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Abstract. Complete (k,4)-arcs in projective Galois planes are the geo-
metric counterpart of linear non-extendible codes of length k, dimension
3 and Singleton defect 2. A class of infinite families of complete (k, 4)-arcs
in PG(2, ¢) is constructed, for ¢ a power of an odd prime p =3 (mod 4),
p > 3. The order of magnitude of k is smaller than ¢. This property
significantly distinguishes the complete (k, 4)-arcs of this paper from the
previously known infinite families, whose size exceeds ¢ — 6,/q.

Mathematics Subject Classification. 51F21.

Keywords. (k, 4)-arcs, Quintic curves, Hasse-Weil bound.

1. Introduction

A (k,s)-arc in PG(2,q), the projective Galois plane over the finite field F,
with ¢ elements, is a set of k points no (s+ 1) of which are collinear and such
that there exist s collinear points. A general introduction to (k,s)-arcs can
be found in the monograph [10, Chapt. 12], as well as in the survey paper
[13, Sect. 5]. A natural problem in this context is the construction of infinite
families of complete (k,s)-arcs, that is, arcs that are maximal with respect
to set theoretical inclusion. From the standpoint of Coding Theory, complete
(k, s)-arcs correspond to linear [k, 3,k — s],-codes which cannot be extended
to a code with the same minimum distance.

In the case s = 2, the theory is well developed and quite rich of constructions;
see e.g. [1-3,9,12,13,18,19] and the references therein, as well as [10, Chapt. 8-
10]. On the other hand, for most s > 2, the only known infinite families either
consist of the set of F,-rational points of some irreducible curve of degree s
(see [7,14,20] for s = 3, as well as [6] for s > 3), or arise from the theory of 2-
character sets in PG(2, q) (see Sects. 12.2 and 12.3 in [10], as well as the more
recent work [8]). For s = 3 smaller complete (k,3)-arcs have been recently
constructed in [4]; they consist of a subset of F,-rational points of a curve of
degree 4.
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In this paper we provide a new class of infinite families of complete (k,4)-arcs
in PG(2,¢). Our main result is the following.

Theorem 1.1. Let o be a non-square power of a prime p > 3, with p = 3
(mod 4). Define

B if o=p>29, 0=i€{1,234} (mod5),
(o) = - , .
2\/g—|—p—2 if o>p°.

Then, for each power q of o with q > 58064408, there exists a complete (k,4)-
arc in PG(2,q) of size
)

k< ™91
ag

A lower bound for the minimum size of a complete (k,4)-arc in PG(2,q) is

12(q + 1); see [11]. The order of magnitude of the (k,4)-arcs constructed in
Theorem 1.1 is significantly smaller than that of the previously known families.
In fact, complete (k,4)-arcs arising from quartic curves have at least ¢+1—6,/q
points.

On the other hand, the size of the arcs of Theorem 1.1 is asymptotically smaller
than ¢. For example, if 0 = p? with p > 83, then ¢ = ¢” can be chosen and
the bound on k is roughly ¢2°/27.

The points of the (k,4)-arcs constructed in this paper belong, with at most 8
exceptions, to the set of F,-rational points of the quintic curve Q with equation
Y = X°. It should be noted that for this reason they share at most 28 points
with an irreducible quartic. The proof of their completeness is based on a
classical idea going back to Segre [16] and Lombardo-Radice [15]. In order to
show that the 4-secants of the (k,4)-arc cover a point P off the quintic curve Q,
we construct an algebraic curve Hp defined over F, describing the collinearity
of four points of the arc and P, and then prove that Hp has an absolutely
irreducible component defined over F,; the Hasse-Weil bound guarantees the
existence of a suitable Fy-rational point in Hp. Finally we deduce that P is
collinear with four points in the arc. The main difficulty here is that Hp is not
a plane curve, but a curve embedded in the 4-dimensional space; see Eq. (6).
This is why the theory and the language of Function Fields have been used in
order to show that Hp possesses an absolutely irreducible component defined
over [Fy.

The paper is organized as follows. In Sect. 2 we summarize the notions and the
results from the theory of Function Fields that will be used in the paper. In
Sect.3 we show how it is possible to construct complete (k, 4)-arcs from quartic
curves, with & > ¢ — 6,/q + 1. In Sect. 4, we construct a (¢/o,4)-arc K. lying
on Q; it is associated to an additive subgroup M with index o in F,. We show
in Sect. 5 that under the conditions of Theorem 1.1, the 4-secants of K. covers
almost all points of PG(2,¢)\Q. To this end, we thoroughly investigate the
curve Hp and its function field. A 5-independent subset in the factor group
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F,/M is constructed in Sect. 6. This allows us to show in Sect. 7 how to cover
the points of Q, for ¢ large enough, by joining more copies of C..

2. Preliminaries from Function Field theory

We recall that a function field over a perfect field LL is an extension F of IL such
that F is a finite algebraic extension of L(«a), with « transcendental over L.
For basic definitions on function fields we refer to [17]. In particular, the (full)
constant field of F is the set of elements of F that are algebraic over L.

If F/ is a finite extension of F, then a place P’ of F’ is said to be lying over a
place P of F if P C P’. This holds precisely when P = P’ NF. In this paper,
e(P’|P) will denote the ramification index of P’ over P. A finite extension F’
of a function field F is said to be unramified if e(P’'|P) = 1 for every P’ place
of F’ and every P place of F with P’ lying over P. Throughout the paper, we
will refer to the following results.

Theorem 2.1 [17, Cor. 3.7.4]. Consider an algebraic function field F with con-
stant field L containing a primitive n-th root of unity (n > 1 and n relatively
prime to the characteristic of L). Let u € F be such that there is a place Q of
F with ged(vg(u),n) = 1. Let F' = F(y) with y™ = u. Then

1. ®(T) = T™ — u is the minimal polynomial of y over F. The extension
F’' : F is Galois of degree n and the Galois group of F' : F is cyclic;
2.
e(P'|P) = D where rp = GCD(n,vp(u)) > 0;
rp
3. L is the constant field of F';
4. let g’ (resp. g) be the genus of F' (resp. F), then

1

r_

gfl+n(g—1)+§ E (n—rp)degP.
PEP(F)

Theorem 2.2 [17, Th. 3.7.10]. Consider an algebraic function field F with con-
stant field I of characteristic p > 0, and an additive separable polynomials
a(T) € LIT] of degree p™ with all its roots in L. Let u € F. Suppose that for
each place P of F there is an element z € F (depending on P) such that either
vp(u—a(z)) >0
or
vp(u—a(z)) = —m withm >0 and p fm.

Define mp := —1 in the former case and m, := m in the latter case. Let
F' = TF(y) be the extension with a(y) = w. If there exists at least one place Q
such that mqg > 0, then

1. the extension F' : F is Galois of degree p™ and the Galois group of F' : F is
isomorphic to the additive group {a € L : a(a) = 0};
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IL is the constant field of F’;

each place P in F with mp = —1 is unramified in F' : F;
each place P in F with mp > 0 is totally ramified in F' : F;
let g’ (resp. g) be the genus of B/ (resp. F), then

p"—1
2

—2+4 > (mp+1)degP
PEeP(F)

g =p"g+

An extension such as F’ in Theorem 2.1 or 2.2 is said to be a Kummer extension
or a generalized Artin—Schreier extension of F, respectively.

Denote by I, the finite field with ¢ elements and let K be the algebraic closure
of F,. A curve C in some affine or projective space over K is said to be defined
over F, if the ideal of C is generated by polynomials with coefficients in F,.
Let K(C) denote the function field of C. The subfield F,(C) of K(C) consists of
the rational functions on C defined over Fy. The extension K(C) : F(C) is a
constant field extension (see [17, Sect. 3.6]). In particular, F,-rational places
of F,(C) can be viewed as the restrictions to F,(C) of places of K(C) that are
fixed by the Frobenius map on K(C). The center of an F,-rational place is an
F,-rational point of C; conversely, if P is a simple F,-rational point of C, then
the only place centered at P is F-rational.

‘We now recall the well-known Hasse—Weil bound.

Theorem 2.3 (Hasse-Weil bound, [17, Theorem 5.2.3]). The number N, of
Fy-rational places of a function field F with constant field F, and genus g
satisfies

[Ng — (¢+ 1] <294
In order to apply the Hasse—Weil bound, the following lemma will be useful.

