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Abstract  

In this paper, the complex viscoelastically coupled mechanics of fluid-conveying microtubes is 

examined for the first time. The externally excited microtube is assumed to be embedded in a 

nonlinear elastic medium. A scale-dependent theoretical model is developed with consideration 

of curvature nonlinearity within the context of the modified version of the couple stress theory 

(CST). According to Hamilton’s energy/work principle, the coupled nonlinear equations of fluid-

conveying microscale tubes are derived. Both the transverse and longitudinal displacements 

and inertia are taken into account in the continuum-based model and numerical calculations. In 

order to discretise the governing nonlinear differential equations, Galerkin’s weighted-residual 

procedure is employed. The bifurcation characteristics of the fluid-conveying microsystem with 

clamped-clamped boundary conditions are obtained within the framework of a direct time-

integration procedure. It is found that the complex dynamics of the fluid-conveying 

microsystem is very sensitive to the speed of the flowing fluid.  
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1. Introduction 

Microstructures/nanostructures [1-3] conveying fluid have lately been in the limelight of 

many researchers and scientists due to their fascinating applications in various fields of 

microtechnology. Some interesting practical uses of these microscale structures are briefly 

reviewed in the following. Alveringh et al. [4] showed that the transverse deformation of non-

ideal microchannels with an imperfect circular cross-section can be used for pressure sensing. 

Another significant application of fluid-conveying microstructures is in biotechnology and 

modern medicine. More recently, Warkiani et al. [5] designed and fabricated a spiral 

microfluidic machine for isolation of tumour cells from the blood which is used for cancer 

diagnosis.  

In order to accurately design and fabricate a microsystem/nanosystem [6-17], it is 

essential to increase the level of knowledge of its mechanical behaviour including its 

deformation under different applied mechanical forces, especially in the presence of ultrasmall 

size effects [18-28]. To this end, the development of theoretical continuum-based models is 

very useful to pave the way for the formulation of experimental observations [29-34]. The 

application of the classical scale-free elasticity to these structures may be inaccurate since the 

mechanical properties of micro/nanoscale structures have been proved to be size-dependent 

[35-42]. During the last decade, some scale-dependent elasticity theories [43, 44] such as the 

modified couple stress (MCS), the strain gradient elasticity (SGE), the nonlocal continuum 

mechanics (NCM) and the nonlocal strain gradient (NSGT) were introduced. All these modified 

continuum-based theories contain at least one small scale parameter which makes them 

capable of predicting size effects. In comparison with the molecular dynamics (MD) simulation 
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and experimental techniques which are difficult to implement at small scales, the simplicity and 

convenience of scale-dependent continuum models have increased their popularity in recent 

years. While the NCM has been widely employed for nanomaterials such as carbon nanotubes, 

graphene sheets, and piezoelectric nanofilms [45], the MCS theory has been mainly utilised to 

investigate the mechanical response of microplates [46] and microbeams [47]. For this reason, 

in the present analysis the modified version of the couple stress elasticity is employed.    

A vast number of investigations has been reported on the mechanics of macrostructures 

conveying fluid; only a few number of them is reviewed here. The influence of a transverse 

spring support on the stability of macroscale pipes carrying flowing fluid was investigated by 

Sugiyama et al. [48]. Ghayesh et al. [49] also developed a three-dimensional theoretical model 

to examine the dynamic response of fluid-conveying cantilevered macroscale pipes with an 

attached mass at the tip and an intermediate spring support. Furthermore, they conducted 

some experiments to evaluate and calibrate the proposed continuum model.  

In addition to the development of continuum models for macrostructures containing 

flowing fluid, in a few recent years, some size-dependent theoretical models have been 

invented to explore the statics and dynamics of micro/nano scale structures conveying fluid. 

Wang [50] developed a higher-order scale-dependent mathematical model in order to study 

the vibrational response of  fluid-conveying microtubes; in order to capture the size effects, he 

incorporated one length-scale coefficient into a mathematical model based on the MCS theory. 

It was observed that as the velocity of the internal flow increases, the fundamental frequencies 

of the microsystem decrease. In another article, Kural and Özkaya [51] examined the vibration 
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behaviour of a fluid-conveying microscale beam on an elastic bed using the modified version of 

the MCS theory together with a multiple timescale technique as a solution approach for the 

differential equations of motion. Dehrouyeh-Semnani et al. [52] presented a nonlinear 

continuum-based model to analyse the flow-induced dynamic response of both macroscale and 

microscale pipes carrying flowing fluid in pre- and post-flutter regimes employing the MCS 

theory; they used the Runge–Kutta method and the Galerkin approach so as to solve the 

nonlinear differential equations of motion. In addition, a stability analysis was reported in Ref. 

