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Operational Type Theory (OpTT) can be used to construct and check proofs related
to programs, but the development of these proofs can be somewhat tedious. An
algorithm is presented that can be used to automatically generate proofs of equality
in OpTT. The algorithm takes as input a set of ground equations and two terms that
should be tested for joinability modulo the supplied ground equations. The
algorithm will equate the terms if and only if there exists an OpTT proof that can
equate the two terms using only the proof rules related to evaluation under the
operational semantics, symmetry, transitivity, and congruence with respect to the
supplied ground equations. The description of this algorithm is accompanied by a

proof that the algorithm is partially correct.
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1 Introduction

Operational Type Theory(OpTT)[8] is a powerful and convenient system for developing
programs and proofs related to those programs. In some cases, however, the development
of proofs in OpTT can be excessively tedious. This paper describes a class of proofs that
could be automatically generated by an algorithm that is capable of deciding the “joinability
modulo ground equations” problem. Such an algorithm would significantly reduce the

amount of effort required to develop proofs in OpTT.

The primary contribution of this paper is an algorithm which attempts to decide the
joinability modulo ground equations problem. Also included is a proof that the algorithm is
correct when it terminates and certain “consistency” conditions are satisfied. An analysis of
the termination properties of the algorithm is not included, but it is conjectured that the
algorithm will terminate if recursion is finite in the supplied program terms and in all terms

that are derived by the algorithm.

This chapter describes OpTT and introduces the joinability modulo ground equations

problem.

11 Operational Type Theory

Operational Type Theory is a system in which programs and proofs have distinct type
systems, but can nevertheless be combined such that a program can contain a proof, and a
proof related to a program can be documented and checked. The primary motivation for
this distinction is to allow for the independence of the semantics of program evaluation,
proof normalization, and definitional equality. As a result of this independence, proof
complexity is not dependent on program complexity, and it is possible to develop simple

proofs related to complex programs.



1.2 Proof Complexity in OpTT

In many practical cases, proofs in OpTT tend to be mostly composed of tedious sub-proofs
that could easily be generated using simple automated reasoning. These proofs are usually
composed of instances of a handful of common patterns, and they tend to have relatively
large amounts of redundant information. If the need to manually develop such trivial proofs

was removed, then proof development in OpTT would be significantly less time consuming.

A simple example will be used to further describe the problem. Additional examples are
used to provide more detail in chapter 2. Several examples in this paper assume the
definitions in figure 1-1 which define natural numbers, Booleans, and = for natural

numbers, respectively.

Inductive nat : type :=
Z : nat

| S: Fun(x:nat).nat.

Inductive bool : type :=
T : bool
| F: bool.

Define ge : Fun(n m : nat). bool :=

fun (n m : nat):bool.

match m by x y return bool with
7 =>T

| Sm' => match n by x1 y1 return bool with

Z=>F

| Sn'=> (ge n'm')
end

end.
Figure 1-1. Example Definitions



One might prove that ge is reflexive, that is, for all n, (ge n n) = T, as follows. Proof by
induction on n: In the base case, n = Z. Because n=7 and congruence of terms w.r.t.
equality of subterms, (ge n n) = (ge Z Z). Due to the definition of ge, (ge Z Z) = T. From
transitivity of equality, (ge n n) = T. In the step case, n = (S n’) and there is an induction
hypothesis that says (ge n’ n’) = T. Because n = (S n’) and congruence of terms, (ge n n) =
(ge S n”) (S n))). Due to the definition of ge, (ge (S n’) (S n’)) = (ge n’ n’). Due to the
induction hypothesis and transitivity of equality, (ge n n) = T. This proof in OpTT syntax is
shown in figure 1-2. Note that trans, cong, and join are the proof rules for transitivity of

equality, congruence of terms, and evaluation under the operational semantics, respectively.

Define geRefl : Forall(n:nat). { (genn) =T } :=
induction(n:nat) by x1 x2 IH return { (ge n n) = T} with
Z => trans
cong (ge * *) x1
join (ge ZZ) T
| Sn'=> trans
trans
cong (ge * *) x1
join (ge (Sn') (Sn") (ge n'n')
[[H ]
end.

Figure 1-2. Standard Proof of Reflexivity of ge

Each case of the induction is little more than a series of cong and join rules linked together
by trans rules. Itis common for proofs in OpTT to be composed of such large sub-proofs
that contain only cong, join, symm, and trans rules. The cong proof rule also includes a
ground equation as an argument, so this class of OpTT proof will be referred to as a
joinability modulo ground equations proof, and the problem of determining the existence of
such proofs is called the joinability modulo ground equations problem. Because the need for

this sort of proof is so common, an algorithm which can decide the joinability modulo
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ground equations problem would greatly simplify proofs in many cases. For example, it

would be desirable to simply write the proof from figure 1-2 as shown in figure 1-3.

Define geRefl : Forall(n:nat). { (genn) =T } :=
induction(n:nat) by x1 x2 IH return { (ge n n) = T’} with
Z => hypjoin (ge n n) T by x1 end
| S n'=> hypjoin (ge n n) T by x1 [IH n'] end

end.

Figure 1-3. Proof of Reflexivity of ge using hypjoin

Note that hypjoin is the name given to the new proof rule in OpTT that can algorithmically
decide the joinability modulo ground equations problem. The “hyp” in hypjoin stands for
hypothesis, and the name “hypjoin” represents the fact that we are attempting to join two
terms given a set of user-provided hypotheses. This problem is described in greater detail in

chapter 2.

Though the example in figure 1-2 was very simple, the purpose of hypjoin is to take large,
complicated proofs and collapse them into a single hypjoin statement. More complex
examples are provided in section 2.5. The goal of this paper is to define an algorithm that
implements hypjoin and to prove that the algorithm is correct to the extent that it can be
used in practical cases. The algorithm is defined in chapter 3, and the proof of correctness is

provided in chapter 4.

1.3 Related Work

Congruence closure[2] is a decision procedure that can be used to decide the equivalence of
two terms given a finite set of ground equations E that defines a set of allowed substitutions.
This problem is known as the ground word problem for E[1]. Congruence closure is a

significant part of the hypjoin algorithm, but using it to solve the entire problem is
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challenging because it is difficult to effectively represent the operational semantics as a finite

set of ground equations.

The Calculus of Congruent Inductive Constructions(CCIC)[3][4] is an extension to the
Calculus of Inductive Constructions(CIC) that incorporates decision procedures for first-
order theories into the CIC conversion rule. This system is very powerful in that the user-
supplied hypotheses can be equations containing quantified variables, and as such it can
simplify many types of complex proofs. Though hypjoin is less general than CCIC, the fact
that it is limited to reasoning on ground equations provides some significant benefits when
compared to CCIC. The primary benefit is that the computational nature of the hypjoin
algorithm will probably make it more understandable to the programmer. If hypjoin fails, an
error message will be presented that can help the programmer understand why the failure
occurred. If conversion fails, however, it may not be possible to generate such an error
message. Another benefit of hypjoin is that it can be seen as an optional extension to
OpTT, whereas the modified conversion rule is a core part CCIC. Due to this structure, the

theoretical properties of OpTT (cut elimination, type soundness) are not affected by hypjoin.



2 Problem Description

This section contains a discussion of the issues surrounding the joinability modulo ground
equations problem. Section 2.1 contains a definition of the problem, and a description of
the difficulties inherent to solving the problem is presented in section 2.2. Section 2.3
presents a set of achievable goals that would allow an algorithm that partially decides the

joinability modulo ground equations problem to be useful in practical cases.

2.1 Problem Definition

The joinability modulo ground equations problem can be described informally as follows.
Given two terms, s and t, and a set of ground equations U, is there a path from s to t using
evaluation under the operational semantics and substitutions from U? This paper is
concerned with solving this problem using the operational semantics and constraints of

OpTT. The operational semantics of OpTT can be defined as follows.

The definitions of contexts E and E"are found in [8] and reproduced in figure 2-1 for
convenience. The definition of E* excludes contexts that are types since it is assumed that
all type annotations have been dropped in the terms and equations that are provided to
hypjoin. It is often helpful to consider contexts that are exactly one level deep. These
contexts are described by the symbols E, and E, which are identical to E and E",
respectively, except the first set of contexts are one level deep. For example, E,[a] could
describe (a b), but not ((a b) ¢). Another difference is that the one-level-deep contexts could
have an empty set of holes, as opposed to traditional contexts that must have at least one
hole, but the context itself could be empty. The context E, is identical to E; except it has
an arbitrary number of (zero or more) holes. Notation such as E|[a@] refers to a context
and the list of terms (a), in the holes of that context. Any time this notation is used, there
is an element in @ for every possible hole in E, based on the form of the term. For

example, if E;[@] refers to a let term, then there must be exactly two elements in @ .



E = FIEX)|[|TE) ]
letx=Ebyyiny ||
match E by x y return T with

ox,=>tl..lcx =>t end

E"u= FUIX|[(ETET)
funt(Xx:E"): ET.E" ||
letx= E" byyin E* ||
match E* by xy return E* with

cx,=E"l.lcx = E" end
Figure 2-1. Definitions of Contexts

When using one-level-deep contexts, one can easily extract the bound variables defined in
that context. Later definitions will refer to a function called Bound that is used to produce a

set of bound variables for a given one-level deep context. Bound is defined in figure 2-2.

Bound((al a2), 1) = &

Bound((al a2),2) = &

Bound(fun r(x:!):l.a, 1) = {x}

Bound(let x = al ina2,1) = &

Bound(let x = al in a2, 2) = {x}

Bound(match s return | with ¢, x,=>a, |...| ¢, X,=> a, |...end, 1) = &

Bound(match s return | with ¢,x,=>a, |...|c,X,=> a, |...end, m) = {X, ,}
Figure 2-2. Definition of Bound

For any context E with only one hole, Bound(E) is shorthand for Bound(E, k) where k is the
position of the only hole in E. We can also apply Bound to an evaluation context with only
one hole but arbitrary depth. In which case the function is defined recursively as shown in

figure 2-3.



Bound(*) = &

Bound(E +[E,"]) = Bound(E+) U Bound(E,")
Figure 2-3. Recursive Definition of Bound

The definition of the evaluation relation is provided in figures 2-4, 2-5, and 2-6. 'The
definition provided uses the one level deep context defined earlier, but is nevertheless
equivalent to the operational semantics defined in [8]. Note that — is the symbol used to

represent a single step of evaluation.

The relation is defined using a set of rules which combine to form an inductive definition.
That is, any time two terms are related by —, there must exist a derivation composed of
these rules which relate the terms. The notation k:aRb is used to represent the fact that a is
related to b in inductively-defined relation R by a derivation of depth k. This convention is

used any time a relation is defined inductively in this paper.

f=funr(x:):1b
(f D —=blI/ XIS /7]

match(c, I ) return | with ¢,x, => s, |...lc, X, =>s end — s[I/%]

let x=1int — t[I/x]

Elabort!] — abort!
t—>t'
Elt] — E|]t']
Figure 2-4. Inductive Definition of Operational Semantics of OpTT

Note that I" is a set of bound variables and, in general, I'> aRb means that a and b are
related in R and no bound variables, as defined by I, are introduced or eliminated when a is

replaced with b.



' (Vars(s,)uVars(t,)) =< CAS-BASE
Tot[s/f]=s,

vn T, Bound(El*,n) >alt/s]=b, CAS-IND
I'>(E[aD[f /5]=Eb]

Figure 2-5. Inductive Definition of Capture-Avoiding Substitution

Vars(s)yuVars@))nI'=0 s—t

I'>s—t
Figure 2-6. Bound Variable-Preserving Evaluation

The set of ground equations will be referred to as U and has the following form:
{u,=u ', u,=u,',..,u,=u,'t. Two terms, s and t, are equal modulo a set of ground
equations U if there exists a sequence of substitutions defined by U that can be applied to s

and t to produce two definitionally equal terms. This equality is defined in figure 2-7.

It is assumed that the variables in U only refer to free variables in s and t. If there happens
to be a bound variable in s or t with the same name as a variable in U, then these should be
treated as different variables. Techniques such as de Bruijn indices[5] can be utilized to
prevent inadvertent variable name collisions. As a result of this assumption, equality modulo

U is not constrained by any context.

Note that in the EQ-REFL case, two terms are considered to be the same term if they are
definitionally equal. It should be apparent that =, is essentially the ground word problem
for U[1].

The symbol s <> 1 is used to represent the notion that s and t are joinable modulo U. This

relation is defined in figures 2-8 and 2-9.
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EQ-REFL
s=, 8
{s=t}eU EQ-SUBS
s =y
t=, s EQ-SYMM
s=,t
s=, 8" s'=,t EQ-TRAN
e
s=,t EQ-CTXT
E'[s]=, E[t]

Figure 2-7. Equality Modulo Ground Equations

_SE JMU-EQU
I'ss=, ¢
I'>s—t JMU-EVAL
I'ss=, ¢
I',Bound(E/)>s =, t JMU-CTXT
I'>E'[s]=, E'r]

Figure 2-8. Inductive Definition of Single Step Joinability Modulo Ground Equations

0
I'>bte,t
I'bse,s' I'bs'e,t
n+l
I'>se,t

Figure 2-9. Inductive Definition of n-step Joinability Modulo Ground Equations

The symbol <> represents the symmetric closure of =. Using the definitions above,

I'> s, t iff 3k, I'> s, t. This convention is used for all transitive relations in this
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paper. The joinability modulo ground equations problem can now be defined as follows.
Given s, t, and U, is it the case that & > s>, 1 ? Note that D refers to the empty context.

In terms of OpTT, D> s, t means that there exists a proof P of {s=t} where P only
uses the symm, trans, cong, and join proof rules. Furthermore, the cong proofs in P only
reference the equations in U. So an algorithm that can solve this problem would be able to

determine the existence of such a proof in OpTT.

