Provided by Washington University St. Louis: Open Scholarship

Washington University in St. Louis

Washington University Open Scholarship

Arts & Sciences Electronic Theses and Dissertations Arts & Sciences

Spring 5-15-2016

On the Limiting Behavior of Variations of Hodge
Structures

Genival Francisco Fernandes Da Silva Jr.
Washington University in St. Louis

Follow this and additional works at: https://openscholarship.wustl.edu/art sci_etds
& Part of the Mathematics Commons

Recommended Citation

Da Silva Jr., Genival Francisco Fernandes, "On the Limiting Behavior of Variations of Hodge Structures" (2016). Arts & Sciences
Electronic Theses and Dissertations. 774.
https://openscholarship.wustl.edu/art_sci_etds/774

This Dissertation is brought to you for free and open access by the Arts & Sciences at Washington University Open Scholarship. It has been accepted
for inclusion in Arts & Sciences Electronic Theses and Dissertations by an authorized administrator of Washington University Open Scholarship. For

more information, please contact digital@wumail.wustl.edu.


https://core.ac.uk/display/233212243?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://openscholarship.wustl.edu?utm_source=openscholarship.wustl.edu%2Fart_sci_etds%2F774&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/art_sci_etds?utm_source=openscholarship.wustl.edu%2Fart_sci_etds%2F774&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/art_sci?utm_source=openscholarship.wustl.edu%2Fart_sci_etds%2F774&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/art_sci_etds?utm_source=openscholarship.wustl.edu%2Fart_sci_etds%2F774&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=openscholarship.wustl.edu%2Fart_sci_etds%2F774&utm_medium=PDF&utm_campaign=PDFCoverPages
https://openscholarship.wustl.edu/art_sci_etds/774?utm_source=openscholarship.wustl.edu%2Fart_sci_etds%2F774&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digital@wumail.wustl.edu

WASHINGTON UNIVERSITY IN ST. LOUIS

Department of Mathematics

Dissertation Examination Committee:
Matt Kerr, Chair
Roya Beheshti
Charles Doran
Wushi Goldring
John Shareshian

On the Limiting Behavior of Variations of Hodge Structures
by
Genival Francisco Fernandes da Silva Jr.

A dissertation presented to the
Graduate School of Arts & Sciences
of Washington University in
partial fulfillment of the
requirements for the degree
of Doctor of Philosophy

May 2016
St. Louis, Missouri



(© 2016, Genival Francisco Fernandes da Silva Jr.



Table of Contents

[List of Figures| iii
[Acknowledgments| iv
[Abstract] vi
(1 Degenerating variations of Hodge structures| 1
(1.1 Hodge structures| . . . . . . . . . . . .. ... 1
(1.2 Variation of Hodge structures and the period mappingl . . . . ... ... .. 2
(1.3 Limit mixed Hodge structures| . . . . . . . . . ... ... ... ... ..... 6

2 Mirror symmetry and Calabi-Yau Variation of Hodge structures| 9
2.1 'The Z-local system| . . . . . . . .. ..o 9
2.2 The imiting period matrix|{. . . . . . . . ... . ... ... 12
[2.3  'The middle convolution approach| . . . . . . . ... .. ... ... ... ... 15
2.3.1 The construction of the variations . . . . . . .. ... ... ... ... 15

[2.3.2  Computing the imiting matrix| . . . . . ... ... ... ... .... 18

[2.3.3  Computing the extension classes{. . . . . . . . .. .. ... ... ... 19

[3 The Arithmetic of the Landau-Ginzburg model of a certain class of three- |
[_folds| 22
[3.1 Apéry constants|. . . . . . . ... 22

) 1 “toric” wvicclasses . ... ..o 25

[3.3  'The Higher normal function M| . . . . ... ... .. .. ... ... ..... 29
(3.4 Maximally unipotent monodromy condition| . . . . ... ... ... .. ... 34

[4  Elliptic surfaces with exceptional monodromy | 36
(4.1 Katz tamily of elliptic surtaces| . . . . . ... ... ... ... ... ... 36
[4.2  Construction of the 2-cycles| . . . . . . .. .. .. .. ... 40
4.3 Computation of the monodromies| . . . . . . . . . . ... .. ... ... ... 43
(4.4  The period mapping for the Katz tamily| . . . . . ... ... ... ... ... 48
[4.4.1  On the generic global Torelli theorem!| . . . . . . . ... ... ... .. ol

(Bibliography| 54

1



List of Figures

(1.1 Homology basis of an elliptic curve|] . . . . . . ... ... ... ... ... .. 5
3.1 Newton polytope for o =x+y+ 2+ (zyz)~"| . . . . .. ... ... ... 27
[3.2  Newton polytopes tor Vig, Ry, Vio,Vigl . . . . . . . . .o 30
[4.1 I-cycles over the Base Fy| . . . . . . . . . . ..o o 38
(4.2 Cycles enclosing -1.0and 1) . . . . . . . . . .. ... ... .. ... ..., 39
.3 The 2-cycle C_4|. . . . . . . oo 41
(4.4 The 2-cycle Co| . . . . . . o o 42
4.5 The cuts that define the base curve £y . . . . . . . . . ... ... ... ... 44
4.6 The deformed a atter monodromy{ . . . . . . . . .. . ... ... ... .... 46
....................................... 46
4.8 The deformed v atter monodromy| . . . . . . . . . .. .. ... ... ..., 47
4.9 Rootsofgol . .. . . . . . . 50
[4.10 LMHS for the Katz family| . . . . . .. ... ... ... ... .. .. ... 53

1l



Acknowledgments

First and foremost, I would like to thank my advisor Matt Kerr, who kindly shared his
time and ideas with me, and also introduced me to the wonderful world of Hodge theory. I
also thank Phillip Griffiths for sharing his time with me, and without whom it would not
be possible for me to be here. I am indebted to Charles Doran for all his support and
contribution to this project. Finally, I thank all my family, especially my wife Carolina for

all her love and encouragement throughout the years.

Genival Francisco Fernandes da Silva Jr.

Washington University in St. Louis

May 2016

v



To my parents Gongala and Genival.



ABSTRACT OF THE DISSERTATION
On the Limiting Behavior of Variations of Hodge Structures
by
Genival Francisco Fernandes da Silva Jr.
Doctor of Philosophy in Mathematics
Washington University in St. Louis, 2016

Professor Matt Kerr, Chair

In this dissertation we will address three results concerning the limiting behavior of
variations of Hodge structures. The first chapter introduces the main concepts involved and
fixes some notation. In chapter two we discuss extension classes representing LMHS, compute
them for a class of toric families and introduce an alternative method for the computation
of VHS arising from middle convolution. The next chapter is concerned with the so called
Apéry constants; we provide a method of computing such constants by using higher normal
functions coming from geometry. Finally, in the last chapter we analyze a family of surfaces
with geometric monodromy group G5, and discuss the generic global Torelli theorem for such

a family.
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Chapter 1

Degenerating variations of Hodge structures

We recall the basic definitions and main concepts used throughout this dissertation, also we

take this opportunity to present the notations and conventions used henceforward.

1.1 Hodge structures

Let V' be a finitely generated abelian group. For k£ = Q,R,C; we denote V, :=V ® k. A

Hodge structure can be defined in the following equivalent ways:

Definition 1.1.1. A Hodge structure of weight n is a finitely generated abelian group V'

together with a decomposition:

Ve= P vre (1.1.1)

p+q=n

such that VP4 = V2P,

Definition 1.1.2. A Hodge structure of weight n is a finitely generated abelian group V'

together with a decreasing filtration £ C F"~ ' C ... C F° = V¢ such that:

—=n—p+1

o = V¢ (1.1.2)

Definition 1.1.3. A Hodge structure of weight n is real representation ¢ : Resc\rG, —

GL(Vg) such that ¢(r) = "Iy for r € G,, g, where Iy is the identity on V.

Remark 1.1.4. 1. Sometimes we prefer to use a rational vector space V instead of a

finitely generated abelian group, the term used to reflect this change is of a rational
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Hodge structure.

2. The Q-Zariski closure of the image of ¢ in definition is called the Mumford-Tate
group.
The main example which motivated the definition of a Hodge structure is of the coho-

mology group H*(X,7Z) of a compact Kahler manifold X. Indeed, the Hodge decomposition

theorem gives that H*(X,Z) carries a Hodge structure of weight k.
Example 1.1.5. The Tate structure Q(1) is defined to be (27)Q with weight —2.