[53] on the fluid-conveying microscale pipes with fixed-free boundary conditions. 

Mohammadimehr and Mehrabi [54] also studied the stability and frequency responses of 

double-bonded axisymmetric cylindrical microshells conveying fluid via the MCS Reddy shells 

theory as well as the generalised differential quadrature method. More recently, the large 

amplitude free and forced vibration analyses of fluid-conveying micropipes [18], carbon 

nanotubes and piezoelectric nanotubes have been reported, showing that the mechanical 

behaviour of these small-scale structures is highly size-dependent. 

This work is aimed at analysing the scale-dependent viscoelastically coupled mechanics of 

fluid-conveying microtubes; this is for the first time. It is assumed that the microtube resting on 

an elastic foundation is subject to an external distributed dynamic loading as well. Using 

Hamilton’s technique, the non-conventional coupled nonlinear differential equations, which 

govern the complex dynamics of the fluid-conveying microsystem, are derived. Both transverse 

and axial displacements are taken into account in the analysis. The discretised form of the 

governing equations are formulated applying the Galerkin procedure to the size-dependent 

continuum-based model of the microtube. The boundary conditions of the system are assumed 
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to be clamped at both ends. The resultant discretised equations are then solved with the help 

of a time-integration procedure. The influence of the fluid velocity on the bifurcation curves of 

Poincaré sections of fluid-conveying viscoelastic microtubes is studied in details. In addition, 

more details of the complex dynamics of the microsystem is given by plotting time histories and 

fast Fourier transforms (FFTs) as well as phase-plane portraits. 

 

2. Scale-dependent continuum model and method of solution 

Figure 1 depicts the schematic representation of a viscoelastic microtube that contains a 

flowing fluid and is embedded in a nonlinear elastic medium. Moreover, the microtube is 

assumed to be under the action of an external excitation load in the form of    cosF x t . The 

flow speed, the length, the inner and outer diameters of the micropipe are shown by Uf, L, Di, 

and D, respectively. It is assumed that the fluid speed is neither a function of time nor a 

function of the Cartesian coordinates (x,z). Both axial and transverse oscillations are taken into 

consideration in the present study. 

In the present section, first the scale-dependent governing differential equations of the 

fluid-conveying microtube are derived with consideration of different sources of nonlinearity in 

order to explore the global complex dynamic behaviour of this microsystem. Then, the derived 

differential equations are discretised with the help of Galerkin procedure. Finally, the complex 

fluid-structure bifurcations of the fluid-conveying microscale system are obtained and analysed. 
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Applying the nonlinear Euler-Bernoulli beam (EBB) model, the axial strain of the microscale pipe 

( xx ) can be expressed as 

 

1
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where û , ŵ  and   stand for the centreline axial displacement, transverse displacement and 

rotation, respectively.  

To capture the size dependence of the system higher-order strains and stresses based on the 

modified couple stress theory are defined, i.e. the symmetric curvature (SCU) tensor, and the 

deviatoric part of the symmetric couple stress (SCS) tensor, denoted by χ and m, respectively. 

The non-zero components of the SCU tensor (  ij ) are obtained as 
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Regarding the Kelvin-Voigt model of viscoelasticity, the axial stress,  xx , and the components of 
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where [α, E] represent the viscosity coefficient and Young’s modulus, respectively, l  stands for 

the length-scale parameter of the fluid-conveying microsystem; the subscripts e and v denote 

the elastic and viscoelastic parts, respectively. 

The motion energy variation of the microsystem is given by  

0 0

0 0

ˆ ˆ ˆ ˆ ˆ ˆ
d d
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 1 1 d d ,

L L

f f
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  (4) 

where m and M are respectively the mass per unit length of the microtube and the fluid. 

Furthermore, one can obtain the elastic energy variation induced by the surrounding elastic 

medium as 

   
3

1 2

0

ˆ ˆ ˆ d ,
L

sU k w k w w x    (5) 

in which k1 and k2 are respectively the linear and nonlinear elastic coefficients of the 

surrounding medium. Taking into account the strain energy, non-conservative work of viscous 

stress, and work of external load, and utilising generalised Hamilton’s principle, one can obtain 

the following nonlinear scale-dependent model for the fluid-conveying microscale tube with an 

internal dissipation (in which nonlinear terms up to third-order are retained) 
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In the above coupled equations f1, μ, and T denote the transverse load, shear modulus, and 

axial pretension, respectively. In addition, it would be more convenient to rewrite Eqs. (6) and 

(7) in a dimensionless form; for this purpose, first the following dimension-free parameters are 

defined 
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Inserting the above parameters into Eqs. (6) and (7), the nonlinear scale-dependent model of 

the microscale system can be rewritten in non-dimensional forms. 

