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ABSTRACT OF THE DISSERTATION

Statistical Performance Analysis of Sparse Linear Arrays
by
Mianzhi Wang
Doctor of Philosophy in Electrical Engineering
Washington University in St. Louis, 2018

Professor Arye Nehorai, Chair

Direction-of-arrival (DOA) estimation remains an important topic in sensor array signal
processing. With uniform linear arrays (ULAs), traditional subspace-based methods can
resolve only up to M — 1 sources using M sensors. On the other hand, by exploiting
their so-called difference coarray model, sparse linear arrays, such as co-prime and nested
arrays, can resolve up to O(M?) sources using only O(M) sensors. Various new sparse linear
array geometries were proposed and many direction-finding algorithms were developed based
on sparse linear arrays. However, the statistical performance of such arrays has not been
analytically conducted. In this dissertation, we (i) study the asymptotic performance of the
MUtiple Slgnal Classification (MUSIC) algorithm utilizing sparse linear arrays, (ii) derive
and analyze performance bounds for sparse linear arrays, and (iii) investigate the robustness
of sparse linear arrays in the presence of array imperfections. Based on our analytical results,

we also propose robust direction-finding algorithms for use when data are missing.
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We begin by analyzing the performance of two commonly used coarray-based MUSIC direc-
tion estimators. Because the coarray model is used, classical derivations no longer apply.
By using an alternative eigenvector perturbation analysis approach, we derive a closed-form
expression of the asymptotic mean-squared error (MSE) of both estimators. Our expression
is computationally efficient compared with the alternative of Monte Carlo simulations. Using
this expression, we show that when the source number exceeds the sensor number, the MSE
remains strictly positive as the signal-to-noise ratio (SNR) approaches infinity. This finding
theoretically explains the unusual “saturation” behavior of coarray-based MUSIC estimators

that had been observed in previous studies.

We next derive and analyze the Cramér-Rao bound (CRB) for general sparse linear arrays
under the assumption that the sources are uncorrelated. We show that, unlike the classical
stochastic CRB, our CRB is applicable even if there are more sources than the number
of sensors. We also show that, in such a case, this CRB remains strictly positive definite
as the SNR approaches infinity. This unusual behavior imposes a strict lower bound on
the variance of unbiased DOA estimators in the underdetermined case. We establish the
connection between our CRB and the classical stochastic CRB and show that they are
asymptotically equal when the sources are uncorrelated and the SNR is sufficiently high. We
investigate the behavior of our CRB for co-prime and nested arrays with a large number of
sensors, characterizing the trade-off between the number of spatial samples and the number
of temporal samples. Our analytical results on the CRB will benefit future research on

optimal sparse array designs.

We further analyze the performance of sparse linear arrays by considering sensor location
errors. We first introduce the deterministic error model. Based on this model, we derive a

closed-form expression of the asymptotic MSE of a commonly used coarray-based MUSIC



estimator, the spatial-smoothing based MUSIC (SS-MUSIC). We show that deterministic
sensor location errors introduce a constant estimation bias that cannot be mitigated by only
increasing the SNR. Our analytical expression also provides a sensitivity measure against
sensor location errors for sparse linear arrays. We next extend our derivations to the stochas-
tic error model and analyze the Gaussian case. We also derive the CRB for joint estimation
of DOA parameters and deterministic sensor location errors. We show that this CRB is

applicable even if there are more sources than the number of sensors.

Lastly, we develop robust DOA estimators for cases with missing data. By exploiting the
difference coarray structure, we introduce three algorithms to construct an augmented co-
variance matrix with enhanced degrees of freedom. By applying MUSIC to this augmented
covariance matrix, we are able to resolve more sources than sensors. Our method utilizes
information from all snapshots and shows improved estimation performance over traditional

DOA estimators.
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Chapter 1

Introduction

Direction-of-arrival (DOA) estimation is an important topic in array signal processing, with
wide applications in radar, sonar, audio and speech processing, geophysics, and communi-
cations [1-4]. To estimate the DOAs of the impinging signals, sensor arrays are deployed
to collect spatial samples of these source signals. Given a sufficient number of samples,
various algorithms can be applied to obtain the DOAs. In general, these algorithms can be
divided into spectral-based algorithms and parametric model based algorithms. Spectral-
based algorithms include conventional beamforming-based algorithms [5-8], and MUtiple
Slgnal Classification (MUSIC) [9]. Parametric model based algorithms usually obtains the
DOAs by solving maximum-likelihood (ML) problems. Typical MIL-based algorithms in-
clude the conditional maximum likelihood estimator, the stochastic maximum-likelihood
estimator, weighed-subspace fitting and their variants [3,10-20]. There are also paramet-
ric model based algorithms that utilize the signal subspace, such as root-MUSIC [21-23],
and the estimation of signal parameters via rotational invariance techniques algorithm (ES-
PRIT) [24,25]. Recently, with the development of compressed sensing theory [26,27], new
DOA estimation methods have been developed based on sparse recovery [28-31], sparse

Bayesian learning [32,33], and super-resolution theory [34,35].



The development of various DOA estimation algorithms is accompanied by the consideration
of new linear array geometries. Traditionally, a uniform linear array (ULA) is deployed to
uniformly sample the source signals in spaces. However, with conventional subspace-based
methods, an M-sensor ULA can resolve only up to O(M — 1) sources [9,15]. Additionally,
many sensors are required to cover a large aperture. To tackle these issues, the concept
of sparse linear arrays was developed. By utilizing their so-called difference coarray model,
up to O(M?) uncorrelated sources can be resolved using only M sensors. In [36] and [37],
the authors introduced minimum redundancy arrays (MRAs). However, these arrays do not
have closed-form expressions for their geometries and cannot easily be generalized when the
number of sensors is large. Recently, Pal and Vaidyanathan introduced nested arrays [38] and
co-prime arrays [39], both of which have closed-form expressions and can resolve up to O(M?)
uncorrelated sources using only M sensors. The introduction of nested and co-prime arrays
has generated renewed interest in sparse linear arrays [31,40-44], leading to new sparse linear
array geometries such as generalized co-prime arrays [45], and super nested arrays [46,47].

There have also been extensions to 2D arrays [48,49] and vector-sensor arrays [50, 51].

With the introduction of new sparse linear arrays, it became important to statistically an-
alyze their performance. Previous performance analysis of such arrays relies on numerical
simulations, which are computationally expensive. Most of the existing analytical perfor-
mance analysis approaches are based on the array model of ULAs, and cannot be readily
extended to the difference coarray model [7,21,25,52,53]. In this dissertation, we mainly
focus on the statistical performance analysis of sparse linear arrays. By developing such a
statistical performance analysis framework, we are able to gain more insights of the perfor-
mance of sparse linear arrays without computationally expensive simulations. In practice,

arrays will not always be perfectly calibrated, and various perturbations will exist. Our



analysis covers both the perturbation-free case and the perturbed case. Based on our the-
oretical results, we also develop robust DOA estimation algorithms for sparse linear arrays

that utilize the difference coarray model.

1.1 Contributions of this work

In this dissertation, we provide a thorough statistical performance analysis of sparse linear
arrays, and develop robust direction finding algorithms. Our contributions can be summa-

rized as follows:

Performance analysis of coarray-based MUSIC algorithms: Coarray-based MUSIC
algorithms resolve the DOAs by applying the classical MUSIC algorithm to the augmented
covariance matrix constructed according to the difference coarray model. We investigate two
common methods of constructing such an augmented covariance matrix, namely, the direct
augmentation based approach (DAA) [54,55] and the spatial smoothing based approach [38].
We show that MUSIC yields the same asymptotic estimation error for both methods. Based
on this finding, we are the first to derive a closed-form asymptotic mean-squared error (MSE)
expression that is applicable to both methods. This expression is more computationally
efficient than traditional Monte Carlo simulations, and facilitates the performance analysis
of coarray-based MUSIC algorithms. Using this expression, we show that, when there are
more sources than the number of sensors, the asymptotic MSE does not drop to zero even if
the SNR approaches infinity. This result theoretically explains the “saturation” behavior of

the coarray-based MUSIC algorithms in high SNR regions observed in previous studies.



Analyses of Cramér-Rao bounds (CRBs) for general sparse linear arrays: The
CRB gives the lower bound on the minimum variance any unbiased estimator can achieve.
The classical stochastic CRB for general linear arrays was derived and analyzed by Stoica et
at. [52,56]. This CRB is derived without the assumption that sources are uncorrelated, and
does not exist when the number of sources exceeds the number of sensors. We derive the
CRB for general sparse linear arrays under the assumption that the sources are uncorrelated,
which is applicable even if the number of sources is greater than the number of sensors.
We show that in high SNR regions our CRB is asymptotically equivalent to the classical
stochastic CRB for uncorrelated sources. We also show that, when there are more sources
than the number of sensors, our CRB is strictly nonzero as the SNR goes to infinity. We
further analyze the behavior of our CRB for co-prime and nested arrays with a large number
of sensors. We show that this CRB can decrease at a rate of O(M~°) for large values of
M for co-prime and nested arrays, but this rate is only O(M3) for an M-sensor ULA.
This finding analytically demonstrates that co-prime and nested arrays can achieve better
estimation performance when the number of sensors is a limiting factor. We also show that
for a fixed aperture, co-prime and nested arrays require many more snapshots to achieve
the same performance as ULAs. This finding illustrates the trade-off between the number

of spatial samples and the number of temporal samples.

Perturbation analysis of the difference coarray model: The above results are based
on the assumption that the arrays are perfectly calibrated. However, array imperfections
exist and the difference coarray model may be perturbed. We introduce a signal model for
sparse linear arrays in the presence of deterministic unknown location errors. Based on this
signal model, we derive a closed-form expression of the asymptotic MSE of coarray-based
MUSIC algorithms. With this expression, we show that the sensor location errors introduce

a constant bias depending on both the physical array geometry and the coarray geometry,
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which cannot be mitigated by only increasing the SNR. We also extend our analysis to
cases when the sensor location errors are stochastic, and we investigate the Gaussian case.
Additionally, we derive the Cramér-Rao bound for joint estimation of DOAs and sensor
location errors for sparse linear arrays, which can be applicable even if the number of sources

exceeds the number of sensors.

Direction finding in the presence of missing data: We investigate the problem of
robust DOA estimation using sparse linear arrays in the case of missing data resulting from
sensor failures. We introduce a signal model where sensor failures occur after a certain num-
ber of snapshots. Based on our signal model, we formulate a structured covariance estimation
problem by exploiting the special geometry of sparse linear arrays. By utilizing the infor-
mation in both complete measurements and incomplete measurements, our method achieves
better estimation accuracy than the traditional method using only complete measurements.

We also derive the CRB in the missing data case.

1.2 Organization of this dissertation

The rest of this dissertation is organized as follows. In Chapter 2, we present the background
for sparse linear arrays, the concept of the difference coarray model, and the coarray-based
MUSIC. In Chapter 3, we conduct detailed statistical performance analyses of sparse linear
arrays. We first derive and analyze the asymptotic mean-squared error (MSE) for two
commonly used coarray-based MUSIC algorithms, and then derive and analyze the CRB.
In Chapter 4, we investigate the effect of sensor location errors on coarray-based MUSIC
algorithms and the achievable performance bounds. Then in Chapter 5, we introduce a

robust direction finding algorithm in the case of missing data resulting from sensor failures
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and derive the corresponding CRB. Finally, in Chapter 6, we draw conclusions and propose

potential future directions.

1.3 Notations

Given a matrix A, we use AT, A¥ and A* to denote the transpose, the Hermitian transpose,
and the conjugate of A, respectively. We use A;; to denote the (7, j)-th element of A, and
a; to denote the i-th column of A. If A is full column rank, we define its pseudo inverse
as AT = (AT A)"LAH. We also define the projection matrix onto the null space of A as
Iy =I—-AA' Let A=[a;a; ... ay] € CM*¥ and we define the vectorization operation
as vec(A) = [al al ... a]", and matys x(-) as its inverse operation. We use ®, ®, and o
to denote the Kronecker product, the Khatri-Rao product (i.e., the column-wise Kronecker
product), and the Hadamard product (i.e., the element-wise product), respectively. We
denote by R(A) and I(A) the real and the imaginary parts of A. If A is a square matrix,

we denote its trace by tr(A).



Chapter 2

Direction Finding Using Sparse

Linear Arrays

In this chapter, we provide a comprehensive overview of direction finding methods utilizing
sparse linear arrays. We first introduce the definition of sparse linear arrays and their
relationship with ULAs. We then introduce the difference coarray model of general sparse
linear arrays. Finally, we introduce the MUSIC algorithm and show how it can be applied
to the difference coarray model to identify the DOAs. In this chapter, we assume that the

arrays are perfectly calibrated.

2.1 ULAs and sparse linear arrays

Without loss of generality, we assume that the first sensor is placed at the origin. Let d

denote the smallest inter-element spacing. An M-sensor ULA is defined as follows:

Definition 2.1. An M-sensor ULA is given by {0,1,..., M — 1}d,.



Sparse linear arrays can be constructed by strategically removing sensors from ULAs. Typical
sparse linear arrays include MRAs [36], co-prime arrays [39], and nested arrays [38]. Fig. 2.1
shows examples of a ULA plus three different types of sparse linear arrays. We can observe
that all three sparse linear arrays, below the ULA, can be constructed by removing certain

sensors from the ULA on top.

ULA: 6—6—6—0—6—0—06—06—06—0—0606—0606 06060606 06—

Co-prime array: ¢——eé——o6—6—6——0———— | | ¢ 1 | | .
Nested array: ¢—o—o—o—0————1 || ¢ | | | | | ¢ | » tSparse linear arrays
MRA: 6——L 1 1 | | | ¢ | | o | ¢ | ¢ | o | >

Figure 2.1: Examples of a ULA and three different types of sparse linear arrays.

MRAs do not have closed-form expressions, and a list of MRAs can be found in [37]. The

definitions of co-prime! and nested arrays are stated in Definition 2.2 and Definition 2.3.

Definition 2.2. A co-prime array generated by the co-prime pair (N1, Ns) is given by
{0, Ny,...,(No — 1)Ny}dg U {N2,2Ns, ..., (2N; — 1) Ny }dp.

Definition 2.3. A nested array generated by the parameter pair (Ny, Na) is given by {0,1, ..., N1—
1}d0 U {Nl, 2N1 + 1, Ce ,NgNl + NQ — 1}d0

The structures of co-prime arrays and nested arrays are illustrated in Fig. 2.2 and Fig. 2.3.
Both co-prime arrays and nested arrays consist of two subarrays with different inter-element

spacings.

n fact, given a co-prime pair (M, N), there are two difference co-prime array configurations, namely the
“M” configuration and the “2M” configuration [39]. Throughout this dissertation, we will consider only the
“2M” configuration, which is stated in Definition 2.2.



Nadg
‘ ‘ ‘ ‘ ‘ | A | ‘ | | | | ‘ | | |
Nldo

Y

Figure 2.2: Tllustration of the structure of a co-prime array. The red triangles represent the
first subarray with inter-element spacing Nidy, while the blue circles represent the second
subarray with inter-element spacing Nod.

Nldo (Nl +1)d0
‘ 4 I\ A A ‘ | | | | | ‘ | | | | | ‘ | >
o

Figure 2.3: Illustration of the structure of a nested array. The red triangles represent the first
subarray with inter-element spacing dy, while the blue circles represent the second subarray
with inter-element spacing (Ny + 1)dp.

2.2 Signal model

In this section, we introduce the stochastic signal model and the difference coarray model of

sparse linear arrays.

2.2.1 The stochastic signal model

We consider a sparse linear array consisting of M sensors whose locations are given by D =
{di,ds,...,dy}. Each sensor location d; is chosen to be an integer multiple of dy. Therefore
we can also represent the sensor locations using the integer set D = {d;, ds, ..., dy}, where

d; = d;/dy for i = 1,2,..., M. Without loss of generality, we assume that d; = 0.

We consider K narrow-band sources @ = [0;,0,,...,0k]T impinging on the array from the

far field. Denoting A\ as the wavelength of the carrier frequency, we can express the steering



53

U

TT-T-717

Yi oy, Yu-1 Ym

Figure 2.4: Illustration of our signal model. si, s9, and s3 denote three far-field narrow-band
sources whose DOAs are given by 61, 05, and 603, respectively. yi, ..., yy represent the sensor
output of a linear array.

vector for the k-th source as

T
a(0) = [1 exp (j@ sin Qk) ... exp (j@ sin QR)} ) (2.1)
or equivalently,
T
a(wy) = [1 el ejd_M“’k] ; (2.2)

where wy = (2mdpsinfy)/A. Because a one-to-one mapping exists between wy and 6, for
every 0y € (—m/2,7/2), there is no loss of information if we represent the DOAs using w =

(w1, wo,...,wk]T instead of 8. Typically, dy is chosen to be A\/2, and we have wy, € (—m, 7).
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The received signal vectors are given by [3]

y(t) = A(0) z(t) +n(t),t =1,2,--- | N, (2.3)
~ e
Mx1 MxK Kx1 Mx1

where A = [a(6;) a(62) - - - a(fk)| denotes the array steering matrix, x(¢) denotes the source

signal vector, n(t) denotes additive noise, and N denotes the number of snapshots. Fig. 2.4

shows our signal model.

In the stochastic signal model, the source signals are assumed to be random and un-

known [52]. In the following discussion, we make the following assumptions:

A1 The source signals are uncorrelated, and follow a zero-mean circularly-symmetric com-

plex Gaussian distribution.
A2 The source DOAs are distinct (i.e., 0y # 0, Vk #1).

A3 The additive noise is circularly-symmetric complex, white, and uncorrelated with the

sources.

A4 The is no temporal correlation between snapshots.

Under A1-A4, the received snapshots follow a circularly-symmetric complex Gaussian dis-

tribution whose mean is zero and whose covariance matrix is given by

R=APA" +5°I, (2.4)

where P = diag(py,ps,...,pr) denotes the source covariance matrix, and o? denotes the

variance of the additive noise. In practice, only a finite number of snapshots are available,

11



and R is estimated via

R-= %Z Yty (1) (2.5)

We can then apply various direction finding algorithms (e.g., MUSIC) to R to obtain the
DOAs.

2.2.2 The difference coarray model

Based on (2.4), we now introduce the difference coarray model. By vectorizing R in (2.4),
we obtain that

r = vec(R) = Agp + 0, (2.6)

where Aqg = A*©® A, p=[p1,p2,...,pk|", and ¢ = vec(I). From the observation that

Ay =

eJ(di—d1)w

ej (drn —dn )wl

e (di—di)wi

6.7 (Jrn _Jn )UJK

ej(JM_CzM)Wl .. ej(CZJ\J_JI\J)WK
- - M2xK

we know that Aq corresponds to the steering matrix of the coarray whose sensor locations
are given by D., = {d,, — d,|1 < m,n < M}. By carefully combining repeated rows of
(A*® A), we can construct a new steering matrix representing a virtual ULA with enhanced
degrees of freedom. Because D, is symmetric, this virtual ULA is centered at the origin. The
sensor locations of the virtual ULA are given by [—Me, + 1, —Meo +2,...,0,..., M, — 1]do,
where M., is defined so that 2M., — 1 is the size of the virtual ULA. Fig. 2.5 provides an

illustrative example of the relationship between the physical array and the corresponding
12



virtual ULA. To capture this combination process, we need to introduce the definition of a

coarray selection matrix.

do

—

* —o 0o o o o
O

(a) | | | | | | | | |

ULA of 2M., — 1 sensors

Figure 2.5: (a) A co-prime array with sensors located at [0,2,3,4,6,9]do; (b) its difference
coarray; (c) central ULA part of the difference coarray.