Lemma 2.4. Let F =F,(01,...,0,) be a function field with constant field Fy.
Suppose that [ € F[T] is a polynomial which is irreducible over K(B1,. .., [n)
[T]. Then, for aroot z of f, the fieldF, is the constant field of Fq(f1, ..., Bn)(2).

Proof. Let Fy be the constant field of Fy (51, ..., 3,)(%). Then

Fq(Brs--Bn) SFq(Br,. .., Bn) SFq(Br,. .., 0n)(2) =Fq(Br, ..., Bn)(2).

Clearly f is irreducible over Fg (01,...,0,); then [Fy(B1,...,0n)(2)

Fo(Br,-..,00)] = deg(f) = [Fq(B1,s---,0n)(2) : Fg(B1,--.,053,)], and hence
[Fy(B1,-..,Bn) : F(Bi, ..., 3n)] = 1. This implies Fy = F,. 0

3. (k,4)-arcs from quartic curves

An absolutely irreducible quartic curve is always a (k,4)-arc. By the Hasse—
Weil bound the size of such arc is lower bounded by ¢—6,/g+1. In the following
we show how to construct a complete (k,4)-arc starting from a particular
quartic curve.
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Throughout this section, ¢ is a power of a prime p > 3, and C = {(x,2%) | z €
F,} is the set of the F,-rational affine points of the plane curve with equation
Y = X4

The following proposition shows the collinearity conditions of four points of C
and one point of AG(2,¢)\C.

Proposition 3.1 [4, Propositions 2 and 4]. Four distinct points A = (u,u*),
B = (v,v*), C = (w,w*), D = (t,t*) of C and P = (a,b) € AG(2,q)\C are
collinear if and only if

u+v+w+t=0

w? + (u+v)w+u? +uv+ 02 =0 : (1)

a(u? +v?)(u+v) —ww(u? +uv +0?) —b=0

Proposition 3.2. Let a,b € F, with b # a*. The equation {1(u,v) = 0, where
01 (u,v) = a(u? +v?)(u 4 v) — uv(u?® + uwv 4+ v?) — b, (2)

defines a function field E1 = Fq(u,v) with genus at most 3 whose field of
constants is .

Proof. Let £; be the plane quartic curve with affine equation ¢1(U,V) = 0,
with ¢; as in (2). If b = 0 then (0,0, 1) is an ordinary triple point and no lines
through it are contained in &;. Therefore &; is absolutely irreducible. If b # 0
then it is easily seen that & is nonsingular and therefore irreducible and of
genus 3.

Since Ej is the function field Fy(&1) of &1, the thesis follows. O
Proposition 3.3. Let a,b € F, with b # a*. The equation

w? + (u+v)w+u? +uv+ 02 =0 (3)
defines an extension By = Ey(w) with genus at most 9 whose field of constants
is Iy

Proof. By the substitution ¥ = w + (u 4+ v)/2, we have Fy = E;(¢). By
straightforward computation,

1 3
P2 = ~1 (3u® + 2uv + 30v%) = ~1 (u — a1v) (u — agv),

where aq,ay are the two distinct solutions of 372 + 2T + 3 = 0. By the
assumptions on a, b and the characteristic p, it is easily seen that the poly-
nomial ¢1(a;V, V) is not a square in F,[V]. Then v? has at least one zero in
F,(u,v) with odd multiplicity, and hence 9?2 is not a square in F,(u, v). There-
fore, by Theorem 2.1, Fy(u,v,w) : Fy(u,v) is a Galois extension of degree 2;
by Lemma 2.4, F, is the field of constants of Ey = F,(u,v,w). Since ¥? has
at most 8 zeros in F,(u,v) with odd multiplicity, the genus of Fy is at most
1+2(3-1)+8/2=09. O

Let B5 = Fq(u,v,w,t), with u+v+w+t = 0. Since E3 = E,, we have shown
that E3 is a function field with genus at most 9 and field of constants F,.
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Theorem 3.4. Assume that ¢ > 431. Then there exists a complete (q+2,4)-arc
A in PG(2,q) containing C.

Proof. Let a,b € Fy with b # a*. We count the number of poles and zeros of
u—v,u—w, u—t,v—w,v—t and w—t in Fy(u,v,w,t) = F,(u,v,w). The
poles lie over the four unramified places of Fq (u,v) centered at the ideal points
of &. Since [Fy(u,v,w,t) : Fy(u,v)] = 2, the number of poles of u — v, u — w,
u—t,v—w,v—t and w—tin Fq(u,uw,t) is 8. Since the zero divisor and
the pole divisor of u — v have the same degree [17, Th. 1.4.11], the number of
zeros of u — v in ?q(u,mw,t) is at most 8; the same holds for v — w, u — ¢,
v—w,v—t,and w —t.

Therefore, if the number N, of IF;-rational places of Fs is greater than 84-6-8 =
56, then there exists an IF‘ —ratlonal place Q of E3 such that P = ( b) €
AG(2,¢)\C is collinear Wlth four distinct points (u(Q), u(Q)*), (v(Q),v(Q)*),

(w(Q),w(Q)4), (t(Q),t(Q)4) of C. By Theorem 2.3,
Ny >q+1-29(Es3)\/g>q+1—-18/q.

The hypothesis ¢ > 431 implies IV, > 56.
We proved that C is a (g, 4)-arc which covers all the points of PG(2, q), except
at most the ideal line.
Consider now an ideal point (1,a,0), with a # 0. This point is collinear with
four distinct points of C if and only if there exist u, v, w,t € F, pairwise distinct
such that

u+v+w+t=0

w? + (u+v)w+u? +uv+02=0.

ud +utv+u? + 03 =a
Arguing as above we can easily prove that for each a € Fj, ¢ > 431, the
previous conditions are satisfied and therefore the point (1, a,0) is covered by
C. Also, the points (0,1,0) and (1,0,0) are not collinear with four distinct

points of C. This shows that there exists a complete (k,4)-arc in PG(2,q) of
size ¢ + 2 containing C. O

4. (k,4)-arcs from quintic curves

Throughout the rest of paper, p is an odd prime with p > 5 and p = 3 (mod 4),
o =p" with b’ odd, ¢ = p" with h > b/, W | h, and K = F, is the algebraic
closure of I, .

Let
Q= {(x7x5) [EAS Fq}

be the set of the Fy-rational affine points of the plane curve with equation
Y = X°. The following propositions show the collinearity condition of three
and four points on the quartic Q.
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Proposition 4.1. Let A = (u,u®), B = (v,v°), C = (w,w®), D = (t,t°) be four
distinct points of Q. They are collinear if and only if

w3+ w?(u+v) + wu? +uv +0?) + (u+v)(u? +v2) =0
2 +t(u+ v+ w) +u? 4+ 0% + w? + uw + uw + vw =0 ’

Proof. A, B,C, D are collinear if and only if

U u® 1 U u® 1
det | v—u v°—u® 0] =det|{v—u >—u® 0] =0,
w—u w’—u® 0 t—u t—ud 0

that is

(v —u)(w —u)(w —v)[w? + w?(u+v) + wu® +uv+v*) + (u+v)(u* +v°)] =0

(v —u)(t —u)(t —v)[t* + 2 (u + v) + t(u? + wv + v?) + (u+ v)(u? + v?)]=0 ’
As A, B,C, D are distinct, the assertion follows. d
Proposition 4.2. Let A = (u,u’®), B = (v,v°), C = (w,w®), D = (t,%),
E = (r,7%) be five distinct points of Q. They are collinear if and only if

w3 4+ w?(u +v) + wu? +uwo +v?) + (u+v)(u? +02) =0
2+ t(u+v+w)+u? + 0%+ w? + uww + uw + vw = 0
ut+v+w+t+r=0

Proof. By Proposition 4.1, the points A, B, C, D, E are collinear if and only if

w3 + w?(u+v) + wu? +uv +0?) + (u+v)(u? +02) =0
2 +t(u+v+w)+u? + 0%+ w? + uw + uw + vw = 0
2 +r(u+v+w)+u? 4+ v+ w? + w4+ uw + vw =0
Since r # t, the assertion follows. O

Next we construct a (k,4)-arc contained in Q from a coset of an additive
subgroup of IF,. Let

M ={(a" —a) |a€F,}, (4)
and
Ke = {(v,v5) |ve M+e}, (5)
with e ¢ M.

Proposition 4.3. No five points of K. are collinear.

