View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Washington University St. Louis: Open Scholarship

Washington University in St. Louis

Washington University Open Scholarship

Mathematics Faculty Publications Mathematics and Statistics

6-21-2017

Weak Factorizations of the Hardy space H!(R") in
terms of Multilinear Riesz Transtorms

JiLi

Brett D. Wick
Washington University in St. Louis, bwick@wustl.edu

Follow this and additional works at: https://openscholarship.wustl.edu/math _facpubs
& Part of the Analysis Commons

Recommended Citation

Lj, Ji and Wick, Brett D., "Weak Factorizations of the Hardy space H!(R") in terms of Multilinear Riesz Transforms" (2017).
Mathematics Faculty Publications. 43.
https://openscholarship.wustl.edu/math_facpubs/43

This Article is brought to you for free and open access by the Mathematics and Statistics at Washington University Open Scholarship. It has been
accepted for inclusion in Mathematics Faculty Publications by an authorized administrator of Washington University Open Scholarship. For more

information, please contact digital@wumail.wustl.edu.


https://core.ac.uk/display/233235325?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://openscholarship.wustl.edu/?utm_source=openscholarship.wustl.edu%2Fmath_facpubs%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/math_facpubs?utm_source=openscholarship.wustl.edu%2Fmath_facpubs%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/math?utm_source=openscholarship.wustl.edu%2Fmath_facpubs%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/math_facpubs?utm_source=openscholarship.wustl.edu%2Fmath_facpubs%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/177?utm_source=openscholarship.wustl.edu%2Fmath_facpubs%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/math_facpubs/43?utm_source=openscholarship.wustl.edu%2Fmath_facpubs%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digital@wumail.wustl.edu

arXiv:1603.02699v2 [math.CA] 19 Mar 2016

Weak Factorizations of the Hardy space H'(R") in
terms of Multilinear Riesz Transforms

Ji Li and Brett D. Wick

Abstract

This paper provides a constructive proof of the weak factorizations of the clas-
sical Hardy space H(R") in terms of multilinear Riesz transforms. As a direct
application, we obtain a new proof of the characterization of BMO(R™) (the dual
of H'(R™)) via commutators of the multilinear Riesz transforms.

Keywords: Hardy space, BMO space, multilinear Riesz transform, weak factorization.

Mathematics Subject Classification 2010: 42B35, 42B20, 42B35

1 Introduction and Statement of Main Results

The real-variable Hardy space theory on n-dimensional Euclidean space R" (n > 1)
plays an important role in harmonic analysis and has been systematically developed. An
important result about the Hardy space is the weak factorization obtained by Coifman,
Rochberg and Weiss [2]. This factorization proves that all H!(R™) can be written in terms
of bilinear forms associated to the Riesz transforms, with the basic building blocks being:

I(f,9) = fR;g + gR;f,

i Y
n+1

with R; the jth Riesz transform R, f(x) = f(y)| ‘ |

R7 T —
as a corollary of the characterization of the function spa(gj/e BMO(R™) in terms of the
boundedness of the commutators [b, R;|(f) = bR;f — R;(bf).

The main goals of this paper are to provide a constructive proof of the weak factor-
izations of the classical Hardy space H'(R™) in terms of multilinear Riesz transforms.
As a direct corollary, we obtain a full characterization of BMO(R") (the dual of H'(R™))
via commutators of the multilinear Riesz transforms. Our strategy and approach will be
to modify the direct constructive proof of Uchiyama in [I0] for the weak factorization of
the Hardy spaces.