2.2 Inherent Difficulties

Unfortunately, there are some issues which will make it difficult to develop an algorithm
which solves the joinability modulo ground equations problem. These difficulties are

described in this section.

The first issue is that the problem, as described in the previous section, is undecidable. A
special case of this problem is the one in which U =& and one of the terms does not
terminate with respect to the operational semantics. In this case, the problem is equivalent
to the problem of determining whether the other term terminates. Since termination is

undecidable, joinability modulo ground equations must also be undecidable.

However, if it is possible to design an algorithm that terminates in practical cases and is
guaranteed to be correct when it terminates, then that algorithm could still be immensely
useful. In the spirit of this practicality, the theorems in this paper will often assume the
termination of various algorithms. Likewise, a proof of termination of the parts of the
algorithm that are unrelated to evaluation under the operational semantics is beyond the

scope of this paper.
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2.3  Desired Algorithm Qualities

With the issues described in the previous section in mind, this section attempts to define

qualities that the algorithm must possess in order to be practically useful.

First and foremost, the algorithm should terminate in most practical cases, and it should be
correct when it terminates. The algorithm presented in this paper is sound and complete
with respect to joinability modulo ground equations when it terminates and certain
“consistency” requirements for U are met. The algorithm is also conjectured to terminate
when all of the terms encountered by the algorithm terminate with respect to evaluation

under the operational semantics, but a proof of this conjecture is beyond the scope of this

paper.

Next, the algorithm should be efficient. Efficiency is not explicitly defined, and an analysis
of the computational complexity of the algorithm is not presented in this paper. However,
the algorithm is designed in such a way that searching is minimized or eliminated. The
definition of the algorithm allows for a large amount of flexibility in implementation, and

efficient implementation suggestions will be provided where appropriate.

Additionally, the algorithm should support the creation of an OpTT proof that equates the
supplied terms using the join, symm, trans, and cong proof rules. This means that any
hypjoin proof can be replaced with the generated proof of equality, and that proof can then
be checked. As a result of this requirement, there is no need to trust the implementation of
hypjoin, and hypjoin has no affect on the theoretical properties of OpTT. This goal is
accomplished by breaking up the hypjoin algorithm into small steps, each of which results in
an equality that can be obtained from symm, join, or cong. These steps are then combined

into a single proof using the trans rule.

Finally, in the event that hypjoin fails, an implementation of the algorithm should be able to
present some information to the programmer in order to help him determine why hypjoin

failed and what must be changed in order for hypjoin to succeed. An algorithm that is based
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on searching would probably not satisfy this requirement since the only information that the
algorithm could provide is that the search space was exhausted and no suitable match was
found. The algorithm presented in this paper is based on normalizing all forms and then
testing the normal forms for equality. These normalized terms can then be presented to the
programmer, who will use the output to determine why the requested hypjoin operation was

not successful.

The qualities in this section describe a sort of loose specification for an algorithm. This
specification is referred to as hypjoin. The actual algorithm that is defined in this paper

which satisfies this specification will be referred to as the “hypjoin algorithm.”

2.4 Additional Notation

This section describes some additional notation that is used in this paper and not explained

elsewhere.

Notation such as a is used to denote a (possibly empty) list of items @;,a,,...,a, where n is
the number of items in a . A relation on list of items will be used to denote relations on the

individual items: @Rb means Vn a,Rb, .

The notation I > aR/ indicates that a is normal with respect to relation R in context I'. The
notation I'>7'(a, R) indicates that a terminates with respect to relation R in context I'. For

these notational conventions, I"is omitted if the relation is not constrained by the context.

The naming conventions of [8] are followed, where possible. For example, s and t usually

refer to terms, I refers to an inactive term, and x refers to a variable.
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2.5 Example Input

This section contains some example input and the expected results of hypjoin. The purpose
of these examples is to explain the expectations of the algorithm and the motivation behind

the design of the algorithm.

The example from chapter 1 is a very simple example input set that will be discussed first.

The proof using hypjoin is duplicated in figure 2-10 for convenience.

The most complicated hypjoin occurs in the S n’ case of the induction. In order to
determine that (ge n n) is equivalent to T in this case, hypjoin could begin by realizing that n
= (S n’) as given by x1, and then determining that (ge n n) = (ge (S n’) (S n’)). Then hypjoin
would determine that (ge (S n’) (S n’)) = (ge n’ n’) due to the operational semantics and the
definition of ge. Then by transitivity, (ge n n) = (ge n’ n’). In these steps, hypjoin simply
found substitutions in U that allow the terms to take a step of evaluation in the operational
semantics. This “evaluation modulo U” is the basis of the hypjoin algorithm. The term (ge
n’ ) is considered to be normal because there are no substitutions that would allow it to
take a step of evaluation. The same can be said for the term T. From here, hypjoin can
simply test the terms (ge n” n’) and T for equivalence given substitutions from U. In this
case, one of the user-provided equations is {(ge n’ n’) = T} so the normalized terms are

equivalent and hypjoin succeeds.

Define geRefl : Forall(n:nat). { (genn) =T } :=
induction(n:nat) by x1 x2 IH return { (ge n n) = T’} with
Z => hypjoin (ge n n) T by x1 end
| Sn' => hypjoin (ge nn) T by x1 [IH n'] end

end.

Figure 2-10. Simple hypjoin Input

Actually, (ge n” n) is not normal w.r.t. the operational semantics — that term will take a step

and be replaced with the definition of that function. So the user-provided equations must
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also be normalized in order to successfully make the final comparison in the previous
example. In fact, each user-provided equation must be evaluated modulo the other
equations. The following example describes a case in which this additional evaluation is

necessary. This example uses a lemma called geZ which is described in figure 2-11.

The example is a proof of transitivity of ge called geTrans. Two versions of the proof are
given: the first version, in figure 2-12, does not use hypjoin. The version in figure 2-13 uses

hypjoin in order to simplify the proof.

Define geZ : Forall(n : nat)(al : {(ge Z n) =T}). {n =7} :=
induction(n:nat) by x1 x2 IH return Forall(al:{(ge Z n) = T}). {n = Z} with
Z => foralli(al : {(ge Z n) = T}).x1
| Sn' => foralli(al : {(ge Z n) = T}).
contra trans trans symm al
trans cong (ge Z *) x1
join (ge Z (Sn')) F
clash F'T
{n="7}

end.

Figure 2-11. Definition of geZ

The definition of geTrans that uses hypjoin illustrates an additional part of this problem that
must be addressed. The last use of hypjoin in figure 2-13 attempts to equate (ge b’ ¢’) with
T, both of which are already normal, and the user-provided equations do not allow any
substitutions that can equate these terms. In the standard version of this proof, the term (ge
b ¢) is used to bridge the gap from (ge b’ ¢’) to T. In order to do so, it must be determined
that (ge b ¢) = (ge (S b’) (S ¢)), and then (ge (S b’) (S ¢’)) can evaluate under the operational
semantics to (ge b’ ¢’). The hypjoin algorithm will solve this problem by attempting to
normalize each term in the user-provided equations given substitutions allowed by all other

equations. By doing so, hypjoin will conclude that (ge b c) can evaluate to (ge b’ ¢’). At this
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point, the equation {(ge b ¢) = T} in U can be replaced with {(ge b’ ¢’} = T} and hypjoin

will succeed.

Define geTrans : Forall(a b ¢ : nat)
(al:{(geab) =T}
(@2 { (e b ) =T}). {(geac) = T} i=
induction(a:nat) by x1 x2 IH return Forall(b c : nat)

al: { (geab) =T}

(@2:{ (geb o) =T}).

{(geac) =T} with

7. => foralli(b c : nat)
(al:{(geab) =T}
(a2: { (ge b o) ="T}).
trans cong (ge a *) [geZ c trans cong (ge * ¢) symm
geZ b trans cong (ge * b) symm x1 al]
a2]
join (gea Z) T
| Sa' => induction(b:nat) by ix1 ix2 ITH return Forall(c : nat)
al:{(geab) =T}
(@2:{ (geb <) =T}).
{(geac) =T} with
Z => foralli(c : nat)(al : { (ge ab) =T})
(2:{ (geb ) =T}).
trans cong (ge a *) [geZ c trans cong (ge * ¢) symm ix1 a2]
join (gea Z) T
| Sb' => induction(c:nat) by iix1 iix2 IITH return Forall(al : { (ge a b) = T})
(@2: { (e b o) =T}
{(geac) =T} with
Z => foralli(al : { (ge ab) =T})
(a2: { (ge bc) =T}).

trans cong (ge a *) 1ix1



join (gea Z) T
| Sc'=> foralli(al : { (ge ab) =T})
(a2: { (ge bc) =T}).
trans trans trans cong (ge * ¢) x1
cong (ge (S a') *) iix1
join (ge (Sa") (Sc') (gea'c')
[IH a' b' ¢' trans symm trans trans cong (ge * b) x1
cong (ge (S a') *) ix1
join (ge (Sa") (SDb')) (ge a'b")
al
trans symm trans trans cong (ge * ¢) ix1
cong (ge (S b') *) iix1
join (ge Sb') (S ') (ge b' ¢
a2]
end
end

end.

Figure 2-12. Standard Definition of geTrans

Define geTrans : Forall(a b ¢ : nat)

(al: { (geab) =T}

@2: { @geb o) =T)).

{eac) =T} =

induction(a:nat) by x1 x2 IH return Forall(b c : nat)
(@l: {(geab) =T}
(a2: { (ge bc) =T}).
{(geac) =T} with
Z => foralli(b ¢ : nat)(al : { (ge ab) =T})
(a2: { (gebc) =T}).
hypjoin (ge a ¢) T by
[geZ ¢ hypjoin (ge Z ¢) T by a2

17
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[geZ b hypjoin (ge Z b) T by x1 al end]
end]
end
| S a' => induction(b:nat) by ix1 ix2 IIH return Forall(c : nat)
@l:{(gecab)="T}
(@2: { @b o) =T}).
{(geac) =T} with
Z => foralli(c : nat)(al : { (ge ab) =T})
(a2: { (gebc) =T}).
hypjoin (ge a ¢) T by
[geZ c hypjoin (ge Z ¢) T by a2 ix1 end]
end
| Sb' => induction(c:nat) by iix1 iix2 IITH return Forall(al : { (ge a b) = T})
(a2: { (gebc) =T}).
{(geac) =T} with
Z => foralli(al : { (ge ab) =T})
(a2: { (gebc) =T}).
hypjoin (ge a ¢) T by iix1 end
| Sc'=> foralli(al : { (ge a b) =T})
(a2: { (gebc) =T}).
hypjoin (ge a ¢) T by x1 iix1
[MHa'b'c
hypjoin (ge a' b") T by x1 ix1 al end
hypjoin (ge b' ¢') T by ix1 iix1 a2 end |
end
end
end

end.
Figure 2-13. Hypjoin Definition of geTrans
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The next example shows some of the practical benefit of hypjoin. This example is a proof
that addition is associative. The definition of plus is not provided. The standard proof in
figure 2-14 is fairly complicated, but each case of the induction uses only trans, symm, cong,

and join proof rules. This proof becomes trivial when hypjoin is employed as shown in

figure 2-15.

Define plus_assoc : Forall(x y z:nat). { (plus (plus x y) z) = (plus x (plusy z)) } :=
induction(x:nat) by x1 x2 IH return
Forall(y z : nat).
{ (plus (plus x y) z) = (plus x (plus y z)) }
with
7, => foralli(y z : nat).
trans cong (plus (plus * y) z) x1
trans join (plus (plus Z y) z) (plus y z)
trans symm join (plus Z (plus y z)) (plus y z)
cong (plus * (plus y z)) symm x1
| Sx'=> foralli(y z : nat).
trans cong (plus (plus * y) z) x1
trans join (plus (plus (S x') y) 2) (S (plus (plus x'y) 2))
trans cong (S *) [IH x' y 2]
trans symm join (plus (S x") (plus y z)) (S (plus x' (plus y 2)))
cong (plus * (plus y z)) symm x1

end.
Figure 2-14. Standard Definition of plus_assoc

The final example illustrates an unusual case that hypjoin is expected to handle correctly.
Consider the case in which the programmer would like to hypjoin two terms that will not
take a step of evaluation in the operational semantics. For example, the two terms could be
fun terms with bodies that can be equated by hypjoin. In this example, ident is the identity
function for natural numbers. A proof fragment illustrating this problem is provided in

tigure 2-16.



20

Define plus_assoc : Forall(x y z:nat). { (plus (plus x y) z) = (plus x (plusy z)) } :=

induction(x:nat) by x1 x2 IH return

Forall(y z : nat).
{ (plus (plus x y) z) = (plus x (plus y z)) }
with
7, => foralli(y z : nat).
hypjoin (plus (plus x y) z) (plus x (plus y z)) by x1 end
| Sx'=> foralli(y z : nat).
hypjoin (plus (plus x y) z) (plus x (plus y z)) by x1 [IH x'y z] end

end.

Figure 2-15. Hypjoin Definition of plus_assoc

hypjoin fun r(a: nat):nat.(a n) fun r(b: nat):nat.(b (ident n)) by end
Figure 2-16 Hypjoin of Fun Terms

In order to join the terms in this example, hypjoin must evaluate within the bodies of these
fun terms. If the bodies can be equated by hypjoin and the argument types and return type
are equal, then the fun terms will be equated by hypjoin. The challenge presented by this
example is that hypjoin must preserve the bound variables when evaluating the bodies of

these terms. Since (ident n) hypjoins with n and these terms contain no bound variables,

hypjoin should succeed.
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3 Algorithm Description

This chapter contains a description of an algorithm that solves the problem described in
chapter 2. The chapter begins with an overview of the elements of the algorithm and
continues with some characteristics that are designed into the algorithm in order to make
correctness easier to prove. The next section contains a formal definition of the algorithm,

and implementation notes are provided in the final section.