Proof. By Proposition 4.2, if five distinct points (a; + e, (a; + €)°), a; € M,
i=1,...,5, are collinear then



992 D. Bartoli et al. J. Geom.

a1 +e+as+et+az+et+as+e+as+e=0, hence
—be=a1+as+az+as+as € M.

Since p # 5 and M is closed under addition by elements of F,, then e € M, a
contradiction. O

5. Points off Q are covered by IC,

Consider a point P = (a,b) € AG(2,¢)\Q. Arguing as in Proposition 4.2 we
can prove the following.

Proposition 5.1. Four distinct points A = (u,u’), B = (v,v°), C = (w,w"),
C = (t,t%) of Q and P = (a,b) € AG(2,¢9)\Q are collinear if and only if

w® + w?(u+v) + wu? + uw +v?) + (u+v)(u? +0?) =0
2+ t(u+v+w) +u? + 0% +w? + uw + uw +vw =0 .
b+ uv(u? +v?)(u+v) — alu* + udv + u?0? + uvd +vt) =0

Proof. The first two equations are the collinearity conditions for A, B,C, D,
whereas the third is the collinearity condition for A, B, P, since

u u’ 1
det [ v 0° 1| =(—u)[b+uv(w®+v*)(u+v)
a b 1

—a(u + v*v + u*0? + w® +0h)].
0
In particular, if the points of Q have the form A = (u + e, (u + €)®), B =

(v+e,(v+e)d), C = (w+e,(w+e)’), D = (t+e, (t+e)®), then the conditions
in Proposition 5.1 read

w3 +w?(u+ v+ 5e) + w [u? + uv + v? + be(u + v) + 10€?
+ (u+v)(u? + v?) + be(u? + uv + v?) + 9e?(u + v) + 7e3 =0

2+ t(u+v+w+5e) +u? + v+ w? + w4+ uw + vw
+e[3(u+v+w) + 2(uv + uw + vw)] + 10e? = 0

b+ (u+e)(v+e)(u+ v+ 2e) [u? + v* + 2e(u + v) + €2
—afu + udv + u?0? + wvd + v + Se(u + v)(u? + v?)
+10e?(u? + uwv 4+ v%) + 93 (u + v) + 4e*] =0

Therefore, the following result holds.

Corollary 5.2. A point P = (a,b) € AG(2,¢)\Q is collinear with four distinct
points of K. if and only if there exists an Fy-rational affine point (z,y, z,7),
with ©% —x, y° —y, 27 — z, v7 — r pairwise distinct, lying on the curve Hp
with equations
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(Z2° —Z)° +(2° — 2)2(X° =X +Y° —Y + 5¢)

+(2°-2) (X7 =X)?+ (X7 =X) (Y7 =Y)+ (Y7 =Y )?+5e(X7 —X+Y 7 —Y)+10¢?]
+(XT =X +Y7—Y)[(X7 - X)2+ (Y7 —Y)?]

+5e [(XT=X)?+H(XT=X) (Y7 =Y)+(Y7=Y)?] +9e* (X =X +Y7—Y)+7e® = 0

(R —R)?4+ (R —R)(X? —X4+Y7 —Y +2° —Z+5e)+ (X7 — X)2 + (Y7 —Y)?
H(Z7 =2+ (X7 = X)Y7 —Y)+ (X7 - X)(Z° - Z)+ (Y —-Y)(2Z2° - 2)
+e3(X7—X+Y7 Y +27 - 2)

+2((X7 = X)(Y7 —Y)+ (X7 = X)(Z2° - Z)+ (Y7 —Y)(Z7 — Z))] +10e®> =0

b+ (X=X +e)(Y7-Y +e)(X7—X+Y7 —Y + 2€)
X7 =X+ (Y7 —Y)? +2e(X7 — X +Y7 —Y) + €7
—a[(X“ —XMH (X7 = XY —Y) 4+ (X7 = X)P(YT —Y) P4 (X7 - X)(Y7 - Y)?
+ (Y7 -Y)* +5e(X7—X+Y7-Y) [(X7-X)*+(Y°-Y)?]
+ 10e2((X"—X)2+(X"—X)(Y"—Y)+(Y”—Y)2)+963(X”—X+Y"—Y)+4e4] =0

(6)

Consider the following sequence of function fields:

Fr =Fs(r):r? —r =t

Pt —wty’ —y+27 —z45e) + (a7 — )’ + (v —y)®

+(27 = 2)?

_ CHET =)y )+ (27 —2) (27 - 2) + (¥ —y)(z7 - 2)

FG—F5(t)'+e[3(xa_m+yo_y+za_z)

2 +2((=7 = 2)(y7 —y) + (27 = 2)(27 = 2) + (17 —y)(z7 - 2))]
+10e? =0

Fs=Fy(2): 29 —z=w

(e

w? +w?(2” —x +y° — y+ 5e)

7 +w[(@7 = 2)? + (27 = 2)(y" —y) + (7 —y)* +Be(z” —x+y” —y)
Fi = Fy(w) : +1062]
(2 x4y —y) (@7 —2)’ + (7 —y)?)
3 +5e((x” =)’ + (27 —2)(y" —y) + (7 —y)?) +9e*(x” —x +y7 —y)
+7¢* =0

Fs=F(y): y7 —y=v
g

F=F((x): 2 —z=u

b+(u+e)(v+e)(u+v+2e)[u + 02 + 2e(u + v) + €?]
Py =Fg(u,v) : —afu* +udv +u?0? + uv® + v* + Be(u + v) (u? + v?2)
+10e2 (u? + uv 4+ v2) + 9e3(u + v) + 4e?] =0

We are going to show that each extension F; : F;_; is well-defined and that
the field of constants of each function field F; is ;. We will also estimate the
genus g; of F;. Finally, by using the Hasse—Weil bound, we will show that if ¢
is large enough with respect to o, then F7 has a large number of F,-rational
places. By the equations defining F7, this implies that the curve Hp possesses
a large number of [F -rational points.
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We will first show that Fy is a function field with genus 6 whose field of
constants is ;. Equivalently, the plane quintic curve H; with affine equation
G1(U,V) =0, where
GiUV)=b4+U+e)(V+e)(U+V+2e) [U>+V>+2e(U+V)+ e’
—a[U+ UV + UV2 4+ UV + V4 5e(U + V) (U? + V?)
+10e*(U* + UV 4+ V?) + 9¢*(U + V) + 4e],
is absolutely irreducible and has genus 6.

Proposition 5.3. Let a,b € F, with b # 0 and b # a®. Then Hy is absolutely
wrreducible and has genus 6.

Proof. The ideal points of H; are P, = (1,0,0), Q1 = (0,1,0), and R} =
(1,£4,0), i = 1,2,3, with £ a primitive 4-th root of unity; being distinct, they
are simple points. We have

ovGL(U,V)=(V —(a—c¢e))
(AU +e)* +3(U+e)*(V+e)+2(U +e)(V+e)? + (V+e)?)
ovGL(U, V)= (U —(a—ce))
(U+e)P+2(U+e)?*(V+e)+3U+e)(V+e)?+4(V+e)?).

Since b # a®, no points (U, V) € H; have either U = a—e or V = a—e. Also, the
resultant of dyG1(U,V)/(V — (a —e)) and Oy G1(U,V)/ (U — (a — e)) with
respect to U is 2000(V + €)? and 2000(U + ), respectively. Since p > 5,
OuG1(U,V) = 0y G1(U,V) = 0 if and only if (U, V) = (—e, —e), which is not
a point of H; as b # 0. Therefore, H; is non-singular; hence, H; is absolutely
irreducible and has genus 6. O

Proposition 5.4. Let a,b € F, with b # 0, b # a°, and a # e. The equation
2% —x = u defines an extension Fy = Fy(x) with genus go = 90 — 3 whose
field of constants is IFy.

Proof. By Proposition 5.3, H; is a non-singular curve such that Fy = Fq(H1).
Thus, places of K(u,v) can be identified with points of H;. The tangent lines
at the ideal points of H; are

lp,:V=a—e, lo, : U=a—e, ERi:V—giUz(ﬁi—l)(a+4e)/4.