We now recall the multilinear Calderén—Zygmund operators (see for example the
statements in [5]). Let K(yo,y1,---,¥m) be a locally integrable function defined away

dy. This result follows
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from the diagonal {yo = y; = -+ =y, }. K is said to be an m-linear Calderén—Zygmund
kernel if there exist positive constants A and e such that

A
Ek,l:o |y — yl|)mn

K (Y0, Y1, - -+ Ym)| < ( (1.1)

and

Aly; — yjl°
mn-e
(Zk,l:o |k — ?/l|)

|K<y07y17"'7yj7"'7ym)_K<y07y17"'7y;'7"'7ym>| S (12)

for all 0 < j <m and [y; — yj| < %maxogkgm 1y — vkl
Suppose T' is an m-linear operator defined on LF*(R"™) x --. x LP~(R™) associated
with the m-linear Calderén—Zygmund kernel K| i.e.,

Tl dode) = [ Ko [LH@) i edne (13

for all x & N7 supp(f;), where fi,..., f,, are m functions on R™ with N7 supp(f;) # 0.
If

T IP(RY) x - - x [P"(R") — LP(R")
for some 1 < pq,...,pm and p with p~! = Z;.”:lpj’l, then we say T is an m-linear

Calderén—Zygmund operator. According to [5, Theorem 3|, T can be extended to a
bounded operator from LP'(R") x -+ - x LP™(R"™) to LP(R") for all for 1 < py,...,p, and

. _ m —1
p with p=t = 37" p
We also define that 7" is mn-homogeneous if T satisfies

C
an

|T(XB()7 s aXBm)($)| >

for m + 1 balls By = Bo(xo,7),...,Bn = Bpn(vn,,r) satistying |yo — y| = Mr for
[=1,2,...,m and for all x € By, where r > 0 and M > 10 a positive number.
Another stronger version of mn-homogeneous is as follows.

C

K(zg,...,xm) > A

or -
K(zg,...,xm) < ~ 3

for m + 1 pairwisely disjoint balls By = By(zo,7), ..., By = Bm(xm, ) satistying |yo —
y| &= Mr and for all x; € B, for [ = 1,2,...,m, where r > 0 and M > 10 is a positive
number. It is easy to see that this stronger version implies the version above.

In analogy with the linear case, we define the [th possible multilinear commutators
of the mth multilinear Calderén-Zygmund operator 1" as follows.



Weak Factorizations of the Hardy space in terms of multilinear Riesz transform 3

Definition 1.1. Suppose T is an m-linear Calderon—Zygmund operator as defined above.
Forl=1,2,...,m, we set

0, TN(fr, s fu) (@) =T (froo o bfos s f) (@) = 6T (fr, - fn) (). (1.4)

This is simply measuring the commutation properties in each linear coordinate sep-
arately.

Dual to the multilinear commutator, in both language and via a formal computation,
we define the multilinear “multiplication” operators II;:

Definition 1.2. Suppose T is an m-linear Calderon—Zygmund operator as defined above.
Forl=1,2,....,m,

Hl(ga hla - 7hm)(x) = hl,-z—‘l*(hla - '7hl—1agahl+17 - 7hm)(x) - gT(hla - 7hm)(x)7

(1.5)
where T} is the lth partial adjoint of T', defined as
Ty (has -y ) () 2= / Kyt @Y - ) [ 2 () dyr < - dy.
(1.6)

Our main result is then the following factorization result for H'(R") in terms of the
multilinear operators II;. Again, this is in direct analogy with the rest in the linear case
obtained by Coifman, Rochberg, and Weiss in [2].

Theorem 1.3. Suppose 1 <1l <m, and 1 <py,...,pm <00 and 1 < p < oo with

1 1 1
— 44— =
P Pm p

And suppose that T is an m-linear Calderon—Zygmund operator, which is mn-homogeneous
in the [th component. Then for every f € HY(R"), there exists sequences {\*} € (* and
functions g¥ € LV (R"), h¥, € LP*(R™),..., k%, € LP(R") such that

F=Y" NFIn(gh nEy, R ) (1.7)

k=1 s=1

in the sense of H'(R"™). Moreover, we have that:

/11571 ey = 0t {ZZ X192 ot oy ISl s ey - Hh’;mHW(Rn)} )

k=1 s=1
where the infimum above is taken over all possible representations of f that satisfy (LT).