According to (2.4),

K
Ryn = Zpk exp[j(afm — Jn)wk] + im0,
k=1

where d,,, denotes Kronecker’s delta. This equation implies that the (m,n)-th element of
R is associated with the difference (d,, — d,,). To capture this property, we introduce the

difference matrix A, such that A,,, = d,, —d,. We also define the weight function as follows:

Definition 2.4. The weight function w(n) : Z +— Z is defined as [38]
w(l) = [{(m, n)[Apn = 1},

where |A| denotes the cardinality of the set A.

Intuitively, w(l) counts the number of all possible pairs of (d,,,d,) such that d,, — d,, = L.
Clearly, w(l) = w(—I). With the definition of the weight function, we can formally introduce

the definition of the coarray selection matrix as follows:

13



Definition 2.5. The coarray selection matriz F is a (2M., — 1) x M? matriz satisfying

1 _
yApg =m — M,

w(m—Meo)

(2.8)

0 , otherwise,

form=1,2....2M.,,—1,p=1,2,.... M,q=1,2,..., M.

To better illustrate the construction of F', we consider a toy array whose sensor locations

are given by {0, do, 4dp}. The corresponding difference matrix of this array is

0 -1 -4

The ULA part of the difference coarray consists of three sensors located at —dy, 0, and dy.
The weight function satisfies w(—1) = w(1) = 1, and w(0) = 3, so M., = 2. We can write

the coarray selection matrix as

0001O0O0O0O0G®O0

000 000

Wl
Wl
ol

0100000O0O0®O

If we pre-multiply the vectorized sample covariance matrix r» by F', we obtain

21 Ry
z= |z| = |3(Ru + R + Rss)
Z3 Roy

14



It can be seen that z,, is obtained by averaging all the elements in R that correspond to the
difference m — M., form = 1,2,...,2M_.,— 1. This process is also referred to as redundancy

averaging [57]. To provide a more intuitive understanding, we have illustrated this process

in Fig. 2.6.

H - "HH N NN N BN N
V

B | :
N

|

HE " ”
A

R @l Hl 'l

Figure 2.6: An illustration of the redundancy averaging process: (1) R is first vectorized into
r; (2) elements in r are grouped according to the difference matrix A; (3) z is constructed by
averaging the elements in each group. Elements R,,, having the same A,,, share the same
color. For example, the diagonal elements of R share the same red color because A,,,, =0
for all m.

Based on Definition 2.5, we now derive several useful properties of F'.

Property 2.1. F,, ;1 (¢-1)m = Forteo—mg+-p—1)m form =1,2,... 2M,—1,p=1,2,...,M,q =
1,2,..., M.

Proof. If Fp, py(g—1ym = 0, then A,y # m — M,. Because Ay, = —Apy, Ay # —(m — Me,).
Hence (2Mco —m) — Moo = —(m — Meo) # Agp, which implies that Fog,—m g+ (p—1)0 1 also

Zero.

If Fm7p+(Q—1)M # 0, then qu = m — M and Fm,p+(q_1)M = 1/1U(m — MCO). Note that
(2Meo —m) — Moo = —(m — My) = —Apy = Ay We thus have Foy,—mgr(p-1)m =
L/w(—=(m — M) = 1/w(m — M) = Fiypi(g-1)M- O

Property 2.2. Let R € CM be Hermitian symmetric. Then z = F vec(R) is conjugate

symmetric.
15



Proof. By Property 2.1 and R = RY,

M M M M
_ _ * _ *
Zm, = E E Fonptg-1ymBpg = E : E Forteg—mg+(-1)M By = Zongg—m-

p=1 ¢g=1 qg=1 p=1
]
Property 2.3. Let z € C*M=1 be conjugate symmetric. Then maty yr(FT 2) is Hermitian

symmetric.

Proof. Let H = maty p(F72). Then

2Mco—1
Hpq: Z ZmmeJr(q,l)M. (29)
m=1

We know that z is conjugate symmetric, so 2, = 25, __,,. Therefore, by Lemma 2.1

2Meo—1 2Meo—1 *
Hpq - Z Z;MCO*mFZMCO_va'F(p—l)M = Z Zm! L'm! q4+-(p—1)M = H;p (210)
m=1 m/=1
O
From definition 2.5, the observation vector of the virtual ULA is given by
z = F r = A p + o°Fi |, (2.11)
~— ~~— ~— N ——

~—
(2Mco—1)x1 (2Mco—1)x M2 M2x1 (2Meo—1)x K Kx1 (2Mco—1)x1

where A. represents the steering matrix of the virtual ULA whose sensors are located at

[~Me +1,...,0,..., M, — 1]dy. We refer to (2.11) as the difference coarray model?®. In

2For brevity, we will use the terms difference coarray model and coarray model interchangeably in the
following discussion.
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practice, only a finite number of snapshots are available, and z is replaced with its estimate

z = F'r, where 7 = vec(7).

2.3 Direction finding using MUSIC

MUSIC is a classical subspace-based DOA estimation algorithm first introduced by Schmidt [9].
In this section, we first provide a brief review of the MUSIC algorithm, and then extend it
to the difference coarray model and introduce two commonly used coarray-based MUSIC

algorithms.

2.3.1 Direct MUSIC

Recall that the covariance matrix of y(t) is given by
R=APA" + I (2.12)

Assuming that both A and P are full column rank, then AP A will be a rank-K matrix. If
we perform eigendecomposition over R, the eigenvectors corresponding to the first K largest
eigenvalues will span the same subspace as A, which we call the signal subspace. The last
M — K eigenvalues will all equal to 02, and their corresponding eigenvectors span the noise

subspace. In other words, we can rewrite the eigendecomposition of R as

R = EAE" + 0*E,E", (2.13)

17



where Eg and Ay denote the eigenvectors and eigenvalues for the signal subspace, respec-
tively. A, denotes the eigenvectors for the noise subspace. Because the two subspaces are
orthogonal, if 0 € {0;,0,,...,0x}, we must have a” (§)E,EX = 0. Therefore we can find

the DOAs by searching for 6 € (—7/2,7/2) that minimizes a” (0) E,Ef a(0).
Given the estimated covariance matrix R, its eigendecomposition can be expressed as
R=FEAE"  E,AEX. (2.14)

Following the above reasoning, the MUSIC pseudo-spectrum is defined as

1
a()"E,Efa()

Puusic(0) = (2.15)

and the DOAs can be identified by performing a grid search and finding the peaks in the

resulting pseudo-spectrum.

Remark. The MUSIC algorithm requires knowing the number of sources. In the literature
of array signal processing, there are various source number detection methods, such as the
Akaike information criterion (AIC) [58], Rissanen’s minimum description length (MDL) [59],
and the second order statistic of eigenvalues (SORTE) [60]. Therefore, we assume that the
number of sources K is known when conducting the performance analysis of MUSIC-based

direction finding algorithms.

2.3.2 Coarray-based MUSIC

Because R is an M x M matrix, we can resolve only up to M — 1 sources using the MUSIC

algorithm. In Fig. 2.5, we observe that the central ULA part has more virtual sensors than

18



physical sensors in the original array. If we can apply MUSIC to the difference coarray model,
we can gain more degrees of freedom and resolve more DOAs. However, we effectively have
only one snapshot from the difference coarray model: 2. Therefore, 22 will be a rank-one

matrix and MUSIC cannot be applied.

To apply MUSIC to the difference coarray model, we need to construct an augmented co-
variance matrix. We observe that the virtual ULA can be divided into M., overlapping
uniform subarrays of size M.,. The output of the i-th subarray is given by 2z; = I';2 for
i=1,2,..., M, where T'; = [Onzox(i—1) Lo x Moo Ooox (Meo—i)] T€DIEsents the selection ma-

trix for the i-th subarray.

Given the outputs of the M., subarrays, the augmented covariance matrix is commonly

constructed via one of the following methods [38,55]:

~

R = [Zue, ZMo-1 -+ 21, (2.16a)
1 MCO
R = X;zZH (2.16b)

where method (2.16a) corresponds to DAA | while method (2.16b) corresponds to the spatial

smoothing approach. Here flvl and Rvg are estimates of their true versions, R,; and R,».
Following the results in [38] and [55], R,; and Ry, are related via the following equality:

1
MCO

1
R} = — (A, PAY +5°T)?, (2.17)

Bw = Me,

where A, corresponds to the steering matrix of a ULA whose sensors are located at
0,1,..., M, — 1]dy. If we design a sparse linear array such that M., > M, we imme-

diately gain enhanced degrees of freedom, because the rank of Ry, (or Rys) is greater than
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that of R. For example, in Fig. 2.5, we have a co-prime array with M., = 8 > 6 = M.
Because MUSIC is applicable only when the number of sources is less than the number of
sensors, we assume that K < M., throughout this dissertation. This assumption, combined

with A2, ensures that A, is full column rank.

For brevity, we use the term direct augmentation based MUSIC (DA-MUSIC), and the term
spatial smoothing based MUSIC (SS-MUSIC) to denote the MUSIC algorithm applied to
R, and R,,, respectively. We will focus on analyzing the performance of these two coarray-

based MUSIC algorithms in the following chapter.

2.4 Chapter summary

In this chapter, we presented the background of direction finding using sparse linear arrays.
We reviewed the concepts of ULAs and sparse linear arrays, the stochastic signal model,
and the MUSIC algorithm. We introduced the difference coarray model and the underlying
mathematics. We showed the construction of the augmented covariance matrix based on the

difference coarray model, and also reviewed two existing coarray-based MUSIC algorithms.
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Chapter 3

Statistical Performance Analysis of

the Coarray Model

Statistical performance analysis remains an important topic in array signal processing. The
performance of the classical MUSIC estimator and its variants (e.g., root-MUSIC [22, 23])
was thoroughly analyzed by Stoica et al. in [61], [62] and [52], where the authors derived the
asymptotic MSE expression of the MUSIC estimator and rigorously studied its statistical
efficiency. In [53], Li et al. derived a unified MSE expression for common subspace-based
estimators (e.g., MUSIC and ESPRIT [24]) via first-order perturbation analysis. However,
the aforementioned results are based on the physical array model and make use of the
statistical properties of the original sample covariance matrix, which cannot be applied
when the difference coarray model is utilized. In [63], Gorokhov et al. first derived a general
MSE expression for the MUSIC algorithm applied to matrix-valued transforms of the sample
covariance matrix. While this expression is applicable to coarray-based MUSIC, its explicit
form is rather complicated, making it difficult to conduct analytical performance studies.

Therefore, a simpler and more revealing MSE expression is desired. The classical stochastic
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CRB was derived and analyzed in [52]. However, it does not exist in the underdetermined

case, when there are more sources than the number of sensors.

In this chapter, we consider the statistical performance analysis of sparse linear arrays®. We
first derive the closed-form asymptotic MSE expression for DA-MUSIC and SS-MUSIC and
investigate their properties. Our expression successfully explains the “saturation” behavior
of SS-MUSIC in high SNR regions in previous studies. We next derive the CRB for sparse
linear arrays. We analyze its behavior in high SNR regions, establish its connection with the
classical stochastic CRB, and derive its approximated expression for co-prime and nested
arrays with large numbers of sensors. Through these analyses, we theoretically show that
co-prime and nested arrays can achieve much better performance than ULAs with the same
number of sensors. Finally, we use numerical experiments to demonstrate the correctness of

our theoretical results.

3.1 Asymptotic MSE of coarray-based MUSIC

Recall that in Chapter 2, we constructed the augmented covariance matrices va and 131’“,2
from the coarray measurement vector £, which is transformed from R. Because only a finite
number of snapshots are available in practice, the estimation error AR = R — R is nonzero.
Consequently, 131’4,1 and Rvg will deviate from their true values, R,; and R,5. When applying
MUSIC, the estimated noise eigenvectors will also deviate from the true one, leading to DOA

estimation errors.

3This chapter is based on M. Wang and A. Nehorai, “Coarrays, MUSIC, and the Cramér Rao bound,”
IEEE Trans. Signal Process., vol. 65, no. 4, pp. 933-946, Feb. 2017, © IEEE 2017, and M. Wang, Z. Zhang,
and A. Nehorai, “Further results on Coarrays, MUSIC, and the Cramér Rao bound,” submitted to IEEFE
Trans. Signal Process.
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In general, the eigenvectors of a perturbed matrix are not well-determined [64]. For instance,
in the very low SNR scenario, AR may cause a subspace swap, and the estimated noise
eigenvectors will deviate drastically from the true ones [65,66]. Nevertheless, as shown in
[53,63] and [67], given enough samples and sufficient SNR, it is possible to obtain a closed-
form expressions for DOA estimation errors via first-order analysis. Following similar ideas,
we are able to derive the closed-form error expression for DA-MUSIC and SS-MUSIC, as

stated in Theorem 3.1.

Theorem 3.1. Let é,ﬁl) and HA,(f) denote the estimated values of the k-th DOA by DA-MUSIC
and SS-MUSIC, respectively. Let Ar = Vec(lfi — R). Assume the signal subspace and the

noise subspace are well-separated, so that Ar does not cause a subspace swap. Then
0 — 0, = 017 — 0, = —(ypi) I R(EF AT), (3.1)

where = denotes asymptotic equality, and

& = F'T7(Br @ ay), (3.2a)
of = —el AL, (3.2b)
Br = ijaco(ek)y (3.20)
W = ag(0k)TI4 dco(6r), (3.2d)
T = [, i - T7)7, (3.2¢)
. 8ac0(9k)
colOk) = —7—. 2f
blt) = 25 3:21)
Proof. See Appendix A. m
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Theorem 3.1 can be reinforced by Proposition 3.1. B, # 0 ensures that 7; ' exists and (3.1)

is well-defined, while & # 0 ensures that (3.1) depends on Ar and cannot be trivially zero.

Proposition 3.1. 3;.&, #0 fork=1,2,... K.

Proof. We first show that 8y # 0 by contradiction. Assume Gy = 0. Then HJACODaCO(Hk) =
0, where D = diag(0,1,..., M., — 1). This implies that Da.(f;) lies in the column space
of Aeo. Let h = exp[—j(2mdysinby) /A Dac,(0r). We immediately obtain that [A., k] is not
full column rank. We now add M., — K — 1 distinct DOAs in (—7/2,7/2) that are different
from 6y,...,0k, denoted by Ox.1,0k19,...,0r.-1. Then we can construct an extended
steering matrix A, of these M, — 1 distinct DOAs. Let B = [A, h]. It follows that B is
also not full column rank. Because B is a square matrix, it is also not full row rank. Therefore
there exists some non-zero ¢ € C¥ such that ¢? B = 0. Let t; = exp[j(2ndysin6;)/)] for

l=1,2,..., M., — 1. We can express B as

1 1 e 1 0
131 lo 0 tMe—1 1
t2 5 - B 2ty
[t et e (g - 1yl ?
We define the complex polynomial f(x) = gicf cqz® 1. Tt can be observed that ¢/ B = 0

is equivalent to f(t;) =0 for [ = 1,2,..., M., — 1, and f’(tx) = 0. By construction, 6, are
distinct, so t; are M., — 1 different roots of f(x). Because ¢ # 0, f(x) is not a constant-zero
polynomial, and has at most M., — 1 roots. Therefore each root ¢; has a multiplicity of
at most one. However, f'(t;) = 0 implies that ¢, has a multiplicity of at least two, which

contradicts the previous conclusion and completes the proof of 3By # 0.
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We now show that & # 0. By the definition of F' in Definition 2.5, each row of F' has
at least one non-zero element, and each column of F' has at most one non-zero element.
Hence FT'z = 0 for some £ € C?~~! if and only of * = 0. It suffices to show that

I'"(8, ® ay) # 0. By the definition of T', we can rewrite I'7(8), ® ay,) as Bjay,, where

Ben, 0 ... 0
Br(Meo—1)  BrMeo - 0
By, = B Bre - Brme |
0 Ber o Br(Meo—1)
0 0 ... B |

and [y is the [-th element of 3. Because B, # 0 and K < M., B, is full column rank.
By the definition of pseudo inverse, we know that aj # 0. Therefore Bjay, # 0, which

completes the proof of & # 0. O

One important implication of Theorem 3.1 is that DA-MUSIC and SS-MUSIC share the
same first-order error expression, despite the fact that R, is constructed from the second-
order statistics, while R, is constructed from the fourth-order statistics. Theorem 3.1
enables a unified analysis of the MSEs of DA-MUSIC and SS-MUSIC, which we present in

Theorem 3.2.

Theorem 3.2. Under the same assumptions as in Theorem 3.1, the asymptotic second-order
statistics of the DOA estimation errors by DA-MUSIC and SS-MUSIC share the same form:
. REL (R® RY)Es,]

E[(0), — Or, ) (Or, — O1,)] = . 3.3
[( k1 kl)( ko kz)] Npklpkz'Ykl'YkQ ( )
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Proof. See Appendix B. n

By Theorem 3.2, it is straightforward to write the unified asymptotic MSE expression as

H R RT
e(0y) = i (Nf%%% i3 (3.4)

For brevity, when we use the acronym “MSE” in the following discussion in this chapter,
we refer to the asymptotic MSE, €(0y), unless explicitly stated. We observe that the MSE
depends on both the physical array geometry and the coarray geometry. The physical array
geometry is captured by A, which appears in R @ R'. The coarray geometry is captured
by A.,, which appears in & and ;. Therefore, even if two arrays share the same coarray
geometry, they may not share the same MSE because their physical array geometry may be

different.

It can be easily observed from (3.4) that €(6;) — 0 as N — oo. However, because py appears
in both the denominator and numerator in (3.4), it is not obvious how the MSE varies with
respect to the source power pj;, and noise power o2. Let pp = pr/0? denote the signal-to-noise
ratio of the k-th source. Let P = diag(p1, o, ..., pr), and R = APA® 4+ I. We can then

rewrite €(fy) as

_ &' (R RT)E
N

€(0r) (3.5)

Hence the MSE depends on the SNRs instead of the absolute values of p;, or o2. To provide
an intuitive understanding how SNR affects the MSE, we consider the case when all sources
have the same power. In this case, we show in Corollary 3.1 that the MSE asymptotically

decreases as the SNR increases.
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Corollary 3.1. Assume all sources have the same power p. Let p = p/o? denote the common

SNR. Given sufficiently large N, the MSE €(6y) decreases monotonically as p increases, and
: _ 1 H *\ (|2
Jim (6:) = N—ﬁHEk (A® A" (3.6)

Proof. The limiting expression can be derived straightforwardly from (3.5). For monotonic-
ity, without loss of generality, let p = 1, so p = 1/02. Because f(x) = 1/x is monotonically
decreasing on (0, 00), it suffices to show that €(6},) increases monotonically as o2 increases.

Assume 0 < 51 < $9, and we have

1
€(Ok)]pors, — €(Ok)]poy, = Wff@ﬁk,
i

where Q = (53 — 51)[(AAT) @ T + T ® (AAT)T + (59 + s1)I]. Because AA is positive
semidefinite, both (AA#) ® I and I ® (AA™)T are positive semidefinite. Combined with
our assumption that 0 < s; < s, we conclude that Q is positive definite. By Proposition 3.1
we know that &, # 0. Therefore £ Q& is strictly greater than zero, which implies the MSE

monotonically increases as o2 increases. [

Because both DA-MUSIC and SS-MUSIC work also in cases when the number of sources
exceeds the number of sensors, we are particularly interested in their limiting performance
in such cases. As shown in Corollary 3.2, when K > M, the corresponding MSE is strictly
greater than zero, even though the SNR approaches infinity. This corollary explains the
“saturation” behavior of SS-MUSIC in the high SNR region as observed in [45] and [38].
Another interesting implication of Corollary 3.2 is that when 2 < K < M, the limiting MSE

is not necessarily zero. Recall that in [61], it was shown that the MSE of the traditional
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MUSIC algorithm will converge to zero as SNR approaches infinity. We know that both DA-
MUSIC and SS-MUSIC will be outperformed by traditional MUSIC in high SNR regions
when 2 < K < M. Therefore, we suggest using DA-MUSIC or SS-MUSIC only when
K> M.