The usual operations of linear algebra can be easily extended to Hodge structures, in
particular one has the direct sum of Hodge structures, the dual Hodge structure, the wedge

product of Hodge structures, etc. Now let @) : Vi x Vg — Q be a non-degenerate form with

Definition 1.1.6. A polarized Hodge structure of weight n is given by a Hodge structure
(V,F*) together with @ such that:

Q(F?, F" 1) =0
(1.1.3)
PIQ(x,T) > 0,0 £z € VP

A typical example of a polarized Hodge structure is the primitive cohomology group

HST(X ,Z) of a smooth projective variety X, together with the intersection product Q).

1.2 Variation of Hodge structures and the period map-
ping

The idea of varying Hodge structures in a family started with the work of Phillip Griffiths

[19],]20],[21]. The motivation for such concept comes when one has a family of smooth

2



projective varieties ¢ : X — B and wonders what happens with the natural Hodge structure
of the cohomology of the fibers H"(X,,7Z) as we change t € B. If B is contractible and X
trivial over it, we fix a point by € B, then we have diffeomorphisms ¢; : X;, — X;, which

induces isomorphisms on cohomology level:
g H*(X,,C) — H*(X,,,C) (1.2.1)
Therefore, we have a representation:
p:m(B\{b}) = Aut(H*(X,,,C))

We call p the monodromy representation and its image I', the monodromy group. Sometimes
it is more convenient to work with the identity component of the monodromy group, so we
define the geometric monodromy group 11 as the identity component of Q-Zariski closure of
.

Now selﬂ fp = ZaZp dimHP?, then we can define the map:

PP : B — Grass(f,, H*(X,,, C))
(1.2.2)
PE(t) = g/ (F"(X4))

Griffiths proved that the above map is holomorphic:
Theorem 1.2.1. [21] The map P?(t) is holomorphic.

The HP?(X;) can be glued together to form a holomorphic vector bundle H with holo-
morphic sub-bundles F? C H given by the FP(X;). Associated to this data, we have a flat

connection V, the Gauss-Manin connection. As a corollary of theorem we have:

"'We are using the fact that the Hodge numbers are constant for b € B



Corollary 1.2.2 (Griffiths Transversality). Let o be a section of F? then:

V(o) € FP! (1.2.3)

When ¢ = by, the g; above lies in Aut(H*(Xj,,C)) leading to a representation:

p:m(B) = Aut(H*(X,,,C)) (1.2.4)

This is called the Monodromy representation. If we denote the image of p by I', then the
period mapping can be seen as:

P:B—T/D (1.2.5)

Where D is the set of all weight k& Hodge structures and Hodge numbers f, satisfying [1.1.3]
D is called the period domain. Note that we have to quotient D by I' in order for the map
to be well-defined.

The following example illustrate the period map P when the fibers X; are elliptic curves.

Example 1.2.3 (The Legendre family). Consider the following family of elliptic curves on
P\ {0,1, 00}
X, ={y=2(x—1)(z —1t)} C P? (1.2.6)

On each X; we have the holomorphic form:

oy e d (1.2.7)

vy Vaz-1)(z—1t)

Recall that since an elliptic curve has genus 1, the space of holomorphic forms is 1-dimensional,
hence w; generates the whole space. Also, since X; is a curve, we only care about H'(X;, C) =
HY @ H%! to describe the period mapping.

Denote by «, 8 the homology basis pictured in Figure [1.1, with a-3 = 1. Now, recall



Figure 1.1: Homology basis

that the periods of X; are by definition:

A(t) = / o
° (1.2.8)

B(t) == /wt

B
The period mapping in this case can be seen as:

B(t)
= 1.2.9
PO =10 (129)

All this geometric discussion motivates the definition of a variation of Hodge structure:

Definition 1.2.4. A variation of Hodge structure of weight k& over a connected complex
manifold B consists of a local system V of Abelian groups together with a filtration of the

vector bundle V' :=V ® O, by holomorphic sub-bundles:

FPcPPlc...cF'=V (1.2.10)



with sheaf of sections F? and satisfying the following conditions:
1. V=FP @ Fkrtl

2. V(FP) c FP~!, where nabla is the flat connection on V associated with the local

system V.

1.3 Limit mixed Hodge structures

The motivation in defining mixed Hodge structures comes from the idea of generalizing Hodge
structures to non-compact and singular varieties, where the idea of pure Hodge structure

might not exist, instead we might have a structure with different weights attached.

Definition 1.3.1. A mized Hodge structure consists of a finitely generated abelian group V7,
a increasing filtration W, on Vg and a decreasing filtration F'* on V¢ such that F'® induces

a weight k& Hodge structure on Gr}" Vp.

Example 1.3.2. Let X be a smooth projective curve of genus 2, and consider X , the
resulting singular curve after we “pinch” one of the generators for the homology H'(X). Let

7 : X,, = X be the normalization map, then we have the following exact sequence:
0K — H(X) D HY(X,) =0 (1.3.1)

where K denotes the kernel of 7*.

Let F'! be the subspace of H 1(X , C) generated by any non-zero holomorphic form on X ,
then (Hl (X), F, K) defines a mixed Hodge structure, moreover H*(X)/K = H*(X,) is a
weight one Hodge structure and K has a weight zero Hodge structure, therefore H 1(X ) has

nontrivial weight-graded pieces of weight one and zero.



Now consider the weight k polarized variation of Hodge structure V = (V,Q, F*) over a
complex manifold B. Assume that B has a smooth compactification B, with a holomorphic

disk embedding:
B Cc B 3 «x

U U 0 (1.3.2)

A*¥ ¢ A 20

Let s be a choice of local coordinate on A. Restricting V to A*, and letting T denote the

local monodromy, we have:
Theorem 1.3.3 (Monodromy theorem). 7' is quasi-unipotent.

Therefore, after taking the unipotent part in the Jordan decomposition if necessary, we

may assume 7" is unipotent. Then it makes sense to define log(T') := >, G (T —1)". Set

7 i

N =log(T), there exists a unique filtration W, = W(N), on V such that:

N(WkV) C WiV

N (1.3.3)
NE: GV, V= GrV, vV
For example, if the weight is 1, the filtration is given by:
{0} C Im(N) C Ker(N)CV (1.3.4)

and if the weight is 2 we have:
{0} € Im(N?) C Im(N)N Ker(N) C Im(N) + Ker(N) C Ker(N*) CV (1.3.5)

If we set £(s) := 5% then the local system V := 5,(e “©NV) extends to A. By the

21

Nilpotent Orbit Theorem [35], the Hodge sheaves F? C V extend to locally free subsheaves

FPC V.:=V®0Ox on A, and the SLsy-orbit Theorem[35] implies:
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Proposition 1.3.4. (V, W.,]-"g) |- is a mixed Hodge structure polarized by N, called the

limiting mixed Hodge structure (LMHS).

Example 1.3.5. Recall the Legendre family example we compute the LMHS at 0 for
this family. The monodromy matrix around 0 is Ty = (§3). Therefore, N = (§3), and both
the kernel and image of N are 1-dimensional. In this case, V/Ker(N) is a 1-dimensional
Hodge structure of weight 2, hence of type (1,1) and Im(N) is a Hodge structure of weight
(0,0). This is a typical example of LMHS of Hodge-Tate type (When there is no odd weight

graded piece and graded pieces of weight 2p are of type (p,p))



Chapter 2

Mirror symmetry and Calabi-Yau Variation of

Hodge structures

In this chapter we shall briefly describe how a recent result of Iritani [25] allows one to sys-
tematically compute LMHS of variations arising from families of anticanonical toric complete
intersections. We shall carry this out for the 1-parameter, h*' = 1 hypergeometric families
of complete intersection C-Y threefolds classified in [15]. Each family yields a semistable
degeneration over Q with X, the (suitably blown-up) “large complex structure limit” fiber.
We also give a more explicit computation of the LMHS for another type of variations, by

using Katz’s theory of the middle convolution [27, [13].

2.1 The Z-local system

Until recently, toric mirror symmetry (e.g., as described in [9] or [34]) only identified complex
variations of Hodge structure arising from the A-model and B-model, because the Dubrovin
connection on quantum cohomology merely provides a C-local system on the A-model side.
Iritani’s mirror theorem says that the integral structure on this local system provided by the
I-class (in the sense described below) completes the A-model C-VHS to a Z-VHS matching
the one arising from H? of fibers on the B-model side. The upshot is that to compute
(at 0) for a 1-parameter family of toric complete intersection Calabi-Yau 3-folds X; C P
over P\ {0, 1, 00}, we may use what boils down to characteristic class data from the mirror

X7 C Ppe.