Here, the assumption a # e assures that U = 0 and V = 0 are not tangent
lines at the ideal points of Hy; hence,

vp (u) = vpi(u) = =1, v, (u) =0,
v, (v) = URi (v) =-1, wvp, (v)=0. (7)

Consider the function field K(u, v)(z) = K(v,z) defined by u = 27 — z. Also,
for each place centered at an affine point and for @, there exists p € K(u,v)
such that the valuation of u — (p — p) at that place is non-negative; in fact,
it is sufficient to consider p = 0. Hence, we can apply Theorem 2.2, so that
K(z,v) : K(u,v) is a Galois extension and [K(z,v) : K(u,v)] = 0. Moreover
Py and Ri, i = 1,2,3, are the only totally ramified places; all other places
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are unramified. By Lemma 2.4, F, is the constant field of F» = F,(z,v). The
genus is given by

oc—1
Gp=og+—— -2+ > (mp+1)degP
PeP(K(u,v))

—1
:60—+UT(—2+4(1+1)) =90 — 3.
O
Denote by P, R} the places of K(x,v) lying over P;, R}, respectively. Also,
let Q3,...,QF be the places lying over Q.

Proposition 5.5. Let a,b € F, with b # 0, b # a°, a # e, and a # —4e.
The equation y° —y = v defines an extension F3 = Fy(y) with genus g3 <
1002 — 30 — 1 whose field of constants is F,,.

Proof. In K(z,v) we have
vp, (U) = 07 /UQQ (U) = 715 UR% (’U) = —0.

The element v — &'u € K(u, v) satisfies v (v — §u) = 0. Let k; € K be such
that k7 = ¢, and consider p; = k;x; then,

v—(p] —pi) =v =& +kiw=v— €7

+eo—rt ki =v—Eu+t (ki — &)

Fori =2, &= —1and ky = —1; hence, vpz(v — (0§ — p2)) = 0. For i € {1,3},
we have that k; # £ by the assumption 4 { (0 —1); hence, vp; (ki —&")x) = —1
and vp; (v—(p7 —p;)) = —1. For the places centered at affine points, at P», and

at Q%, it is sufficient to choose p = 0. Then, by Theorem 2.2, K(z,y) : K(z,v)
is a Galois extension with [K(z,y) : K(z,v)] = o and

oc—1
g3 = ogs + 5 -2+ Z (mp + 1) deg P
PeP(K(z,v))

-1
< a(9a—3)+07(—2+(a+2)(1+1)) = 1002 — 30 — 1.
Finally, by Lemma 2.4, F, is the constant field of F5 = F,(z,y). O
In the extension K(z,y) : K(z,v) the unique totally ramified places are
Q3,...,Q8, Ry, and R3; let Q3,...,QF, R}, and R§ be the places lying over
them. All other places are unramified; denote by P and Rg’l, 1=1,...,0, the
places lying over P, and R3, respectively.
Now we investigate an auxiliary function field.
Lemma 5.6. Let a,b € F,, with b # 0 and b # a°. The equations
2 4pP45us
0= ™
64150° — 64apSA* + 80u* N5 — 80au*A*
+7612\° + 180au®A\* — 256bu? — 250° + 25a\* = 0
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define a function field F,(p, A, n) with genus at most 53, whose field of constants
s Iy

Proof. We divide the proof in three steps.

1. We show that the equation C(p, A) = 0, with

C(p, N) = 64p°\° — 64ap>\* + 80p%\°
—80ap® A\t 4 T6pA% 4 180apA* — 256bp — 250° + 25a\?,

defines a function field F,(p, A) of genus at most 8, whose field of constants
is .

Let Poo = (1,0,0) and Qo = (0,1,0) be the ideal points of the curve
C: C(R,L) = 0. The point Py, is singular with multiplicity 5; the tangent
lines at Py, are L = 0 with multiplicity 4 and L = a. The point Q
is singular with multiplicity 3; the tangent lines at ., have equation
R=1/4, R=-3/4++/—1, and R = —3/4 — \/—1. The affine points of
C are non-singular.

The curve C has no linear components. In fact, assume by contradiction
that the line ¢ is a component of C. If Py, € ¢, then ¢ has equation
L = k; hence, either k = 0 or k£ = a, which implies either 2560 = 0 or
256(a’® — b) = 0, against the assumptions. If Q.. € ¥, then ¢ has equation
R = k; hence, either 256b = 0, or k£ = 0 and 25 = 0, impossible.

The curve C has no proper components of degree higher than one. In
fact, assume by contradiction that C splits into two proper components
C; and Cg_;, where C;, Cg; have degree i, 8 — 7; also, the product of the
leading terms of C; and Cs_; equals 64p3\°. By comparing the coefficients
of C; - Cs—; and C for each i € {2,3,4}, we get b = 0, a contradiction.
Therefore, C is absolutely irreducible. As C has two singular points of
multiplicity 5 and 3, the genus of C is at most 8. The thesis follows,
since F4(p, A) is the function field of C, and Fy is the field of constants of
F,(p,A) by Lemma 2.4.

We show that the equation p? = p defines a Kummer extension Fy(u, \) =
Fy(p, A)(p) with genus at most 18, whose field of constants is F,,.

The function p has two zeros in K(p, \), namely the simple zero A, cen-
tered at (0,a) and the zero Ay with multiplicity 4 centered at (0, 0).
Hence, p is not a square in K(p,\). Also, there are at least two places
and at most six places of K(p, A) at which p has odd multiplicity; namely,
the place A, and between one and five places lying over the pole P,
of p in K(p). Then, by Theorem 2.1, the genus of F,(x, A) is at most
1+2(8—1)+6/2 = 18. By Lemma 2.4, I, is the field of constants of
FCJ(Nv )‘)

We show that the equation 772 = —%ﬁ“ﬁ

defines a Kummer extension
Fy(p, A,n) = Fq(p, A)(n) with genus at most 53, whose field of constants
is IFy.

Let A, be the place of K(u.)) lying over Ay; then v (n®) = —1. There-
fore, K(u, A\, n) @ K(u,A\) is a Kummer extension, and A, is ramified
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in K(g,\,n) : K(u, A). There are exactly five places of K(u, ) lying
over Pu; they are ramified in K(u, A\, n) : K(u,\). Let pq,pe2, ps be
the three distinct solutions in p of the equation 4u3 + 5u + 5 = 0. For
i =1,2,3, there are at most 10 places of K(u, A,n) which are ramified in
K(p, A,n) : K(p, A) and lie over the zero of p — u? in K(p).

All other places are unramified in K(u, A, 7) : K(g, A). Then, by Theorem
2.1, the genus of F,(u, A,n) is at most 1 + 2(18 — 1) + 36/2 = 53. By
Lemma 2.4, F is the field of constants of F,(u, A, n).

O
Proposition 5.7. Let a,b € F,, with b 0 and b # a®. The equations
b+ (u+e)(v+e)(u+ v+ 2e) [u? 4+ v? + 2e(u + v) + €2
— a[u4 + vt + u?0? + uv® + vt + Se(u + v)(u? + v?)
+10e?(u? + uwv 4+ v%) + 93 (u + v) + 4e?] =0 (8)

w3 +w?(u+ v+ 5e) + w [u? + uwv + v? + Se(u + v) + 10€?]
+ (u+v)(u? + v?) + be(u? + uv + v?) + 9e?(u + v) + 7e3 =0

define a function field Fq(u,v,w) with genus at most 53, whose field of con-
stants is Fy.
Proof. Let X be the space curve with affine equations C1(U,V,W) = 0 and
Co(U,V,W) = 0, where
CLU,V,W)=b4+UV (U + UV +UV? +V?)
—a (U*+ UV + UV +UVE 4+ VY,
Co(UV,W) =W+ WU + V) + W (U? + UV + V?)
+ (U + UV +UVE4+ V).
Denote by @, v, w the coordinate functions of X'. Now consider the morphism
o: (U, V,W,T)— (M,L,E,T)=(U/W +V/W+1/2 W,U/W — V/W,T).
Then X is F,-birationally equivalent to the curve ) = p(X’) with affine equa-
tions
« 3
LS E2 + aM 2—1\5/[M+5 =0
Y4 64MOL5 — 64aMOL* + 8OM*L5 — 80aM*L* :
+76M?L5 + 180aM?L* — 256bM? — 25L° + 25aL* = 0
Since Y has no points (M, L, E,T) with L = 0, equivalent equations for ) are
2 — _AMP45M+5
AM
Y 64MOL? — 64aMOL* +80M*L5 — 80aM*L* .
+76M?L5 + 180aM?L* — 256bM? — 25L° + 25aL* = 0
By Lemma 5.6, X is absolutely irreducible and has genus at most 53; also, the
function field F,(u, v, w) of X has constant field F,. Let t =u+e, v =v +e,
and W = w + e. Then Fy(u,v,w) = F, (4,7, w) and u, v, w satisfy the Eq. (8).
This yields the thesis. O
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The function field Fy is the compositum of F,(u, v, w) and Fs. The extension
Fy : Fy has degree [Fy(u,v,w) : Fi] - [F3 : Fi] = 302, since 3 and o2 are
coprime. Also, F, is the field of constants of F}.

