .913

(.247) (.243) (.196) (.328) (.312) (.281)
20 10 .996 .996 .970 .943 .943 .922

(.215) (.213) (.163) (.316) (.303) (.269)
20 50 1.0 1.0 .969 .955 .955 .934

(.174) (.174) (.120) (.304) (.292) (.256)
30 5 1.0 1.0 .958 .963 .963 .934

(.211) (.210) (.158) (.288) (.279) (.239)
30 10 1.0 1.0 .957 .963 .963 .934

(.180) (.180) (.125) (.288) (.279) (.239)
30 50 1.0 1.0 .940 .979 .979 .949

(.144) (.145) (.088) (.264) (.258) (.215)
50 5 1.0 1.0 .938 .979 .979 .949

(.169) (.169) (.112) (.264) (.258) (.215)
50 10 1.0 1.0 .917 .972 .972 .945

(.143) (.143) (.085) (.276) (.269) (.227)
50 50 1.0 1.0 .887 .981 .981 .951

(.114) (.114) (.057) (.257) (.257) (.213)
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3.3 An xample

As anillustrativeexamplewe considerthedatain Table2 which wereanalyzedby
PaulandZaihra(2008)for constructingconfidenceintervalsfor therisk difference.
For thesedatawe obtainπ̂1 = 0.578,π̂0 = 0.382, ˆRED = .317andtheestimateof
thecommonintraclasscorrelationφ̂ = 0.30. The95%two sidedconfidenceinter-
val for the RED by the threemethodsRDR1, RDR2 andRDR3 are(0.012, .621);
(0.000, .563) and(0.000, .590) with correspondinglengthsof theconfidenceinter-
vals.609,.563and.590respectively.

As in Section2.3 we examinethe appropriatenessof usingRDR1, RDR2
andRDR3in theparticularconfiguration(π0 = .382, φ = .578,RED=.317,n=29,
m=2) givenby this example.For this we applysimulationagain. Whenapplying
RDR1,RDR2andRDR3weobtaintheestimatedcoverageprobabilitiesandcover-
agelengths(in parenthesis)of 95%confidenceintervalsto be.96(.517),.96(.481)
and.90(.442)respectively.TheseresultssuggestthatRDR1andRDR2havesmaller
biasin the abovesituationbut RDR3 hasthe smallestcoveragelength. However,
dataanalysisandsimulationfrom theexamplefailed to identify anyconsistentbe-
haviorof thethreemethods.

4 Discussion

As in PaulandZaihra(2008),somevery simplemethodsbasedon anestimatorof
the varianceof a ratio estimator(seeCochran,1977) for constructingconfidence
intervalsfor the risk ratio andtherelativedifferencehavebeenintroduced.These
proceduresstandout for their computationalsimplicity.

For constructingconfidenceintervalsfor the risk ratio, the methodMR3,
which is basedon the varianceof the ratio estimatorvi of var(π̂i) and Fieller’s
theorem,hasthebestoverall biasproperty. Whenthenumberof clustersis small
andthe intraclasscorrelationis .5 or higher, the estimatedaveragelengthby this
methodcan be substantiallyhigher than thoseof other interval estimates(Table
4). This is becausecoefficientA† in the quadraticequationsusedwhile applying
Fieller’s theoremcanbecomequitesmall in someextremesimulatedsamplesand
hencethe estimatedaveragelengthof the resultinginterval estimatebecomesex-
tremelylarge. However,theexamplesdiscussedin Section2.3 showthat for well
behaveddatacoveragelengthsby all methodsaresimilar. Thus,for constructinga
confidenceintervalfor therisk ratio,we recommendthemethodMR3.

For constructinga confidenceinterval for the relative risk difference,the
methodRDR3, which is also basedon the varianceof the ratio estimatorvi of

e
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var(π̂i) andFieller’s theorem,seemsto bepreferable,asit has,in general,smaller
biasandsmalleraveragecoveragelength.

Forstudyingconfidenceintervalpropertiesof boththerisk ratioandtherel-
ativerisk differencewehaveconductedsimulationsusingdatafrom abeta-binomial
distributionto generateover-disperseddata.However,in orderto studytherobust-
nessof theseproceduresit wouldbeinterestingto considerothersimulationmecha-
nisms,suchas,generatingdatafrom aprobitnormalbinomialdistribution.In other
similar studies(seePaulandIslam,1995)andPaulandBanarje,1998),similar re-
sultswereobtainedfor different proceduresirrespectiveof which over-dispersion
mechanismis usedto generatedata. Whetherthis holdstrue in this caseis being
investigatedwhich will bereportedin a futurestudy.
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