In each case, V := H*"(X°,C) = @_,H’7(X°) is a vector space of rank 4, PP := Pp. =
WP(do, . . .,031,) is a weighted projective spaceﬂ (with 09 = 0; = 1), and X° C P is smoothﬂ
of multidegree (di)},_; with > d, = > 6; =: m. Let H denote the intersection with X° of the
vanishing locus of the weight 1 homogeneous coordinate X; write 7[H] € HY*(X°) for the
Kihler class and ¢ = €™ for the Kéhler parameter. We shall give a general recipe (following
[14, sec. 1]) for constructing a polarized Z-VHS, over A*: 0 < |g| <€, on V:=V & On~.

The easy parts are the Hodge filtration and polarization. Indeed, we simply put F? :=
Bj<s_pH? CV and FP := FP ® Opr CV @ Op =: V.. Similarly, @ on V, is induced from
the form on V given by the direct sum of pairings Q; : H? x H*79%7 — C defined by
Qj(a, B) := (1) [, «UB. A Hodge basis e = {¢;}_, of H*", with e; € H>***7/(X°) and
[Q]e of the form (2.3.2)), is given by es = [X°], ea = [H], e; = —[L], and ey = [p]. Here L is
a copy of P! (parametrized by [X, : X]) in X° with L - H = p, and [H] - [H] = m[L]. The
{e;} give a Hodge basif’| for V..

0 0 01
0 0 10
Q= . (2.1.1)
0 —1 00
-1 0 00

For the local system, we consider the generating seriesﬂ oy (q) = ﬁ > a>1 Nyq? of the

genus-zero Gromov-Witten invariants of X°, and define the small quantum product on V

!Technically, there are three exceptions to this amongst the examples we consider, which are weighted
projective spaces WP(do, ..., d,) for which the convex hull of {e1,...,e,,—> d;e;} is not reflexive. As
described in [I5], taking A to be the convex hull of this set together with —e,, yields a reflexive polytope,
and Pao is the blow-up of the WP at a point not meeting (hence not affecting) the complete intersections
we consider. Hence we may take X° C P = WP(dq,...,0p).

2The codimension of the singular locus in P is at least 4 in every case, so does not meet a sufficiently
general X°.

3Note: in all bases we shall run the indices backwards (e = {e3, ez, e1,€0}, etc.) for purposes of writing
matrices.

4derivatives @;Lk) will be taken with respect to 7 (= £(q))
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by e *x e9 := —(m + @}/ (q))e; and e; xe; :=e; Ue; for (i,7) # (2,2). This gives rise to the
Dubrovin connection

Vi =idy @ d+ (egx) ® dr,

which we view as a map from V=V @ Oa- — V@ QL. 2V ® QL. and the C-local system
Ve :=ker(V) C V.
Now define amap 6 : V — V ® O(A) by

d(eg) :=eq, d(ey) :=e1, d(ez) := ey + DPle; + D e,

d(es) == es + Dyer + 2Ppep.

For any a € V, one easily checks that
= (T - ~ k
oa) :=d (e Hly @) = g T ([H]"Ua)

satisfies Vo () = 0, hence yields an isomorphism o : V = I'(8, p*V¢) (where p : § — A*
sends 7 — ¢). Writing|
2¢(3)

f(XO) ‘= exp (—2—140/12()(0) — WChg(Xo)) eV,

the image of
v Kg(Xe) — T(9,p"Ve)
3 = a(D(X°) Uch(€))
defines Iritani’s Z-local system V underlying V¢. The filtration W, := W(N), associated to

its monodromy T'(v(£)) = v(O(—H) ® &) satisfies WV, = (D;53-12H77) ® Oa.

5¢f. §1 of [14] for the more general definition of I'(X°)

11



2.2 The limiting period matrix

In order to compute the limiting period matrix of this Z-VHS over A*, we shall require a

(multivalued) basis {v;}2_, of V satisfying v; € Wo;NV, 7; = €; mod Way_s, and [Q], = [Q]..

The corresponding Q-basis of quo =: Viim is given by ~im

]

:= ;(0) where 7; := e Ny, €
F(A,V). Of course, the e; are another basis of Vi, c, and Qp, = uml[id]e. Note that since

Niim = —(2m1) Resg=0(V) = —(e2%)|4=0 = —(e2U)]4=0, we have

0O 0 00

-1 0 0 0
[Nlim]e =

0O m 00

0O 0 10

A basis of the form we require is obtained by considering the Mukai pairing

€€)i= [ eh(e’ m&)uTa(x)

on K2*m(X°). Since (£,&') = Q(v(£),7(¢)), any Mukai-symplectid®| basis of Ki“™(X°) of

the form
& =0+ A0y + BOL +CO,

§ = 0Op + DO + EO,

(2.2.1)
& =-0L+FO,
54 - Op

will produce v; := v(&;) satisfying the above hypotheses. In this case, taking

0c(@) = lim (a). 7€) i= 0 (D(X°) U Ch(S))

6That is, (&, &5—;) = 0 unless i = j, in which case it is +1 for i = 0,1 and —1 for i = 2, 3.

12



we have 1™ =~ (&,).

We now run this computation. Let ¢(X°) = 1+a[L]+b[p] be the Chern class of X°; note

that there is no [H] term due to the fact that X° is Calabi-Yau. Since the Chern character is

ch(X°) = 3—a[L]+2%[p] and the Todd class is Td(X°) = 1+Z[L], [(X°) = 1+ &[L]— 280 1.

T (2ri)3

This yields

lim _ L, M a B dm+a . C(3)
L] —63+A62+< B—I—QA 24)€1+<O B+ o A b(27T2)3 €o

, m dm +a
7%“”=62+<—D+5>61+<E—D+ 51 )60

7{”” =e;+ (F+1)eg
lim

Yo — €o

Imposing the symplectic condition produces constraints 1+ F + A =0 and “5* — D + F —

AD + B = 0. Afternormalizinéj/l:B:C'ZD:O(: FZ—LE:_%) in

(2.2.1]), expressing each e; in terms of {7/} gives the columns of

1 0 00
0 1 00
Qi = . (2.2.2)
i —% 10
b¢(3) a
@2r)3 24 0 1

To compute N (with these normalizations), we apply O(—H)® to the & in K" (X°);

TA = 0 is the canonical normalization of the local coordinate; the remaining choices are made to simplify
the end result.

13



then

1 0 00
-1 1 00
[T], = [O(-H)®], = ,
0 m 1 0
—% m 1 1
whereupon taking log gives
0 0 0O
-1 0 0 0

[Nibmlim = [N], =
% m 0 0

a m
5 0

The data required to compute N and €2, for the complete intersection Calabi-Yau (CICY)
examples from [15] is displayed in the table . Here for example “P?[3, 3]” means that X°
is a complete intersection of bidegree (3,3) in P°. Since X° is smooth, the Chern numbers

may be calculated using

o Pl IO+ 6 H)
X = o) ~ T, (L T ),

Remark 2.2.1. An interesting case not included amongst the CICY examples is the so
called “14th case VHS”, labeled “I” in [loc. cit.]. It is shown in [6] that this VHS arises from
the GrY H? of a subfamily contained in the singular locus of a larger family of hypersurfaces
in weighted-projective space. The LMHS of this sort of example is probably inaccessible to
the above approach. The technique of the next section provides a possible approach to such

examples.

14



’ X° \ m \ a \ b ‘
P*[5] 51 50 | -200
P°[2, 4] 8 | 56 | -176
P°[3, 3] 9 | 54 | -144
P°[2,2,3] 12160 | -144
P7[2,2,2,2] 8 | 64 | -128
W]Pyll,m 2,5[10] 10 | 340 | -2880
W]Péll,m 1,4[8] 8 | 176 | -1184

W]P";”LQ 2.3 43[6,6] | 36 | 792 | -4320
WP} |1 5054,6] | 24 | 384 | -1872
W]Pyll,m 1,2[6] 6 | 84 | -408
W]P)i),m 1,1 312,6] | 12 | 156 | -768
W]P)i),m 1,2 5[4,4] | 16 | 160 | -576
W]Pi),m 1,1 0[3,4] | 12| 96 | -312

Table 2.1: LMHS parameters

2.3 The middle convolution approach

In this section we will describe a different approach in computing LMHS. By using Katz’s
theory of middle convolution we will construct certain variations of Hodge structures and
explore some of its properties including the behavior on the limit and the verification of a
conjecture presented in [I8, Conjecture I11.B.5].