The longitudinal displacement and transverse deflection of the viscoelastic microtube can be 

approximated as 
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kW  and kU  are the shape functions; also, ( )kq  and ( )kr  stand for the kth transverse and axial 

generalised coordinates, respectively. Let us assume that the microtube is clamped at its both 

ends. Galerkin’s decomposition approach to the resultant equations gives 
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Using Eqs. (10) and (11), one can construct a set of coupled nonlinear time-dependent 

differential equations so as to describe the complex bifurcation responses of fluid-conveying 

microtubes with an internal loss. In the present analysis, the number of shape functions along 

each axis is set to 10, leading to a discretised system with 20 degrees of freedom. Finally, with 
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the help of a backward differentiation formula (BDF) as a powerful numerical method, this 

nonlinear coupled system of equations are solved. 

 

3. Numerical results for viscoelastically coupled mechanics 

The complicated nonlinear viscoelastic behaviour of the fluid-conveying microscale 

system is investigated in the following in details by plotting the bifurcation curves associated 

with Poincaré sections. To obtain the numerical results, the elasticity modulus, E=1.44 GPa, 

ρp=1220 kg/m3, and ν=0.38 are used. In addition, the density of the fluid is assumed to be equal 

to ρf =1000 kg/m3 in the present analysis; D=55 µm, L/D = 100, and Di=30 µm. Using these 

material and geometrical properties, the non-dimensional properties of the system are 

obtained as 0 =1.2331×105, β=0.2577, S=100, and  =0.4575. The dimensionless linear and 

nonlinear coefficients of the elastic bed are K1=50.0 and K2=50.0, respectively, while the 

remaining dimensionless parameters are taken as  =5.0, αv=0.0002, and Ωe/ω1=1.0. Unless 

stated otherwise, these values are considered for the fluid-conveying microsystem throughout 

this section. It is worth mentioning that the critical flow velocity of the microscale pipe 

corresponding to divergence is obtained as 8.1446. 

The bifurcation curves of Poincaré sections of fluid-conveying microscale pipes with 

viscoelastic properties are plotted in Fig. 2 for the generalised coordinates of motions along 

both directions; uf =7.9 and ω1=6.36. From Fig. 2a, it is found that the scale-dependent dynamic 

response consists of two main motion types: 1) period-1, and 2) period-3. Furthermore, no 

complicated motion such as chaos is observed in this figure. Complete details of the period-3 
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motion at F1=18 is shown in Fig. 3. Time histories of q1 and q2 are plotted in Figs. 3a and 3b, 

respectively. In addition, the phase-plane portraits are depicted in Figs. 3c and 3d. Fast Fourier 

transforms (FFTs) of q1 and q2 are also illustrated in Figs. 3e and 3f, respectively, while their 

Poincaré sections are plotted in Figs. 3g and 3h.  

The bifurcation diagrams of the fluid-conveying viscoelastic microsystem are indicated in 

Fig. 4 for uf=8.1 which belongs to a microsystem within the subcritical region, but near the 

critical speed. An amount of 6.36 is obtained for the non-dimensional fundamental natural 

frequency of the system. It is observed that when the dimensionless speed of the flowing fluid 

increases from uf=7.9 (Fig. 2) to uf=8.1 (Fig. 4), the complex dynamic behaviour alters 

dramatically. The region in which the system motion is of period-1 type reduces while both 

diversity and complexity of the motion increase. The microsystem exhibits various motions 

including period-1,-2,-3, as well as chaotic. Furthermore, the bifurcation diagram of Poincaré 

sections includes 6 distinct highly chaotic regions. A further increase in F1 makes the 

microsystem-motion periodic first, then at F1=34.1, the microscale microtube starts to 

experience a period-2 motion until F1=35.5. After this point, various motion types including 

period-3, period-4 and quasiperiodic motions occur before F1=35.9, where the second chaos 

occurs. By further increasing F1, some complex motions including other chaotic motions occur 

one after another. It should be noted that between the second and third chaotic motions, the 

microsystem undergoes a period-3 motion.  Also, there is a period-2 motion proceeding with a 

period-4 one between the fourth and fifth chaotic motions, as shown in Fig. 4.  For detail 

comparison purposes, the details of the motion at F1=15 and F1=44.9 are plotted in Figs. 5 and 
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6, respectively. As seen at F1=15, the motion of the viscoelastic fluid-conveying microscale 

system is periodic while the system motion chaos at F1=44.9.  