Corollary 3.2. Following the same assumptions in Corollary 3.1,

1. When K =1, limy_,o0 €(0) = 0;
2. When 2 < K < M, lim; .o €(6;) > 0;

3. When K > M, lim; .o €(6;) > 0.

Proof. The right-hand side of (3.6) can be expanded into

] KX . ,
N Z Z 1€x [a(0m) @ a™(0)] ]2

m=1 n=1

By the definition of F, F[a(0,,) ® a*(0,,)] becomes

[ej(Mco_l)wm7 6‘7‘(1‘460_2)0~)m7 L. ,e_j(Mco_l)wm]'

Hence I'F[a(6,,) ® a*(01)] = @co(Om) @ a’,(0,,). Observe that

&l [a(0m) ® a*(0,)] =(Br ® o) (aco(Om) ® aly(6rm))
:(ﬂfacowm))(afa:o(gm))
=(a(0x) T4 co(Om)) () @ty (0rm))

=0.
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We can reduce the right-hand side of (3.6) into

1 H * 2
oz 2 & lal.) @ at@ll.

2
Tk 1<mn<K
m#n

Therefore when K = 1, the limiting expression is exactly zero. When 2 < K < M, the
limiting expression is not necessary zero because when m # n, £[a(6,,) ® a*(6,)] is not

necessarily zero.

When K > M, A is full row rank. Hence A ® A* is also full row rank. By Proposition 3.1

we know that & # 0, which implies that €(0y) is strictly greater than zero. O

3.2 CRB for sparse linear arrays

In this section, we provide detailed analyses of the CRB for sparse linear arrays. The
CRB gives the lower bound on the variance of any unbiased estimators under regularity
conditions. Investigating the CRB for sparse linear arrays enables us to better understand
the performance limits of these arrays, which will aid us in identifying optimal designs of

sparse linear arrays.

3.2.1 Derivation

The CRB for the stochastic model (2.3) has been well studied in [52], but only when the
number of sources is less than the number of sensors and no prior knowledge of P is given.
For the coarray model, the number of sources can exceed the number of sensors, and P

is assumed to be diagonal. Therefore, the CRB derived in [52] cannot be directly applied.
29



Based on [68, Appendix 15C], we provide an alternative CRB based on the signal model

(2.3), under assumptions A1-A4.

For the signal model (2.3), the vector of unknown parameters is defined by

n=10,....0k,01,...,08 0", (3.7)

and the (m,n)-th element of the Fisher information matrix (FIM) is given by [52,68]

OR OR
FIM,, = Ntr | — R '—R™'|. .
mn r [anmR 6)%R ] (3.8)

Observing that tr(AB) = vec(AT)T vec(B), and that vec(AX B) = (BT @ A)vec(X), we

can rewrite (3.8) as
H
or or
FIM,,, =N|-—| (RT®R)™'—.
lanm] (B ®R) D

Denote the derivatives of r with respect to 1 as

o _[or _or o or or .
on |06 00k Opy Opx 0o? |’ '
The FIM can be compactly expressed by
or]" 9
r r
FIM=|—| (R"T@R)™'—. 3.10
[ 077] (R'oR) (3.10)
According to (2.6), we can compute the derivatives in (3.9) and obtain
or :
o {AdP Aq z} ; (3.11)
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where Ay = A*©® A+ A*® A, Aq and i follow the same definitions as in (2.6), and

A . 8a(91) 80(92) o 8&(9[{)
N 801 682 89[{

Note that (3.11) can be partitioned into two parts, specifically, the part corresponding to
DOAs and the part corresponding to the source and noise powers. We can also partition the
FIM. Because R is positive definite, (RT @ R)™! is also positive definite, and its square root

(R" ® R)~'/? also exists. Let

My = (R @ R)"Y2A4P,

M, =(R"® R)"'/?[Aqi].

We can write the partitioned FIM as

MM, MM,
FIM = N
MM, MM,

The CRB matrix for the DOAs is then obtained by block-wise inversion:
1 _
Bisione) (0) = 7 (Mg Ty, Mo) ™, (3.12)

where T}, = I — M,(M”M,)'M!.

From (3.11), we observe that the invertibility of the FIM depends on the coarray structure.
In the noisy case, (RT @ R)™! is always full rank, so the FIM is invertible if and only if Or /0n
is full column rank. By (3.11) we know that the rank of Or/dn is closely related to Aq,
which encodes the coarray structure. Therefore, unlike the classical stochastic CRB for the

stochastic model introduced in [52, Remark 1], B(sio-uc) (@) is applicable even if the number
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of sources exceeds the number of sensors. However, Biso-uc)(0) is not valid for an arbitrary
number of sources, because Aq may not be full column rank when too many sources are

present. A more detailed identifiability analysis can be found in [69].

3.2.2 Behavior in high SNR regions

In Section 3.1, we showed that the asymptotic MSE of DA-MUSIC and SS-MUSIC depends
on the SNRs instead of the absolute values of pj; or o2. We now show that Bi(4to-uc) exhibits

a similar behavior. Let p, = pi/0?, and P = diag(py, po, . . ., pr). We have

My = (R @ R)"Y2A4P, (3.13)

M, =0*R"® R)™'/*[Aq1]. (3.14)

Substituting (3.13) and (3.14) into (3.12), the term o? gets canceled, and the resulting

Bisto-uc) (0) depends on the ratios py instead of absolute values of py, or 2.

We now analyze the behavior of By ) in high SNR regions. The results are summarized

in the following proposition.
Proposition 3.2. Assume all sources have the same power p, and Or/dOn is full column
rank. Let p = p/o?.

(1) If K < M, and limp_,o0 Bisto-uc) () exists, it is zero under mild conditions.

(2) If K > M, and limg_,o0 Bisiouc)(0) exists, it is positive definite.

Proof. See Appendix C. m
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While infinite SNR. is unachievable from a practical standpoint, Proposition 3.2 gives some
useful theoretical implications. When K < M, the limiting MSE (13) in Corollary 3.1 is not
necessarily zero. However, Proposition 3.2 reveals that the CRB generally approaches zero
when SNR goes to infinity. This observation implies that both DA-MUSIC and SS-MUSIC
may have poor statistical efficiency in high SNR regions. When K > M, Proposition 3.2
implies that the CRB of each DOA will converge to a positive constant as the SNR ap-
proaches infinity. This unusual behavior puts a strictly positive lower bound on unbiased
DOA estimators in the underdetermined case. It is also consistent with the behavior of the

asymptotic MSE described in Corollary 3.2.

3.2.3 Connection to the classical stochastic CRB

In this section, we establish the connection between By and the classical stochastic
CRB derived in [52]. In this section and the next section, to avoid complications in the
derivatives, we use w instead of @ to represent the DOAs. Recall that in Section 2.2.1, we

showed that there exists a one-to-one mapping between w and 6.

The classical stochastic CRB, which we denote as By, is derived without prior knowledge
that the sources are uncorrelated. The unknown parameters consist of the DOAs, w, the
real and imaginary parts of P, and the noise variance o2. Because P is Hermitian, there are

K? + K + 1 unknown parameters. In this case, we have [52,56]:

Biso)(w) = %{%[(AHHJAA) o (PAYR'AP)"]} 7, (3.15)

33



where

A — |da(w1) da(w) . . 9a(wi)

Bwl 60.;2 Ow K

Our CRB By is derived with the prior knowledge that P is a diagonal matrix. Recall

that it can be compactly expressed as

1 _
Bisione)(w) = N(Mf Iy, M,)™", (3.16)
where
M, = (R"® R)"'?A,4P, (3.17)
M, = (R" ® R)"'*[Aq 1], (3.18)
Aj=A"0OA+A O A, (3.19)
Ay = A0 A. (3.20)

While the compact form (3.16) of B(siouc) provides great convenience when analyzing the
maximum number of resolvable sources [69], it is not well-suited for our asymptotic analysis
in the following discussion. Therefore, we provide a brief review of its more traditional form,
obtained by block-wise computation of the FIM. Under the assumption that the sources are

uncorrelated, the FIM of the stochastic model is given by [3]

wa pr Jw0'2
J(sto—uc) =N Jpw Jpp Jpa2 ) (321)
Jg2w Jozp J0202
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where

Jow =2R[(APRTA) 0o (PAYR'AP) + (AR 'A)* o (PAPR'AP)],
Jpp =(A"RTA)* 0 (AR A),

Jo202 =tr(R7?),
Jup =2R[(A¥R1A)* o (PAYR'A)],

Jor =2R[diag(PAYR72A)],

Jpo2 = diag(A"R2A),

and Jp, = JH | J,2, = J2

wp’ wo?’

Jyop = JH

po?’

By inverting J(souc), We obtain the alternative expression of Bi(go-uc). While this expression
seems much more complicated than the one in (3.16), it can be shown that they are equivalent
via Lemma 3.1 listed below. In the following derivations, we make extensive use of (3.21)

instead of (3.16).

Lemma 3.1. Let A, B, C, D, E, and F be compatible matrices. Then

(AoB)(Ce® D)(E®F)=(A"CE)o (B”"DF). (3.22)

Proof. The left-hand side of (3.22) can be expanded as

al’ ® bl
(Co®D)|le,@f - ex® fnl> (3.23)

atl @ bi
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whose (i, j)-th element is given by

(ai' @ b')(C ® D)(e; ® f;) = (a;'Ce;)(b;' D).

Observing that af Ce; is the (i,j)-th element of APCE, and that b D f; is the (i, j)-th
element of BYDF, we immediately conclude that the left-hand side is equal to the right-
hand side in (3.22). O

When P is diagonal, there is a subtle distinction between Bio) and Bisouc)- Bisto) gives the
CRB when the sources are uncorrelated and this knowledge is not known a priori. Bi(sto-uc)
gives the CRB when the sources are uncorrelated and this knowledge is known a priori. This
subtle distinction implies that Bigo) and Biso-uc) are not equal. In fact, it is straightforward
to show that B(souc) = Bisto), implying that incorporating the prior knowledge reduces
uncertainties in estimating the DOAs. If we compare (3.15) with (3.21), we can observe
that the term PAY R~ AP appears in both expressions, suggesting a potential connection
between B,y and Bigouc). To establish such a connection, we first introduce the following

three lemmas.

Lemma 3.2 (Woodbury matrix inversion lemma [70]).

(A+UCV) ' =A"-A'UCCH+VATIU)'VA™.

Lemma 3.3. Let A be nonsingular and B have a sufficiently small norm. Then

(A+B)'~A'-A'BA™! (3.24)
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Proof. For B with a sufficiently small norm, the spectral radius of A~'B will be less than
one, and the Taylor series expansion of (A + B)~! converges [70, P. 421]. Therefore, (3.24)

is just the first-order Taylor approximation. O]

Lemma 3.4. For sufficiently small 02, 0> R~ = TI4 + O(0?), where O(c?) denotes terms

with the same order of 0.

Proof. By Lemma 3.2, we have

R ' =1—-A(*P '+ A7A) A" (3.25)

Because A A is full rank, by Lemma 3.3, (6?P~' + A A)~! = (A A)~1 + O(c?). O

We now reveal this connection in Theorem 3.3.

Theorem 3.3. Assume that the sources are uncorrelated. If we fiz the diagonal matriz
P - 0, Bsio) = B(stouc) a8 0% — 0, where = denotes that the equality is up to the first order

with respect to o2.

Proof. Without loss of generality, we assume that N = 1. We already know that when P is

diagonal, the following inequalities hold:

J_l = B(sto uc) = B(sto)' (326)

ww - —

It suffices to show that J;i = Bist0). Using the above Lemma 3.4, we observe that

IR[(ATRIA) o (PATR'AP) =R[(A” (i’ RV A)* o (PA"R'AP)]
—R[(ARTIA) o (PATRAP) + O(c?)).
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Because that TI; A = 0, we have
IR(ATRA) o (PAPRAP)) = R[(A"(c?R™1)A)* o (PAYR'AP)] = O(5?).
Combined with the fact that #(X) = R(X*), we have

2 . .
JoL = %{02%[(AHR‘1A)* o (PA"R'AP)|
+*R[(A"RA)* o (PATRAP)}
2 . .
_ %{%[(AHHjA)* o (PA"RAP) 4+ 0(c?)]}
2 . . _
_ %{%[(AHHjA) o (PATRAP)"] + R[O(c?)]} .
By Lemma 3.3, we obtain that J(;ul) = Bi(st0), which immediately leads to Bisio) = Bi(sto-uc)-
O

Theorem 3.3 shows that when the sources are uncorrelated and the number of sources is less
than the number of sensors, B,y and Bigo-uc) are approximately equal when the SNR is
large. This result is in agreement with our intuition. When the SNR is larger, we can clearly
identify the signals, and incorporating the prior knowledge will not give much improvement
in estimation performance. When the SNR is low, the signals cannot be clearly distinguished
from the noise, and we are more uncertain about whether the sources are correlated. In this

case, incorporating the prior knowledge will help improve the estimation performance.

38



3.2.4 Analysis for co-prime and nested arrays with large number

of sensors

In this section, we analyze the behavior of Bigoyc) for co-prime and nested arrays with large
numbers of sensors. We will focus on co-prime and nested arrays, whose array configurations
have closed-form solutions. It is possible to extend our analysis to other variants, such as
generalized co-prime arrays [45]. While numerical simulations show that MRAs share behav-
iors similar to co-prime and nested arrays [71,72], we cannot not obtain similar analytical

results because MRA configurations do not have closed-form solutions.

For reference, we will provide the results for the ULA case first. In [61], the authors showed
that for an M-sensor ULA, the CRB of the deterministic signal model decreases at a rate
of O(M~?) for large M. In the following proposition, we show that Bis-uc) has the same

behavior.

Proposition 3.3. Assume that SNR; ! = o0%/p; < M for all i = 1,2,...,K and that
K < M. Then for ULAs, as M — oo,

Bisto-u0) (W) ~ ) (3.27)

Proof. See Appendix D. n

Unlike ULAs, the physical array geometries of sparse linear arrays can be drastically dif-
ferent, even if they share the same number of sensors?. To avoid complications, we will

consider nearly optimal configurations in the following discussion. For co-prime arrays, we

4For example, the nested arrays generated by (8,2) and (5,5) both have 10 sensors. However, the latter
can achieve 30 degrees of freedom, while the former can achieve only 18 degrees of freedom.
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will consider configurations generated by co-prime pairs (@, Q+1). For nested arrays, we will
consider the configurations generated by (@, Q). Co-prime and nested arrays generated by

these configurations are nearly optimal in terms of maximum achievable degrees of freedom.

Because co-prime and nested arrays are non-uniform and B yc) is used instead of Bigto),
the overall derivation is much more involved than for the ULA case. We will start from the

one source case.

Theorem 3.4 (One source case). Let K = 1 and assume that SNR™' := 0%/p < Q. Then

as () — 00,

1. For a co-prime array generated with the co-prime pair (Q,Q + 1),

6 1 1 1
B(sto—uc) (UJ) ~ ﬁﬁ@m (328)

2. For a nested array generated with the parameter pair (Q,Q),

121 1 1
B(Sto-uc)(w) ~ EN@m (329)

Proof. See Appendix E. m

We observe that, similar to the ULA case, the CRB is inversely proportional to the number
of samples, N, and the SNR. The interesting term here is 1/Q°. According to Definition 2.2,
a co-prime array generated with the co-prime pair (Q,Q + 1) consists of M = 3@ sensors.
Similarly, a nested array generated with the parameter pair (@, Q) consists of M = 2Q
sensors. Theorem 3.4 shows that, in the one source case, B(so-uc) Of co-prime and nested

arrays can indeed decrease at a rate of O(M~°). This finding implies that the resolution
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limit of such co-prime and nested arrays is inversely proportional to M?, as opposed to M? in
the ULA case. In other words, such co-prime and nested arrays have much better resolution
than ULAs with the same number of sensors. This behavior can be explained by the fact

that they have much larger apertures than ULAs with the same number of sensors.

Remark. The constant term for the co-prime arrays in (3.28) is smaller than that of the
nested arrays because for a fixed @), the co-prime array generated by the co-prime pair

(Q,Q + 1) has a larger aperture than that of the nested array generated by the parameter
pair (Q, Q).

Next, we generalize the results in Theorem 3.4 to the multiple source case. Unlike ULAs,
this generalization is not straightforward because both co-prime and nested arrays contain
subarrays with inter-element spacing greater than dy. Such subarrays have grating lobes in
their beam patterns [73]. Therefore, one of the two subarrays of a co-prime (or nested) array
will not be able to identify certain source placements, leading to degenerated estimation
performance. We call such source placements degenerative placements. To illustrate this
behavior, we plotted Bioue) for a co-prime array and a ULA for the two-source case in
Fig. 3.1. We can observe that, unlike the ULA, there are multiple off-diagonal black bands,
implying that the values of Bs-uc) can be significantly larger for certain placements of wy, ws.
While such a degenerative behavior is interesting, we want to focus on approximating the
fastest rate Bisouc) can decrease with respect to the number of sensors, M, in the following
discussion. Therefore, we need to exclude such degenerative source placements from our

analysis. Hence, we introduce the following definition:

Definition 3.1. Let L be a positive integer and 0 < 6 < 1. Define the set Q5 as follows:

Q% = {w|wL/2 € [kn + arcsin §, (k + 1)7 — arcsin 8], k € Z},
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14

Figure 3.1: Bi(stouc)(w1,w2) computed from difference combinations of (wy,w;) for (a) a co-
prime array generated by the co-prime pair (4,5) and (b) a 12-element ULA.

where Z, denote the set of integers.

The intuition behind this definition is explained in Appendix F. Using Definition 3.1, the

result for the multiple source case is summarized in Theorem 3.5:

Theorem 3.5 (Multiple source case). Let K < Q and assume that SNR; ' 1= 02 /p; < Q.
Choose 6 = 0.5. Then for large values of @,

1. For a co-prime array generated with co-prime pair (Q,Q+1), if wy, —w, € Q‘é) ﬂQ‘sQH,

Vm #n, myn € {1,2,..., K}, then

6 1 1
B(sto—uc)(w> ~ 2P_l.

S NG (3.30)

2. For a nested array generated with the parameter pair (Q,Q), if wy, — w, € Q‘SQH,
Vm #n, myn € {1,2,..., K}, then
1211

B(sto—uc)(w) ~ Eﬁ@ojpil- (331)
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Proof. See Appendix F. n

Theorem 3.4 and Theorem 3.5 lead to the following two important implications:

1. Given the same number of sensors, co-prime and nested arrays can achieve a much

better estimation performance than ULAs.

2. Given the same aperture, co-prime and nested arrays need many more snapshots to

achieve the same estimation performance.

The first implication, which comes directly from Theorem 3.4 and Theorem 3.5, shows a great
advantage of co-prime and nested arrays, in addition to their attractive ability to identify

more uncorrelated sources than the number of sensors.

To understand the second implication, we consider a ULA with M? sensors. From Propo-
sition 3.3, we know that the CRB of this ULA is O(M~%). To achieve the same aperture,
we need a co-prime (or nested) array with only O(M) sensors. However, according Theo-
rem 3.4 and Theorem 3.5, the resulting CRB of this co-prime (or nested) array will be only
O(M™5). Therefore, we need O(M) times more snapshots to achieve the same estimation
performance as the ULA. By thinning a ULA into a co-prime (or nested) array, we can reduce
the number of sensors from O(M?) to O(M), while keeping the array’s ability to identify up
to O(M?) uncorrelated sources. However, this thinning operation indeed comes with a cost:
the variance of the estimated DOAs can be M times larger. The second implication shows

the trade-off between the number of spatial samples and the number of temporal samples.