For i = 1,...,0, we have by the Eq. (8) that in the extension Fy : Fj there
are three distinct places P, (j = 1,2,3) lying over Pi. Also, there are three
distinct places Ry% and Ri’j (0,5 =1,2,3) lying over R>" and RS, respectively;
let Ri”lz be the place centered at the point (X,Y,0,0) with W = 0.
Proposition 5.8. Let a,b € F, with b # 0, b # a°, a # e, and a # —4e.
The equation z° — z = w defines an extension F5 = Fy(z) with genus g5 <
10002 — 2402 — 60 + 1 whose field of constants is Fy,.

Proof. Let P be the place of K(u,v) centered at (1,0,0). In the extension
K(u,v,w) : K(u,v) there are three distinct places lying over Pj, namely the
places Pi centered at (1,0,¢%,0), i = 1,2,3. Consider the place P). Then
vﬁ%(u) = vﬁg(w) = -1, and w = &u + D for some ¢ € K(u,v,w) with
U (®) > 0. Since o = 3 (mod 4), we have £ ¢ F,; hence, there exists k € K
with k7 = & and k # £. Let p = kx; then

w—(p? —p) =&’ —x)+ P — k%2 + ka
=E—-k)a+(k—&az+D=(k—&z+ .

Choose 7 and j such that PZ’j lies over }521 Then

|
|
—

gy () = (P | BY) -0y (@) 20, vpy(a) = (P | P) - vpy o)
Therefore,

0 (w0 = (7 = p) = 1. 9)
Now we prove that

yw#CP—¢ forall (eK(z,y,w),y€F,.
On the contrary, assume yw = ¢? — ¢ with ¢ € K(z,y,w),y € F,. From (9),
—L=wvpii(yw = (707 = p)) = vpis(yw — (a7 — a)),
with a = vp € K(x, y, w). Since
o —a= (oza/p+o¢"/p2 —|—~--—|—a)p— (a”/p+a”/”2 +---+a>,
we have
0 (C = B = (¢ = B) = vpis (¢ — ¢ — (B — B)) = —L,

where 3 = /P + /P’ 4. tae K(u,v,w). But this is clearly impossible,
since the valuation of ((¢ — 8)P — (¢ — )) must be either non-negative or a
multiple of p. Then we can apply Lemma 1.3 in [5] to conclude that T — T —w
is irreducible over K(z,y,w), and K(z,y, z) : K(z,y,w) is an Artin—Schreier
extension of degree 0. Also, by Lemma 2.4, F, is the constant field of F,(x, y, 2).



Vol. 108 (2017) Complete (k,4)-arcs from quintic curves 999
Finally, we give a bound on gs5. By Castelnuovo’s Inequality (see Theorem
3.11.3 in [17]),
g5 < [F5: F3]- g3+ [F5 : Fg(u,v,2)] - g(Fg(u, v, 2))
+ ([F5: F5) — 1) - ([F5 : Fg(u,v,2)] —1).
We have
[Fs: Fy] = [F5: Fy)-[Fy: F3) =30,  g3<100>—30 — 1.

Since {x, %, ,x"} is a basis of Fy(z, v, 2) over Fy(u, v, ) and {y, TR ,y"}
is a basis of F5 over Fy(z, v, z), we have that {miyj |i,7=1,... 7a} is a basis
of Fy over Fy(u,v, z) and

[F5 : Fy(u,v,2)] = o

By direct computations with the Eq. (8), the places P, Qq, Rt (i = 1,2,3) of
K(u,v) are not ramified in K(u, v, w) : K(u,v). Hence,

UISQJ (’U)) = U@é(w) = Uﬁé’j (’U}) = _17 for .7 = 17273 5
where ISQJ, ~%, E;] are the places of K(u,v,w) lying over Py, Q1, R, respec-
tively. The valuation of w at any other place of K(u,v,w) is non-negative.

Then, by Theorem 2.2, K(u,v,2) : K(u,v,w) is a generalized Artin—Schreier
extension of degree o, and

oc—1
2

9(K(u, v, 2)) = o g(K(u, v,w)) + -2+ Z (mp+1)deg P

PeP(K(u,v,w))
< 530 + 07*1(—2 +15(1+1)) = 670 — 14.
Therefore g(F,(u,v, z)) < 670 — 14, and
g5 < 30(100% — 30 — 1) + 0(670 — 14)
+(30 — 1)(0? — 1) = 1006° — 2402 — 60 + 1.
O

The places Rﬁ’j and R}} are zeros of w, hence they are not ramified in the

Artin-Schreier extension Fs : Fy (see [17, Prop. 3.7.8]), whereas P,” is totally
ramified. Denote by Pi7, Rg”z, e Rg”‘;, and Ré’;’l, e Ré’;’a the places of Fj
lying over Pi’j , Ri’j , and Rfl’é, respectively.
Proposition 5.9. Let a,b € F, with b# 0 and b # a°. The equation
2+ t(u+ v+ w+ 5e) + u® + v + w® + wv + uw + vw
+e[B3(u+ v+ w) + 2(uv + uw + vw)] + 10e? = 0 (10)

defines an extension Fy(u,v,w,t) = Fy(u,v,w)(t) with genus at most 150
whose field of constants is .
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Proof. Let K(u,7,w) be the function field defined by C;(w,7,w) = 0 and
Cy(u,v,w) = 0, where
C1(u, v, W) = b+ w(u® + @0 + w0’ +0°) — a(@’ + 00 + uv* + v’ + ),
Cy (@, v, W) = W° + w2 (T +0) + W(@* + w0 + 7°) + (@ +0*0 + w0* + v°).
As shown in the proof of Proposition 5.7, K(u, 7, w) has genus at most 53 and
constant field F,. Let
. T2 4 372 4+ 3T2 + 9TT + QUT -+ T
tg__3u + 3v° + 3w —ZUU—F uw + v (11)

The zeros of * are centered at common roots of the polynomials C, (U, V, W),
Cy(U,V, W), and

Cs(U,V, W) =30 +3V" +3W +20V + 2UW + 2VW.
The resultant of Cy and C5 with respect to W is
Co(U, V) =160° + 24TV + 350 V' + 500 V" + 350 V' + 24TV + 16V,
which is homogeneous in U and V; hence, Cs = C,4 /V6 is an univariate poly-
nomial of degree 6 in the indeterminate U = U/V. The discriminant of Cs
with respect to U is —2'9510 £ 0, then C4(U, V) splits into six distinct linear
components Lq,..., Lg passing through O = (0,0). For each i = 1,...,6, C;

and L; have at least one common zero Z; with odd multiplicity, and Z; # O.
Let D be the discriminant of C3 with respect to W. The resultant of D and Cy
with respect to V is 22854U12; hence, Z; is a simple zero of C3. Therefore, the
Eq. (11) defines a Kummer extension K(u,v,w,t) = K(u,v,w)(t), and there
are at most 6 - 5 - 3 = 90 zeros of 7 with odd multiplicity. By Theorem 2.1,

_ 1
g(K(u,v,w,t)) <1+4+2(53 —1) + 3 -90 = 150.

Also, by Lemma 2.4, F, is the constant field of F,(@,v,w,t). By the substitu-
tion
_ 1

T =ute, T=vt+e, W=w+te, t= t+e+§ ((ute)+(v+e)+(w+e)),
we have F,(u, v, w,t) = F,(u,v,w,1); also, u,v,w,t satisfy Egs. (8) and (10).
The thesis follows. O
The function field Fg is the compositum of F, (u, v, w, t) and Fs. The extension
Fs : Fy has degree 603, since 6 and o are coprime. Also, F, is the field of
constants of Fg.
Proposition 5.10. Suppose that \/2e —1 ¢ F,, and let a,b € Fy with b # 0,
b#a® a#e, and a # —4e. The equation r° — r = t defines an extension
F; = Fs(r) with genus g; < 3810* — 7803 — 1202 + 1 whose field of constants
is Iy
Proof. Let 1?231 be the place of K(u,v,w) centered at (1,—1,0,0). By Eq. (10),
Rg’l is not ramified in K(u,v,w,t) : K(u,v,w); denote by Rz,l)% the place of
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K(u,v,w,t) lying over Egl and centered at (1,—1,0,n,0), where n? = 2¢ — 1.
Similarly, R;éj is not ramified in K(z,y,z,t) : K(z,y, 2z); denote by Rééjl
the place of K(z,y,z,t) lying over R;lj and centered at the ideal point
(X,Y, Z,n,0) with T' = 7. Note that the assumption ¢ > 02 allows to choose
e such that e ¢ M (with M as in (4)) and 7 ¢ F,.