For full details and computations we refer the reader to [I1], sec. 5].

2.3.1 The construction of the variations

If {a} and {b} are finite sets of points in A! we define {c} = {a} * {b} to be the set
obtained by taking all sums of pairs a; + by from {a} and {b}. Let U3 = Al\{a1,...,an},
Uy = A\{b1, ..., b}, and Uz = Aj\{ci, ..., ¢} Let U C A7, ) be the Zariski open where

[I;(z —a;) [1.((y — ) = b) [ [,(y — &) does not vanish.

Given local systems V; — U; (i = 1,2), and projections 7 (z,y) := x, m(x,y) ==y — z,

15



and m3(z,y) = y. The middle convolution is the local system on Us defined by:
Vl * Vg = Rl(ﬁ'?))* (j* (WIVl & W;V2>) (231)

By using middle convolution and quadratic twist [I3] sec. 2.3-4], we are able to obtain
a weight d, rank d + 1 variation of Hodge structures V; over P'\{0,1,00} with h%? =
1. The family {X,(¢)} produced (which are singular for d > 2) all take the form w? =

fa(xy, ..., xq,t), for example:

o d=1: w? = (1 —tx)x(x—1)

(Legendre elliptic curve)

e d=3: w? = (1 — twz)zz(re — 23) (w0 — 1) (21 — 23) (21 — 1)14

(CY 3-fold family)

o d=G6: w?= (1 —twg)(1 — z¢) (w5 — x6)x5(T4 — 75)(1 — 24) X
(3 — x4)x3709 — 23)(1 — 22) (1 — T2) w1 (1 — 21).
Also, it follows from [13 theorem 1.3.1| that for 1 < d < 6, V; has Hodge numbers all
equal to 1. The monodromies of V; for some values of d, and the generic Mumford-Tate

group are described in table [2.2] below.

’ \ at 0 \ at 1 \ at oo \ MT-group ‘
d=1|U(2) U(2) -U(2) SLy
d=3|U4) | -U((2) ®1%? (—U(2))%? Spy
i=6 00 | U2 a0B) | (—1" a1 | G

Table 2.2: Monodromies for V,

In the Sp4 case, we may assume given a symplectic basis, so that the polarization takes
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the form

0 0 01
0 0 1 0
Q= . (2.3.2)
0 -1 00
-1 0 00
After conjugating by Sps(Q) to have
00 0 O
a 0 0 O
N = (2.3.3)
e b 0 0
f e —a O

and canonically normalizing the local coordinate at 0, one knows (cf. [18]) that the limiting

period matrix takes the form

1 0 00
0 1 00
Quim = ; (€ €C).
L ¢ 10
¢ L o1

The entries other than & are rational and correspond to torsion extension classes. The

conjecture in [I8, Conjecture II1.B.5] basically says that the LMHS is Q-motivated if and

only if ¢ = ¢35 (¢ € Q).
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For G5, again after appropriate normalizations, one has

Qi = @* x 1 0 0 0

where * denotes rational numbers. In this scenario, [I8, Conjecture II1.B.5] claims that

§= Q(gq(j-;s) (q € Q)

2.3.2 Computing the limiting matrix

Henceforward we will restrict ourselves to the cases d = 1,3,6, and analyze the LMHS at

t=0.

24-1 drqA--Adxg d
(2mi)@ w €

larization of X4(t). Then there is a basis {7;}_y of V4 such that f% wy = last— 0, and

Consider the form w; = (X4(t)), which is holomorphic on a desingu-

the monodromy matrix about ¢ = 0 is:

1 0 0
a 1 .

[T]7 = ' (2.3.4)
+a 1
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log(t)

We may assume after normalizing that (yo - v4) = 1. Let ((t) = , then we define:

271
d
IT4(t) ;:/ we= (=" 0)) apth (2.3.5)
Vd j=0 k>0
We have:
d

1 dt e p
éﬂ (el 2.3.6
i, T = 0 a0+ Olcttg 230

N — 0

— H:j”lp(e) with €

where H;wlp (€) is the period of the “limiting" form w™ against 4. Its full period vector is:

1
ato éle) +agy
lwe?], = : (2.3.7)
45 ale i (e)
> ajol?(€)

el
After scaling the parameter t = s, where {(«a) = %}—1) = . and applying e/ the
0]
period vector becomes:
a
t (1,0, o ;ﬁ,am) (2.3.8)
a

Therefore, the extension classes that characterizes the LMHS[I8] are ago(d = 3) and —ay0/a(d =

6).

2.3.3 Computing the extension classes

We now address the computation of the extension classes. For d = 1, we have agg = 0, yet

ago is non zero, as we shall verify.
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Recall that we are after [2.3.6] which in this case translates to:

2 at [t dzx
(2i)? 7|{:6 7/1 V(e —1)(1 — tx) (2:3.9)

After some work, the result is the following:

6(m—l-) 1

) /0 ( du (2.3.10)

1 — u)m—i—l

)
/u\/m 7r12>0 (m+ 3

Wich modulo O(eloge), becomes:

k>1 T
[0 [GD 2341
=-2 — it B A
(€)+7ri {kZN A +7Tm20 (m—i—%)Q

After some simplifications, we get that agy = 5= {log4 + log4} = ¢(;), moreover 3; €
Q*, which confirms the conjecture from [I8, Conjecture II1.B.5]

Now if d = 3, equation [2.3.6| reads:

I G
. “r dxidxodx 2.3.12
@ri)* Jy=e t 1 J1 1 fa(wr, w0, 73, 1) S ( )

After we do a base change, we get o )3 times:

v1—t dt
/// — | dX1dX2d X3 (2.3.13)
0,773 \ Jj=e \/F3(X1, Xo, X3, t) 2mit
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where F'(X;, Xo, X3,1) is equal to:

(1= Xa)t + X3} {(1 — X1 X0Xa)t + X1 X0 X3} X1 Xo ﬁ(l ~ X)) (2.3.14)

i=1

After some computations we arrive conclude that the normalized l:[;”lp (s) in this case is given

by:

¢(3)
(2mi)?

— é63(3) + 16 )

. (2m)2€(s)—48 (2.3.15)

aoo
And once again we confirm that ago satisfies [18, Conjecture II1.B.5].
The case d = 6 is more subtle, and we could not prove [I8, Conjecture III1.B.5] in this

case, but we do hope that the conjecture is still true, more precisely, we should have:

Conjecture 2.3.1. The canonically normalized II;"?(s) is given by

SO+ 206 + () (§g5f<s> o (2:3.16)

where qo, q1,¢2 € Q.
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Chapter 3

The Arithmetic of the Landau-Ginzburg model

of a certain class of threefolds

3.1 Apéry constants

The application of normal functions in areas peripheral to Hodge theory has emerged as a
topic of research over the last decade [3],[4],[14],124],[28],[33]; areas related to physics have
accounted for much of this growth. The goal of this chapter is to use normal functions to
give a ‘motivic’ meaning to constants arising in quantum differential equations associated to
a certain class of Landau-Ginzburg models.

In [3], there is a explicit computation of a higher normal function associated with the
Landau-Ginzburg mirror of a rank 4 Fano threefold, which turns out to be the value of a
Feynman Integral. We want to present a similar approach, but instead of a Feynman integral,
we will express some Apéry constants ([2],[23],[16],[17]) in terms of a special values of the
associated higher normal functions.

Landau-Ginzburg models are the natural object for ‘mirrors’ of Fano manifolds; more
precisely, mirror symmetry relates a Fano variety with a dual object, which is a variety
equipped with a non-constant complex valued function. For example, a LG model for P?
is a family of elliptic curves and more generally, the LG model of a Fano n-fold is a family
of Calabi-Yau (n — 1)-folds. In general, mirror symmetry relates symplectic properties of a
Fano variety with algebraic ones of the mirror and vice versa.

In the following sections we will be mainly concerned with the Landau-Ginzburg models
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for a special class of threefolds, namely the ones whose associated local system is of rank
three, with a single nontrivial involution exchanging two maximally unipotent monodromy
points. Looking at the classification in [7], one finds the short list V3o, Vig, Vig and “R;”, where
the first three are rank 1 Fanos appearing in [23] and the latter is a rank 4 threefold with
—K? = 24 (K the canonical divisor). The involutions for these LG models have essentially
been described in [23] and [3]. In the presence of an involution, it is possible to move the
degeneracy locus of a higher cycle from the fiber over 0 to its involute, a property which we
use for the construction of the desired normal function.