We then obtain the following new characterization of BMO(R™) in terms of the
commutators with the multilinear Riesz transforms; again in analogy with the main
results in [2].
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Theorem 1.4. Let 1 < [ < m. Suppose that T is an m-linear Calderén—Zygmund
operator. If b is in BMO(R™), then the commutator [b,T),(f1,..., fm)(x) is a bounded
map from LP*(R™) x - - - x LPm(R™) to LP(R™) for all1 < py,...,pm < 00 and 1 < p < oo,
with

1 1 1

4=

b1 Pm p

and with the operator norm
I[6, Ty = LPH(R™) x -+ - x LP(R™) = LP(R")|| < Cl|bl[Bpoee)-

Conversely, forb € Uy~ L} (R™), if T' is mn-homogeneous in the lth component, and

[b, T); is bounded from LP*(R™) x - x LP™(R™) to LP(R™) for some 1 < pq,...,pm < 00

and 1 < p < oo, with
1 1 1
—_— e — =
P Pm p

then b is in BMO(R") and ||b]|gmo@n) < C||[b, T]; : LPY(R"™) x - - - x LPm(R™) — LP(R"™)]|.

As a specific example of such operator T" which is an m-linear Calderén—Zygmund
operator and is mn-homogeneous, we now recall the multilinear Riesz transforms, see [5
Page 162] for example.

Definition 1.5. Suppose fi,..., fm are m functions on R™. For j =1,2,...,m,

ﬁj(fl,---,fm)($) = Kj(x’yla'"aym)HfS(yS)dyl'”dyma (18)
s=1

Rmn

where the kernel l?j(x, Yty -+ Ym) 1S defined as

Ki(x,y1,...,Ym) = . 1.9
]( n Y ) |(«T_y1,---,x_ym)‘mn+1 ( )
To be more specific, " .
>3 1 n
where for each 1 =1,2,...,n, Ry) is the multilinear operator with the kernel
K(Z)x, e Ym) = J .
J (z, 91 Ym) (2= 1,y — )|

Here z = («',...,2™) and y; = (y;,...,y}"). According to [5, Corollary 2], éj is an

m-linear Calderén—Zygmund operator for 7 = 1,2, ..., m. Moreover, we have that

T —y; C
/31 /m‘<x_y1’...’x_ym)|mn+1 Mmn

for m + 1 pairwisely disjoint balls By = By(xo,7),. .., Bym = Bun(xm,,r) satisfying |yo —
y| = Mr forl=1,2,...,m, x € By, r >0, and M > 10 a positive number.
Thus, R; is mn-homogeneous.

—

‘RJ<XBO7 - '7XBm)('r)‘ =
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Remark 1.6. As in Corollary 2 in [J, Page 162], they listed a specific multilinear
Calderon—Zygmund kernel of the form

K(xy,...,2y) =
where Q is an integrable function with mean value zero on the sphere S™ ! which is
Lipschitz of order e > 0. We point out that it is possible to choose kernels of this type
that satisfy the mn-homogeneous condition as we stated above. The Riesz transforms R,
are special examples of this form.

Remark 1.7. We remark that Theorem[I{] was obtained by Chaffee in [1]. His proof uses
a technique applied by Janson [6], which is different than that used here. One advantage
of the approach taken in this paper is that it provides for a constructive algorithm to
produce the weak factorization of H'(R™). As mentioned in [1] it would be interesting
to show the equivalence between BMO(R"™) and the commutators when p < 1. Both the
methods used there and in this paper hinge upon duality, which won’t be a viable strategy
when p < 1.

2 Weak Factorization of the Hardy space H'(R")

In this section we turn to proving Theorem [L.3l We collect some facts that will be useful
in proving the main result.