31 Algorithm Overview

The algorithm is built around an operation referred to evaluation modulo U, which is
represented as —>; where U is a set of ground equations. This operation will, in essence, try
to find a substitution in U that allows the term to take a step of evaluation with respect to
the operational semantics. In the first phase of the algorithm, all of the terms in the
equations in U are put into normal form with respect to —>;,. Any time —>; is used, it is
important that the equations in U are consistent - that is, substitutions in U cannot allow
some sort of contradiction. So this normalization of U is structured in such a way that all
—y operations make use of normal, consistent U. In the next phase, the two supplied
terms are put into normal form with respect to —; using the normal, consistent U that was
calculated in the first phase. Finally, the algorithm results in a value of true if the normal

forms of the supplied terms are related in = .

3.2  Algorithm Design Considerations

There are a few properties that are very valuable when attempting to prove that the
algorithm is correct. The properties described in this section were designed in to the

algorithm in order to make the proof of correctness simpler.

First, =, should be preserved by —,. That is, if s=, ¢, s—,s',and t—, ', then

'

s'=, t'. Another way to view this property is to say that —; is deterministic if the notion
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of equality used is =;. In order to achieve this determinism, it is necessary to evaluate the
subterms of s and t in a specific order. The value of this determinism is that the proof that
terms are joined by —; can be a simple inductive proof that appeals to this preservation of
=, in each step of evaluation. Without this property, it would be necessary to show that

—y is confluent[1], which would be more difficult.

It is also necessary to ensure that the ground equations are consistent in order to prevent a
scenario in which the scrutinee of a match term is equivalent to the patterns of multiple
cases in the term. For example, if the equations contain {Z = (S n)}, then a match on type
Nat could take a step in —; to the bodies of both cases. Because these bodies are not
necessarily related by =, the determinism property described previously would be violated

in this scenatrio.

Next, it is necessary for two terms to be related by \LU if the terms differ only in their strict
subterms and those subterms are related by J/U . In othe words, a J/U b implies
E/[a] ~LU El*[l; ]. This property is necessary for the completeness of the algorithm. In order
to make this property easier to prove, ¢ —,, will normalize all of the strict subterms of t with
respect to —; before looking for a substitution in U that allows t to take a step in the

operational semantics.

3.3  Algorithm Definition

This section provides a formal definition of the hypjoin algorithm.

3.3.1 Evaluation Modulo U

The evaluation modulo U operation (—; ) defined in figure 3-1 is used in several places in
the algorithm. The equivalence relation used in —>; is more restrictive than = as it only
allows substitutions in evaluation contexts. This relation is denoted =, and is defined in

fiture 3-2. It is important to note that =, C = .
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REQ-REFL
s=, s
{s=t}eU REQ-SUBS
s=,t
t=,s REQ-SYMM
s=,1
s=, 8" s'=,t REQ-TRAN
s=,t

s=,t REQ-CTXT

E[s]=, E|[1]

Figure 3-1. Restrictive Equality Modulo Ground Equations

Vm<n T,Bound(E, ,m)w> am% T, Bound(E; ,n)>a, =, a,' EMU-
I'> El [Cl] _>U El [al...n—l’ a, an+l...Holes(E;)
vnF,Bound(Ef,n)Dan% Elal=, 1" Tot'>1 gg/ISUIi

C>E[a]l—,t

Figure 3-2. Evaluation Modulo U

The definition of —;, references a function called Holes which takes a one-level-deep

extended context and returns the number of holes in that context.

Note that = is considered to be a family of unary relations (that is, sets) indexed by the
starting term. So I —; is a set of terms that can be reached in one step of —;, starting at t.
The definitions include a test that some term does not take a step in —; denoted 4 7){ .

In terms of unary relations, a% is defined as a =, =9 .

The relation —>; is not considered to be a binary relation because that would result in

impredicativity[6]. When considering whether § =, I, it is necessary to test whether the
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subterms of s are related to any other terms in —>; . This test would be impredicative if =
was a binary relation, because the definition would appeal to the entire relation —; as it is
being constructed. Because —; is a family of unary relations, and because the definition of

! =, only appeals to the =, of strict subterms of t, f =, is predicative for all t.

3.3.2 Consistency

The correctness of the algorithm depends on the consistency of U. That is, U must not
allow some sort of contradiction. The rules for consistency are provided in figure 3-3. All
of the consistency rules must hold in order for a given U to be consistent. The abbreviation

C(U) is used to describe the property that U is consistent.

Sfun(x:)i=, fun(y:!).j
i=y, jlx/y]

C=,D
ﬁ (C and D are term constructors)

———(Cis a term constructor, F is a fun term)

C%F

(Ca)=, (DD)
C=D

(Ca)s/ D

(C and D are term constructors, a and b are inactive terms)

(C and D are term constructors, a is an inactive term)

Figure 3-3. Consistency Rules

The first consistency rule related to fun term equivalence is very restrictive and essentially
removes any benefit to including fun terms in U. In practice, this restriction is not very
severe since the programmer can simply prove the equality of the bodies of the fun terms

and place that equation in U.
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3.3.3 Normalization of U

The first phase of the algorithm is the attempted normalization of the terms in the equations
in U with respect to —>;,. So it is necessary to define —, for sets of equations. This

relation is defined inductively on the cardinality of U as shown in figure 3-4.

0:0—->9
m:U—U' CU" Dv>ul—,ul'
m:UU {ul=u2} ->U'U {ul'=u2}

m:U—U' —CU"
m+1:U U {ul=u2} - U'U {ul =u2)

Figure 3-4. Evaluation of U

In the definition of evaluation of U, a disjoint union (U") is used to ensure that the size of U
is predictable. In practice, duplicate equations can be removed at any time as they will have
no impact on the outcome. Because m is always the size of U, m will often be omitted from
the notation. Note that the — symbol is overloaded. When applied to terms it refers to
evaluation under the operational semantics. When it is applied to sets of ground equations,

it refers to the “U evaluation” defined in this section.

3.3.4  The Hypjoin Algotithm

The algorithm which implements hypjoin is represented by the symbol J/U . The definition
of L is provided in figure 3-5.
U—U' CUY) Tos—,s Tbto,t' s'=,t
I'esd,t
Figure 3-5. The Hypjoin Algorithm
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3.4  Algorithm Implementation Notes

The description of the hypjoin algorithm is intentionally vague in order to allow some
amount of freedom when implementing it. This section provides some information that

may be helpful when implementing the algorithm.

3.4.1 Equivalence Relations

The equivalence relation =, is used in the relation —; . This relation might be preferable to
the more permissive equivalence relation =, because it reduces the size of the search space

when trying to find equivalent terms that will take a step of evaluation. Howix}er, it would
s=, 1 szt t—

be equally correct to use =, in —>;. This is because for all s and t . In

s=t
order to change a stuck term into a term that will take a step of evaluation, it is necessary to

either replace the entire term or change something in an evaluation context.

3.4.2 Deciding Equivalence

It was noted earlier that =, is essentially the ground word problem for U. As a result, one
could determine whether two terms are equivalent using congruence closure. It may also be
possible to solve this problem using Knuth-Bendix completion[7] using a lexicographic path
order[1] on the terms. The primary benefit derived from using completion to solve this
problem is that it sets up a framework in which other implementation problems can be

solved efficiently. These other problems are described in the next sections.

3.4.3 Deciding Consistency

The task of detecting inconsistency may seem daunting at first because it is necessary to
consider all the terms that are equivalent to a given term. However, due to the nature of
terms that can be related by =, it is only necessary to check for incompatible terms that are
related by transitivity. This can be accomplished by iterating over all combinations of

incompatible terms in the equations in U and testing them for equivalence.
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It may be possible to determine whether U is consistent much more efficiently using Knuth-
Bendix completion. Using completion, it is possible to orient the rewrite rules in such a way
that all terms rewrite to inactive terms, if possible. Then it is possible to decide consistency
simply by completing U and examining the resulting rewrite rules. If U is inconsistent, then

there will be a rule that rewrites some term to an incompatible term.

3.4.4 Evaluation Modulo U

In order to determine if a term can take a step in —>;, one might attempt to search through
the entire substitution space until a redex is found. Unfortunately, this space may be infinite,
so this approach will not work in general. In order to work around this problem, a limit
could be specified in the implementation that will stop searching after a set amount of
comparisons. Such a limit would still allow hypjoin to be sound, but it will no longer be

complete. Also, this searching can be very inefficient, and it should be avoided if possible.

It may be possible to use Knuth-Bendix completion to solve this problem as well. The
rewrite rules can be oriented in such a way that a term will rewrite to a redex, if possible.
Then it is possible to find a redex that is equivalent to a given term, if one exists, by
normalizing that term with respect to the rewrite system obtained by completing U. Note
that this approach is compatible with the consistency test and the same order can be used in

both.
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4 Proof of Correctness

This chapter contains a proof that the algorithm described in the previous chapter is partially
correct under certain stated assumptions. In essence, this chapter will show that the
+
relations <, and ~LU are equal if U is consistent. This proof is divided into two theorems.
.
Section 41 contains a theorem that states that J/ is sound with respect to <, -- that is,
\L C &, . Section 4 2 contains a theorem that states that \L is complete with respect to

&, - that s, ~L D &, - if the algorithm deciding ~L terminates and U is consistent.

4.1 Soundness of Hypjoin Algorithm

This section contains a proof that the algorithm is sound as specified in theorem 4.1. The

proof is structured as shown in the dependency graph in figure 4-1.

The most significant portion of this proof is lemma 4.1.2, which shows that if U - U " and
s, t, then s, 1. Thatis, the algorithm does not gain any additional ability to join

terms by putting U in normal form.

Theorem 4.1:

V1L V12, YU, VT M

I'>tle, t2

Vil,Vi2,VU, VI U—>U CcU" F|>t1—> tl' [>12—,02" t'=, 12'
YU ', Vtl',Vt2'

That is,

Fl>tl<:>U 12
Choose arbltrary tl, 2, U, I, U, tl’ and t2’

Assume: U—>U cUu Fl>t1% 1" Fl>t2—> 22" tl'=, 12!

Derive: I'> 1l 12

* *

Fromlemma4.1.1, I'>tl< .1 and I'> 12, 12"

Because 11'=,. 12" and IMU-EQU, ['t>1l' &, 12"



*

From transitivity, I'> 1<, 12

From lemma 4.1.2, ' > 11 éU 12

[N
D G
ey
VS

Figure 4-1. Structure of Soundness Proof

Lemma4.1.1:

*

viLvi.vu vr L2 12e 2

I'>tle, 12

k
That is: Vk,VrLVi2,vU. v LA 2u12

I'>tle, 12
Proof by induction on k:
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Base case(4.1.1.1): Vt1,Vi2,VU VT

Step case(4.1.1.2): Vk

Lemma4.1.1.1:

Vil,Vi2,VYU NT

0
I'>tl—, 12

%

I'>tle, 12

Vi,Vt2,VU,VI'

k
I'stl—, 12

Toile, 2

Vi,Vt2,VU,VI'

0
I'>tl—, 12

I'>tle, 12

Choose arbitrary t1, t2, U, and I

0
Assume: I'> 11—, 12

*

Derive: I'> 1l 12

0
Because I'> 11—, 12, t1=t2.

From EQ-REFL and JMU-EQU, I'> ¢l SU 12

Lemma4.1.1.2:

Vk

Vi, V2, VU,V

k
I'>tl—, 12

Toile, 2

Vi, V2, VU,V

Choose arbitrary k.

Assume(A): Vi1,V2, VU, VT

Derive: Vt1,Vt2,VU VT

I'>tl—, 12

k+1

I'>tle, 12

k
I'>tl—, 12

I'>tle, 12
k+1
I'>tl—, 12

I'>tle, 12

Choose arbitrary t1, t2, U, and T'.

k+1

I'>tl—, 12

I'>tle, 12
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k+1
Assume: I'> 11—, 12

*

Derive: I'> 1l 12

k+1 k
Because, I'>t1—, 12, there exists s such that I'>#1—, s and I'> s —, 12

*

From A, T'> tléU Ky

From lemma 4.1.1.3, T'> s &, 12

From transitivity, I'>tl<, 12

Lemma4.1.1.3:
Vi,Vt2, YU NT

I'otl—, 12

I'>tle, 12

That is: Vk.VrL V2, vu, vl Lok =0 12

I'>tle, 12

Proof by induction on k:
e Basecase: t1=E [a] VnT,Bound(E, ,n)> an% tl=,13 I'>t3—12

o From JMU-EQU, I'>t1=, 3 and from JMU-EVAL, I'> 3=, 12

*

o From transitivity, I'> 1<, 12

e Step case:

31

f1=E/[al Vn<m T,Bound(E,,n)> an% T, Bound(E, ,m)>k:a, —, a,'

o Where the induction hypothesis (I.H.) is:
vivi,vu,vr L2RA 2y 12

I'>tle, 12
o From EMU-IND, 2 = E/[q, ,,a,',a ]

m 2 l11+1...H()/€S(E]*)

*

o From LH. T, Bound(E, ,m)> a, éU a,’
From JMU_CTXT,

%

)]<:>U F > El*[al...n’a

1
m

F > El [al...n ’am’ a a

m+1...Holes(E, m+1...Holes(E} ) ]

*

o Thatis, I'>tle,, 12
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Lemma4.1.2:

USU CU" Fl>t1<:>U 12

Vi,Vt2, YU YU ' VT
Fl>t1<:> 12

That is: Vj,V11,V£2,YU,YU ',\NT USU cU) Fl>t1<:> 12

I'>tle, 12
Proof by induction on j.