Remark. In the above analysis, the number of sources, K, is assumed to be smaller than the

number of sensors, M. Because co-prime and nested arrays can identify more sources than
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the number of sensors, it would be interesting to conduct a similar analysis for the K > M
case. However, when M is very large and K > M holds, the sources become densely located
within (—m/2,7/2). In this case, w; —wj is close to zero for any two different sources ¢ and j,
rendering the approximations in Appendix F invalid. Therefore, the results in Theorem 3.5

cannot be directly extended to the cases when K > M.

3.3 Numerical results

In this section, we use numerical experiments to demonstrate our analytical results. We first
verify the MSE expression (3.3) introduced in Theorem 3.2 through Monte Carlo simulations.
We then examine the application of (3.1) in predicting the resolvability of two closely placed
sources, and analyze the asymptotic efficiency of both estimators from various aspects. Fi-
nally, we numerically verify our analytical results on the CRB in Theorem 3.3-3.5. In all
experiments, we define the signal-to-noise ratio (SNR) as

mMiNg—12 ... K Pk
9
o2

where K is the number of sources.

Throughout Section 3.3.1, 3.3.2 and 3.3.3, we consider the following three different types of

linear arrays with the following sensor configurations:

e Co-prime Array [39]: [0,3,5,6,9,10,12,15,20,25]\/2

e Nested Array [38]: [1,2,3,4,5,10, 15,20, 25,30]\/2

e MRA [37]: [0,1,4,10, 16,22, 28, 30, 33, 35]\/2
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All three arrays share the same number of sensors, but difference apertures.

3.3.1 Numerical verification of Theorem 3.2

We first verify (3.4) via numerical simulations. We consider 11 sources with equal power,
evenly placed between —67.50° and 56.25°, which is more than the number of sensors. We
compare the difference between the analytical MSE and the empirical MSE under different

combinations of SNR and snapshot numbers. The analytical MSE is defined by

1 K
MSEq, = - > " elbh)

k=1

and the empirical MSE is defined by

1 L K l
MSEem:EZZ (69 — o)

I=1 k=1
where Q,E;l) is the k-th DOA in the [-th trial, and HA,(;) is the corresponding estimate.

Fig. 3.2 illustrates the relative errors between MSE,, and MSE,,, obtained from 10,000 trials
under various scenarios. It can be observed that MSE., and MSE,, agree very well given
enough snapshots and a sufficiently high SNR. It should be noted that at 0 dB SNR, (3.1) is
quite accurate when 250 snapshots are available. In addition. there is no significant difference
between the relative errors obtained from DA-MUSIC and those from SS-MUSIC. These

observations are consistent with our assumptions, and verify Theorem 3.1 and Theorem 3.2.
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Figure 3.2: |MSE,, — MSE¢n|/MSE,, for different types of arrays under different numbers
of snapshots and different SNRs.

We observe that in some of the low SNR regions, |MSE,, — MSE.,|/MSEe, appears to be
smaller even if the number of snapshots is limited. In such regions, MSE,,, actually “satu-
rates”, and MSE,, happens to be close to the saturated value. Therefore, this observation

does not imply that (3.4) is valid in such regions.
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3.3.2 Prediction of resolvability

One direct application of Theorem 3.2 is predicting the resolvability of two closely located
sources. We consider two sources with equal power, located at #; = 30° — Af/2, and
0y = 30° + AA/2, where A varies from 0.3° to 3.0°. We say the two sources are correctly
resolved if the MUSIC algorithm is able to identify two sources, and the two estimated DOAs
satisfy |0; — 0;] < A@/2, for i € {1,2}. The probability of resolution is computed from 500
trials. For all trials, the number of snapshots is fixed at 500, the SNR is set to 0 dB, and

SS-MUSIC is used.

For illustration purpose, we analytically predict the resolvability of the two sources via the

following simple criterion:
Unresovalble

€(6h) + €(6s) ; Af. (3.32)

Resolvable

Readers are directed to [74] for a more comprehensive criterion.

Fig. 3.3 illustrates the resolution performance of the three arrays under different A6, as well
as the thresholds predicted by (3.32). The MRA shows best resolution performance of the
three arrays, which can be explained by the fact that the MRA has the largest aperture. The
co-prime array, with the smallest aperture, shows the worst resolution performance. Despite
the differences in resolution performance, the probability of resolution of each array drops
to nearly zero at the predicted thresholds. This confirms that (3.4) provides a convenient

way of predicting the resolvability of two close sources.
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Figure 3.3: Probability of resolution vs. source separation, obtained from 500 trials. The
number of snapshots is fixed at 500, and the SNR is set to 0 dB.

3.3.3 Asymptotic efficiency study

In this section, we utilize (3.4) and (3.12) to study the asymptotic statistical efficiency of
DA-MUSIC and SS-MUSIC under different array geometries and parameter settings. We

define their average efficiency as

_ tr B(sto—uc) (0)

. 3.33
Sy €(6r) (333)

For efficient estimators we expect k = 1, while for inefficient estimators we expect 0 < k < 1.

We first compare the s value under different SNRs for the three different arrays. We
consider three cases: K = 1, K = 6, and K = 12. The K sources are located at
{=60° 4+ [120(k — 1)/(K — 1)]°|k = 1,2,..., K}, and all sources have the same power. As
shown in Fig. 3.4(a), when only one source is present, k increases as the SNR increases for all
three arrays. However, none of the arrays leads to efficient DOA estimation. Interestingly,
despite being the least efficient geometry in the low SNR region, the co-prime array achieves

higher efficiency than the nested array in the high SNR region. When K = 6, we can observe

48



in Fig. 3.4(b) that x decreases to zero as SNR increases. This rather surprising behavior
suggests that both DA-MUSIC and SS-MUSIC are not statistically efficient methods for
DOA estimation when the number of sources is greater than one and less than the number
of sensors. It is consistent with the implication of Proposition 3.2 when K < M. When
K = 12, the number of sources exceeds the number of sensors. We can observe in Fig. 3.4(c)
that x also decreases as SNR increases. However, unlike the case when K = 6, k converges
to a positive value instead of zero. The above observations imply that DA-MUSIC and
SS-MUSIC achieve higher degrees of freedom at the cost of decreased statistical efficiency.
When statistical efficiency is concerned and the number of sources is less than the number
of sensors, one might consider applying MUSIC directly to the original sample covariance R

defined in (2.4) [75].

Next, we then analyze how k is affected by angular separation. Two sources located at —Af
and Af are considered. We compute the x values under different choices of A# for all three
arrays. For reference, we also include the empirical results obtained from 1000 trials. To
satisfy the asymptotic assumption, the number of snapshots is fixed at 1000 for each trial.
As shown in Fig. 3.5(a)—(c), the overall statistical efficiency decreases as the SNR increases
from 0 dB to 10 dB for all three arrays, which is consistent with our previous observation in
Fig. 3.4(b). We can also observe that the relationship between x and the normalized angular
separation Af/m is rather complex, as opposed to the traditional MUSIC algorithm (c.f.
[61]). The statistical efficiency of DA-MUSIC and SS-MUSIC is highly dependent on array

geometry and angular separation.
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3.3.4 Classical stochastic CRB vs. our CRB

In this section, we demonstrate Theorem 3.3 using numerical experiments. We consider the

following four different sparse linear arrays:

e Co-prime (3,5): [0,3,5,6,9,10,12, 15,20, 25]do;

MRA 10[37): [0, 1,4, 10, 16, 22, 28, 30, 33, 35]do;

Nested (4,6): [0,1,2,3,4,9,14, 19, 24, 29]dy;

Nested (5,5): [0,1,2,3,4,5,11, 17, 23, 29]do.

We consider six sources with equal power, whose the DOAs, 6y, are given by 6, = —7/3 +
2(k —1)/15m, k = 1,2,...,6. We vary the SNR from -20 dB to 20 dB and plot the rela-
tive difference between Bigo) and Bisoue) in Fig. 3.6. It can be observed that when the
SNR is above 0 dB, the relative difference between B,y and Biso-ue) for all four sparse
linear arrays drastically decreases to zero as SNR increases. When the SNR is below 0 dB,
B(4to-uc) becomes more optimistic and deviates from Big). These observations agree with

our theoretical results in Theorem 3.3.

3.3.5 CRB vs. number of sensors

We next verify Theorem 3.4 and Theorem 3.5 via numerical experiments. We consider co-
prime arrays generated by the co-prime pair (@, @ + 1), and nested arrays generated by the
parameter pair (@, @), where we vary ) between 3 and 20. We consider four different SNR
settings: -20 dB, -10 dB, 0 dB, and 10 dB.
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The results for the one source case are plotted in Fig. 3.7, where the only source is placed
at the the origin. We can observe that, give large enough () values and sufficient SNR, the
simple approximation given in Theorem 3.4 is very close to the accurate value of Bio-uc)
for both co-prime and nested arrays. When the SNR is low, the noise variance term can no
longer be neglected and our approximation deviates from the true values. When the value
of () is small, the contribution of the terms with lower degrees with respect to () is no longer

negligible, and our approximation is no longer accurate.

The results for the multiple sources case are plotted in Fig. 3.8, where we consider five sources
with equal power, whose DOAs, wy, are give by wy = —7/3 + (k — 1)/6m,k = 1,2,...,5.
Similar to the results in Fig. 3.7, the CRBs of both the co-prime array and the nested arrays
follow the trend predicted by Theorem 3.5 as () increases. However, unlike the one-source
case, the CRBs do not monotonically decrease. At some particular () values, the CRBs
deviate from the prediction by Theorem 3.5, regardless of the SNR. This is because we fix
the source placement for all experiments. For some particular () values, this placement may
be close to a degenerative placement of the array generated by parameter (), leading to larger

CRB values than our approximations.

10!
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—*%—MRA 10
Nested (4,6)

—— Nested (3,7)

Relative difference between the two CRBs

102
“ \4
10° N
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Figure 3.6: |tr(B(sto) — Bisto-uc))|/ tT(Bi(sto-uc)) for the four arrays under different SNRs.
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In the previous experiments, we assume that the sources have equal power. However, Theo-

rem 3.5 does not require all sources share the same power. Therefore, we conduct addition

o4



102 102
—+— Source 1 —+— Source 1
108 — + —Source 1 approx. | | — + — Source 1 approx.
0 Source 2 103 Source 2 4
Source 2 approx. Source 2 approx.
" —4—— Source 3 ] —4— Source 3
10 — & — Source 3 approx. 10 — A — Source 3 approx. | |
—¥— Source 4 —<— Source 4
10,5 — ¥ — Source 4 approx. — ¥ — Source 4 approx.
[aa] [an]
o o 10°
O O
106 £
108 F
107 £
7L
108 F 10
10°° 108
2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
Q Q
(a) (b)

Figure 3.9: Bistouc) of individual sources vs. @ for (a) co-prime arrays and (b) nested ar-
rays. Four sources with different powers are considered. The solid lines represent accurate
values computed using (3.16), while the dashed lines represent approximations given by
Theorem 3.4.

10'4 T T T T T T

—+— SNR=-10dB
— — — SNR=-10dB approx.
SNR=0dB

SNR=0dB approx.
10°F |2 SNR=10dB
— — — SNR=10dB approx.

Number of sources

Figure 3.10: Bisiouc) and the approximation given by (3.30) versus the number of sources.
The co-prime array has 60 sensors. The solid lines represent accurate values computed using
(3.16), while the dashed lines represent approximations given by (3.30).

95



experiments for the multiple source case when the source powers are not equal. We con-
sider four sources with p = [2,10, 30, 50]0%. The results are plotted in Fig. 3.9. We observe
that the actual CRBs closely follow the approximations given by Theorem 3.5 for all four
sources. Because there is more than one source, we observe that the actual CRBs do not

monotonically decrease as () increase, similar to our observations in Fig. 3.8.

We close this section by addressing the comments in the last remark in Section 3.2.4 by
using numerical experiments. We consider a co-prime array generated by the co-prime pair
(Q,Q + 1) where @ = 20 is fixed. The resulting co-prime array has 60 sensors. We evenly
place the DOAs, wy, at wy, = —7/3 + 2(k — 1)/(3K — 3)m,k = 1,2,..., K. We vary the
number of sources, K, from 2 to 61. We plot the actual CRB, Bisouc), together with
the approximation given by (3.30) in Fig. 3.10. The real CRB values are denoted by solid
lines, and the approximations given by (3.30) are denoted by dashed lines. We can observe
that, when the number of sources is small, the actual CRB values are very close to our
approximations, despite some fluctuations. However, as the number of sources increases, the
actual CRB values begin to deviate from our approximations. In such cases, these sources
become very close to each other, and the assumption that w,, — w, € Q‘é N Q‘SQ 41, Vm # n,
m,n € {1,2,..., K} becomes difficult to satisfy. Consequently, our approximation (3.30) is

no longer accurate and the actual CRB values start to deviate from our approximation.

3.4 Chapter summary

In this chapter, we presented our key results from statistical performance analyses of sparse
linear arrays. We theoretically proved that DA-MUSIC and SS-MUSIC share the same

asymptotic MSE error expression, and then we derived this analytical MSE expression,
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which can be applied to various types of sparse linear arrays. Our expression successfully
explained the “saturation” behavior of SS-MUSIC observed in previous work. We derived
and analyzed the CRB of sparse linear arrays under the assumption that the sources are
uncorrelated, denoted by Bigouc). We showed that, when the SNR is high, Biso-uc) coincides
with the classical stochastic CRB, Bis,). We analyzed the behavior of By for co-prime
and nested arrays with a large number of sensors. We showed that, given a fixed number
of sensors, M, Bisiouc) for co-prime and nested arrays can decrease at a rate of O(M =),
while Bigo-uc) for an M-sensor ULA decreases at a rate of only O(M ~3). We also showed
that, when the aperture is fixed, co-prime and nested arrays need many more snapshots to
achieve the same performance as ULAs, demonstrating the trade-off between the number of
spatial samples and the number of temporal samples. Our results show both the pros and
cons of sparse linear arrays, and will aid in choosing between sparse linear arrays and ULAs

in practical problems.
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Chapter 4

Perturbation Analysis of the Coarray

Model

In the previous chapters, we assume that the arrays are perfectly calibrated®. However, this
assumption may not hold in real-world applications. Various array imperfections exist, such
as mutual coupling [76,77], gain and phase errors [78,79], and sensor location errors [80-82].
These array imperfections will generally degrade the DOA estimation performance [67,83].
Various works consider the sensitivity of direction finding algorithms and the achievable
bounds in the presence of array imperfections. In [80], the authors derived a hybrid Cramér-
Rao bound on calibration and source localization for two-dimensional arrays in the presence
of sensor location errors. Based on the derived CRB, the authors showed the conditions
under which the CRB goes to zero as the SNR approaches infinity. In [67] and [84], the
authors conducted a thorough performance analysis of subspace-based DOA estimators in
the presence of model errors. In [85], the authors analyzed the resolution probability of the

MUSIC algorithm, while taking into account model errors. However, the aforementioned

5This chapter is based on M. Wang, Z. Zhang, and A. Nehorai, “Performance analysis of coarray-based
MUSIC in the presence of sensor location errors,” IEEE Trans. Signal Process., vol. 66, pp. 3074-3085, June
2018
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analyses are based on the physical array model, and the number of sources is usually fewer
than the number of sensors. The performance of direction finding algorithms based on the
difference coarray model in the presence of array imperfections has not been widely analyzed.
Recently, in [86], the authors conducted a performance analysis of uniform and nonuniform
samplers based on the CRB of a grid-based model in the presence of model errors. These
results can be applied to grid-based direction finding algorithms based on the difference
coarray model. However, their analysis assumes one-dimensional perturbations along the
array and that the DOAs lie on a predefined grid. Here, we neither restrict our analysis to

one-dimensional perturbations, nor we assume a grid-based model.

In this chapter, we analyze the effect of sensor location errors on the difference coarray model.
Unlike gain and phase errors, perturbed array manifolds are nonlinear with respect to sensor
location errors [87]. This nonlinearity makes it more challenging to analyze the impact of
sensor location errors. We first introduce a signal model for deterministic sensor location
errors. We consider the commonly used SS-MUSIC [38] algorithm and derive a closed-form
expression of its asymptotic MSE in the presence of small sensor location errors. Next, we
present an brief extension of our analysis to incorporate stochastic (or time-variant) sensor
location errors. We also derive the CRB on joint estimation of the DOAs and sensor location
errors. Our CRB is applicable even if the number of sources exceeds the number of sensors.
Finally, we use extensive numerical experiments to demonstration our analytical results.
While our analyses are focused on sensor location errors, they can be readily extended to

incorporate other array imperfections.
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4.1 The deterministic error model

In this section, we consider the deterministic error model, where the sensor location errors are
assumed deterministic and unknown. We derive the closed-form asymptotic MSE expression
for SS-MUSIC under the deterministic error model, as well as the CRB for joint estimation

of DOA parameters and sensor location errors.

4.1.1 Asymptotic MSE of SS-MUSIC

To obtain a more general perturbation model, we consider sensor location errors along both

6. We use w = [uy,us, ..., upy]? to denote the sensor locations

the z-axis and the y-axis
errors along the z-axis, and v = [v1, vs, ..., vy]T to denote the sensor location errors along
the y-axis. The perturbed sensor locations are then given by D = {(dy + uy,v1), (dy +
Uz, V2), ..., (dpy + upr,var)}. When the sensor location errors are large, the linear array
structure will be completely destroyed, resulting large DOA estimation errors that are diffi-
cult to characterize. Therefore, our performance analysis will focus on cases when the sensor

location errors are small. In this chapter, in addition to assumptions A1-A4, we make the

following additional assumption:

A5 The sensor location errors are small compared with d.

SWe do not need to consider the perturbations along the z-axis under the far-field and co-planar assump-
tion of the source signals.
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Let 8 = [u” vT]T denote the collection of sensor location error parameters. Under assump-

tion A1-A5, the N snapshots received by the perturbed array can be expressed as
g(t) = A0,0)x(t) + n(t),t =1,2,... N, (4.1)

where A(G, d) denotes the perturbed steering matrix, and

~ 2

Air(0,6) =exp |j 3 (d; sin Oy, + u; sin Oy, + v; cos Oy

The perturbed covariance matrix is then given by
R=A(6,0)PA"(0,6) + o°I. (4.2)
The corresponding observation model of the difference coarray is then given by
7= (A0 A)p + o?vec(I). (4.3)

Here we drop the explicit dependencies on 8, é for notational simplicity. The matrix (A*@A)
now resembles a steering matrix of the perturbed difference coarray, whose sensor locations
are given by D, = {(dm — dp + U — U, Uy, — V) |myn = 1,2,..., M}. As illustrated in
Fig. 4.1, the perturbed difference coarray no longer embeds a ULA, and can no longer be
divided into multiple overlapping subarrays of the same shape. Consequently, applying SS-
MUSIC to the perturbed difference coarray model without error compensations will lead to

degraded DOA estimation performance.
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Figure 4.1: Tllustration of a perturbed difference coarray: (a) a co-prime array and its
difference coarray; (b) a perturbed co-prime array and its perturbed difference coarray.

To establish the link between the coarray perturbation and the DOA estimation errors, we
start with the perturbed steering matrix A. Because A is analytic in the neighborhood
of § = 0, we can linearize A around & = 0 via the first-order Taylor expansion under

assumption A5:

A=A+UA,+VA,+09), (4.4)
where

U = diag(uy, ug, ..., up), (4.5a)
V = diag(vy,ve,...,v5), (4.5b)

.9
A, = jTWADS, (4.5¢)

~ 2
Ay, =7 TWADC, (4.5d)
D, = diag(sin 6y, sin by, ..., sinfg), (4.5¢)
D, = diag(cos 01, cos by, ..., cos k), (4.5f)

and o(d) denotes the higher order terms with respect to 8. The perturbed covariance matrix

R can then be approximated as

R=R+UA,PA" + APAYU + VA,PA" + APA"V 1 0(6). (4.6)
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In practice, the true covariance matrix is unknown, and we obtain only the estimate of R
with R = * Zf;l y(t)y(t). Hence, the discrepancy between the estimate, R, and nominal

covariance matrix, R, can be decomposed into two parts:

AR=R-R=(R-R)+(R—-R), (4.7)
T/ T

where E denotes the estimation errors resulting from finite snapshots, and G denotes the
estimation errors resulting from sensor location errors. To derive the asymptotic MSE ex-

pression of SS-MUSIC in the presence of sensor location errors, we make use of Theorem 3.1.