We first provide the following estimate of the multilinear operator I1;, which is defined
in Definition

Proposition 2.1. Suppose 1 <1 <m. Let 1 <pq,...,pm <00 and 1 < p < oo with

1 1 1

=

p n Pm
There exists a positive constant C such that for any g € LP (R") and h; € LP/(R"),
1=1,...,m,

1L (g, hay - o) [y < C||9||Lp'(Rn)||h1||LP1(R”) || zom @@y

Proof. Note that for py,...,p, € (1,00), p € [1,00) with % = p% +--F 1%’ and for any
g € L’ (R™) and h; € LP(R"), i = 1,...,m, we have II;(g, hi, ..., hn)(z) € L'(R") by
Holder duality. Moreover, we have

/ Hl(gahlaahm)(x)dxzo
Hence, for b € BMO(R™), we have

/n b(x)II,(g, by ..\ ) (2)dx

/n o) Thha, - . o) ()
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< CllPallzey @y - - ([Pl Lom @) [ 9] £ ey 0] BMORR) -

Here in the last equality we use [, Theore 3.18] which provides an estimate for the
multilinear commutator in terms of BMO. Therefore, II;(g, hy, ..., hy) is in HY(R"),
with

1TL(g, ks ooy ) [ gey < Cllgll o @y 1Pl zor ) - < < | B[ o ey -
The proof of Proposition 2.11is completed. O

Next, we recall a technical lemma about certain H'(R™) functions.

Lemma 2.2. Suppose f is a function defined on R" satisfying: fR" f(x)dx =0, and
|f(2)] < XB(o,1)(®) + XBo,1) (), where |xg — yo| := M > 10. Then we have

| fllm @y < Cplog M. (2.1)

We can obtain this lemma using the maximal function characterization of H'(R™),
as well as the atomic decomposition characterization of H'(R"). For details of the proof,
we refer to similar versions of this lemma in [3] and [§].

Suppose 1 <1 < m. Ideally, given an H*(R")-atom a, we would like to find functions
ge LY (R™), hy € LP*(R™),. .., h,, € LP»(R"™) such that II;(g, hy, ..., hy) = a pointwise.
While this can not be accomplished in general, the Theorem below shows that it is
“almost” true.

Theorem 2.3. Suppose 1 <1 < m. Suppose that T is an m-linear Calderéon—Zygmund
operator, which is mn-homogeneous in the lth component. For every H'(R™)-atom a(x)
and for all € > 0 and for all 1 < py,...,pm < 00 and 1 < p < oo, with

1 1 1
_+...+_:_’
P Pm p

there exists g € LP (R™), hy € LP*(R"),..., h,, € LP»(R"™) and a large positive number
M (depending only on €) such that:

||(l - Hl(ga h17 ey hm)HHl(R") <é€

and that 9]l o gny [Pl Lo @y = 1Pl o ey < CM™, where C'is an absolute positive
constant.

Proof. Let a(z) be an H*(R™)-atom, supported in B(xzg,r), satisfying that

/ a(r)der =0 and |al/peom@ny < 77"

Fix 1 <1 <m and fix € > 0. Choose M sufficiently large so that

log M
<
Me O ©
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where the constant € appeared in the power of M is from the regularity condition (L.2) of
the multilinear Calderén—Zygmund kernel K. Now select y; € R" so that y;; —x¢,; = %,

where zg; (reps. ;) is the ith coordinate of xy (reps. y;) for i = 1,2,...,n. Note that
for this y;, we have |xg — y;| = Mr. Similar to the relation of xy and y;, we choose y;
such that yo and y; satisfies the same relationship as zy and y; do. Then by induction

we choose Yo, ..., Yi—1, Yittls - Ym-
We then set

9(x) == XB(y.n(T),
h](l‘) ::XB(yj,r)(x)a j 7& la

a(x)
hi(x):= :
l< ) 7}*<h17"'7hl71797hl+17"'7h’m)<x0)

Since 7' is mn homogeneous, and so is T}, for the specific choice of the functions
hiy...;hi—1,9,hi11,...,h, as above, we have that there exists a positive constant C
such that

‘7?(;7/1, .. -ahl717g7hl+17 .. ,hm)<l’0>| Z CMimn for 1 S ) S m. (22)

From the definitions of the functions g and h;, we obtain that supp g = B(yo, ) and
supp h; = B(xo, 7). Moreover,

z n
Hg”LI”(R”) ~ T;/ and ”hi”LPi(Rn) = TPi

fori=1,...,1—1,1+1,...,m. Also we have

1 n
h ny = o < O M™ ="
il ) = e B g e RG] < OV,

where the last inequality follows from (2.2]). Hence we obtain that

(L4l 1
gl o gy Nl ey -+ [Pl oy < C M= G T+ i)