Let Pas be a toric degeneration of any of the varieties considered above; then each one
of these will have a mirror Landau-Ginzburg model, which is a family of K3 surfaces in Px,

that can be constructed as follows. Let ¢ be a Minkowski polynomial for A, then the family

of K3 is:
X;:={1l—tp(x) =0} C Pa (3.1.1)
Let
o (g
Wy = WRGSXt 1_ t(b (312)

and 7, the invariant vanishing cycle about ¢ = 0. We define the period of ¢ by

T1,(t) :/ W= ant" (3.1.3)

where a,, is the constant term of ¢". We say that a, is the period sequence of ¢.

Consider a polynomial differential operator L = > Fi(t) Py(D;) where Py (D;) is a polynomial
in D; = t%, then L - II,(¢) = 0 is equivalent to a linear recursion relation. In practice, to
compute L one uses knowledge of the first few terms of the period sequence and linear algebra

to guess the recursion relation. The operator L is called a Picard Fuchs operator.

23



Example 3.1.1. The Picard-Fuchs operator for the threefold V5 is:

D?® —t(1+2D)(17TD* + 17D +5) + t*(D + 1)° (3.1.4)

More generally, one also gets the same linear recursion on the power-series coefficients b,

of solutions of inhomogeneous equations L(-) = G, G a polynomial in ¢, for n > deg(G).

Definition 3.1.2 (|23]). Given a linear homogeneous recurrence R and two solutions ay, b, €

Q with ag = 1,by = 0,b; = 1, if there is a L-function L(z) and ¢ € Q* such that:

bn
lim = cL(xg) (3.1.5)

We say that is the Apéry constant of R.

When we have a family of Calabi-Yau manifolds, a common way to look for Apéry
constants is by considering the Picard-Fuchs equation. As described above, the coefficients
of the power series expansion of the solutions of this equation satisfy a recurrence and in
some cases the Apéry constant exists, see [2] for a wide class of examples. Beyond this
“classical” case, we can also talk about quantum recurrences, which are recurrences arising
from solutions of the Quantum differential equations satisfied by the quantum periods, which
are defined using quantum products, see [22].

In 23], Golyshev uses quantum recurrences of the threefolds Vig, Via, V14, Vig, Vis to find
Apéry constants; his method is basically to use a result of Beukers |23, Proposition 3.3] for
the rational cases and apply a different approach for the non-rational ones. In the course of
the proof of his results, he also describes the involution we mentioned above, but only for

Via, Vig and Vig. The main theorem of this chapter is:

Theorem 3.1.3. Let X be a Fano threefold, in the special class described above. Then

there is a higher normal function N, arising from a family of motivic cohomology classes on
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the fibers of the LG model, such that the Apéry constant is equal to A/ (0).

As an immediate corollary of this result and Borel’s theorem, the Apéry constant for
these cases must be a Q-linear combination of ((3) and (277)3, which provides a uniform

conceptual explanation of this feature of the results in [23] and [3].

Remark 3.1.4. We note that throughout this chapter, the cycle groups are taken modulo

torsion (RQ).

3.2 Construction of the “toric” motivic classes

We assume the reader is familiar with the basic notions of Toric geometry, see [9] for a brief

review or [10] for a more comprehensive treatment. Let
= Zamxm € Cla®, y*™!, 2] (3.2.1)

be a Laurent polynomial with coefficients in C and A be the Newton polytope associated
with ¢, which we will assume to be reflexive. (A list of all 3-dimensional reflexive polytopes
is available at [7].) We briefly review the construction of the anti-canonical bundle and the
facet divisors on the toric variety Pa. Let x,y, 2z be the toric coordinates on P, and for
each codimension 1 face 0 € A(1), choose a point o, with integral coordinates, and write
R, for the 2-plane through o . Then take a basis m;, my for the translate (R N Z3) — o,

and complete it to a basis m;, my, ms for Z3 such that
RZ()(:l:ml, +m,, m3> DA — Oy (322)
Change coordinates, by setting =7 = x™, 5 = 1,2,3. Consider the subset

D = {af,25 € C*} Nn{z] =0} (3.2.3)
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of Pa; let D, be the Zariski closure of D, and set

D= Y [D,]=Pa\(C)". (3.2.4)

oceA(1)

Henceforth we shall write x,y, 2z for x1, xs, 3.
A standard result in toric geometry is that the sheaf O(D) is ample and in case A is
reflexive; it is also the anti-canonical sheaf for P, and hence PA is Fano in this case.
Given non vanishing holomorphic functions f,..., f, on a quasi-projective variety Y, we
denote the higher Chow cycle given by the graph of the f; in Y x (P')" by (fi,..., fa) €
CH™(Y,n).

Definition 3.2.1. A 3 dimensional Laurent polynomial ¢ is tempered if the symbol (27, y7) p=

CH?*(Dz,?2) is trivial, for all facets o, where D C D7 is the zero locus of the facet polynomial

o

Remark 3.2.2. The definition above can be restated as follows: For X, a general K3 surface
of the family induced by ¢, let X} = X;N(C*)3; then ¢ is tempered if the image of the higher
Chow cycle & := (z,y,2)x; € CH*(X;,3) under all residue maps vanishes. (Equivalently,
viewed as an element of Milnor K-theory K (C(X})), & belongs to the kernel of the Tame

symbol, cf. [29].)

In this chapter, we will focus on a special class of Laurent polynomials, namely Minkowski

polynomials. See [I] for the basic definitions and properties of Minkowski polynomials.

Example 3.2.3. Consider the Minkowski polynomial ¢ = z +y + z + (xyz)~" with Newton
polytope A with vertices (1,0,0), (0,1,0), (0,0,1) and (—1,—1, —1), see figure 3.1 Let o be

the facet with vertices (1,0,0),(0,1,0),(—1,—1,—1) and fix (—1,—1,—1) as the ’origin’ of
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Figure 3.1: Newton polytope for the Laurent polynomial ¢ = x + y + 2z + (zyz)~'. Taken
from [7]

the facet. Then clearly one possible choice of the new toric coordinates is:

2% = 22yz
Yy’ = ay’z (3.2.5)
27 =gt

Moreover D% = {z° = 0}, so that D¥ is given by the zero locus of the facet polynomial
¢ = 14+ 27 + y7. Therefore Resp:(x,y,2)x; = Res,o—o(x?,y7,2%)xr = (2°,y7)p: =
(x7,—1 — 2°) = 0. Similarly, any other facet o of this polytope has the property that

(%, y")p= = 0.

The fact that the symbol (z7,y?)p- is trivial for all facets is not a coincidence; in fact,
this is always the case for three-dimensional Minkowski polynomials. More precisely, we

have:
Proposition 3.2.4. Every three-dimensional Minkowski polynomial is tempered.

Proof. In general, it is not true that every Laurent polynomial is tempered; one of the features

of Minkowski polynomials is that they give rise to a decomposition in terms of rational
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irreducible subvarieties, a fact that will be strongly used below. We use the equivalent
definition of tempered as presented in remark [3.2.2]

Noting that D, := D, N X; and D = DN X, = UD, are independent of ¢ # 0, and
X, =X;\D,letv: D — X, and y: X — X, be the natural inclusions. The localization

exact sequence for higher Chow groups reads:
2 T 3 7" 3 % Resp 2
---— CH*(D,3) > CH”(X:,3) > CH*(X;,3) — CH*(D,2)--- (3.2.6)

Now in general, D, is reducible, with components determined by the Minkowski decom-
position of 0. Write D = UD, as the resulting union of irreducible curves, and D] =

D; \ U;(D; N D;). By the localization sequence (for D;), we have
CH*(D;,2) = ket {(JH?(D;, 2) " @,CH\(D; N D;, 1)} . (3.2.7)

Since the edge polynomials of a Minkowski polynomial are cyclotomicﬂ for every 1,7 the
composition

Res;;

CH¥(X;,3) ™S CH*(D;,2) 537 @,CHY(D; N D, 1) (3.2.8)

sends & to zero. By , we therefore have Res;é € CH?*(D;,2) for every i. Since in
dimension 3 the irreducible pieces of a lattice Minkowski decomposition are either segments
or triangles with no interior points, all the D; are rational and smooth. Moreover, since
both the Minkowski polynomial and the decomposition of the facet polynomials are defined
over Q, the D; are rational over Q. Now the Res;¢ are clearly defined over Q (as the
Res,& = (x7,y7) are), and so belong to CH?(P!,2) = K,(Q) = {0},

Therefore Res;&; is trivial, and ¢ is tempered by Remark [3.2.2] O

Remark 3.2.5. The notion of Minkowski polynomial for dimension greater than 3 is not

Lin fact the roots are +1
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yet well understood. However, if we assume the lattice polytopes in the Minkowski decom-
positions of facets have no interior points, then the proof above will extend to dimension 4,
since we would still have rationality of the D; (as above), and no significant problems appear

in the local-global spectral sequence for higher Chow groups.