Consider the place Eé; Then véé,;(u) = Uégv;(t) =—1,and t = nu + ® for
some K(u, v, w,t) with VLl (®) > 0. Let k € K with k7 = n and k # 7, and
let p = kx; then

t=(p7 —p)=n(” —z)+ - k7
+hkr=mn—-k")2" +(k—n)x+®=(k—n)x+ .
The place Rééjl lies over é;}; and R’512] , and
Vi (@) = e(Rgy?) | Rys) vz (®) 20,

PP
vgiys (€) = e(Re ol | R5o?) - vpivi(z) = —1.

Therefore,
Vgits (E=(p7 = p)) = —1.

Arguing as in the proof of Proposition 5.8, it is easily proved that vt # (?—( for
all ¢ € K(z,y,t) and v € F,. Then we can apply Lemma 1.3 in [5] to conclude
that T7 — T —t is irreducible over K(z,y, t), and K(z,y, z,7) : K(x,y, 2, t) is an
Artin-Schreier extension of degree o. Also, by Lemma 2.4, F, is the constant
field of Fy(z,y, 2). Finally, we give a bound on g;. By Castelnuovo’s Inequality
(see Theorem 3.11.3 in [17]),

g1 < [Frs Fs]- g5+ [Fr s Fyu, 0,0, 7)] - g(F (1,0, w0, 7))
+ ([F7: F5) — 1) - ([F7 : Fy(u,v,w,7)] — 1).

We have
(B Fs] = [Fr: Fo) - [Fo: F5) =20, g5 < 1000° — 246 — 60 + 1.

Since {x, 2, ... ,x"} is a basis of F,(z, v, w, ) over Fy(u, v, w,r), {y, Y2, ... ,y"}
is a basis of F,(z,y,w,r) over F,(z,v,w,r), and {z,zQ,...,z"} is a basis
of Fr over Fy(x,y,w,r), we have that a basis of F; over F,(u,v,w,r) is
{xiyjzé li,5,=1,... ,a}; hence,
[Fr : Fy(u,v,w,7)] = 0.

Consider a place Pe {PQj, ~%,]§é’j |i,7 =1,2,3} of K(u,v,w), and a place P
of K(u,v,w,t) lying over P. Then vp(t) € {—1,—2}; hence, vp(t) is negative
and coprime with o. The valuation of ¢ at any other place of K(u,v,w,t) is
non-negative. Then, by Theorem 2.2, K(u, v, w,r) : K(u,v,w, t) is a generalized
Artin—Schreier extension of degree o, with at most 2 - 15 ramified places, and
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9(K(u,v,w,r)) = o g(K(u,v,w,t))

c—1
| 2+ > (mp+1)degP
PeP(K(u,v,w,t))

< 1500 + 07_1(—2 +30(1+1)) = 1790 — 29.
Therefore g(F,(u,v, z)) < 1790 — 29, and
g7 < 20(1000° — 2402 — 60 + 1) + 03 (1790 — 29) + (20 — 1)(0® — 1)
= 3810" — 780% — 120” + 1.
g
Theorem 5.11. Let K. as in (5), with e such that \/2e —1 ¢ F,. If ¢ >

5806440 then K. is a 4-arc covering all points of AG(2,q)\Q except possibly
those lying on the line Y =0.

Proof. Let P = (a,b) € AG(2,¢)\Q and assume that a # ¢, a # —4e, and
b # 0. We start by counting the number Z; of poles of 7 — x, y7 — vy, 27 — z,
and 7 — r in K(x,y, z,7). Clearly, Z; is the number of places lying over Py,
Q1, R}, R?, or R} in K(x,y,z,7) : K(u,v), hence over Pg’j, é’j, Ré’fe, or
stjgk in K(z,y,2,7) : K(z,y,2) (i,k =1,...,0, £ =1,3, j = 1,2,3). Since
K(z,y,z,7): K(z,y, 2)] = 20, we have by [17, Thm. 3.1.11] that

7y < 20(30 4 30 + 60 + 30%) = 60° + 2402,

Now count the number Z5 of zeros of (27 —x) — (y” —y) in K(z, y, z,r). Clearly
a place is a zero of (27 —z) — (y7 —y) = (x —y)? — (z — y) if and only if it is
a zero of z —y — A for some A\ € F,, then

Zy <Y deg(x —y— Ao
AeF,

= Z deg(x Y- )‘)oo

AeF,
The poles of z — y — A are the places lying over P;’j , %] , Ré’fé, and Rgék
Then, by [17, Thm. 3.1.11],
deg(az —y — Moo = (120 +307%) - [K(z,y, 2,7) : K(, 9, 2)]
=60° + 2402 forall NeF,;

hence, Zo < 60* + 2403. Also, Z equals the number of zeros of (27 — x) —
(27 = 2), (@7 —2) = (r = 7), (7 —y) = (27 = 2), (7 —y) = (r7 —7), and
(29 —2)— (r? —r) in K(z,y, z,7).

Therefore, if the number NN, of F,-rational places of F7 is greater than
60° + 240% 4 6(60* + 240°) = 360" + 1500° + 2402,

then there exists an F,-rational place P of F; such that (z(P),y(P), z(P),r(P))
is a well-defined affine point of H with z(P)? — x(P), y(P)? — y(P), z(P)? —
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z(P), r(P)? — r(P) pairwise distinct. By theorem 2.3 we have
Ny > qg+1-2g7\/q > q+1—2(3810" — 780°® — 120% + 1), /4.
From g > 58064408 it follows that
q+1—2(3810" — 780> — 1202 + 1)\/q > 360 + 1500° + 2402 + 1,
and hence, by Corollary 5.2, the point P is collinear with four distinct points
in ..

Assume now that P = (e,b) or P = (—4e,b) with b # 0. Let ¢/ € M + e with
e’ # e, and consider the curve H’» obtained by replacing e with ¢’ in Eq. (6).
Arguing as above K. covers the point P. Clearly K. = K., and the assertion
follows. O

6. Constructions of 5-independent subsets

We now want to construct complete (k,4)-arcs from union of cosets Ky; to this
end, we will use the notion of a 5-independent subset of an elementary abelian

p-group.
Definition 6.1. Let G be a finite abelian group and let € be a subset of G. If
Yity2tyst+yat+ys #0 forall  yi,y2,u3,y1,y5 €,

then £ is said to be a 5-independent subset of G. An element g € G is covered
by & if either g € £ or

there exist y1,y2,ys3,y4 € € such that y; +y2 +ys +y4s+9g=0.
In the remaining part of the section we construct 5-independent subsets of the
abelian group Z;} , for b/ an odd integer and p > 7. We distinguish the cases

W =1 and i > 3. For a subset S of a group G, let s\S denote the s-fold
sumset of S, that is,

NS ={y1+...+ys|v1,.--,ys €S}

In the following, let [a,b] denote the set of elements in Z, represented by
integers x with a < x <b.

Proposition 6.2. Let p > 254 ¢ be an integer, with p =i mod 5, i = 1,2, 3,4.
Then

£=1{-1,1,3}U [5, p;’]

is a 5-independent subset of Z, covering

Zp\{pgl—l—j‘1<j<i—1}~
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Proof. The sum of five elements of £* = {1,3}U[5, Z*] is contained in {5, 7}U
[9,p — 4] and therefore is different from 0. An easy check shows that if one or

more of the five elements is —1, then it is not possible to obtain 0.
Then
ANE = {4 U(=3+EHU (242U (-1+3"EH)ud e =

{—4}U{-2,0}U {2, ’%_15] U{0,2} U

{4, p-2-10 10} U{2,4}U {6, 7310_31_5} U{4,6}U {8, 4p_4z} -

5 5 5
4p — 41
5

{—4,-2,0}U {2,

for p > 25+1i, and 4"T = {—4,-2,0,2} U [4, 22=*] for p = 25+ i. Hence, the
set of covered elements off £ is

476 =1{0,2,4} U {p?“,p— 2} .