: 0
e Basecase: (4.12.1) vil.vi2.vu vy wr L2V CU) Teio,2

I'orle, 12
e Step case: (4.1.2.2)

’ j
YiL,Vi2,YU YU ',NT U->U' CU) 1<Fl>t1<:>U,t2

Toile, 12

vj
j+l
Vi, V2,YU,YU YT USU cww) Fl>t1<:>U 12
Fl>t1<:>Ut2
Lemma4.1.2.1:

USU CU" Fl>t1<:>U 12

Vi,Vt2, YU YU ' VT
Fl>t1<:> 12
So t1=t2

Then 1165, 12

Lemma 4.1.2.2:

V11,V12,YU,YU '\ NT USU Cw)) F>t1<:> 2

Fl>t1<:>Ut2

j+l

U—>U CU) TI'vtle, 12

ViLLVt2,VU,VU ', VI'

Fl>tl<:>Ut2

Choose arbitrary j.

: j
Assume: (A) V11,V12,YU,VU ' VT’ U-U' CU) *FDII@U,zz

I'>ile, 12
Jj+l

Derive: Vt1,Vt2,VU,VU',VT U_>U CU") TI'ptle, 12

Fl>t1<:> 12



i+ i
Because I' > f1¢<,. 12, there exists a t3 such that I'>fl1< .13 and I'> 13 <. 12

From A, T'>1l&, 13
From lemma 4.1.2.3, T'> 3¢, 12

*

From transitivity, I'>tl<, 12

Lemma 4.1.2.3:

Vil,V2,YU YU ' \NT U-U' CU)) rrl>t1<:>U,t2

I'>tle, 12

lk
That is: Vk,Vt1,Vt2,VU,VU ',VT' U-U" CU) ,FDH S, 12

I'>tle, 12

'k
The notation U —U ' means U normalizes to U’ in k steps.

Proof by induction on k:

10
e Base case: (4.12.4) VL2 vu. vy yr 22U CU) Tride, 12

I'>tle, 12
e Step case: (4.1.2.5)

k
Yi1,V12,YU YU ' \NT U-U' CU) *TDII(:)U,zz

I'>tle, 12
Vk lk+1
Vi, V2,YU,YU '\ NT U->U' CU) *l"l>t1 &, 12
I'>tle, 12
Lemma 4.1.2.4:

10
viLvivu vy e L2V CU) Trile, 12

I'>tle, 12
SoU=U

* *

Then I'> 11, 12 because I'> 1l 12
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Lemma 4.1.2.5:

k
Yi,Vt2,YU YU ',NT U->U' CU) *TDII(:)U,zz

I'>tle, 12
vk

lk+1

Vi,V2, YU ,YU ' \NT U->U' CU) *l"l>t1(:>u, 2

I'>tle, 12

Choose arbitrary k.

k
Assume(A): Vtl,V2,VU,VU VT U-U' CU) *Fl>t1 S, 12
I'>tle, 12
k+1

Derive: vl vr2, vy vy wvr 2V CU) Teils, 2

I'>tle, 12

k+1 k
Because U — U, there exists a U’” such that U - U" and U'"'—U'

From lemma 4.1.2.6, I' > 11,12

%

From A, I'> 1l 12

Lemma 4.1.2.6:
YVi,V2, YU YU ' VT

U—sU' CU) Trile, 2

I'>tle, 12

That is: Vm, Vel Ve, vu vy vr Y20 CU) Trilo, 2

I'>tle, 12

Proof by induction on m:
e Base case: (4.1.2.7)

ViLV2,YU,YU ' NT 0:U->U" CU )* I>tle, 12

I'>tle, 12
e Step case: (4.1.2.8)

viLviavu vy yr U 2U CU) Teile, 2

I'>tle, 12
Vm

viLvi.vu vy LU DU CUY) Teide, 2

I'>tle, 12
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Lemma 4.1.2.7:

Vi,Vi2,VYU VYU ' \VT

0:U—-U" CU") T'ptle, 12

I'>tle, 12

Because 0:U - U "', U=U=J

*

SoI'btle, 12, because I'> 1l 12

Lemma 4.1.2.8:

viLviavu vy yr U 2U CU) Teile, 2

I'>tle, 12
Vm

viLvi.vu vy LU DU CUY) Teile, 2

I'>tle, 12

Choose arbitrary m.

Assume(A): Vi, Vi2,YU YU ' NT m:U—->U C(UZ I'>1l =y 12

I'>tle, 12

Derive: Vil vi2,vu, vy yr MU 2U €U) Teide, 2

I'>tle, 12
Only the case where I' >t1=>,. t2 will be considered, the proof of the symmetric case is
similar and omitted.

Derive: Vil vi2,vu, vy ,yr MU 2U CU) Teid=, 12

I'>tle, 12
m+1:U -U' CU") TI'>k:tl=, 12

That is: Vk,Vtl,Vt2,VU,VU ' NT'
I'>tle, 12

Proof by induction on k:
® Base case: tl1 =, 12

*

o From lemma4.1.2.9, ['>rl &, 12
e Basecase: I'btl —>12

o From JMU-EVAL I'>tl& 12
e Stepcase: fl=E[al] 12=E[a2] T,Bound(E’)>k:al=, a2

o LH.is ViLvi2vu vy yr MU =2U CU) Tekid=, 12

I'>tle, 12



o From LH. I, Bound(E") > al &, a2

o From IMU-CTXT, I'>tl<, 12

Lemma 4.1.2.9:

viLva vy vu e U 2UL CU) Teile,. 2

I'>tle, 12

viL v,y wu Ly MU UL W) =2

I'>tle, 12

Assume (A): VL2 vy vy yr MU DU CUY Tere, 2

Toile, 2

Derive: Vi1, vr2, vy, vy ' yr MU 22U CUY) =, 12

I'>tle, 12
m+1:U ->U'" CU") k:tl=, 12

That is: Vk,Vt1,Vt2,VU,VU',VT"
I'>tle, 12

Because m+1:U = U, thereexist U,,, U,,', ul, ul’, and u2 such that
U=U, v{ul=u2}, ul =y ul', U'=U, "U{ul'=u2}

Proof by induction on k:
e Base case: t1=t2

o From JMU-EQU, I'>1l&, 12
e Basecase:{tl=12}e U’
o Case {tl=12}e U,

= FromA, I'>1+l Sy 12

*

= SoTbrle, 12
o Casetl =ul’ and t2 =u2

*  From lemma4.1.1, Fl>u1(:)Um.ul'
*  From A, Fl>u1(:)Um ul'

*

= SoTbule,ul

= Because {ul=u2}e U, I'>ul SU u2 (EQ-SUBS, JIMU-EQU)

36
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* From transitivity, I'>ul'&, u2
* Thatis, I'>btle, 12
e Stepcase: k:12= 1l
o LH. (in all step cases) is

Vi,Vt2,YU,VU ' \VI'

m+1:U —->U'" CU") k:tl=, 2
I'>tle, 12

o FromIH. I'>2<,11

o From symmetry, I'>tl<, 12
e Stepcase: k:tl=, 13 and k:13 = 12

*

o FromLH. [>1le, 13

o FromLH. >3, 12

o From transitivity, I'> 1<, 12
e Stepcase: tl=E[al] 12=E[a2] k:al=, a2

o From LH. T, Bound(E?) > al &, a2

o From JIMU-CTXT, > 11, 12

4.2  Completeness of Hypjoin Algorithm

This section contains a proof that the algorithm is complete, that is s<>, ¢ implies § J/U t,
if the algorithm terminates and U does not allow inconsistency. This property is specified
and proven in theorem 4.2. The structure of the proof is shown in figure 4-2.

Lemma 4.2.1 shows thatif U - U "' and s&, 1, then s<,.t. That is, joinability modulo
U is preserved by putting U in normal form. With this lemma in place, the remainder of the

proof can assume that U is normal.

Lemma 4.2.3 shows that s =, ¢ implies s J/U t for normal, consistent U. This lemma is

convenient and is therefore used frequently in the proof. Any time it is necessary to prove
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that two terms are related in ~LU , the proof can show that those two terms are related in

s=, 1.

The property that =, is preserved by —,, which was designed into the hypjoin algorithm,

is proven in lemma 4.2.5. This lemma is used in the proof of lemma 4.2.3.

Because s — ¢ implies s =, f, it is necessary to show that s —¢ implies s JzU t. This

property is proven in lemma 4.2.7.

Lemma 4.2.2.6 shows that a JzU b implies E; [a] ~LU El*[l; ]. That is, two terms are related
in ~LU if they are the same term at the top level and all of the subterms are related in ~LU .
This lemma is necessary because a =, b implies El* lal=, E: [5 ] in the definition of

=y -

Theorem 4.2:

viLvi2.vU.vu e AT =) F‘> T(12,-,.)

*

Ibile, 2 U-U' CU'
C>ld, 12

Choose arbitrary t1, t2, U, U’, and T.
Assume: I'>T(tl,—,) I'>T(2,—,)

Assume: Tl 12 U—U' CU)
Derive: I'>111,, 12

Lemma 4.2.1 states: VU, VU " il vy L 2U CWU) T, 2

I'>tle, 12

%

From Lemma 4.2.1, I'> 1<, 12.
Lemma 4.2.2 states:

o, 2 UAS CU) ToT@l,—,) T>T@2,-,)

Vil,V12,YU,vT
I'>ld, 12

Because U%U', and U74
From Lemma 4.2.2, I">¢1 ~LU. 12

So 111, 12 because 11, 12 and U—U'



........
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Lemma4.2.1:

YU NU " VI.VI2. VT UeU cuh Fl>t1<:> 12

F>t1<:>U 2

That is: Vn,YU,VU ', V11, ¥£2,VT UDU' CWUY) Teie,n

I'>1l (:)U 2
Proof by induction on n:

10 x
e Basecase: (4.2.1.1) Vn.VU.VU il voyr LU CU) Teide,2

Tbile, 2
e Step case: (4.2.1.2)

VU vU v yr Y2V CU) Tride, 2

I'>tle, 12
vn In+1
YU.VU Vi1 Vi2,9T U->U' CUY Fl>t1<:> 12
Fl>t1<:>U,t2
Lemma4.2.1.1:

10
Vn,YU,YU ' NVt1,Vt2,VT U->U'" CU) Fl>t1<:) %)

I'>1l (:)U 2
Choose arbltraryn U, U, tl, t2, and I,

Assume: U—>U cuh Fl>t1<:> 12

Derive: I'> 1l 12

10
Because U = U "', U=U’

*

So I'>tl&, 12 because I > 1l 12

Lemma 4.2.1.2:

YU.VU " Vil.V12. 9T U->U C(U)*FDtl(:)UtZ

I'>tle, 12
Vn

In+1

U->U' CUY Fl>t1<:> 12

YU,VU ' Vtl,Vt2, VT

Fl>t1<:>U,t2



Choose arbitrary n.

ULU' CUY) Torle,

Assume(A): YU,VU ',Vt1,Vt2, VT
Fl>tl<:> 12

In+1

Derive: YU, VU i vio,vr U €W Lol 12

I'>1l (:)U 2
Choose arbitrary U, U’, t1, t2, andF

In+l

Assume: U ->U' CWU") Fl>t1(:> t2

*

Derive: I'> 11,12

In+1

Because U - U ' and C(U’), there exists U’’ suchthat U - U" and U " —>U and
C(U”)

From lemma 4.2.1.3, I'>tl&,. 12

%

From A, I'> 1<, 12

Lemma 4.2.1.3:

U->U' C(U) Fl>t1<:> t2

vU,VU ' V11,Vt2, VT
I'>1l @U 2

k
Thatis: Vk,YU.VU " ViLvioyr L 2U CU) Teie, 2

I'>tle, 12
Proof by induction on k

0
e Basecase: (4.2.1.4) VU,vU i vz, vr L2V €U Teile, 2

T ile, 2
e Step case: (4.2.1.5)

k
YU.VU V1. V12. 9T U->U' CU) I'btle, 12

Totle, 2
Vk

k+1

U—sU' CU) Trile, 2

vU,VU ' Vt,Vt2,VT'

I'>tle, 12

41



Lemma 4.2.1.4:

0
YU .VU VI V12. VT U->U'" CU" | I'>tles, 12

I'>tle, 12

Choose arbitrary U, U’, t1, t2, and I
0
Assume: U -U' CU") TI'>tle, 12

*

Derive: I'> 1l .12

0
Because I' >l 12, t1=t2

From EQ-REFL and JMU-EQU, I'»> tléu, 12

Lemma 4.2.1.5:

k
YU.VU V1L V12. 9T U->U' CU" i I'>tles, 12

I'>tle, 12

Vk
k+1
YU.VU V1. V12. 9T U->U' CU" i I'>tles, 12

I'>tle, 12
Choose arbitrary k.

k
Assume(A): YU, VU Vil vovr LU CU) Tede, 2

I'>tle, 12
k+1

U—sU' CU) Teile, 2

Derive: YU,VU '\Vt1,Vt2,VT'
I'>tle,. 12

Choose arbitrary U, U’, t1, t2, and T.
k+1

Assume: U -U' CU") TI'>tle, 12

*

Derive: I'> 11,12

k+1 k

Because I' > tl1 <, 12, there exists t3 such that I'> 1<, 3 and I'>13 <, 12

*

From A, T'>11&,,.13

From Lemma 4.2.1.6, T'> 13,12

*

From transitivity, I'> 1<, 12

42
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Lemma 4.2.1.6:
YU,VU ' Vt1,Vt2, VT

U—U' CU) Trile, 2

I'>tle, 12
This proposition will be proven for I'> 1=, ¢2, the proof of I' > 1« t2 similar and
omitted.