3.3 The Higher normal function N

Recall that if S is a smooth projective variety, then
Hy,(S,Q(n)) = CH"(S,n) = GrliK,(S). (3.3.1)

Not every member of our family X; is smooth, but we can still have an element in the
motivic cohomology. Such elements can be explicitly represented via higher Chow (double)

complexes, so that we can still use standard formulas for Abel-Jacobi maps [32] §8]:
AJ™™  Hy (X, Q(n)) — H (X, C/Q(n)). (3.3.2)

The Landau-Ginzburg models for the threefolds Vis, Vig, Vis, and Rq, may be defined by

(the Zariski closure of) the families {1 — t¢ = 0}, with ¢ given by:

(I+z+2)A+z+y+2)(1+2)(y+2)

Vig: ¢ =
Tyz
I+z+y+2)1+2)1+y)(1+z)
Vie: ¢ = U
Y (3.3.3)
(z+y+2)(r+y+z+ay+az+yz+ayz)
Vig: ¢ =
Tyz
(1+z+y+2)(eyz + a2y +x2 +y2)
Bi:¢= e

As these families of K3s all have Picard rank 19, their Picard-Fuchs operators take the form

Dpr = >0 Fi(t)(Dy)¥, with F(t) relatively prime polynomials. We call Fy(t) =: o(Dpr),
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Figure 3.2: Newton polytopes for (top) Vig, Ry and (bottom) Vis, Vig respectively. Taken
from [7]

which is taken to be monic, the symbol of Dpp. In the four cases the symbols are
1— 34t + %, 1 — 24t + 16t%, 1 — 18t — 27¢%, and 1 — 2t + &7, (3.3.4)

respectively.
We shall adopt the notation X > P! for the total space of each family, X° = X'\ X, i Al
and X, = X\ X, =3 A}, for restrictions. Henceforward, X will denote any threefold in the

list ‘/127 ‘/167 ‘/187 Rl-

Proof of theorem (3.1.3

Associated to X is a Newton polytope A, and to the latter we associate a Minkowski poly-
nomial ¢. Since by the proposition above, ¢ is tempered, the family of higher Chow cycles
lifts to a class [Z] € CH?(X°, 3) [[14],theorem 3.8], yielding by restriction a family of motivic
cohomology classes [Z;] € H3,(X;,Q(3)) on the Landau-Ginzburg model. (On the smooth

fibers these are just higher Chow cycles.)
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The local system V = R? 1,7 associated to the Landau-Ginzburg model of X has the

following singular points:
o Vip: t=0,174+12v/2, 0
o Vig:t=0,12+8V2, 00
o Vig: t=0,9+6v3,00
e Ri:t=0,4,16,00

(Besides 0 and oo, these are just the roots of o(Dpp).)

In each case, we have an involution «(t) = %, (M =1, %, 5—71, 64), exchanging say ¢; and
ty with 0 < |t1] < |ta] < co. The involution ¢ gives then a correspondence I € Z3(X x 1*X)
which gives a rational isomorphism between V and ¢*V. Since [ induces an isomorphism, the
vanishing cycle v at ¢ = 0 is sent to a rational multiple of the vanishing cycle u; at t = oo.

Hence in a neighborhood of ¢t = 0, we have:

/ ]*wb(t) = / Wy(t) = n/ Wy(t), N c Q* (335)
vt Liye Pu(t)

Moreover, as a section of the Hodge bundle, w; has a simple zero at t = oo and no zero
or poles anywhere else. So I*w,) = Ctw,, for some C' € C*. If we set A(t) = f% wy, then

A(0) =1, and it follows that

, dz p dy A dz
C=lm——>—[ R e
lim A /Mt) €SX, 1y ( t— Mo >

de Ndy A dz
Res® 3.3.6
(i) - @39

where p € sing(X) is the point to which p,() contracts. Hence C' is rational and & := I"w

_n
M

is a rational multiple of tw.
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Now let = := I"E € H},(X,,Q(3)) be the pullback of the cycle, with fiberwise slices Z;.

If AJ is the Abel-Jacobi mapE| as above, then
AT33([Z)]) € H3(X:, C/Q(3)). (3.3.7)
Taking R; to be any lift of this class to H*(X;, C), we may define a normal function by:
N(t) = (R, wy) (3.3.8)

By [14, Prop. 4.1], N(t) has a power series of radius of convergence |t5] > |t1]. Moreover, by

[14, p. 474|, we have

Dpr(N(®)) = o(Dpp)V(1), (3.3.9)

where Y(t) = (2m4)*(, V4, wy) is the Yukawa coupling.
Applying [14, Rem. 4.4], the right-hand side of ([3.3.9) takes the form kt, where (in view
log(t)
of (3.3.4))) k£ = lim;_, @ By writing w; in terms of a basis of e @) V'V about t = 0, we find

that k = C'x where  is the (rational) nonzero entry of N?. We conclude that
Dpr(N(t)) = kt, k € Q". (3.3.10)

Finally, if A(t) = " a,t" is the period sequence, then B(t) = >_ b,t" = —N (t)+A(t)N(0)

is another solution for the Picard-Fuchs equation, so that

N(t) = (aN(0) = b,)t".

Since the radii of convergence for the generating series of a,, and b,, are both |t1] < |t2|, while

that of a,N(0) — b, is |t2], it follows that Z—: — N(0). O

2In smooth fibers, AJ takes a rather simple form in terms of currents, see [31]
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Corollary 3.3.1. N(0) is (up to Q(3)) a multiple of {(3).

Proof. The proof is a direct consequence of the following commutative diagram (See [32]):

H%((X0,Q(3)) —— Ki(Q)

[ ases B (3.3.11)
J3’3(X0) (C3

QB)

|

Where the lower isomorphism is the pairing with wy and r, is the Borel regulator. The
Abel-Jacobi map then reduces to the Borel regulator and by Borel’s theorem it has to be
multiple of ((3). O

Remark 3.3.2. An explicit computation of A(0) for R; has been written in [3]; the com-
putation for V5 was done by M. Kerr and will be available in a forthcoming paper. Below

we present the explicit computation of A'(0) in the case Vig:

Example 3.3.3. Consider Vg which has a Minkowski polynomial given by ¢ = (z + 1)(y +
1)(z 4+ 1)(1 + 2z + y + z); We change the coordinates to simplify the computations and use

the same idea as [3]. The normal function A at 0 takes the following form:

N(0) = /VR{x,y, (1—z—vy)} (3.3.12)
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Where V is the “membrane” V = {(X,y) -1<y<1,—y<z<l1 } We have:

N(0) = /Vlog( )dlog(l —z —y) Adlog(x

=/_11l09(y)</_ 1_x_y )dy

(3.3.13)

where the Q(3) reflects the local ambiguity of N by a Q(3)-period of & (owing to the choice
of lift R). Since the Apéry constant is a real number, we normalize N locally by adding
such a period to obtain N(0) = 7¢(3).

3.4 Maximally unipotent monodromy condition

The proof of Theorem makes use of an involution of the family over t — :I:% to produce
a cycle with no residues on the ¢t = 0 fiber, but with nontorsion associated normal function.
That is, we use the involution to transport the residues of the cycle we do know how to
construct (via temperedness) to over t = 0o

What is absolutely certain is that without a second maximally unipotent monodromy

fiber (at ¢ = oo in our four examples), such a normal function cannot exist. This follows
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from injectivity of the topological invariant into

HomMHS(Q(O)a H3<X*a Q(3))) - @/\EZHomMHS(Q(O); H2(X>\a Q)),

where 3 C P! denotes the discriminant locus. As an immediate consequence, nothing like
Theorem [3.1.3] can possibly hold for Golyshev’s V3o and V34 examples.

While we could broaden the search to all local systems with more than one maximally
unipotent monodromy point, those having an involution (or some other automorphism)
represent our best chance for constructing cycles. Though it is required to apply a couple
of the tools of[14] as written, the hZ.(X;) = 3 assumption is perhaps less essential; if we
drop this, there are many other LG local systems with “potential involutivity”. Inspecting
data from [7], we see that the period sequences 35,49,52, 53, 55,59, 60, 62,97 and 151 have
monodromies that suggest the presence of an involution. This is something we will investigate
in future works.