The noncovered elements are

{p;’ﬂ'\lgg—l}.

O

We now consider the case G = ZZ/ for b/ > 3. Clearly, G can be written as
h'—1

G=AxBxC, withA=2Z, B=C=12," . Let
E=EU&EUES, (12)

where & = {(a,1,1)]a € A\{-4}}, & = {(1,b,1)|be B\ {-4}},

E ={(1,1,¢) | c € C\{—4}}. Here, 1 and —4 are viewed as elements of the

additive group of the finite field F ,-_, , which is isomorphic to A, B, and C.
p 2

Proposition 6.3. Let h' > 3, p > 5, and let £ be as in (12). Then & is a 5-

independent subset of ZZ' of size Qp% + p — 5 not covering three elements of
h/

Zy -

Proof. Consider five elements ej, e, es,eq4,e5 € E. If e1,eq,e3,€4,e5 belong

either to the same &; or to exactly two distinct &;’s, then they all share 1 in
one of the coordinates, and therefore ey + ez + e3 + e4 + e5 # (0,0,0) holds.

Assume then that eq, e, €3, e4, €5 belong to all the three &;’s. This means that
there exists a & containing exactly one element e;. Since a,b,c are different
from —4, their sum cannot be equal to (0,0,0). This proves that £ is a 5-
independent subset of ZZ/. Now, let e = (z,y,2) € ZS,\E with y, z # 1. Then
there exist a, 3 € A both different from —4 such that a + 3+ 2+ x = 0.
Therefore

(‘rayVZ) + (O[, 1a 1) + (6a 1a 1) + (la —Y - Sa 1) + (la 1; —Z = 3) = (0a030)7
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and hence e is covered by £. The same holds for e = (x,y,2) € Zg/\é’
with 2,y # 1 or z,z # 1. The only noncovered elements are (—4,1,1),
(1,—-4,1),(1,1,—4). O

7. Construction of (k, 4)-arcs from union of cosets of M

We fix three (not necessarily distinct) subsets Ce,, Ke,, and K.,, defined as
in (5), and a point P = (¢,t%) in Q\ (K., UK., UK,,). Clearly P belongs to
some subset K., for some ep € Fy.

Let Ay = (27 —x+eq, (27 —z+e1)?) € K¢y, A2 = (y7 —y+ea, (v —y+es)d) €
Ke,, and Az = (27 —z+e3, (27 — 2 +€3)%) € K.,. By Proposition 4.1, the four
points P, Ay, As, and A3 are collinear if and only if

3412 (27 —x+er+y” —y+ea)
+t((z” —z+e)’ + (@ —z+e)y —y+e)+ (Y —y+e)’
+(@”—z+er+y’ —y+e) (@ —az+e)’+ (¥ —y+e2)?) =0

(27 —z4e3)’+ (27 —z24e3) (@ —x+e14+y” —y+ea+1t)+ (z°7 —x+er)?
+7 —yte) +17 + (27 —z+e)(y” —y+eo)
+(@” —z+e)t+ (y7 —y+e2)t =0.

(13)

Consider the following sequence of function fields:

Ly =L4(2): 27 —z=w

g

(w+es)’+ (w+tes)(x” —z+e+y" —y+er+t)
Ly=La(w) : + (27 —x+e)? + (47 —y+e2)? +

+@" —x+e)y’ —yt+e)+ (@’ —zte)t+(y —y+e)t=0
2

L3 =Lo(y): y” —y=v
o
Ly=ILi(z): 2° —x=u

g

Ly =F,(u,v) : B+t (uter+vte)+t((ute)+ (ute)(v+es)+ (v+e)?)
K + (uter+v+es)((uter)+(v+e)’)=0

We are going to show that each extension L; : L;_; is well-defined and that

the field of constants of each L; is ;. We will also estimate the genus of L;.

Finally, by using the Hasse—Weil bound, we will show that if ¢ is large enough,

then Ls has a large number of F,-rational places, so that Eq. (13) have a

suitable solution.
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Proposition 7.1. The equation f1(u,v) =0, where

filu,v) =3+ 12 (u+e1 + v+ e3)
+t ((u +e1)?+ (u+er)(v+e)+ (v+ 62)2) (14)
+ (uter+vte)((ute)+(v+e)?),

defines a function field L1 = Fq(u,v) with genus 1 whose field of constants is
F,.

Proof. Let T'; be the plane curve with equation f1(U,V) = 0, whose function
field over IF, is L;. The curve I'; has three distinct ideal points; hence, they
are simple points. Since

6Uf1(U, V) = 3(U + 61)2 + 2(U + 61)(V + 62)
+(V 4+ e2)?2 +2t(U +e1) + t(V + e2) + 12,
WAWUV)=U+e)* +2(U +e1)(V +ea) +3(V + e2)?
+t(U +e1) + 2t(V + e3) + 12,
we have by direct computation that I'; has no singular affine points; here we
use that ¢t # 0, p > 5, and 0 = 3 (mod 4). Therefore, I'; is non-singular. Then
T'; is absolutely irreducible with genus 1. By Lemma 2.4, ¥, is the constant
field of L. The thesis follows. O
Let ¢ be a primitive 4-th root of unity. For i = 1,2,3, denote by Pj the point
of K(u,v) centered at the ideal point (1,&%,0) of T'y.
Proposition 7.2. The equation x° — x = u defines an extension Ly = Li(x)
with genus go = 30 — 2 whose field of constants is Fy.

Proof. The rational function u has valuation —1 at P} (i = 1,2,3), and non-
negative valuation at the places centered at the affine points of I'y. Then, by
Theorem 2.2, K(z,v) : K(u,v) is a Galois extension with [K(z,v) : K(u,v)] =
o. Moreover, P!, P2, and P} are the unique totally ramified places, and

1
92:a~1+%(—2+3(1+1)):3072.

By Lemma 2.4, F, is the constant field of Ly = Fy(z,v). O
For i = 1,2, 3, denote by P the unique place of K(z,v) lying over P}.
Proposition 7.3. The equation y° —y = u defines an extension Lz = La(y)
with genus g3 = 302 — 2 whose field of constants is F,,.
Proof. For i € {1,2,3}, we have vp;(v — &'u) > 0. Let k; € K be such that
k{ = ¢, and consider p; = k;z; then,

v—(p? —pi) =v — 2% + kx = v — E2”

+er —Er ki =v — Eu+ (ki — fl) x.
For i = 2, we have 2 = —1 = ky; hence, vpz (v — (pf — pi)) > 0. For i € {1,3},
we have k; # &' since 4 1 (o —1); hence, vp; (ki —&")z) = —1 and vp; (v — (p] —

pi)) = —1. For the places centered at affine points, it is sufficient to choose
p = 0. Then, by Theorem 2.2, K(z,y) : K(x,v) is a Galois extension with
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[K(z,y) : K(z,v)] = 0. Moreover, Ps and Ps are the unique totally ramified
places, and

g3:0(3072)+%71(72+2(1+1)):3027071.
Finally, by Lemma 2.4, F, is the constant field of Ly = F,(x,y). O
For i € {1,3}, denote by Pi the unique place of K(x,y) lying over Pi. Also,
denote by P;'',... P27 the places lying over PZ.
Proposition 7.4. The equation

(w+es) +(w+es) (uter+v+e+t)+(uter) + (v+e)

+t2 + (ute)(v+e) + (ut et + (v+ex)t =0 (15)

defines an extension F,(u,v,w) of Fy(u,v) with genus at most 4 whose field
of constants is IFy.
Proof. After the substitution 0 = w + e3 + (u + e1 + v + eg + t)/2, we have

0% = O(u,v) = —1 [3(u+e1)* +3(v+e2)? + 3t2

+2(u+e1)(v+ e2) + 2(u+ e1)t + 2(v + e2)t].
The poles of w and 6 in K(u,v) are P}, P¢, and P}; 6% has valuation 2 at
each of them. Hence, the number of zeros of 6% in K(u,v) is at most 6. Let
D, (U, V) be the discriminant of ©(U, V') with respect to U. Let R € K be the
resultant of D1(U, V) and f1(U, V) with respect to V, where fi(u,v) is defined
n (14). By direct computation, R # 0. Since f1(U,V) has odd degree, this
implies that 6 has a zero in K(u,v) with odd multiplicity. Then, by Theorem
2.1, K(u,v,0) : K(u,v) is a Galois extension with [K(u,v,0) : K(u,v)] = 2.
Moreover, the unique totally ramified places are the zeros of 62 in K(u, v) with
odd multiplicity, and

9(Fq(u,v,w)) = g(Fq(u,v,0)) <1+2(1-1) + —-6=4.