Proof by induction on the structure of I'>t1=, 12
o Casetl=, 12

*

o Fromlemma4.2.1.7, T 11,12
e Case I'>btl—>1¢2

o From JIMU-EVAL T'> 11,12
e Case rl=E[al] 2=E[a2] T,Bound(E’)>k:al=, a2

o LH.is VU.VU . viLvioyr L2V CWU) Tekil=, 2

I'>tle, 12
o From LH. I, Bound(E;") > al< . a2

o From IMU-CTXT I'>fl<, 12

Lemma 4.2.1.7:
YU,YU ' ~N¥t1,Vt2,¥T

U—sU' CU) fl=, 12

I'>tle, 12

Thatis, Vi, VU, VU Vil v,y Y 2U CU) =, 12

I'>tle, 12
Proof by induction on m:

e Base case(4.2.1.8) YVU,VU ',Vt1,Vt2, VT 0:U->U C(I*J) 1=, 12

I'>tle, 12
e Step case(4.2.1.9)

YU VU v vy U DUL CU) =, 12

I'>tle, 12
Vm

YU.VU V1. V12T m+1:U -U C;(U) tl=, 12

I'>tle, 12



Lemma 4.2.1.8:
YU,YU ' ~NVt1,Vt2, VT

0:U—-U" CU") tl=, 12

I'>tle, 12

Choose arbitrary U, U’, t1, 2, and I
Assume: 0:U —-»U" CWU") tl=, 12

Derive: I'> 11,12

Because 0:U -U', U=U"'=0
Because U=U’ and tl =, 2, tl=, 12

From JMU-EQU, T'> 11,12

Lemma 4.2.1.9:

YU VU Vi vy MU 2UL CU) sy, 12

I'>tle, 12
Vm

YU.YU " Vi1 V12. 9T m+1:U -U C;(U) tl=, t2

I'>tle, 12

Choose arbitrary m.

Assume(A): VU, VU vl vy U2V CU) =, 12

I'>tle, 12
m+1:U —->U"' CU") tl=, 12

Derive: YU ,VU ' Vt1,Vt2, VT
I'>tle, 12

Choose arbitrary U, U’, t1, t2, and T.

Assume: m+1:U -U' CWU") tl=, 12

*

Derive: I'> 11,12

Because m+1:U - U "' and C(U"), there exists U, , U, ', ul,u2, and ul’ such that
U=U,v{ul=u2}, m:U,6—U,"  CU,"), and &> ul =y, . ul'
So U'=U,, 'uf{ul'=u2}

Proof by induction on 1=, 12
e (Casetl=t2

o From EQ-REFL and JIMU_EQU, I'>tl &, 12

44
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e Case {tl=12}e U
o Case {tl=12}e U,

%

=  From A, Fl>tl(:)Um.t2

= SoTbile, 12
o Casetl=ul and t2=u2

* Because @>ul—, ul', and theorem 4.1, G >ule, .ul', so

Drule, ul'

* Because {ul'=u2}e U', ul'=, u2 so G>ul'<, u2 from JMU-
EQU

£ *

* From transitivity, @ > ul<, u2, thatis, D> 1l 12
* Because @ >tl<,. 12 and (Vars(tl) uVars(t2))nT' =,

T ile, 2
o Case k:12=, 1l

o LH.is VUNU i, vio,yr YU CUY kird=, 12

I'>tls, 12

o From LH. ['> 126,11

o From symmetry, I'>tl< .12
e Case k:tl=, 13 and k:13=, 12

o LH.is VU.VU'vilvoyr U 2U CU) kil 12

I'>tle, 12

o FromIH. I'>tl<, 13 and I'>13<,,.12

o From transitivity, I'> 1<, 12
e Casetl= E [al]and t2= E; [a2] where k:al =, a2

o LH.is VUNU v, vio,yr mY2U CUY kird=, 12

I'>tle, 12

o From LH. T, Bound(E}) > al &, a2

o From JIMU-CTXT, > 116,12
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Lemma 4.2.2:

Iotle, 2 UA CU) TeT(l,—,) TeT(E2,-,)
I'>ld, 12

Vil,Vt2,VU,VT'

That is:

k
I'bie,2 UA CU) ToT@l,—,) [>T2,-,)

Vk,V11,Y12,YU,VT
C>eld, 12

Proof by induction on k:
e Base case (4.2.2.1)
0
I>ie, 2 UA CU) TeoTil,—,) TT@2,-,)
>l 12

Vil,Vt2,YU,VT'

e Step case (4.2.2.2)

k
VILVI2.YU. VT I'>tle, 12 U74 CU) I'eT(l,—,) I'>T@2,—,)

e, 2
Vk
S A CWU) TeT@l,—,) T>T2,-,)
vvi,vu,vr Loiee2 U ( — =y
o, 12
Lemma 4.2.2.1:

0
I'>ie, 2 UA CU) TeT@l,—,) T>T2,-),)

V11,Y12,YU, VT
>l 12

Choose arbitrary t1, t2, U, and T

0
Assume: I'> 1, 12 U74 CU) I'vT(tl,—,) I'>Tt2,—,)
Derive: I'>111,, 12

So t1=t2, so I'> 1=, t2 from EQ-REFL
From lemma 4.2.3, T'> 111, 12

Lemma 4.2.2.2

k
I>ie, 2 UA CU) ToT@l,—,) [eT@2,-),)

Vi1,V12,YU VT
>, 2

Vk

k+1

I'>tle, 12 U74 CU) I'eT(l,—,) I'>T@2,—,)
>l 12

Vtl,Vt2,YU,vI'

Choose arbitrary k.
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Assume(A):

k
I'>ile, 2 UA CU) I>Til,-,) Te>T2,-,)

V11,V12,YU,vT
11, 12

k+1

Derive: Vi1, V2. VU, VT I'>tle, 12 U;4 CU) I'vT(tl,—,) I'>T@2,—,)

>, 2

Choose arbitrary tl, t2, U, and T.
k+1

Assume: [>rle, 12 UAS CU) ToT@l,—,) TeT2,-,)
Derive: I'> ¢l ~LU 2
k+1 k
Because I' >l 12, 313 I'vtle, 13 T'>3e, 12
It is assumed that I'>T7'(13,—,)
From A, T'>114, 13
From lemma 4.2.2.3, "> 13 ~LU 12
From lemma 4.2.8.7, I">¢1 \LU 12

Lemma 4.2.2.3:

Ibrle, 2 Us CU) IeTEl,—y,) T>T(2,-,)
C>eld, 12

Vil,Vt2,YU,VT'

Case I'> 11 =, 12 (case I'> 1 <, 12 is omitted because it is similar)
Thatis: 3k I'>k:t1=, 12

Proof by induction on k.

e Base cases:
o (4.2.3)

=, 12 UA CU) TT@l,—,) [>T2,-,)
C>ld, 12

Vil,Vt2,YU,vT'

o (4.2.7)
I'>l—2 UA CU) TeT@l,—,) [>T@2,-,)
I>ld, 12

Vil,Vt2,YU,vVI'

e Step case: (4.2.2.4)
ViLV12, Tek:tl=,12 UA CU) I'sT@l,—,) [>T(2,—,)
(VU,VF el 2 j
VILVE2, Tok+l:d=,12 UA CU) I>T(l,—,) T>T2,-,)
(VU,VF el 2 j
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Lemma 4.2.2.4:
VILVI2, Tok:tl=, 12 UA CU) T'eTEl—,) TeT(2,-,)
(VU,VF e, 2 J
VILVI2, Tek+litl=, 12 UA CU) TeT(l—,) LeT(2,-,)
(VU,VF Lo, 12 J

Choose arbitrary k.

VILVI2, Tok:l=,12 UAS CU) T>T@l,—,) T>T2,-,)

Assume(A):
YU VT >, 2
Derive: T1LVI2 Tok+lirl=, 12 UA CU) T>T(l,—,) I>T2,-,)
- VU,vT >l 12

Choose arbitrary t1, t2, U, and T’
Assume: T>k+1:1=, 12 UA CU) I'>T(tl,—,) [>T2,—,)
Derive: T'>1t1 ~LU 12

Because I'>k+1:t1=, 12, t1=E[al] 12=E[a2] T,Bound(E’)>k:al=, a2
From A, T, Bound(E;" ) > al \LU a?
From lemma 4.2.2.6, I">¢1 \LU 12

Lemma 4.2.2.6:

VnT,Bound(E ,n)>a, L, b, UA CU)
I'>Elall, E[b]

Va,vb,vT,VE YU

Choose arbitrary @,b,T,E, , and U
Assume: Vn T, Bound(El*,n) >a, \LU b, U;4 c)
Derive: I'> E|[a]{, E[b]

!

Choose arbitrary @' and b 'such that Vn I, Bound (E, ,n) > a, —SU a,' and

VnT', Bound (El* ,n)>b, —!>U b,' (termination is assumed).

Because Vn T, Bound(E,,n)>a, 4, b, a, =, b,'

From EQ-CTXT, E/[a'l=, E/[b']

From lemma 4.2.3, T'> E'[a"\, E/[b ]

From lemma 4.2.2.7, T'> E/[a]d, E/[a'] and T'> E/[b]1, E/[b]
From lemma 4.2.8.7, T'> E/[a] 4, E[b]

n
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Lemma 4.2.2.7

VnT,Bound(E, ,n)>a, -, b UA CU)

Va,vb,VI,VE, YU — o
I'>E[all, Eb]

That is:

Vj,va,vb,VT, ¥nT,Bound(E ,n)>a,—,b U5 CU)
VE;,VU,Vt,Vt' '

j _ !
I>Eal-,t TeEl[b]-,t

t=,t'

Proof by induction on |

Va,vb,vT,  ¥nT,Bound(E,,n)>a,—,b UAS CU)

* ' 10 _ !
VE,, VU, Vi, Vi I'eElal—,t TeEblo,t

t=,t'

e Base case:

o Choose arbitrary @, b, T, E;, U, t,and t’

o Assume VnT,Bound(E, ,n)>a, —,b UAS CU)
) 10 .= !
o Assume I'>E[al—,t T'>E[b]>,t'

o Derive: t =, t'

10

o Because I'> Ej[@]—, t, Vn T, Bound(E, .n)>a, -, and therefore
a=b
o Then E[a]=E|[b]
o From EQ-REFL, E[a]=~, E,[b]
0

o Fromlemma4.2.4, T>E[b]—,t'

10
o Because I'>E, [a]l—, t, E [a]l=t

10

o Because I'>E [b]—,1t', E/[b]=t'
o Then t=, t' because E [a]=, E[b]



e Step case: Prove (4.2.2.8)

va,vb,YT',  ¥nT,Bound(E ,n)>a,—,b U5 CU)

* ' lj - !
VE,, VU, V1, Vi ToEfal=,t ToEb]l-yt
t=,t'
Vj
Va,vb,YT,  ¥nT,Bound(E ,n)>a,—,b U5 CU)
* ' N 1j+1 . — !
VE, ,VU,Vt,Vt TsEla]l—,t [>E[b]—, 1
t=,t'
Lemma 4.2.2.8
Va,Vb,NT,  ¥nT,Bound(E ,n)>a,—,b, U5 CU)
* . el o— !
VE, YU V1Vt Co Ela]—yt ToElbl—y 1
t=,t'
Vj
Va,vb,YT,  ¥nT,Bound(E ,n)>a,—,b, US CU)
4 ! 1j+l S
VE, VU, V1,1 T>Elal—s,t [>E[b]—,1
t=,t'

Choose arbitrary j.
Assume(A):

va,vb,YT,  VnT,Bound(E,,n)>a,—,b U CU)

* ' . j . — !
VE YU, V1Vt o Bl 1 To BBy 1

t=,t'
Derive:
Va,vb,YT,  ¥nT,Bound(E,,n)>a,—,b U5 CU)
VE; ,VU,Vt,Vt' .