< CM™.
Next, we have

a(x) =10 (g, b1, ... hin) ()
= afw) = (T (s bt g, bt ) (@) = 9T (s B ()
:a@)TZ*(hl,...,hl,l,g, hivty ooy hm) (o) — T (R, ooy i, gy hugas -y ) (20)
Tr(hay s, g g, oo b)) (20)
+9(x)T(h, ..., hy)(z)
=: Wi(z) + Wa(x).
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By definition, it is obvious that W;(z) is supported on B(xzg,r) and Wy(z) is sup-
ported on B(yg,r). We first estimate W;. For x € B(xg,r), we have

Wi ()]

_ ‘a(gj‘)‘ ‘ﬂ*(hl, e hlfl,g, hlJrl, cey hm)<$‘0) — 7}*<h1, e hlfl,g, hlJrl, Cey h,m)(ﬂf)‘

‘j}*<h17 R hl*lag7 h’l+17 ) h'WL><xO)‘

|al| Lo n
SCW |K(Zl,21,...,Zl_l,fL'Q,Zl+1,...,Zm)
H;'n:IB(ijr)
— K(z1, 21, 2121, %, 2141y - oy Zm) | dz1 - - d iz,
- |wo — x|
S CanT n/ — — le .. .dzm
[15%1 Bly;»r) (Eizl, izt 12— 2l + |z — o))
_ re
< CM™r nTmn*(Mr)mnjLe
1
- CMGT"’

where in the second inequality we use the regularity condition (2] of the multilinear
kernel K. Hence we obtain that

1
(Wi(z)| < CWXB(GCO,T) (7).

Next we estimate Ws(x). From the definition of g(z) and h;(z), we have

[Wa ()|
= XB(ylvr)<x>|T<hl7 R hm)<l’)|
(@) 1
_= r €T
XB(yh ) |,I‘l*(h17'"7hl—1agahl+17"-7hm)(x0)|

’/ (K<y17'"7yl*17x07yl+17"'7ym>
[172 0 Blys.r)x B(zo,r)

- K<y17 e Y1, T, Yty - - 7ym))a<yl) dyl .. dym

To — x|€
S CXB(yl,r)<x)an/ ”CLHLOO(RW,) - | 0 | proy— le . dZm
[T o0 Blyy )% Blao.r) (30 |20 — =)
mn,,—n reermt
S CXB(yhr) (.T)M r (Mr)m""‘E
- C
-~ Mern’

where in the second equality we use the cancelllation property of the atom a(y;) Hence
we have

C
[Wa(z)| < ey XBwr) ().
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Combining the estimates of W7 and W5, we obtain that

C
Ms,rn

a@) = (g, P, ) (@) | € 2 (B0 (@) + Yo (@) (23)

Next we point out that

/n [aa) = W(g. .- . h)(@) ] = 0 (2.4)

since the atom a(x) has cancellation and the second integral equals 0 just by the defini-
tions of II;.

Then the size estimate (23] and the cancellation ([2.4]), together with Lemma 2.2]
imply that

< Ce.

log M
Jate) = Tutg. .o h)@) < O

This proves the result. ]
With this approximation result, we can now prove the main Theorem

Proof of Theorem[I.3. By Proposition 2], we have that

(g, by - ha) @y < Cllgll o oy ][ s ey - - [ || o e

It is immediate that for any representation of f as in (L), i.e.,

f = ii)‘lgnl(g?vhsla . 'vhl;m)a

k=1 s=1

We have that || f[| y1 sy is bounded by

C'inf {Z Z XAl s ey < - - [ || Lom @) |9 1o gy = f satisfies (I]:ﬂ)} .