It is straightforward to verify that R is still Hermitian in the presence of sensor location

errors. Combining (4.7) and Theorem 3.1 and neglecting all the high order terms, we obtain

Ay = —(nupr) T RIEL (e + )], (4.8)

where = denotes equality up to the first order, e = vec(E), and g = vec(G). Hence, for a

large number of snapshots, the asymptotic MSE can be evaluated as

E{(R(&i (e +9)"}

E[A6] = s
kK

(4.9)

Using the fact that R(AB) = R(A)R(B) — S(A)S(B), we can expand the numerator in
(4.9) as follows:

E{[R(& (e +9))"}
=R(&) " ER(e + g)R(e + g)" [R(E) + (&) E[S(e +9)3(e +9)"|3(&) (4.10)

— 2R(&)TER(e + 9)3(e + 9)TIS(&x).
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Because E[e] = 0, we have

E[R(e +g)R(e +g)"] = E[R(e)R(e)"] + R(g)R(g)",

— 2R(&)"E[R(e)I(e) ]3(&) + R(&x) R(g)R(g)" R(Er)
+ (&) S(9)3(9)" (&) — 2R(€) R(9)SI(9)" S(&)

=R (R® R")&,]/N + R(g" &) " R(g"€r).

(4.11)

The first three terms evaluate into R[¢} (R ® RT)&,]/N. The derivation follows the same
idea as in [71, Appendix C], but with R replaced with R. The second three terms can
be combined into R(g7 &) R(gT€L). To obtain the final MSE expression, we still need to

expand g in terms of §, which requires Lemma 4.1 below.

Lemma 4.1. Let D = diag(d) be a diagonal matriz. Then vec(DX) = (XT ® I)d and
vec(X D)

(I ® X)d for any matriz X with a proper shape.

Proof. The two equalities follow immediately from the following fact [70]: for any diagonal

matrix X and any two matrices A, B with proper shapes,

vec(AX B) = (B" ® A) diag(X). (4.12)
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Using Lemma 4.1 and (4.6), we can rewrite g as Bé + o(d), where B = [B,, B,] and

B,=106(APA") + (APA! o1, (4.13a)

B, =106 (APA") + (APA"" oI (4.13b)

Substituting the expression for g back into (4.11), we obtain the following result.

Corollary 4.1. Under the deterministic error model, the asymptotic MSE of SS-MUSIC for

the k-th DOA in the presence of small sensor location errors is given by

1 1 Hip T T T 2
m{ﬁﬁ?[ék (R® R)&] + [0 R(B )] } (4.14)

where & and B follow the same definition in Theorem 3.1 and (4.13a)—(4.13b).

The asymptotic MSE (4.14) consists of two terms. The first term results from the estimation
errors of the covariance matrix, which will vanish as the number of snapshots goes to infinity.
It should be also noted that this term is also affected by the sensor location errors, because R
depends on 8. However, given a sufficient number of snapshots NV, such an effect is negligible
after being divided by N. The second term is the result from sensor location errors, which
will not vanish as the number of snapshots goes to infinity, leading to a constant bias among

the DOA estimates.

Corollary 4.1 gives the asymptotic MSE for a particular realization of the sensor locations
errors, 6. We are also interested in the ensemble behavior of (4.14) under different real-
izations of sensor location errors. Following the idea of the hybrid CRB, we assume that
the sensor location errors 8 follows a Gaussian prior N'(0, C) [3], and evaluate the average

asymptotic MSE under this Gaussian prior. The results are summarized in Corollary 4.2.
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Corollary 4.2. Let § ~ N(0,C), where |C|| is sufficiently small such that the high order
moments of §/dy are o(||C||). Then then the average asymptotic MSE (AAMSE) of SS-

MUSIC in the presence of sensor location errors is given by

L { R (R e RG]+ RBTE)TORBTE) ), (4.19

ik

Proof. Let A=UA,PA" + APAYU + VA,PA" + APA!V . Using (4.6), we have
RoR"=RoR" + R AT + A2 R" +o(]|C|).

Because Es[A] = 0, using the assumption that the high order moments of §/dy are o(||C]|),
we obtain Es[R® R”] = R® R”. This leads to the first term in (4.15). The second term in
(4.15) is due to the fact that E5[867] = C. The remaining high order terms are still o(||C]|)

under the assumption that that the high order moments of §/dy are o(||C||). O

Because the second error term in (4.15) is linear in C, we can use R(B7&,)TR(BT¢;) as a
sensitivity metric of the robustness of SS-MUSIC against the sensor location errors for the
k-th DOA. It can be observed that this term is affected by both the physical array geometry
and the coarray geometry. The physical array geometry is encoded in the matrix B, which
depends on the nominal physical array steering matrix A. The coarray geometry is encoded
in the vector &, which depends on the coarray steering matrix A., as well as the transform
matrix F'. This observation implies that even if two sparse linear arrays share the same

coarray structure, their sensitivities against model errors may not be the same.
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Corollary 4.3. Assume all sources share the same power p. Let €(0)) denote the AAMSE
of the k-th DOA in Corollary 4.2. Fizing 0%, we have

lim e(0y) = %{%Hg,f(A ® A% + éR(BTgk)TC%%(BTgk)}, (4.16)
p—0o0 ’yk

where B = [B, B,], and

B, =106 (AAH)+(AAE o1,

B, =10 (AA") +(AA o T

Proof. The result follows directly from Corollary 4.2 and [71, Corollary 1]. O

The first term in (4.16) is the limiting expression of the asymptotic MSE of SS-MUSIC in the
absence of sensor location errors as the SNR approaches infinity, which is generally non-zero
when multiple sources are present [71]. The second term in (4.16) is the result from sensor
location errors. Because B is independent of the source power p, we conclude that the DOA
estimation bias of SS-MUSIC introduced by the sensor location errors cannot be mitigated

by increasing the SNR alone.

4.1.2 CRB for joint estimation of DOA and location error param-

eters

In this section, we derive the CRB for general sparse linear arrays under the deterministic
error model. In addition to the DOAs, source powers, and noise power, we also treat sensor
location errors as unknown parameters. To obtain a more general expression of the FIM, we

assume that the precise sensor locations are partially known. This assumption includes the
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case when sensor location errors among all the sensors are unknown. Let {iy,d2,...,i5,} C
{1,2,..., M} denote the indices of sensors with unknown location errors along the z-axis, and
{li,la, ..., la,} € {1,2,..., M} denote the indices of sensors with unknown location errors
along the y-axis. The collection of unknown parameters is given by the (2K +M;+My+1) x 1
real vector:

n= [eijT’ Ugyy e v 7uiMl yUlyy st JUlMan-z]T‘ (417)
The FIM is then given by:

Proposition 4.1. Under assumptions A1-A3, the FIM of the deterministic error model is

give by
J=NM"R'® R)"'M. (4.18)
Here,
or or Or Or Or
S et 4.1
[80 Op Ou Ov 802]’ (4.19)
where
or A * A A * A
90~ (A © A+ A" O Ay)P, (4.20a)
g—; = A" 0 A, (4.20b)
S—Z _ (APAY)'Ly| & L + I, ® (APA" L), (4.200)
g_:; = (APAYY'L,))0 Ly + Ly, ® (APAYL,), (4.20d)
% = vec(Iy), (4.20e)
o
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and

Ll = [65\241) eg\zj) e eg\ij\/jl)]’

L2 = [eg\lj) eg\lj) e eg\l}l?)]’

A, _ [9a(6) da(6:)  9a(0x)
N TN 20 |

Proof. The (m,n)-th element of the single snapshot FIM for the observation model (4.1) is
given by [52,68]
Using the properties that tr(AB) = vec(AT)T vec(B), and that vec(AXB) = (BT ®

A)vec(X) [70], we can express the FIM as (4.18).

To obtain the FIM, we need to evaluate the partial derivatives in (4.19). The partial deriva-
tives of 7 with respect to 8, p, and o have been derived in [69,71,88]. We will focus on
deriving the partial derivatives of 7 with respect to the sensor location errors, making use

of the following lemma:

Lemma 4.2. Let A, B € CM*K e c CM, and p € CKX. Then

(A®ee’B)p=(APB%e)®e,

(ee’!B® A)p =e® (APB"e),

where P = diag(p).

Proof. For brevity, we show only the proof of the first equality. The proof of the second

equality follows the same idea. By the definition of the Khatri-Rao product and the fact
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that a ® b = vec(ba®), the left hand side can be expressed as

Zp,»(ai ® ee’b;) = sz- vec(ee' bal). (4.21)

Because the Kronecker product follows the distributive rule, the right hand side is given by

(ZpiaibiTe) ®e= Zpi(aibiTe ®e)= Zpi vec(ee'bal’), (4.22)

which is equal to the left hand side. O

Because the partial derivative of Khatri-Rao products follows the Leibniz rule, we have

or 0 <, = 9
90~ o (A" ® A)p + o vec(I )]
0A* - .. 0A
_ ©A+ A O p (4.23)

By Lemma 4.2, we immediately obtain that

or

8ui

— (A'PAT 0 el) + ) @ (APATEY)). (4.24)

Combining (4.24) with the definition of the Khatri-Rao product leads to (4.20c). The deriva-

tion of (4.20d) follows the same idea. O

If the FIM is nonsingular, the CRB for the DOAs can be readily obtained by inverting the
FIM. However, this CRB does not always exist, due to the potential ambiguities introduced

by sensor location errors. In the presence of sensor location errors, it is possible that certain
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combinations of DOAs, @, and sensor location errors, §, lead to the same perturbed steering
matrix and same observations. Consequently, it is impossible to distinguished between these
combinations from the observations. For a perturbed steering matrix, we formally define the

local ambiguity as follows:

Definition 4.1. An perturbed steering matriz A(0,9) is called locally ambiguous if for any
(0,8) € ©® x A, there exists a non-empty neighborhood U C © x A, such that for any
(6,0) €U, A(B,8) = A(8,9).

In practice, the first sensor is usually chosen as the reference sensor, whose location is
assumed known. However, this is not sufficient to eliminate the local ambiguity, because
the perturbed steering matrix remains the same if we rotate the array by a small angle and
shift all the DOAs by the same amount. Even if we restrict the perturbation along the
x-axis only, the local ambiguity still exists because we can obtain the same steering matrix
by expanding or shrinking the whole array along the x-axis by a small amount and adjusting
the DOAs accordingly. When such local ambiguities exist, the set of unknown parameters
will be locally unidentifiable, leading to a singular FIM [89]. In the following discussion, we

assume that the FIM is nonsingular.

Unlike the CRB derived in [3, Ch. 8], our CRB utilizes the assumption that the sources
are uncorrelated. Observing that (RT ® R)_l is always full rank in the noisy case, the
FIM is non-singular if and only if M is full rank. Because M is a matrix of dimension
M? x (2K + My + My + 1), the FIM (4.18) can remain nonsingular for up to O(M?) sources.
Therefore our CRB can work in the underdetermined case when K > M, while the CRB in
[3] cannot. Our derivation is also different from that in [87]. In [87], the FIM is evaluated
partition by partition under the assumption that both the source powers and the noise power

are known. In our derivation, the FIM is derived in a “factorized” form, which is more concise

71



than that in [87]. In addition, using our derivation, we conclude that the FIM can remain
nonsingular for up to O(M?) sources. This conclusion is not easily seen from the derivation

in [87].

Because the FIM (4.18) shares a form similar to the location error free FIM in [71], it
is straightforward to show that the corresponding CRB depends on the SNRs instead of

absolute values of p;, or o2

. For sparse linear arrays, we are particularly interested in the
underdetermined case when K > M. In [71], we have shown that the location error free
CRB remains positive definite even if the SNR approaches infinity. This unusual behavior
still exists in the presence of sensor location errors. If both A and M are full rank, R @ R
remains full rank as o2 approaches 0, and the resulting FIM remains positive definite. Hence
the Schur complement corresponding to the DOAs is also positive definite, leading to a

positive definite CRB matrix. This behavior puts a strictly positive lower bound on the

MSE of all unbiased estimators when K > M.

4.2 The stochastic error model

One extension to the deterministic error model is the stochastic error model, where the
sensor location errors are time-dependent. Such a model is applicable when the array is
mounted on a non-stationary surface (e.g. [44,90]), and the sensor location errors cannot
be assumed constant during the N snapshots. By replacing w, v and d with their time-
dependent counterparts, we can express the N snapshots received by the perturbed array
as

y(t) = A(8,6(t)x(t) +n(t),t =1,2,...,N. (4.25)
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in which §(¢) follows some stochastic model. To avoid complications and obtain a general
idea of the impact of stochastic sensor location errors, we make the following additional

assumption:

A6 The sensor location errors §(¢) are i.i.d. and are uncorrelated from both the source

signals s(¢) and the additive noise n(t).

Because A(48(t)) is nonlinear in the random variable (t), § no longer follows the com-
plex circularly-symmetric Gaussian distribution as in the deterministic error model. Conse-
quently, it is rather difficult to derive the distribution of R for the stochastic error model in
the case of a finite number of snapshots. On the other hand, as implied by (4.7), the effect
of sensor location errors dominates only when the number of snapshots is sufficiently large.
Hence for the stochastic error model, we will analyze how the sensor location errors affect

the estimation performance when an infinite number of snapshots is available.

Under assumption A1-Ab5, the perturbed covariance matrix can be evaluated as

R =E[y(t)y" (t)]

=E[A(8(t))s(t)s" (t) A™(5(t))] + E[A(8())s(t)n" (t)]

B

[n(t)s" (t) A" (8(t))] + Eln(t)n" (t)].

B

+
=E[A(5(1))s(1)s" (1) A" (5(1))] +0°T.

J/

-

S

where the cross terms vanish, because the sources and the additive noise have zero means

and are uncorrelated. The first term S can be expressed as



whose (m,n)-th element is given by
K K

Smn = D > Elan (01, 6(0)a5 01, 8(1))s:(D)si (1)) (4.26)

Using assumption A6, we can decouple the expectation evaluations with respect to d(¢) and
s(t). Noting that E[s;(t)s;(t)] = p; only if i = [, and is otherwise 0, we need to consider only

the terms where i = [. We can then rewrite (4.26) as

Sn =Y piBlam (0, 8(t))ay 0k, 5(t))]
k=1
D A (4.27)
k=1

K
= pitm (0)a, (0) b5 (b — tin),
o

e(n) sin n) .
where ¢5(t) is the characteristic function of 8(t), ¢y, = 3° [eg) COS(ZZ}, and egw) is an M-
dimensional vector with only the n-th element being one and other elements being zero. Let
®;, be an M x M matrix whose (m,n)-th element is given by ¢s(tsm — tr,). We can then

express R as

R=> pila(t)a (b)) o &4 + 0°I. (4.28)

Here, the effect of the sensor location errors is encoded in matrices ®;. Because ty ,,, depends
on the k-th DOA, the effect of sensor location errors is generally DOA dependent and cannot

be treated as colored Gaussian noise.

Vectorizing the (4.28) leads to

7= [(A*® A) o ®]p + o vec(I), (4.29)
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where ® = [vec(®y) vec(Py) -+ vec(Pk)]. Comparing (4.29) with (2.6), we observe that,
under the stochastic error model, the coarray steering matrix (A* ® A) is modulated by ®.
Because characteristic functions usually do not evaluate to one outside the origin, ® will not

be a matrix of ones and the corresponding difference coarray model will be perturbed.

To give a better idea of (4.28) and (4.29), we consider the case when §(t) follows a zero-
mean Gaussian distribution with the covariance matrix denoted by C. We partition C as
[g’:Z g:z }, where Cy, and C,, are the covariance of the location errors along the x-axis and
y-axis, respectively, and C, denotes the corresponding cross covariance. The corresponding

characteristic function of §(t) is then given by ¢s(t) = exp(—1/2t"Ct). Substituting ¢,

into ¢s(t) and expanding the terms in the exponent, we obtain that in the Gaussian case

2 2
®p(m,n) = exp { - i[,ul(m, n) sin? Oy + iz (m, n) cos? Oy, + 2p3(m, n) sin O cos Qk]}, (4.30)

where
p1(m,n) = Cyu(m,m) + Cuu(n,n) — 2C,,(m,n),

pa(m,n) = Cyy(m,m) + Cyy(n,n) — 2C,,(m,n),

pz(m,n) = Cyp(m,m) + Cyp(n,n) — Cyp(m,n) — Cypy(n,m).

We also observe that ®;(m,n) is still dependent on the k-th DOA. Hence for a general
covariance matrix, the effect of the random sensor location errors is still DOA dependent.
However, as shown in the following proposition, for certain covariance matrices, ®5(m,n) is

independent of k.

Proposition 4.2. Let §(t) ~ N(0,C). Then ®, (k = 1,2,...,K) are independent of
the DOAs if and only if pi(m,n) = ps(m,n) and ps(m,n) = 0 holds for every m,n =
1,2,.... M.
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Proof. Let a,b,c € C. Define f(f) = asin®@ + bcos? @ + csinf cos §. It suffices to show that

f(0) is a constant for all 6 € (—n/2,7/2) if and only if a = b and ¢ = 0.

The sufficiency is trivial and we need to show only necessity. Suppose f(0) = d,V0 €
(—m/2,m/2). Choose § = 7/4 and we obtain a + b+ ¢ = 2d. Choose § = —x/4 and we
obtain a + b — ¢ = 2d. Therefore ¢ must be 0. Choose § = 0 and we obtain b = d, which
implies that (a — b)sin?@ = 0 must hold for every § € (—n/2,7/2). Therefore we must have

a=n". O

One special case that satisfies the conditions given in Proposition 4.2 is when C' = O'I%I ,

which leads to the following corollary.

Corollary 4.4. Let §; ~ N(0,02I). Then

~ 1
R= Cl{APAH TR PN

G pk] I}, (4.31)

e

where Cy = exp(—4m?02/A\?).

Proof. The expression (4.31) can be obtained by substituting C' = oI into (4.30) and

simplifying the resulting R according to (4.28). O

We observe that if the sensor location perturbations are i.i.d. zero-mean Gaussian with the
same variance, the effect of the sensor location errors can be indeed modeled as additive white
noise as the number of snapshots goes to infinity. The signal subspace remains unchanged.
However, the effective SNR is decreased because 0 < (7 < 1. In this special case, we
can approximate the asymptotic MSE of SS-MUSIC for the k-th DOA with R[¢f (R @

RT)¢&,]/(N~2p2), but with the original noise variance o2 replaced with the “effective noise
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variance”

e ra-o)

C, p’“]‘

I

4.3 Numerical results

In this section, we use numerical simulations to demonstrate how sensor location errors affect
the DOA estimation performance for sparse linear arrays. We consider both the deterministic
error model and the stochastic error model. Unlike ULAs, sparse linear arrays sharing the
same number of sensors can have different structures. For a comprehensive comparison, we
consider two sets of sparse linear arrays throughout the simulations. The first set consists

of four different sparse linear arrays sharing the same number of sensors:

e Co-prime (3,5): [0,3,5,6,9,10, 12,15, 20, 25]d;
e MRA 10[37]: [0, 1,4, 10, 16,22, 28, 30, 33, 35]dy;
e Nested (4,6): [0,1,2,3,4,9,14,19,24,29]dy;
o Nosted (5,5): [0,1,2,3,4,5, 11,17, 23, 29]do.