I'>Eal-,t T>El[bl-o,t

t=,t'
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Choose arbitrary a.b,T, El* ,U, t,and t’

Assume: Vn T, Bound(E; ,n) > a, —5U b, UA CU)
1j+1 _
Assume: I'> E[a]—,t T>E[b]—,t'

Derive: t =, t'
Because I'> E[a] g:, t , there exists w such that I'> E,[a] —, w and T > ng t
Case split on the form of I'> E|[a]—, w
e Case VnT,Bound(E ,n)>a, - and E[a]l=, w' Tow'—w
o Because Vn T, Bound(E, ,n) > an7>U/, a=b
Then E'[a]=, E [b]
o Fromlemma4.23,t=,1t'
e Case Vn<m T,Bound(E,,n)> an% T, Bound(E,,m)>a, —, a, '

'

e |
© Let a be al---"’am ’am+1...HoleS(El*)

O

!

o Sow= El*[ﬁ'] where Vn T, Bound(El*,n) >a, '¥>U b,

o FromA, t=,t'

Lemma 4.2.3:
L V2 VU T U=, 12 UAS CU) TeT@l,—,) T>T2,-,)
>l 12
That is:
1y k
Vi\VKVILYI2, =, 12 UA CU) Toil—, ' Tor2—, 12
vi'\V2', YU T '=, 12"

From Lemma 4.2.3.1, j=k

So it is sufficient to prove:
k 'k

VNIV, A=, 12 UA CU) Tiil—o,tl' T'>i2—,12'
v ve2' WU NT tl'=, 2’
Proof by induction on k.

e Base case (4.2.3.4)

10 10
Vi1, V12, A=, 12 UA CU) T>tlo,tl' T>12—,12'
Vel'\Ve2' VU,V tl'=, 12
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e Step case (4.2.3.5)

k k
Vi1, V12, A=, 12 UA CU) I>ilo,tl' T>12—,12'
Vi, V12, YU, VT =, 12'

Vk

lk+1

k+1
Vi1, V12, A=, 12 UA CU) I'>ptlo,tl' T>12—,12'
Vil V12, VU, VT =, 12'

Lemma 4.2.3.1:

1 1k
ViVk,YUNT  tl=, 12 UA CU) Trid—=,0 T>2—,12'
Vi1, V12, V11, V2 j=k

Proof by induction on j:
e Base case (4.2.3.2):
10 k
Vk, VU, VT A=, 12 UA CU) T'bid—, ' T>2—,12'
Vtl,Vt2,Vtl', V2! k=0
e Step case (4.2.3.3):

1j 1k
VEYUNT  tl=, 12 UA CU) Teid—,0' T>2—,12'
V1,V12,V11', V12 j=k
Vj 1j+1 1k
VEYUNT  tl=, 12 UA CU) Idid—,0 T'>i2—, 12
V1,12, V11", V12 jrl=k
Lemma 4.2.3.2:
10 k
Vk, VU, VI A=, 12 UA CU) Ttlo,11' To12-,12'
Vi, Vt2,Vtl',\Vt2' k=0

Choose arbitrary k, U, T', t1, 2, t1’, and t2’

10 'k
Assume: fl=, 12 UA CU) Tbr—,11' T>12—,12'
Derive: k=0

10
Because T'>#1—, 11", T'> 11 o,
From contrapositive of lemma 4.2.4, =(rl=, 12 U8 C@U) 32" 12—, 12"
Because 11=~, 12 U4 CU), =(32" T'>12-,12")

10
Therefore I'>12—, 12"
So k=0




Lemma 4.2.3.3:
VE,YUNT  fl=, 12 UAS CU) F>tl—!;Ut1' r[>r2—!fU12'
Vi, Vt2,Vtl', V2! j=k
Vj 1j+1 1k
Vk,vU VT A=, 12 UA CU) Ttlo,' T>i2—, 12
Vi, V2,V V2! j+1=k

Choose arbitrary j.
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j k
Vk, VU, VI U=, 12 UAS CU) Tiotlo,tl' T>r2-,12

Assume(A):
Vi, V2,1, V12’ j=k
1+l 1k
Derive: Vk,vU,VI' =, 12 UA CU) I'bid—,1l' T>12—,12'
Vi, V2,1, V2! jHl=k

Choose arbitrary k, U, T', t1, 2, t1’, and t2’
1j+1 1k

Assume: fl=, 12 UA CU) Tbr—,11' T>12—,12'
Derive: j+1=k

1j+1 lj
Because I'> 11—, t1', there exists t1”” such that I'>#1 —,, 71" and I'>11"—, 11

k-1
From lemma 4.2.4, 312" TI'>t2—, 2" and I'>12"—, 12"

From lemma 4.2.5, 11" =, 2"

From A, j=k-1
Then j+1=k
Lemma 4.2.3.4:
10 10
Vi1, V12, A=, 12 UA CU) Tptlo,tl' T>r2—,12'
v wve2' WU NT tl'=, 2’

Choose arbitrary t1, t2, t1°, t2°, U, and T

10 10
Assume: 1=, 12 U4 CU) T'btd—-, ' T>12—,12'
Derive: t1'=, t2'

10
Because I'> 11—, 11", t1=tl’

10
Because I'> 12—, 12", t2=t2’
Then 11'=, t2" because t1 =, 12
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Lemma 4.2.3.5:
k 'k
Vi1, V12, =, 12 UA CU) Trtlo,tl' T>12—,12'
Vi, V12, YU ,VT =, 12'
Vk 1+l e+l
Vi1, V12, A=, 12 UA CU) Tptlo,tl' T>r2—,12'
Vi, V12, YU, VT =, 12’
Choose arbitrary k.
'k k
V11, V12, 1=, 12 I>tlo, ' T'>12-,12
Assume(A): A=, 12 UA CU) I>il—s,1l' To2—,t
Vi1, V12", VU VT =, 12’
k+1 k+1
Derive: V11, V12, A=, 12 UAS CU) T'brd—,11' T>12—,12'
VL VY2, VU VT =, 12'

Choose arbitrary t1, t2, t1°,t2°, U, and T
lk+1 lk+1

Assume: 1=, 12 U4 CU) Tbtd—-,tl' T>12—,12'
Derive: t1'=, t2'

lk+1 lk
Because I'> 11—, t1', there exists t1”” such that I'>#1 —,, 71" and I'>11"—, 11

lk+1 lk
Because I'> 12—, 12", there exists t2°” such that I'>12 —, 2" and I'>12"—, 12’

From lemma 4.2.5, 11" =, 2"
From A, t1'=, 12’

Lemma 4.2.4:
=, 12 UA CU) ' Tl 1l
2" I'>t2—, 12"

Vil,Ve2,VU ,NT'

Choose arbitrary tl, t2, U, and I’

Assume: f1=, 12 U4 CU) 31" Ttl—, 11’
Choose arbitrary t1” such that I'> 1 —, 11

Derive: 32" I'> 12—, 12’

Proof by induction on the structure of I'> 11—, 11’
e Case tl=E/[a]l VnT,Bound(E,,n)> an% =, 11" I'>1"—1l'
o Fromlemma4.2.8.6, 3t2",12™ 2=, 12" I'>2"—>2"
o Sod2' I'>t2—,12'
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e Casetl=Eq, , ,.a,a,, | [,Bound(E ,n)>k:a, —,d

A=, 12 UA CU) Tbk:l—, 1l
2" I'>t2—, 12"

o Fromlemma4.2.8.5, 12=E/[a, ,,'a,' a,, '] for some a'

o LH.is vrl,Vve2,vel',YU,VT

Al
n

o Because tl=,t2,Vn a,=,a
o FromIH., T, Bound(El*,n) >a,'—, d' forsomed’
o From EMU-IND, 312" I'>2—, 12’

Lemma 4.2.5:
A=, 12 UA CU) Ipil—, 1 T'>r2—, 12"

Vi, Vt2,V11'\Vt2' \VU VT
t'=, 12’

That is,
A=, 12 UA CU) T j:l—-, ' T>2—, 2

Vj, Vi1, V12,V V2 VU VT
"=, 12"

Proof by induction on j.
e Base case: (4.2.5.1)
ViL,vi2,vil' f=E][al VaT,Bound(E, .n)>a, >y tl=,1" Toi"—>'
Vi2',\YU, VT A=, 12 UA CU) T>12—, 12
'=, 12'

e Step case: (4.2.5.2)
[Vrl,vtz,vtl', tl=, 12 UA CU) T jitlo, ' T2, r2']

V2 YU VT t'=, 12'
(Vﬂ,wz,vrl: =, 12 UA CU) T j+l:d—, 1" T>12-, zz'J
V12 YU, NT f'=, 12'
Lemma 4.2.5.1:
Vil v, vl A=Ea] VnT,Bound(E/,n)>a, > tl=,1" Toi"—l
V12',VU,VT [ﬂ:u 12 UAS CU) FDtZ%UIZ'J
t1'=, 12’

Choose arbitrary t1, t2, t1°,t2°, U, and T
Assume:

t1=E1*[c_l] ‘v’nF,Bound(El*,n)Dan% tl=, 11" I'>tl"—>1l'

Assume: 1=, 12 U4 CU) T'>12—, 12
Derive: t1'=, t2'

From lemma 4.2.8.5, 12 = E[b] for some b
Because 1=, t2, Vn a,=, b,
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From the contrapositive of lemma 4.2.4, Vn I, Bound(El* ,n)>b, 7){

From lemma 4.2.8.6, 312" 2=, 2" I'>2"—2"
Then I'>12 —, 2" by EMU-BASE only and t2°"’=t2’
By transitivity, 1" =, 12"

From lemma 4.2.8.1, 11'=, t2'

Lemma 4.2.5.2:
VILVI2 VI, =, 12 UA CU) T jid—, 1 Tbi2—, 12
. (wz',vu,vr '~ 12' J
T Tvavevi, A=, 12 UA CU) T j+l:il—, ' T>2—, 12"
(Vtz',VU,VF '=, 12’ J

Choose arbitrary j
VILV2 Vi, =, 12 U4 CU) I'> j:itl—, 11" T'>12—, 12"

Assume(A):
V2, VU,V tl'=, t2'
Derive: VLV, =, 12 UA CU) T j+litl—o, ' Ter2—, 12
- VR2\YU, VT =, 12'

Choose arbitrary tl1, t2, t1°, t2°, U, and I
Assume: tl=, 12 UAS CU) T jid—, ' T2, 12"
Derive: t1'=, t2'

Because I'> j+1:t1—, t1', t1=E,|a, , ,.a,,qa,. | where
Vm<nT,Bound(E, ,m)> am% and T, Bound(E, ,n)> j:a, —, d for some d.
So i'=E|la, ,.d,a,, ]

From lemma 4.2.8.5, t2 = E, [a'] for some a'
Because 1=, 12, Vk a, =, a,'
From contrapositive of lemma 4.2.4, Vm <n ', Bound (El* ,m)>a, ' 7){

From lemma 4.2.4, T', Bound(El*,n) >a,'—, d' for some d’
From A, d =, d'

Because Vm <nT, Bound(E; ,m)> a, '7{ and T, Bound(E, ,n)>a,'—, d', and
EMU-IND, 12'= El*[al...n—l vd'a,,, ]
From EQ-CTXT, t1'=, 12’
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Lemma 4.2.7:

Vil,Vel' V2,

I>tl—2 UA CU)
V12 YU, NT

!

Iil—o, ' T>2—, 12"
f'=, 12"

Proof by induction on t1 — 12
e Base case:(4.2.7.0.1)

VILVI\VE2, Trl:il—12 UAS CU)
VIZLVUYE (pp 5, T2, 12

fl'=, 12!

Step case:(4.2.7.0.2)

ViILVil\VE2, Toen:tl—12 UA CU)
V12 VU, VT ‘ '

I>l—, 0 T>i2—, 12
t'=, 12"
Vn

VILVH V12, Ten+l:itl—>12 US CU)
Ve2' VYU ,NT

F>t1—$U 11 F>t2—$U 12!
'=, 12"

Lemma 4.2.7.0.1:
VILVILLVE2, Tel:l—=12 UAS CU)

VIZVUNE (pps i T2, 12!
=, 12"

That is:

Vi VILVI\Vi2, Tel:1—>12 UAS CU)

V12", YU,VT : '

lj !
Totlo, ' T2, 12"
fl'=, 12’




Proof by induction on j:

Base case:

VILVILVE2, Tel:1—=12 UAS CU)
V2 YU, VT 0 !

Iotlo, ' T>2—, 12"
f'=, 12"

o Thatis Tl

o The above contradicts I'>¢1 — ¢2
o Soconclude 11'=, 12’

Step case (4.2.7.1)

VLV V2, Tel:fl—12 UA CU)

' H !
vt2',vU VT I>rl—, ' T2, 12

tl'=, 12"
Vi
VILVH\ V2, Trel:fl—=12 UAS CU)
' 1j+1 !
VIZVUYE 05, Te2os, 12!
tl'=, 12"
Lemma 4.2.7.0.2:

VILVHL V12, Ton:itl—>t2 UL CU)
V12 YU, VT \

Iod—, 0 T>2-,12'
=, 12

VLV V2, Ten+l:tl—>12 UAS CU)
V2 YU VT

|

I>l—, 0 T>i2—, 12
t1'=, 12"

Choose arbitrary n.
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VILVHLVE2, Ten:tl—12 UAS CWU)

Assume (A):
v2' VU, NT

I>tl—, ' T>i2—,12'
tl'=, t2'

VLV V2, Ten+l:tl—12 UAS CWU)
V12 YU ,NT

Derive:

I>t—, ' T>i2—,12'
tl'=, t2'

Choose arbitrary t1, t1°,t2,t2°, U, and T".
Assume: I'bn+1:11—>1¢2 U74 c)

! !

Assume: I'> tl—$U " I'e> tZAU 12’
Derive: t1'=, t2'

Because I'>n+1:t1 =12, t1=E|[rl], 12=E|[r2], I'>in:rl =>r2
More generallY’ tl = El*[al...n—l ’ rl’ an+1...:| and t2 = El* [al...n—l ’ r2’ an+1...:|
Because r1 (which is in position n) is in the evaluation hole of El* , Bound(El* ,n) =2

Consider the term 3= E|[a, , ,',73,a,, '] where

n+l...
|

Vm#n T,Bound(E, ,m)>a, ¥>U a,' and FDrl%U r3

Because —,, normalizes all subterms first, I'> 11—, 13 %U 1’

Consider the term t4 = E|[a, , ,',r4,a,., '] where

n+l...
!