k=1 s=1

We turn to show that the other inequality holds and that it is possible to obtain
such a decomposition for any f € H'(R™). Utilizing the atomic decomposition, for any
f € HY(R") we can find a sequence {\!} € ¢! and sequence of H'(R")-atoms {al} so

that f = Alal and > || < C £l n)-

We exi)lilcitly track Sthle implied absolute constant C' appearing from the atomic de-
composition since it will play a role in the convergence of the algorithm. Fix ¢ > 0 so
that ¢C' < 1. We apply Theorem 3] to each atom a!. So there exists g! € LF'(R"),
hi, € LP(R"),..., hi,, € LP"(R") with

Hai - ijl<g;7 h’i,h LRI h;m)HHl(Rn) <g, Vs
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and (|92 ey |t o o) - - o[ ooy < C(E), where C(e) = CM™ is a constant
depending on & which we can track from Theorem 2.3 Now note that we have

=3 " At _ZAlnl (g k.o bl ) +ZA1 (al =gl bl b))
s=1
:IM1+E1.
Observe that we have
||E1||H1(]R" <Z’>‘1’ Ha — 1T, gs,hil,---, s,m HHl (R") <EZ})‘1} <5C||f||H1 (R™) -
s=1

We now iterate the construction on the function F;. Since F; € H'(R™), we can apply
the atomic decomposition in H'(R") to find a sequence {\?} € ¢! and a sequence of
H(R™)-atoms {a2} so that Ey = >0 Ma2 and

o0

DX < ClBm@ny < eCP ISl -

s=1

Again, we will apply Theorem to each atom a?. So there exists g?> € L”(R"),
hZ, € L (R"),..., hZ,, € LPm(R") with

Ha —10;(g2, h? <e, Vs

s, 1o Sm HHl (R™)

We then have that:
=) 2% —ZAQHI Y R +Z)\2 (g2, h2 1, h2,))
s=1
I:M2+E2.

But, as before, observe that

||E2||H1(]Rn <Z‘>‘2‘Ha _Hl(gs’ FRERRRR sm HH1 R") <EZ})‘2

s=1

< (CY* I f Nl g ey -

And, this implies for f that we have:

f:Z)\i Z)\lﬂl g57 517"'7 s,m _'_Z)\l gs7h;17"'7h;m))
=1

:M1+E1 M1—|—M2—|—E2

_ZZAkHl gs? sla"~>hlsm)+E2.

k=1 s=1
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Repeating this construction for each 1 < k < K produces functions g* € L (R"),

Moy € LR, by € LR with (03| sy [Vl s oy - 1| e ey <
C/(e) for all s, sequences {\*} € ¢! with H{)‘I;}Hzl < ghICk ||f||H1 (rn), and a function

Exc € H'(R") with || Excll g1 gy < (€C) [1f71gey s0 that

f ZZ)\I;HZ-QS’ 517"-ah§m)‘|‘EK.

k=1 s=1

Passing K' — oo gives the desired decomposition of

f ZZ)\kHl gs7 317"'7hls€m)

k=1 s=1
We also have that:
C

SPIIUE Ze* OV I s qary = T2 1 i oy -

k=1 s=1

Finally, we dispense with the proof of Theorem [[4l

Proof of Theorem[I.7} The upper bound in this theorem is contained in [7, Theorem
3.18]. For the lower bound, suppose that f € H'(R™) N LP(R"), where L°(R™) is the
subspace of L (R") consisting of functions with compact support in R”. Then using the
weak factorization in Theorem [[.3] we have that for every b € U, L] (R™),

(b, f) 12y :ZZAk (0, T (gE hE o hE L)) ey

k=1 s=1
ZZA’; (gF, [0, TV(hE o RE L)) po ey
k=1 s=1

Hence, we have that

[Ny <SS B TR, 0]/ [
k=1 s=1
<||[b, T, 'L’“(R") ---XLPM(R")%LP(R")II
SO P e MH 18 1] e
k=1 s=1
<C||[b,T]; - LP*(R™) x -+ x Lp’"(R") = LPR™) [ f 1l 1. gy -

By the duality between BMO(R™) and H!(R") we have that:

< C|l[b, )y : LM (R™) x - x LP7(R™) — LP(R™)]].

1bllppo@ny = sup ’(b, D r2@n)

|f||H1(Rn)§1

0
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