The second set consists of four different sparse linear arrays sharing the same aperture:

Co-prime (2,3): [0,2,3,4,6,9]d;

MRA 5[37]: [0,1,2,6,9]do;

Nested (1,5): [0,1,3,5,7,9]do;

Nested (4,2): [0, 1,2, 3,4, 9]dp.
7



Throughout all experiments, we define the SNR as follows:

mlnk 1.2

SNR - 1010g10 T

K Pk
02 ’

Given the results from L trials, we compute the empirical MSE with

1 L
MSEem:ﬁZZ (6 — o)?

K
=1 k=1

where 9,(;) is the k-th DOA in the [-th trial, and é,(j) is the estimate of 9,(;).

4.3.1 Numerical analysis of the deterministic error model

We begin by verifying our closed-form asymptotic MSE expression (4.15) for the deterministic
error model via numerical simulations. We consider 11 sources, which is more than the
number of sensors, uniformly distributed between —x/3 and 7/3 with equal power. We
set the SNR to 0 dB. We generate the sensor location errors from a zero-mean Gaussian
distribution with covariance matrix O'gI . The magnitude of sensor location errors can then
be tuned with UIQJ. We consider the first set of sparse linear arrays. We compute the difference
between the AAMSE given by (4.15) and the empirical MSE under different combinations of
snapshot numbers and magnitudes of perturbations. The results are summarized in Fig. 4.2.
It can be observed that the empirical results agree very well with our analytical results
when the number of snapshots is above 200 and the perturbation level is below 0.05. When
the number of snapshots is small, the asymptotic assumption no longer holds, and the
discrepancy between our analytical results and the empirical results becomes evident. When

the magnitude of the sensor location errors is large, the high order terms with respect to the
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Figure 4.2: |MSE,, — MSE¢n|/MSE,, for different types of arrays under different numbers
of snapshots and different magnitudes of perturbations. The results are averaged from 3000
trials.

sensor location errors are no longer negligible, leading to discrepancies between our analytical

results and the empirical results.

We next demonstrate how the DOA estimation errors vary with respect to sensor location
errors for different types of sparse linear arrays. The results are plotted in Fig. 4.3 and
Fig. 4.4. In Fig. 4.3, we plot the RMSE vs. 0,/dy for four different sparse linear arrays
with the same number of sensors. We observe that the MRA achieves the lowest RMSE,

the co-prime array achieves the highest RMSE, and the two nested arrays sit in the middle.
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Figure 4.3: RMSE vs. perturbation level for four different sparse linear arrays with the same
number of sensors. The empirical results are averaged from 1000 trials.
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Figure 4.4: RMSE vs. perturbation level for four different sparse linear arrays with the same
aperture. The empirical results are averaged from 1000 trials.

This observation reflects the fact that the MRA has the largest aperture among the four

arrays, while the co-prime array has the smallest. In Fig. 4.4, we plot the RMSE vs. o,,/dp
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for four different sparse linear arrays with the same aperture. We observe that while all four
arrays show similar performance, MRA 5 is least sensitive to sensor location errors. Another
interesting observation is that, Nested (1,5), Nested (4,2), and MRA 5, despite sharing the
same central ULA part in their difference coarrays, show different sensitivities with respect

the sensor location errors. This observation agrees with our analysis of (4.15).
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Figure 4.5: RMSE vs. SNR for Co-prime (2,3) under different perturbation levels. The
empirical results are averaged from 1000 trials.

Finally, we show how the variance of sensor location errors, o, affects the MSE of SS-
MUSIC in high SNR regions. We consider 6 sources evenly placed between —7/3 and 7/3,
and fix the number of snapshots to 5000. Fig. 4.5 plots the results for Co-prime (3,5). We
observe that the empirical MSEs well agree with our theoretical results. In the absence of
sensor location errors, the MSE of SS-MUSIC converges to a positive constant as the SNR
approaches infinity, which agrees with our analysis of Corollary 4.3. As the variance of sensor
location errors increase, this positive constant also increases, because the bias resulting from

sensor location errors grows larger. Additionally, we observe that the gap between the MSE
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values when the sensor location errors are present and when they are not present does not
decrease as the SNR increases. This observation confirms our analysis of (4.15) that the bias

cannot be mitigated by increasing only the SNR.

4.3.2 Numerical analysis of the stochastic error model
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Figure 4.6: Empirical RMSEs vs. analytical approximations under different numbers of snap-
shots for four different sparse linear arrays with the same number of sensors, based on the
stochastic error model. The empirical results are averaged from 5000 trials.

In this subsection, we verify our derivations in Section 4.2 via numerical simulations. For
the first set of sparse linear arrays, we consider 11 sources evenly distributed between —m /3
and 7/3. For the second set of sparse linear arrays, we consider 6 sources evenly distributed
between —m/3 and 7/3. For both sets of sparse linear arrays, the number of sources is
chosen to be larger than or equal to the number of sensors. We sample the sensor location
errors &(t) from a zero-mean Gaussian distribution with covariance matrix agI , and the
standard deviation of sensor location errors, oy, is fixed to 0.1dy. Because the sensor location

errors are i.i.d. zero-mean Gaussian, we approximate the analytical MSE by evaluating the
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Figure 4.7: Empirical RMSEs vs. analytical approximations under different numbers of snap-
shots for four different sparse linear arrays with the same aperture, based on the stochastic
error model. The empirical results are averaged from 5000 trials.

location error free asymptotic MSE of SS-MUSIC [71] with the noise power replaced with
the “effective noise power” given by Corollary 4.4. We fix the SNR to 0 dB and vary the

number of snapshots.

The results are plotted in Fig. 4.6 and Fig. 4.7. We observe that, when the number of
snapshots is small, the empirical MSE deviates from the analytical MSE. As the number of
snapshots increases, the empirical MSE approaches the our analytical approximation. This
is because our analytical approximation is based on the assumption of infinite number of
snapshots. In Fig. 4.6, we observe that the MRA, which has the largest aperture, achieves
the lowest MSE. The co-prime array, which has the smallest aperture, has higher MSE than
the MRA and two nested arrays. In Fig. 4.7, we observe that the MSE of the co-prime array
is significantly higher than the other three arrays. This is because the co-prime array is the

only array among the four arrays whose difference coarray is not a full ULA. Consequently,
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the central ULA part of the co-prime array is the smallest among the four, resulting a

significantly higher MSE.

4.3.3 Numerical results of the CRB

We close this section with numerical results of the CRB we derived in Section 4.1.2. We
demonstrate that the CRB obtained from Proposition 4.1 is indeed achievable in cases when
the number of sources is greater than the number of sensors. We consider 11 sources evenly
distributed between —7/3 and 7/3 and fix the number of snapshots to 5000. We consider
the first set of sparse linear arrays with the same number of sensors. We compare the CRB
and the empirical MSE obtained by solving the following stochastic maximum likelihood

problem using the optimization toolbox in MATLAB:

min logdet(R(6,p, 0%, 8)) + tr(R™(0,p, 02, 8)R),

0,p,02,6
where R(0,p, 0?2, 8) follows the definition in (4.2).

The results are plotted in Fig. 4.8. For comparison, we also include the CRB without
considering sensor location errors[71,72]. We first notice that the CRB converges to a positive
constant as SNR increases, which agrees with our analysis of the CRB in the underdetermined
case in Section 4.1.2. We then observe that, given sufficient SNR, the MSE of the MLE indeed
achieves the CRB for all four arrays. Additionally, there is a significant gap between the
values of the CRB when the sensor location errors are considered and when they are not.
This gap shows that unknown sensor location errors have a drastic impact on the achievable

DOA estimation performance of sparse linear arrays.
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Figure 4.8: CRB versus the empirical MSE of the maximum likelihood estimator for four
different sparse linear arrays under different SNRs. The empirical MSEs are averaged from

500 trials.

4.4 Chapter summary

In this chapter, we analyzed the performance of sparse linear arrays in the presence of sensor

location errors. We derived a closed-form asymptotic MSE expression for SS-MUSIC in the

presence of small sensor location errors. Under the deterministic error model, the sensor

location errors introduce a constant bias that cannot be mitigated by only increasing the

SNR. To extend our analysis, we introduced the stochastic error model and discussed the

85



Gaussian case. Our results will benefit future research on the development of robust DOA

estimators using sparse linear arrays and the optimal design of sparse linear arrays.
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Chapter 5

Robust Direction Finding in Cases of

Missing Data

In the previous chapters, we focused on statistically analyzing the performance of sparse
linear arrays. In this chapter, we introduce robust DOA estimators that handle missing data
for sparse linear arrays’. Missing data problems arise when one or more sensors malfunction
and fail to provide correct data during the measurement period. Because sparse linear
arrays depend on their difference coarray model to resolve more sources than the number of
sensors, they are more susceptible to sensor failures. If the measurements from one or more
sensors are missing, the coarray structure will be partially destroyed, leading to performance

degradation and loss of degrees of freedom.

Many previous works have addressed the problem of direction finding in cases of missing
data. In [91], Larsson et al. proposed a Cholesky parameterization based maximum like-
lihood estimator and analyzed its asymptotic performance. However, their model is based

on ULAs, and requires a sequential failure pattern. In practice, any sensor may fail, so

"This chapter is based on M. Wang, Z. Zhang, and A. Nehorai, “Direction finding using sparse linear
arrays with missing data,” Proc. 42nd IEEE Int. Conf. Acoustics, Speech, Signal Processing (ICASSP), New
Orleans, LA, Mar. 5-9, 2017.
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the sequential assumption may not be true. Recent advances in matrix completion [92,93]
and atomic norm minimization [34,94] also bring new methods to tackle the missing data
problem. By exploiting the low-rank property of the signal subspace, it is possible to extrap-
olate the missing data via semidefinite programming (SDP). However, when the number of

measurements is large, the resulting SDP will be computationally expensive to solve.

In this chapter, we consider the direction finding problem with general sparse linear arrays
and incomplete measurements, but without assuming a sequential failure pattern. Base
on the maximum-likelihood approach, we focus on deriving algorithms that utilizes the
information in both complete measurements and incomplete measurements. We first estimate
the augmented covariance matrix of the difference coarray model by exploiting its Toeplitz
structure, and then apply the MUSIC algorithm [9] to obtain the DOA estimates. We derive

the CRB and confirm the efficacy of our algorithms via numerical examples.

5.1 Measurement model

Recall that in Section 2.2, we knew that an M-sensor sparse linear array could be viewed as
a thinned ULA of My = dj; + 1 sensors. For example, a co-prime array whose sensors are
located at [0,2,3,4,6,9]dy can be viewed as a 10-sensor ULA with the 2nd, 6th, 8th, and

9th sensors removed. Therefore, we can rewrite (2.3) as

y(t) = SAyra(0)z(t) + n(t), t =1,2,...,N, (5.1)
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where Aypa(0) = [aura(01), aura(62), - .., avLa(fk)] is the steering matrix of a My-sensor
ULA [52]. S is a M x M selection matrix, where S,,, is one if and only if the m-th sensor

in the sparse linear array corresponds to the n-th sensor in the ULA, and otherwise zero.

We can then rewrite the covariance matrix R as

R = SRysS”, (5.2)

where Ryra = Ay, APAgL At o?I. Therefore the covariance matrix of a sparse linear array

is a compressed version of the covariance matrix of a ULA.

By vectorizing R, we obtain

r=(S®8)(Ajra © AuLa)p + 0%, (5.3)

where 7 = vec(R), p = [p1,p2, -+ ,pk]T, and © = vec(I). As discussed in Section 2.2.2,
model (5.3) resembles a measurement model with deterministic sources and noise, and (S ®
S)(AfLa © Ayra) embeds a steering matrix of a virtual array with enhanced degrees of
freedom, whose sensor locations are given by Dy, = {(d,, — dp)|dpm, d, € D}. If D, consists
of consecutive integers from —My + 1 to My — 1, we call the sparse linear array complete. If
a sparse linear array is complete (e.g., minimum redundancy arrays and nested arrays), it
is possible to estimate the elements in Rypa using rank enhanced spatial smoothing [38] or
more sophisticated methods [54]. We are then able to identify more sources than the number
of sensors through Rypa. On the other hand, if a sparse linear array is incomplete (e.g.,
co-prime arrays), we define My as the largest M such that {—M+1,...,0,...,M—1} C De,.
In this case, we can recover only a MO X Mg submatrix of Rypa using similar methods. If

My > M, we again are able to identify more sources than the number of sensors.
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We now consider the signal model with missing data. Without loss of generality, we consider
L sampling periods. During the first period, we assume all the sensors are functioning
normally. This assumption is reasonable because if some sensors fail from the beginning, we
can simply remove them and form a new sparse linear array whose sensors are all functional
during the first period. During the [-th (2 < [ < L) period, some sensors fail and the
measurement data from these sensors are missing. Let M; be the number of working sensors
during the [-th period. Let T; be a selection matrix of size M; x M such that the (i, j)-
th element T; is one if and only if the j-th sensor in the sparse linear array is the ¢-th
working sensor during the [-th period, and otherwise zero. For notational simplicity, we
define T7 = I,;. After discarding the measurements from the malfunctioning sensors, the

snapshots taken during the [-th period are given by
yi(t) = Ti[S Aura(0)x(t) + n(t)], (5.4)

fort = Ny+---+N_1+1,...,Ny + -+ N1 + N;, where N, is the number of snap-
shots collected during the [-th period. The total number of snapshots is denoted by N =
Zle N;. Correspondingly, we can collect L different sample covariance matrices R, =

1/N, Zivzl;;l:]ﬁjvtﬁl yi )yl (t), 1=1,2,..., L. We also define their expectations as
R, = ]E[Rl] = ESRULASTI}T + 0'2.[, (55)
whose vectorized versions are given by

r; = vec(R)) = (T1S @ T)S)(Af s © Aura)p + 024, (5.6)
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Because of the missing data, (T;8 @ T;S)(A{px © AuLa) no longer embeds a desired virtual
array steering matrix and existing methods cannot be directly applied. If we use only R, for
estimation, we lose much information provided in R, (2 <1 < L). Therefore an estimator

that utilizes all the information in R, (1 <[ < L) is desired.

5.2 Estimation in the presence of missing data

In this section, by exploiting the Toeplitz structure of Ry, we introduce three DOA esti-

mators that utilize all the information from Rl, 1%2, ce R;.

5.2.1 Ad-hoc estimator

The ad-hoc estimator for our signal model is inspired by redundancy averaging [57,63], and
is an extension of the ad-hoc estimator in [91]. Let V, = {(m,n)|d,, — d,, = k,dp,d, € D}.
Let A,,, denote the set of snapshot indices when both the m-th and the n-th sensor are

working. We define
Z(m,n)evk ZteAmyn Ym (t)y:z (t)

Z(m,n)evk ‘Amv”‘ ’

where y(t) = [y1(t), - - - , yam(t)] is the full measurement vector before discarding invalid data,

up = (5.7)

Ym(t) is the output of the m-th sensor, and |.A| denotes the cardinality of \A. For complete

arrays, we can obtain uy for k = —My+ 1, —My+ 2, ..., My — 1, and the ad-hoc estimate of
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Ry, is given by

Ug U1 T U—Mo+1
A 51 Uo trr U—Mo+2
ad—hoc 0
R0 — . (5.8)
Uprg Ung—1 U

We can then apply MUSIC or other DOA estimation methods to Rﬁ"d‘h‘“) to obtain the

DOA estimates.

For incomplete arrays, we can use a similar construction to obtain a My x M, matrix from

we, k= —Mo+1,My+2,...,My— 1, which is the estimate of a submatrix of Ryra.

It should be noted that while (5.7) and (5.8) are computationally efficient to evaluate, the
resulting R%? 47000) i3 not guaranteed to be positive definite, which may be undesired in some

applications.

5.2.2 Maximum-likelihood based estimators

Based on the results in [3], the negative log-likelihood function of our model is given by
L
L(Ry,....Ry) =Y Nilog|R)| + tr(R; ' Ry)], (5.9)
=1

where we have omitted the constants.

Observe that Ryp, is Hermitian Toeplitz. It is possible to reparameterize Rypa by exploiting
the Toeplitz structure, and the estimation of Ryp,a becomes a structure covariance estimation
problem. In the following discussion, we consider only complete arrays. Extension to non-

restricted arrays will be discussed in the remarks.
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Following the idea in [95], we construct the structured matrices as follows. Let I](\? de-
notes the M x M matrix whose elements are zero except for the i-th upper diagonal (i.e.,
I](\? (m,n) = d(n —m — i), where 6(n) is the Kronecker delta). For a given positive integer

M, we define the matrices {Qg\l/f) M1 as

(

IM7 = ]"
Q) = 16 4 (1T, 2<i< M, (5.10)

M G MYT A 1 < < 2M — 1.
\

Then we are able to express Ryra as

2Mo—1 ‘
Rypa = Z CiQS\Z)O, (5.11)
i=1

T ¢ R?Mo-1 js the Hermitian Toeplitz parameterization of

where ¢ = [c1,¢9,- , Cangg—1)
Rypa. After obtaining its estimate, we can reconstruct Rypa from (5.11) and then perform
DOA estimation. Substituting (5.11) into (5.9) and taking the derivative with respect to ¢;,

we obtain
JdL(c)
8ci

L
-3 Nitr [J}SQS\QOSTZ}TRﬂ(Rl ~R)R

=1
fori=1,2,...,2My—1. Because vec(AX B) = (BT®A) vec(X), and because (A® B)™! =
A~!' @ B™! for nonsingular A, B [70], we have

Vec(ﬂSQg\i}O strh) = <I>lq](\?0, (5.12)
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where q](\i[)o = Vec(Qg\?O), and ®;, = T;S ® T;S. We also have
vec(R7Y (R, — R)R;Y) = W, Y (®,Q),c — 71), (5.13)

where W; = R @ Ry, Qy, = [q](\z, q](\z, e ,qj(\%wofl)], and 7, = vec(R;). Let all the partial

derivatives with respect to ¢; be zero. Then, we utilize (5.12) and (5.13) to obtain

L L
(ZN[G[)C: ZNlhl (514)
=1 =1

where G| = Q1 ®/'W,'®,Q.y,, and by = Q% ®] W, '7,. Note that if we have sufficient
snapshots in each period, R, will be very close to R;, and we can replace W, with its estimate
W, = IA{ZT ® R;. In this case the only unknown in (5.14) will be ¢, whose estimate can be

readily given by

s =[S MG [30 Wikl 519
=1

=1
where Gl denotes G; with W, replaced by VVZ, and ibl denotes h; with W, replaced by VVZ

Lemma 5.2 ensures that (5.15) produces real results.

Lemma 5.1. Let A, B,C be Hermitian symmetric. Then tr(ABAC)) is real.
Proof. This can be shown by the fact that

tr(ABAC)* = tr[(ABAC)"] = tr(CABA) = tr(ABAC).

Lemma 5.2. Both G’l and iLl are real.
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Proof. Through algebraic manipulations, the (m,n)-th element of G, can be rewritten as
R TSQYY STT R\ TS QY STTY).

By the definition of QE\ZZJ) in (5.10), we know that TZSQ%) STT" is Hermitian symmetric.
Because R~! is also Hermitian symmetric, we know that each element of G, is real by

Lemma 5.2. The proof for the second claim follows the same idea. O

We call (5.15) the “weighted least squares” (WLS) estimate, because (5.15) is the solution
to the weighted least squares problem: ming > | N;||®;Q ¢ — 7|3, 1, where |[z]|w =
1

cEWx.

We can also observe that (5.14) leads to the following fixed-point type iteration:

L 1 L
=[S NG [ Mm ()] (5.16)
=1 =1

where Gl(ég}_ 1)) and hl(é(F’},_l)) are constructed from é(FkP_l)

Remark. In practice, the computation of G, and h; can be efficiently implemented by ex-
ploiting the properties of Kronecker product and the fact that ®; are Kronecker products
of simple selection matrices. In our experiments, by setting the initial value as ¢wris, {éf?’ji}

showed good convergence in a few iterations.