Finally, we omitted one case with h2.(X;) = 3 ad an involution, namely By (cf. [7]). This
is because there is a second involution, namely ¢ — —t, wich probably rules out a meaninful

Apéry constant (as [ti| = |t2]).
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Chapter 4

Elliptic surfaces with exceptional monodromy

There have been several constructions of family of varieties with exceptional monodromy
group [13],[36]. In most cases, these constructions give Hodge structures with high weight(Hodge
numbers spread out). Nicholas Katz was the first to obtain Hodge structures with low
weight(Hodge numbers equal to (2, 3,2)) and geometric monodromy group Gs. In this chap-
ter I will describe Katz’s construction and prove explicitly that the geometric monodromy

group of one of the family he constructed is Gbs.

4.1 Katz family of elliptic surfaces

In [26], Nicholas Katz studies the appearance of Gy as the monodromy group of a family
of elliptic surfaces. Katz describes 4 families, 3 of which have G5 as geometric monodromy
group. For the sake of simplicity, I will work with one of the 3 families, but the exact same
approach applies to the remaining two in which G5 occurs. We start off, by constructing the
family of surfaces mentioned above.

Let &€ — P! : y? = z(x — 1)(x — 2?%) be a rational elliptic surface with singular fibers at

z=—1,0,1,00. For t # 0, i%, 0o, take a base change by:
E, =P w? =tz(z—1)(z+1) + ¢ (4.1.1)

The result is a family of elliptic surfaces X; — E; with 7 singular fibers on each surface, as
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described below:

X + X
. I m
E « E (4.1.2)
\J 3
P!+ {t}

Proposition 4.1.1. For each X; we have dim(H2(X;)) < 7.

Proof. Set X := X, F := F;,m := X — E. We have that X has 4 singular fibers of type
Iy, 2 of type I, and one of type Ig. Each fiber I,, contributes {5 to the degree of the Hodge

bundle. Therefore, W*Q}X/E has degree 2.i.e W*Q_lx/E = O(p+q). Now:
0% =1 Qs @ 7 Qp 2 7 Qp(p + q)
Which gives h?&o = 2, and a similar analysis gives h;o = 1. Finally, Noether’s formula gives:
hy' =10 — 8hy +10h%° — K% =22

We have 19 algebraic classes coming from the singular components of the singular fibers I,,,

hence the transcendental part is at most 26-19 = 7. O
Remark 4.1.2. In fact, dim(H?2(X;)) = 7 as we shall see.

We now describe a particular choice of 7-dimensional basis of 2-cycles that we will use
henceforward. First, consider the 1-cycles «, 5, v_1, 70,71 over each Ej, as described in figure
4.1 Denote by d;, 02 the basis for the local system over each point of E;, with d;-do = 1.
Let’s see how they behave under the action of the monodromy, but first we analyze the
situation over P!(with z?-coordinate) before the double cover, i.e on y* = z(x — 1)(x — 2),

so that we can predict how the cycles change after the double cover.
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Figure 4.1: 1-cycles over the Base E}

The degeneration in this case is a nodal degeneration on 0,1, the monodromy matrices

are then given by the Picard-Lefschetz formula:

Ty=(51)

T1:(—12(1))

O

(4.1.3)

Now consider the P! which has z coordinate. In order to make it simply connected, we draw
some cuts over it. If we go through paths around —1,0, 1, as described in figure [£.2] we can
look at the image of those cycles under the double cover and see what the monodromy is.
For example, as go around -1 on the z-plane, the image goes to once around zero, then once
around one and one more time around zero again on the z2-plane, hence we can deduce that
the local monodromy around —1 is Ty * Ty * T, *. Applying the same reasoning to 0 and 1,

we get the resulting monodromies:

To=(235)
To= (1) (4.1.4)
Ty=(247Y)



Figure 4.2: Cycles enclosing -1,0 and 1 in P! minus the cuts.
The vanishing cycle at each singular point is then:
® 201 + 0o at -1
e § at 0
e )y at 1

Set 171 = 02 and 19 = 207 + 09, so 1112 = —2 and the vanishing cycle at 0 is precisely
%(771 +1)2). We use henceforward the notation a x b to denote the 2-cycle on X; obtained by

taking the 1-cycle a on a fiber of m; and continuing it along the 1-cycle b on FE;.
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4.2 Construction of the 2-cycles

Now that our notation is established we proceed with the definition of a 7-dimensional
subspace of H2.(X;):
Ai=mxa Cp=m Xy,

1
Ay=mxa Cy= 5(771—1-7]2) X Y0
(4.2.1)

Bi=mxp Ci=mxm
By =m2 x 8
Note that, A, Ay, By, By are trivially transcendental, the same is not true for the C;. The
reason is that the C; may—in fact they do—contain algebraic cycles resulting from classes of
singular fibers. To overcome this, we have to “add" enough cycles in order to make all C;
transcendental.
Let’s take a closer look at the C_q, for example. As we can see from figure we can

pick a cycle equivalent to C'_; but with minimal intersection, in other words:

C+D_=-1
C_.-D,=1
(4.2.2)
CE_=-1
C_l‘E+ - 1

Now, let’s try to eliminate the intersections of C'_; with algebraic classes. Start by setting:

C_1:=C_,+aD_+bD, +cE_+dE, (4.2.3)

If o is the class of the zero section, then the transcendental condition reduces to the following
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Figure 4.3: The 2-cycle C'_4

system of linear equations:

C1-D_=0
C_1-D.=0
Ci0=0 (4.2.4)
C1E_=0
C1E,=0

Without loss of generality we may assume a = ¢ = 0. Solving the system we get that:

~ 1 1
Cfl == Cfl + §D7 + —§E, (425)

By following the exact same reasoning, we deduce that:
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3
9
F2
]
F1
L, L,
L L
L']
Figure 4.4: The 2-cycle Cy
~ 1 1
Ci =01+ §G_ + —§H_ (4.2.6)

where G_ and H_ are the components of the singular fibers of the endpoints.

Now we address Cj, consider the figure Following the idea above, we set:

50 = C’O—I—aL1 +bL2+CL3 —dFl —€F2 —fF3 (427)

42



We again solve the system of equations required for transcendency:

Co- L1 =0
Co- Ly =0
Co- Ly =0
Co-F1 =0
Co-Fy=0
Co-F3=0
50-0—0

The resulting cycle is:

~ 3 1 1 3 1 1
CO:OO+ZL1+§L2+ZL3_ZFl_éFQ_Z_ng

4.3 Computation of the monodromies

(4.2.8)

(4.2.9)

Denote by V' the space generated by the transcendental cycles (A;, Ay, By, B, C/'\_/l, 66, 6’:)

The intersection matrix is:

0 0 020 0 0]
0 0 20 0 0 0
0 -2 0 0 0 0 0
Q=12 0 0 0 0 0 0
o0 0 0 -1 1 2
0O 0 0 0 1 -1/2 —1
00 0 0 -2 -1 -1
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Figure 4.5: The 1-cycles «, 7, ,  and 7, over the Elliptic curve F;

Notice that since det(Q) # 0, we have dim(V) = 7. Since V C H2(X;), Proposition [4.1.1]
implies that dimH2(X;) = 7.

With our transcendental basis (A1, As, By, Ba, 6:, CN’O, /Cvl) defined, we now compute the
monodromies matrices at the singular points ¢t = %, 0, %, oo. For computational purposes,

we will work with figure instead of figure . When t — i%, we have a nodal
degeneration on the base curve FE;. In figure such degeneration can be described as
when the “x” of one cut merges itself with an “x” of the other cut.

It’s straightforward to conclude that in this case, the C; remain unchanged, while in the
other cases the cycles over the vanishing cycles remain unchanged.

Finally, the cycles that do change, do it so according to the Picard-Lefschetz formula since

the degeneration is nodal. In conclusion, we have the following monodromies for %g’ %
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respectively:

(101000 0
0101000
0010000
Mi=10001000
0000100
00000T1O0
0000001
- - (4.3.1)
1 0 00000
0 1 00000
-1 0 10000
M.=]10 -1 01000
0 0 00100
0 0 00010
(0 0 000 0 1

The situation when ¢ — 0 is much more subtle. If one looks at figure 4.5 the endpoints

t
2

of the cuts behave roughly as —1 — %, t and 1 — %, therefore when t go through a path around
0, the endpoints will certain move, but this time not in a nice way as they did in the case
above, they will instead make the ~; cycles cross each other and also o and 8. This is the
crucial point which results in G5 monodromy, as we shall verify.