Finally, by Lemma 2.4, F, is the constant field of F(u, v, w). O

The function field Ly is the compositum of F,(u,v,w) and Ls. The extension
Ly : Ly has degree [F,(u,v,w) : L] - [L3 : Li] = 202, since 2 and o2 are
coprime. Also, I, is the field of constants of L.

Fori=1,2,3 and j = 1,2, denote by Q] the place of K(u v, w) lying over P;,
and by Q] the place of Ly 1y1ng over Q] The places QQ, Q2 are centered at
the points (1,—-1,¢,0), (1, —£,0).

Proposition 7.5. The equation z° — z = w defines an extension Ls = L4(z)
with genus gs < 210® — 902 — 60 + 1 whose field of constants is F,.

Proof. We have V51 (u) = V51 (w) = —1, and w = {u+P for some ¢ € K(u, v, w)
with U@;(‘I’) > 0. Since 0 = 3 (mod 4), we have £ ¢ F,; hence, there exists
k€ K with k € 0 and k # 0. Let p = kx; then w — (p7 — p) = (k — {)x + P.
Since UQ%(CI)) =e(Qi] Q) -U@;(‘I’) > 0 and vy (x) =e(Q} | P2)-vp,(z) = —1,
vgy(w—(p? —p)) = —1. Arguing as in the proof of Proposition 5.8, it is easily
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proved that vt # (P — ¢ for all ¢ € K(x,y,t) and v € F,. Then we can apply
Lemma 1.3 in [5] to conclude that T — T — w is irreducible over K(z,y,t),
and K(z,y, 2) : K(x,y,w) is an Artin—Schreier extension of degree o. Also, by
Lemma 2.4, F, is the constant field of F,(z,y, z). Finally, we give a bound on
g5. By Castelnuovo’s Inequality (see Theorem 3.11.3 in [17]),

g5 < [Ls: Ls|- g3+ [Ls : Fy(u,v, 2)] - g(Fy(u,v,2))
+([Ls : Lg] — 1) - ([Ls : Fg(u,v,2)] — 1).

We have [Ls : L3] = [Ls : Ly] - [Ly : L3] = 30 and g3 = 302 — 0 — 1.
Since {z,z?,..., 27} is a basis of F(z,v, z) over Fy(u, v, z) and {y,3?,...,y"
is a basis of L5 over Fy(z, v, z), we have that a basis of Ls over Fy(u,v, z) is
{#iy | i,j=1,...,0}; hence, [Ls : Fy(u,v, 2)] = o2
For i = 1,2,3, the place P; does not ramify in K(u,v,w) : K(u,v); hence,
by (15), w has valuation —1 at the places Q! over P;, whereas w has non-
negative valuation at any other place of K(u,v,w). Then, by Theorem 2.2,
K(u,v,z) : K(u,v,w) is a Galois extension with [K(u,v,z) : K(u,v,w)] = o
and

o(K(u,0,2)) = 0 -4+ "T_l (=24 6(1+1)) = 90 —5.
Therefore,
g5 <30(30% — 0 —1) +0%(90 — 5) + (30 — 1)(¢* = 1) = 216® — 90% — 60 + 1.
O
Proposition 7.6. Assume that ¢ > 17640%. Then P is collinear with three
distinct points Ay € Ke,, As € Ke,, and Az € K.

Proof. We are going to show that there exist zo,yo,20 € F, such that (13)
holds for x = x9, ¥y = Yo, 2 = 20, and x§ — o, Y§ — Yo, 2§ — 2o are pairwise
distinct. We start by counting the number Z; of poles of 2% — z, y” — y, and
2 — z in K(x,y, 2). This is the number of places of K(x,v, 2) lying over Pi,
P3, P2t . .. PP hence, Z) < [K(z,y,2) : K(z,y)] - (0 +2) = 202 + 40. Next
we estimate the number Z of zeros of (27 —z) — (v —y) = (v —y)? — (x —y)
in Ls, hence the number of zeros of z —y — A for some \ € F,. We have

Zy < Z)\EFG deg(z —y — Ao = E,\em, deg(z —y — Moo
= |{P!, P}, P}}| - [Ls : L1] = 65°.
By the same argument, also (27 —x) — (27 — 2) and (y° — y) — (27 — 2) have
at most 60° zeros in Ls.

Therefore, if the number N, of F,-rational places of Ls is greater than 1803 +
202 + 40, then there exists an Fy-rational place A of Ly such that the point
(x0,Y0,20) = (z(A),y(A),z(A)) is well defined and z§ — xo, ¥§ — Yo, 2§ — 20
are pairwise distinct. By Theorem 2.3,

Ny >q+1-2g5\/q>q+1-2(21c® — 90® — 60 + 1) /7.

The hypothesis ¢ > 176405 implies N, > 180° + 202 + 40 + 1. a
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Proposition 7.7. Assume that ¢ > 176405. Then P is collinear with four dis-
tinct points Ay € Ke,, A2 € Ke,, Az € K¢y, and Ay € K, .

Proof. By Proposition 7.6, P is collinear with three distinct points 4; € K.,
As € K.,, and Az € K.,. The line through A;, Az, A3, and P can be a
tangent line to the curve Q. Note that there are at most five tangent lines
through P to Q; in fact, imposing that P lies on the tangent to Q at (X, X?)
gives an equation in X of degree 5. Therefore, we need at least six distinct
triples {A, Ag, A3} such that A;, As, Az are collinear with P. Arguing as
in the proof of Proposition 7.6, it is sufficient to require that the number of
FF,-rational places of Lj is greater than 5- 1803 + 202 + 40 = 9003 + 202 + 40.
This is implied by Theorem 2.3. O

Henceforth, £ denotes a 5-independent subset of F, /M, for M as in (4). Let

Ke= |J K (16)
M+tecf

Proposition 7.8. The set K¢ is a (k,4)-arc.

Proof. By Proposition 4.2, the sum of the first coordinate of 5 collinear points
on @ is equal to 0. This is impossible if the points belong to K¢, since £ is a
5-independent subset of F, /M. O

Proposition 7.9. Assume that ¢ > 176405, Let Cov(E) be the set of all the
elements of Fq/M covered by € as 5-independent subset. Then the points in

U

M+-ecCov(E)

are covered by Kg.

Proof. Let P € K.,, with M 4+ ep € Cov(€). Then there exist M + e, M +
eo, M+e3, M+e4 in € such that ep+e1+es+ez+e4 € M. Also, by Proposition
7.7, there exists four distinct points Py € K., P» € K.,, P3 € K., and P, € Q
which are collinear with P. Let e} be such that Py € KCc,. By Proposition 4.2,
ep+ert+egtez+ey € M. Then M +eq = M + ey, that is, K., = K., . Hence,
Py, Py, P;, Py € K¢ and the assertion is proved. O

Theorem 7.10. Let € be a 5-independent subset of Fy/M of size n, not covering
at most m elements of By /M, and let K¢ be as in (16). Assume q > 5806440°.
Then there exists a complete (k,4)-arc K with Ke C K C Q of size at most

(n+m)L+s.
g

Proof. Fix a coset M + e in £. By Theorem 5.11, all the points of PG(2, ¢)\Q
are covered by a IC. plus at most eight points covering the lines Y = 0 and
T = 0. By Proposition 7.9, there are at most m affine points of Q not covered
by Ke. This shows that there exists a complete (k,4)-arc K containing K¢ of
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size at most
IKel +mlig= (n+m)g+8.
o o

O

We are finally in a position to prove Theorem 1.1. Identify the additive groups
ZZI and F, /M. From Propositions 6.2 and 6.3 the following values of n and m
occur in Theorem 7.10:

e Foro=p,p>29 p=i€{l,23,4} (mod 5),

_p—5—i

d =1—1;
z and m=1

n
3
e for o > p°,

n=2ph771+p—5 and m = 3.
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