Remark. When the signal-to-noise ratio (SNR) is very high, the conditional number of Rypa

will be large, and the reconstructed Ryrahat becomes indefinite. In this case, we project

Rypahat onto the intersection of the positive semidefinite cone PSD and the Toeplitz sub-

space T. This can be achieved via the alternating projections method. Because both PSID

and T are convex and their PSDNT # (), the alternating projections method converges [96].
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Remark. For incomplete arrays, not all elements in Ryp,a are present in R;. Therefore Qf/[[)q)l
is no longer full rank, and we cannot perform the matrix inversion in (5.15) or (5.16). In this
case, we first delete the elements we cannot estimate from ¢ and their corresponding basis
matrices from {Q}, }/2P~" to form & and Q1g,- We then estimate é using (5.15) or (5.16),
with @y, replaced by Q M,- Finally, we construct a submatrix of Rypa from the estimated

C.

5.3 Performance bounds

Because the measurements are assumed independent, the (m,n)-th element of the FIM for

our signal model is given by [3,68]:

L
FIM,,, = Ntr | —R, " —R; " |.
; lrlé’nm boon

Using the properties of the Kronecker product, we can express the FIM as

H

or
®(RT ® R)"'® -

ony,’

FIM EL: N [arU
mn — Ll 5
L=1 Ol

where ry = vec(Ry). Therefore, for complete arrays, the FIM for the Toeplitz parametriza-
tion is given by

L
FIMe =Y NQi, @/ (R} ® R)™'®Qu,. (5.17)

=1

For incomplete arrays, as stated in Remark 5.2.2, not all elements in ¢ is estimable. To
compute the FIM of the estimable elements in ¢, we need to replace Qys, by Q M, In a

similar fashion.
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For parameters 7 = [0, p, 0|7, the FIM is given by
L
FIM, = Y ND"®/(R/ @ R)™'® D, (5.18)
=1

where D = [A4P A4 i), and Ay = A © Ayra + Afjpa © Ay, Ag = Afpy © Aupa,
t = vec(Iypy,), and

{.. — | 9a (61) da (0x)
Ay {%11 coo oAl ) (5.19)

The corresponding CRBs can be obtained by inverting the FIMs in (5.17) and (5.18).

5.4 Numerical examples

We consider the following two sparse linear array configurations in the numerical examples:

e Nested array: [0,1,2,3,7,11,15,19]dy;

e Coprime array: [0,3,5,6,9,10,12,15, 20, 25]d,.

In all the experiments, we consider 12 sources uniformly distributed between —m/3 and /3.
The number of sources is more than the number of sensors of either array. We set L to be 3.
When L = 2 the last sensor of each array fails, and when L = 3, the last two sensors of each
array fail. We set Ny = 50u, Ny = 100u, and N3 = 150u, where p is a tunable parameter.
Hence we have more snapshots with missing data than those with complete data. When
making comparisons under different numbers of snapshots, we fixed SNR = 0dB and varied
w1 from 1 to 20. When making comparisons under different SNRs, we fixed © = 1 and varied
SNR from -20 dB to 20 dB. The root-mean-square errors (RMSEs) were obtained from 500

trials, and the DOAs were estimated by MUSIC.
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Figure 5.1: Performance of different algorithms for the nested array configuration.
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Figure 5.2: Performance of different algorithms for the co-prime array configuration.
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In all the figures, “First” denotes the results obtained using only R, while Ad-hoc, TML-
WLS, and TML-FP denote the results obtained from (5.8), (5.15), and (5.16), respectively.

We also include the CRB obtained from (5.18) for comparison.

Fig. 5.1 illustrates the performance of different algorithms for the nested array configuration.
We observe that TML-FP achieves the best performance, and is very close to the CRB,
while “First” results in the worst performance because it cannot utilize the information in
R, (I > 2). We observe similar results for the co-prime configuration in Fig. 5.2. However,

a gap exists between the RMSE of TML-FP and the CRB, which may be attributed to the

fact that the co-prime array is incomplete.

5.5 Chapter summary

In this chapter, we addressed the problem of direction finding using sparse linear arrays
with incomplete measurements. By exploiting the difference coarray of a sparse linear array,
we proposed to first reconstruct an augmented covariance matrix with enhanced degrees of
freedom using the Toeplitz parameterization, and then to apply MUSIC to obtain the DOAs.
Specifically, we showed that, by applying our method to co-prime and nested arrays, we can
resolve more sources than the number of sensors, even in the missing data case. Through nu-
merical experiments, we demonstrated that our methods achieve better estimation accuracy

than the traditional method that uses only the complete measurements.
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Chapter 6

Conclusions and Future Work

6.1 Summary and conclusions

In this dissertation, we focused on analyzing the the performance of sparse linear arrays, with
and without sensor location errors. We also introduced robust DOA estimation algorithms

to tackle the missing data problem caused by sensor failures.

We began by revisiting the background of direction finding using sparse linear arrays. We
introduced a mathematical formulation of the difference coarray model, and reviewed two
commonly used coarray-based MUSIC algorithms, DA-MUSIC and SS-MUSIC. We proved
that, although they are based on different augmented covariance matrices, DA-MUSIC and
SS-MUSIC share the same asymptotic estimator error. With this finding, we derived a closed-
form asymptotic MSE expression for both DA-MUSIC and SS-MUSIC. We showed that
this expression is strictly non-zero in the underdetermined case even if the SNR approaches
infinity. This finding analytically explained the “saturation” behavior of SS-MUSIC observed

in various numerical simulations in previous studies.
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We next derived and analyzed the CRB for general sparse linear arrays. First, we observed
that, unlike the classical stochastic CRB, our CRB is applicable even if the number of sources
is greater than the number of sensors. Combining our CRB with our closed-form MSE
expression of DA-MUSIC and SS-MUSIC, we studied their statistical efficiency. DA-MUSIC
and SS-MUSIC excel in the underdetermined case, while the classical MUSIC algorithm is
preferred when the number of sources is less than the number of sensors. We investigated the
behavior of our CRB in high SNR regions, and showed that, in the underdetermined case, the
CRB remains positive definite even if the SNR approaches infinity. Then we established the
connection between our CRB and the classical stochastic CRB for uncorrelated sources, and
showed that they are asymptotically equal in high SNR regions. Next, we further analyzed
the behavior of our CRB for co-prime and nested arrays with large numbers of sensors. We
showed that the CRB can decrease at a rate of O(M~°) for co-prime and nested arrays
with M sensors. This rate is much faster than that of an M-sensor ULA, which is only
O(M—3). On the other hand, for a fixed aperture, co-prime and nested array require many
more snapshots to attain the same performance as a ULA. This finding demonstrates the

trade-off between the number of spatial samples and the number of temporal samples.

We next investigated the impact of sensor location errors on the difference coarray model,
considering two error models: the deterministic error model and the stochastic error model.
For the deterministic error model, we derived a closed-form asymptotic MSE expression for
SS-MUSIC, which can be utilized to analyze the sensitivity of SS-MUSIC against the sensor
location errors. We showed that the sensor location errors lead to a constant bias in the
DOA estimates, which cannot be eliminated by only increasing the SNR. We also derived
the CRB for joint estimation of DOA parameters and sensor location errors., and showed
that this CRB is indeed applicable, even if the number of sources exceeds the number of

sensors. For the stochastic error model, we considered the case when the sensor location
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errors follow a Gaussian distribution. When the number of snapshots is large and the sensor
locations errors follow a white Gaussian distribution, the effect of the sensor location errors
can be indeed modeled as additive white noise. Numerical experiments verified our analytical

expressions.

Finally, we proposed new DOA estimators for sparse linear arrays in cases of missing data,
considering a more general sensor failure model that does not assume a sequential failure
pattern. By exploiting the difference coarray structure, we introduced three algorithms to
construct an augmented covariance matrix with enhanced degrees of freedom by combining
all the information from the snapshots. Then, we applied MUSIC to this augmented covari-
ance matrix to estimate the DOAs. We also computed the corresponding CRB in the missing

data case, and used numerical experiments to demonstrate the efficacy of our algorithms.

6.2 Future directions

In the future, we can potentially extend our research to the following directions:

Partially correlated sources: Throughout this dissertation, we assumed that the sources
are uncorrelated. In practice, this assumption may not hold in every environment, due to
multi-path effects [97,98]. Consequently, the sources will be partially correlated. Recently,
using sparse linear arrays, new algorithms have been proposed to resolve more correlated
sources than the number of sensors [99,100]. It would be interesting to extend our analysis
in Chapter 3 to cases of partially correlated sources and to analyze the maximum number

of identifiable partially correlated sources.
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Optimal sparse linear array design: In this dissertation, we derived the closed-form
asymptotic MSE expression of DA-MUSIC and SS-MUSIC, as well as the CRB. We also
analyzed the performance of sparse linear arrays in the presence of sensor location errors.
These results enabled us to formulate optimal array design problems. Instead of using pre-
configured array geometries, it would be interesting to be able to set constraints on metrics
such as the MSE and sensitivity to model errors, and to obtain the optimal array geometries

for specific application scenarios by solving the resulting optimization problems.

Extension of the stochastic error model: In our analysis of the stochastic error model,
we simply assumed that the time-variant sensor location errors are i.i.d. This assumption,
while convenient in statistical analysis, may not hold in practice. In the future, our analysis
of the stochastic error model could be extended by introducing motion models for the sensor
location errors. Then robust DOA estimation algorithms could be developed based on such

models.
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Appendix A

Proof of Theorem 3.1

We first derive the first-order expression of DA-MUSIC. Denote the eigendecomposition of

R, by
va - EsAlef + EnAnlEIIIIa

where E and FE, are eigenvectors of the signal subspace and noise subspace, respectively,

and Ag;, A, are the corresponding eigenvalues. Specifically, we have A, = o°1.

Let Ry = R,y + AR, E, = E, +AFE,;, and Ay = A, +AA,; be the perturbed versions
of R, E,, and A,;. The following equality holds:

(va + ARVl)(EH + Algnl) = (En + A17}111)(*/‘1’11 + Aj\nl)~

If the perturbation is small and the SNR is high, we can omit high-order terms and obtain [53,
64,67]
APAE,, = -P'Al AR, E,. (A1)
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Because P is diagonal, for a specific 6, we have

a (0,)AE, = —p,'e{ Al AR, E,, (A.2)

where ey is the k-th column of the identity matrix Ixyx. Based on the conclusion in
Appendix B of [61], under sufficiently small perturbations, the error expression of DA-MUSIC
for the k-th DOA is given by

§R[a£{) (‘gk)AEnlEr{{aco(ek))]

F) _ g - A3
b = O all (0,)E.Elao(6;) (A.3)
where ac,(0) = Oaco(0y)/00k.
Substituting (A.2) into (A.3) gives
. T At H;
9](61) . ek - %[ek ACOAvaEnEn CLCO(Qk)] (A4)

pka'g)(ek)EnEfaco(ek)

Because vec(AXB) = (BT ® A)vec(X) and E,Ef = II; | we can use the notations

introduced in (3.2b)—(3.2d) to express (A.4) as
A(1) - -1 T
0" — O = —(pe)” R[(Br ® ar)” Aryi], (A.5)

where Ary; = vec(AR,;).

Note that R, is constructed from R. It follows that AR, actually depends on AR, which

is the perturbation part of the covariance matrix R. By the definition of R,
Ary = vece( Ty Az - TyAz TiAz ) =TFAr,
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where I' = [I'], T7, _, ---TT]" and Ar = vec(AR).

Let &, = FITT (8, ® ay). We can now express (A.5) in terms of Ar as
O — 61 = —(upe) ' R(E Ar), (A.6)

which completes the first part of the proof.

We next consider the first-order error expression of SS-MUSIC. From (2.17) we know that
R, shares the same eigenvectors as R,;. Hence the eigendecomposition of R, can be

expressed by
Rv2 == ESAS2ESI_I + EnAn2EI{{7

where Ay and A5 are the eigenvalues of the signal subspace and noise subspace. Specifically,
we have A, = 0*/M.I. Note that Ry, = (A, PAL + 0%I)?/M,,. Following a similar

approach to the one we used to obtain (A.1), we get
AYANE,, = —M P ' (PAZ A, +20°T) ' Al AR, E,,
where AE,, is the perturbation of the noise eigenvectors produced by AR, 5. After omitting

high-order terms, AR, is given by

M,
1 co
7 Z(zkAz,f + Azpzl).

Cco k=1

ARV2 =

According to [38], each subarray observation vector z can be expressed by

ZE = ACO\IIMCO_kp —+ UziMco—k-i-l? (A?)
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for k =1,2,..., M, where ¢; is a vector of length M., whose elements are zero except for

the [-th element being one, and

W = diag(e 7“1, e /%2 .. e VK.

Here wy = (2mdy sinfy)/A. We can further obtain that

MCO
2 H 2 H
E 0 N, —k41A2, =0 AR,
k=1
and that
MCO
d Ao UMeTFpAZ)!
k=1
e~ i(Meo—Dw1  o—j(Meo=2)01 .., Asz
e—j(MCo—l)UJQ e_j(Mco_Q)"JQ e 1 Azg
=A. P
e i (Meo—Nwr  o=j(Meco=2)wr ... 1| | AzH
| n L MCO

:ACOP(TMCO ACO)HTMCO AR\IZ

=A ,PAYARE

vl

where Ty, is a M., X M., permutation matrix whose anti-diagonal elements are one, and
whose remaining elements are zero. Because AR = AR by Lemma 2.2 we know that Az
is conjugate symmetric. According to the definition of R4, it is straightforward to show

that AR,; = AR also holds. Hence

1
AR, = M—[(ACOPAfI +20*I)AR,; + AR, A PAL].

(o]
co
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Substituting ARy, into the expression of AZ AE,,, and utilizing the property that AZ E, =

0, we can express AZAFE,, as

~P Y(PAZ A, +25°T) Al (A PAY +25°T) AR E,.

Observe that

Al (A PAY +20°1) =(AZ A) A2 (A PA" +20°T)
=[PA? +20°(A” A.) ' AY]

=(PAZ A, +20°T)A! .

Hence the term (PAX A , + 2021I) gets canceled and we obtain

Ag)AEnQ = _P_lAIOAvaEna (AS)

which coincides with the first-order error expression of AZAE, ;.
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Appendix B

Proof of Theorem 3.2

Before proceeding to the main proof, we introduce the following definition.

Definition B.1. Let A = [a1ay ...ay] € RN and B = [by by ...by] € RYVN . The

structured matriz Cag € RN*XN? g defined as

a bl abl ... ayb!

albg a2b2T c. CLNbg
Cap =

G;lbﬁ agb% c. CLNbIJ\}
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We now start deriving the explicit MSE expression. According to (A.6),

E[(Ox, — Ok,)(Or, — O,)]

= (Vi) (Vo) E[R(ER, AT)R(EL, Ar))]

= (Ve Pry) " (Vo Pks) T H{ R(ER) "ER(AT)R(AT)TIR(E),)
+ (&) "E[S(AT)S(AT) TS (&)
— R(&) ER(AT)I(AT)"]S(E,)

(€k1)}7

&2

— R(&r,) E[R(AT)S(Ar)]

where we used the property that R(AB) = R(A)R(B) — $(A)S(B) for two complex ma-

trices A and B with proper dimensions.

To obtain the closed-form expression for (B.1), we need to compute the four expectations.
It should be noted that in the case of finite snapshots, Ar does not follow a circularly-
symmetric complex Gaussian distribution. Therefore we cannot directly use the properties
of the circularly-symmetric complex Gaussian distribution to evaluate the expectations. For
brevity, we demonstrate the computation of only the first expectation in (B.1). The compu-

tation of the remaining three expectations follows the same idea.

Let r; denote the i-th column of R in (2.4). Its estimate, 7;, is given by Zil y(t)yi(t),

where y;(t) is the i-th element of y(t). Because E[r;] = r;,

E[R(Ar)R(Ar)"] = E[R(7)R(7)"] — R(ry)R(r)". (B.2)
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The second term in (B.2) is deterministic, and the first term in (B.2) can be expanded into

I
—
o
Il
—

We first consider the partial sum of the cases when s # t. By A4, y(s) and y(t) are

uncorrelated Gaussians. Recall that for & ~ CA(0, X),

E[R(@)R()"] = SR(S), Ef@)S(@)"] = ~3(2)
E[S(@)R(@)"] = ;3(2), ES@)3(@)"] = ;R(Z)

We have

E[R(y(s))R(yi(s))R(y (1) R(y(1)] = ER(y(s)) Ry () ER(y () R(w(t))] = i%(ri)%(m)?
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Similarly, we can obtain that when s # t,

Therefore the partial sum of the cases when s # t is given by (1 — 1/N)R(r;)R(r)T.

(B.4)

We now consider the partial sum of the cases when s = t. We first consider the first

expectation inside the double summation in (B.3).

Recall that for & ~ N(0,X), Elz,zxpz,] = 040, + 0ipoiy + 0igor,. We can express the

(m,n)-th element of the matrix E[R(y(t))R(y:(t))R(y (1)) R(yi(t))] as

Hence
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Similarly, we obtain that

E[S(y()S(w:(1)S(y(®)" S(u(t))] = i[%(n)%(rz)T +R(r)R(r)" + RR)R(Ra)],

E[R(y(6) Ry (1) (1) (1)) = T Rr)R(m)” — Sr)S(r)” + S(R)S(R))

A=

E[S(y(0))S(y:(0)R(y (1) R(p(1)] = S R(ra)R(r)" — S(r)(re)" + S(R)S(Ra))]-

Therefore the partial sum of the cases when s =t is given by

SRR + S RRIR(R) + S(R)S(Ra) + R(r)R(r)” — S(r)3(r)"].

Combined with the previous partial sum of the cases when s # ¢, we obtain that

E[R(AT)R(AR)T] = —— [R(R)R(Ra) + S(R)S(Ra) + Rr)R(r)T — Sr)S(r) 7). (B.5)

2N
Therefore
1
ER(AT)R(Ar)"] = ﬁ[%(R) RR(R) +SF(R) @ S(R) + Crrynr) — Carysr), (B.6)

which completes the computation of first expectation in (B.1). Utilizing the same technique,

we obtain that

E[S(Ar)S(Ar)] = S [R(R) © R(R) + 3(R) @ S(R) + Compam — Crmem], (B7)
and
E[R(Ar)S(Ar)] = S [S(R) © R(R) — R(R) © S(R) + Crmyam + Compem]. (B)
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Substituting (B.6)—(B.8) into (B.1) gives a closed-form MSE expression. However, this
expression is too complicated for analytical study. In the following steps, we make use

of the properties of & to simply the MSE expression.

Lemma B.1. Let X,Y, A, B € RV satisfying XT = (1) X, AT = (=1)"A, and
BT = (=1)"» B, where ng,ng,ny € {0,1}. Then

vec(X) (A ® B)vec(Y) = (—=1)" " vec(X )" Cyp vec(Y),

vec(X)'(B® A)vec(Y) = (—1)""" vec(X )T Cpa vec(Y).

Proof. By Definition B.1,

=(—1)"*" vec(X)" (A ® B) vec(Y).

The proof of the second equality follows the same idea. O

Lemma B.2. Ty, II; Ty, = (II5 )"
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Proof. SinceIl; = I—A(AlA,) AL

Cco?

it suffices to show that Thy,, Aco(AZ A) " LAZTY,..
(Aco(AZ A)"TAZ)* Because A, is the steering matrix of a ULA with M., sensors, it is

straightforward to show that Ty, A = (Ao P)*, where

® = diag(e I Meo—Her, e iMooz ,e_j(MCO_l)wK).