Let’s start off by analyzing the resulting cycle a of the monodromy action on «. If we
look at figure we see not only « is no longer a vanishing cycle, but also that it crosses
the cuts trivializing the local system. What that means basically is that 7, and 7y might

change after monodromy; this is in fact the case, as we shall see.

Now, consider & — a, as depicted in figure [4.7 Note that the vanishing cycle at 1 is
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Figure 4.6: «, the resulting cycle after monodromy

Figure 4.7: a + «

72, hence any cycle which is the continuation of 7, won’t have monodromy around 1, so we
can simplify a@ — « to encircle only 0, and vice-versa. Using the expression for the local
monodromies we can compute the resulting 2-cycles for the ones that are over «, i.e

A1, As. Denote by My the monodromy at 0, then:

My(Ay) = Ay — 2A5 + 2B, — 2B, — 4C,
- (4.3.2)
Mo(Ay) = 241 — 345 + 6By — 2B, — 4C, — 4C}
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Figure 4.8: 7y, the resulting cycle after monodromy

Similarly, we can follow exact the same procedure for 5. We get:

Mo(By) = —2A; + 64y — 3By + 2By — 4C_; + 4C,
. (4.3.3)
My(By) = —2A; + 2A5 — 2By + By + 4C)
Now, as figure |4.8| suggest, the case for each ~; is more subtle. Contrary to the «,f
cases, the 2-cyle 50, for example, is formed by continuing a 1-cycle that involves both 7y, 7.,
therefore we can’t ignore any of the points —1,0, 1 in computing the monodromy. The result

is the following:
My(Co) = — Ay + 3Ay — 3By + By — 2C_; + Cy + 2C4 (4.3.4)

Following the same procedure again for the remaining cycles, we get:

Mo(C_1) = 24; — 445 + 6By — 2By + C_; — 4Cy — 4C, .
435
Mo(Ch) = —2A; + 64y — 4B, + 2B, — AC_; + 4Cy + C;
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Now we can write our full monodromy Mj:

(1 2 9
-2 -3 6
2 6 -3
My=1-2 -2 2
0 0 —4
—4 —4 4
0 —4 0

—4

(4.3.6)

Since we can rearrange the loops around —1, 0, 1, 0o so that their product is the identity,

we naturally get the expression for M, as the inverse of the prodcut M_- My- M, , leading

to:

0 -4 1
4 0 4
-1 4 =3

-4 0 -4
0 0 4
0 -4 0

4.4 The period mapping for the Katz family

(4.3.7)

Recall that by the Monodromy theorem [1.3.3] all the monodromies are quasi-unipotent.

Hence, all of them have a well-defined logarithm, which we will denote by N; := log(M;),

see chapter 1 for a brief review of this topic.
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A quick computation shows that M is in fact semi-simple, so the unipotent part (Mp),y, is
the identity and hence Ny = 0. The remaining monodromies do have non trivial logarithms:
M, M_ are actually unipotent and M, is the only non-unipotent. We can easily check that
M3 is unipotent though.

If My, = M- M, is the Jordan-Chevalley decomposition and I is the 7x7 identity matrix,

then:

N+ — M+ - [
N. =M —1 (4.4.1)

1
Ny = log(M,) = glog(Mg’O)

We have the following result concerning the monodromy group of the family X;:
Theorem 4.4.1. The log-monodromies N, , N_, N, generate gs.

Proof. Consider the elements:

Yi= [N, N Yi= [V Y]
Ya=[N_,Nu] Yo=[Na,¥3

Yy = [Ny, Nu] Yio = [Nac, i

Yi=[V1,Ys] Y = [Na, Yo (4.4.2)
Y5 =[Y1,Y5] Yo =[Ny, Yi

Yo = [Y2,Ys3]  Yiz = [Nuo, Y12

}/7: D/Qa}/ﬁ] }/14: [N—7}/13]

A quick computation leads us to:

Lemma 4.4.2. The elements N*aN+7}/17}/217}/57}/67Y77}/87}/E)7}/107}/1175/127}/1375/14 are lin-

early independent over Q.
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Figure 4.9: Roots of g

Now define t; := Y; and ty := [V4, Y5], a direct computation gives us that [t1,t3] = 0,
moreover they both are diagonalizable. Let ad(.) denotes the adjoint representation, if we
act through ad(t;),7 = 1,2, on g, we get 14 linearly independent (in both cases) eigenvectors

with 1-dimensional eigenspaces, moreover we have:

1 with eigenvalue -2

4 with eigenvalue -1

4 with eigenvalue 0

4 with eigenvalue 1

1 with eigenvalue 2

Which are in 1-1 correspondence with the roots of go(see figure [1.9), therefore b := (t1,t5)

is a Cartan subalgebra and g = gs. O

This gives us the immediate corollary:
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Corollary 4.4.3. The geometric monodromy group for the Katz familly is Gs.

Henceforward, we denote by I' C (G5 the discrete subgroup generated by the monodromies

M_, My, My, M.,

4.4.1 On the generic global Torelli theorem

The generic Torelli theorem for the family X; follows easily if the VHS determined by the

latter satisfies the following proposition:

Proposition 4.4.4 (|30]). Let V — B\ {p1,...,pn} be a variation of Hodge structures over
a complete curve B, with associated period map ¢ : B — '\ D. If there is a point p; such

that the monodromy M), is of infinite order and satisfies:
1. M,, is not a power of an element in I'.

2. The limiting mixed Hodge structure at p; is not of the same type from the one in

Then the map ¢ is injective off a finite set.

Proof. Consider the variation of Hodge structure V X V* — B x B, given by the exterior
tensor product of ¥V with V*. It has fiber Homgz(Vzp, Vi) over the point (b,0'). Let Ap
denote the diagonal of B x B, by definition ( see chapter [1)) we have that the Hodge locus
B(idy) D Ag.

Now suppose ¢ is not injective off a finite set. Then there is a sequence s,, = (an, b,) €
B(idy)\ Ap, with distinct a;, b;. Since B(idy ) is algebraic [5], we either have B(idy) = Bx B
or B(idy) contains a 1 dimensional component C' distinct from Ap.

If the former holds, then V is isotrivial and the limit mixed Hodge structures are the

same (up to I-action), which contradicts our hypothesis of different LMHS.
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If the latter holds, then B(idy) contains a point of the form (p;, q). Also:
Y0iay) € B . VW™ 0 End(Vi) = Homaas(V, F s W), (V. Fi s W)

Therefore, v gives an isomorphism between the LMHS at p; and ¢. By hypothesis, we can’t
have ¢ = p; for some j # ¢; moreover if ¢ € C, then W{ is trivial, but since M,, is of infinite
order, WP = W(log(M,,)) is not, a contradiction.
Lastly, if ¢ = p; and U is a neighborhood of p;, we have that ¢ is of degree d > 1 on
U \ p;, hence is locally of the form:
A*=2U\p — A* S T\D

(4.4.3)

Z—>Zd

set S := 1, (generator of 7;(A*)), then M; = S¢, a contradiction. O

Remark 4.4.5. The argument in the proof above is still valid when we have LMHS of same

type but not isomorphic.

Now in order to prove the generic global Torelli for the family X;, all we have to do is to
prove that M_, My, M, M, satisfy the hypothesis in the proposition above. The relevant
LMHS are described in figure

As we can see from figure [£.10] the LMHS at ¢t = co can not be isomorphic to the ones at
t_,t.. Moreover, M, is of infinity order, hence the Torelli theorem in this case boils down

to:

Conjecture 4.4.6. The monodromies M_, M, My and M, lie inside a copy of G(Z).
Moreover, if we denote by I' C G3(Z) the subgroup generated by them, then there is no
S e I' such that M., = S* for some k > 2.

However, if we denote by M, the semisimple part of M., then we have that M, =
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Figure 4.10: LMHS at oo and t_, ¢, respectively. A bullet represent the dimension of the
(p, ¢)-component of the Hodge structure on the Graded pieces.

(e2NM1)2, which disproves the conjecture if e2VM ' € I. We do expect the following

result to be true:

Conjecture 4.4.7. There is an automorphism ¢ of the Katz family X, such that ¢ satisfies
7o ¢ =tom, where ¢ is the involution ¢« : ¢ — —t. Moreover, the generic global Torelli holds

for the family X,, where u = ¢2, and X,, obtained by the quotient of X, by ¢.
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