Figure 7 depicts the bifurcation curves of viscoelastic microtubes containing flowing fluid 

with non-dimensional speed uf=8.2; the microsystem is in the supercritical regime. It is 

observed that the microscale system experiences various types of complex dynamics such as 

period-1,-2,-5 as well as chaotic motion with increasing F1 from 0 to 60; some details of the 

period-5 motion of the microsystem at F1=11 is depicted in Fig. 8. For comparison purposes, the 

bifurcation curves of Poincaré sections of fluid-conveying viscoelastic microtubes for uf=8.3 is 

also plotted in Fig. 9. From Figs. 8 and 9, it is found that the value of fluid velocity (even small 

increments sometimes) has a significant role to play in the dynamic behaviour of the 

viscoelastic microsystem. A small increase in the velocity of the flowing fluid results in a 

dramatic change in the bifurcation response of the microsystem. The complexity of the dynamic 

behaviour decreases with increasing the non-dimensional fluid velocity from 8.2 to 8.3. In other 

words, the number of chaotic regions decreases with increasing the speed of the flowing fluid 

after the critical point corresponding to divergence. Figure 10 shows some details of the 

microsystem motion described in Fig. 9 including the time histories and the phase-plane 

portrait of q1 and q2 as well as their FFTs at F1=2.7. From the figure, a highly chaotic type of 

motion is clearly observed for the microscale tube. 
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4. Conclusions 

In this paper, the nonlinear viscoelastically coupled behaviours of fluid-conveying 

microscale tubes subject to an external excitation force have been explored in details. The 

viscoelastic microtube was assumed to be resting on a nonlinear elastic foundation. In order to 

incorporate the effects of size dependency and viscoelastic characteristics, the MCS theory and 

Kelvin-Voigt model were employed, respectively. The continuous and discretised versions of the 

viscoelastic microsystem model were presented briefly. The resulting time-dependent coupled 

equations were finally solved within the framework of a time-integration scheme. 

It was found that the velocity of the flowing fluid plays a crucial role in the complex 

motion of gyroscopic viscoelastic microscale pipes embedded in an elastic medium. By choosing 

a fluid velocity in the lower ranges of the subcritical regime, a complex chaotic motion can be 

avoided. When the speed of the flowing fluid approaches the critical velocity by growing values, 

the width of the period-1 region of the microsystem decreases substantially. However, both 

diversity and complexity of dynamic behaviour increase noticeably. Beyond the critical fluid 

velocity, the microsystem dynamics experiences a variety of complex motions such as period-1, 

-2, -5 and chaotic depending on the value of the external excitation load. In addition, it was 

observed that beyond the critical state corresponding to divergence, the number of chaotic 

regions decreases for larger flow velocities. 
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Figure 1: A microscale flexible fluid-conveying viscoelastic microtube embedded in a nonlinear elastic medium. 
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(c) 

 
Figure 2: Bifurcation curves of Poincaré sections for fluid-conveying viscoelastic microtubes for uf =7.9. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



25 
 

(a) 

 

(b) 

 
(c) 

 

(d) 

 
(e) 

 

(f) 

 



q
1

990 992 994 996 998 1000

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4



q
2

990 992 994 996 998 1000

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

q
1

d
q

1
/d


-0.4 -0.2 0 0.2 0.4

-3

-2

-1

0

1

2

3

q
1

d
q

1
/d


-0.4 -0.2 0 0.2 0.4

-3

-2

-1

0

1

2

3

Dimensionless circular frequency

F
F

T
[q

1
]

0 3 6 9 12
0

0.02

0.04

0.06

Dimensionless circular frequency

F
F

T
[q

2
]

0 3 6 9 12
0

0.002

0.004

0.006



26 
 

(g) 

 

(h) 

 
Figure 3: Period-3 motion observed in Fig. 2 for F1=18.0. 
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(c) 

 
Figure 4: Bifurcation curves of Poincaré sections for fluid-conveying viscoelastic microtubes for uf = 8.1. 
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Figure 5: Period-1 motion observed in Fig. 4 for F1=15.0. 
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(d) 

 
Figure 6: Chaotic motion observed in Fig. 4 for F1=44.9. 
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(c) 

 
Figure 7: Bifurcation curves of Poincaré sections for fluid-conveying viscoelastic microtubes for uf = 8.2. 
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Figure 8: Period-5 motion observed in Fig. 7 for F1=11.0. 
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(c) 

 
Figure 9: Bifurcation plots of Poincaré sections for fluid-conveying viscoelastic microtubes for uf = 8.3. 
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Figure 10: Chaotic motion observed in Fig. 9 for F1=2.7. 
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