— H
Because Ty, T, = I, Ty = T,

TMco ACO (AgACO) _1A<]:;(IJTMCO
:TMCO ACO (AgT]\IjCO TMco ACO) _1A££T1}\JICO
:(ACO(I))* ((Acoq))T(Aco(I))*)_l (Aco(I))T

:(ACO(AgJACO)_lAg))*'

Lemma B.3. Let E; = matyp(&). Then EF =5 fork=1,2,... K.

Proof. Note that &, = FIT7 (8, ® ;). We first prove that 3, ® ay, is conjugate symmetric,
or that (T, ® T, )(Br ® ax) = (Br ® ay)*. Similar to the proof of Lemma B.2, we utilize
the properties that Ty, Ao = (Aee®)* and that Thy Geo(0r) = (Qeo(Oy)e I MeomDwk)* to
show that

T, (AL)" eralo () Thr., = [(Al,)" exace(00)]". (B.9)
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Observe that @e,(0x) = jwrDaco(0k), where wy, = (2mwdy cos ;) /A and D = diag(0, 1, ..., M,—
1). We have

(Thr., @ Tr,,) (B ® ) = (B ® ag)”
> Ty, o0 Tar,, = (0B )*

> Ty, [(AL) " erall (0,) DI |"Th, = —(Al)"erall(0,)DII, .

Since D = Ty, T, DTy, Thy.,, combining with Lemma B.2 and (B.9), it suffices to show
that

(Al )" erall (64)Th., DTh, II; = —(Al) " erall (6,) DI, . (B.10)

Observe that Ty, DTy, + D = (M, — 1)I. We have
HJACD (TMcoDTMco + D>aC0<6k’) = 07

or equivalently

all(0y)Ta,, DTy, X4 = —all(0,)DII, . (B.11)

Pre-multiplying both sides of (B.11) with (Al )”e; leads to (B.10), which completes the
proof that B, ® ay is conjugate symmetric. According to the definition of I" in (3.2e), it
is straightforward to show that I'' (8; ® ay) is also conjugate symmetric. Combined with

Property 2.3, we conclude that matys y(F?T7(8), ® ay)) is Hermitian symmetric, or that

(11
(1l

_ =H
k — k- D

Given Lemma B.1-B.3, we are able continue the simplification. We first consider the term
R(&,)TE[R(AT)R(AT)T|R(&,) in (B.1). Let By, = matysar(€,), and Ey, = matas ar(€x,)-

By Lemma B.3, we have E;, = E/!, and Z;, = E;/. Observe that R(R)" = R(R), and that
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S(R)T = S(R). By Lemma B.1 we immediately obtain the following equalities:

%(élﬂ)T(%(R) & %(R))%(ﬁkz) - (ékl) §R(R)§R(£k2)
(£k1) (%( )® S(R))?R(&Q) = _§R(€k1) CQ(R)\Y (Eb)

Therefore R(&, ) TE[R(AT)R(Ar)T]R(&,) can be compactly expressed as

R(Ew)ER(ARR(AT) IR(ER)
= R(E,)TR(R) © R(R) + S(R) @ S(R)R(E) (B.12)

:%gﬁe(gkl)T%%(RT ® R)R(&k,),

where we make use of the properties that RT = R*, and R(R* ® R) = R(R) @ R(R) +

S(R) ® S(R). Similarly, we can obtain that

36 EIS(Ar)S(AT)IS(E) = 1 9(E) RRT © R)3(E,) (B.13)
R(&, ) ER(A)S(Ar)TIS(E,) = —R(E) SR © RIS@E,),  (B14)
R(Er,) TER(AT)S(AT)T|S (&) = —% (€ S(R" © R)S(&,).  (B.15)

Substituting (B.12)—(B.15) into (B.1) completes the proof.
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Appendix C

Proof of Proposition 3.2

Without loss of generality, let p = 1 and 02 — 0. For brevity, we denote R" ® R by

W. We first consider the case when K < M. Denote the eigendecomposition of R~! by

EA;'EY + 672E,E®. We have

W l=0"K, + 02K, + Kj,

where

K, = E'E'® E,E¥,
K, =E'A]'E’"® E,.E + E'E' @ E,A]'E”,

K;=E'A]'E" ® EEAJ'EY.

Recall that A" E,, = 0. We have

K\ Ay = (E'ET @ E,E")(A*® A+ A" & A)
—E'E'A*"0E,E'YA+ E:E'A*©E,E"A

=0.
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Therefore

MPMy = AIW 1Ay = 0 2AY (K, 4+ 0°K3) Ay, (C.2)

Similar to W1, we denote W3 = 02K, + 0~ K, + K5, where

_1 _1
K,=E'A.’E'®E,E" + E'ET ® E,A;*E”",

K; = E;A;%EST ® ESAS_%E;H.
Therefore
M}y, My = AYW 3Ty, W3 Ag = 0 2A (0K, + K[y, (0K5 + K4) Ag,
where Iy, = M,M I. We can then express the CRB as
CRBp = 0*(Q1 +0Qs + Q) ™, (C.3)
where

Q= Al (K, — K\II; K,)A,,
Q> = Al (K3, K5 + K3y, K,)Aq,

Q; = Al (K, — KT, K;5)A,.

When 02 = 0, R reduces to AA™. Observe that the eigendecomposition of R always exists

for 02 > 0. We use KK to denote the corresponding K;-K; when o? — 0.

Lemma C.1. Let K < M. Assume Or/0n is full column rank. Then lim,2_,q+ H*@ exists.
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Proof. Because A"E, =0,

KyAy =(E:AJ'Ef @ E,E")(A* ® A) + (EE! @ E,A;'EY)(A* 0 A)
=E'A'E'A*0E.E'A+E'E'A*0 EAJ'EFA

=0

Similarly, we can show that K ;Aq = 0, i Kyi = i K3 = 0, and ¢ K i = rank(E,) =
M — K. Hence
MM — AfK3;Ay AFKsi

TK Ay "Wl

Because dr/0n is full column rank, M M, is full rank and positive definite. Therefore the
Schur complements exist, and we can inverse M f M, block-wisely. Let V = Af K3;A, and

v =T W14, After tedious but straightforward computation, we obtain

Iy, =K;A48 'AlK;
— s 'K A VT AT KGii (K + 02 K))
— ’U_l(K5 + 0'_2K1)’I:’1:HK3AdS_1A£{K5

+ 51 K5+ 0 2K))ii" (K5 + 02 K)),
where S and s are Schur complements given by

S =V v AV K;ii" K3 A,

s=v— i K3A,V ' AY Kii.

129



Observe that

v=i"W i =0"*M - K)+ i Ksi.

We know that both v~! and s~! decrease at the rate of o*. As 02 — 0, we have

S = AUK:A,,
S_1<K5 + 0'_2K1) — 0,

U_I(Kg) + 0'_2K1) — 0,
K"K

s H K5 + 0 2K,))ii" (K5 + 0 2K,) — IV a

We now show that AY K} A, is nonsingular. Denote the eigendecomposition of AA by
E*A(E?)". Recall that for matrices with proper dimensions, (A®B)?(C®D) = (A”C)o

(B D), where o denotes the Hadamard product. We can expand AY K3} A, into
[ATES(AD) (B A o [ATEL(AD) 7 (E)" Al

Note that AAYE*(AX)"H(EX)"A = E*(EX)? A = A, and that A is full column rank when
K < M. We thus have ATPE*(A*)"'(EX)? A = I. Therefore AYK;A, = I, which is

nonsingular.
Combining the above results, we obtain that when o2 — 0,

Kyl K
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For sufficiently small o2 > 0, it is easy to show that K;-Kj5 are bounded in the sense of
Frobenius norm (i.e., ||K;||p < C for some C' > 0, for i € {1,2,3,4,5}). Because d0r/0n
is full rank, M, is also full rank for any o > 0, which implies that Hj/ls is well-defined
for any o® > 0. Observe that Iy, is positive semidefinite, and that tr(Ily, ) = rank(M,).
We know that Hf/ls is bounded for any 02 > 0. Therefore Q5 and Q3 are also bounded for

sufficiently small o2, which implies that 0Qs + 02Q3 — 0 as % — 0.
By Lemma C.1, we know that Q; — Q% as 0? — 0, where
Q; = Al (K; — KTy, K} Aq,
and M} = lim,2_+ I, as derived in Lemma C.1. Assume Qf is nonsingular®. By (C.3)
we immediately obtain that CRBg — 0 as 02 — 0.

When K > M, R is full rank regardless of the choice of 2. Hence (RT @ R)™! is always
full rank. Because 0r/0n is full column rank, the FIM is positive definite, which implies its

Schur complements are also positive definite. Therefore CRBg is positive definite.

8The condition when Q7 is singular is difficult to obtain analytically. In numerical simulations, we have
verified that it remains nonsingular for various parameter settings.
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Appendix D

Proof of Proposition 3.3

Following [61, Appendix G|, for ULAs with a large number of sensors, M, we have
%AHA ~ 1, #AHA ~ %I, %AHA ~ éI. (D.1)
Applying Lemma 3.2, the inverse of R can be rewritten as
R'=0%I—- AP ' +ATA) A", (D.2)
Combined with the assumption that SNR; ' = ¢2/p; < M, we have
APR A =0 ?A" Al — (0P '+ A7 A) 1A A]
=0 ?AP AP+ AT A oPP T AR A - AT A]

(D.3)
—ATAG’P ! + A A P

%P_l,
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ATRA =c2[ATA - AT A(?P~ '+ AT A) LA A]
=0 2ATA(PP  + AT A) Yo’ P 7 + ATA - AT A)
~ATA(A" A P
A~ — j%P‘l,

and
3

ATRVA = 02 A" A — A" A(?P' + AT AV A A~ A g

12

Substituting (D.3)—(D.5) into the expression of J,,,, we obtain

M3
wa = ?O'_QP.

Using similar tricks, we can obtain the following:

tr(R™%) ~ o (M — K),
ATR7ZA = A" A[(0*P + ATA)P] 2 ~ 0,

'P*Z.

APR2A = A" A[(0’P' + A AP ~ _%

(D.4)

The detailed derivation of (D.7) is summarized in (D.9) below. The derivation of (D.8)

follows the same idea.
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A"R?A
=0 TAT AP + ATA) PP+ AT A — 247 A+ AT A(0PPT + AT A)TTAR A
=0 tATA(’P  + ATA) o’ P T — ATA(PP T+ ATA) (0P P 4 AT A — AT A)]
=0 *AT AP + AT AT (PP + AT A - AT A) (PP + AT AT PP
=ATAPPP '+ ATA) TP PP+ AT AP
(D.9)

By (D.3) and (D.6), we obtain that Jp, ~ P~% and that J,2,2 &~ o *(M — K), both of
which will not vanish as M grows. According to (D.4) and (D.8), in the expressions of J,
and J,,2, the terms inside the $(-) operator will be almost imaginary. Therefore, both J,
and J,,2 will be approximately zeros for large values of M. Consequently, the FIM will be

block diagonal and we only need to evaluate J;ul, to obtain Bi(so-uc), which leads to

6

~ == 2P_]-.
NVew = apN?
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Appendix E

Proof of Theorem 3.4

We first prove the result for co-prime arrays. In the one source case, the steering matrix A

reduces to a vector a = [al al]l € C39*! where

a,{ et |:1 ejQw PR ejQQUJ y (E1>

aj = [ej@ﬂ)w eB2Q+w . oi2Q-1)(Q+1)w | | (E.2)

With respect to w, the derivative vector a is given by a = jDa, where D = diag(D;, D»),

and
D, = diag(0,Q, ... ,QQ),

D, = diag(Q + 1,2(Q + 1),...,(2Q — 1)(Q + 1)).

(E.3)
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Therefore, we have

aa = 30,
Q 2Q—
a''a ~ - [Z Z Q+1)] ~—j5¢°
Q ~ QQ—Z
a'a=3 Q'+ ) A(Q+1)°~3Q°
q=1 q=1

where the approximations are obtained by removing terms that are one-order smaller than

the highest order terms. Following the proof of Lemma 3.4, we have

aa®
R '=07?I-a(c’p ' +a"a) ") a"] =072 (I T 1130 3Q>.
Therefore, when SNR™! <« Q,
H, H 1
Hoel —of .H a’aaa 3Qp _1
R'a=0"%(a"a- ) = ~pl
a a=o0 "(a"a 27511 30 021 130 p

Similarly, we can show that

- H -1 —2f - H a’aa’a D o
a'R "a= (a a——)%— - ,
? o2p1 +3Q 5@

and that

aaaa ) .

“Hp-1: _ _—of -H.
a R 'a=o0 (a a—0_2p_1—+3Q NEQU
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Observing that a” R™'a is purely imaginary, we immediately know that J,, and J, .2 are

exactly zero. Hence, the FIM takes the following form:

Jow 0 0
0 * =

Therefore, to obtain Bi(so-uc) (w), we need to evaluate only J,,,, which is given by

Jow = 2R[(@"R7'a)* o (p*a” R7'a) + (a"R™'a)* o (p’a” R7'a)
11 25
=9 e —2 =Y N4
R[5 @+ 367
11
R~ EQ%O_Q.

We finally obtain that

1 6 11 1
I e — : (E.5)

Bso-uc = T Y0w Po—
(soue) (@) = 7 11N Q5 SNR

Given a nested array configured with the parameter pair (@, Q)), its steering vector for the

one source case is given by a = [afal]”, where
al — [6jQw SQHQ . ilQH@-1(@Q+1)w
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With respect to w, the derivative vector a is given by a = jDa, where D = diag(D;, D»),

and
D, = diag(0,1,...,Q — 1),

D, = diag(Q,Q + (Q +1),...,Q + (Q = )(Q + 1)).

Similar to the co-prime array case, we can calculate the following terms as

aa =20,
Q-1 1
aa=—j) lg+Q+q@Q+ 1]~ —jzQ",
=0
Qflq 1
aa =) [¢+(Q+dQ+1)")~ Q"
q=0

We can calculate the inverse of R as

R =021~ %}
Hence,
a"R'a=0"" [QQ — cﬂ)ﬁ%] ~p L
"R 'a~ —jo? [%Q3 _ 0-2])—612—:262} ~ _JEQQP 1

1 1 Q° 5)
Hp-1, -2 5 5 ;-2
aR a~o [—(’———]%—()O— .
3 40%2p~1 +2Q 24

(E.6)

Similar to the co-prime case, the FIM is block diagonal, and we need to evaluate only J,,.

Combining the above results, we obtain that
5
wa ~ -z o _2'
Tadad
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Therefore,

B(sto—uc) (U))

loa 211 1
N7 ¥ 5 N QPSNR
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Appendix F

Proof of Theorem 3.5

Lemma F.1. Sum of trigonometric series:

n—1 s nld
nid —1
Z sin(¢ + tld) = Sl_n—fd sin(¢ + n—ld), (F.1)
_ sin = 2
t=0 2
n—1 : nld
nid ~1
Z cos(¢ + tid) = s1.n 2 cos(¢ + n—ld). (F.2)
P sin & 2

In the proof of Theorem 3.4, because the steering matrix reduces to a vector, the resulting
inner product is easy to compute. However, in the case of multiple sources, A” A will be a
full matrix whose off-diagonal elements are generated by the inner products between a(w;)
and a(w;), i # j. These elements are generally not zero. We can follow similar steps as
we did in the proof of Proposition 3.3 if we can show that these off-diagonal elements are
much smaller than the main diagonal elements under certain conditions and that A A can

be expressed as

A"A = P,(Q)I +0(Q"),

where P,(Q) is a polynomial of @) with degree n.
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However, as will be shown later, the above approximation may not always be possible because
one of the subarrays in co-prime/nested arrays has an inter-element spacing that is greater
than dy. Degenerative cases occur under some specific DOA configurations. Nevertheless,

we shall show that the CRB can indeed decrease at a rate of O(Q ™).

For brevity, we only show the detailed derivations for the co-prime array case. The derivation
for the nested array case is actually simpler because the first subarray of a nested array is
a ULA with an inter-element spacing dy. In the multiple source case, the steering matrix
of the co-prime array generated with the co-prime pair (Q,Q + 1) can be expressed as

A =[AT AT]T where

A= {al(wl) ai(wz) - al(wK)];

Az = {az(wl) as(wy) - az(WK)}v

and ay, a, follow the same definitions as those in (E.1), (E.2). We also have A = jDA,

where D follows the same definition as that in (E.3).

Therefore,
Q 2Q-1
[AYA] = [AY Al + [AY Aol = Y @100mmen) 4 3 7 @ ilnmen) - (1.3)
q=0 q=1

Here [-];nn denotes the (m,n)-th element.
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When m = n, the sum reduces to 3@}, as computed in Theorem 3.4. When m # n, by

Lemma F.1, we have

H _sin[(@ + 1)Q(wm — wn)/2] cos Lo? Wy, — W
Al = G~ )2 [2Q o ”)]
N sinf(Q 4 1)Q(wm — wy) /2] i {1

Sin[Q(wm — wn)/2] n | 5@ wm — “"ﬂ '

Note that the absolute values of the numerators are bounded above by one. [A¥ A,],,,, will
become large when sin[Q (wy, —w,,)/2] is close to zero (the actual limit is @+ 1 by L’Hospital’s
rule). Therefore, if we restrict the range of w,, — w,, we can bound [A¥ A,],,,, from above

by a constant that does not grow with ). This the reason why we introduce Definition 3.1.

By Definition 3.1, we immediately know that |sin(wL/2)|™" is bounded above by §7!, Vw €
Q9. For a fixed 9§, if we restrict w,, — w, within Q%, ¥m # n, then [[AT A}],, .| < V207,

Vm # n, which leads to

1
Similarly, we have
1
2@_1A§A2zI (F.5)

if we restrict w,,, — w,, within Q‘sQH, Ym # n.

Lemma F.2. As long as § is not very close to 1, Q‘SQ N Q6Q+1 # 0 for Q > 2.

Proof. Let ¢ = arcsin . Consider the interval %[qﬁ, T—¢] in Q‘SQ and the interval ﬁ[qﬁ, )
in Q(;Q +1- The condition of overlapping is given by

2 2
_¢<

O



1 | | T L T T T
£08}
<
T
< 06
=
S04}
E
£ 02
Z

0 1 1 1

6 -4 2 0 2 4 6
W — Wp

Figure F.1: |[A7 A}, | v.8. Wy — wy, for @ = 8 and & = 0.5. The shaded regions are defined
by Q5 N QY. It can be observed that [[A” A],, | is very small in the shaded regions.

which is equivalent to
T

< —F.
¢ 2+1/Q
When @ > 2, we only need to choose ¢ < 27/5 and the above condition will hold, which

corresponds to choosing d < 0.95. O

Therefore, for a reasonable choice of § (e.g., 0.5), if w, —w, € Qg N Q‘éﬂ, Ym # n,
then A¥ A/(3Q) ~ I, which is very similar to the result we obtained in Theorem 3.4. To
demonstrate this, we plot [[A# A],, .| as a function of w,, — w, in Fig. F.1. We can observe
that for certain values of w,, — w,, the summation of the trigonometric series is indeed large
and cannot be neglected. However, in the shaded areas defined by Q9 N Q¢ |[A" Al |

is negligibly small.

143



Following the same reasoning as in Appendix D, we can obtain the following approximations:

éAHA ~ 31, (F.6)
1 .y 5
éAHA ~ 3I. (F.8)

We can now substitute these terms back into the expression of Bisouc). Following the same

approach as in the proof of Proposition 3.3, we obtain

Bsioue) (W) ® ———0"P", (F.9)

if w, —w, € Q‘SQ N Q5Q+1, VYm #n, m,n € {1,2,..., K}, and some reasonable choice of ¢.

Following the same idea, we can obtain a similar result for nested arrays generated by the
parameter pair (@, Q):
1211

B(sto—uc)(w) ~ EN@UQPia (FlO)

if Wy, —w, € 95Q+1, Vm #n, m,n € {1,2,..., K}, and for a reasonable choice of §.
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