Vm#n T,Bound(E, ,m)>a, ¥>U a,' and l"l>r2%U r4

Because —;, normalizes all subterms first, I'> 12—, 14 —SU 12’

From A, r3=, r4
From EQ-CTXT, t3 =, t4
From lemma 4.2.3, t1'=, 12'
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Lemma 4.2.7.1:

VILVH\ V2, Toel:ifl—12 US CU)
Vvt2' VU ,NT :

1j !
I'ctl—, 1" I'>t2—,12'
t'=, 12'

VILVILL V2, Tel:fl—12 UAS CU)

' 1j+1 !
VIZVUYE (ru i, Te2o, 2!

fl'=, 12'

Choose arbitrary j.
VILVILL V2, Tel:l=12 UAS CU)

Assume(A): V12 VU T T ,
1oV, Torlo, ' T2, 2’
tl'=, 12'

Derive:

VALV, Tel:il—12 UA CU)

' 1j+1 !
VIZVUNE (pp 5,1 T2, 12
'=, 12’

Choose arbitrary t1, t1°,t2, t2°, U, and T.
Assume: T'>1:11-512 UA CU)

1+l

Assume: T'> 11—, 11" Fl>t2%U 12’

Derive: t1'=, t2'
1j+1 1j
Because I'>t1—, t1', there exists t3 such that I'>#1 —, 3 and I'> 13—, 11

Case split on the form of I'>11 —, 13
e EMU-BASE: rf1=, t4 and I'>14 —13
o Fromlemma4.2.8.1, 2=, 13
o Fromlemma4.2.3, T'>121, 13

! !

o Thatis, [>12—, 12", [>13—, 11", and 12'=, 11’
o From EQ-SYMM, 11'=,, 12"
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e EMU-IND: ¢l = E|[al] where I', Bound(E;") > al —, a3
o So 13=E/[a3]
o Note that if al is inactive, then a3 is the same sort of inactive term (from
lemma 4.2.8.4)

o Sobecause I'>1:¢1 — 12, there exists t3” such that '>1:¢3 — £3'
o Choose arbitrary t3” such that I'>1:43 — ¢3'

!

o Choose arbitrary t3’” such that I"> t3'—$U 13"

o FromA, T'>13"1, '

o From42.72, T'>t3", 2'

o Fromlemma4.2.8.7, I'>tl' ~LU t2'

o Because N(U,—), I'>bN(@l',—,),and I'>N(#2',—,), I'> tl'\LU t2'
implies t1'=, 12’

o Sotl'=, 2

Lemma 4.2.7.2:
VE,Val,Val', I'>1:E[al] > 12 UA CU)
vi2,Vvi2' VU NT (I'> E'[al]l >, E[al'l T >E[all—12'
( re2d, 2 )

Choose arbitrary E;",al,al’, t2,t2’, U,and I.
Assume: ['>1:E'[al] 512 U4 CU)
Assume: I'> E[al] >, E'[al]l T E'[al'] -2’
Derive: I'>124, 12’

Case split on the form of I'> E/ [al] =' £2
e Case E[[al] = (fun r(x:!):l.b I)
o So 2 =b[I/x][ fun r(x:!):!.b/r]
o Case split on the form of E; [al]
= Caseal =funr(x:!):!.b
e Soal’=funr(x:!):.b> where I, x>b — b’
e Sot2’ =b’[I/x][ fun r(x:!):!.b’/r]
e Fromlemma4.2.7.5, I'>121, 12
= Caseal =1
e From lemma 4.2.8.4 al’ =1’ where I’ is an inactive term
e ThenI'>1— ,I'
e Then t2° = b[I'/x][ fun r(x:!):!.b/r]
e Fromlemma4.2.74, T'>121, 12’



e Case E/[al]l = match c,d withc,X, =>b, |...1c,X, =b, |...end
o Sot2=b[d/X,]
o Case split on the form of E; [al]
= Caseal=(c, d)
e Because ¢, has no holes, and from lemma 4.2.8.3
I'>c,—» ,then3d, ed,T>d, —, e,
e Solete=d, , e, .d
e SoI'ndl,e
e Soal’=(c, e)
e Thent2’=b) [e/X,]
e Fromlemma4.2.74, T'>121, 12’

= Caseal =b,

n+l...

e Sol'x>b, —, b’
e Sot2’=b,'ld/x,]
e Fromlemmad4.2.7.5, I'>1¢2 ~LU 12’
= Caseal =b, where m#n
e Thent2’is b [d/X,]
e Because t2=t2’, I'>¢2 J/U t2' from lemma 4.2.3
e Case E[al]=letx=1inb
o Sot2=Db[l/x]
o Case split on the form of E/[al]

= (Caseal =1
e ThenI'>/l—,1I'

e Then t2’=b[I’/x]
e Fromlemmad4.2.74, I'>12 ~LU t2'

= (Caseal=b
e Then I''x>b—, b’

e Then t2’=b’[I/x]
e Fromlemmad4.2.7.5, I'>1¢2 ~LU 12’

Lemma 4.2.7.3:

I, Bound(E") > al \LU a?
I'> E'[al]ll, E'[a2]

Val,VYa2,YU VT ,VE*

(Note E™ is the arbitrary depth context)
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Choose arbitrary al, a2, U,E", and T.
Assume: I', Bound(E") > al iU a2

Derive: I'> E*[al]l, E'[a2]

Proof by induction on the structure of E*
e Basecase: E" is *

o
o

o

Then Bound( E*) = {}
Then T, Bound(E*) > al, a2 implies T'> E*[al]{, E*[a2]

So I'> E*[al]l, E'[a2]

e Stepcase: E'= E"'[E]]

O

O

O

O

So T, Bound(E" "), Bound(E; ) > al l, a2

From lemma 4.2.2.6, T', Bound (E* ") > E [al], E[a2]
From LH., > E* [E[alll{, E*[E[a2]]

That is, T'> E*[al]{, E'[a2]

Lemma 4.2.7.4:

Va,Va' \Nb,Vx,VI

I'sal,a’
I'>bla /x4, bla'/x]

Proof by induction on b[a / x]:
e Basecase b=x, and (Vars(x,)UVars(a,)NI'=D

O

O

O

o

o

So bla/Xx] = a,

Because I'>ad,a',T'>a l, a,’

Because I'>a, |, a,' and (Vars(x,) UVars(a,))"T'=2,
(Vars(x,)uVars(a,)NI'=L

So bla'l/x]=a,’

Because I'>a, L, a,', T>bla/x]1, bla'x]

e Stepcase b=E,[c] and Vn T,Bound(E, ,n)>k:c[a/x]=d,

o

I'sal,a’
I'>k:bla/x1l, bla'x]

LH.is Va,Va',Vb,Vx,VT

So bla/x]=E,[d]

Let d' = c[a'/x]

Then bla'/x]= Ef[c? '] (Note: even if b = x,, CAS-BASE cannot apply
because (Vars(x,)uVars(a,))NT'#J)

From LH., Va T, Bound(E,,n)>d, {1, d,
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o Fromlemma4.2.2.6,T' > E[d], E[d"]
o Thatis, I'>b[a/x], bla'x]

Lemma 4.2.7.5:
Ya,Vb,Vb' Vx,NT

[,Xx>b—, b'
I'>bla/x], blalx]

Choose arbitrary a,b,b',x, and T.
Assume: I\ x>b —, b’

Derive: I'>bla /x4, b'la/x]

Then there exists E*, ¢, and ¢’ such that b= E* [c] and I',X, Bound(E")>¢ — ,c'
Note that E* is the “deepest” possible context that fits the above description.

Sob’ = E"[¢’]

In terms of E* [c], bla/Xx] = (E"[c]D[a/x]

Because I',x, Bound(E*) > ¢ — yc'and E" is the deepest possible context, none of X
appearincorc’

So bla/x] = (ET[cDla/x] = (Ef[a/x]lc]

By a similar argument, b'[a/Xx] = (E"[cD[a/Xx] = (E'[a/Xx])[c"]

Substitution cannot affect the “binding” variables in a context, so Bound( E") =
Bound( E*[a/Xx])

Then I, x, Bound(E*[a /X])>c— ,c'

Then T, x, Bound (E*[a /X)) >cl ,c'

From lemma 4.2.7.3, I, x > (E'[a / x])[c] iU (E'[alx]c']

Because neither of the terms above contain any of the variables in x ,
I'>(E[alx])[c] iU (E'[a/xDc

Thatis, T'>bla /x4, b'la/x]

Lemma 4.2.8.1
Vi, V2, Vtl',\V12' tl=,12 T'ptl—>tl' T'>2—->12' U;4 CcWU)
vYU,vI' t'=, 12'

Proof by induction on I'> 1 — 1’
e Casetl=E [al]where I'>k:al —al'
o LH.is
VILVILVA'\V12' fl=, 12 Tekitl—tl' Tp2—2'" UA CU)
YU, vT tl'=, t2'




From lemma 4.2.8.5, tl = E[b,..b,_,,
Eld,..d, ,a2,d
Then al =, a2

Case split on the form of E;
= Casetl=(al gl) and t2=(a2 g2)
e Sotl’=(al’ gl)
e (ase split on the form of I'> 2 — 2’
o Case I'>a2—a2'
* FromILH. al'=, a2’
= Sot2’=(a2’ g2)
* From EQ-CTXT 1l'=, 12’
o Case a2el and I'> g2 — g2'
=  From lemma 4.2.8.3,
I'>=(3al"=, al al"—)
= The previous statement contradicts
I'>al - al'
* Soconcluderl' =, 12’

al,b

n+l...Holes(E,) ]

and t2 =

n+1...Holex(E;‘)] f()r some b and d

o Case a2=fun x(a:!):!.tand g2€ [l
= From lemma 4.2.8.3,
I'> —|(Ela1" =, al al" —>)
= The previous statement contradicts
I'>al - al'

* Soconcluderl' =, 12’
= (Case tl=(fl al) and t2=(f2 a2) where fle I
e Sotl’=(fl al’)
e (ase split on the form of I'> 2 — 2’
o CaseI'> f2— f2'

* From lemma 4.2.8.3,
I>=(3f2"=, 2 f2"->)
= The previous statement contradicts
I'> f2— f2'
* Soconcluderl' =, 12’
o Case f2el and I'>a2 — a2’
* From LH. al'=, a2’
= Sot2’=(f2a2’)
* Then tl'=, 12’
o Case f2=fun x(a:!):!.tand a2e I
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=  From lemma 4.2.8.3,

I'>=(3al"=, al al"—)
= The previous statement contradicts
I'>al - al'
* Soconcluderl' =, 12’
* Case tl=match al with ¢,x, =>s,|...1c, X, => s, end
e Sot2=match a2 with ¢y, =>v, |...lc,y, =>v, end
e Thentl’ =match al’ with ¢, x, => s, |...1¢c, X, =>s, end

e (ase split on the form of I'> 2 — 2’
o Case I'>a2—a2'
* FromILH. al'=, a2’

= So t2’ = match a2’ with
oy, =v l.lcy, =>v end
* From EQ-CTXT 1'=, t2'
o Case a2=(c,)
*  From lemma 4.2.8.3,

I'>=(3al"=, al al"—)
= The previous statement contradicts
I'>al - al'

* Soconcluderl' =, 12’
= Casetl=letx]l=alinbl
e Sot2=letx2=a2inb2
e Thentl’ =letxl =al’inbl
e (ase split on the form of I'>12 —¢2'
o Case I'>a2—a2'
* From LH. al'=, a2’

Sot2’ =letx2 =a2’ in b2
From EQ-CTXT 11'=,, 2’

o Case a2el

From lemma 4.2.8.3,

I'>=(3al"=, al al"—)
= The previous statement contradicts
I'>al - al'

* Soconcluderl'=, 2’
Case t1=(F I) where F= fun x(a:!):!.t
o Sotl’=t[I/a] [F/X]
o Fromlemma4.2.8.5, 2=(F° I'’)and FF=, F'and I =, I'

o Fromlemma4.2.8.3, I'> F'74 and I'> 1'74
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o Because I'>12 —¢2" and all the sub-terms of t2 don’t take a step in —,
F’ is a fun term

o Because C(U),and F =, F',F’=fun x’(a’:!):!.t" where t'=, t[a'/ a]
Sot2’=t’[I’/a’][F’/x’]

o Because t'=, tflaal, I =, I',and F =, F',
t''1a'llF'1x"=, tlI/allF/x]

o From EQ-SYMM, t[I/a][F/x]=, t'[I7a'l[F'x']

o Thatis, r1'=, 12'

e Case tl=match (¢,I ) by x y return ! with
ox, =>s l..lex, =>s,|...lc,x, =>s end

Sotl’=s,[1 / X, ]
From lemma 4.2.8.5, t2= match a by x y return ! with
X, =>s,'l..le,x, =>s,'l...1c,X, =>s,'end where a=, (c,I) and
Vn s, =,s,"

o Because C(U)and a=, (c,]), Va'=, a where a'=(f 1), f =c,. From

lemma 4.2.8.3, Va' where a'=, a, I'> a';4 a' does not take a step, so

none of ¢ will take a step in —. Because a'=, a, t =, |
o Sot2’=s,'"[t/X,]
o Because 7 =, I ,and s, =, s,', t1'=, 2" by EQ-CTXT
e C(Casetl=letx=Ibyyint
o Sotl’ =t[I/x]
o Fromlemma4.2.8.5, t2=letx’ =1’ by y’ in t’ where I =, [' and
tx'/x]=, t'
o Sot2’=t[I'/x’]
o Sotl'=, 2" by EQ-CTXT
e (Case t1=E[abort !]
o Sotl’ =abort!
o Then t2 = E[abort !]
o Sot2’ =abort !
o Sotl'=,t2'

Lemma 4.2.8.2

tl=, 12 t1=E/a]
b 2=, E[b]

Vil,Vt2,YU,Va VT

Proof by induction on 1=, ¢2

o (Casetl =t2
o Letb=a



o Thent2= E, [a]
e Case {tl=12}e U
o Letb=a
o Then 2=, E[a]
o Case k:t2=,1l
k:tl=, 12 tl=Ea]

o LH.is v1l1,vr2,vU,Va, vl = 1
b 2=, E[b]

o FromLH., 3b 2=, E/[b]

e Case U3 k:tl=, 13 k:t3=, 12

k:tl=, 12 tl=E[a]

o LH.is V1,V12,YU,Va,vT - —
b 2=, E[b]

o FromLH., 3b 3=, E/[b]
o Choose arbitrary E, [b] where t3=, E,[b]
o FromILH., 3b' 12=, E/[b']

e Case rl=E[al] 12=E[a2] k:al=, a2
o Sotl= E[¢,al,d] and 2 = E|[c,a2,d]
o Solet b be c,a2,d
o Then 12=, E/[b]

Lemma 4.2.8.2.1
vil,Vt2,VU ,Va,vT

tl=, 12 tl=(ca)
b 2=, (cb)

From lemma 4.2.8.2, 3d,d such that 12 =, (d d)
Sod=,c

From lemma 4.2.8.2, d =, c

So 2=, (cd)

Lemma 4.2.8.2.2
Vi, V2, YU ,NT

tl=, 12 tlel
dr2'el 12'=,12
Note I is the set of inactive terms

tl = E,[a] for some a
From lemma 4.2.8.2, 3b 12=, E|[b]
Proof by induction on E;[a]
e (Casetl =(C a) where C is a constant
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o LH.is Vavbyuyr LZub @<l
db'el b'=,b
o Fromlemma4.2.8.2.1,3b 2=, (Cbh)
o FromIH.Vn 3b'el b '= b,
o So(Cb)el,let2'=(Cbh")
e (ase otherwise
o All other inactive E, will be inactive regardless of their subterms

o So dr2'el t2'=,t2 fromlemma 4.2.8.2

Lemma 4.2.8.3

UA CU) =, 12 tel
Vi2'=, 12 T2 A
Note I is the set of inactive terms

Vil,Vt2,VU,VTI'

Choose arbitrary t2’ such that 12'=, ¢2

(Proof by contradiction)
Assume I'>12"'—

Because 2'~, 1 and lemma 4.2.8.5, t1=E,[a] and 2'= E,[b] for some a,b

Proof by induction on E;[a]

e C(Casetl =(cl al) where cl is a constant
o Sot2’=(f2a2)
o Case split on the form of I'>#2'—
= Case I'> f2—

e FromLH. I'> f274
e  Contradiction, conclude I'">#2' 74
= Case f2e€l and a2 —
e FromLH. I'>a2,5
e  Contradiction, conclude I'">#2' 74
= Case f2=fun x(y:!):!.d and a2e I
® Contradicts C(U) because cl =, fun x(y:!):!.d
e Soconclude I' > t2'74
e (Case otherwise
o All other inactive E, will be inactive regardless of their subterms
o Sot2el
o Therefore I'> 2’ 74
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In all cases, we get something that contradicts I'>2'—
SoI'>2' A

Lemma 4.2.8.4:

UA CU) Tei—, 12 tlel
t2el

Vil,Vt2,YU,vT'

Induction on I'> 11—, 12
e Case rl1=E[al]l, T,Bound(E)>k:al —, a2, t2=E[a2]

UA CU) Trok:tl—, 12 rlel
t2el

o LH.is V,Vr2,VU,VI'

o Case split on the form of E[al]
= Case E/[al]=(c I) where c is a constant and 7 is a list of
inactive terms
e From lemma 4.2.8.3, and because c has no holes, ¢ 7){

e Sosome I, el isal

e FromLH., a2el
e So 2=(cI') where I'is a list of inactive terms

o Sor2el
= (Case otherwise

e Allother E; are inactive regardless of the subterms

e Sor2el
e Casetl=, t3and '>13—>12

o From lemma 4.2.8.3, this t3 cannot exist
o This case results in a contradiction, conclude 2¢e [

Lemma 4.2.8.5

UA tl=, 12 T,

VILVI2, VU NI ——Z2 — —
3E .b,b' 1=E[b] 12=E[b]]

Proof by induction on 1=, 12
e (Casetl =t2
o Then trivially, 3E;,b,b" t1=E[b] 12=E [b']
e Case {rl=12}e U
o Contradicts U 74
o Soconclude 3E;,b,b' t1=E/[b] 12=E[b']
e Case k:12=, 11
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NU,-) k:tl=,1t2 TI'>btl—,
3E',b,b' 11=E[b] t2=E[b']
o FromLH. 3E,b,b' t1=E[b] 12=E[b']
e Case 3Ir3 k:tl=, 13 k:t3=,12
NU,-) k:tl=, 12 T'>ptl—>,
3E ,b,b' N=E[b] 12=E[b']
o FromLH. 3E,b,b' t1=E[b] 13=E[b']
o FromLH.3E b".b" 3=E'[b"] t2=E, '[b"]
o Because r3=E/[b'] and t3=E,'[b"], E = E,"
o Leth' =b"
o So3E,b,b' t1=E[b] 12=E[b']
e Casetl=E[al] 2=E[a2] al=, a2
o Sotl=E/[b,al,d] andt2 = E [b,a2,d]
o So3E,b,b' t1=E[b] 12=EIb']

o LH.is V1,Vr2,VU,VI'

o LH.is V1,V¢2,VU,VT'

Lemma 4.2.8.6:

UA CU) tl= 12 tl=, 11" I'>'—

Vi1, Vil V2, YU NT’
d2'=,12 I'>12'—

Proof by induction on 1=, 12
e (Casetl =t2
o So tl=, t2 and from transitivity, t1'=; 12
o Lett2’ =tl’
o Then 32'=, 12 T'>12'—>
e Case {tl=12}e U
o So tl1=, t2 and from transitivity, t1'=, ¢2
o Lett2’ =tl’
o Then 3r2'=,t2 T'>12'—
o Case k:t2=, 1l
o LH.is
UA CU) k:ifl=, 12 f=,11" Ti1l'—

Vil,Vil',Vt2,vU, VI’
d2'=,12 T'>12'—

o FromLH.32'=,12 T>r2'—
o Case I3 k:tl=, 13 k:t3=,12
o LH.is
UA CU) k:ifl=, 12 f=,1" Ti1l'—
d2'=,12 T'>12'—

Vi1, Vil V2,V U NT’



o FromIH. 313'=,t3 I'>t3'—>
o Choose arbitrary t3’ such that #3'=, 3 and I'>13'—
o FromIH. 32'=,12 TI'>b12'—
Case t1=E[al] 12=E[a2] k:al=, a2
o LH.is
UAS CU) k:fl=, 12 tl=,11' T1l'—

Vi1, Vil V2, YU NT’
d2'=,12 I'>12'—

o Case split on the form of t1
= Casetl =(al b)
e Thent2=(a2b)
e Fromlemma4.2.8.5,t1’ =(al’” bl”’)
e (ase split on the form of I'>#1'—
o Case I'>al"—al'
* FromILH. 3a2"=, a2 I'>a2"—
* So, 2=, (a2"b)
= Lett2’ = (a2"b)
= Sod2'=,12 I'>2'—
o Case al''e I and I'>b1"— b1’
* From lemma 4.2.8.2.2,
Ja2"el a2"=, a2
= So 2=, (a2"bl")
= Lett2’ = (a2"bl")
* Sod2'=,12 I'>b12'—
o Case al”’=funr(x:!):!.y and bl"'e I
* Fromlemma4.2.8.2, Ja2"=, a2 where
a2”’=fun r(x’:!):ly’
= So 2=, (a2"bl")
= Lett2’ = (a2"bl")
* Sod2'=,12 I'>b12'—

= Casetl =(fal)
e Thent2=(fa2)
e From lemma 4.2.8.5,t1’ = (f1’” a2”’)
e (ase split on the form of I'>#1'—
o Case I'> f1"—> '

= Sof2=, (f1"a2)

= Lett2’ = (f1"a2)

= Sod2'=,12 T'>p2'—
o Case fl''e I and al"— al'
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* FromILH. 3a2"=, 42 I'>a2"—
= Sot2=, (f1'"'a2")
= Lett2’=(f1"a2")
= Sod2'=,12 I'>2'—
o Case fI”’=fun r(x:!):!l.y and al''e I
*  From lemma 4.2.8.2.2,
da2"el a2"=, a2
= Sot2=, (fI'"a2")
= Lett2’=(f1"a2")
= Sod2'=,12 I'>2'—

Case t1 = fun r(x:!):!.al

From lemma 4.2.8.5, t1’ = fun r(x:!):!.al’’ for some al’’
Then I'>11' 4

The above conclusion contradicts I' > ¢1' —
Conclude dr2'=, 12 I'>12'—

Casetl =letx=al byyinb

Thent2=letx=a2byyinb
From lemma 4.2.8.5,t1’ =let x =al’’ by yin b1’ for some
al’’ and bl”’
Case split on the form of I'>¢1'—
o Case I'>al"—al
* FromILH. 3a2"=,42 I'>ba2"—

* Sof2=,letx=2a2"byyinb

= Lett2’=letx=a2"byyinb

* Sod2'=,12 I'>12'—

o Case al''el

* Fromlemma4.2.8.2, da2"el a2"=, a2
* Sof2=,letx=2a2"byyinb

= Lett2’=letx=a2"byyinb

* Sod2'=,12 I'>12'—

Casetl =letx =vbyyinal

Then t2 =let x = v by y in a2
From lemma 4.2.8.5,t1’ =let x =v1’’ by yin al’’ for some
vl’ and al™
Case split on the form of I'>¢1'—
o Case I'>vl"—>vl'
* Sot2=, letx=v]l’ byyina2
= Lett2’=letx=v]l’ byyina2
* Sod2'=,12 T'>p2'—
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o Casevl'el
* Sot2=, letx=v]l’ byyina2
= Lett2’=letx=v]l"’ byyina2
= Sod2'=,12 I'>2'—
Case tl = match al by x y return ! with ¢, x,=>bll...lc x =>
bnl...end
e Then t2 = match a2 by x y return ! with
¢,x,=>bll...Ic,x, =>bnl...end
¢ From lemma 4.2.8.5, t1” = match al’’ by x y return ! with
¢, x,=>b1”’l...lc,x,=>bn’’l...end for some al’’ and
bl’’...bn”’

e (ase split on the form of I'>#1'—
o Case I'>al"—al

* FromILH. 3a2"=, a2 I'>a2"—
* Sot2=, match a2’ by x y return ! with

¢,x,=>bl1”’l...Ic, X, =>bn’’l...end
= Lett2’ =match a2’ by x y return ! with
¢, x,=>b1”’l...l1c,x,=>bn’’l...end
= Sod2'=,12 I'>2'—
o Caseal” =c¢;x

* Fromlemma4.2.8.2.1, 3a2"=, a2 where
a2’ = ¢;x'

* So t2=, match a2’’ by x y return ! with

¢,x,=>b1”’l...1c,x, =>bn’’l...end
= Lett2’ =match a2’ by x y return ! with
¢,x,=>bl1”’l...Ic,x, =>bn’’l...end

* Sod2'=,12 I'>12'—
Case t1 = match s by x y return ! with
¢, x,=>bll...Ic;x,=>all...Ic,x, =>bnl...end
¢ Then t2 = match s by x y return ! with
¢, x,=>bll...Ic;x,=>a2l...Ic,x, =>bnl...end
¢ From lemma 4.2.8.5, t1” = match s1’” by x y return ! with
c,x,=>b1”’l...lc;x;=>a2”’l...lc,x,=>bn’’l...end for
some s1’’,al’’ and b1’’...bn”’

e (ase split on the form of I'>#1'—
o Case I'>sl"— sl

* So t2 =, matchsl’’ by x y return ! with

¢, x;=>bll...Ic;x,=>a2l...Ic,x,=>bnl...end
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= Lett2’ =matchsl’’ by x y return ! with
¢, x,=>bll...Ic;x,=>a2l...Ic,x, =>bnl...end

= Sod2'=,12 I'>2'—
o Casesl” =c¢,x
* So t2=, match sl by x y return ! with
¢, x,=>bll...Ic;x,=>a2l...Ic,x, =>bnl...end

= Lett2’ =matchsl’’ by x y return ! with
¢, x;=>bll...Ic;x,=>a2l...Ic,x,=>bnl...end

* Sod2'=,12 I'b2'—

Lemma 4.2.8.7

Ionid, 2 Tel, B UL

V11,V12,¥13,YU,vT
>l 3

Choose arbitrary tl1, t2, t3, U, and T.
Assume: 11l 12 T2, 3

Derive: T'>¢1 \LU 3

Because I'> 11, 12 and U4 , Vi1',Vi2' Titl—,l' T>2—,12" '=, 12'

Because I'>12 0, 13 and U5, V2" V3" Ti12—,12" T3—,13" 12"=, 13"

Choose arbitrary t1°, t2°, t2°°, and t3’’ (termination is assumed)
From lemma 4.2.3, 12'=, 12"

From transitivity, ¢1'=, 3"
So I'>tll, 13
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5 Conclusion and Future Work

This paper presented an algorithm that can be used to deduce the equality of terms in many
common cases in OpTT. This algorithm will significantly reduce the amount of effort
required to develop most formal proofs in OpTT. However, there a few areas in which
additional research would improve the algorithm even further. These areas are discussed in

this section.

5.1 Termination

The algorithm in this paper is conjectured to terminate if all terms encountered are
terminating with respect to the operational semantics of OpTT. A proof of this conjecture
and an investigation into the conditions under which the hypjoin algorithm terminates would
be incredibly useful. This information would allow the programmer to fully understand and

predict when the algorithm will terminate.

5.2 Clash/Contra

It would be fairly trivial to extend hypjoin so that it is also complete with respect to the clash
and contra proof rules which are used to derive conclusions in the presence of
contradictions. The algorithm presented in this paper will terminate and fail if inconsistency
is detected. It would be just as easy to successfully equate any two terms if the provided

equations result in some contradiction.

53  Injectivity

Another simple extension involves completeness with respect to the inj proof rule which is
used for reasoning about injectivity. The algorithm could simply detect equations that lead
to some conclusion that can be derived via injectivity, then that conclusion could be added

to the list of equations. For example, if the user-provided equations contain the equation
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{(C a) = (C b)} where C is a term constructot, then the algorithm would add {a = b} to the

list of user equations.
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